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Chuong 1

Ung dung dao ham dé khao sat ham so

1.1  Tinh don diéu ctia ham s6

1.1.1 Khai niém ham s6 don diéu

Dinh nghia 1.1. Ky hié¢u K la khoidng hodc doan hodc nita khodng. Gid sir ham sé y = f(x) xdc dinh trén K,
ta co

e Ham sy = f(x) dugc goi la dong bién (ting) trén K néu vdi moi x1,x2 € K, x1 < xa thi f (x1) <

f(x2).

 Him sy =
fx) > f(x

Ham s6 dong bién hodc nghich bién trén K dugc goi chung la don diéu trén K.

f(x) duogc goi la nghich bién (gidm) trén K néu vdi moi x1,xa € K, x1 < xp thi
2)

y y

a) b)
Hinh 1

Luwu y 1.1. Quan sdt hinh vé ta thiy
* Hinh a do thi di tir trdi sang phdi va di 1én, day la biéu dién ciia ham s6 dong bién trén khodng K.

e Hinh b do thi di tir trdi sang phdi va di xudng, day la biéu dién ciia ham s6 dong bién trén khodng K.

1.1.2 Nhan biét tinh don diéu ctia ham s6

Dinh 1y 1.1. Cho ham sé y = f (x) c6 dao ham trén tip K C R, trong do K la mét khodng, doan hodc nita
khodng.
o Néu f'(x) > 0 vdi moi x thugc K va f' (x) = 0 chi tai mot s6 hitu han diém ciia K thi ham sé f (x)
dong bién trén K.

o Néu f'(x) < 0vdi moi x thugc K va f' (x) = 0 chi tai mot s6 hitu han diém ciia K thi ham sé f (x)
nghich bién trén K.
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1.1.3 Tim khoang dong bién, nghich bién ctia ham s6

Phuong phap giai 1.1. D¢ xét tinh dong bién, nghich bién ciia ham séy = f (x), ta c6 thé'lgp bang xét diu
cla dao ham (y') hodc Idp cd bang bién thién. Cdc budc Idp bang bién thién nhu sau

* Budc 1. Tim tdp xdc dinh ciia ham s6 y = f (x).

* Budc 2. Tinh dao ham f' (x). Tim cdc diém x; (i = 1,2, ...,n) ma tai d6 ham s cé dao ham bang 0 hodc
khong ton tai.

* Budc 3. Sip xép cdc diém x; theo thit ty ting dan va Igp bing bién thién.

® Budc 4. Dua vao dau cuia dao ham vé chiéu bién thién cuia ham so.

$>BAI TAP TU LUAN ¢
Bai tap 1. Lap bang bién thién, xac dinh cac khodng don diéu ctia cac ham s6 sau
a) f(x) = —x3+3x2 b) h(x) = x°. o) y=x>+3x%+3x—2.
d) y =2x3+3x2 + 1. e) y=—x>+3x+1. f) y=x>—2x2+x+1.
1
g) y=—x>+3x2 4. h) y = —x3 + 3x2. i) g(x):x—i—;;
Bai tap 2. Lap bang bién thién, xac dinh cdc khoang don diéu ctia cic ham sb sau
1 x+1 5—2x
VY= b= IV=h
2x 2 1
d)y—x_g. e)y—4—2x_1. f)y—l—x_l.
Bai tap 3. Lap bang bién thién, xac dinh cac khodng don diéu ctia cac ham sb sau
1 x* —2x +4 x> —x—1
VY=X— 1 Dy=—"%— VY= "1
2
1
d)y:%. e) y=+v9—x2 f) y=x++v3—x.

$> LUYEN TAP NANG CAO <

Bai tap 4. Tim m dé cac ham s6 sau nghich bién trén R

1
a) y = —x +mx* —10x + 3. b)y:—§x3+2x2+(2m+1)x—3m+2.
13 2 1 3 2

9) y =3 +mx + (3m—2)x + 1. d)yzg(m—l)x —(m—1)x*—x+1.

Bai tap 5. Tim m dé ham s6 sau dong bién trén R
— (2 X0 2 _Mm3, .2
a) y=(m —1)§+(m—|—1)x + 3x. b)y—gx + x4+ (m—1)x.
1

o) y=x3+2(m+1)x?>—3mx +5m — 2. d)y:§x3—mx2+(m+2)x—(3m—1).

Bai tap 6. Tim m d€ cac ham s6 sau dong bién trén tirng khoang xac dinh
mx —3 2x —m x%+mx—1 m
2y 2x —m by mx +1 Y x—1 dy=x+ +x—1

Bai tap 7. Tim m dé ham s6 y = x> + 2x? 4 2(m + 1)x + 4 dong bién trén khoang [0; 1].
Bai tap 8. Tim m dé ham s6y = x° + (m — 1)x? 4+ 2(m + 1)x + 4 dong bién trén khoang (—1;2).
x% 4+ mx + 2

x+2

I THANG LONG BINH TAN Trang 2

Bai tap 9. Cho ham sb




KHAI PHONG NANG LUC HOC TOAN LOP 12

a) Tim m dé ham s6 dong bién trén khoang (—2; +bJ) Tim m dé ham sb dong bién trén khoang (—2;2).

1.2  Piém cuc tri cta dd thi ham so6

1.2.1 Cuc dai va cuc tiéu

Dinh nghia 1.2. Cho ham séy = f (x) lién tuc trén tip K C R, trong dé K la mot khodng, doan hodc nika
khodng va xo € K, x; € K.

* xq duoc goi la mot diém cuc dai ciia ham s6 da cho néu ton tai mot khodng (a;b) chita diém xo sao cho
(a;b) C Koa f(x) < f (x0) voi moi x € (a;b) va x # xo. Khi do, f (xo) duwoc goi la gid tri cuc dai
ctla ham s6 da cho, ki hi¢u Ia fcp.

o x1 duoc goi la mot diém cuc tiéu ciia ham s da cho néu ton tai mot khodng (c;d) chita diém xq sao cho
(c;d) C Koa f(x) > f(x1) vdi moi x € (c;d) va x # x1. Khi d6, f (x1) duoc goi la gid tri cuc tiéu
clla ham so da cho, ki hiéu 1o fcr.

* Diém cuc dai va diém cuc tiéu duoc goi chung la diém cuc tri. Gid tri cuc dai va gid tri cuc tiéu duoc goi
chung la gid tri cuc tri (hay cuc tri).

o Néu xq la mot diém cuc tri ciia ham s6 y = f (x) thi ngquoi ta ndi ring ham so y = f (x) dat cuc tri tai
diém xo. Khi do, diém M (xo; f (xo))dugc goi la diém cuc tri ciia d6 thi ham séy = f (x).

1.2.2 DA4u hiéu nhan biét cuc tri
Dinh 1y 1.2. Gid sit ham s0 y = f (x) lién tuc trén khodng (a;b) chita diém xo va dao ham trén cdc khodng
(a; x0) va (xo; b). Khi do
a) Neéu f'(x) < 0vdimoix € (a;x0) va f' (x) > 0vdimoi x € (x0;b) (f d6i dau tir dm sang duong khi
di qua xo) thi ham so f (x) dat cuc tiéu tai diém xo.
b) Néu f' (x) > 0vdimoix € (a;x0) va f' (x) < 0vdi moi x € (x0;b) (f' ddi dau tir dwong sang am khi
di qua xo) thi ham so f (x) dat cuc dai tai diém x,.

Phuong phap giai 1.2. D€ tim diém cuc tri ciia ham sé f (x), ta ldp bang bién thién ciia ham sb. Dua vao
bing bién thién két ludn cuc tri.

> BAI TAP TU LUAN ¢
Bai tap 1. Lap bang bién thién xac dinh diém cuc tri (néu c6) ctia cac ham s6 sau
a) y = x° —3x%. b) y = x% —2x2 +2x — 1. ) y=-x>+x>+5x+1
d) y = 2x3 — 9x% + 12x + 3. e) y=—xt+2x2 - 1. f) y=x*+2x2+3.
2 _2x+3 —x*—x+1
gy x* + 6x- — 8. )y 1 i) y w1

Bai tap 2. Tim cac diém cyc tri (néu cd) ctia cac ham s6 sau

2 _
a) y= & 1. b) y = vV4x — x2. ) y=xvV1—x2

X

MOT SO BAI TOAN THUC TE

Bai tap 3. Thé tich V (don vi: centimét khbi) ctia 1 kg nudc tai nhiét do T (0°C < T < 30°C) dugc
tinh boi cong thuc sau:
V(T) = 999,87 — 0,06426T + 0,0085043T2 — 0,0000679T°.
(Nguén: J. Stewart, Calculus, Seventh Edition, Brooks/Cole, CENGAGE Learning 2012)
Hoi thé tich V(T), 0°C < T < 30°C, gidm trong khoang nhiét do nao?

W THANG LONG BINH TAN Trang 3
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Bai tip 4. Kinh vién vong khong gian Hubble dugc dua vao vi tru ngay 24/4/1990 b.:Smg tau con
thoi Discovery. Van toc ctia tau con thoi trong sit ménh nay, tir ltic cAt canh tai thoi diém ¢ = 0 (s) cho
dén khi tén Itra ddy dugc phéng di tai thoi diém t = 126 (s), cho béi ham sb sau:

o(t) = 0,0013023 — 0,09029¢> + 23.

(v duoc tinh bfang ft/s va 1 feet = 0,3048 m)

(Ngué’n: J. Stewart, Calculus, Seventh Edition, Brooks/Cole, CENGAGE Learning 2012).

Hoi gia toc ctia tau con thoi sé ting trong khoang thdi gian nao tinh tir thdi diém cat canh cho dén
khi tén Itra ddy dugc phong di?

Bai tap 5. Mang trugt ciia mot cau truogt cho tré em (xem hinh bén)
duoc udn tir mot tAm kim loai c6 bé rong 80 cm, mat cat ngang cua
mang trugt 1a hinh chit nhat (thiéu canh ngang) c6 chiéu cao mang do
dai bé“mg x. Nha thiét ké khuyén cao, dién tich ctia mat cat cang 1on thi
cang dam bao an toan cho tré em.
a) Goi S la dién tich mat cat. Tim diéu kién ctia x va viét cong thuc
tinh S theo x.
b) Véi x dat gia tri béng bao nhiéu thi cau trugt ddm bao an toan nhat
tré em ?
Bai tap 6. Kim ngach xuat khau rau qua ctia Viét Nam trong cac nam tir 2010 dén 2017 c6 thé dugc
tinh xép xi bé“mg cong thuc f(x) = 0,01x3 — 0,04x% + 0,25x + 0,44 (ti USD) véi x 1a s6 nam tinh tir 2010
dén 2017 (0 < x < 7).

a) Tinh dao ham ctia ham s6 y = f(x).

b) Chiing minh rang kim ngach xuat khdu rau qua ctia Viét Nam ting lién tuc trong cdc ndm tir
2010 dén 2017.
Bai tap 7. Xét mot chat diém chuyén dong doc theo truc Ox. Toa do ctia chat diém tai thoi diém ¢
duoc xac dinh béi ham sb x(t) = t3 — 61> + 9t v6i t > 0. Khi d6 x/() 1a van tdc ctia chat diém tai thoi
diém t, ki hiéu v(t); v’ (t) 1a gia toc chuyén dong ctia chat diém tai thdi diém ¢, ki hiéu a(t).
a) Tim cac ham o(f) va a(t).
b) Trong khoang thoi gian nao van tdc ctia chat diém ting, trong khoang thoi gian nao van toc cta
chét diém gidm?
Bai tap 8. Cho hai ham s6 y = f(x),y = g(x) c6 dd thi lan lugt duge cho & Hinh 2, Hinh 3. Néu
khoang déng bién, nghich bién va diém cuc tri cia m6i ham sb do.

/—1 o1 2 X
Hinh 2

I THANG LONG BINH TAN Trang 4
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1.3 Gia tri 16n nhat. Gia tri nhoé nhat

1.3.1 Khai niém
DPinh nghia 1.3. Cho ham soy = f(x) xdc dinh trén tip 2.
o S6 M duoc goi la gid tri lon nhdt ciia ham séy = f(x) trén P, ki higu M = mf;ixf(x), néu f(x) <M
v0i moi x € 9 va ton tai xg € Z sao cho f(xg) = M.
* S6 m dugc goi la gid tri nhd nhat cia ham soy = f(x) trén P, ki higu m = m{j%nf(x), néu f(x) > m

v0i moi x € 9 va ton tai x1 € P sao cho f(x1) = m.

1.3.2 Phuong phap tim gia tri 16n nhat, gia tri nhé nhat

Phuong phap giai 1.3. Dé'tim gid tri 16n nhdt, gid tri nhd nhat ciia ham so f (x) trén mot khodng, doan hay
nita khodng, ta lam nhu sau

o Ldp bing bién thién ciia ham s6 trén tdp hop do.

o Cin cit vao bang bién thién, ta tim duoc gid tri [on nhdt, gid tri nhé nhét (néu cé) ciia ham so.

$> BAI TAP TU LUAN ¢
Bai tap 1. Tim gia tri 16n nhat va nhé nhat cta cac ham sb trén cac khoang da cho

a) f(x) =2x%—9x2 +12x + 1 trén doan [0;3]. b) y = f(x) = 1+ x? trén doan [0;2].

o) y=x>—3x*+2trén [-1;1]. d) y =3x> — x2 — 7x + 1 trén [0;2].
e) y=x*—8x?+16trén [—1;3]. f) y=—2x*+4x% + 3 trén [0;2].
Bai tap 2. Tim gia tri 16n nhat va nhé nhat cta cac ham sb trén cac khoang da cho
1 . , x> —3x
a) g(x) =x+ _ trén khoang (0;5). b) y= P trén [2;4].
Inx 2 5
o) g(x) = - tréen doan [1;4]. d) f(x) = e*(x* —5x +7) trén doan [0; 3].
Bai tap 3. Tim gia tri nhé nhat ctia mdi ham s6 sau
a) f(x)=x+ % trén khoang (0; +00). b) f(x) = x® — 12x + 1 trén khoang (1; +o0).
3. . : 49 :
o f(x)=x— po trén nira khoang (0; 3]. d) f(x) = trén khoang (0; +o0).
Bai tap 4. Tim gia tri l6n nhat ctia cdc ham s6 sau
4
a) h(x) =xv2—2x2.  b) f(x)= T o) y=2x*—x% d) y = 4x% — 3x%
3 4 2 x? + 4x N
e y=ux. f) y=2x*+3x"-3. gy = P h) y = Vx> —3x + 2.
0.
$> UNG DUNG ¢

Bai tap 5. Tir mot tam bia hinh chir nhat c6 chiéu rong 30 cm va chiéu dai 80 cm (Hinh 4a), nguoi ta
cat & bén goc bdn hinh vudng 6 canh x(cm) véi 5 < x < 10 va gap lai dé tao thanh chiéc hop c6
dang hinh hop chi nhat khong nap nhu Hinh 4 b. Tim x dé thé tich chiéc hop la 16n nhat (két qua
lam tron dén hang phan tram).

W THANG LONG BINH TAN Trang 5
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X X

wO¢

80cm

A
v

Hinh 4
Bai tap 6. Khoi lugng g (kg) cua mot mat hang ma ctra tiém ban dugc trong mot ngay phu thudc vao
\ 1 .
gia ban p (nghin dong/kg) theo cong thirc p = 15 — 54 Doanh thu tir viéc ban mat hang trén cua
ctra tiém duogc tinh theo cong thuc R = pg.

a) Viét cong thitc biéu dién R theo p.

b) Tim gia ban méi kilogam san pham dé dat dugc doanh thu cao nhat va xac dinh doanh thu cao

nhét do.
Bai tap 7. Hop stra 1 lit duoc thiét ké dang hinh hop chir nhat véi day la hinh vuéng canh x cm. Tim
x dé dién tich toan phan ctia hop nhé nhat.
Bai tap 8. Trong thi nghiém y hoc, ngudi ta cdy 1000 vi khuan vao méi trudng dinh dudng. Bang
thuc nghiém, ngudi ta xac dinh s lugng vi khudn thay déi theo thoi gian bdi cong thirc

100t

N(t) = 1000+ 100+ 2 (con).
trong d6 t 1a thoi gian tinh bang giay (Nguon: R.Larson and B.Edwards. Calculus 10e.Cengage 2014).
Tinh s6 lugng vi khuén 16n nhat ké tir khi thuc hién cay vi khudn vao méi truong dinh dudng.
Bai tap 9. Cho mét tAm nhom c6 dang hinh vuéng canh 6 dm. Bac Anh cit bbn goc bdn hinh vuong
cung do6 dai bang x (dm), rdi gap tdm nhom lai nhu hinh vé dé dugc mot cac hop c6 dang khébi hop
chit nhat khéng c6 nap. Goi V 1a thé tich ctia khdi hop d6. Tim x dé khébi hop tao thanh c6 thé tich
16n nhat.

6 dm

Bai tap 10. Trong 5 gidy dau tién, mot chat diém chuyén dong theo phuong trinh
s(t) = = + 61>+t +5.

trong do t tinh bang gidy va s tinh bang mét. Chat diém c6 van tdc tirc thoi I16n nhat bang bao nhiéu
trén 5 gidy dau tién d6?
Bai tap 11. Nguoi ta bom xdng vao binh xdng ctia mot xe 6 t6. Biét rang thé tich V (lit) cta lugng
xang trong binh xang tinh theo thoi gian bom xang t (phut) dugc cho bdi cong thirc

V(t) =300(t* —t3) +4, v6i0 <t <0,5.

a) Ban dau trong binh xang c6 bao nhiéu lit xang?
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b) Sau khi bom 30 gidy thi binh xdng dy. H6i dung tich xang trong xe la bao nhiéu lit?
c) Khi xang chay vao binh xang, goi V'(t) la tbc do ting thé tich tai thoi diém ¢ vi 0 < t < 0,5.
Xang chay vao binh xang & thoi diém nao c6 toc do tang thé tich la 16n nhat
Bai tap 12. Ho ép khi quan co lai, anh huong cua toc do cua khong khi di vao khi quan. Toc do cua
khong khi di vao khi quan dugc cho bdi cong thic

V =k(R—7r)r*, v6i0 <r < R.
trong d6 k 1a hang s6, R 1a ban kinh binh thudng ctia khi quan, r 1a ban kinh khi quan khi ho (Nguén:

R.Larson and B.Edwards. Calculus 10e.Cengage 2014). Héi ban kinh ctia khi quan ho bang bao nhiéu
thi toc do ctia khong khi di vao khi quén 1a 16n nhat?

W THANG LONG BINH TAN Trang 7
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14  Puong tiém can ctia d6 thi ham so6

1.4.1 Puong tiém can ngang

Nhan xét 1.1. Cho duong thing y = yo va do thi ham s6 y = f(x). Ldy diém M(x;y) thudc do thi ham sé.
Goi MH la khodng cdch tir diém M dén duong thang v = vyo. Khi d6, 4o dai MH tién toi 0 khi x — —+o0
(Hinh 5a) hay x — —oo (Hinh 5b ).

y
— y
,,,,,, ol _____H _YTH y=fel\
i M Yo Y ="Yo
y = f(x) D (S R — 0
A ¥ i
1) x
0] X
Hinh 5a Hinh 5b

Duong thang y = yo dugc goi 1a tiém can ngang ctia d6 thi (C): y = f(x).
Pinh nghia 1.4. Duong thing y = yo duoc goi la duong tiém can ngang (hay tiém cdn ngang) ciia do thi
ham sé y = f(x) néu
lim f(x) = yo hodc lim f(x) =yo.
X—r —00

X— 400

1.4.2 Duong tiém can dung

Nhan xét 1.2. Cho duong thing x = xo va ham sé y = f(x). Ldy diém M(x;y) thudc do thi ham sb. Goi
MH la khodng cdch tir diém M dén duong thing x = xo. Khi dd, d¢ dai MH tién ti 0 khi x — xg (Hinh 6b,
d ) hay x — x, (Hinh 6a, c).

Y X = Xg y X = Xg
M#+H Het M
y=f(x) | '\ y=fx)
O X | x O X0 | X
Hinh 6a Hinh 6b
Y X = Xxg
! X = X0
| y |
\_/9/ xoi x o) xoi X
y=f(x) l oy =f(x)
M TH HT M
Hinh 6¢ Hinh 6d

Va duong thang x = xq duoc goi 1 tiém can ding ciia do thi (C): y = f(x).
Pinh nghia 1.5. Duong thing x = xo duoc goi la duong tiém can diing (hay tiém can diing) ciia do thi ham
s6y = f(x) néu it nhat mét trong cdc diéu kién sau dugc thod man:
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* lim,_, f(x) = +o0.  lim, f(x) = o0.

° hmx%xo’ f(x) = —00. ¢ hrnxﬁxo+ f(X) = —¢c0.

1.4.3 Puong tiém can xién

Nhan xét 1.3. Cho duong thingy = ax + b (a # 0) va ham s6 y = f(x). Ly diém M thudc do thi ham s6
y = f(x) va diém N thudc duong thing y = ax + b cd ciing hoanh d¢ x. Khi do, do dai MN tién t6i O khi
x — 400 (Hinh 7a) hay x — —oo (Hinh 7b).

Y
7 y=ax+b
N
2
// == X
RLNG
o) x
Hinh 7a Hinh 7b

Vi duong thing y = ax + b (a # 0) duoc goi 1a tiém cdn xién cia do thi ham s6 (C): y = f(x).
Pinh nghia 1.6. Duong thing y = ax + b (a # 0) duoc goi la duong tiém cin xién (hay tiém cdn xién) cia
do thi ham sy = f(x) néu

lim [f(x) — (ax+b)] =0hodc lim [f(x)— (ax+b)] = 0.

X—>+00 X——00

Dinh 1y 1.3. D¢ xdic dinh hé s6 a, b ciia duong tiém cin xién y = ax + b ciia do thi ham so y = f(x), ta cé
thé dp dung cong thiic sau

a= lim Mvizb: lim [f(x) —ax] hodca = lim Mvdb: lim [f(x) —ax].

xX—400 X xX—r—+00 X——o X X——00

(Khi a = 0 thi ta cd tiém cdn ngang y = b).

$> BAI TAP TU LUAN ¢
Bai tap 1. Tim cc dudng tiém can ding va ngang ctia do thi ham s
4 x+2 x+2 x—1
Y= b)y=— gy=1-— d)y—x+2
3—2x —x+2 1 1
€ y= x+5 fy= x—1 g)y_z_x—z h)y_x—2+\@
Bai tap 2. Tim cac dudng tiém can ding va xién ctia do thi ham s
1 2 3
a)y—x—3+m b)y—x-l-m C)y—x-l-l-l-m
q X +2 o _ 2x2—3x—6 P 2% 4+9x+11
Ty R YT T x5
Bai tap 3. Tim cdc duong tiém can ding va ngang ctia d6 thi ham sb
vVx+1 x
a) y=+vxr—1 b) y =x+ Vx2—4 c) y= d)y=
)Yy )y )y Jil )Y NCE]

Bai tap 4. Tim tiém can dung, tiém can ngang, tiém can xién (néu o) ctia do6 thi moéi ham sb sau
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x>+ 3x x? —3x+2 1
VY="7T"5 Dy="73 Qy=n-l-m7
x 2x% —3x +2 1
d)y_Z—x' e)y—ﬁ, f)y—x—3+;

Bai tap 5. D6 thi ham s6 & Hinh 84, Hinh 8b déu c6 duong tiém can ngang la duong thang nét dut.
Hoi d6 1a do thi ctia ham s6 nao trong cdc ham s6 sau?

x24+2x—1 _2x2—|—x+1 2x2 -2

)y = x2+1 b)y x—1 )Yy = x2 427

$> UNG DUNG ¢

Bai tap 6. Mot bé chira 5000 lit nude tinh khiét. Ngudi ta bom vao bé dé nude mudi cé ndng do 30
gam mudi cho méi lit nugc véi toe do 25 lit/phuit.

a) Chuing t6 nong do mudi trong bé sau t phiit (tinh bang ti s6 ctia khdi lugng mubi trong bé va

thé tich nuoc trong bé, don vi: gam/lit) 1a f(t) = 30051
b) Xem y = f(t) 1a mot ham s6 xac dinh trén nita khoang [0; +00), hdy tim tiém can ngang ctia d6
thi ham s6 do.
) Néu nhan xét vé nong do mudi trong bé sau thdi gian t ngay cang lon.
Bai tap 7. S6 lugng san phdm ban dugc ciia mot cong ty trong x (thang) duge tinh theo cong thirc
9 \
S(x) = 200 (5 — 2+x> ,trong d6 x > 1 (Nguon: R. Larson and B. Edwards, Calculus I0e, Cengage 2014).

a) Xemy = S(x) 1a mot ham s6 xac dinh trén nita khoang [1; +o0), hay tim tiém cin ngang ctia d6
thi ham sb do.

b) Néu nhan xét vé s lugng san phdm ban dugc ctia cong ty d6 trong x (thang) khi x du 16n.
Seoea A A A o . . 15¢ i
Bai tap 8. Nong do oxygen trong ho theo thai gian ¢ cho bdi cong thuc y(t) =5 — o1 véi y dugc
tinh theo mg/1 va t dugc tinh theo gid, t > 0. Tim cac duong tiém can ctia do thi ham s6 y(t). Tir do,
c6 nhan xét gi vé nong do oxygen trong ho khi thoi gian t trd nén rat 16n?
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1.5  Khao sat va vé do thi ham so

Phuong phap giai 1.4. Khdo sdt va vé do thi ham s la bai todn tong hop nhiéu ki nang. Nguoi ta thuc hién
khdo sét va vé do thi ham so theo cic budc sau:

a) Tim tdp xdc tim ctia ham s.
b) Xét su bién thién ciia ham so.
* Tim cdc gidi han tai v6 cuc, gidi han vo cuc va tim tiém cin ( néu c6).
e Tinh dao ham y' va tim cic diém ma tai do dao ham bﬁng 0.
e Ldp bing bién thién; xdc tim chiéu bién thién, cuc tri ciia ham s6 (néu cd).
c) Vé do thi ham so.
o V& cic duong tiém cin (néu co).
e Xdc tim cic diém diic biét ciia do thi: cuc tri, giao diém ciia do thi vdi cdc truc toa do (trong truong

hop don gidn), . ..

1.5.1 Dang d6 thi ctia ham s6 bac bay = ax3 + bx? + cx +d

y" = 0 c6 hai nghiém phan biét | ¥’ = 0 vd nghiém |y’ = 0 c6 nghiém kép

y Y
y )

@) X

VA Pl

.

O X
O X

Nhan xét 1.4. Trong truong hop tong qudt, do thi ciia ham sé bicbay = f(x) = ax® +bx> +cx+d (a # 0)

c6 tam doi xing la diém 1 <—3ba;f (—;;) > Hoanh d¢ —;; ctia tam doi xung do la nghiém ciia phuong
trinh y" = 0.

1.5.2 Dang d6 thi cia ham s6 y = %

dong bien (y' > 0) nghich bién (' < 0)

Y Y
frf’,/,,,,,,,,:r,c,l\l ,,,,,,,,,,,,,,,,,,
x | TCN
) ( ] \
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ax+b
cx +d

d ay o a g
diém 1 <_c ;) cia hai duong tiém cdn ciia do thi lam tdm doi xitng va nhan hai duong phdn gidc cia cdc

Nhan xét 1.5. Trong truong hop tong qudt, do thi ciia ham sd y = (c # 0,ad — be # 0) nhin giao

gdc tao bdi hai duong tiém can dé lam truc doi ximg.

1.5.3 Dang do thi ham sb y= ax®+bx+c

mx—+n

* Dang khong c6 cuc tri

¢ Dang c6 2 cuc tri

ax?>+bx+c n R
W (ﬂ ;é O,m 7& O,—% khong

la nghiém cila da thitc ax® + bx + ¢ ) nhdn giao diém 1 ciia hai duong tiém cdn ciia do thi lam tdm dbi xiing
va nhdn hai duong phan gidc cua cdc goc tao boi hai duong tiém cin do lam truc doi xiing.

Nhan xét 1.6. Trong truong hop tong qudt, do thi ciia ham so y =

> BAI TAP TU LUAN ¢
Bai tap 1. Khao sat sy bién thién va vé dd thi ctia ham sb
a) y=x>—3x%+2. b) y = —x>+3x+2. ) y=3x—x>-2
d)y=x>—3x2+3x—1. e) y=—-x>+x>—x—1. f) y=x>—3x>+4.
Bai tap 2. Khao sat va vé do thi ham sb sau
x+1 2x —1 1—x
= . = . == . :1 .
2) x—1 by x—1 )Yy x+2 4y +1—x
—x+1 x—1 1—-2x
€ y= x+3° f)y_x—Z' 8 y= x+3° h)y_1+1—2x'

Bai tap 3. Khao sat va vé do thi ham sb sau
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a2 —x+1 —x2 —x?+1 x*+x-3

x—1 b)y:x—l—l' Y= X d)y = x—1

a) y

$> UNG DUNG ¢

Bai tap 4. S6 dan ctia mot thi trn sau t ndm ké tir ndm 1970 dugc udc tinh béi cong thie f(t) =
26t +10
t+5

(f(t) dugc tinh bang nghin ngudi)

a) Tinh s6 dan cta thi trAn vao ndm 2022 (lam tron két qua dén hang phan nghin).

b) Xem y = f(t) la mot ham s6 xac tim trén nta khoang [0; +c0). Khao sat va vé do thi ham sb6
f(8).

c) Dao ham ctia ham sb y = f(t) biéu thi téc do ting dan sb cua thi tran (tinh bang nghin
nguoi/nam).

e Tinh toc d6 tang dan s vao nam 2022 cua thi tran do.

* Vao ndm nao thi tbc d6 tang dan s6 1a 0,192 nghin ngudi/nam?
Bai tap 5. Mot hd nudc nhan tao duge xay dung trong mot cong vién gidi tri. Trong mé hinh minh
hoa (Hinh bén dudi), né dugc gidi han bdi cac truc toa do va do thi cia ham s6 y = f(x) =
1 x N
— (—x3 +9x% — 15x + 56). Don vi do dd dai trén moi truc toa dé la 100 m (Nguon: A. Bigalke et

10
al, Mathematik, Gnandhars ma-1, Carnelsen 2010).

a) Puong dao ven ho chay doc theo truc Ox dai bao nhiéu mét?

b) Tai nhitng diém nao trén duong di dao ven hé (chay doc y
theo truc Ox) thi khoang cach theo phuong thang diing dén
bd ho dbi dién 1a 16n nhat? Tim khodng cach 16n nhat dé.

c) Trong cong vién c6 mot con dudng chay doc theo do thi ham
sOy = —1,5x + 18. Ngudi ta dy tim xay dung bén b hd mot
bén thuyén dap nudc sao cho khoang cach tir bén thuyén 5
dén con dudng nay 1a ngdn nhat. Tim toa do cta diém dé
xdy bén thuyén nay.

8

1 56 8 12

Luu y 1.2. Dévin dung dao ham va khdo sdt ham s6 vao gidi quyét mot s6 bai todn trong thuc tién, trudc hét
ta can xdy dung moé hinh todn hoc cho bai todn, trong do khiu then chot la dua ra mot ham sé mé phéng duoc
méi lién hé giita cdc dbi tugng, hién tugng trong bai todn dé. O cic vi du trén, nhiing ham s6 nhy vdy duoc
cho sin. Trong cdc bai tdp dudi ddy, ta sé tim hiéu mot vai cdch xdy dung don gidn cho nhitng ham sé nhu thé.
Bai tap 6. (Bai toan thiét ké mé hinh duong giao thong) Dé thiét ké mo hinh cia mot doan duong
cao tdc ndi hai suon ddi voi su khac biét vé do cao & vi tri hai suon doéi giao nhau la 50 feet (Hinh 27),
ngudi ta c6 thé lam nhu sau

e Chon hé truc toa do Oxy vbi gbc O 1a vi tri hai suon dobi giao nhau, phuong nam ngang 1a truc
Ox, don vi trén mai truc toa do 1a feet (1 feet = 0,3048 m).

e Chon hai vi tri A, B 1an lugt trén hai suon doi. Béng cach do dac tai thuc dia, ta xac tim duoc
toa do cta hai diém A, B va géc doc a (don vi: do) tai diém B ctia suon doi. Gia st ta c6
A(—1 000;60), B(1 000;90) va tana = 0,04 (Hinh 27 ) (Ngudn: R. Larson and B. Edwards,
Calculus 10e, Cengage 2014).

e Trong hé truc toa do Oxy, quan sat dudng cong (vé bang nét dirt) mod phdng doan dudng cao
toc n6i hai suon doi, duong cong d6 goi nén hinh dnh do thi ciia ham s6 bac ba. Vi thé ta c6 thé
chon ham s bacbay = f(x) = ax® + bx? + cx + d(a # 0) sao cho trong hé truc toa d6 Oxy, do
thi ciia ham s6 d6 trén doan [—1 000; 1 000] m6 phong doan dudng cao tbc can thiét ké. Ta chon
theo nguyén tac: Hé sb goc cua tiép tuyén tai B cia do thi ham sb d6 bang 0,04 .
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Hay xac tim ham s6 bac ba dé.
Bai tap 7. (Bai toan thiét ké mé hinh danh gia ki nang) Mot trung tim day nghé can thiét ké mo hinh
danh gia ki nang ctia mot hoc vién theo hoc nghé danh mady. Ngudi ta c6 thé lam nhu sau

» Dé xay dung m6 hinh toan hoc cho bai todn trén, ta st dung thong ké. Bang cach khéo sat tc
do6 danh may trung binh S (tinh bang tir trén phut) ctia hoc vién dé sau ¢ tudn hoc (5 < t < 30),
ta thu thap cac sb liéu théng ké duge cho trong Bang 1 (Ngudn: R. Larson and B. Edwards,
Calculus 10e, Cengage 2014).

t| 511011520 |25|30
S{38[56|79|90|93 |94

* Ta can chon ham s6 y = f(t) d€ biéu dién cac sb liéu & Bang 1, tic 1a & hé truc toa do Oxy,
do thi cia ham sb d6 trén khoang (0; +o0) "gan" véi cac diém A(5;38), B(10;56), C(15;79),
D(20;90), E(25;93), G(30;94). Ngoai ra, do toc d6 danh mdy trung binh ctia hoc vién tang theo
thoi gian t va chi dén mot gidi han M nao d6 cho du thai gian t ¢6 kéo dai dén vo cling nén
ham s6 y = f(t) phai théa man thém hai diéu kién: Ham s6 d6 dong bién trén khoang (0; +c0)
va lim f(t) = M € R, M > 94. Vi cac ham da thiic (v6i bac 16n hon hodc bang 1) khong thoa

t= oo
man hai diéu kién d6 nén ta chon mot ham phan thic hitu ti dé biéu dién cac s6 liéu & Bdng 1
. c t+b ,
. Ta 6 thé chon ham so ¢6 dang f(t) = Zt ::__ 7 (ac # 0) cho muc dich dé. Dua vao Bang 1, ta
2 110t — 2
chon ham so f(t) = 0t+280(t > 0).

a) Dua theo mé hinh d6, du doéan téc d6 danh may trung binh cta hoc vién dé sau 40 tuan (lam
tron két qua dén hang don vi cta tir/phut).

b) Xem y = f(t) 1a mot ham sb xac tim trén khoang (0; +c0), hay tim tiém can ngang ctia do thi
ham sb dé.

c¢) Néu nhan xét vé toc do danh may trung binh ctia hoc vién d6 sau thoi gian ¢ ngay cang 16n.
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1.6 On tap chuong

1.6.1 Désd1

PHAN 1. Tréc nghiém 4 phuong an luva chon

Cau1. Chohamsby = f(x) co 1—1>T f(x) =2, 1_i>m f(x) = +o0. Khang dinh nao sau day ding?
X (o] X —00

A. D6 thi ham s6 da cho c6 hai tiém cin ngang phan biét.

B. Do thi ham s6 da cho c6 diing mot tiém can ngang la duong thang x = 2.
C. D06 thi ham sb da cho ¢6 dung mot tiém can ngang.

D. D6 thi ham s6 da cho khong c6 tiém can ngang.

R ‘ -2
Cau 2. Tiém can ngang ctua do thi hamsoy = i 1 la
A y=-2 B. x = —1. C.x=2 D.y=1.
Cau 3.
Cho ham s6 y = f(x) c6 dd thi nhu hinh vé bén. D6 thi ham y

s6 da cho c6 duong tiém can ngang la
A.y=-1. B. x=1. C.x=0. D.y=1.

Cau 4. Cho ham s6 y = f(x) c6 bang bién thién nhu sau

X —00 -1 1 o0
y - 0 + +
+oo
. /
y \
V2
/ 1
—00

S6 duong tiém can ngang ctia d6 thi ham s6 y = f(x)

A. 1. B. 4. C. 2. D. 3.
Cau 5. Cho ham sé y = f(x) ¢6 lirgf(x) = +oova lir? f(x) = —oo. Khang dinh nao sau day
X— X—2—
dung?

A. Do thi ham s6 da cho c6 hai tiém can dung phan biét.
B. D0 thi ham s6 da cho c6 diing mot tiém can ngang la dudong thang y = 2.
C. Do thi ham sb da cho ¢6 dung mot tiém can dung la duong théng x=2.
D. D6 thi ham s6 da cho khong co tiém can dung.
x—1

I3
x—3 a
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A. x=23. B. x = —3. C. x=-1. D.x=1.
. A A e a ax i1 % x> +3x—1
Cau 7. Duong tiém can dung cta do6 thi ham so y = a1 la
A x=-1. B. x=1. C. x=0. D. x=2.
Cau 8.
Cho ham s6 y = f(x) c6 dd thi nhu hinh vé bén. Tiém can y
ding ctia do thi la

A.x=-1. B.x=1. C. x=0. D. x =2.

2
1 ﬁ

O /
Cau 9. Puong thang y = ax + b (a # 0) 1a dudng tiém can xién ctia d6 thi ham s6 y = f(x) néu
A. lﬂ[f(x) — (ax+b)] =0. B. xg@m[f(x) —(ax +b)] = a.
C. ngm[f(x) — (ax+b)] =0. D. ngm[f(x) — (ax+b)] =b.
2
Cau 10. Do thi ham sb y = x—;ixl—l—Z 6 tiém can xién la duong théng
A y=nx. B.y=x-1. Cy=2x-1 D.y=x+1
Cau 11.
Do thi ham s6 y = f(x) ¢6 tiém can xién la duong thang y
A y=ux. B.y=x-1.
Cy=2x—-1 D.y=x+1
1
-1 x

2

Cau 12. Do thi ham s6 y = v/x2 4 2x + 2 ¢6 may dudng tiém can xién?
A. 0. B. 1. C. 2 D. 3.

BANG DAP AN

[Caul. C ||[Cau2. D ||[Cau3. A |[Cau4. C |[Cau5. C |[Cau6. A |
[Cau7. A ||Cau8. B |[Cau9. C |[Cau10. D |[Caull. D ||Cau1l2. C |

PHAN 2. Tréc nghiém chon diing sai

W THANG LONG BINH TAN Trang 16



KHAI PHONG NANG LUC HOC TOAN LOP 12

Cau 13. Cho hamsb y = 2’; .

c6 d6 thi (C).

Phat biéu P|S

N s s £ 1s 3
a) Tiém can ding cuahamsola x = >

b) Toa do giao diém hai dudng tiém can thudc dudng thfmg x—y—1=0.

¢) Duong thang 2x +y — 1 = 0 cét tiém can dung, tiém can ngang ctia do thi ham
4 L g R ia s , . v 25 . 2
so tai cac diéem A va B. Dién tich cua tam giac IAB bang 1 vdi I 1a giao diém

hai duong tiém can.

d) Goi I 1a giao diém ctia hai tiém can cta dd thi ham sé. Khoang céch tur I dén mot

A A A 2 A . N A ~ .. e 12 A v 1
tiep tuyen bat ky ctia do6 thi ham so da cho dat gid tri 16n nhat bang 7

—x24+4x+3+m
x—2

Cau14. Chohamséy = c6 do thi (C).

Phat biéu P|S

a) Khim =0, tiém can dung cta (C) lax = 2.

b) Khim = 0, toa do giao diém ctia tiém can ding cta (C) va duong thang x — y —
1 = 0 thudc parabol y = x2.

¢) Khi m = 0,14y M la diém bat ky trén (C), goi d; 1a khoang cach tir M dén duong
tiém can ding, goi do 1a khoang cach tir M dén duong thang y = —x + 2. Tich
dy-dy=7.

d) Goi S la tap hop cac gia tri nguyén duong ctia m dé ham s6 khong c6 tiém can
ding. S6 phan tir cia Sla 1.

2 -1
Cau 15. Chohamsoy = - a

— 6 dd thi .
2—2x+3 0% He)

Phat biéu PlS

a) Khim # 0, (C) c6 tiém can ngang y = 0.

b) Khi m = 0, toa d6 giao diém ctia hai duong tiém can ctia (C) thudc duong thang
x—y—2=0.

o) (C) c6 mot tiém can ding khi m = 2.

d) Goi S 1a tap hop cac gia tri nguyén &m cta m € [—5; —1] dé (C) c6 ba dudng tiém
can. S6 phan tir cta S la 1.

x24x—2

Cau 16. Chohamséy = 2 oxim

c6 do thi (C).

Phat biéu P[S

a) Khim =0, (C) c6 tiém can ngang y = 1.

b) Khim =0, (C) c6 ba duong tiém can.

¢) C6 hai gid tri ctia m d€ (C) c6 dung mdt tiém can dung.

d) Goi S la tap hop cac gia tri nguyén ctia m € [—8;8] dé (C) c6 ba duong tiém can.
S6 phan tir ctia S1a 7.

BANG DAP AN
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KHAI PHONG NANG LUC HOC TOAN LOP 12

Cau 13. Cau 14. Cau 15.
@PbBDP)s@P @pbs©s@s @PBDPEOS@S
gsl;)l(%f)@n@s

PHAN 3. Tréc nghiém tr& 1&i ngdn
Cau 17. Choham s6y = f(x) c6 bang bién thién nhu sau

X —o0 0 1 o0

f'(x) - 0 + -

_z \ /3\2

Biét do thi ham s6 g(x) = f (\/ X2 +2x — x) c6 hai duong tiém can ngang lay = a vay = b, trong
doéa <b.Tinh S = a — 1000.
KQ:

Cau 18. Mot cong ty san xuat do gia dung wdc tinh chi phi dé sdn xuét x (sdn phdm) 1a C(x) =

150x + 900 (nghin dong). Khi san xuat cang nhiéu san pham thi chi phi sdn xuat trung binh cho méi
san pham khong vuot qua ¢ (nghin dong). Tim gia tri t.

KQ:
Cau 19.

Choham s6 y = f(x) = ax® +bx> +cx+d (a # 0) c6 do thi nhu y

hinh vé bén. Tim s6 duong tiém can ding cta do6 thi ham sb g(x) =
Vx

f(x2—-1)—4

KQ:

2l Z10 1

Cau 20. Ttr mot tAm ton hinh chi nhat c6 cac kich thudc 1a x mét, y mét voi x > 2,y > 2 va dién
tich bang 10 m?, ngudi ta cat bon hinh vudng bang nhau & bon goc rdi gap thanh mot cai thuing dang
hinh hop chtr nhat khong nép (nhu hinh vé) ¢6 chiéu cao bé“mg 1 mét. Thé tich cta thung la ham )

1
V(x)

V(x) trén khoang (2; +0). Do thi ham s6 y = c6 bao nhiéu duong tiém can dung?

KQ:

W THANG LONG BINH TAN Trang 18
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Y

Cau 21. Cho ham s6 f(x) = 2x — v/x2 — x. Tim s6 dudng tiém can xién ctia d6 thi ham sé.
KQ:
Cau 22.

Nguoi ta muén lam mot cai bé dang hinh hop chir nhat khong
nap (nhu hinh vé) c6 thé tich bang 5 m®. Chiéu cao cta bé la 10
dm, cac kich thudc khac la x mét, y mét véi x > 0 vay > 0. Dién -

tich toan phan ctia bé (khong ké nap) 1a ham sb S(x) trén khoang y
(0; +00). Puodng tiém can xién cta do6 thi ham s6 S(x) 1a duong | - 10dm| /%
thang y = ax + b. Tinh gid tri ctia biéu thic P = a% + b2 - y
KQ:
BANG DAP AN
Cau 17. = A A A A
08 Cau18. 150 | |[Cau19. 2 |[Cau20. 2 |[Cau2l. 2 |[Cau22. 29
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KHAI PHONG NANG LUC HOC TOAN LOP 12

1.6.2 Désd2

PHAN 1. Tréc nghiém 4 phuvong an luva chon

3 +21 la duong thang

Cau 1. Tiém can ding ctia do thi ham sy =

A y=3. B. x =2 C. x=3. D.y=2.
A ‘A N . ) X s A 1o 4 4x? —x+1 N N 2
Cau 2. Tiém can dung cua do thi so hamsoy = “3x12 la duong thang
2 4 2 3
A x=_. B. x=_. X =—z. D.x=—_.
x=3 x=3 C x 3 x >
Cau 3. Cho ham s6 y = f(x) c6 dd thi nhu sau
| Y |
1 s
| 2 |
| 1 |
3 2 0 N2 3 X
I T
Tiém can dung ctia d6 thi ham s da cho la duong thang
A.y=0. B. x=2vax=-2. C x=0. D.y=2vay= -2
Cau 4. Choham sb y = f(x) c6 bang bién thién nhu sau
X —00 1 —+o0
v - -
2 +o0
— 00 2

Ménh dé nao sau day la ding?

A. D6 thi ham s ¢6 tiém can ding 1a dudng thang x = 1 va tiém can ngang 1a dudng thang y = 2.
B. D06 thi ham sb khong c6 duong tiém can.

C. Do thi ham s6 chi c6 mot duong tiém can.

D. D0 thi ham s6 c6 tiém can ngang la dudng thang x = 1 va tiém can diing la duong thang y = 2.

R 2 -2
Cau 5. Tiém can ngang cua do thi hamsoy = 3x . 1x la
A x=-2. B. y= -2 C.y=-1 D. x = —1.

Cau 6. Cho ham sb f(x) c6 bang bién thién nhu sau

W THANG LONG BINH TAN Trang 20



KHAI PHONG NANG LUC HOC TOAN LOP 12

X —00 0 1 00
Y + 0 — +
2 5
y / \ /
0 —oo | 3

Toéng sb tiém can ngang va tiém can ding cta do thi ham s6 da cho la
A. 3. B. 1. C. 2 D. 4.
Cau 7. Cho ham s6 f(x) c6 do thi nhu hinh vé bén dudi.

| y
S R § S
-2 o1 X
Puong tiém can ngang cta do thi ham s 1a
A x=1 B. y= -2 C.x=-2 D.y=1.

Cau 8. Do thi cia ham s6 nao trong bon ham so sau c6 duong tiém can ngang?
x

14+ vx

Cau 9. DO thi ctia ham so6 nao trong cac ham so sau day c6 tiém can xién?

A y= B. y = x> —3x. C. y =log, x. D.y=x+Vx2+4.

2x+1 ¥ —x+1
A.y=x2 B.y=x>-3x+4 C.y= . Dy=——
y=x y=x X+ y -1 y -1
2
R ) -3
Cau 10. Tiém can xién cuia do thi hamso y = % la

A y=2x—-1 B. y=x+2 Cy=2-x D.y=x-1.

. —x?>4+3x—1 . , N .
Cau11. Chohamsoy = —_7 Toa do giao diém cua cac duong tiém can cua do thi ham so
lIa

A. (—2;3). B. (2;1). C. (2;-1). D. (3;2).

. .4 XPHAx+16 e o
Cau12. Chohamsoy = — Tiém can xién cua do thi ham so tao véi hai truc toa dd mot
tam giac c6 dién tich bang

A. 8. B. 16. C. 4. D. 12.

BANG DAP AN

[Caul. B ||[Cau2. C ||Cau3. B |[Cau4. A |[Caus5. B |[Cau6. A |
[Cau7. D ||Cau8. A ||Cau9. D |[Cau10. B |[Caull. C |[Caul2. A |
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KHAI PHONG NANG LUC HOC TOAN LOP 12

PHAN 2. Tréc nghiém chon diing sai
(m—+1)x>+2x—1
x—1

Cau 13. Cho ham s6 y =

sai?

v6i m 1a tham s6. Cac ménh dé dudi day ding hay

a) V&im = —1 dd thi ham sb ¢6 tiém can ngang y = 2.
b) V&i m = 0 dd thi ham s6 c6 tiém can xiény = x — 1.
¢) V6im = 2 thi duong tiém can xién caa dd thi ham s tao véi hai truc toa d6 mot tam gidc co

A s s 9

dién tich bang >

. - 2 ~ N N R A N A X . A - N PN A M 3\/5

d) V6im = 1, tich khoang cach tir mét diém bat ki trén do thi den cac duong tiém can bang 5
Cau 14. Cho ham s trung phuong y = f(x) = a-x* + b - x> + ¢ c6 dd thi nhu hinh vé. Xét ham sb
2
xc—2x

(f(x)* +2f(x) =3

y=g(x) =

12 [/

T
|
|
|
|
|
|
|
|
|

Xét tinh dung sai ctia caic ménh de sau.

a) DO thi ham s6y = ¢(x) c6 téng sb tiém can ding va tiém can ngang 1a 6.
b) Do thi ham s6 y = g(x) ding mot tiém can ngang.

¢) Do thi ham séy = ¢(x) c6 3 tiém can dung.

d) D6 thi ham s6 y = ¢(x) c6 téng sb tiém can ding va tiém can ngang 1a 4.

.2 \ , \
Cau 15. Cho ham sy = mx + "; 6 dd thi (Cy), v6i m 1a tham sé. Cac ménh dé duéi day ding hay

sai?

a) V6im = —1 thi do thi ham s6 ¢6 tiém can ngang y = 2.

b) V&i m = 3 thi diém A (1;2) thudc tiém can ding ctia d6 thi ham s6.

¢) V6i m = 1 thi duong tiém cén dlimg, tiém can ngang ctia d6 thi ham sé tao véi hai truc toa do
mot hinh chit nhat cé dién tich bang 9.

d) V&i m = 1 tich khodng cach tir mot diém bat ki trén do thi dén cac dudng tiém can bang 7.

x>+ (m—1)x+m?>—-2m+1

Cau 16. Chohams6 y = (1), v6i m la tham s6. Cac ménh dé dudi day

1—x
dung hay sai?
a) V&im = —1 thi d6 thi ham s6 c6 tiém can xién di qua M (2; —3).
b) V6i m = 1 thi tiém cén xién ctia dd thi ham sb tao véi hai truc toa do mot tam giac co dién tich
1
la =.
2

¢) V&im =1 thi tdm ddi xiing ctia do thi la diém I (1; —2).
d) V6im = 1 thi tiém can xién, tiém can dung cung vdi hai truc toa do tao thanh hinh thang vuéng
c6 dién tich bang 3.

BANG DAP AN
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KHAI PHONG NANG LUC HOC TOAN LOP 12

Cau 13. Cau 14. Cau 15. Cau 16.

@pB)s@s@p ||(@pBDPES@s ||(@sbbPlOs@b ||(@sbs©OD@S

PHAN 3. Tréc nghiém tr& 1&i ngdn
Cau 17. Cho ham s6 y = f(x) c6 bang bién thién nhu hinh vé bén duéi

X | —oo 0 1 2 +oo
f'(x) - + + -
5 +oo | 400 2
fx) \ /
3 / \ 1
f(x)

C6 bao nhiéu gia tri nguyén ctia tham sd m thudc [0; 10] dé€ d6 thi ham sé y = 7 c6 dung

(x) —m+2
4 duong tiém can?

KQ:
Cau 18. Cho ham s6 f(x) = ax® + bx? + cx +d,a # 0 c6 d6 thi nhu hinh vé dudi day.

5

I

C6 bao nhiéu gia tri nguyén ctia tham s6 m dé do thi ham s

() = ¥4~ x2 42020
S = ) —2(m+1)- f(x)+52m—3)

c6 dung 6 duong tiém can.

2x +4
(m—1)x2—2mx —6
dé do thi ham sb c6 ding 3 dudng tiém can?

KQ:

Cau 20. Goi S la tap hgp cac s6 nguyén m dé do thi ham s6 y =

Cau19. Chohamsby =

.Cébao nhiéu gia tri nguyén cta m trén doan [—2025; 2025]

VI—x

can. Tong gia tri cac phan t cda tap S bang bao nhiéu?
KQ:

Cau 21. Mot manh dat hinh thang vudng c6 day 16n gap do6i day nho, c6 dién tich 1a S = 24 (m?).
Goi x (m) 1a do dai day nho va P(x) la chu vi manh dat d6. Tim sb tiém can cda P(x).
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Cau 22. Chiphi xuat ban x cuén tap chi (bao gém: luong can bd, cong nhan vién, giéy in...) dugc cho
bdi C(x) = x? — 2000x + 10® dong. Chi phi phat hanh cho méi cuén 1a 4 nghin dong. M(x) = T(x)

v6i T(x) 1a tong chi phi (xuat ban va phat hanh) cho x cuén tap chi, dugc goi la chi phi trung binh
cho mét cudn tap chi khi xuét ban x cudn. Khi s6 lugng cudn tap chi phat hanh cyc 1on thi chi phi
trung binh cho méi cuén tap chi M(x) sé tiém can véi duong y = ax + b. Tinh 4a + b.

BANG DAP AN

[Cau17. 5 |[Cau18. 1 |[Cau19. 4043]|Cau20. —9 |[Cau2l. 2 |[Cau22. 2024
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1.6.3 Désd3

PH;Nl.ﬁécngh@n14phuongdnIuachgn

) 2x% — 3x — . ) .
Caul. Chohamsoy = % Tiém can xién ctia do6 thi ham so 1a duong thang
A y=2x—-1 B. y=2x+1 C.y=2x-3. D.y=2x+3.
Cau 2. Xac dinh toa do giao diém ctia duong tiém can ding va duong tiém can xién ctia do thi ham
by — 2x2 —3x+2
Yy=7x1
A. (1;2). B. (1,1). C. (1,-1). D. (1,0).

Cau 3. Cho ham s6y = f(x) c6 bang bién thién nhu sau

X —00 0 1 +oo
Y - - +
2 +o0 +o0
, \ \ /
—4 2
Tong s6 tiém can ngang va tiém can ding ctia do thi ham sb da cho 1a
A. 1 B. 3. C. 4 D. 2.
) s ) Vx+9-3
Cau 4. SO tiém can dung cta do thi ham so y = J;Zﬁ la
A. 3. B. 2. C. 0. D. 1.
. N A s i ax s 2 2x+1 .
Cau 5. Phuong trinh duong tiém can ngang cua do thi ham so y = 1 la
A x =2 B. y=2. Cx=1 D.y=1
Cau 6.
Cho ham s6 y = f(x) c6 dd thi nhu hinh vé bén. Puong tiém y |
can dung va tiém can ngang ctia d6 thi ham s6 lan luot 1a !
A.x=-Ly=1 B. x=1Ly= -1 |
C.x=-Ly=-1 D.x=1Ly=1. |
,,,,,,,,, : ,,,,T,,,,,,,,,,,,,
1 \9 1 J} X
-1 i
A S N PPN A PPN 2 X PEETRN A xZ —X + 1 N
Cau 7. Phuong trinh duong tiém can xién ctia d6 thi ham s6 y = e la
A y=x+2 B. y=x-2 Cy=x+1 D.y=x-1

Cau 8. Cho ham sd y = f(x) c6 bang bién thién nhu hinh vé

W THANG LONG BINH TAN Trang 25



KHAI PHONG NANG LUC

HOC TOAN

LOP 12

0

—00

Tong s6 duong tiém can ding va dudng tiém can ngang ctia do thi ham sb bang

C. 1.

A. 3.
Cau 9.

Cho ham s6 y = f(x) c6 db thi nhu hinh vé. Tim khang dinh dtng trong

cac khang dinh sau?

A. D6 thi ham s6 y = f(x) c6 mot tiém can ding va mot tiém can

ngang.

B. D6 thi ham s0 ¥y = f(x) c6 mot tiém can xién va mot tiém can

ngang.

C. D6 thi ham s6 y = f(x) c6 mot tiém can ding va mot tiém can

xién.

B. 4.

D. D6 thi ham s6 y = f(x) c6 hai tiém can xién.

Cau 10. D) thi ham sb nao sau day c6 tiém can xién

A.y=x>—2x.

Cau 11. Tiém can xién ctia d6 thi ham s6 y =

A y=ux.

B.y=x+1.

B.y=x+1.

D. 2.

Cau 12. S6 tiém can xién ctia d6 thi ham sy = v4x2 — x + 3 1a

A. 2.

B. 3.

X X
Cyv=ir7 D-y=1
X2 4+3x+5 .
Sl il ey
x+2
Cy=x+2. D.y=x+3.
C. 0. D. 1
BANG DAP AN

[Caul. B ||Cau2. B

|[Caus. D |[Cau4.

D |[Caus5. B ||Cau6. D |

[Cau7. B |[Cau8. A

|[Cau9. C |[Cau10. D ||[Caull. B |[Caul2. A |

PHAN 2. Tr&c nghiém chon ding sai

Cau 13. Choham s6 y = f(x) lién tuc trén R \ {1} va c6 bang bién thién nhu sau

X —00 -2 1 2 ~+o00
y - 0 + + 0 -
00 +o00 3
2 — 00 —00

Xétham s6 y = g(x) = f (x* — 2x — 2). Xét tinh ding sai ctia cdc ménh dé sau

a) Hams6 y = g(x) cé tap xac dinh1a D = R\ {1 + \@}
b) Ham s6 y = g(x) c6 2 tién can duing.
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¢) Haimsby = g(x) ¢6 1 tiém can ngang lay = 1.
d) Téng s6 dudng tiém can ctia d6 thi ham s6 y = g(x) 1a 3.
mx®+ (3m* —2) x —2

Cau14. Cho ham s6 y = prarg

sai?

(1), v6i m la tham sb6. Cac ménh dé sau dung hay

a) Khim = 1 thi d6 thi ham s6 ctia (1) khong c6 tiém can ngang.

b) Khim = 1 thi d6 thi ham s6 ctia (1) c6 tiém can dung lay = 3.

¢) Khim = 1 thi dé thi ham sb ctia (1) c6 tiém can xiénlay = x — 2.

d) Khi goc gitra hai duong tiém can ctia d6 thi ham s6 bang 45° thi m = 2.
mx? + (3 —m) x +m? —2
. x—1

duong tiém can xién cua (C). Cac ménh de sau dung hay sai?

Cau 15. Goi (C) la do thi cia ham s6 y = , v6i m 1a tham s6. Goi (d) 1a

a) Khim = 2 thi (d) c6 phuong trinh la y = 2x + 3.

b) Khim =1 thi (d) di qua A (1;4).

¢) C6 2 duong thang (d) tao véi hai truc toa d6 mot tam giac c6 dién tich bang 9.

d) Khoéang cach tir goc toa d6 O dén (d) bang /3 thi m = /5.
Cau 16. Cho ham s6 y = f(x) xac dinh trén (—o0;2)\{—2} va c6 bang bién thién nhu hinh vé dudi
day.

X | —o0 -2 0 2 +o0
y + - 0 +
3 || +o0 +0o0
y / \ /
-2 -2

Xét tinh duing sai ctia cac khang dinh sau

a) Ham sb c6 gia tri nhé nhat bang —2.
b) Ham sb c6 gia tri 16n nhat bang 3.

¢) D6 thi ham s6 c6 hai duong tiém can ding la x = —2 va x = 2.
d) D6 thi ham s6 c6 hai duong tiém cannganglay = —2vay = 3.
BANG DAP AN
Cau 13. Cau 14. Cau 15. Cau 16.

@s®Ples@s |[(@apbsep@ds |[|(@aPpbpPpePds |[[(@bpbskebpds

PHAN 3. Tr&c nghiém trd 11 ngdn

x—1

x2 —8x+m o3

Cau 17. C6 bao nhiéu gia tri nguyén duong ctia tham s6 m dé do thi ham s6 y =
duong tiém can?

KQ:
Cau 18.
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Cho ham s6 bac bay = f(x) c6 dd thi nhu hinh vé bén. Tim s6 duong tiém y
e A i1s  a (x+1)(x2—1)
can dung caa do thi ham so y = ¢(x) = .
5 V=80 = P —2r)
KQ:
1 X
Cau 19.
Cho f(x) 1a ham da thtrc bac ba va c¢6 dd thi nhu hinh vé bén bén. C6 bao y
nhiéu gia tri nguyén ctia tham s6 m thudc doan [—100;100] dé d6 thi hamsé | | ____
V1i+mxZz e 2 |
y= Fo—m c6 dung hai duong tiém can? ‘
KQ: -1\0 1 é

-2

\x
10 + vV6x — x2

Cau 20. Cho ham s6 y = c6 do thi (Cy,). Tim sb gia tri nguyén ctia tham s6 m dé
VX2 —4x +2m

(Ci) 6 dung hai tiém can dung.

KQ:

Cau 21. Nguoi ta thong ké dugc chi phi stra chita, van hanh may méc trong mot ndm ctia mot xudng
\ % . re . 2000x —1500 .. .5 VR TN S S

san xuat dugc tinh boi cong thuc f(x) = 353;? (triéu dong). Biet x la so nam ké tir luc may

moc van hanh 1an dau tién, s ndm cang nhiéu thi chi phi cang cao. Khi s6 ndm x du 16n thi chi phi
van hanh mdy mdéc trong mot ndm gan vdi s6 nao? (lam tron dén 1 chir s6 thap phan sau dau phay).

KQ:

Cau 22. DE thiét ké mot bé ca hinh hop chit nhat 6 chiéu cao 1a 80 cm, thé tich la 12800 cm®. Ngudi
thg dung loai kinh dé str dung lam mat bén c6 gia thanh 70000 VND/ m? va loai kinh dé lam mat
day c6 gia thanh 100000 VND/m?. Goi x la chiéu dai ctia ddy bé ca véi (x > 0,x(m)); f(x) 1a ham s
xéac dinh chi phi dé hoan thanh bé ca. Xac dinh s6 duong tiém can ctia do thi ham s6 f(x).

KQ:

[Cau17. 14 |[Cau18. 5 |[Cau19. 9 |[Cau20. 2 ||Cau2l. 571 |[Cau22. 2

BANG DAP AN
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Chuong 2

Véc-to va toa do trong khong gian

21  Véc-to va cac phép toan

2.1.1 Khai niém véc-to trong khong gian
Dinh nghia 2.1. Véc-to trong khong gian la mot doan thing cd hudng.
e Cho doan thing AB trong khong gian. Néu ta chon diém ddu la A, diém cudi la B thi ta c6 mot véc-to,
ky hiéu la 1@ doc la “véc-to AB”.

. A S ? ~ [ S N oA A 2 , , ~ - oA N %
* Khi khéng can chi r6 diém dau va diém cuoi ciia véc-to, véc-to con duoc ky hiéu la 7, b, 7, 7, ...

Dmh ly 2.1. Cho diém O va véc- to @ . Khi do, ton tai duy nhat diém M trong khong gian sao cho OM =

7.
Dé xdc dinh diém M, ta lam nhu sau —
— a
e Qua O ké duong thang d song song hoic triing vdi gza cua véc-to a'. /
o Lay diém M trén duong thang d sao cho haz véc-to OM 7 la cung hudng va M
do dai dogn thing OM bing do dai véc-to 7. i

Luu y 2.1. Cdc khdi ni¢gm c6 lién quan dén véc-to trong khong gian nhu: gid ciia véc-to, d¢ dai ciia véc-to,
véc-to cung phuong, véc-to cing hudng, véc-to-khong, hai véc-to bang nhau, hai véc-to doi nhau, . .. dugc
dinh nghia tuong tu nhu trong mdt phang.

2.1.2 Téng va hiéu caa hai véc-to trong khong gian

Dmh nghia 2.2. Trong khdng gian, cho hai vecta va b

ba diém O, A, B sao cho (ﬁ 7 ? b Ta goi
OB la tong ciia hai vécto 7 vi b ky hiéu @ + b
Phép lay tong ctia hai vécto 7 i 7 dugc goi la phép cong
vécto.

Quy tac 2.1. Ddi vdi véc-to trong khong gian, ta ciing cd cdc quy tic sau
e Vi ba diém A, B, C trong khong gian, ta cé 1@ + lﬁ = R (Quy tic ba diém);
e Néu ABCD Ia hinh binh hanh thi AB + AD = AC (Quy tic hinh binh hanh).
S 4 NN N Y - g 1
Quy tac 2.2. Néeu ABCD.A’B'C'D’ la hinh hdp thi AB + AD + AA' = AC (Quy tac hinh hép).

Dinh nghia 2.3. Trong khong gian, cho hai vec to a b . Hiéu ciia hai véc-to @ vi véc-to b 1a tong cua
véc-to @ vi véc-to dbi ciia véc-to b, ki higu la @ — b

Quy tac 2.3. Vi ba diém O, A, B trong khong gian, ta cd CT/i — (ﬁ — BA (Quy tic higu).
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$> BAI TAP TU LUAN ¢

Bai tap 1. Cho hinh hop ABCD.A'B'C’'D’. Hay chi ra ba véc-to c6 diém dau va diém cudi la cac dinh
cta hinh hop sao cho ba véc-to do6

a) Bang véc-tg AD. b) La véc-to dbi ctia véc-to AD.
Y . _—_z N A. 2 . _——>/
¢) Bang véc-tod AA'. d) La véc-to doi cta véc-to AA".

Bai tap 2. Cho ti dién ABCD. Chiing minh ring AB + CD = AD + CB.
Bai tap 3. Cho t dién ABCD. Chiing minh ring AC + DB = AB + DC.

N A N N - . N H H —_>
Bai tap 4. Cho hinh hop ABCD.A’B’C’'D’. Ching minh rang AB+B'C’' + DD = AC.
Bai tap 5. Cho hinh hop ABCD.A’B'C'D’. Chiing minh rang B'B + AD +CD = BD.

. =2 —
Bai tdp 6. Cho hinh hop ABCD.A'B'C'D’. Ching minh rang B'B — lﬁ B’D

N —
Bai tap 7. Cho hinh hop ABCD.A’B’C’'D’. Ching minh rang BB' — C'B - D'C' = BD.
Bai tap 8. Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang don vi. Tim do dai cac vécto sau day:

7 — BA+BC+ BH. b) T =BC—BA+CA

2.1.3 Tich cta mét s6 v6i mét véc-to trong khong gian

Dmh nghia 2.4. Cho s thuc k # 0 va véc- to @ # O Tich ciia s6 k vdi véc-to @ I mot véc-to, ki hiéu la
ka, duoc xdc dinh nhu sau:

* Cung huong vdi véc-to a @ néuk >0, nguoc hudng vdi vec-to @ néuk < 0.
o C6do dai bing |k| - |7|.
Luu y 2.2. Ngui ta quy uée: 07 = 0,k 0 = 0.Dodé, ka = O khivachikhik =0hoic @ = 0.

Tinh chét 2.1. Vi hai véc-to bit ki a,?m hai s6 thuc h, k ta co
@ k(7 + b):k7+kb b)k(?-?):k?-k?
o) (h+k) @ =hd +ka. d) h(kad) = (hk)ad
e) 1d =7, N (-7 =-7

2.1.4 Tich vo hudng cta hai véc-to trong khong gian

Dmh nghia 2.5. Trong khong gian, cho haz vec to @, ? khic 0. Lay mét diém O tity y va vé hai véc-to
%
OA T (ﬁ = b Goc gita hai véc-to 7, b trong khong gian, ki hiéu (_> b ) la goc giita hai véc-to

OA, OB,

Luuy23. 0° < (7,7) < 180°.

Dinh nglga 2.6. Trong khong gian, cho hai véc-to 7, b khic 0 . Tich v6 huwéng ciia hai véc-to T vi b ky
hiéu @ - b, 1a mot s6 thue dioc xdc dinh béi cong thirc

7T = ]7| . ‘?‘ - COS (7,7),
trong do (7, 7) la goc gitra hai véc-to 7, 7

. Ny o T oA Lk s Ap1s o oe =
Luu y 2.4. Nquoi ta quy udc: Tich vo huong ciia mét véc-to bat ki vdi véc-to 0 bang 0.

2 2 — 2
Tinh chit 2.2. Vi cic véc-to bitki @', b,  vi s6 thuc k tiry v, ta c6
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= ? . @ (tinh chét giao hodn).

— — £ 2
» @ (V' +7T) =TT + 7T (tinh chit phin phéi).

« (k@) T =k(7- D) =7 (k7).
« W2>0,72=0o7=10.
-
e Néu a, b la hai véc-to khic 0 thi cos( ,7) ﬁ.
al-|b
$>BAI TAP TU LUAN ¢

Bai tap 9. Cho tir dién ABCD c6 G la trong tam ctia tam gidc BCD. Goi H, K lan lugt 1a trung diém
ctia cac canh AB, AC. Chtiing minh rang

) BC — 2HK. b) AB+ AC + AD = 3AC.

Bai tap 10. Cho ti dién ABCD. Goi M, N lan lugt la trung diém ctia cac canh AD va BC, I la
trung diém MN Chiing minh rang

) MN = = (ﬁJrlf) b) [A+IB+IC+ID=0.

. , . -
Bai tap 11. Cho hinh lang tru ABC.A’B'C’ ¢6 M 1a trung diém cua BB'. Dat CA = 7, CB=1 ,
— . — 1
CC’ = . Ching minh rang AM=1 -7 + E?.
Bai tap 12. Cho tit dién ABCD. Chiing minh rang:

a) AC+ BD — AD + BC. b) AB—CD = AC + DB.

Bai tap 13. Cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh bang a. Tinh:

— o ey o
a) AB-D'C. b) D'A - BC. ¢) Cacgoc (A'D,B'C). d) (AD, ﬁﬁ).
Bai tap 14 Cho hinh hop ABCD.A’B'C'D’. Goi G la trong tim tam giac AB'D’. Chtiing minh rang
A C= 3A’ G.
Bai tap 15. Cho tit dién déu ABCD c6 canh béng ava M la trung diém cta CD.

a) Tinh cac tich v6 huéng AB - AC, AB- AM.  b) Tinh géc (AB, CD).
Bai tap 16. Cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh bang 1.

e P — . )
a) Tinh céc tich v huéng: AB - A'C', AB-CC'.  b) Tinh goc (AC, AC') (két qua lam tron dén
phut).
~ ~ ~ ~ ’ ’ .~ . ’ H
Bai tap 17. Cho hinh ldp phuong ABCD.A’B'C'D’. Tinh goc gitra hai véc-to Eﬁ B'C.
Bai tap 18. Cho ti dién déu ABCD, Goi M, N lan lugt 1a trung diém cac canh AB, AC. Hay tinh géc
gitra hai véc-to MN va BD.
Bai tap 19. Cho tu dién OABC c¢6 cac canh OA, OB, OC déi@)’c vuong gocva OA = OB = OC = 1.
Goi M 1a trung diém ctia canh AB. Tinh goc gitra hai véc-to OM va AC.
Ne A N 2 v - —2 N —
Bai tap 20. Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang a. Tinh A'B- D'C' va D’A - BC.

$> UNG DUNG <
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A = = R . . aa N Ny oAb 2 Ar A N
Bai tap 21. Baluc F;, F,, F3 cung tac dong vao mot vat c6 phuong do6i mot vudng 51 b
goc nhau va c6 do 16n lan luot 1a 2N, 3N, 4N. Tinh d6 16n hop luc cta ba luc da fg
cho.

Bai tap 22. Néu mot vat c6 khéi luong m (kg) thi luc hap dan ? cta Trai Dat tac :
dung lén vat dugc xac dinh theo cong thirc = m?, trong do ? la gia toc roi tu
do c6dolon g = 9,8 m/ s%. Tinh d6 16n cta luc hap dan cta Trai DAt tac dung lén
mot qua tdo c6 khbi lugng 102 gam (Hinh bén).

Hinh 27

Bai tap 23. Mot chiéc den chum treo c6 khoi lugng m = 5kg dugc thiét ké o
vdi dia den duogc gitr bdi bon doan xich SA, SB, SC, SD sao cho S.ABCD la 4
hinh chép t gidc déu co ASC = 60°.
a) St dung cong thuc P = m? trong do ? 1a vécto gia toc roi ty do
c6 dd616n 10m/s?, tim do 16n caa trong luc P tac dong lén chiéc den ~
chum. L

b) Tim do 16n cta lyc cang cho moi sgi xich. Avc
D

Bai tap 24. Mot em nho can nang m = 25 kg truot
trén cau trugt dai 3,5 m. Bi\ét rang, cau trugt co goc
nghiéng so vdi phuong nam ngang la 30° (Hinh
bén).
a) Tinh d¢ 16n caa trong luc ? = m? tac dun 5
1én em nho, cho biét vécto gia tdc roi tu do : Gt
6.4 lénla g = 9,8m/s% - DI A A
b) Cho biét cong A(]) sinh bsi mot luc ? co ’
do dich chuyén q dugc tinh bdi cong thirc
A=F-d. Hay tinh cong sinh bdi trong luc
? khi em nhé trugt hét chiéu dai cau truot.

Bai tap 25. Mot chiéc dén tron dugc treo song song v4i mat phéng nam ngang
boi ba scji’déy khong dan xuét phat tir diém O trén ’crélrl> nkg Vé_> 1?11\1 luot budc - E
vao ba diém A, B, C trén den tron sao cho cac luc cang F;, F>, F3 lan luot trén
moi day OA, OB, OC d6i mot vudng goc vdi nhau va ‘F{ = (fﬁ‘ = ‘Fg’ =15

(N). Tinh trong lugng ctia chiéc dén tron do. O C
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Bai tap 26. Mot chiéc 6 t6 duge dat trén mat day dudi cua moét khung
sat c6 dang hinh hop chir nhat v6i ddy trén 1a hinh chit nhat ABCD, mat
phang (ABCD) song song v6i mat phang nam ngang. Khung sit d6 dugc

budc vao moc E cta chiée can ciu sao cho cic doan day cap EA, EB, EC, F | A\ B

ED c6 d6 dai bang nhau va cing tao véi mat phang (ABCD) mot goc "

bang 60°. Chiéc can cdu kéo khung sat 1én theo phuong thang ding.

Tinh trong lugng cda chiée xe 6 to (lam tron dén hang don vi), biét rang 4 7 2 .
cacluccang Fi, b, fg, E; déu co cuong do la 4700 N va trong luong cta B

khung sat 1a 3000 N.

Bai tap 27. Trong dién truong déu, luc tinh dién ? (don vi: N) tac dung & + & =
lén dién tich diém c6 dién tich g (don vi: C) dugc tinh theo cong thic ? = ‘ | ‘ Jq‘
q- ?, trong do ? la cuong do dién truong (don vi: N/C). Tinh d6 16n cta =
luc tinh dién tac dung Ién dién tich diém khi g = 10~ C va d6 16n dién
truong E = 10° N/C (Hinh bén).

truong déu lam cho M dich chuyén theo duong gap khic MNP (Hinh bén). M‘“{Rﬁ"\\ i o
Biét g = 210712 C, vécto dién truong c6 d6 16n E = 1,8-10° N/Cva |, F ;
d = MH = 5 mm. Tinh cong A sinh bdi luc tinh dién ?

Hinh 29
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2.2  Toa do véc-to

2.2.1 Hé truc toa do
Dinh nghia 2.7.

H¢ gom 3 truc Ox, Oy, Oz vudng gic vdi nhau tirg déi mot chung goc toa do O.
Goi i = (1;0;0), j = (0;1;0), k = (0;0;1) la cic véc-to don vi, tuong iing trén
cdc truc Ox, Oy, Oz. H¢ ba truc nhuw vdy goi la hé truc toa dj vudng goc trong
khong gian hay hé truc Oxyz.

e Diém O: Goc toa do.

e Truc Ox: Truc hoanh.

* Truc Oy: Truc tung.

e Truc Oz: Truc cao.

Tinh chét 2.3.

o Cdc mgt phiang toa d6 (Oxy), (Oyz), (Ozx) doi mot vudng géc vdi nhau.

2.2.2 Toa do caa diém

Dinh nghia 2.8. Trong khong gian Oxyz, cho diém M. Néu O—Z\>/I = x.? + y.? + z.? thi ta goi bg ba sb
(x;y;2) la toa do ctia diém M dbi v6i hé truc Oxyz. Ki hi¢u la M(x;y;z) hodc M = (x;y; z); x dugc goi hoanh
do, y duoc goi tung do, z dugc goi cao do.

Ta c6 thé viét

%
OM = x.?%—y.?%—z. k &M= (xyz).

Dinh 1y 2.2. Toa dd ciia mét diém M trong khong gian véi hé toa d6 Oxyz luén ton tai va duy nhat.

2.2.3 Toa do véc-to

Dinh nghia 2.9. Trong khén&giun Oxyz, cho véc-to T Néu @ = al.? + az.? + LZ3.? thi ta goi bo ba
s6 (a1; ap; az) la toa d véc-to @ doi vdi hé Oxyz va ta viét a (a1;ap;a3) hay 7(a1;a2; az). Trong dé,
goi la hoanh d¢ ciia véc-to @, a goi la tung do ciia véc-to a, az goi la cao do ciia véc-to a’.

Ta c6 thé viét

7

— —

— . AN
A =m.i +ay.j +az. k & a = (ay;aza3).

Dinh ly 2.3. Trong khong gian vdi hé toa do Oxyz,
o Néuii = (a;b;c) thi it = ai + bj + ck.
* Nguoc lai, néu it = ai + bf+ ck thiit = (a;b;¢).

Pinh ly 2.4. Vi ii = (x1;y1;,21) va U = (X2, Y2;22), ta co

X1 = X2
U=TV<= (VY1 =2
Z1 = 22

Nhu vdy, mdi véc-to hoan toan dugc xdc dinh khi biét tog d6 ciia no.
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Dinh ly 2.5. Trong khdng gian vdi hé toa 4o Oxyz, cho hai diém A (xa;ya;z4) va B (xp;yp; zp). Khi dd, ta
co

AB = (XB—XA;YB —YA;ZB — ZA) -

$> BAI TAP TU LUAN ¢
Bai tap 1. Tim toa do diém trong céc truong hop sau

N - = - =
Q) OM=2743.7+k. b ON=271— ] +3k o) OK=2.7 +3.%.
d)Ob=7-27 —3%. @ OH=2.7-17+k. £ ol=27.

—

Bai tap 2. Trong khong gian v6i hé toa do Oxyz, cho OA = (3;1; —2). Tim toa d6 diém A.
Bai tap 3. Viét OA dang téng cac véc to don vi biét

a) A(1;2;3). b) A(0;1;-3). c) A(0;0;3). d) A(4;0;1).
Bai tip 4. Trong khéng_gi>an vdi hé toa dd Oxyz, cho hai diém M(—4;3; —1) va N(2; —1; —3). Tim toa
do6 cua cac véc-to OM, ON.
Bai tap 5. Trong khong gian véi hé toa do Oxyz, cho diém A(1;2; —3) va véc-to il = (3; —4;2). Hay
biéu dién theo cac véc-to 7, j va k méi véc-to sau

a) OA; b) i

Bai tap 6. Trong khong gian voi hé toa do Oxyz, cho véc-to OB = —i + 2k vavéc-to @ = —7j + k. Hay
tim toa do cta

a) Diém B; b) Véc-to 7.
Bai tap 7. Tim toa do véc-to ¥ biét
— — " — —
Q) T =1+ 7. b) ¥ =27. 0 X =] -3K. dF=1i-27+3%.

Bai tap 8. Trong khong gian vdi hé toa do Oxyz, cho A(1;1;—2), B(4;3;1) va C(—1; —2;2).
a) Tim toa d6 cta véc-to zﬁ .

b) Tim toa do ctia diém D dé ABCD la hinh binh hanh.
Bai tap 9. Trong khong gian Oxyz, cho 3 diém A(1;0;0), B(0;0;1),C(2;1;1).

a) Chung minh A, B, C 1ap thanh mét tam giac;  b) Tinh chu vi va dién tich tam giac ABC;

c) Tim D dé t giac ABCD la hinh binh hanh;  d) Tim d¢ dai duong cao AK ctia tam giac ABC;

e) Tinh goc A caa tam gidc ABC; f) Xac dinh toa do diém G la trong tdm ctia
AABC.
Bai tap 10. Trong khong gian vdi hé toa do Oxyz, cho diém z
A(4;3;5). Goi A1, Ay, Az lan lugt 1a hinh chiéu ctia diém A trén
cac mat phang toa d6 (Oxy), (Oyz), (Ozx) (Hinh bén). 5 A2
a) Tim toa do cta cac diém Ay, Ay, As. A3 4

b) Tim toa do hinh chiéu ctia A 1én Ok, Oy, Oz.

Al
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Bai tap 11. Trong khong gian v6i hé toa do Oxyz, cho diém A(3;2;4). Goi H, K, P 1an lugt 1a hinh
chiéu ctia diém A trén cac truc Ox, Oy, Oz. Tim toa do cua cac diém H, K, P.

Bai tap 12. Cho hinh hop chit nhat OABC.O’A’B’'C’ ¢6 canh OA = 4, OC = 6, OO’ = 3. Chon hé
truc toa d6 Oxyz cé géc toa do O; cac diém A, C, 0’ 1an luot nam trén céc tia Ox, Oy, Oz. Xac dinh toa
do cac diém A, B, B'.

Bai tap 13. Cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh bang 5. Chon hé truc toa do Oxyz c6 gbc
toa do O trung véi A; cac diém B, D, A’ 1an lugt nam trén cac tia Ox, Oy, Oz. Xac dinh toa d6 cac diém
B,C,C.

Bai tap 14. Trong khong gian vdi hé toa do Oxyz, cho hinhhép ABCD.A'B'C'D’ ¢6 A’'(1;0;1), B'(2;1;2),
D'(1;—1;1), C(4;5; —5). Tim toa d6 dinh A ctia hinh hép ABCD.A'B'C'D’.

Bai tap 15. Trong khong gian véi hé toa dd Oxyz cho A(3; —2; —1). Goi Aj, Aj, Az lan lugt 1a hinh
chiéu ctia diém A trén cac mat phang toa do (Oxy), (Oyz), (Ozx). Tim toa do ctia cac diém A;, Ay,
As.

Bai tap 16. Trong khong gian v6i hé toa do6 Oxyz cho A(—2;3;4). Goi H, K, P lan lugt 1a hinh chiéu
ctia diém A trén céc truc Ox, Oy, Oz. Tim toa do cta cac diém H, K, P.

Bai tdp 17. Trong khong gian v6i hé toa do Oxyz cho hinh hop ABCD.A'B'C'D’ ¢6 A(4;6;—5),
B(5;7;—4),C(5;6; —4), D'(2;0;2). Tim toa d6 cac dinh con lai ctia hinh hép ABCD.A’B'C'D’.

$> UNG DUNG %

Bai tap 18. Mot san tennis voi hé toa do Oxyz duge chon nhu
6 hinh bén.

a) Héi mat sin ndm trong mat phang toa do nao?

b) Truc Oz c6 vuong goc voi mat san hay khong?

Bai tap 19. Mot can phong véi hé toa do Oxyz dugc chon nhu
& hinh bén. Cho biét btic tudng phia sau ctia can phong nam
trong mat phang toa dé nao?

Bai tap 20. Hinh a m6 t& mot san cau long vdéi kich
thudc theo tiéu chuan qudc té. Ta chon hé truc Oxyz
cho san d6 nhu & (don vi trén méi truc 1a mét). Gia st
AB la mét tru cau 16ng dé cang ludi. Hay xac dinh toa

do ctia véc-to z@

Bai tap 21. Cho hinh chép S.ABC c6 day ABC la tam giac déu S
canh bang 2, SA vudng goc v6i ddy va SA = 1. Thiét 1ap hé
toa do nhu hinh vé bén, hay vé cac véc-to don vi trén cac truc
Ox, Oy, Oz va tim toa do cac diém A, B, C, S.
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Bai tap 22. Trong khong gian Oxyz, cho hinh chép S.ABCD

c6 day ABCD la hinh thoi canh bang 5, giao diém hai duong

chéo AC va BD trung _V)(/)'i §6c _9 Cac véc-to (ﬁ, (f, 5§ lan

lugt cung huéng véi i, j, k va OA = OS = 4 (hinh vé
N NP ey .

bén). Tim toa dd cac véc-to zﬁ, R, ASva AM v6i M la trung

diém ctia canh SC.

Bai tap 23. Mot chiéc xe dang kéo cing sgi day cap AB trong cong
truong xay dung, trén d6 da thiét 1ap hé toa do Oxyz nhu hinh bén
vGi d6 dai don vi trén cac truc toa do bfing 1(m). Tim toa d0 cua véc-to

AB.

Bai tap 24. O mot san bay, vi tri clia mdy bay dugc xac dinh bsi diém
M trong khong gian Oxyz nhu hinh bén. Goi H 1a hinh chiéu vudng goc
cta M xuéng mat ph:fmg (Oxy). Cho biét OM = 50, (7, O—I>—I) = 64°,

— > .
(OH, OM) — 48°. Tim toa do ctia diém M.

* Hinh 17

Bai tap 25. Nguoi ta can lap mot camera phia trén san bong dé phét song truyén hinh mot tran béng
da, camera c6 thé di dong dé ludn thu duge hinh anh rd nét vé dién bién trén san. Cac ki su du
dinh tréong bén chiéc cot cao 30 m va st dung hé théng cap gan vao bén dau cot dé git camera &
vi tri mong mudn. M6 hinh thiét ké duogc xay dung nhu sau: Trong hé truc toa d6 Oxyz (don vi do
dai trén méi truc 1a 1 m) cac dinh ctia bén chiée cot 1an luot 1a cac diém M (90;0;30), N(90;120;30),
P(0;120;30), Q(0;0;30) (Hinh bén dudi). Gia st K 1a vi tri ban dau ctia camera c6 cao do bs?mg 25 va
KoM = KgN = KoP = K¢Q. Dé theo doi qua bong dén vi tri A camera duogc ha thép theo phuong
thang ding xubng diém K; cao d6 bang 19. (Nguon: https://www.abiturloesung.de; Abitur Bayern 2016
Geometrie VI).

Q(0;0;30) P(0;120;30)

M(90;0;30 e |
/V 0 Ty N(90;120;30)

,I_<,1 A

/

X

Tim toa do cac diém K, K; va ctia vecto KoKj.
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2.3  Biéu thitc toa do cta phép toan véc-to

2.3.1 Biéu thitc toa d6 ctia phép cong hai vécto, trir hai vécto, phép nhan mét s6 véi vécto

Dinh 1y 2.6. Néu U = (x1,Yy1,21) va T = (x2;Y2;22) thi
0

+ 7 = (x1+x25,y1 + Y221+ 22
7 =

),
T (x1 — X2, 91 — Y2, 21 — 22),

o mu = (mxy;myy;mz1) véim € R

— —
Dinh 1y 2.7. Cho hai véc-to W = (x1;y1;21) # 0, T = (x2;y2,22) # 0. Hai véc-to o va 0 ciing
X1 = mxy,
phutong khi v chi khi c6 mot so thice m sao cho { y1 = myy,

Z1 = mzj.

2.3.2 Toa do6 trung diém, toa d6 trong tam tam giac

Dinh 1y 2.8. Cho hai diém A (x4;y4;z4) vd B (xB;yp;2z5). Néu M (xp;yar; zum) la trung diém doan thing
AB thi

X _ XatXxp, :]/A‘F]/B'Z _ zZatzs
M 5 rYm Ty M T T

Dinh 1y 2.9. Cho tam gidgc ABC ¢6 A (xa;y4;24),B (x8;y8;28),C (xc;yc;zc). Néu G (xg;yg;zc) la
trong tam tam gidc ABC thi

xA+xB+xC_y _yA+yB+yc_Z _za+tzp+zc
—— Yo = —— _—
3

XG = 3 714G 3

2.3.3 Biéu thic toa d6 tich vé hudng

Dinh 1y 2.10. Néu U = (x1,Yy1,21) va T = (x2; Y2, 22) thi U-T = X1X2 + Y1Y2 + 2122
Dinh Iy 2.11.

a) Néu @ = (x;y;2) thi | 7| = V7@ - @ = /2 +y> + 22

b) Néu A (x1;y1;21) va B (x2;y2;22) thi AB = ‘1@’ = \/(xz —x1)*+ (=) + (2 — )"

c) Vi hai véc-to U = (x1;y1,21) va T = (x2;y2;22) khdc O, ta c6

e Wva T vudng géc voi nhau khi va chi khi x1x2 + y1y2 + 2122 = 0.
w7

— =\ . X1X2 +Yy1y2 + 2122
Cesll ) S ST T Tara g, S
\/x1+]/1+21‘\/x2+y2+22

2.3.4 Tich c6 huong cua hai véc-to

Bai tap 1. Cho hai véc-to 7 = (x1;y1;,21) va 7 = (x2;y2; z2) khong cung phuong. Ching minh,
veéc-to

W@ = (122 — Y221;21%2 — 22X, ¥1Y2 — Xa¥1)
vudng goc vdi ca hai véc-to Uvad.
Dinh nghia 2.10. vec-to w trong vi du néu trén con dugc goi la tich cé hudng cia hai véc-to W oi T, ki

hicula @ = [, 7).
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Dinh 1y 2.12. Cho hai véc-to W = (x1;y1;21) vi 0 = (x2;y2;22), ta co:

7,7 :Q ¥z X 1 )z Zy — YpZ1; 21X — ZoX1; X1Y2 — X .
[ ] A . o 1 (V122 — Y221, 21X2 — 22X1; X1Y2 — X2Y1)
trong do q ‘ = ad — bc, v6ia,b,c,d la cdc sb thuc.

Dinh 1y 2.13. Hai véc-to W, khong ciing phuong khi vi chi khi véc-to W = [, 7] # f

$> BAI TAP TU LUAN ¢

(2,1;-1), T = (1;2;3). Tinh toa do cia mdi véc-td sau:

_>
Baitap2. Cho @ = (—2;3;2), b =

a) 37 b) —27 Q) 27— b; d) @ +27D — %?.
Bai tap 3. Cho i/ = (—2;0;1), T = (0;6; —2), W = (—2;3;2).Tim toa do ctia véc-to o +27 —470.
Bai tap 4. Cho hai vécto @ = (0;1;3) va 7 = (—2;3;1). Tim toa d6 cua vécto 27— %7
Bai tap 5. Tinh:

Q) BV T = (52-4), 0 =(4%-22). b) T -dvéi T =(2-34),d = (65 -3).
Bai tap 6. Trong khong gian voi hé toa do Oxyz, cho 7 = (2;3,-2) va ? =(31,-1),

a) Tim toa d6 cta véc-to 7 — 7

b) Tim toa d6 cta véc-to T+ 2?.

%
c) Tim toa dd cua véc-to 27 —30b.
%

%
Bai tap 7. Trong khong gian vdi hé toa do Oxyz, cho 7 = (-=1;2;3) va b = (3,1,-2), ¢ =
(4;2; -3).

. -
a) Tim toa d6 caa véc-to W =27+ -37.
. -
b) Tim toa d6 cta véc-tg Tsaocho ¥ +2b0 =74 + ¢.

_>
Bai tap 8. Trong khong gian v6i hé toa do Oxyz, cho @ = (0;1;1) va b = (—1;1;0). Tinh goc gitta
hai véc-to
— — —
a) 7vab. b) 27 va b. ) 27 va3b.
_>

Bai tap 9. Trgr)1g khong gian vdi hé toa do Oxyz, cho 7 = (3;2,—1)va b = (—2;1;2). Tinh c6sin
cta goc (@, b).
Bai tap 10. Cho ba diém A(—1;-3;-2), B(2;3;4), C(3;5;6). Chiing minh ba diém A, B, C thing
hang.
Bai tap 11. Cho tam giac ABC ¢6 A(—2;1;0), B(0;2;5), C(5;0;2). Tim toa do trung diém M ctia doan
thang AB va trong tam G ctia tam giac ABC.
Bai tap 12. Cho ba diém A(0; —1;1), B(1;0;5), G(1;2;0).

a) Ching minh ba diém A, B, G khong thang hang.

b) Tim toa do diém C sao cho G la trong tdm ctia tam gidc ABC.
Bai tap 13. Trong khong gian, vdi hé toa d6 Oxyz, cho A(1;0;0), B(0;0;1) va C(2;1;1).

a) Ching minh A, B, C khong thang hang. b) Tinh chu vi ctia tam giac ABC.

¢) Tinh cos ABC.

Bai tap 14. Trong khong gian vdi hé toa do Oxyz, cho tam giac ABC ¢6 A(2;—1;1), B(1;—1;2) va
C(3;0;2). Chung minh tam gidc ABC vudng tai A.
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Bai tap 15. Cho ba diém A(2;1; 1), B(3;2;0) va C(2; —1;3).
a) Chung minh A, B, C la ba dinh ctia mét tam gidc. Tinh chu vi tam giac ABC.
b) Tim toa do trung diém ctia cac canh ctia tam gidc ABC.

c) Tim toa do trong tam G cua tam giac ABC.
Bai tap 16. Cho diém M(1;2;3). Hay tim toa do cta cac diém:

a) Mj, My, M3 lan luot 1a hinh chiéu vuong goc ctia M trén cac mat phang toa do (Oxy), (Oyz),
(Oxz).

b) M, M", M"" 1an lugt la diém dbi xing ctia M qua O, mat phang (Oxy) va truc Oy.
Bai tap 17. Cho ba diém A(3;3;3), B(1;1;2) va C(5;3;1).

a) Tim diém M trén truc Oy cach déu hai diém B, C.

b) Tim diém N trén mat phang (Oxy) cach déu ba diém A, B, C.
Bai tap 18. Cho cac diém A(—1;—1;0), B(0;3; —1), C(—1;14;0), D(—3;6;2). Ching minh ABCD la
hinh thang.
Bai tap 19. Cho hinh hép ABCD.A’B’'C'D’ ¢6 A(1;0;1), B(2;1;2), D(1;—-1;1),C'(4;5; —5). Tim toa
d6 cac dinh con lai ctia hinh hop.
Bai tap 20. Trong khong gian v6i hé toa do Oxyz, cho hai véc-to W = (1;0;—3)va 7 = (0;0;3). Hay
chi ra toa do ctia mot véc-to W khac ? vudng goc voi ca hai véc-to UvaT.
Bai tap 21. Tinh tich 6 hudng [, 7] biét

a) U = (0;1;,-2) va 0 = (3;0; —4). b) @ = (1;1;2) va 7 = (3;1;2).

- = - =
O W =4i+kvad=21i-7]. d) 7 =(11;-2)va v =

> UNG DUNG o

Bai tap 22. Hinh bén minh hoa so d(f) mot ng?)i nha 0(2;5;4)
trong hé truc toa do Oxyz, trong d6 nen nha, bon buc H ___— 7 X G(4;5;3)
tuong va hai mai nha déu la hinh chir nhat. z P(0;0;
a) Tim toa do ctia cac diém A, H va F. E(0;0;3) Y
b) Tinh goc dbc ctia mai nha, tire 1a tim sb do caa goc |
nhi dién ¢6 canh la duong théng FG, hai mit lan i
luot1a (FGQP) va (FGHE) (1am tron két qua dén |
hang phan muoi cta do). c, | B(4:5:0)

0(0;0;0) A

Bai tap 23. Tinh cong sinh bdi luc F = (20;30; —10) (don vi: N) tao
bdi mot drone giao hang (Hinh 7) khi thuc hién mot do dich chuyén
7 = (150;200;100) (don vi: m).

Hinh7
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Bai tap 24. Mot chiéc dén tron dugc treo song song v6i méat phang nam
ngang boi ba sgi day khéng dan xuét phat tir diém O trén tran nha lan
luot budc vao ba diém A, B, C trén den tron sao cho tam gidc ABC déu
(Hinh 38). D9 dai ctia ba doan day OA, OB, OC déu bang L. Trong lugng
ctia chiéc den 1a 24 N va ban kinh cta chiéc dén 1a 18 in (1 inch = 2,54
cm). Goi F la d6 16n cta cac luc cang ?1, ?2, 3 trén mai s¢i day. Khi
dé F = F(L) 1a mot ham sb véi bién s6 L.

a) Xac dinh cong thirc tinh ham s6 F = F(L).

b) Khao sat va vé do thi ham sb F = F(L).

c) Tim chiéu dai t6i thiéu ctia méi sgi day, biét rang méi sg day d6 dugce

thiét ké dé chiu dugc lyuc cing t6i da 1a 10 N.
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2.4  On tap chuong

241 Désd1

PHAN 1. Tréc nghiém 4 phuong én lua chon

Cau 1. Trong khong gian cho 3 diém M, N, P phan biét. Tinh PM + MN.
A. NIM. B. MN. C. NP. D. PN.
Cau 2.
Cho hinh 14p phuong ABCD.A'B'C'D’. Véc-td c6 diém dau va diém A D'
clgi 1a cac dinh cta hinh lap phuong ABCD.A'B'C'D’ va bang véc-tg B ! cl
AD la |
H |
A. B'C'. B. DA. C. CB. D. AB. |
R S D
B C
Cau 3. Goi I 1a trung diém ctia AB. Khang dinh nao sau day sai?
A.TA+TB=T0. B.IA=1IB. C. TA =18, D. MA + MB =
2MI.
Cau 4.
. A % s a1 c ? 0 18
Cho hinh hop ABCD.EFGH. Ket qua qua phép toan_A> —EHla E H
A. BD. B. AL. C. DB. D. BH.

Cau 5. Cho hai véc-to o, T 6 |7| =3,

7| = 4 va goc gitta hai véc-to W, T bang 60°. Tich vo
huéng v bang

A. 12. B. 6. C. —12. D. —6.
Cau 6. Trong khong gian, cho 3 diém A, B, C phan biét. Hiéu hai véc-tg AB— AC bang
A. CB. B. BC. C. BA. D. CA.

Cau 7. Cho hinh hinh hop ABCD.A'B'C'D’, ¢6 ddy ABCD hinh binh hanh tam O. Khi dé 240 bang
véc-to nao sau day?

A. AC. B. AD. c. AC, D. AB.

Cau 8. Cho biét G la trong tdm ctia ttr dién ABCD, ménh dé nao sau day ding?
A. GA = GB = GC = GD. B. GA+GB+GC+GD = 0.
C. GA—GB=GC—GD. D. GA+ GB+GC+GD = 0.
Cau 9. Cho hinh lap phuong ABCD.A'B'C'D’ 6 d6 dai canh 1a a. Khi d6 AB - AD bing

N

A. a2, B. 0. C. a D. %
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Cau 10. Cho hinh hép ABCD.A’B'C'D’ v6i tam O. Hay chi ra dang thtic sai trong cac dang thic sau
day

A. AC' = AB + AD + AA', B. AB=DC.

C. AB+ AA' = AD + DD. D. AD + DC + CC' = AD' + D'C'.
Cau 11. Cho hinh tir dién ABCD c6 trong tam G. Ménh dé nao sau day sai?

A.ﬁ:§<@+ﬁ+ﬁ). B.ﬁ:%(zﬁ%—zﬁ—i—ﬁ).

. 0¢ - 14+ 0B + 0¢ + oB) D.GA +Gh + & + 6B =

Cau 12. Trong khéng gian cho diém O va bén diém A, B, C, D khong thang hang. Diéu kién can va
da dé A, B, C, D tao thanh hinh binh hanh la

Acﬁhcﬁ oc + 16D, 307§+(Y7 Ob + 10D,
) D.54+ 08 +5¢ +0B - T.
BANG DAP AN

Caul. D Cau2. A Cau3d. C Cau4. C Caub5. B Caué6. A
Cau7. A Caus8. B Cau9. B Caul10. C Caull. A Caul2. C

PHAN 2. Tréc nghiém chon diing sai

Cau 13. Trong khong gian cho hinh lap phuong ABCD.A'B'C'D’ ¢6 d6 dai canh la a. Goi O la giao
diém cta BD va AC.

Phat biéu P|S Phat biéu Pb|S
— —
a) AC—A'A— AB + AD. 0 CO=CA —OA"
— —
b) BC' = A’A + B'C.. d) A'D-A'B = 0.

Cau 14. Trong cac khang dinh duéi day khang dinh nao ding?

Phat biéu b|S
a) Trong khong gian lay ba diém A, B, C tuy y ta ludn c6 AB — AC = BC.
b) Trong khong gian cho hinh binh hanh ABCD thi BA + BC = BD.

—
0 Vivécto @ # 0 vakeRtaluoncd |k.a| = [k| - | 7.
d) V6i véc-to @', b la hai véc-to tuy y khdc véc-to 0 ta ludén c6 cos('a’, b) =
-
a-b
=
[a]-|b]

N —
Cau 15. Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bing a. Dat AB = ¥;AD = 7;AAl = 7.
Xét tinh ding sai ctia cdc ménh dé sau.

Phat biéu P|S

—
a) AC=X+7Y+7
—
b AB=7+7
¢) Géc gitra véc-to AA’ va véc-to A'C’ bang 60°.

. N <R » A qNc oz /—> Y 3a
d) Goi M la trung diém cua BC. D¢ dai véc-to A'M bang >
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Cau 16. Cho ti dién déu ABCD. Goi G la trong tdm ctia tam gidc BCD. Xét tinh ding, sai ctia cac
ménh dé sau day.

Phat biéu b|S

a) G?—F(ﬁ—k(ﬁ: 0.
o 36— b+ Za + 1B
NPT T o

d) Goi I1a diém thuoc doan AG va théa man AT = 31G. Khi d6 TA+IB+IC+ID =
0.

BANG DAP AN

Cau 13. Cau 14. Cau 15. Cau 16.

@PdsCEDP@S |[(@sbpep@b |[|(@Pbs@©s@P |[[(@pbsEbpdb

PHAN 3. Tréc nghiém tr& 1&i ngdn

Cau 17. Cho hinh hop ABCD.A'B'C’'D’. Goi N la diém trén doan C'D sao cho DN = %DC’. Khi

— N
phan tich BN = xBA + yﬁé +zBB' thi gid tri x + y + z bang
KQ:
Céu 18. Cho tir dién ABCD c6 AB = AC = AD = 1. va BAC = BAD = 60°, CAD = 90°. Goi I 1

diém trén canh AB sao cho Al = 3IB va | 1a trung diém ctia CD. Tinh d6 dai doan thang I] va lam
tron két qua dén hang phan tram.

KQ:
Cau 19. Cho hinh hép ABCD.A'B'C'D’. Goi M la diém trén canh AC sao cho AC = 3MC. Ly N

trén doan C'D sao cho C'N = xC'D. Khi MN || BD’ thi gia tri x (lam tron két qua dén hang phan
trdm) 1

N . , , - N N
Cau 20. Cho tit dién déu S.ABC canh a, M la trung diém cuia canh BC. Tinh cos (AM, S?) (Lam tron
két qua dén hang phan tram).
Cau 21.

Mot chiée 6-t0 dugc dat trén mat ddy dudi cia mot khung sat dang hinh hop
cha nhat v6i day trén la hinh chi nhat ABCD, mat phang (ABC D) song
song VO’l mat phang nam ngang. Khung sat d6 dugc dat vao méc E ctia chiée
can cau sao cho cac doan day cap EA, EB,EC,ED bang nhau va ciing tao véi
mat phang (ABCD) mot goc a. Chiée can ciu kéo khung sat 1én theo phuong

thang dung. Biét cac luc cang ?1, ?2, ?3, ? déu c6 cuong do la 4800 N,
trong lugng ctia ca khung sat chira xe 6-t6 1a 7200\f 6 N. Tinh sin« (lam tron
két qua dén hang phan tram).

KQ:
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Cau 22. Cho hinh chép S.ABCD c6 day ABCD la hinh chir nhat v6i SA = 4, AB =1, AD = 2va
g » . . o~ 2 =Ty AN N A A
SA 1 (ABCD). Goi M la trung diém cua AB. Tinh goc gitra hai véc-to 5C va DM, lam tron den do.

KQ:

BANG DAP AN

[Cau17. 2 |[Cau18. 056 | [Cau19. 0,67 |[Cau20. 029 | [Cau2l. 092 | [Cau22. 112°
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242 Désb2

PHAN 1. Tréc nghiém 4 phuong dan lua chon

) ——
Cau 1. Trong khong gian, cho hinh hop ABCD.A’B'C'D’. Vecto doi cua vecto AA’ 1a
— — — —
A. AC. B. BA'. C. BB. D. C'C.

Cau 2. Trong khong gian, cho tit dién ABCD. Ta c6 1@ + @ bang

A. AD + BC. B. DA+ CB. C. DA+ BC. D. AD + CB.

—
Cau 3. Trong khong gian, cho hinh 1ap phuong ABCD.A'B'C'D’. Géc gitra hai vecto BD va B'C
bang

A. 30°. B. 45°. C. 60°. D. 90°.
Cau 4.
Cho hinh hép chtt nhat ABCD.A’B’'C’'D’ (tham khéao hinh vé A
dudi). Khang dinh nao duéi day diing? D’
! /
B/ 1 C
A D
A
B C
— — —
A. AC' = BD'. B. AD cung huéng véi B'C..
— — —
C. CD ciing hudng véi D'C’. D. AC’ ciing phuong véi A'C’.

Cau 5. Cho |@| = 2, |b| = 6, gbc gitta hai véc-to @ va b bang 120°. Khing dinh nao dudi day ding?

A.d-b=12 B. @b = 40. C.d-b=—6. D.7 b =63
Cau 6. Cho hinh hop ABCD.A’B'C'D’. Goi O la tam ctia hinh hop, khang dinh nao dudi day ding?

—

A.OA+OA’=0. B. OA+0C =0. C. OA + OB =0. D. OA +OD = 0.

Cau 7. Cho hinh ling tru ABC.A'B'C’. Dat AA’ = 4, AB = b, AC = ¢ Khi d6 biéu dién BC’ theo céc
véc-to a, 5, ¢ dugc
A.BC' = —i+b+¢ B.BC'=d—b+¢ C. BC =d+b+¢ D.BC =d+b—¢

Cau 8. Cho tam gidc ABC c6 AB = AC = 5a va BAC = 120°. Do dai ctia véc-to tong AB + AC
bang

A. 10a. B. 5”;@. C. 5a. D. 5a+/3.
Cau 9. Cho tit dién ABCD c6 trong tam G, goi M 1a trung diém AD, khi d6

A.A‘/ﬁ:}1<m+m). B.Mézi@\ﬂ)ﬂrﬁ).

C.Mé:%(}\?éw\ﬁ). D.Mé:%(}\ﬁ—]\ﬁ)).
Cau 10. Cho hinh hép ABCD.AB;C;D; . Chon dang thiic sai?

A. BC + BA = B{C, + B Ar. B. AD + DiC; + D1 A; = DC.

C. BC + BA + BB; = BD;. D. BA + DD; + BD; = BC.

Cau 11. Cho tir dién ABCD . Goi G la trong tdm tam gidc ABC. Tim gia tri ctia k thich hop dién vao
dang thuc vecto DA + DB + DC = kDG
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Ak=l B. k=2 C.k=3 D. k=~
k=2 k=2 . k=3. k=

Cau 12. Cho hinh hop ABCD.A’B'C'D’. Tim gia tri ctia k thich hop dién vao dang thic vecto AC +

ﬁ+k(lﬁ+@>):ﬁ>.
A k=0. B. k=1. C. k=4 D. k=2
BANG DAP AN
[Caul. D |[Cau2. D ||[Cau3. C ||[Cau4. B |[Cau5. C |[Cau6. B |
[Cau7. B |[Cau8. C [[Cau9. B |[Cau10. D |[Caull. C ||[Caul2. B |

PHAN 2. Tr&c nghiém chon diing sai
Cau 13.

Cho hinh ch6p S.ABCD c6 day ABCD la hinh vuéng, SA vudng
gbc véi mat phang (ABCD). Goi I, ] 1an luot la trung diém ctia
SA, SCva G la trong tam tam giac SBD.

Phat biéu b|S Phat biéu PJ|S
a)zﬁ—zﬁzzﬁ. c)ﬁ-lﬁ:ﬁ.
b) AS + AB+ AD — AC. d) AC2 = A2 + AB? + AD2.
Cau 14.
Cho hinh 1ap phuong ABCD.A’B'C'D’. Goi G la trong tam tam A D'
giac B'C'D’, I 1a trung diém ctia AB’ . \
l G
B/ \\ //i//// CI
\<: :
I \\ :4 777777777777 D
B c
Phat biéu b|S Phat biéu b | S
a) A'D = AA' — AD. ) 6IC = 3AA" + AB + 4AD .
—  — 7 —
b) GB' + GA = GE + GA'. & cos (4D, 1) - Vi3
26
Cau 15.
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Cho tit dién ABCD. Cac diém M, N, I 1an luot la trung diém ctuia A
AB, CD, MN va G la trong tam tam gidac BCD. Xét tinh dung sai
ctia cac ménh deé sau

Phat biéu DS M
a) mwﬁzzy\ﬁ.
b) AD + BC = 2MN.
o 1B+ 1¢+1D - 31, ’ ’
d2C+TA=10. N

C
Cau 16. Trong khong gian, xét tam giac ABC v6i M, N, P lan luot 1a trung diém cac canh BC, CA,
AB. Xét tinh dung sai cic ménh dé sau

A
Phat biéu P[S
a) BM + (ﬁf = m
— P N
b) PA+BM+CN = 0.
¢) AN = m + ﬁ G
—
d) AM+BN-+CP=0. c
B M
BANG DAP AN

Cau 13. Cau 14. Cau 15. Cau 16.

@PdsE@s@s |[@sbpep@b |[|(@s®dPeP@ds |[[(@pbsEs@b

PHAN 3. Tréic nghiém trd 11 ngén

Cau 17. Cho hai véc-to @, b vudng géc véi nhau va || = 6, |b| = 4. Tinh (Zi - E) <22i + E) ?

KQ:

Cau 18. Cho hinh hop ABCD.A'B'C'D’ ¢6 tat cd cac mat déu la hinh thoi canh v/6 va cac goc BAA! =
BAD = DAA’ = 60°. Tinh d6 dai AC'?

KQ:
Cau 19. Cho hinh chép O.ABC c6 ba canh OA, OB, OC d6i mot vudng goc va OA = OB = OC = a.
Goi M la trung diém canh AB. Tinh géc tao bdi hai véc-to AC va OM? (Biét don vi do géc tinh bing
do)

KQ:

Cau 20. Theo dinh luat IT Newton (Vat Ii 10 - Chan trdi sang tao, Nha xuét ban Gido dyc Viét Nam,
2023, trang 60): Gia toc ctia mot vat ¢6 cting hudng véi luc tic dung 1én vat. D9 1on cta gia toc ti 1é
thuan véi d6 16n cda luc va i 16 nghich véi khéi lugng ctia vat: ? =ma. Trong do 7 1a véc-to gia

toc (m/s?), ? 1a véc-to lyc (N) tac dung 1én vat, m(kg) 1a khéi lugng ctia vat. Mubn truyén cho qua
bong co khéi luong 0,5 kg moét gia toc 50 m/s? thi can mot luc da c6 do 16n 1a bao nhiéu?.

KQ:

W THANG LONG BINH TAN Trang 48



KHAI PHONG NANG LUC HOC TOAN LOP 12

Cau 21. Mot chiéc khinh khi cau bay 1én tir dia diém cho trudc. Sau khoang thdi gian bay, chiéc khinh
khi cau cach dia diém xuét phat 2,5 km vé hudng nam va 1,7 km vé hudng dong, dong thoi cach mat
dat 1a 0,6 km. Chon hé truc toa do Oxyz véi gbe O dit tai diém xuat phat ctia chiée khinh khi cau,
mat phang (Oxy) triung véi mat dat, truc Ox huéng vé nam, truc Oy huéng vé phia dong va truc Oz
hudng thang ding 1én troi, don vi do lay theo kilomet. Tinh khoang cach tir dia diém xuét phat dén
dia diém hién tai cta khinh khi cau (don vi lay theo kilomet va lam tron dén 2 chir s6 sau phan thap
phén).

KQ:

Cau 22. Mot chiéc dén tron duge treo song song v6i mat phang nam ngang bai ba sgi day khong dan
xudt phat tir diém O trén tran nha lan lugt budc vao ba diém A, B, C trén dén tron sao cho tam giac
ABC déu. D6 dai ctia ba doan day OA, OB, OC déu bang L. Trong lugng ctia chiée dén 1a 27 N va ban
kinh ctia chiéc dén 1a 0,5 m. Tim chiéu dai tbi thiéu ctia méi sgi day, biét rang mbi sgi day dé duge
thiét ké dé chiu dugc luc cang tdi da 1a 12 N. (Chiéu dai tinh theo don vi cm va lam tron dén 1 chir s6
sau phan thap phén).
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KQ:

'BANG DAP AN|

Caul?. 56 |[Caul8. 6 |[Cau19. 120 |[Cau20. 25 ||Cau2l. 308 ||Cau22. 756
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243 Désbd3

PHAN 1. Tréc nghiém 4 phuong dan lua chon

Cau 1. Tim ménh dé sai trong cac ménh deé sau

A. Hai vecto dugc goi 1a cting phuong néu ching c6 gia song song vdi nhau.

B. Néu hai vecto ciing phuong thi ching ctiing huéng hoéc nguge hudng.

C. Hai vecto dugc goi 1a bang nhau néu ching cuing do dai va cung hudng.

D. Néu vecto @ va vecto 7 cing bang vecto T thi hai vecto @ va vectd 7 bang nhau.
Cau 2.

Cho hinh hop chit nhat ABCD.A’B'C'D'. Khi d6, vecto bing vecto AB 1

A’ D'
— 2
A.D'C'. B. BA. c. CD. D. B A |
B, i C/
Abeeeeeed D
B C
Cau 3.
%o hinh hop ABCD.A'B'C’'D’. Vecto nao dudi day nguoc hudng véi vecto A o
AB? |
H |
A. CD. B. B'C. C. AD. D.D'C. B A
Abeeeeeed D
B C
Cau 4.
Cho hii>h hop ABCD.A’BgD’. Ménh déﬁo sau day sai? . A o
A. AC' = AE + AD + AA', B. BC' = BC + BD + BE. ;
— —_— — — / 1
C. DB' = DA+ DC+ DD D. BD' = BA + BC + BE'. B c
Ajeeeee- b
B C
Cau 5.
Cho hinh tit dién ABCD. Goi M, N lan lugt la trung diém AB,CD va I la A
trung diém ctia doan MN. Ménh dé nao sau day sai?
—
A. AN = (AD + AC). B. IN+IM=0.
—
C. MA+MB=T70. D.NC+ND=T0. M
B D
N
c
Cau 6.
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Cho hinh 14p phuwong ABCD.A'B'C'D’, khang dinh nao duéi day la

A’ D’
dung? BN NN !
A. AB + AD + AA' = AC. B. AD + DB = B'A. B “
H H |
C. AB+ AD = BD. D. AC — AB' = CB. ;
Apommeee- D
B C
Cau 7.
Cho tit dién ABCD, cé bao nhiéu vectd c¢é diém dau 1a A va diém cudi la A
mot trong cac dinh con lai cta tit dién?
A. 1. B. 3. C. 2. D. 4.
D
c
Cau 8.
Cho hinh hop ABCD.A'B'C'D’. Hai vectd nao sau day cung phuong? A ,
— s o . D
A. ABvaA'B. B. BC'vaCD. C. ABvaB'C. D.ABvaD'C. ;
B/ i CI
A/L ******* -—,D
B C
Cau 9.
Cho tt diéen ABCD Goi M, N lan lugt 1a trung diém ctia AB, CD va G A
la trung diém cta MN. Vectd GA + Gb + GC + GD bang vecto nao sau
day?
A. 4MG. B. GD. C. 0. D. MN. Y
D
N
c
Cau 10.
Cho hinh 1ap phuong ABCD.A'B'C'D’. Chon ménh dé (f'[ling?_> A o
A AC=CA. B. AB + AD + AC = AA'. ;
— ! 1 ,
C. A = CD. D. AE+CD = 0. B c
Abennnned D
B C
Cau 11.
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Cho hinh lé& tru ABC.A’B'C’, M 1a trung diém ctia BB’.Dét(ﬁ =7, o !
CB = ?, AA’ = 7. Khang dinh nao sau day dting?

A AM=1b+7-17. B.AM=7—-C+15.

CAM=7+7-17. D.AM=1 - @ +17¢

B
Cau 12.
Cho ti dién ABCD c6 M, N lan lugt la trung diém cac canh AC va BD. A
Goi G la trung diém ctia doan thang MN. Khang dinh n_a(>) sau day sai?
A. GA+GC = 2GM. B. GB+GD = MN,
C.GA+GB+GC+GD=10. D.2NM = AB+CD. M
c D

z

BANG DAP AN

[Caul. A |[Cau2. A [[Cau3. A |[Cau4. B |[Cau5. A ||[Cau6. A |
[Cau7. B |[Cau8. D |[Cau9. C |[Cau10. D |[Caull. D |[Caul2. D |

PHAN 2. Tréc nghiém chon diing sai

Cau 13. Cho ti dién déu SABCc6 canh a. Goi M, N lan lugt la trung diém SA, BC. Cac ménh dé sau
dung hay sai?

Phat biéu b | S
a) D¢ dai cta vecto SA bang a.
b) SA-5B =122,
o) SB+AB+5C+ AC = 4MN,
. s 3av6
d) Goi I la trong tdm cua t dién. Khoang cach tur I dén (ABC) bang 1

Cau 14. Cho hinh lap phuong ABCD.A1B1C;D1c6 canh a. Goi M la trung diém AD. Cac ménh dé
sau dung hay sai?

Phat biéu b | S Phat biéu b | S
— —
a) A.B; = CD. o) AB, -CD), = 0.
— — — — T
b) DC; = D?‘F DD;. d) MB; = B—B1> + B1A1 + §B1C1.

Cau 15. Cho ti dién ABCD ¢6 canh a. Goi M, N lan luot 1a trung diém ctia AB, CD. Cac ménh dé
sau dung hay sai?

Phat biéu b|S

a) Vecto AB va CD cung hudng.
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b) Ej—l—ﬁ—l—ﬁ—l—ﬁ:ﬁvc’ﬁElétrungdié’mMN.
o) AB-CD+AC-DB+AD-BC=10.

d) Diém I xéc dinh béi P = 3IA? + B2 + IC2 + [D? c6 gia tri nhé nhét. Khi d6 gia
tri nho nhat cta P la 24°.

Cau 16. Cho tir dién déuABCD canh a c6 G la trong tdm ctia tam gidc BCD va I 1a diém thudc doan
thang AG sao cho ﬁ = 31%. Cac ménh dé sau dung hay sai?

Phat biéu P|S

a) Cﬁ—f—@—k&zﬁ.

b) I8+ IC + ID = 31C.

c) Cﬁ-i—&—l—@:ﬁ-f—ﬁ-i-l%-i-ﬁ.
oAb laclab

BANG DAP AN

Cau 13. Cau 14. Cau 15. Cau 16.

@pbPs@s ||(@sbses@s |@sbpPOP@D ||(@s®PODDD

PHAN 3. Tréc nghiém tr& 1&i ngdn

Cau 17. Cho ta dién ABCD, goi E 1a trung diém AD, F la trung diém BC. Khi d6 z@ + IY = kﬁ,
gia tri cta k bang bao nhiéu?

KQ:

~ . <. s
Cau 18. Cho hinh hop chi nhat ABCD.A'B'C'D’ ¢6 AB = 2, AD = 3. B dai vecto B'D’ bang bao
nhiéu? (Két qua 1am tron dén chit s6 thap phan thi hai).

KQ:

— ==
Cau 19. Cho hinh 14p phuong ABCD.A'B'C'D’. Tinh géc gitta hai vecto A’B va AC’ (két qua tinh
theo don vi do).
KQ:
Cau 20. Cho hinh chép S.ABC ¢6 SA, SB, SC déiﬂ){)t vuong goc nhau va SA = SB = SC = a. Goi
M la trung diém ctia AB. Tinh goc gitra hai vecto SM va E% .

KQ:
Cau 21. Cho hinh chép S.ABCD. Goi I la trong tam ctia tam gidc ABC va | la trong tam tam giac
. 46 Sf — 2SA 4 ySB + 25C + 13D, t8 o 3 A
ADC.Khido SI + 57 = xSA +ySB +zSC + tSD, tong gia tri x + y + z + t bang bao nhiéu?

KQ:

Cau 22. Cho hinh hop ABCD.A'B'C'D’. Xét cac diém M, N 1an lugt thudc cac duong thang A'C, C'D

. : . MN _ .
sao cho duong thang MN song song vdi duong thang BD'. Khi d6 ti so BD' bang bao nhiéu?
KQ:

BANG DAP AN

[Cau17. 2 |[Cau18. 361 |[Cau19. 90 |[Cau20. 120 |[Cau2l. 2 | |Cau22. 025
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Chuong 3

Cac so dac trung do mic d6 phan tan cho
mau so léu ghép nhom

31 Khoang bién thién, tit phan vi cia mau so6 liéu ghép nhém

3.1.1 Khoang bién thién

Vi du mé dau 1. Cho mau s6 liéu ghép nhém nhu bang sau

Bang 1
Nh6m | [uy;uz) | [uz;us) | - -+ | [ug; i)
Tan so ni ny ce Ny

Em hay cho biét khoang bién thién ctia mau s6 liéu ghép nhém trén?

Dinh nghia 3.1. Goi uy, .1 lan lugt la dau miit trdi ciia nhom 1, dau miit phdi ciia nhom m. Higu R =
U1 — Uy duge goi la khodng bién thién ciia mau so liéu nhém do.

Luuy 3.1.

o Khodng bién thién ciia mau so liéu ghép nhém do mikc do phan tan ciia mdu 6 ligu do. Khodng bién thién
cang 16 thi mau sé lidu cang phdan tin.

o Trong cdc dai lugng do mitc A phan tin ciia mau s6 liéu ghép nhém, khodng bién thién la dai lugng dé
hiéu, dé tinh todn. Tuy nhién, do khodng bién thién chi sir dung hai gid tri ay va a,, ciia mau s6 liéu nén
dai lugng dé dé bi dnh hudng béi cdc gid tri bat thuong.

e Khodng bién thién ciia mau s6 liéu ghép nhom xdp xi cho khodng bién thién ciia mdu sé liéu goc.

Luuy 3.2.
o Xét mau so liéu ghép nhom duoc cho & bang 1. Néu ny va nyyq cing khdc 0 thi R = upq — uy.

e Khodng bién thién ciia mdu s6 liéu ghép nhdém luén 16n hon hodc bang khodng bién thién ciia mau s liéu
goc

3.1.2 Khoang tit phan vi

L6p 11 chiing ta da hoc ti phan vi ctia mau s6 liéu ghép nhém. Bay gid chiing ta nhéc lai cong thic
tinh t@ phan vi thu k, ki hiéula Qy, véik = 1,2, 3 cta mau s6 liéu ghép nhém (Bang 1) dugc xdc dinh
nhu sau

kn

Qk = upm + 1

(U1 — Um) -
m

trong do:
* n=mny+ny+---+nla co mau.
 [Um; ty41) la nhém chia ti phén vi tha k.

* 1, 1a tan s6 ctia nhém chita ti phan vi thi k.
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e C=m+ny+--+ny_1.
Khoang t phan vi ctia mau s6 liéu ghép nhém ciing dugc xac dinh duya trén ti phan vi thir nhat va
ti phan vi thit ba nhu d6i véi mau s6 liéu khong ghép nhém. Ngudi ta dinh nghia khoang ti phan
vi nhu sau:

Dinh nghia 3.2.
Xét mau so liéu duoc cho béi bang bén. Goi Q1, Q2, Q3 la Nhom Tin o6 Tén 56 tich Iy
tit phan vi ciia mdu s lidu d6. Ta goi hidu A = Q3 — Qy [a1; a2) " cfi = n
la khodng tit phén vi ctia mdu sé liéu do. (a2, a3) Tz =+
[am} aﬂ’H»l] Ny Cf =np + My +...+ Ny

Lwu y 3.3. Y nghia cila khodng tit phan vi ciia mdu s6 liéu ghép nhom

e Khodng tir phdn vi ciia mdu s6 liéu ghép nhom la gid tri xdp xi cho khodng tit phdn vi ctia mdu so liéu
g0c va ¢o thé ding dé do mitc dp phin tin cila nita iita ciia mau s6 liéu (tdp hop gom 50% so liéu nim
chinh giira mau so liéu).

e Khodng tir phan vi ciia mdu s6 liéu ghép nhém cang nhd thi dir liéu cang tdp trung xung quanh trung
Ul

o Khodng tif phin vi dugc dimg dé xdc dinh gid tri ngoai ¢ trong mdu s6 lidu. Gid tri x trong médu sé ligu
la gid tri ngoai Ié néu x > Q3 + 1,5A¢ hodc x < Q1 — 1,5A¢.

e Khodng tir phan vi ciia mdu so liéu ghép nhom khong bi dnh hudng nhiéu béi cdc gid tri ngoai I¢ trong
mdu s6 ligu.

$>BAI TAP TU LUAN ¢

Bai tap 1. C6 Ha théng ké lai duong kinh than g cia mot s cay xoan dao 6 nam tudi duge trong &
mot 1am truong & bang sau.

Duong kinh (cm) | [40;45) | [45;50) | [50;55) | [55; 60) | [60;65)
Tan sb 5 20 18 7 3

Hay tim khoang bién thién ctia mau s6 liéu ghép nhom trén.

Bai tap 2. Ban Trang thé)ng ké lai chiéu cao (don vi: cm) ctia cac ban hoc sinh nix 16p 12C va l6p 12D

& bang sau.

Lép Chieu cao | 1155,160) | [160;165) | [165;170) | [170;175) | [175;180) | [180; 185)
12C 2 7 12 3 0 1
12D 5 9 8 2 ! 0

Néu so sanh theo khoang bién thién thi chiéu cao ctia hoc sinh 16p nao c6 do phan tan 16n hon?
Bai tap 3. Biéu dién mau s6 liéu ghép nhom vé chiéu cao (don vi centimet) ctia 36 hoc sinh nam l6p
12 & mot trudng trung hoc phd thong. Tim khoang bién thién ctia mau s6 liéu ghép nhém do.

Nhom | Tan so
[160;163) 6
[163;166) 11
[166;169) 9
[169;172) 7
[172;175) 3

n = 36.

Bai tap 4. Bang sau thdng ké can nang ctia 50 qua xoai Thanh Ca dugc lira chon ngau nhién sau khi
thu hoach & mét nong truong
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Can nang (g) [ [250;290) [ [290;330) [ [330;370) | [370;410) | [410;450)
SO qua xoai 3 13 18 11 5

Hay tim khoadng t phan vi ctia mau s6 liéu ghép nhém trén.
Bai tap 5. Két qua diéu tra tong thu nhap trong nadm 2022 ctia mot s6 ho gia dinh trong mét dia
phuong duoc ghi lai & bang sau

[200;250)
24

[250; 300)
62

Tong thu nhap (triéu dong)
So ho gia dinh

[300; 350)
34

[350;400) | [400; 450)
21 9

a) Hay tim céc t& phan vi Q; va Qs.

b) Mot doanh nghiép dia phuong mudn hudng dich vu cia minh dén cac gia dinh ¢6 mic thu
nhap & tam trung, tic la 50% cac ho gia dinh c¢6 muc thu nhap & chinh gitta so v6i tat ca cac
ho gia dinh cta dia phuong. Hdi doanh nghiép can huéng dén cac gia dinh c6 mic thu nhap
trong khoang nao?

Bai tap 6. Biéu do dudi day thong ké thai gian tap thé duc budi sang mdi ngay trong thang 9/2022
cta béac Binh va bac An.

S6 ngay

30-

25- Bac An

20- Bac Binh

15

10-

5_ ,,,,,,,,,,,

[15;20) [20;25) [25;30) [30;35) [35;40) phut

Hay so sanh khoang ti phan vi ctia mau s6 liéu ghép nhém vé thoi gian tap thé duc budi sang méi
ngay cua bac Binh va bac An.

Bai tap 7. Hang ngay 6ng Thang déu di xe buyt tit nha dén co quan. Dudi day 1a bang thong ké thoi
gian ctia 100 1an 6ng Thang di xe buyt tir nha dén co quan.

Thai gian (phut)
SO lugt

[15;18)
22

[18;21)
38

[21;24) | [24;27) | [27;30) | [30; 33)
27 8 4 1

a) Hay tim khoang t phan vi cia mau s6 liéu ghép nhom trén.

b) Biét rang trong 100 lan di trén, chi c6 diing mot 1an 6ng Thang di hét hon 30 phit. Thoi gian
ctia 1an di d6 c6 phai 1a gia tri ngoai 1é khong?
Bai tap 8. Ban Trang théng ké lai chiéu cao (don vi: cm) ctia cac ban hoc sinh nit l6p 12C va lop 12D
0 bang sau.

Lon Chieu cao [155;160) | [160;165) | [165;170) | [170;175) | [175;180) | [180;185)
12C 2 7 12 3 0 1
12D 5 9 8 2 L 0

Hay so sanh d6 phan tan ctia nira gitta hai mau s6 liéu chiéu cao cia cac hoc sinh nit 16p 12C va 12D.
Bai tap 9. Gia st két qua khao sat hai khu vyc A va B vé do tudi két hon ctiia mot sé6 phu nit vira lap
gia dinh dugc cho & bang sau
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Tudi két hon [19;22) | [22;25) | [25;28) | [28;31) | [31;34)
So phu nit khu vuc A 10 27 31 25 7
SO phu ntt khu vuc B 47 40 11 2 0

a) Hay tim khoang bién thién va khoang tit phan vi ctia tirng mau s6 liéu ghép nhoém ng véi mdi
khu vuc A va B.

b) Néu so sanh theo khoang ti phan vi thi phu nit & khu vuc nao c6 do tudi két hon déng déu
hon?
Bai tap 10. Bang sau thong ké tong lugng mua (don vi: mm) do dugc vao thang 7 tir nam 2002 dén
2021 tai mot tram quan trac dat 6 Ca Mau.

341,41 187,1 | 242,21 522,9 | 251,4 | 432,2 | 200,7 | 388,6 | 258,4 | 288,5
298,1 | 413,5|413,5| 332 | 421 | 475 | 400 | 305 | 520 | 147

(Nguén: Tong cuc Théng keé)

a) Hay tim khoang bién thién, khoang tit phan vi ctia mau s6 liéu trén.

b) Hay chia mau s liéu trén thanh 4 nhém v6i nhém dau tién 1a [140; 240) va lap bang tan s6 ghép
nhom.

c¢) Hay tim khoang bién thién, khoang tt phan vi ctia mau s6 liéu ghép nhém va so sanh véi két
qua tuong ung thu duoc & cau a.
Bai tap 11. Biéu do dudi day biéu dién s lugt khach hang dit ban qua hinh thic truc tuyén méi
ngay trong quy Il ndm 2022 ctia mo6t nha hang. Cot thi nhét biéu dién sb ngay c6 tir 1 dén dudi 6
lugt dat ban; cot thit hai biéu dién s6 ngay c6 tir 6 dén dudi 11 luot dat ban;. . ..

S6 ngay
T R
BO oo
25 fo| e

20| | |- L. RS
o0 e 50 I A N

o | | | e

51 ‘\ rrrrrrrr

1 6 11 16 21 26 Shlugtditban

Hay tim khoang ti phan vi ctia mau s6 liéu ghép nhom cho béi biéu do trén.
Bai tap 12. Két qua do chiéu cao ctia 100 cay keo 3 ndm tudi tai mot nong truong duoc cho & bang
sau

Chiéu cao (m) | [8,4;8,6) | [8,6;8,8) | [8,8;9,0) [ [9,0;9,2) | [9,2;9,4)
S6 cay 5 12 25 44 14

a) Hay tim khoang bién thién va khoang ti phan vi ctia mau s6 liéu ghép nhém trén.

b) Trong 100 cay keo trén c6 1 cay cao 8,4 m. Hdi chiéu cao ctia cay keo nay c6 phai la gia tri ngoai
1é khong?
Bai tap 13. Bang tan s6 ghép nhém dudi day thé hién két qua diéu tra vé tudi tho trung binh cda
nam gidi va ni gidi & 50 quoc gia.
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Gidi tinh -

Nhém (Tudi tho) Nam | Nit
[50;55) i3

155; 60) 7 1

160;65) i[5

165;70) 6 3

70;75) 5 7

75;80) |14

180; 85) 2 13

85;90) 0 1

a) Hay tinh cac khodng ti phan vi ctia tudi tho trung binh ctia nam gidi va nix gidi trong mau s6
liéu ghép nhom trén.

b) Hay cho biét tudi tho trung binh ctia nam gidi hay ni gi6i trong méau sd liéu ghép nhom trén
dong déu hon
Bai tap 14. Bang 9 biéu dién mau sb liéu ghép nhom thdng ké mirc luong ctia mot cong ty (don vi:
triéu dong).
a) Tinh khoang bién thién ctia mau s6 liéu ghép nhom do.

b) Tinh khoang tit phan vi ctia mau s liéu ghép nhém do.

Nhom | Tan so
[10;15) 15
[15;20) 18
[20;25) 10
[25;30) 10
[30; 35) 5
[35;40) 2

n =60

Bang 9

Bai tap 15. Bang 10 biéu dién mau s6 liéu ghép nhom vé do tudi ctia cu dan trong mot khu phd.
a) Tinh khoang bién thién ctia mau s6 liéu ghép nhoém do.

b) Tinh khoang t phan vi cia mau s6 liéu ghép nhém doé.

Nhém | Tan sb
[20; 30) 25
[30;40) 20
[40; 50) 20
[50;60) 15
[60;70) 14
[70;80) 6

n =100

Bang 10
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3.2  Phuong sai va do 1éch chuin ctia mau s6 liéu ghép nhém

3.2.1 Khai niém

Dinh nghia 3.3. Xét mdu so ligu ghép nhém cho béi Bing 14.

Nhom | Gid tri dai dién Tin so
[a1;a2) X1 n
[ﬂz; ﬂ3) X2 1o
[am} am+1) Xm N
n=mny+ny+...4+ny
Bang 14

* Goi x la 86 trung binh cong ciia mau so ligu dé. S6

2 ny(x1— %) 4y (X0 — X2 4 ...+ 1y (0 — X)°
n

dugc goi la phuong sai ciia mdu s0 lidu do.

o Cin bdc hai (36 hoc) cila phuong sai goi la do 1éch chudn ciia mdu so ligu ghép nhém, ki hiéu la s, nghia
las = /52
Luuy 3.4.

* Nguoi ta con tinh phuong sai ciia mau s ligu ghép nhém theo cong thikc

1 _
= - (n1x3 + nox3 + -+ - + npxl) — ¥

o Va nguoi ta con ding dai lugng sau dé do dg phan tin mdu s liéu ghép nhom

1 X _— Y —_
g2 — (n1 (x1 x)2 - 112 (X2 x)2 b (X — x)2>
322 Y nghia

* Phuong sai (d6 1éch chudn) ctia mau sb liéu ghép nhoém xap xi phuong sai (d6 léch chuan) cua
mau so liéu goc va dugc dung dé do muc do phan tdn ctia mau so liéu ghép nhém do.

* Do léch chuén c6 cung don vi vdi don vi ciia mau s0 lieu.

* Khi hai mau sé liéu ghép nhém c6 cing don vi do va c6 sb trung binh cong bang nhau (hoic
xap xi nhau), mau s6 liéu nao c6 do léch chuan nhoé hon thi mirc dd phan tan (so véi s6 trung
binh cong) ctia cac so liéu trong mau do sé thap hon.

$>BAI TAP TU LUAN ¢
Bai tap 1. Thé)ng ké tong s gio néng trong thang 9 tai mot tram quan trac dat & Ca Mau trong cac
nam tir 2002 dén 2021 duoc thong ké nhu sau

111,6 | 134,9 | 130,3 | 134,2 | 140,9 | 109,3 | 154,4 | 156,3 | 116,1 | 96,7
105,2 | 80,8 | 80,8 | 110 | 109 | 139 | 145 | 161 | 126 | 114

a) Hay tinh phuong sai va do léch chudn ctia mau sé liéu trén.

b) Hay lap bang tan s6 ghép nhém v6i nhém dau tién 1a [80;98) va do dai mbi nhém bang 18. Tinh
phuong sai, do léch chuén ctia mau sé liéu ghép nhom.
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c) Hay tinh sai ) tuong dbi ctia d6 léch chuan ctia mau s6 liéu ghép nhom so vdi do léch chuan
ctia mau sb liéu goc.
(Két qua cac phép tinh lam tron dén hang phan nghin.)
Bai tap 2. Tinh phuong sai, d9 léch chudn ctia mau sb liéu ghép nhém cho & Bang 17 (Iam tron két
qua dén hang phan mudi).

Nhom | Tan so
[50;60) 6
[60;70) 12
[70;80) 7
[80;90) 8
[90; 100) 7

n =40

Bang 17

Bai tap 3. Gia déng ctra ctia mot ¢S phiéu la gia ctia ¢8 phiéu d6 cudi mot phién giao dich. Bang sau
théng ké gia dong ctra (don vi: nghin déng) ctia hai ma c6 phiéu A va B trong 50 ngay giao dich lién
tiép.

Gia dong cua | [120;122) | [122;124) | [124;126) | [126;128) | [128;130)
Co phieu A 8 9 12 10 11
C3 phiéu B 16 1 3 6 21

Nguoi ta c6 thé dung phuong sai va do 1éch chudn dé so sanh mirc do rii ro ctia cac loai ¢6 phiéu c6
gia tri trung binh gan bang nhau. C6 phiéu nao c6 phuong sai, do 1éch chuan cao hon thi dugc coi 1a
¢6 d0 rui ro 16n hon.

Theo quan diém trén, hay so sanh d¢ rui ro ctia c6 phiéu A va c6 phiéu B.

Bai tap 4. Hay tinh phuong sai va do léch chuan ctia mau s6 liéu ghép nhoém sau

Chiéu cao (cm) | [160;164) | [164;168) | [168;172) | [172;176) | [176;180)
S0 hoc sinh 3 5 8 4 1

Bai tap 5. Mai va Ngoc cung st dung vong deo tay thong minh dé ghi lai s6 budc chan hai ban di

méi ngay trong mot thang. Két qua dugc ghi lai & bang sau

S0 budc (don vi: nghin) | [3;5) | [5;7) | [7;9) | [9;11) | [11;13)
Mai 6 7 6 6 5
Ngoc 2 5 13 8 2

a) Hay tinh s6 trung binh va d6 léch chuén ctia mau s liéu ghép nhém trén.

b) Néu so sanh theo do léch chuan thi ban nao c6 s6 lugng budc chan di moi ngay déu din hon?
Bai tap 6. Bang dudi day thong ké cy li ném ta cia mét van dong vién.

Cyli(m) | [19;19,5)
Tan so 13

[19,5;20)
45

[20;20,5) [ [20,5;21) | [21;21,5)
24 12 6

Hay tinh phuong sai va d6 léch chuén ciia mau sb liu ghép nhom trén.
Bai tap 7.
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Két qua khdo sat thoi gian su (;ung liép tuc Thoi gian si dung pin céia mét s 5 may vi tinh
(don vi: gig) tu lac sac day cho den khi het ctia S6 may : .
pin mot sO may vi tinh cung loai dugc mo ta vi tinh
bang biéu dé bén.

a) Hay cho biét c6 bao nhiéu may vi tinh c6 T 1
thoi gian st dung pin tir 7,2 dén dudi 7,4 61— R
glEf? 54— o

b) Hay xéac dinh s trung binh va dé léch Ao S
chudn cta thoi gian stt dung pin. ;

O 7274 76 78 8thsi gian (gi0))

Bai tap 8. Toc do ctia 20 xe hoi khi di qua mot tram kiém tra toc d6 (don vi: km/h) duoc théng ké lai
nhu sau

42 143,4143,4|46,5|46,7|46,8|47,5|47,7 |48,1 48,4
50,8 152,1152,7(539 (54,8556 |57,5|59,6 60,3 |61,1

a) Hay tinh khoang bién thién, khoang ti phan vi va dé léch chuan ctia mau s6 liéu trén.
b) Hay lap bang tan s6 ghép nhom véi nhém dau tién 1a [42;46) va do dai mbi nhém bang 4.
c) Hay tinh khoang bién thién, khoang ti phan vi va do léch chudn ctia mau s liéu ghép nhom.

Bai tap 9. Mot gidng cay xoan dao dugc trong tai hai dia diém A va B. Nguoi ta thong ké duong kinh
than ctia mot sb cay xoan dao 5 nam tudi & bang sau

Puong kinh (cm) [30;32) | [32;34) | [34;36) | [36;38) | [38;40)
Sb cay trong §diadiém A | 25 38 20 10 7
SO cay trong § dia diem B | 22 27 19 18 14

a) Hay so sanh duong kinh trung binh ctia than cay xoan dao trong tai dia diém A va dia diém B.

b) Néu so sanh theo do léch chuan thi cay trong tai dia diém nao c6 duong kinh dong déu hon?
Bai tap 10. Bang 19, Bang 20 lan luot biéu dién mau s6 liéu ghép nhém thdng ké miic luong ctia hai
cong ty A, B (don vi: triéu dong).

Nhom | Gia tri dai dién | Tan so || Nhom | Gia tri dai dién | Tan so
[10;15) 12,5 15 [10;15) 12,5 25
[15;20) 17,5 18 || [15;20) 17,5 15
[20;25) 22,5 10 [20;25) 22,5 7
25;30) 27,5 10 [25;30) 27,5 5
[30; 35) 32,5 5 [30; 35) 32,5 5
[35;40) 37,5 2 [35;40) 37,5 3

n = 60 n = 60

a) Tinh phuong sai va do léch chuan ctia mau sb liéu ghép nhom 1an lugt biéu dién mirc luong
cta hai cong ty A, B.

b) Cong ty nao c6 mirc lwong déu hon?
Bai tap 11. Bang sau biéu dién mau s6 liéu ghép nhom vé do tudi ctia cu dan trong mot khu phé.
Tinh phuong sai va do léch chuén ctia mau sb liéu dé.
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Nhom | Gia tri dai dién | Tan so
[20;30) 25 25
[30;40) 35 10
[40;50) 45 20
[50;60) 55 15
[60;70) 65 14
[70;80) 75 6

n =100
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33  On tap chuong

331 Désbd1l

PHAN 1. Tréc nghiém 4 phuvong an lua chon

Cau 1. Két qua khdo st can ning cta 1 thung tdo § mot 16 hang cho trong bang sau:

Can nang (g) | [150; 155) | [155; 160) | [160;165) | [165;170) | [170; 175)
Sb qua tao 4 7 12 6 2

Khoéng bién thién R ctia mau s6 liéu ghép nhém trén la
A. R=5. B. R =24. C. R=25. D. R =10.

Cau 2. Mot cong ty xdy dung khao sat khach hang xem ho c6 nhu cau mua nha & murc gia nao. Két
qua khao sat dugc ghi lai d bang sau:

Mic gi (trieu dong/m?) | [10;14) | [14;18) | [18;22) | [22;26) | [26;30)
S6 khach hang 54 78 120 45 12

Khoéng bién thién R ctia mau so liéu ghép nhém trén la
A.R=4. B. R =20. C. R=0. D. R = 108.

Cau 3. Thong ké chi s chat lugng khong khi (AQI) tai mot dia diém vao cac ngay trong thang 6/2022
dugc cho trong bang sau

Chi so AQI | [0;50) | [50;100) | [100;150) | [150;200) | [200;250)
S0 ngay 5 11 7 4 3

Khoang bién thién R ctia mau s0 liéu ghép nhém trén la
A. R =50. B. R = 250. C. R = 150. D. R =8.

Cau 4. Ban Linh thong ké chiéu cao (don vi: cm) ctia cac ban hoc sinh nit 16p 12A va 16p 12B & bang
sau:

Chiéu cao (cm) [150;155) | [155;160) | [160;165) | [165;170) | [170;175) | [175;180)
S0 hoc sinh nir 16p 12A 2 7 12 3 0 1
S0 hoc sinh nir 16p 12B 0 9 8 2 1 5

Goi Ry; R; 1an lugt 1a khoang bién thién ctia mau sb liéu ghép nhém vé chiéu cao cia cac ban hoc
sinh nir 16p 12A va 12B. Tim Ry; R».

A. Ry =30 (cm); Ry = 25 (cm). B. Ry =30 (cm); Ry = 30 (cm).

C. Ry =25 (cm); Ry = 25 (cm). D. R; =12 (cm); R, =9 (cm).
Cau 5. Goi Q1, Q2, Qs 1a ti phan vi cia mot mau s6 liéu ghép nhém. Khi d6 khoang tir phan vi Ag
ctia mau sb liéu trén duoc xac dinh béi cong thuc

A. AQ:QZ_QL B. AQ:Q3—Q1. C. AQ:Qz—Qg. D.AQ:Ql—Qp,.
Cau 6. Mot y nghia ctia khoang tir phan vi la

A. Khoang t phan vi ctia mau s6 liéu ghép nhom gitip xac dinh cac gia tri khong bat thuong cda
mau s6 liéu dé.

B. Khoang ti phan vi thuong khong duoc st dung thay cho khoang bién thién.

C. Khoang ti phan vi ctia mau s6 liéu ghép nhém xap xi khoang tir phan vi ctia mau s6 liéu gbce
va 1a mot dai lugng cho biét mic do phan tan ctia nira gitra mau s liéu.

D. Khoéang ti phan vi ctia mau s6 liéu ghép nhém xap xi khoang tir phan vi clia mau s6 liéu gdc
va la mot dai lugng cho biét mitc do khong phan tan clia nira gitta mau s6 liéu.

Cau 7. Sb lugng dat ban cua mét nha hang dugc cho bdi bang sau:

W THANG LONG BINH TAN Trang 64



KHAI PHONG NANG LUC HOC TOAN LOP 12
So luogt dat ban | Tan so | Tan so tich luy
[1;6) 14 14
[6;11) 30 44
[11;16) 25 69
[16;21) 18 87
[21;26) 5 92

Hay tim khoang ti phan vi ctia mau s6 liéu ghép nhom cho bédi bang trén.

11 17 5 17

—. —. C. Ap == .

6 2 72 6

Cau 8. Gia str két qua khdo sat khu vyc A vé do tudi két hon ctia mot sb phy nit vira lap gia dinh
dugc cho ¢ bang sau:

A. Ao = B. Ag = D. Ag =

Tubi két hon | Tan s6 | Tan s6 tich lay
[19;22) 10 10
[22;25) 27 37
[25;28) 31 68
[28;31) 25 93
[31;34) 7 100
Hay tinh khoang tit phan vi Ag ciia mu s6 liéu trén.
388 378 386 288

Cau 9. Diéu tra vé khbi lugng 27 cti khoai tay (don vi: gam) thu hoach tai nong truong, ta c6 két qua
sau:

Nhom | Tan sb | Tan s6 tich liy

[74;80) 4 4

[80;86) 6 10

(86,92) 3 13

[92;98) 4 17
98;104) 3 20
[104;110) 7 27

n =27

Khoéng bién thién va khoang tir phan vi ctia mau s6 liéu ghép nhém trén 1an luot 1a

A. 36 va 21,45. B. 7 va23. C. 11va253. D. 33 va 20,5.
Cau 10. Diém kiém tra 15 phut ctia 36 hoc sinh 16p 11A dugc cho béi bang tan s6 ghép nhém sau:

Khoang bién thién va khoang tit phan vi ctia mau s liéu ghép nhém trén lan luot 1a

A. 10va?9,2.

Nhom diém | Tan s6 | Tan so tich lay
1,3) 3 3
3;5) 2 5
5:,7) 10 15
7,9) 14 29
[9;11) 7 36
n =236

B. 10va2,9.

C. 10 va 25,3.
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Lép (S0 gio tu hoc) | Tan so | Tan so tich lay
[1,2) 8 8
[2;3) 10 18
(3;4) 12 30
[4;5) 9 39
[5;6) 3 42
n =42

Khoéang bién thién va khoang tit phan vi cia mau s6 liéu ghép nhém trén lan lugt 1a

A. 5val95. B. 2va3,1. C. 2va3,2. D.3val.2.
Cau 12. Thong ké diém hoc ki mén toan ctia cac hoc sinh 16p 11A ctia mét truong THPT, ta c6 bang
tan s6 ghép 16p, tan sb tich Ity sau:

Lép (diém) | Tan s6 | Tan s6 tich lay
3;4) 5 5
[4;5) 11 16
5;6) 9 25
6;7) 6 31
7,8) 8 39
8;9) 1 3
[9,10) 2 15

Khoang bién thién va khoang tit phan vi ctia mau s liéu ghép nhém trén lan luot 1a

A.7va277. B. 13va2,11. C. 2va32. D. 5va3,3.

BANG DAP AN

Caul. C Cau2. B Cau3d. B Cau4. A Caub5. B Caué6. C
Cau7. B Caus8. A Cau9. A Cau10. B Caull. A Caul2. A

PHAN 2. Tréc nghiém chon diing sai
Cau 13. Ban Trang thong ké lai chiéu cao (don vi cm) ctia cac ban hoc sinh nit 16p 12C va 12D & bang
sau.

Chiéu cao (cm) | [155; 160) | [160;165) | [165;170) | [170;175) | [175; 180) | [180; 185)
Lép 12C 2 7 12 3 0 1
Lop 12D 5 9 8 2 1 0

Cac ménh dé sau dung hay sai?

Phat biéu b|S

a) Chiéu cao cao nhat ctia cac ban hoc sinh trong 16p 12D 1a 185 (cm).

b) Khoang bién thién ctia chiéu cao ctia cac ban hoc sinh nir 16p 12C 1a 30 (cm).

¢) Khoang bién thién ctia chiéu cao cac ban hoc sinh nix 16p 12D 1a 25 (cm).

d) Chiéu cao ctia hoc sinh 16p 12C c6 d phan tan bé hon.

Cau 14.
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Bang bén biéu dién mau sb liéu ghép nhém thong ké mic luong ctia mot cong Nhoém | Tan sb
ty (don vi: triéu dong). [10;15) | 15
7 v [15, 20) 18
Phat biéu b | S [20;25) 10
a) Khoang bién thién ctia mau s6 liéu nay 1a R = 30. [25;30) | 10
b) S6 phan tir ciia mau la n = 60. [30;35) 5
p N [35;40) 2

o) Ta phan vi thit nhat ca mau so liéu la Q; = 15. n = 60

d) Khoang ti phan vi ctia mau sb liéu la Ag = 3.

Cau 15. Thdi gian tap dan médi ngay (tinh theo phtit) ctia ban Thu trong thoi gian gan day duge thong

ké nhu sau:
Nhom | Tan so | Tan so tich lay
[20; 25) 6 6
[25;30) 5 11
[30; 35) 7 18
[35;40) 8 26
[40; 45) 2 28
Céc ménh dé sau dung hay sai?
Phat biéu b|S

a) Khoang bién thién ctia mau sb liéu ghép nhém la R = 25.

b) Nhom chira ti phan vi thir nhat 1a nhém [20; 25).

¢) Tu phan vi thit ba ctia mau s6 liéu ghép nhom la Q3 = 37.

d) Khoang t phan vi ctia mau s6 liéu ghép nhom la Ag = —-

87
3

Cau 16. Thoi gian st dung internet (tinh theo gi®) cia ban Khanh trong 20 ngay nghi he dau tién

dugc thong ké nhu sau:

Nhom | Tan s6 | Tan s6 tich liay
[1,1,5) 3 3
[1,5;2) 6 9
2,25)] 5 14
2,5;3) 4 18
3;3,5) 2 20
Céac ménh dé sau ding hay sai?
Phat biéu b|S

a) Khoang bién thién ctia mau s6 liéu ghép nhém 1a R = 2.

b) Nhom chuira ti phan vi thit ba la nhom [2;2,5).

. < x 4
¢) Ta phan vi tht nhat ctia mau so liéu ghép nhom la Q; = 3

d) Khoang ti phan vi ctia mau s6 liéu ghép nhom la Ap = 1.

BANG DAP AN

Cau 13.

@sbplep@ds

Cau 14.

@pPpbpleP@Ss

Cau 15.

@Pbsc@s@p

Cau 16.

@sbses@s

PHAN 3. Tr&c nghiém trd 11 ngén
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Cau 17. Cho bang théng ké thoi gian str dung dién thoai vao budi sdng mdi ngay trong thang 4 nam
2024 ctia Tuan va An & bang nhu sau:

Thoi gian (phuat) [15;20) | [20;25) | [25;30) | [30;35) | [35;40)
Tuan 5 12 8 3 2
An 0 25 5 0 0

Goi Ry va Rj lan lugt la khodng bién thién ctia mau s6 liéu ghép nhom vé thdi gian sit dung dién
thoai vao budi sang mdi ngay ctia Tudn va An. Tinh R; + Rj.

KQ:

Cau 18. Théng ké lai cAn nang (don vi: kg) ctia cac ban hoc sinh nam 16p 12A va 16p 12B & bang sau.

Can nang | [50;55) | [55;60) | [60;65) | [65;70) | [70;75) | [75;80) | [80;85)
Lop 12A | 1 2 7 10 3 0 2
Lép 12B | 2 5 9 6 2 1 0

Goi R; va R, 1an lugt 1a khoang bién thién ctia mau s6 liéu ghép nhém vé can ning ctia hoc sinh nam
16p 12A va 12B. Khi d6 R + R, bing

KQ:

Cau 19. Khao sét thoi gian doc sach trong ngay ctia mot s6 hoc sinh khéi 12 thu dugc mau sé liéu
ghép nhom sau:

Thoi gian (phut) | [0;30) | [30;60) | [60;90) | [90;120) | [120; 150)
S0 hoc sinh 4 6 15 12 3

Tinh khodng tir phan vi cia mau so liéu trén.

KQ:

Cau 20. Nguoi ta ghi lai tudi tho cia mot s6 con ong cho két qua nhu sau:

Tudi tho (ngay) | [0;20) | [20;40) | [40;60) | [60;80) | [80;100)
So luong 5 12 23 31 29

Tinh khoang ti phan vi cia mau s6 liéu trén (két qua lam tron dén hang phan mudi).

KQ:

Cau 21. Cho thoi gian (don vi: phut) xem tivi moi budi tdi ctia mot sb hoce sinh duge cho trong bang
sau:

Thoi gian (phat) | [6,5;9,5) | [9,5;12,5) | [12,5;15,5) | [15,5;18,5) | [18,5;21,5) | [21,5;24,5) | [24,5;27,5)

S& hoc sinh 2 3 12 15 24 2 2

Tim khoang tif phan vi ctia mau s6 liéu ghép nhom trén (lam tron dén hai chi s6 thap phan).
KQ:

Cau 22. Mot ctira hang trang suc khao sat khach hang xem ho du dinh mua trang stc véi gid nao
(don vi: triéu dong). Két qua khao sat dugc ghi lai & bang sau:

Mc gia [6;9) ] 9;12) [ [12;15) | [15;18) | [18;21)
S khach hang | 20 | 78 45 23 12

Tim khoang t&t phan vi cia mau s6 liéu ghép nhém trén (lam tron dén hai chit s6 thap phan).

KQ:
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BANG DAP AN

[Cau17. 35 |[Cau18. 65 |[Cau19. 42,5 |[Cau20. 358 |[Cau2l. 513 |[Cau22. 442 ]
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332 Désb2

PHAN 1. Tréc nghiém 4 phuong dan lua chon

Cau 1. Xét mau s6 liéu ghép nhém cho bdi bang sau

Nhém | [8;11) [ [11;14) [ [14;17) | [17;20) [ [20;23)
Tans6| 5 6 8 7 4 n =230
Khoang bién thién ctia mau s6 liéu ghép nhom bang
A. 3. B. 8. C. 31. D. 15.

Cau 2. Biéu dién mau s6 liéu ghép nhém vé can nang (don vi: kilogam) ctia 40 hoc sinh mot 16p 12 &
mot truong trung hoc phé thong duge cho dudi bang sau

Nhém | [36;40) | [40;44) | [44;48) | [48;52) | [52;56) | [56;60)
Tan s 4 7 9 12 6 2 n =40
Khoang bién thién ctia mau s6 liéu ghép nhom do6 la
A. 24. B. 4. C. 12. D. 6.

Cau 3. Biéu dién mau s liéu ghép nhom vé tién dién (don vi: nghin dong) ctia 58 ho gia dinh & mot
t6 dan phé dugc cho dudi bang sau

Nhém | [200;250) | [250; 300) | [300; 350) | [350;400) | [400;450) | [450; 500)
Tan so 6 10 15 21 4 2 n =58
Khoéang bién thién ctia mau s6 liéu ghép nhoém d6 la
A. 21. B. 50. C. 300. D. 299.

Cau 4. Biéu dién mau sb liéu ghép nhém vé thai gian hoan thanh mot bai tap (don vi: phtit) ciia mot
s6 hoc sinh dugc cho duéi bang sau

Nhom | [0;3) | [3;6) | [6;9) | [9;12) | [12;15)
Tanso| 6 9 11 5 4 n =35
Khoéang bién thién ctia mau s6 liéu ghép nhém dé la
A. 11. B. 15. C. 3. D. 12.

Cau 5. Két qua diéu tra tong thu nhap trong ndm 2024 ctia mot s6 ho gia dinh & thanh phd Nha Trang
dugc ghi lai § bang sau

Tong thu nhap (triéu dong) | [200;250) | [250;300) | [300;350) | [350;400) | [400;450)
So ho gia dinh 24 62 34 21 9
T phan vi Q; bang
675 9775 16715 16175
Ao a . Bo 3T . C. 6T . D. 6T .

Cau 6. Biéu d6 dudi day biéu dién s6 lugt khach hang dat ban qua hinh thic truc tuyén méi ngay
trong quy Il ndm 2024 ctia mot nha hang. Cot thir nhat biéu dién s6 ngay c6 tir 1 dén dudi 6 luot dat
ban; cot thit hai biéu dién sb ngay co tu 6 dén dudi 11 luot dat ban;. ..
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S6 lugt khach dat ban truc tuyén
S6 ngay
35

30
30

25
25

20 18

15 14

10

O 1 6 11 16 21 26 S6 luot dat ban

Ta phan vi Qg bf?mg
A. 13. B. 15. C. 18,5. D. 16.

Cau 7. Két qua do chiéu cao ctia 100 cay keo ba ndm tudi tai mot ndng truong duge cho 6 bang sau

Chidu cao | [8,4;8,6) | [8,6;8,8) | [8,8;9,0) | [9,0;9,2) | [9,2;9,4)
Sb cay 5 12 25 44 14

Khoang tir phan vi ctia mau s6 liéu ghép nhém bang

A. 0,886. B. 0,115. C. 0,826. D. 0,286.

Cau 8. Bang s6 liéu ghép nhom téng lugng mua (don vi: mm) do duge vao thang 7 tir ndm 2005 dén
2024 tai mot tram quan trac dat 6 Ca Mau

Luong mua | [150;225) | [225;300) | [300;375) | [375;450) | [450; 525)
Sé nam 3 5 3 6 3

Khoang ti phan vi cia mau s6 liéu ghép nhém bang

A. 375. B. 175. C. 225. D. 200.
Cau 9. Doanh thu ban hang trong 20 ngay duoc lya chon ngau nhién ctia mot cira hang duoc ghi lai
& bang sau (don vi: triéu dong).

Doanh thu | [5;7) [ [7;9) [ [9; 11) | [11;13) | [13;15)
Séngay | 2 | 7 7 3 1

S6 trung binh ctia mau s6 liéu trén thudc khodng nao trong cac khoang dudi day?

A. [7;9). B. [9;11). C. [11;13). D. [13;15).

Cau 10. Khao sat can nang cua 30 ban hoc sinh (don vi: kilogam), ta c6 bang tan s6 ghép nhom

Can nang (kg) | [15;20) | [20;25) | [25;30) | [30;35) | [35;40) | [40;45) | [45;50) | [50;55)
S0 hoc sinh 1 0 0 1 10 17 0 1

S6 trung binh cong ctia mau sb liéu ghép nhém trén bang

A. 20. B. 32. C. 37. D. 40.
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Cau 11. Tim hiéu thoi gian chay cy 1i 1000 mét (don vi: gidy) ctia cac ban hoc sinh trong mét 16p thu
duoc két qua sau

Thoi gian | [125;127) | [127;129) | [129;131) | [131;133) | [133;135)
S6 ban 3 7 15 10 5

Thoi gian chay trung binh cu li 1000 mét (gidy) cta cac ban hoc sinh la
A. 130,35. B. 131,03. C. 1304. D. 132,5.
Cau 12. Mot cong ty bao hiém thong keé lai do tudi cac khach hang mua bao hiém xe 6 t6 & bang sau

Dotudi | [25;30) | [30;35) | [35;40) | [40;45) | [45;50) | [50;55)
S6 khach hang | 25 38 62 42 37 29

S6 trung binh ctia mau s liéu ghép nhém trén thudc khoang nao sau day?

A. [25;35). B. [35;40). C. [40;45). D. [45;55).

BANG DAP AN

Caul. D Cau2. A Cau3d. C Cau4. B Caub. C Caué6. D
Cau7. D Caus8. D Cau9. B Caulo. D Caull. A Caul2. B

PHAN 2. Tréc nghiém chon diing sai
Cau 13. Bang dudi day cho ta bang tan s6 ghép nhom s6 liéu thong ké can nang cda 40 hoc sinh 16p
11A trong moét truong trung hoc phd thong (don vi: kilogam).

Nhom | Tan s6 | Tan sb tich lay
[30;40) 2 2
[40;50) 10 12
[50; 60) 16 28
[60;70) 8 36
[70; 80) 2 38
[80;90) 2 40
n =40
Xét tinh dung, sai ctia cac ménh deé sau
Phat biéu b|S

a) Khoang bién thién ctia mau s liéu ghép nhém la R = 60.

b) Khoang ti phan vi cia mau s6 liéu ghép nhom la AQ = 14,5.

¢) S6 trung binh cong ctia mau s6 liéu ghép nhom 1a ¥ = 56.

d) Phuong sai cia mau sb lidu ghép nhom la s> = 128.

Cau 14. Bang sau cho ta bang tan s6 ghép nhom sb liéu thong ké chiéu cao ctia 40 hoc sinh (don vi:
cm)

Nhom | Tan so | Tan so tich lay
[140;145) | 2 2
[145;150) 3 5
[150; 155) 5 10
[155;160) | 15 25
[160;165) | 10 35
[165;170) 5 40

n =40
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Xét tinh dung — sai ctia cac ménh de sau?

Phat biéu

a) Khoang bién thién ctia mau s6 liéu ghép nhém 1a R = 30.

b) Khoang ti phan vi ciia mau s6 liéu ghép nhom 1a AQ = 7.

o) S6 trung binh cong cia mau sb lidu ghép nhém 1a x = 159.

d) Do 1éch chuan ctia mau s6 liéu ghép nhom la s ~ 6,42.

Cau 15. Mot cong ty cung cap nudc sach thong ké lugng nudc cac hd gia dinh trong mét khu vuc

tiéu thu trong mot thang & bang sau

Luong nudc tiéu thu (m®) | [3;6) | [6;9) | [9;12) | [12;15) | [15;18)
So ho gia dinh 24 57 42 29 8

Phat biéu

a) Luong nudc tiéu thu trung binh trong thang ctia mot ho gia dinh trong khu vuc
néi trén xap xi bang 9,4 (m?).

b) Khoang bién thién ctia mau s6 liéu trén la R = 15 (m?).

¢) Cong ty mudn glri mot thong bao khuyén nghi tiét kiém nudc dén 25% cac ho gia
dinh c6 lugng nudc tiéu thu cao nhat. Vay cong ty nén gii thong bao tiét kiem
nudc dén cac ho gia dinh c6 lugng nudce tiéu thu tir 11 m® nudc trd 1én.

d) Do léch chuan ctia mau s6 liéu trén b.’?mg 3 (md).

Cau 16. Phong ban Hung va ban Vuong lam thi nghiém trong cay. Mdi ban trong 40 cdy can tay
trong coc, phan gdc ctia cac cay khi bat dau trong déu dai 4 cm. Bang 1 va Bang 2 lan lugt biéu dién
mau s6 liéu ghép nhom vé s6 liéu théng ké chiéu cao cda cac cay (don vi: centimét) ma ban Hung va

ban Vuong trong sau 5 tuan.

Bang 1
Nhom | [20;25) | [25;30) | [30;35) | [35;40)
Tan so 2 16 20 2 n =40
Bang 2
Nhom | [20;25) | [25;30) | [30;35) | [35;40)
Tan so 5 9 25 1 n =40
Phat biéu b|S

a) Chiéu cao trung binh ctia méi cay do hai ban Hiing va Vuong trong khong bang
nhau.

b) Khoang bién thién ctia ca hai mau s6 liéu trén 1a 20.

¢) Khoang ti phan vi cia mau s6 liéu & bang 11a 5,5.

d) Chiéu cao ctia cdc cdy ma ban Vuong trong dong déu hon cac cdy ma ban Hung
trong.

BANG DAP AN

Cau 13. Cau 14. Cau 15. Cau 16.

@p®PEODP@S |[(@PBS@OS@Ss |[|(@POPEOS@DSs ||(@s®PEOP@S

PHAN 3. Tréc nghiém tr& 1&i ngdn
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Cau 17. Khao sat thoi gian (phut) tap thé duc trong ngay ctia mot s6 hoc sinh 16p 12 thu dugc mau

s6 liéu ghép nhém sau

Thoi gian (phut) | [0;10) | [10;20) | [20;30) | [30;40) | [40;50)
S0 hoc sinh 11 10 13 9 7

Tinh khoang ti phan vi cia mau s6 liéu ghép nhom trén (két qua 1am tron dén hang phan muoi).
KQ:

Cau 18. Khao sat thoi gian (phtit) tap thé duc trong ngay ctia mot s6 hoc sinh 16p 12 thu duge mau

s6 liéu ghép nhém sau

Thoi gian (phut) | [0;10) | [10;20) | [20;30) | [30;40) | [40;50)
S0 hoc sinh 11 10 13 9 7

Tinh do léch chudn ctia mau s6 liéu ghép nhém trén (két qua lam tron dén hang phan muoi).
KQ:

Cau 19. Bang dudi day biéu dién mau s6 liéu ghép nhém vé chiéu cao ctia 40 hoc sinh nam 16p 12 &
mot trudng trung hoc pho thong

Nhom | [160;163) | [163;166) | [166;169) | [169;172) | [172;175)
Tan sb 8 10 12 8 2 n =40

Tim khoang bién thién ctia mau sb liéu?
KQ:
Cau 20. Két qua 40 1an nhay xa cta hai van dong vién Nam dugc cho nhu bang sau

Nhém [ [6,22;6,46) | [6,46;6,70) | [6,70;6,94) | [6,94;7,18) | [7,18;7,42)
Tan sb 4 6 5 18 7 n = 40

Tinh phuong sai cia mau s6 liéu trén (két qua lam tron dén hang phan tram)?
KQ:
Cau 21. Diém thi hoc ki ctia hai 16p 12A1 va 12A2 cho bdi bang sau:

biém thi | [0;2) | [2;4) | [4;6) | [6;8) | [8;10]
Lop 12A1| 3 5 17 15 5 n =45
Lop 12A2| 2 8 15 14 6 n =45

Goi S%ﬂ, %, lan lugt 1a phuong sai diém thi ctia 16p 12A1 va 16p 12A2. Tinh 5%, — s%, (két qua lam
tron den hang phan muoi).

KQ:
Cau 22. Cho mau thong ké tra luong cta hai cong ty A va B (don vi: triéu dong).

Luong | [10;15) | [15;20) | [20;25) | [25;30) | [30;35) | [35; 40]
Congty A| 18 13 9 5 3 2 |[n=50
CongtyB| 19 12 7 6 3 3 |n=50

Goi x4, X5 lan lugt 1a luong trung binh cta cong ty A, cong ty B. Tinh X4 — Xp.

KQ:

BANG DAP AN

(Cau17. 224 |[Cau18. 134 |[Cau19. 15 |[Cau20. 0,09 | [Cau2l. —02

] Cau22. —03
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3.33 Dés63

PHAN 1. Tréc nghiém 4 phuong an luva chon

Cau 1. Khao sat thoi gian xem tivi trong mot ngay ctia mot s6 hoc sinh khoéi 11 thu duge mau sb liéu
ghép nhom sau:

Thai gian (phuat) | [0;20) | [20;40) | [40;60) | [60;80) | [80; 100
S6 hoc sinh 5 9 12 10 6

Khoéng bién thién R ctia mau sb liéu ghép nhém trén la

A. R =20. B. R =100. C. R =50. D. R = 60.
Cau 2. Biét Qq, Qy, Q3 lata phén vi tha nhat, ta phan vi th hai va ti phén vi thi ba ctia mot mau
s6 liéu ghép nhom. Khi d6 khoang ti phan vi A ctia mau s6 liéu d6 la

A . Ag=0Q3— Q1. B. Ag = Q1—-Qs. C Ag=Q2—-0Q1 D. Ag = Q3 — Q2.

Cau 3. Thong keé thoi gian sit dung mang xa hoi trong ngay cta cac hoc sinh t6 1 va t6 2 16p 12A thu
dugc bang sau:

Thoi gian st dung [0;10) | [10;30) | [30;60) | [60;90)
(phiit
S6 hoc sinh To 1 2 4 3 1
S6 hoc sinh T6 2 5 1 3 0

Tim khoang bién thién Ry, R, cho thoi gian sit dung mang xa hdi ctia t6 1 va t6 2.

A. Ry =60; R, =90. B. Ry =90; R, =60. C. R; =30; R, =30. D. Ry =10; R, = 30.

Cau 4. Tim hiéu thoi gian hoan thanh mot bai tap (don vi: phut) ctia mot s6 hoc sinh thu duoc két
qua sau:

Thai gian (phuat) | [0;4) | [4,8) | [812) |[12;16) | [16;20)
S0 hoc sinh 2 4 7 4 3

Tim khoang bién thién cho mau sb liéu ghép nhém trén
A. 20. B. 15. C. 1le. D. 4.

Cau 5. Tim hiéu thdi gian chay cu li (don vi: gidy) ctia cac hoc sinh trong mot 16p thu dugc két qua
sau:

Thoi gian | [125;127)] [127;129)] [129; 131)[ [131;133)[ [133;135)
S6 ban 3 7 15 10 5

Nhoém [131;133) ¢6 tan s6 la
A. 3. B. 15. C. 10. D. 7.

Cau 6. Cho mau s6 liéu ghép nhom vé khédi lugng (don vi: gram) ctia 30 ct khoai tiy nhu sau:

Khoi lugng | [70;80) [80;90) | [90;100) |[100;110)| [110;120)
Tan so 3 6 12 6 3

Gia tri dai dién cua nhém [90;100) 1a

A. 85. B. 95. C. 90. D. 100.
Cau 7. Cho mdu s6 liéu ghép nhom vé do tudi ctia dan cu ctia khu phd A nhu sau
Nhom [20;30) | [30;40) | [40;50) | [50; 60) | [60;70) | [70;80)
S8 nguoi 24 | 26 | 20 | 15 11 1

Khoéng ti phan vi cia mau s6 liéu ghép nhém da cho 1a (Iam tron dén hang phan tram).
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A. 30,29. B. 63,33. C. 32,95. D. 32,94.
Cau 8. Ta c6 bang sau vé thoi gian tap thé duc budi sang ctia bac Binh va bac An.
Thoi gian (phuat) | [15;20) | [20;25) | [25;30) | [30;35) | [35;40)

Béac Binh 5 12 8 3 2
Bac An 0 25 5 0 0

Hoéi hiéu khoang bién thién ctia mau sb liéu ctia bac Binh va bac An 1a bao nhiéu?
A. 11. B. 9. C. 15. D. 10.
Cau 9. Luong thang (don vi: triéu dong) ctia mot s6 nhan vién mot van phong duoc ghi lai nhu sau:

Luong thang [6;8) | [8;10) |[10;12) | [12;14)
(triéu dong)
S6 nhan vién 3 6 8 7

Tim khoang tit phan vi ctia day s liéu trén.
A. 1,75. B. 3,3. C. 3,25. D. 2,3.

Cau 10. S6 lugng hoc sinh trén 16p dang ky tham gia hoat dong Hoa phugng d6 6 mot truong THPT
trén dia ban TPHCM dugc cho & bang sau

Diém sb [6;10) | [11;15) | [16;20) | [21;25)
S6 hoc sinh 4 8 2 6

Gia tri nao sau day la gia tri ngoai 1é cia mau s6 liéu trén?
A. 38. B. 9. C. 15. D. 10.

Cau 11. Cac ban hoc sinh 16p 12A5 tra 15i 40 cau hoi trong mot bai kiém tra. Két qua s cau tra 1oi
ding duge théng ké & bang sau.

Thai gian (phut) | [16;21) | [21;26) | [26;31) | [31;36) | [36;41)
Bac Binh 4 8 8 16 4

Khoéng ti phan vi ctia mau s6 liéu 1a
A. 9,375. B. 8§,625. C. 10,15. D. 7,5.

Cau 12. Cho mau s0 liéu ghép nhom vé chiéu cao ctia 25 cdy cam giong nhu sau

Chiéu cao (cm) | [0;10) |[10;20) | [20;30) | [30;40) | [40;50)
S5 cay 1 6 7 5 3

Tir mot mau s6 liéu vé chiéu cao ctia cdy xoai gibng ngudi ta tinh dugc khoang tit phan vi bang 13,94.
Dai vdi cac cay cam giong va xoai giong duoc khao sat & trén, khang dinh nao sau day dung?

A. Chiéu cao cta cac cay xoai giong phan tan hon.

B. Chiéu cao ctia cac cdy cam giong phan tan hon.

C. Céc cay cam va xoai giéng c6 chiéu cao phan tan nhu nhau.

D. Khong so sanh dugc d phan tan ctia cac cy cam giéng va xoai giéng dugc khéo sat.

BANG DAP AN

[Caul. B ||[Cau2. A |[[Cau3. B |[Cau4. A |[Caus5. C ||Cau6. B |
[Cau7. A ||Cau8. C |[Cau9. B |[Cau10. A |[Caull. A ||Caul2. B |

PHAN 2. Tréc nghiém chon diing sai

Cau 13. Cho bang mau s liéu ghép nhém vé mirc lwong ctia hai cong ty va (don vi: triéu dong) nhu
sau:
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Mtic luong [5,9) [ [9;13) [[13;17) [ [17;21) | [21;25) [ [25;29) | [29; 34)
SO nguai cong ty 10 37 20 13 13 5 2
A
S6 nguoi cong ty 16 38 27 11 10 3 0
B

Trong cac khéng dinh sau, kh:img dinh nao dung, khéng dinh nao sai?

Phat biéu

a) Khoang bién thién cho mtc luong ctia hai cong ty la 29.

b) Khoang bién thién cho mtc luong ctia cong ty B 1a 24.
¢) Muc luong ctia cong ty A bién dong nhiéu hon muc luong ctia cong ty B.

d) Nhom chira tir phan vi thi ba cta cong ty A la nhém [17;21).

Cau 14. Cho bang mdu s6 liéu ghép nhém vé diém mon Toan cua hai 16p 12A va 12B duge cho nhu

sau:
Khoang diém 3,4) | [45) | [56) | [67) | [728) | [89) | [9;10)

SO hoc sinh 12A 0 1 3 6 17 7 2

S0 hoc sinh 12B 1 3 13 11 5 3 0

Trong cac khéng dinh sau, khéng dinh nao dung, khéng dinh nao sai?

Phat biéu

a) Khoang bién thién cho diém mén Toan ctia 16p 12A 1a 7.

b) Khoang bién thién cho diém mon Toan ctia 16p 12B 1a 6.

¢) Nhoém chira ti phéan vi thi nhét ctia 16p 12A 1a nhém [6;7).

d) Nhom chuta ti phan vi thi ba ciia 16p 12B 1a nhom [7; 8).

Cau 15. Thoi gian (phut) truy cap Internet mdi budi toi ctia mot s6 hoc sinh duge cho & bang sau

Thoi gian [9,5;12,5) | [12,5;15,5)] [15,5; 18,5)[ [18,5;21,5)] [21,5; 24,5)
Sé hoc sinh 4 12 14 23 3

Trong cac khéng dinh sau, kh:img dinh nao dung, khéng dinh nao sai?

Phat biéu

a) Khoang bién thién ctia mau s6 liéu 1a 1a 15.

b) Nhom chua ti phan vi tha ba la [15,5;18,5).

¢) Tua phén vi tha nhatla Q; = 15.

d) Khoang ti phan vi ctia mau s6 liéu ghép nhém bé hon 6.

Cau 16. Biéu do6 dudi day thong ké thoi gian tap thé duc budi sang mbi ngay trong thang 9/2022 cda

bac Binh va bac An.
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30

25

20

15

10

S6 ngay

5,0

0,0

25,0

B Bic Binn
. Bac An

[15;20)

[20;25)

[25;30) [30;35) [35;40) Thoi gian (phat)

Cac ménh dé sau dung hay sai?

Phat biéu

a) Khoang bién thién ctia mau s6 liéu ghép nhom vé thoi gian tap thé duc budi sang
cta bac Binh la 25 (phut).

b) Khodng tit phan vi ctia mau s liéu ghép nhém vé thoi gian tap thé duc budi sang
cuabac AnlaAg = 2.

¢) T phan vi thit ba cia mau s6 liéu ghép nhém vé thdi gian tap thé duc budi sang
ctia bac Binh 1la Q3 =

455

16

d) Khodng tit phan vi ctia mau s6 liéu ghép nhém vé thoi gian tap thé duc budi sang
moi ngay ctia bac An 16n hon bac Binh.

BANG DAP AN

Cau 13.

@s®pPleDP@D

Cau 14.

@sbpPlepP@ds

Cau 15.

@pPpbsC@ODP@ADP

Cau 16.

@pPpdsD

@s

PHAN 3. Tr&c nghiém trd 11 ngén

Cau 17. Cho bang s6 liéu ghép nhom vé chiéu cao (don vi: centimét) ctia 36 hoc sinh trong 16p 12A1

nhu sau

Nhoém

[150; 155)| [155; 160)] [160; 165)] [165; 170)] [170; 175)] [175; 180)

Tan so

6 11 8 7 3 1

Xéc dinh khoang bién thién ctia mau s liéu ghép nhém?

KQ:

Cau 18. Cho bang s6 liéu ghép nhém vé chiéu cao (don vi: centimét) ctia 36 hoc sinh trong 16p 12A1
nhu sau
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Nhém | [150; 155)] [155; 160)] [160; 165)] [165; 170)] [170;175)] [175; 180)
Tan sb 6 11 8 7 3 1

Nhoém chia ti phan vi thit nhat ¢6 tn s bang bao nhiéu?
KQ:
Cau 19. Khoang bién thién ctia mau s6 liéu ghép nhém duge cho & bang sau la bao nhiéu?

Nhém | [15;22) | [22;29) | [29;36) | [36;43) | [43;50)
Tan s6 1 6 21 21 11

Cau 20. Khoang tit phan vi ctia mau s6 liéu ghép nhém dugce cho & bang sau 1a bao nhiéu? (lam tron
két qua dén hai chit s6 thap phan).

Nhom [25;30) | [30;35) | [35;40) | [40;45)
Tan so 2 17 10 25
Cau 21. S6 tién (don vi nghin dong) ma 60 khach hang mua sach & hai ctra hang A, B trong mot ngay
dugc cho trong hai bang sau

S& tién (nghin dong) [40;50) | [50;60) | [60;70) | [70; 80) | [80; 90)
S0 khéach hang ctra hang A 3 6 19 23 9

SO tién (nghin dong) [40;50) | [50;60) | [60;70) | [70;80) | [80;90)
S0 khéach hang ctra hang B 5 9 15 20 11

Phuong sai cia mau s liéu ghép nhém clia ctra hang A la s%, ctra hang B 1a s3. Khi d6 s3 — s3 la bao
nhiéu? (két qua lam tron dén hang phan chuc)

KQ:

Cau 22. Két qua 40 1an nhéay xa ctia hai van dong vién Diing va Huy dugc lan lugt théng ké trong
Bang 1 va Bang 2 (don vi: mét)
Bang 1

Nhom | [6,22;6,46)] [6,46;6,70)] [6,70; 6,94)] [6,94;7,18)[ [7,18;7,42)
Tan sb 3 7 5 20 5 n =40

Bang 2

Nhom | [6,22;6,46)] [6,46;6,70)] [6,70; 6,94)] [6,94;7,18)[ [7,18;7,42)
Tan sb 2 5 8 19 6 n =40

Goi a, b lan lugt 1a phuong sai cia mau s liéu ghép nhoém biéu dién két qua 40 lan nhay xa ctia van
dong vién Diing va Huy. Khi d6, hiéu sb ctia a — b bang bao nhiéu (gia st cac két qua dugce lay hai
chit s6 thap phan sau dau phay)?

KQ:

BANG DAP AN

Cau 21.

Caul7. 30 |[Cau18. 11 |[Cau19. 35 ||Cau20. 892 C5a

Cau 22. 0,01
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Chuong 4

Nguyén ham va tich phan

41 Nguyén ham

41.1 Dinh nghia

Vi du mé& dau 2. Cho ham s6 y = f(x) = x2. Ta ¢6 dao ham ctia né la f'(x) = (x?)’ = 2x. Khi d6 ta
néi x? 1a mot nguyén ham ctia 2x. Mot cach day dd, ta ¢6 dinh nghia nguyén ham nhu sau,

Dinh nghia 4.1. Cho % la mt khoing, doan hay nita khodng ciia tdp hop sé thuc R va ham s6 y = f(x)
xdc dinh trén . Khi dé ham s6 F(x) dugc goi la nguyén ham ciia ham s6 f(x) trén # néu F'(x) = f(x)
voi moi x € A

4.1.2 Tinh chit ctia nguyén ham

Dinh 1y 4.1. Cho ¥ la mot khoing, doan, nita khodng ciia tdp s6 thuc R. Gid sit ham s6 F(x) la mot nguyén
ham cia ham s6 f(x) trén . Khi dé

o VGi méi hing s6 C, ham s6 F(x) + C ciing la mot nguyén ham ciia ham s6 f(x) trén X'

e Nguoc lai, vi méi ham s6 H(x) la nguyén ham ciia ham s6 f(x) trén 2 thi ton tai hang sé C sao cho
H(x) = F(x) 4+ C vdi moi x € ¥

Luu y 4.1. Ho tat cd nguyén ham ciia ham s6 f(x) trén ¢ duoc ki hiéu I /f(x) dx.
Tinh chét 4.1.

o Néu F(x) la mot nguyén ham cia ham s6 f(x) trén ¢ thi moi nguyén ham ciia ham sé f(x) trén
déu cé dang F(x) + C, vdi C la hing sb. Do dé /f(x) dx = F(x) + C.

 Moi ham sé lién tuc trén # déu cé nguyén ham trén .
Tinh chét 4.2.

. /F’(x) dx = F(x) + C.

. /de:Cvd/dx=x+C.

e Biéu thitc f(x) dx dugc goi la vi phdn ciia nguyén ham F(x), ky hi¢u la dF (x). Vay dF(x) = F'(x)dx =
f(x)dx.
Dinh 1y 4.2. Cho ¢ la m¢t khodng, doan hodc nita khodng ciia tdp s thuc R.

J /kf(x)dx:k/f(x)dxvéiklizh[ingsékhcico.
° / [f(x) +g(x)] dx = /f(x) dx~|—/g(x) dx.
. /[f(x) —g(x)] dx = /f(x) dx—/g(x) dx.

81



KHAI PHONG NANG LUC HOC TOAN LOP 12

$> BAI TAP TU LUAN ¢

Bai tap 1. Ching minh rang:

a) F(x) = 5x + x? la mdt nguyén ham ctia ham sb f(x) = 5 + 2x trén R.

. 1
b) G(x) = tan x la mot nguyén ham ctia ham so g(x) = p—p trén (—g; g)

5
c) Ham s6 F(x) = % 1a nguyén ham ctia ham s6 f(x) = x* trén R.

d) Ham s6 F(x) = sin x 1a nguyén ham ctia ham s6 f(x) = cos x trén R.

o) / kdx = kx + C vdi k 1a hiing sb thuc.

f) /kx dx = g x> 4+ Cvéikla hang s6 thuc khac 0.
Bai tap 2. Cho 7 1a s6 nguyén duong.
xn+1

C.
n+1+

a) Ching t6 rang / x"dx =
b) Cho k 1a hang s6 thuc khac khong. Tinh / kx" dx.

Bai tap 3. Chung to rang /(n +1)-x"dx =x""1 £ C.
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42  Nguyén ham ctia ham sb so cap

4.2.1 Ham so liy thira

Dinh nghia 4.2. Cho sé thuc «. Ham s0 y = x* duoc goi la ham s6 luy thira.

Vidul Cachamsbdy = x%y = x4y = x3;y = xV2 1a nhitng ham s luy thira.

Tinh chat 4.3. Tgp xdc dinh ciia ham s6 lugj thita y = x* tuy thudc vao gid tri ciia a. Cu thé nhu sau

* Vi « nguyén duong, tdp xdc dinh la R;

o Vii a nguyén am hojc bing 0, tdp xdc dinh la R\{0};

o Vii o khong nguyén, tip xdc dinh la (0; 4-00).

Pinh ly 4.3. Ham s6 lugj thira y = x* (« € R) cd dao ham vdi moi x > 0 va (x*)" = ax*1.

4.2.2 Nguyén ham caa ham s6 liiy thira
ey

oc—|—1+

Pinh ly 4.4. Voia # —1, ta co / x*dx =

Hé qué 4.1 (Cong thitc m& rong). Vi a # —1, ta cd / (ax + b)* dx =

$>BAI TAP TU LUAN ¢

Bai tap 1. Tim nguyén ham
a) /x4 dx. b) /x‘S dx.

1 4
e) /ﬁdx. ) /;dx.
) 1 ) 173
i) /;dx. i) /de.
Bai tap 2. Tim nguyén ham
a) /(x +3) dx. b) /(x2 —2x) dx.

e) /(—2x2+3x—5)dx.f) /(x+1)(1—2x)dx.

Bai tap 3. Tim nguyén ham

a) /(x2 —2x)%dx. b) / <xl3 - 2x2> dx.
e) / <x4 —5x% + 1) dx.f) / (2v/x —3x) dx.

4.2.3 Nguyén ham cda hamsé f(x) = 1

X

Pinh Iy 4.5. /idx = In|x| +C.

) /xlodx.

g) /x% dx.
K) /x% dx

9) /(Sx — 4x%) dx.

1 (ax +b)**
a

C.
a+1 +

d) /x\/gdx.
h) / \}de.
y [ 41363 dx.

d) /(x3 —9x +4)dx.

o) / (3x — 2) (x* — 5x) dah) / (2 +1)2dx.

3
0) /xxi-ldx.

g) /(W—l) dx.

1 1
Heé 4.2 (co hu ¥ 1o . =1 .
¢ qua 4.2 (céng thirc mo rong) /ax-l—bdx . njax+0b|+C
$>BAI TAP TU LUAN ¢

Bai tap 4. Tinh nguyén ham

1 4
d) /(x+1) <2x3_x5

h) /(3x2 + v/x) dx.
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a)/3dx. b)/4dx. c)/(1+1) dx. d)/x+1dx.
X 9x X X
2x — 1 (x+1)2 (x —2)3 x> —2x2+3
o [ = —dx f / Sl g) / - dx. h) / o

424 Nguyén ham cta ham so lugng giac

Dinh 1y 4.6. Ta cé mot s6 nguyén ham sau

a) /sinxdx: —cosx + C.

1
c) / ——dx = —cotx+C.
sin” x

Hé qua 4.3 (cong thic mo rong).

a) /sin(ax +b)dx = —% cos(ax+b) + C.

o / v

J sin?(ax + b)

Bai tap 5. Tim nguyén ham
a) / 3 cos x dx.

d) /(ZSinx —5cos x) dx.

g) /<3sinx—|—1—i) dx.

Bai tap 6. Tim nguyén ham
1 1
—— — —— | dx.
2) / (sin2 x COSZX) g
1
I / 1+ cos2x dx

g) / tan® x dx.

Bai tap 7. Tim nguyén ham F(x) ctia ham s6 f(x) =

dx = —% cot(ax +b) + C.

b) /cosxdx =sinx + C.

1
d
) / cos2 x

b) /cos(ax +b)dx = % sin(ax +b) + C.

1
& /cosz(ax +)

> BAI TAP TU LUAN ¢

b) /(sinx + cos x)dx.

e) /(3sinx+ﬁ) dx.
h) / (;cosx—\/}> dx.
b) / (1+ tan®x) dx.

1
—d
©) /1—C052x *

h) / cot? x dx.

sin? x

4.2.5 Nguyén ham cta ham s6 mii

Dinh ly 4.7.

o Vdia>0,a7él,tacé:/axdx: 4
Ina

. /exdx:ex—l—C.

Hé qua 4.4 (cong thirc mo rong).

. Vc’fia>0,a7é1,tacé:/amx+”dx:—

X

+C.

1 amerl/l

+ C.
m Ina

dx =tanx + C.

dx = %tan(ax +0b) +C.

Q) /SSinxdx.

f) /(3sinx—cosx+x2) dx.

i) / <cosx — L:;z — 3x\/§> dx.

9) /(1—i-c0’c2 x) dx.

2
H / Coszxdx'

. 1
) / tanzxdx'

théa man F (g) —1.
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° /emx+n dx = lemern +C.
m

$> BAI TAP TU LUAN <%

Bai tap 8. Tim nguyén ham

a) / 3% dx. b) / 2e* dx Q) / 2%y, d) / 442 4y

o [(52-et)dr f [(2e7+3e) dx. g) [(e7+e ) dv b [ (¥ -27) dx

i) / (31 ~1) dx. ) / (% +3%) dx. k) / \/%dx. 1) / (Ve +2) dr.
=

$> UNG DUNG ¢

Bai tap 9. Mot con lac 16 xo dao dong theo
phuong ngang trén mat phang khong ma sét

nhu Hinh 1. cé van tdc tic thoi cho bai v(t) = Vi trf can bing
4 cost, trong do t tinh bang gidy va v(f) tinh
bang centimét/ gidy. Tai thoi diém t = 0, con lac J

d6 & vi tri can bang. Phuong trinh chuyén dong
ctia con lac d6 dugc tinh bang cach nao? WVVWWW\
0 x() X

Hinh 1
Bai tap 10. Mot xe 6 t6 dang chay véi tbc d6 72 km/h thi ngudi lai xe bat ngd phat hién chuéng ngai
vat trén duong cach d6 80 m. Ngudi li xe phan ting mot gidy sau d6 bang cach dap phanh khan cép.
K& tir thoi diém nay, 6 t6 chuyén dong chdm dan déu véi tbe do v(t) = —10t + 30( m/s), trong d6 ¢
1a thoi gian tinh bang gidy ké tir ltiic dap phanh. Goi s(t) 1a quang dudng xe 6 t6 di dugc trong ¢ (gidy)
ké tir ltic dap phanh.

a) Lap cong thic biéu dién ham sb s(t).
b) Thoi gian ké tir ltic dap phanh dén khi xe 6 t6 dirng han 1a bao nhiéu giay?

c¢) Quang duong xe 0 t6 da di chuyén ké tir lic ngudi 1ai xe phat hién chudng ngai vat trén duong
dén khi xe 6 t0 ding hén 12 bao nhiéu mét ? Xe 6 t6 liéu c6 gap tai nan do va cham véi chuéng
ngai vat trén duong hay khong?
Bai tap 11. Cay ca chua khi trong c6 chiéu cao 5 cm. Toc do ting chiéu cao ctia cay ca chua sau khi
trong duge cho béi ham sb

o(t) = —0,1£> + 12
trong do f tinh theo tuan, o(t) tinh bang centimét/tuan. Goi h(t) (tinh bang centimét) 1a do cao ctia
cdy ca chua & tuan thu t (Nguon: A. Bigalke et al., Mathematik, Grundkurs ma-1, Cornelsen 2016).
a) Viét cong thirc xac dinh ham s6 h(t)(t > 0).
b) Giai doan tang trudng ctia cay ca chua do6 kéo dai bao lau?
c) Chiéu cao tbi da ctia cay ca chua d6 1a bao nhiéu?

d) Vao thdi diém cay ca chua d6 phat trién nhanh nhét thi cay ca chua sé cao bao nhiéu?
Bai tap 12. Muc nuéc trong ho chita cia nha méy dién thuy triéu thay déi trong suét mot ngay do
nudc chay ra (khi thuy triéu xuéng) va nude chay vao (khi thuy triéu 1én) (Hinh 2).
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<« May phat dién

Thuy triéu xuéng

Turbine 7

Hinh 2

Toc d6 thay déi ctia myc nude trong hd chita duge cho bdi ham s6

1
/ _ = 2
W (t) = 16 (5% — 120t + 480) ,
trong d6 t tinh bang gio (0 < t < 24), k' (t) tinh bang mét/gio. Tai thoi diém ¢ = 0, muc nudc trong
ho chira 1a 6 m (Ngudn: A. Bigalke et al., Mathematik, Grundkurs ma-1, Cornelsen 2016).

a) Viét cong thitc xac dinh ham s h(t).

b) Muc nuéc trong hd chita cao nhat va thip nhat bang bao nhiéu (Iam tron két qua dén hang
phan mudi cia mét)?
c¢) Muc nudc trong hd chita thay d6i nhanh nhét khi nao? Toc d¢ thay déi ciia muc nudc trong hod
chtra khi do6 1a bao nhiéu?
Bai tap 13. Mot quan thé vi khuan ban dau gdm 500 vi khudn, sau d6 bat dau tang trudng. Goi P(t)
1a s6 lugng vi khudn ctia quan thé dé tai thoi diém ¢, trong d6 ¢ tinh theo ngay (0 < t < 10). Téc do
tdng trudng ctia quan thé vi khudn do cho béi ham sb P/(t) = kv/t, trong d6 k 1a hang s6. Sau 1 ngay,
s6 lugng vi khudn ctia quan thé dé da tang 1én thanh 600 vi khudn (Nguon: R. Larson and B. Edwards,
Calculus 10e, Cengage 2014). Tinh 56 lugng vi khuén ctia quan thé d6 sau 7 ngay (lam tron két qua dén
hang don vi).
Bai tap 14. Mot qua béng duge ném 1én tir d6 cao 24,5 (m) vé6i van toc duge tinh bdi cong thire
v(t) = —9,8t 4+ 19,6 (m/s).
a) Viét cong thuc tinh d6 cao ctia qua bong theo thoi gian t.

b) Sau bao nhiéu lau ké tir khi ném 1én thi qua béng cham dat?
Bai tap 15. Khi duogc tha tir d6 cao 20 m, mét vat roi voi gia toc khong d6i 10 m/ s2. Sau khi roi duoc
t gidy thi vat c6 téc dd bao nhiéu va di dugc quang dudng bao nhiéu?
Bai tap 16. Mot 0 t6 dang chay véi toc do 19 m/s thi ham phanh va chuyén dong cham dan vdi toc
do v(t) = 19 — 2t (m/s). Ké tir khi ham phanh, quang duong 6 t6 di dugc sau 1 giay, 2 gidy, 3 giay la
bao nhiéu?
Bai tap 17. Tinh dao ham ctia ham s6 F(x) = xe*, suy ra nguyén ham ctia ham s6 f(x) = (x + 1)e”*.
Bai tap 18. Ki hiéu h(x) la chiéu cao ctia mot cay (tinh theo mét) sau khi trong x ndm. Biét rang sau

X PN ~ v < A A s o R s 4 A A 1 v
nam dau tién cay cao 2 m. Trong 10 nam tiép theo, cay phat trién véi toc do I’ (x) = p (m/nam).

a) Xac dinh chiéu cao ctia cay sau x ndm (1 < x <11).

b) Sau bao nhiéu nam cay cao 3 m?
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Bai tap 19. Mot chiéc xe dang chuyén dong véi toc d6 vy = 10 m/s thi tang toc voi gia toc khong ddi
a =2 m/s?. Tinh quang dudng xe d6 di dugc trong 3 gidy ké tir khi bat dau tang toc.

Bai tap 20. Tim nguyén ham F(x) ctia ham sb f(x) = 6x° + 2x — 3 biét F(—1) = —5.

Bai tap 21. Mot vuon wom cdy canh ban mot cdy sau 6 ndm trong va ubn tao dang. Toc do tang
trudng trong subt 6 ndm dugc tinh xap xi bsi cong thic 1/ (t) = 1,5t + 5, trong d6 h(t) (cm) la chiéu
cao ctia cay khi két thiic t (ndm) (Nguon: R. Larson and B. Edwards, Calculus 10e Cengage 2014). Cay con
khi dugc trong cao 12 (cm).

a) Tim cong thic chi chiéu cao ctia cay sau t nam.

b) Khi dugc ban, cay cao bao nhiéu centimét?
Bai tap 22. Tai mot 16 hoi dan gian, téc do thay déi lugng khach tham du dugc biéu dién bang ham
s6 B'(t) = 20 — 300> 4+ 1000t,trong d6 t tinh bang givy (0 < t < 15), B'(t) tinh bang khach/gio.
(Nguon: A. Bigalke et al., Mathematik, Grundkurs ma-1, Cornelsen 2016). Sau mét gio, 500 ngudi da c6
mat tai 18 hoi.

a) Viét cong thic ciia ham s6 B (t) biéu dién s6 lugng khach tham dy 18 hoi véi 0 < t < 15.
b) Sau 3 gid sé c6 bao nhiéu khach tham du 1€ hoi.
c) Sb lugng khach tham duy 1€ hoi 16n nhét 1a bao nhiéu?

d) Tai thdi diém nao thi téc do thay déi lugng khach tham dy 1€ hoi 1a 16n nhat?

Bai tap 23. D6i v6i cac du an xay dung, chi phi nhan cong lao dong dugc tinh theo s6 ngay cong. Goi
m(t) 1a s6 lugng cong nhan dugc st dung & ngay thit ¢ (ké tir khi khdi cong du an). Goi M(t) la sb
ngay cong dugc tinh dén hét ngay thu t (ké tir khi khdi cong dy an). Trong kinh té xay dung, ngudi
ta da biét rang M'(t) = m (t). Mot cong trinh xay dung du kién hoan thanh trong 400 ngay. S6 lugng
cong nhan dugc st dung cho bdi ham s6 m(t) = 800 — 2t, trong d6 ¢ tinh theo ngay (0 < t < 400),
m(t) tinh theo ngudi (Nguon: A. Bigalke et al.. Mathematik, Grundkurs ma-1, Cornelsen 2016). Pon gia
cho mot ngay cong lao dong la 400000 déng. Tinh chi phi nhan cong lao dong ctia cong trinh doé (cho
dén lic hoan thanh).
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4.3  Tich phan

4.3.1 Dinh nghia tich phan

Dinh nghia 4.3. Cho f(x) la ham sé lién tuc trén doan [a; b). Gid sit F(x) la mot nguyén ham ctia f(x) trén
doan [a; b). Hiéu s6 F(b) — F(a) duoc goi la tich phan tir a dén b ciia ham s6 f(x), ki hiéu la

b
— F(b) — F(a).

a

/b' f(x) dx = F(x)

Trong do, a duoc goi la can dudi va b la cin trén.

Luu y 4.2. Nhur vdy, dé tinh tich phin chiing ta can phdi tim nguyén ham trudc va sau do thé cgn vao tinh.

4.3.2 Tinh chét ctia tich phan
Dinh 1y 4.8. Cho cic ham séy = f(x),y = g(x) lién tuc trén doan [a; b]. Khi do, ta c:

a) /af(x)dxzo;/b.f(x)dx: —]f(x)dx.
a a b
b) /bkf(x) dx:k/bf(x) dx (k la hing so).
) /h [£(x) + g(x)] dx = /b f(x)dx + /b g(x) dx.

b b b
@) [1f(x)—g(x)]dx = [ flx)dx— [ g(x)dx.

Dinh 1y 4.9. Cho ham sé y = f(x) lién tuc trén doan [a; b]. Gid sit ¢ la s0 thuc tuy v thudc doan [a;b]. Khi
do, ta co:

j F(x)dx = / Fx)dx + /b F(x) dx.

4> BAI TAP TU LUAN <%
Bai tap 1. Tinh cdc tich phan
3 8 4 1
2) /x% dx. b) / I dx. o) / N
1 1 1
3 2 1 2
d) / V2 dx. e) / S dx. ) / (x° — 9x + 4) dx.
1 1 !
3 3 2
g) / (x+1)(1 —2x)dx. h) / (x® + 1) dx. i) / (3x% — 2) dx.
-1 0 1
0 e 1 1
) / (x* —2x)3dx. k) / <x3 — 2x2> dx. 1) / (4x% +3x* — 2) dx
-1 2

0
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Bai tap 2. Tinh tich phan
3x3+1 2 1 4 2, 3
a)/2 S dx. b)/l(x+1)<2x3—x5> dx. c)/x(l—i—x)dx
d)/—dx e)/ x—x f) /;dx
—e
Bai te_\p 3. Tinh tich phan
i i 1
4
a) /(sinx+cos x) dx. b) /(3sinx—2cos x) dx. C / 5—dx
. . Z sin®x
0 0
1
d) [ ——adx. /( 2>dx. /< 2>dx.
z cos?x sinZx  cos? x sinZx  cos?x
5 3
g) /E(sinx+3\/§) dx. h) /Z @dx. i) /Z cos X sin = dx.
0 T sin”x z 2 2
Bai tap 4. Tinh tich phan
1 1
a) /ex dx. b) /2" dx. ) /(3 2% — ) dx.
0 0 0
1 1 E
d) /3x dx. e) /(2-3x—5e") dx. ) /2(3sinx—|—ex)dx.
0
0
Bai tap 5. Tinh tich phan
1 2 -
6 3 2 )
a)/(x —4x° +3x%) dy; b)/gdx, C)/xﬁdx'
0 1 1
z pid pid
2 2 1
d) /(4sinx+3cosx) dx; e) /cotzxdx, f) /tan x dx
0 “n 0
0 -1 1
g) / e dx h) / 2 dy; i) / (3-4° —5e¥) dx
-1 =2 0
Bai tap 6. Tinh tich phan
1 3 0
) /|x\dx. b) /yx—zydx o) / lx +2| dx.
—4
-1

2
g)/ le* —1] dx.
0

Bai tap 7. Cho / F(x) dx
-2
_8. Tinh F(~2).

0

4
f) / |x? — 4x + 3| dx.
0

i) /O7 V1 = cos? x dx.

= —10, F(x) 1a mot nguyén ham ctia ham s6 f(x) trén doan [—2;3], F(3) =
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4

4 3
Bai tap 8. Cho/f(x) dx :4,/f(x) dx = 6. Tinh/f(x) dx
0 0

3

$> UNG DUNG <

Bai tap 9. Cho mdt vat chuyén dong véi van toc y = v(t)(m/s). Cho 0 < a < bva o(t) > 0 vdi moi
t € [a;b].

b
a) Hay giai thich visao / v(t) dt biéu thi quang dudong ma vat di dugc trong khoang thdi gian tir

a
a dén b (a, b tinh theo giay).

b) Ap dung cong thirc & cau a) dé giai bai toan sau: Mot vat chuyén dong véi van toc v(t) =
2 —sint ( m/s). Tinh quang dudng vat di chuyén trong khoang thoi gian tir thoi diém t = 0( s)

, , 3
dén thoi diém t = T” (s).

Bai tap 10. Nang lugng gid trén dat lién 1a mot trong nhung cong nghe
nang lugng tai tao dang dugc phét trién & quy mo toan cau. Nang lugng glo
khong tryc tiép phat thai khi nha kinh, khong thai ra mdi truong cac chét
0 nhiém khdc, ciing nhu khong tiéu thu nudc dé lam mat cho cac nha may.

Céc turbine gi6 thudng c6 ba canh quay trén mot truc ngang, lay dong nang ()
tir qua trinh di chuyén dong khong khi (gi6) dé chuyén d6i thanh dién nang / \
thong qua mot may phat dién dugc két ndi véi ludi dién. Hinh thang cong

(t6 mau vang) trong hinh mé t& mot phan mat cat dung cta canh turbine,
duoc gidi han bdi cac duong thang x = 2, x = 25, truc Ox va d6 thi ham s6

1
y=f(x)= ~ 500 (x® — 33x% +120x — 400) .

Hay tinh dién tich hinh thang cong do6.

Bai tap 11. Mot vat chuyén dong véi van téc dugc cho béi do thi & Hinh o(t) (m/s)
bén.
a) Tinh quang dudng ma vat di chuyén dugc trong 1 gidy dau tién.
. < N S a1 2 AT IA 2|
b) Tinh quang dudng ma vat di chuyén duoc trong 2 gidy dau tién. | |
o] 1 2 t(s)

Bai tap 12. O nhiét d6 37°C, mot phan ting hod hoc tir chdt dau A, chuyén hod thanh chat san pham
B theo phuong trinh: A — B. Gia st y(x) 1a ndng d6 chat A (don vi molL ! ) tai thoi gian x (gidy),
y(x) > 0véi x > 0, thod man hé thic: i/ (x) = —7-10"%y(x) v6i x > 0. Biét rang tai x = 0, nong do
(dau) ctia A 120,05 mol L.

a) Xétham sb f(x) = Iny(x) voi x > 0. Hay tinh f’(x), tir d6 hay tim ham sb f(x).
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b) Gid stt ta tinh ndng do6 trung binh chat A (don vi mol L™!) tir thoi diém a (gidy) dén thoi diém

1
b—a

tir thoi diém 15 gidy dén thoi diém 30 giay.

b
b (gidy) v6i 0 < a < b theo cong thic / y(x) dx. Xac dinh nong d¢ trung binh ctia chat A
a
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44  Ung dung tich phan
4.4.1 Dién tich hinh phang giéi han béi d6 thi ham s6 y = f(x), truc hoanh va hai
duong thangx = a,x = b

Dinh 1y 4.10. Cho ham s6 y = f(x) lién tuc trén doan [a;b]. Khi dd, dién tich S ciia hinh phiang gidi han béi
b
do thi ham sé y = f(x), truc hoanh va hai duong thang x = a,x =bla S = / |f(x)] dx.
a

Hé qua 4.5. Gid sir ham soy = f(x) lién tuc trén doan [a; b]. Néu f(x) khdng ddi diu trén doan [a; b] thi

b

[ £ dx =

a

b

/f(x)dx.

a

Néu phuong trinh f(x) = 0 khong cé nghiém trén khodng (a;b) thi cong thiic trén van diing.

$>BAI TAP TU LUAN ¢

Bai tap 1. Tinh dién tich hinh phang gidi han bdi d6 thi ctia ham s6 y = x*> — 4x + 3 truc hoanh va
hai duong thang x = 0,x = 3.

Bai tap 2. Tinh dién tich hinh phang gi6i han béi dd thi ctia ham s6 y = sinx truc hoanh va hai
duong thang x = 0, x = 3.

Bai tap 3. Tinh dién tich hinh phéng gidi han béi do thi ctia ham sb6 y = 2x — x?, truc hoanh va hai
duong thang x = 0, x = 3.

Bai tap 4. Tinh dién tich hinh phang gi6i han b&i d6 thi ctia ham s6 y = cos x — 2, truc hoanh va hai
duong thang x = 0,x = 7.

Bai tap 5. Cho ham s6 y = x3 ¢ dd thi nhu hinh. Tinh dién tich hinh
phéng gidi han boi d6 thi ctia ham s6 y = 13, truc Ox va hai duong
th:fmg x=-1,x=1.

Bai tap 6. Trong hinh bén, tinh dién tich hinh phéng gidi han boi do thi cta
ham s6 y = x? — 2x, truc Ox va hai duong thang x = —1, x = 3.
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4.4.2 Dién tich hinh phang gigi han béi d6 thi cia cachamsé y = f(x), y = g(x) va hai
duong thangx = a,x = b

Dinh 1y 4.11. Cho cdc ham s6 y = f(x),y = g(x) lién tuc trén doan [a;b]. Khi dd, di¢n tich hinh phing gidi

han béi d6 thi ctia cdc ham séy = f(x), y = g(x) va hai duong thang x = a,x = bla S = /b |f(x) —

<(x)] dx. ’

$>BAI TAP TU LUAN ¢

Bai tap 7. Tinh dién tich hinh phang gi6i han bsi do thi ctia hai ham s6 y = x2,y = 2 — x va hai
duong thang x = 0, x = 2.

Bai tap 8. Tinh dién tich hinh phang gidi han bdi dd thi ctia hai ham s6 y = x® — 3x,y = x va hai
duong thang x = —1,x = 3.
Bai tap 9. Tinh dién tich hinh phang gi6i han b&i d6 thi ctia haihamséy = x2 —2x — 1,y = x — 1 va
hai duong thang x = 1,x = 4.
Bai tap 10. Tinh dién tich hinh phéng dugc gidi han badi do thicdchamsby = x> +2x+ 1,y =
x® + x + 3 va hai duong thang x = 1, x = 3.

1, 5

. \ £ 1
Bai tap 11. Tinh dién tich hinh phang gidi han boi d6 thi cachamsoy = — Exz +2x,y = FX T 5=

1 .
5 va hai duong thang x =1, x = 4.

Bai tap 12. Tinh dién tich hinh phang gi6i han bdi cac d6 thi ham s6 y = 10 — x2, y = x2 + 2 va hai
duong thang x = —2, x = 2.

Bai tap 13. Cho hai ham s y = 4x — x?> vay = x lan lugt c6 dd thi (P) va Y x=2
d nhv Hinh3. gl q
a) Tinh dién tich S; ctia hinh phang gi6i han bdi (P), truc hoanh va hai
duong thang x = 0, x = 2.
b) Tinh dién tich S ctia hinh phang gi6i han béi (P),d va hai duong 1/ S
théng x=0,x=2. T
0
' 2] 4\ ?

Bai t@/p 14. Trén ctta s6 c¢6 dang hinh chi nhat, hoa y
si thiet ke logo hinh con ca cho mét doanh nghiép B
kinh doanh hai san. Logo 1a hinh phang gidi han bdi \/ = flx > dm
hai parabol v6i cac kich thude dugc cho trong Hinh 4 0
(don vi trén mai truc toa do 1a decimét). 0
a) Lap phuong trinh cac paraboly = f(x) vay = A
8(x). = 3(4)
b) Tinh dién tich cta logo.
c) Logo chi cho phép 50% luong anh sang di qua. 1dm  4dm 4 dm
Lugng anh sang di qua toan b ctra s6 sau khi
lam logo sé gidm bao nhiéu phan tram (lam
tron két qua dén hang phan mudi)?

3 dm
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4.4.3 Thé tich ctia vat thé

(o

O

Dinh ly 4.12. Cit mét vt thé béi hai mit phang vuong goc vdi truc Ox tai x = ava x = b, (a < b). Mot
mit phing tuy v ouéng goc vdi Ox tai x, (a < x < b) cit vt thé dd theo hinh phing cd dién tich la S(x). Gid
str ham s6 S(x) lién tuc trén [a; b]. Khi d, thé tich V ciia phdn vt thé gidi han bdi hai mat phing trén dugc

b
tinh béi cong thirc V = /S(x) dx.
a

Luu y4.3. Néu S(x) = S khong doi véi méi x € [a;b] thi V = (b —a)S.

$>BAI TAP TU LUAN ¢

Bai tap 15. Cho khéi lang tru tam giac c6 dién tich day S va chiéu x
cao h. Stt dung tich phan, tinh thé tich ctia khéi lang tru theo S va
h.

Hinh 5

Bai tap 16. Trong khong gian, cho hinh chép O.ABCD
c6 day la hinh vuéng canh a, 0A L (ABCD),0A = h.
Dit truc s6 Ox nhu Hinh 8. Mot mat phang vuéng goc
véi truc Ox tai diém c6 hoanh do6 x(0 < x < h), cat hinh
chép O.ABCD theo mat cat 1a hinh vuéng A’B'C'D’. Ki
hiéu S(x) 1a dién tich cta hinh vuéng A’B'C'D’.
a) Tinh S(x) theoa, h va x.
h

b) Tinh / S(x) dx va so sanh véi thé tich khéi chép

0
O.ABCD.

Hinh 6

Bai tap 17. Cat mot vat thé bdi hai mat phéng vuong goc voi truc Ox tai x = 1 va x = 2. Mot mat
phéang tuy y vuong goéc v6i Ox tai x, (1 < x < 2) cat vat thé d6 theo hinh phang c6 dién tich la
S(x) = 2x. Tinh thé tich V ctia phan vat thé dugc gidi han bsi hai mat phang trén.
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Bai tap 18. Cho khéi chép cut déu tao bai khdi chop
dinh S, dién tich hai day 1an luot 1a B, B va chiéu cao h.
Chon truc Ox chita dudng cao ctia khéi chép va goec O
tring véi dinh S (Hinh 7). Hai mat phang day ctia khéi
chép cut déu lan lugt cat Ox tai I va I'. Dat OI = b,
OI' = a, (a < b). Mot mat phang (P) vuong goc véi
truc Ox tai x, (2 < x < b), cat khoi choép cut déu theo
hinh phang c6 dién tich S(x). Ngudi ta chiing minh

% Tinh thé tich khéi chép cut déu dé.

rang S(x) = B
Bai tip 19. C6 Hanh d6 bé tong mot dudng di trong
vuon (phén duoc t6 mau) vdi kich thudc dugce cho trong
Hinh 8. Biét rang dudng cong AB dugc cho bai do thi
ctia mot ham sb lién tuc va duong cong DC nhan dugc
tr duong cong AB bang cach tinh tién theo phuong
thang ding 1én phia trén 2 m. Ngoai ra, c6 Hanh quyét
dinh dé 16p bé tong day 15 cm va gia tién 1 m® bé tong
1a 1 080 000 dong. Tinh s6 tién c6 Hanh can dung dé dé
bé tong con duong do.

Hinh 8
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4.44 Thé tich khoéi tron xoay

Dinh 1y 4.13. Cho ham s y = f(x) lién tuc, khong am trén doan [a; b].
Hinh phing (H) gidi han béi d6 thi ham séy = f(x), truc hoanh va hai
duong thang x = a, x = b quay quanh truc Ox tao thanh mot khoi tron xoay
c6 thé'tich bang

b
V= n/ [f(x)]* dx.

$>BAI TAP TU LUAN ¢

2 N < 1
Bai tap 20. Goi D la hinh phang gi6i han bdi do thi hamsoy = 1 + = truc y

hoanh va hai duong théng x = 1,x = 2 (Hinh 10). Tinh thé tich khdi tron xoay
tao thanh khi quay D quanh truc Ox. 27--
1 £
ol 1 2 *

Hinh 10
Bai tap 21. St dung tich phan, tinh thé tich khdi nén ¢6 ban kinh ddy r va chiéu cao

N < 1\* .
Bai tap 22. Cho do thi cichamsoy = <2> , ¥ = x + 1 va hinh phang y

>

O

duoc t6 mau nhu Hinh 11.
a) Hinh phang d6 dugc gidi han béi cac duong nao?
b) Tinh dién tich hinh phéng do.

Ne A X . N A 1 N A N ~
Bai tap 23. Cho do thihamsoy = L Ve khoi tron xoay nhu Hinh 12.

a) Hinh phang dugc gidi han boi cac duong nao dé khi quay quanh truc
Ox ta dugc khdi tron xoay nhu Hinh 12?
b) Tinh thé tich khéi tron xoay do.
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Bai tap 24. Cho d6 thi ham s6 y = f(t) nhu Hinh 13. y
a) Tinh dién tich hinh phang gi6i han bai do thi ham sy = f(t), -
truc Ot va hai duong thang t = 0, t = 2. L
1 =0
b) Hoi / f(u) du biéu thi cho phan dién tich ctia hinh phang gi6i o 1 5 & /5
0 1
han bdi cac duong nao trong Hinh 13? ol v
Hinh 13

Bai tap 25. Xét chiéc chén trong bo 4m chén udng tra &
phan m& dau, ban Duong uéc lugng duge rang chiéc chén
dugc tao thanh khi cho hinh phang gi6i han bdi d6 thi ham
s f(x) = 0,14x> — 0,87x% + 1,92x + 0,85, truc hoanh va hai
duong thang x = 0, x = 3 quay quanh truc Ox (don vi trén
mdi truc toa do 1a centimét) (Hinh 14).

Tinh thé tich ctia chiéc chén (Iam tron dén hang don vi ctia
centimét khoi). Hinh 14

Bai tap 26. Hinh 15 minh hoa mit cat ding ctia mot con kénh dat trong hé truc toa do Oxy. Déy ctia
con kénh la mot duong cong cho bdi phuong trinh

3 1 4 2

10

Hinh 15

Hay tinh dién tich hinh phéng t6 mau xanh trong Hinh 34, biét don vi trén méi truc toa d6 1a mét.

Bai tap 27. Sau khi do kich thudc ctia thung rugu vang
(hinh bén), ban Quan xac dinh thung rugu vang c¢6 dang
hinh tron xoay dugc tao thanh khi cho hinh phang gigi
han bdi d6 thi ham sb

y = —0,011x% — 0,071x + 40,

truc Ox va hai duong thang x = —35, x = 35 quay
quanh truc Ox. Tinh thé tich thiing rugu vang do, biét
don vi trén mai truc toa do la centimét.
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45  On tap chuong

451 Dé1

PHAN 1. Tréc nghiém 4 phuvong an luva chon

Cau 1. Ham s6 F(x) la mot nguyén ham ctia ham sb f(x) trén khodng K néu
A. F'(x) = —f(x), Vx € K. B. F'(x) = f(x), Vx € K.
C. f'(x) = F(x), Vx € K. D. f'(x) = —F(x), Vx € K.

Cau 2. Cho hai ham s y = f(x) vay = g(x) lién tuc trén doan [a;b]. Goi (2) 1a hinh phang gidi han
bdi d6 thi ham sé y = f(x) va y = g(x) va hai duong thang x = a, x = b (a < b). Dién tich ctia (2)
dugc tinh theo cong thitc nao dudi day?

b

A. S_/|f ¥)| dx. B. S:/(f(x)—g(x)) dx.
C. S—/|f x)| dx. D.S:/bf(x)dx—/bg(x)dx

Cau 3. Cho ham s6 f(x) lién tuc trén R va a la s6 thuc duong. Khang dinh nao sau day la khang dinh
dung?

A. /uf(x)dle. B. /uf(x)dx:az. C. /af(x)dx:O. D./af(x)dx:

Cau 4. Ho nguyén ham ctia ham sb f(x) = x> + cos x la
. 1 3 . 3 . 1 3 .
A.2x —sinx + C. B. gx +sinx + C. C. x°+sinx + C. D. gx —sinx + C.

3
Yy rcveiCla hang sb thi f(x) 1a ham sb nao sau day?

Cau 5. Néu/f(x) dr =

24

4
A. f(x) =3x2+¢*. B. f(x) = E+e C. f(x) = x>+ ¢~ D. f(x):?%—ex.

Cau 6. Cho ham s f(x) c6 dao ham trén [—3;5]. Tinh /4f’(x) dx, biét f(—3) =1va f(5) =

A. I =40 B. I = 36. C. I=8 D. I = 32.
3
Cau 7. Biét / f(x) dx = 8. Khi d6 két qua ctia / (2f(x) — 3) dx bang
1
A. 16. B. 10. C. 13. D. 9.

Cau 8. Cho vat thé (%) gidi han béi hai mat phang c6 phuong trinh x = 0 va x = 2. Cat vat thé (%)
bdi mat phang vudng géc véi truc Ox tai diém c6 hoanh do bang x, (0 < x < 2) ta dugc thiét dién c6
dién tich bang x%(2 — x). Thé tich cta vat thé (#) la
4 4 2 2
A.V—37t. B.V—3. C.V—37T. D.V—3.
Cau 9. Dién tich S caa hinh phéng gi6i han bsi do thi ham s6 y = 3x% + 1, truc hoanh va hai duong
théngx =0,x=2la

A. S=12 B. S=8. C.S=09. D. S =10.
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Cau 10. Ki hiéu () 1a hinh phéng gidi han boi do6 thi ham s6 y = y
2x — x? va tryc Ox (hinh bén). Tinh thé tich vat thé tron xoay dugc
sinh ra bdi hinh phang () khi né quay quanh truc Ox. o 5
A 187 17 1o 197 s
" 15 T 15 T 15 " 15
y=2x—x2

Cau 11. Vi khuén E. coli sébng chu yéu & dudong rudt va c6 sb lugng 16n nhat trong hé vi sinh vat cda
co thé. Mot quém thé vi khuén E. coli dugc quan sat trong diéu kién thich hop, c6 toc d6 sinh trudng
dugc cho bdi ham sb f(t) = 480 - 2! In2. Trong d6 ¢ tinh bang git (t > 0), f(t) tinh bang ca thé/gio.
Biét tai thoi diém bat dau quan sét, s6 luong ca thé dugc wdc tinh mot cach chinh xac khoang 480 ca
thé. Ham s6 biéu thi s6 lugng ca thé theo thoi gian ¢ 1a

A. F(t) =480-2". B. F(t) =480-2"+1n2.
C. F(t) =480 -2 — 480. D. F(t) = 480 - 2! + 480.

Cau 12. Nguodi ta mudn dé bé tong mot con duong gidi han bdi hai duong cong AB va CD (phan
gach soc) voi kich thude nhu hinh vé bén dudi.

C| :
'D

A 3m
B

15m

Biét rang duong cong DC nhan dugc tir duong cong AB bang cach tinh tién theo phuong thang diing
lén phia trén 3 m, 16p bé tong can d6 day 15 cm va gia tién 1 m® bé tong 1a 1080000 dong. Tinh s6
tién can dung dé dé bé tong con duong doé.

A. 6580000 ddng.  B. 7290000 déng.  C. 6850000 ddng.  D. 8420000 déng.

BANG DAP AN

[Caul. B ||Cau2. C ||Cau8. C ||[Cau4. B |[Cau5. C |[Cau6. D |
[Cau7. B ||Cau8. B ||Cau9. D |[Caul0. C |[Caull. A |[Cau12. B |

PHAN 2. Tr&c nghiém chon ding sai

Cau 13. Biét F(x) = x® 4 3x% 1a mot nguyén ham ctia ham s6 f(x) trén R.

Phat biéu b|S

d) Néu G(x) ciing 1a mot nguyén ham ctia f(x) trén R thi F(x) = G(x).
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Cau 14. Goi Sy, S; 1a dién tich ctia hai hinh phéng gi6i han bi do thi
ctia ham s6 y = f(x) va truc hoanh (xem hinh vé). Biét S; = 10 va

Sy =1.

Phat biéu 1))

1
2
g/}@mx:n.
22
2

h) /]f(x)\ dx =11.
-2

51

Cau 15. Tai mét khu di tich vao ngay 16 hoi hang nam, téc d6 thay déi lugng khach tham quan duge
biéu dién bang ham sbé Q'(t) = 413 — 72t> + 288, trong d6 t tinh bang gid (0 < t < 13), Q'(t) tinh
bé“mg khach/gio (Nguén: R. Larson and B. Edwards, Calculus 10e, Cengage). Sau 2 gio da cé 500

nguoi co mat.

Phat biéu

b|S

a) Lugng khach tham quan dugc biéu dién bdi ham s6 Q(t) = +* — 24+ + 14412,

b) Sau 5 gio lugng khach tham quan la 1325 nguai.

¢) Lugng khach tham quan 16n nhét 1a 1296 nguoi.

d) Téc do thay ddi lugng khach tham quan 16n nhét tai thoi diém ¢ = 6.

Cau 16.

Mot vat chuyén dong trong 4 git vdi van téc v (km/h) phu thudc thoi gian ¢
(h) c6 d6 thi ctia van tbc nhu hinh bén. Trong khodng thoi gian 3 gid ké tir khi
bat dau chuyén dong, d6 thi d6 1a mot phan ctia dudng parabol c6 dinh 1(2;9)
vdi truc ddi xiing song song véi truc tung, khodng thoi gian con lai do thi la

mot doan théng song song voi truc hoanh.

@p®B)Pl)S@s

Phit biéu b|s
a) Van toc 16n nhat ctia chuyén dong 1a 9 (km/h).
b) v(t) = —th +9t,v6i0 <t <3.
o u(t) = 24—71‘, voi3 <t <4
d) Quang duong vat di chuyén dugc trong 4 git 1a 27 km.
BANG DAP AN
Cau 13. Cau 14. Cau 15. Cau 16.

@p®s©s@P@ B bLDCBW@S

@p®)D)S @D

PHAN 3. Tréc nghiém tr& 1&i ngdn
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Cau 17. Cho F(x) la mdt nguyén ham ctia ham s6 f(x) = ithéaménl—" 2) = §.TinhF 1).
sy x2 2

« . < x>+1 néux>1
Cau 18. Cho ham so f(x) =

2
i . Tinh tich phan / f(x)dx (lam tron dén hai chit s6
2x neux <1 "

thdp phan).

KQ:

Cau 19. Tinh dién tich S ctia hinh phang gi6i han béi cac duong y = e*, y =2, x =0, x = 1 (lam tron
dén hai chir s6 thip phan).

KQ:

Cau 20. Gia tri trung binh ctia ham s6 lién tuc f(x) trén doan [4; b] dugc dinh nghia la
1 b

- /a f(x)dx.
Gia st nhiét do ngoai trdi § mot thanh phé vao cac thoi diém khac nhau trong ngay dugc mé phong
boi cong thitc h(t) = 29 + 3sin [%(t ~9)|, v6i I tinh bing do C va ¢ 1a thoi gian trong ngay tinh
bang gio. Tim nhiét do trung binh (don vi: do) ctia ngay trong khoang thoi gian tir 6 gity sang dén 12
gio trua.

KQ:

Cau 21. Tai mot nha may san xuat mot loai phén bon, goi P(x) la loi nhuan (tinh theo triéu déng)
thu duoc tir viéc ban x thn sdn pham trong mot tuan. Khi d6, dao ham P’(x), goi la 1gi nhuan can
bién, cho biét téc do ting loi nhuan theo lugng sdn phdm ban dugc. Gia st lgi nhuéan can bién (tinh
theo triéu dong trén tan) cia nha may dugc ude lugng béi cong thire

P'(x) = 16 — 0,02x v6i 0 < x < 100.

Tinh lgi nhuan (triéu dong) nha may thu duge khi ban 90 tdn sdn phdm trong tuan. Biét rang nha may

16 25 triéu dong néu khong ban dugc lugng sdn phdm nao trong tuan.  KQ:

Cau 22. Goi () 1a hinh phang gidi han bai db thi y
(%) ctia ham sb y = /%, truc Ox va dudng thang

x = 9. Cho diém M thuoc do thi (%) va diém A(9;0). M
Goi V; 1a thé tich khéi tron xoay tao thanh khi hinh ) y=F () !
phang () quay quanh truc Ox, V; la thé tich khoi i
tron xoay tao thanh khi tam giac OMA quay quanh :
truc Ox. ! A
0 5 H 9 x

Biét rang V; = 2V5. Tinh dién tich S phan hinh phang gidi han béi d6 thi (%) va duong thang OM
(lam tron dén hang phdn trim).

BANG DAP AN

[Cau17. 1 |[Cau18. 433 |[Cau19. 049 |[Cau20. 29 |[Cau2l. 1334]|Cau 22. 292 |
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452 Dé2

PHAN 1. Tréc nghiém 4 phuong an lua chon

Cau 1. Cho ham s6 f(x) lién tuc trén khoadng K va cac hang s6 a,b,c € Kvaa < ¢ < b. Ménh dé nao
dudi day sai?

b c b b b
A. / F(x)dx = / Flx)dx+ / F(x)dx. B. / F(x)dx # / £(1) dt.
a a c a a
b b b a
C. /k-f(x)dx:k/f(x)dxvéikGIR. D. /f(x)dx: —/f(x)dx.
a a a b
Cau 2. Ho nguyén ham ctia ham sb f(x) = sinx +21a
A. —cosx+2x+C. B. —cosx+2x+C. C.cosx+2x+C. D. cosx + C.
2
Cau 3. Tich phan / »* dx bing
1

15 17 7 15
Ao ?. Bo Z- C. 1- D- Z-
3 3 3
Ciu 4. Néu / F(x)dx =2 va / ¢(x)dx = 1 thi / Bf(x) + 2¢(x)] dx bing
1 1 1
A. 6. B. 8. C.7. D. 5.

2
Cau 5. Cho ham s6 f (x) c6 dao ham trén doan [0;2] va f (0) = —1, biét /f’ (x) dx = 5. Tinh
0

f(2).
A. f(2) =6. B. f(2) =2 C. f(2) =5. D. f(2) = 4.
Cau 6. Cho ham s6 f(x) va F(x) lién tuc trén R thod man F/(x) = f(x) véi moi sb thuc x. Tinh

1
0

A.3. B. 4. C. 5. D. 6.
3 3

Cau 7. Tich phan / 2f(x) +1] dx = 5 thi / F(x) dx bing
1 1

3 3
A. 3. B. 2. C. -. D. -.
4 2
Cau 8. Tinh thé tich vat thé tao thanh khi quay hinh phang (H) quanh truc Ox, biét (H) duoc giéi

han béi cac duong y = 4x> — 1,y = 0.

87 4 lom 27
Ao ﬁ- Bo E- Co ﬁ- D. E-
Cau 9. Dién tich hinh phang gidi han béi 2 duong congy = x2 —2xvay = 2x2 —x —21a
A. 4. B. 9. C. 5. D. g

Cau 10. Biét F(x) = (ax? + bx + c)e* la mot nguyén ham ctia ham s6 f(x) = (x —1)%¢*. Tinh S =
a+2b+c.

A. S=3. B. S=-2. C.S5=0. D. S =4
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Cau 11. Cho d6 thi ham s6 y = f(x) nhu hinh vé bén dudi.

N
BN

Dién tich S ctia hinh phang dugc gi6i han béi d6 thi ham s6 y = f(x) va truc Ox (phan gach soc)
dugc tinh bai cong thic

3 1 3
A. S'éf(x)dx. B. S/Slf(x)dx+1/3f(x)dx.
C.S= /f(x)dx. D.S:/f(x)dx—/f(x)dx.
3 -3 1

Cau 12. Tai mot nha may, goi C(x) 1a tng chi phi (tinh theo triéu dong) dé san xuat x tin san phdm
A trong mét thang. Khi d6, dao ham C’(x), goi la chi phi can bién, cho biét toc do tang tong chi phi
theo lugng sdn pham dugc san xuét. Gia st chi phi can bién (tinh theo triéu dong trén tin) ctia nha
may duogc udc lugng bdi cong thirc

C'(x) = 5—0,06x +0,00072x* v6i 0 < x < 150.

Biét rang C(0) = 30 triéu dong, goi 1a chi phi cb dinh. Tinh t6ng chi phi khi nha may san xuat 100 tAn
san phdm A trong thang.

A. 570 triéu déng. B. 470 triéu déng. C. 420 triéu déng. D. 440 triéu déng.

BANG DAP AN

[Caul. B |[Cau2. A [[Cau3. D |[Cau4. B |[Cau5. D ||[Cau6. A |
|

[Cau7. D |[Cau8. A [[Cau9. D |[Cau10. B |[Caull. D ||[Caul2. B |
‘ PHAN 2. Tr&c nghiém chon diing sai ‘
Cau 13. Cho ham s6 f(x) = x2.
Phat biéu b|S
3
a) /f(x)dx: e
2
7
b) /f(x) dr =7

o) Gia st F(x) la mot nguyén ham cua f(x). Khi do f'(x) = F(x).

d) Goi F(x) 1a mot nguyén ham cta f(x). Néu do thi ham sb ctia F(x) di qua diém
3

(3;1) thi F(x) = % — 8.

Cau 14. Cho ham s6 f(x) c6 dao ham cdp mot, dao ham cap hai lién tyc trén R.
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Phat bicu DS Phat bica PS
2) / F(x)dx = f'(x) + C. o) / F(x)dx = f(x).
b) / F(x)dx = f(x) +C. d) / F'(x)dx = f'(x) + C.

Cau 15. Gia st v(t) 1a phuong trinh van toc ctia mot vat chuyén dong theo thdi gian ¢ (gidy), a(t) la
phuong trinh gia toc ctia vat d6 chuyén dong theo thdi gian ¢ (gidy). Xét chuyén dong trong khoang
thoi gian tir ¢ (gidy) dén b (giay).

Phat biéu b|Ss Phat biéu Pb|S
b b
2) /a(t) dt = v(b) — v(c). o) /v’(t) dt = v(c) — o(b).
Cb Cb
b) /v(t) dt = a(b) — a(c). d) /v’(t) dt = o(b) — o(c).

Cau 16. Mot vat chuyén dong véi gia tdc a(t) = 2cost (m/s?).

Phat biéu P|S

a) Tai thoi diém bat dau chuyén dong, vat c6 van toc béng 0. Khi d6, van toc ctia vat
dugce biéu dién bdi ham s6 v(t) = 2sint (m/s).

£ , N C s 3R 7T
b) Van toc cua vat tai thoi diém t = 5 lalm/s.

¢) Quang duong vat di dugc tir thoi diém ¢ = 0 (s) dén thoi diém t = 7 (s) la4 m.

d) Quang duong vat di dugc tir thoi diém t = g (s) dén thoi diém t = ?%T (s)la2

m.

BANG DAP AN

Cau 13. Cau 14. Cau 15. Cau 16.

@Ppbse@s@p |[|(@sbpPpes@p |[(@pbs@s@p ||[(@apbs@Obds

PHAN 3. Tréc nghiém tr& 1&i ngdn
Cau 17.

Cho ham s bac ba y = f(x) c6 dd thi la dudng cong trong hinh y

bén. Biét ham s f(x) dat cuc tri tai hai diém x;, x, thda man

xp =x1+2va f(x1)+ f(x2) =0.Goi S; va Sy 1a dién tich caa N

. ) . S

hai hinh phang duoc gach trong hinh bén. Ti s6 ? bang :
2

Sy

KQ:

2x_6

Cau 18. Goi F(x) 1a mot nguyén ham ctia ham sb f(x) = ,biét F(0) = 7. Tinh t6ng cac nghiém

ex

ctia phuong trinh F(x) = 5 (Iam tron dén hang phan tram).
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KQ:

Cau 19. Xét vat thé (7)) nam gitra hai mit phang x = —1 va x = 1. Biét rang thiét dién cta vat thé
cat béi mat phang vuéng géc véi truc Ox tai diém c6 hoanh d6 x (—1 < x < 1) 1a mét hinh vudng c6
canh 21/1 — x2. Tinh thé tich vat thé (7) (lam tron dén hang phan tram).

KQ:

Cau 20. Mot vat chuyén dong véi gia toc dugc cho bdi ham s6 a(t) = 5cost (m/s?). Lic bat dau
chuyén dong vat c6 van toc 2,5 m/s. Tinh gia toc ctia vat (don vi m/s?) tai thoi diém van toc dat gia
tri 16n nhat trong 7t (s) dau tién.

KQ:

Cau 21. Cho parabol (P): y = x? va hai diém A, B thudc (P) sao cho AB = 2. Tim gi4 tri l6n nhét cta
dién tich hinh phang gi6i han béi parabol (P) va duong thang AB (Lam tron dén hang phan tram).

KQ:
Cau 22.
Ban An can mua mét chiée guong c6 vién la dudng parabol H
béc 2 (xem hinh vé). Biét r??mg doan AB = 60 cm, OH = 30
cm. Dién tich ctia chiéc girong ban An mua bang bao nhiéu
cm??
30 cm
O
A 60 cm B
KQ:
BANG PAP AN
Caul7. 06 |[Cau18. 1,79 |[Cau19. 533 |[Cau20. 0 ||Cau2l. 1,33 |[Cau22. 1200]
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Chuong 5

Mait phang. Puong thang. Mit cau

51  Mait phang

5.1.1 Véc-to phap tuyén cia mat phang
Dinh nghia 5.1.

phing (P) thi 7 dugc goi 1a véc-to phdp tuyén ciia mit phing (P).
4

Luuy 5.1. Néu T la véc-to phép tuyén ciia mot mit phing thi k?(k # 0) ciing la véc-to phdp tuyén ciia
mgt phing do.

Cho mgt phing (P). Néu véc-to % khic 0 i c6 gid vudng goc voi mt *
_)
1

|

Pinh nghia 5.2. Cho mdt phing (P). Hai véc-to khong ciing phuong cd gid song song hodc nim trong mit
phang (P) duoc goi la cip véc-to chi phuong ciia mét phing (P).

Dinh ly 5.1.

V=

Néu hai véc-to @ = (a1;a2;a3) (b1, by; b3) la cdp véc-to

7 N4
chi phuong ciia mdt phang (P) thi
- [= 777 _ ap as as ag a; ap —
”_{“'b}_(@ by || by by || by b2> £ b

la mot véc-to phdp tuyén ciia mat phing (P). /<
P

5.1.2 Phuong trinh tdng quat cia mit phing

Dinh nghia 5.3. Phuong trinh Ax + By + Cz + D = 0 (A, B, C khong dong thoi bang 0) la phuong
trinh tong qudt ctia mdt phang. Hé s6 D goi la hé s6 tu do ciia phuong trinh tong qut.
Dinh 1y 5.2. Ta c6 thé chitng minh dugc ring néu mét phang (P) cd phuong trinh tong qudt la

Ax+By+Cz+D =0,

trong d6 A, B, C khong dong thoi bing 0, thi véc-to W = (A; B;C) la mot véc-to phdp tuyén cila mit
phing (P).

Dinh 1y 5.3. Mt phing (P) di qua diém I (xo;vo;z0) va nhin 7 = (A; B;C) lam véc-to phdp tuyén c6
phuong trinh la

A(x—x0)+ By —yo) +C(z—2z0) =0. (5.1)
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$> BAI TAP TU LUAN ¢

TIM VEC-TO PHAP TUYEN VA VIET PHUONG TRINH MAT PHANG

Bai tap 1. Trong khong gian voi hé toa do Oxyz, hay chi ra mot véc-to phap
tuyén cua:

a) Mat phang (Oyz).

b) Mat phang (Ozx).

c¢) Mat phang (Oxy).

Bai tap 2. Cho hinh lap phuong nhu hinh bén, hay chi ra véc-to phap tuyén ctia cdc mat phang
sau

a) (ABCD), (AA’D'D).

b) (BCC'B’), (DD'C'C).

c) (ADA"), (ACC).

d) (ADC'B’), (BCD'A’).
Bai tap 3. Trong khong gian v6i hé toa dd Oxyz, hay chi ra mot cap véc-td chi phuong ciia moi mat
phang (Oxy), (Oyz), (Ozx).

Bai tap 4. Quan sat hinh bén.

_— — N N . 2

a) A'B',A'D’ ¢6 la cap véc-to chi phuong cua mat phang (A’B'D’) hay
khong? Visao?

b) ﬁ,@ c6 1a cap véc-to chi phuong ctia mat phang (A’B'C'D’) hay
khoéng? Vi sao?

c) Chira mét cdp véc-to chi phuong ctaa (BB'C'C).

d) Chi ra mot cap véc-to chi phuong ctia mat phang (A’D’B).

. —
Bai tap 5. Cho mét phing (P) ¢6 cip véc-to chi phuong la @ = (1;3;5), b =
a) Hay chi ra mét véc-to phép tuyén ctia mat phang (P).
b) Véc-to W = (1;—2;1) c6 1a véc-to phép tuyén ctia mat phang (P) hay khong? Vi sao?
Bai tap 6. Xac dinh véc-to phap tuyén ctia mat phang (ABC), biét

a) A(1,0,0), B(0,1,0) va C(0,0,1). b) A(1,2,3), B(1,—1,2) va C(3,—1,2).
Bai tap 7. Trong khong gian Oxyz, cho ba diém A(3;0;0), B(0;4;0), C(0;0;5).

a) Tim toa do cia mot cap vectd chi phuong ctia mat phang (ABC).

b) Tim toa do cia mdt vecto phap tuyén ctia mat phang (OAB).
Bai tap 8. Phuong trinh nao sau day la phuong trinh téng quét ctia mat phang?

a) 2+y+z—-1=0, byx+y’+z-1=0. ¢) x+y+22-1=0. d)x+y+z—-1=0.

Bai tap 9. Chi ra mot véc-to phéap tuyén ctia méi mat phang sau:

a) (P):2x—y+z—-1=0 b) (P):3x+y—z—1=0. c) (P3): —x+2y+z—1=0.

d) (Py): x—y=0. e) (P5):2x—z—1=0. f) (Ps):z—2=0.
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Bai tap 10. Cho hai mat phang (P), (Q) c6 phuong trinh téng quét la (P): 3x —5y + 7z +5 = O va
(Q):x+y—2=0.

a) Tim mot vectd phap tuyén ctiia mdi mat phang (P), (Q).

b) Tim diém thudc mat phang (P) trong s6 cac diém A(1;3;1), B(1;2;3).
Bai tap 11. Viét phuong trinh mat phang (P) di qua diém I(1;2;7) va nhan 7 = (3;2;1) lam véc-to
phép tuyén.
Bai tap 12. Viét phuong trinh mat phéng trong cac truong hop sau

a) Qua M(1; —3;—2) va c6 véc-to phap tuyén 7 = (1;2;3).

b) Qua N(1;0;2) va cé véc-to phap tuyén W= (5, -3;0).

c) C6 véc-to phép tuyén 77 = (1;3;2) va qua géc toa do O.

d) Qua M(—4;—3;0) va vudng goc véi BC biét B(0; —3; —2) va C(2;3;0).
Bai tap 13. Viét phuong trinh mit phang trung truc ctia AB,

a) A(1;3;-2), B(0;—1,3). b) A(1;-3;0), B(0;6; —5). c) A(2;1;0), B(0;3;0).

VIET PHUONG TRINH TONG QUAT CUA MAT PHANG BIET BIET CAP VEC-TO
CHI PHUONG

Bai tap 14. Viét phuong trinh mat phang («) di qua diém I(—3;1;0) c6 cap véc-to chi phuong la
7= (21-1), 7 = (-1;3;2).
Bai tép_;lS. Viét phuong trinh t6ng quét ctia mat phang (a) qua M(0; 1;3) va c6 cap véc-to chi phuong
Tvab trong cac truong hop sau
Q) @ = (1;23), D = (—=1;0;3). b) @ = (0:2,-3), b = (~1,0;6)) @ = (1,2:1), b = (2;1;3).
Bai tap 16. Viét phuong trinh tong quat ctia mat phang (a) qua M(1;3; —2) va

a) vuong goc voi truc Ox. b) vudng gbc vdi truc Oz. ¢) vuodng goc voi truc Oy.

VIET PHUONG TRINH CUA MAT PHANG DI QUA BA PIEM KHONG THANG
HANG

Dé viét phuong trinh mit phang (P) di qua ba diém H, I, K, khong thang hang, ta c6 thé lam
nhu sau: —

¢ Budc 1. Tim cdp véc-to chi phuong ctia mat phang (P) la: HI va HK.

* Buéc2. Tim 7 = [HI, HK|.

* Budc 3. Viét phuong trinh mat phéng (P) di qua diém H (a3;by;c1) nhan 7 1am véc-to

phép tuyén.
Tinh chat 5.1. Mt phing di qua ba diém A(a;0;0), B(0;b;0), C(0;0; ) vdi abc # 0 cé phuong trinh
la:

Palat o

a b ¢

Phuong trinh trén con dugc goi la phuong trinh mit phing theo doan chin.

Bai tap 17. Trong khong gian Oxyz, cho mat phzfmg (a) di quaba diém A(0;1;1), B(2;4;3), C(5;3;1).
a) Tim toa d6 mot cap vecto chi phuong ctia mat phang ().

b) Tim toa d6 mot vecto phép tuyén ctia mat phang (a).
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c) Lap phuong trinh ctia mat phang (a).
Bai tap 18. Viét phuong trinh mat phang di qua ba diém M(1;2;1), N(0;3;2) va P(—1;0;0).
Bai tap 19. Viét phuong trinh téng quét ctia mat phang (a) di qua 3 diém A, B, C trong céc truong
hop sau

a) A(0;0;5),B(0;—2;0),C(—3;0;0). b) A(0;0;—6),B(0;4;0),C(5;0;0).

c) A(1;0;2),B(1;1;1) va C(0;1;2). d) A(2;0;0),B(0;3;0), C(0;0;4).

Bai tap 20. Khéi rubik dugc gan véi hé toa do Oxyz c6
don vi bang do dai canh hinh vuéng nhé. Xét bén diém
A(3;0;0),B(0;3;0),C(0;0;2) va D(1;1;1).
a) Viét phuong trinh mat phang di qua ba diém
A,B,C.
b) Bén diém A, B,C, D c6 déng phfing hay khong?

5.1.3 Hai mit phang song song. Hai mit phang vuéng géc

Cho mat phang (P;) ¢6 phuong trinh tong quat la Ajx + Byy + Ciz + D; = 0 va mat phang
(P,) ¢6 phuong trinh téng quat la Axx + Bay + Coz + Dy = 0. Goi = (A1;B1;C1), Wy =
(Ajz; Bo; Cy) 1an lugt 1a véc-to phap tuyén ctia hai mat phang (P_1>), (Pz)._>Khi do,

5 s =k
a) (Pp) || (P2) khi va chi khi ton tai so thuc k # 0 sao cho {;11# kDZ 2,
b) (P1) L (P,) & A1As + BiBy + C1Cy = 0 (tuic hai véc-to phap tuyén vuong goc).

4> BAI TAP TU LUAN <>
Bai tap 21. Cho hai mat phang (P;) : 2x —y —3z+1=0va (P,) : 6x — 3y — 9z + 1 = 0. Chitng minh
rang (P1) || (P2).

Bai tap 22. Cho m # 0. Ching minh rang cac mat phang (P) : x —m = 0, (Q): y —m = 0, (R):
z —m = 01an lugt song song vdi cac mat phang (Oyz), (Ozx), (Oxy).

Bai tap 23. Cho hai mat phang (P1): x —y—2z+4 = 0va () : x —y +z +5 = 0. Ching minh
rang (Py) L (Py).

Bai tap 24. Chiing minh rang hai mit phang (Ozx) va (P): x +2z — 3 = 0 vudng géc voi nhau.

Bai tap 25. Mat phang (P): 4x — 3y + z + 5 = 0 song song v6i mat phang nao sau day?

a) (Q):8x+6y+2z+9=0;, b) (R):8x+6y+2z4+10=0;, c) (S):4x+2y+z+5=0.
Bai tap 26. Viét phuong trinh tdng quét ctia mat phang (a) qua M(1;3; —2) va

a) song song v6i mat phang Oxz.b) song song véi mat phang Oyz. c) song song véi mat phang Oxy.
Bai tap 27. Viét phuong trinh mat phang (Q) di qua diém M(1;2;3) va song song véi mat phang
(P):2x4+y+z+12=0.
Bai tap 28. Viét phuong trinh mit phang («) qua A va song song v6i mp(P) trong cc truong hop
sau

a) A(0;0;5)va(P): x4+2y—z—1=0.

b) A(—1;0;3)va(P): x—y+2=0.
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Bai tap 29. Mat phang (E): 2x — y + 8z + 1 = 0 song song vdi mat phang nao sau day?
a) (F):8x—4y+32z+7=0; b) (H):6x—3y+24z4+3=0;, ¢) (G): 10x —5y+41z+1 =

Bai tap 30. Trén ban thiét ké dd hoa 3D ctia mot
canh dong dién mat trdi trong khong gian Oxyz,
mot tAm pin nam trén mat phang (P): 6x 4 5y +
z+2 = 0. Mot tAm pin khac nam trén mat phéng
(Q) di qua diém M(1;1;1) va song song v&i (P).
Viét phuong trinh mat phang (Q).

Hinh 14
Bai tap 31. Cho ba mat phang (P), (Q), (R) c6 phuong trinh 1a (P): x — 4y +3z+2 = 0; (Q): 4x +
y+88=0;(R): x+y+z+9=0.Chiing minh rang (P) L (Q) va (P) L (R).
Bai tap 32. Tim cc cap mat phang vudng goc trong cac mit sau

a) (F):3x+2y+5z2=0, b) (H):x—4y+z+23=0, ¢ (G):x—y+3z+24=0.

Bai tap 33. Hai hoc sinh dang chuyén bong. Ban
nit ném bong cho ban nam. Qua bong bay trén
khong, léch sang phai va roi xudng tai vi tri cach
ban nam 3 m, ciach ban nit 5 m. Cho biét quy dao
clia qua béng nam trong mat phang (P) vudng
g6c voi mit dat. Hay viét phuong trinh caa (P)
trong khong gian Oxyz dugc mo ta nhu trong
hinh ve.

Hinh 16

5.1.4 Khoang cich tir mot diém dén mot mit phang

Dinh 1y 5.4. Khodng cdch tir diém My (xo; Yyo; zo) dén mdt phing (P): Ax + By + Cz+ D = 0,
(A2 + B% + C% > 0) dugc tinh theo cong thiic:

_ |AX() —|—By0 + Czo + D|

dMo () = — o

$> BAI TAP TU LUAN <
Bai tap 34. Cho mat phang (P): 2x — 2y — z + 3 = 0 va diém My (3; 1; —5). Tinh khoang cach tir diém
M dén mat phang (P).

Bai tap 35. Tinh khoang cach tir diém M(1;2;3) dén mat phang sau

a) (P):x+y+z+12=0; b) (Q) :4x+3y+10=0.
Bai tap 36. Chiing minh rang khoang cach tir diém M(a; b; c) dén cac mat phang (Oyz), (Ozx), (Oxy)
lan lugt bang |a|, |b], |c|.
Bai tap 37. Tinh chiéu cao ctia hinh chép S.ABC c6 toa do cac dinh 1a S(5;0;1), A(1;1;1), B(2;3;4),
C(5;2;3).
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Bai tap 38. Tinh khoang cach giita hai mit phang song song (P) va (Q) cho béi cac phurong trinh sau
day: (P) :2x+y+2z249=0; (Q): 2x+y+2z4+99 = 0.
Bai tap 39. Cho mat phang (P;) : 2x — 4y — 4z + 3 = 0 va mat phang (P,) : x — 2y — 2z + 1 = 0.
a) Ching minh rang (Py) || (P2).
b) Tinh khoang cach gitra hai mat phang song song (P;), (P,).
Bai tap 40. Cho mat phang (P;) : 6x — 8y — 3 = 0 va mat phang (P,) : 3x — 4y +2 = 0.
a) Ching minh rang (Py) || (P2).
b) Tinh khoadng cach gitta hai mat phang song song (P1), (P2).
Bai tap 41.
a) Tinh chiéu cao ctia hinh chép O.MNP véi toa dd cac dinh1a O (0;0;0), M (2;1;2), N (3;3;3), P (4;5;6).

b) Tinh khoéng cach gitra hai mat phang song song (R) : 8x + 6y +70 = 0va (S) : 16x+ 12y —2 =
0.

Bai tap 42. Cho hinh chép tit gidc déu S.ABCD c¢6 canh day
bang a+/2, chiéu cao bang 2a va O la tam ctia ddy. Bang cach
thiét 1ap hé truc toa d6 Oxyz nhu Hinh 18, tinh khoang cach
tir diém C dén mat phang (SAB).

Hinh 18

MOT SO UNG DUNG CUA PHUONG TRINH MAT PHANG TRONG THUC TIEN

Bai tap 43. Hinh dudi day minh hoa hinh anh hai mai nha ctia mét nha kho trong khong gian voi hé
toa do Oxyz (don vi trén mbi truc toa do la mét). Cac buc tudng ctia nha kho déu dugc xay vuong
g6c voi mat dat.

B(10;20;10)

a) Viét phuong trinh cta hai mat phéng tuong ting moi mai nha.
b) Tim toa do cta diém Q.

c) Tim toa d6 cua véc-to 1@

I THANG LONG BINH TAN Trang 112



KHAI PHONG NANG LUC HOC TOAN LOP 12

Bai tap 44. Trong khong gian vdi hé toa dd Oxyz (don vi trén moi truc LY ]
toa d6 1a kilomét), mot may bay dang & vi tri A(3; —2,5;0,5) vaséha = W
canh & vi tri B(3;7,5;0) trén duong bang.
a) Sau bao nhiéu phut mdy bay ttr vi tri A ha canh tai vi tri B? Biét
toc do cia mdy bay 1a 300 km /h trén quang duong AB (lam tron
két qua dén hang don vi ctia phut).
b) C6 mot 16p may dugc mo phong bdi mot mat phang («) di qua
ba diém M(9;0;0). N(0; —9;0), P(0;0;0,9). Tinh d6 cao ctia may
bay khi may bay xuyén qua dam may dé ha canh.
Bai tap 45. Viét phuong trinh mat phang (P) di qua diém 1(3; —4;5) va nhan 7 = (2,7,-1) lam
véc-to phap tuyén.
Bai tap 46. Viét phuong trinh mit phang (P) di qua diém K(—1;2;3) va nhan hai véc-to i/ =
(1;2;3), ¥ = (4;5;6) lam cap véc-to chi phuong.
Bai tap 47. Viét phuong trinh mat phang (P) di qua:

a) Diém I(3; —4;1) va vudng goc vdi truc Ox;
b) Diém K(—2;4; —1) va song song v6i mat phang (Ozx);

c) Diém K(—2;4; —1) va song song véi mat phang (Q): 3x + 7y + 10z +1 = 0.
Bai tap 48. Viét phuong trinh mat phang (P) di qua ba diém A(1;1;1), B(0;4;0), C(2;2;0).
Bai tap 49. Viét phuong trinh mat phang theo doan chan ctia mat phang (P), biét (P) di qua ba diém
A(5;0;0), B(0;3;0), C(0;0;6).
Bai tap 50. Cho hai mat phang (P;) :4x —y—z+1=0,(P):8x—2y —2z+1=0.

a) Ching minh rang (Py) || (P2).

b) Tinh khoang céach gitta hai mat phang song song (Py), (P»).
Bai tap 51. Cho hai mat phang (Py) : x +2y+3z+4 =0,

a) Ching minh rang (P;) L (P,) biét phuong trinh mat phang (P) : x +y —z +5 = 0.

b) Tim m dé (P;) L (P — 3) biét phuong trinh mit phang (P;) : x +y — mz +5 = 0.
Bai tap 52. Cho mat phang (P): x — 2y — 2z + 1 = 0 diém M(1;1; —6) va N ndm trén 0z

a) Tinh khoang céch tir diém M dén mit phang (P).
b) Tim toa do N sao cho khoang cach tir N dén mat phang (P) bang 2.

¢) Tim toa d6 K nam trén Ox sao cho khoang cach tir K dén mat phang (P) bang v/2.

Bai tap 53. Trong khong gian v6i hé toa dd Oxyz, cho hinh chép S.OBCD
c6 ddy la hinh chir nhat va cac diém O(0;0;0), B(2;0;0), D(0;3;0),
S(0;0;4) (Hinh 19).

a) Tim toa do diém C.

b) Viét phuong trinh mat phang (SBD).

¢) Tinh khoang cach tir diém C dén mét phang (SBD).

Hinh 19
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Bai tap 54. Hinh 20 minh hoa hinh anh mot toa nha trong
khong gian vi hé toa do Oxyz (don vi trén mdi truc toa do
1a mét). Biét A(50;0;0), D(0;20;0), B(4k;3k; 2k) v&i k > 0
va mit phang (CBEF) ¢6 phuong trinh 1a z = 3.

a) Tim toa do ctia diém B.

b) Viét phuong trinh mit phang (AOBC).

c) Viét phuong trinh mat phang (DOBE).

d) Chi ra mot véc-to phéap tuyén ctia méi mit phang

(AOBC) va (DOBE).

la cac diém A(2;1;3), B(4;3;3), C(6;3;2,5), D(4;0;2,8).
a) Viét phuong trinh mat phang (ABC).
b) Bén diém A, B, C, D ¢6 déng phfmg khong?

A -

Hinh 21

0]
Hinh 20
Bai tap 55. Hinh 21 minh hoa mét khu nha dang xay dung duogc gén hé truc toa d6 Oxyz (don vi trén
cac truc 1a mét). Méi cot bé tong c6 dang hinh lang tru ti gidc déu va tam ctia mat ddy trén lan lugt

i THANG LONG BINH TAN

Trang 114



KHAI PHONG NANG LUC HOC TOAN LOP 12

52 Puong thing

5.2.1 Véc-to chi phuwong ctia duong thang

~ N ¢ <. = G AP , )
Dinh nghia 5.4. Cho duong thang A va véc-to W khic 0. Véc-to U duoc goi la véc-to chi phuong cia
duong thang A néu gid ciia v song song hodc tring vdi A.
Tinh chit 5.2. Néu  la véc-to chi phuong ciia mot duomg thing thi ki (k # 0) ciing la véc-to chi phirong
ctia duong thing do.

5.2.2 Phuong trinh tham s6, phuong trinh chinh tac cia duong thang
Dinh nghia 5.5.

X = xog + at
H¢ phuong trinh { y = yo + bt, trong dé a, b, ¢ khong dong thoi bang 0, z

z = zg+ct T
t la tham s6, duoc goi la phuong trinh tham sé ciia duong thing A di qua
M (x0; yo; z0) va co véc-to chi phuwong W = (a;b;0). /

Dinh nghia 5.6. Néu abc # 0 thi hé phuong trinh * ;xo S A [ ;ZO duoc goi la phuong trinh

chinh tic ciia dutmg thing A di qua My (xo; yo; 2o) vi ¢ véc-to chi phirong W = (a; b; c).

$>BAI TAP TU LUAN ¢
—
Bai tap 1. Trong hinh bén, cac véc-to z@, C—ES va A'B’ ¢ 1a véc-to chi ' D’
phuong ctia dudng thang AB hay khong? Vi sao? }
B/ i /
Abeemopooe D
BY C
N e ~ ~ A~ ’ % z ~ z ? ?
Bai tap 2. Trong hinh bén, véc-to B'D’ ¢6 la véc-to chi phuong cta / D’
duong thang BD hay khong? Vi sao? !
B/ L /
AtfeedD
Bl ¢

Bai tap 3. Viét phuong trinh tham s6 ctia duong thang trong cac truong hop sau
a) Di qua A(1;2;3) va ¢6 véc-to chi phuong ' = (—1;3;5).
) i qua B(0;2;3) va ¢6 véc-ta chi phuong 7 = (1;1; —1).

) Pi qua O(0;0;0) va véc-to chi phuong @ = (0;2; —1).

(0;0;0)
) biqua A(1;2;3) va B(—1;2;-5).
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x=-—-1+2t
Bai tap 4. Cho duong thang A c¢6 phuong trinh tham sd1a: { y =5 — 7t (¢ 1a tham sd).
z =9t

a) Chi ra toa d6 mot véc-to chi phuong ctia A va mot diém thudc duong théng A.
b) Tim trén A diém c6 hoanh do x = 1.

c) Tim trén A diém c6 tung do gap ba lan hoanh doé.
Bai tap 5. Viét phuong trinh tham sb ctia dudng thang A, biét A di qua diém C(1;2; —4) va vuong
gbc véi mat phang (P): 3x —y +2z —1=0.
Bai tap 6 Viét phuong trinh chinh tic ctia duong thang A di qua diém A(1;3;6) va c6 véc-to chi
phuong i = (9;2;13).
Bai tap 7. Viét phuong trinh chinh tac ctia duong thang A, biét phuong trinh tham s6 ctia A la

x=—-14+2t
y=3-5¢t (mlatham sd).
z =6+ 9t.

Bai tap 8. Lap phuong trinh chinh tac va phuong trinh tham s6 ctia duong thang AB biét A(4;1;2)
va B(5;8;6).

Bai tap 9. Viét phuong trinh tham s6, phuong trinh chinh tic ctia duong thang trong méi truong
hop sau:

a) Di qua hai diémA(4;1;3), B(2;0;1).
b) Bi qua M(1;1;0) va co ¢ véc-ta chi phuong w = (2,1;3).
c) Di qua gbc toa do va vudng goc v6i (P): x +y+z—1=0.

d) Giao tuyén ctia hai mat phang (P): x —2y —z+1=0va (Q):3x+y—3z—1=0.
Bai tap 10. Viét phuong trinh chinh tac ctia duong thang OM biét M(a; b; c) v6i abe # 0.

5.2.3 Vi tri tuong d6i ctia hai duong thang

Trong khong gian, hai véc-to dwgc goi la cing phuong néu cac gia cta ching cling song
song véi mot duong thing, ba véc-to dugc goi la dong phing néu cac gia ctia chiing cung
song song v&i mot mit phang.

Trong khong gian Oxyz, cho ba véc-to

Wy = (ﬂl;bl;cl);7z = (az; by; Cz);73 = (a3; b3;c3) .

Ngudi ta cling Chl'mg minh dugc nhiing diéu kién sau .
o Hai véc-to o/ 1, w 2 la cung phufdng khi va chi khi [ U1, 72 =0.
e Bavéc-to w1, Wa, Usla dong phang khi va chi khi [71, us] - W3 =0.

Dinh 1y 5.5. Trong khong gian vdi hé toa do Oxyz, cho hai duong thang phdn bi¢t Ay, A, lan luot di qua cdc
diém My, My va tuong 1ing co W1, W I hai véc-to chi phuong. Khi do, ta cé

Al U, Uy cung phuong [ W, U 2} 0
hFAS| 2 = — —
71,M1M2 khong cung phmmg [ 1,M1M2} # 6>
A A U1, W khong ciing phmmg [71, 72] + 0
* Aqjcat Ay <= ,
01, 02, My M dong phang (%1, W3] - MyM; = 0.
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—
e Ay va Ay chéo nhau <= [71, 72} -MiM; # 0.
Luuy 5.2. Trong mot s6 truomg hop, dé xét vi tri tuong doi ciia hai duong thang, ta cd thé gidi hé phuong
trinh dugc lgp tir nhitng phuong trinh xdc dinh hai duong thing do, sau dé xét cip véc-to chi phuong ciia hai
duong thing dé cé cing phuong hay khong (néu cin thiét).

$> BAI TAP TU LUAN ¢

Bai tap 11. Xac dinh vi tri tuong déi ctia hai duong thang A, A, trong méi trudng hgp sau

x =145t x =24 10t;
L Ali y:2—t1 ,Az: y24—2t2 ;
z=3+2H z=1+4t
x—2 y—-3 z+4 x+2 y—-1 z-2
e e e e T B o
43 , 5 X =643t
X _y-1r_z= . _
o Al. 1 = 1 = 5 ,Az. =842t
z=—-1—-*¢

Bai tap 12. Bang cach gidi hé phuong trinh, xac dinh vi tri tuong déi ctia hai duong thang

x=1H x=2
A: Sy=1 vady: {y=+t
z=20 z=0.

Bai tap 13. Xét vi tri tuong déi gitta 2 duong thang sau
x—6 y+1 z+2

x—1 y-7 z-3

a) (dq): 5 1 1 va (dp): 3 — 1
x=-1_y-2 _z ., x y+8 z-4
b) (d): 5 =5 —1va(d)._2—73 =
x=ot 3 1 1
Bai tap 14. Cho 2 duong thang (a): {y =5+2t,t € Rva (b): ;x:y; :Zg
z=8—t

a) Xét vi tri tuong dbi gitra 2 dudng thang trén.

b) Viét phuong trinh mat phang chita () va song song (b).

)

)

c) Viét phuong trinh mat phang qua gbc toa do va chita (a).

d) Viét phuong trinh mat phang qua gbc toa d6 va chia (b).
)

e) Viét phuong trinh duong thang qua gbc toa do va cat ca (a), (b).
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5.3 Goc

53.1 Goéc giira hai dwong thang
Pinh ly 5.6.
Trong khong gian vdi hé toa d6 Oxyz, cho hai duong thang Ay va Ay ¢ véc-to chi phuong lin lugt la

71 = (a1;b1;¢1), 72 = (ap; by; cp). Khi do, ta co

‘111112 + blbz + C1C2‘

cos (A1, 7)) = .
B+ A+ \Jad+ 13+ 3

Hé qué 5.1. Ay L Ay < ayay + biby + cico = 0.

4> BAI TAP TU LUAN <%
Bai tap 1. Tinh géc giita hai duong thang A;, A, biét

x=1+1t x =4 — /3t
All y:Z— \@tl va Az: y:5—|—t2 (t1, tr la tham Sé)))
z=3 zZ=

Bai tap 2. Tinh goc gitta (d1) va (dp). Biét

_ -3 X 2 _
a) dq: 1 :—y_l zgvadz:—”?’:er =24

2 1 2T 4
o) i3 =4 = frady 32 = =
o diif =ty =Fvady gt =P = 2
A N 2 x—1 vy z+1 x y—2 z-3 . .
Bai tap 3. Cho hai duong thang A;: 3 =, 1 AVE: =5 =3 . Chung minh
ré"mg A1 L A
Bai tap 4. Cho duong thang A: g = —ll = % Tinh cosin ctia goc gitta dudng thang A va cac truc toa
do.
5.3.2 Goc giita duong thang va mat phang
Pinh ly 57 Trong khong gian vdi hé toa d¢ Oxyz, cho dufmg) thing A A
c6 véc-to chi phuong W = (ay;by;c1) va mit phing (P) c6 véc-to phdp
tuyén T = (az; by; c2). Goi (A, (P)) la gdc gitta duomg thing A va mat w | fH
phing (P). Khi do, !
- = 1
sin(A, (P)) = | cos(, )| = ‘%% :
u|-|n !
|a1a2 + b1by + C1C2| P ///I H’ N

\/a§+b%+c%-\/a§+b§+c§

$>BAI TAP TU LUAN ¢
Bai tap 5. Tim goc gitta duong thang A va mat phang a trong cac trudng hgp sau

a) A ¥l =2 = 28 vy (a): 2x —y +22 -5 =0,
2

xX—1
b) A: &l = YE2 — 28 v3 (a): 2x 4+ 3y — 22 — 5 =0.
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x=1+t
o) At qy=2+t,teRva(a): 2x+3y—2z—-5=0.
x=3—t

Bai tap 6. Cho mit phing (P) 6 véc-to phap tuyén 77 = (1;2;2) va dudng thing A ¢ véc-to chi
phuong @ = (2;2; —1). Tinh sin ctia géc gitta dudng thdng A va mat phing (P). Gée gitta duong
thang A va mit phang (P) bang bao nhiéu do (lam tron két qua dén hang don vi)?

Bai tap 7. Cho M(1;2;3), tinh s6 do géc tao bdi mit phéng (M1 MM3) va truc Ox, biét rang My, o,
M3 1an luot 1a hinh chiéu ctia M 1én 0x, Oy, Oz.

Bai tap 8. Cho mat phang (P) c6 véc-to phap tuyén 7= (1;3;2).

a) Viét phuong trinh mat phang (P), biét (P) di qua A(1;1;2).

b) Tinh s6 do goc gitta mit phang (P) va dudng thing 3! = ﬁ—zl =23

c) Tinh s do goc gitra (P) va cac truc toa do.

Bai tap 9. Trong khong gian voi hé toa d6 Oxyz, cho hinh lang tru
dung OBC.O'B'C’ v6i O(0;0;0), B(24;0;0), C(0;4;0), O'(0;0;3a), a >
0.

a) Xac dinh toa do cta diém B'.

b) Viét phuong trinh mat phang (O'BC).

¢) Tinh sin ctia géc gitta duong thang B'C va mat phang (O'BC).

Bai tap 10. Cho duong thing A: ©-1 = Y2 — 23 va mat phing (#): 2x — y +2z — 5 = 0. Tim m dé
s6 do goc gitra A va a bang 45°.

5.3.3 Goéc giira hai mit phang

Pinh nghia 5.7. Gdc giita hai mdt phing (Py) va (P,) la goc giita hai duong thing ldn lugt vuéng goc
vdi hai mdt phiang do, ki hi¢u la ((Py), (P2)).

Dinh 1y 5.8. Trong khong gian véi hé toa do Oxyz, cho hai mt phang (P1), (P2) cd véc-to phdp tuyén lan
lugt Io W1 = (A1;By;C1), o = (Ag; By; Cp). Khi d6, ta cd

COS|:(P) (P)} _ |A1A2—|—Ble—|—C1C2|
pee \/A2+B2+C2-\/A2+BZ+C2.
1 1 1 2T b3 2

$> BAI TAP TU LUAN ¢

Bai tap 11. Cho hai mét phang (P;) : v3x +z+5 = 0va (P,) : —/3x+z —7 = 0. Tinh gbc giita
hai mat phang (P;) va (P,).

Bai tap 12. Tinh géc gitta hai mat phang trong cac truong hop sau

a) x+y+z—-1=0va-2x+y+z+1=0. b) 3x +4y+5z+1=0vax=0.

Bai tap 13. Cho mat phang a c¢6 phuong trinh 2x — 3y + z = 6 va dudng thang d c6 phuong trinh
e g = 223 Tinh géc gitta duong thang d va mit phang a.
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Bai tip 14. Cho mit phang a c6 phuong trinh 3x + 2y — z = 5 va dudng thang d di qua diém

A(1,2,3) va ¢ vée-to chi phuong @ = (2; —1;3). Tinh goc gitta dudng thing d va mét phang a.

Bai tap 15. Cho mat phé,ng (P) ¢6 véc-to phap tuyén 7 = (1;2;1). Tinh cosin clia géc gitta mat

phang (P) va cac mdt phang toa do.

Bai tap 16i Cho mgt phfmg?’tx c6 phuong trinh 2x — 3y + mz — 1 = 0 va dudng thang d c6 phuong
x—1 y+2 z-—

trinh > =1 - 3 Biét goc gitta dudng thang d va mat phang « 1a 60°, tim gia tri cta m.

Bai tap 17. Trong khong gian, cho hinh 14p phuong ABCD.A’B'C'D’. /

2 D/
a) Tinh goc gitra hai mét phang (ABCD) va (CDA'B’). N /
b) Tinh géc gitta hai mat phang (BCC'B’) va (CDA'B). B N
! i
AP D
B C
x=1-t
Bai tap 18. Cho duong thang A c6 phuong trinh tham s6 { y = 3 +2¢  (t la tham sb).
z=-1+3t

a) Chi ra toa do hai diém thuoc dudng thang A;

b) Diém nao trong cac diém C(6; —7; —16), D(—3;11; —11) thudc dudng thang A?
Bai tap 19. Viét phuong trinh tham sb va phuong trinh chinh tic ctia duong thang A trong méi
truong hop sau:

a) A di qua diém A(—1;3;2) va c6 véc-to chi phuong 7 = (—2;3;4);

b) A di qua hai diém M(2; —1;3) va N(3;0;4).
Bai tap 20. Xac dinh vi tri tuong déi ctia hai duong théng Ay va A; trong moi truong hop sau:

a) A];x; :y; :Z__l valAy: {y=—6—3t (tléthamsé);
z=10+3t
x=1+3t ; . .
b) Aq: y:2—|—4t(tlz‘a’chamsé)vz‘aAz;X—lF :y; :Z:3}
z=3+5t
_x+1_y—l_z N x_l_y_:_))—z_l
c) Ar: i~ 3 —1vaA2. il e

Bai tap 21. Tinh goc gitta hai duong thang A;, A, trong méi truong hop sau (lam tron két qua dén
hang don vi cua d9):

x=-1+t x=—-14+3h
a) Aq: y:4+\/§t1VéA2: y=4++t (t1, 5 1a tham s6);
z=0 z=2>5
x=-—-1+42¢ . , 4
b) Av: dy=3+1 (tléthamsé)VéAQ:x;_ ===
z=4—1t
x+3 y-2 z-—-1 = x+2 y—-2 z—-4
C) A1. 1 = 1 = 1 VaAz. 1 = 3 = 1 .

W THANG LONG BINH TAN Trang 120



KHAI PHONG NANG LUC HOC TOAN LOP 12

Bai tap 22. Tinh goc gitta duong théng A va mat phéng (P) trong moi truong hgp sau (lam tron két
qua dén hang don vi cta do):

x=1+3t

a) A: {y=2 (t 1a tham sd) va (P): v/3x +z —2 = 0;
z=3+t
x=1+t

b) A: {y=2—t (tlathamsd)va (P): x+y+z—4=0.
z=3+t

Bai tap 23. Tinh goc gitta hai mat phang (P): x +y+2z—1=0va (P,): 2x —y+z—2 = 0.
Bai tap 24. Trong khong gian véi hé toa do Oxyz, cho hinh chép S.ABCD ¢6 cac dinh lan lugt 1a

S (o;o;”‘f),A (g;o;o), B (—%;0;0),c (—%;a;O), D (g;a;0> véia > 0.

a) Xac dinh toa do cua cac véc-to STZ, (T) Tir do6 tinh goc
gitta hai duong thang SA va CD (lam tron két qua dén
hang don vi cua d9).

b) Chi ra mot véc-to phap tuyén ctia mat phang (SAC). Tix
dé tinh géc gitta duong thang SD va mat phang (SAC)
(Iam tron két qua dén hang don vi cta do).

MOT SO UNG DUNG CUA PHUGNG TRINH DPUONG THANG TRONG THUC
TIEN

Bai tap 25. Trén mot swon ndi (c6 dd nghiéng déu), ngudi ta trong
mot cdy thong va muén gitt n6 khong bi nghiéng bang hai sgi
day neo nhu Hinh bén. Gia thiét cdy thong moc thang ding va
trong mot hé toa do phu hop, cac diém O (gbc cay thong) va A, B
(noi budc day neo) c6 toa do tuong ung la O(0;0;0), A(3; —4;2),
B(—5;—2;1), don vi trén méi truc toa do 1a mét (Hinh bén). Biét
rang hai day neo déu dugc budc vao cay thong tai diém (0;0;5) va
duogc kéo cang tao thanh cac doan théng.

a) Tinh d6 dai ctia moéi day neo dugc stt dung.

b) Tinh goc tao bdi moéi day neo va mat phang suon nii (Ilam tron két qua dén hang don vi cta
do).
Bai tap 26. Trong khong gian v6i hé toa do Oxyz, mot cabin cap treo xuat phat tir diém A(10;3;0) va
chuyén dong déu theo dudng cap 6 véc-to chi phuong 1a 7@ = (2; —2;1) véi tbe do 1a 4,5 m/s (don
vi trén méi truc toa do 1a mét) (Hinh bén dudi).
a) Viét phuong trinh dudng cap.
b) Gia st sau f (s) ké tir lic xuat phat (t > 0), cabin dén diém M. Tim toa d6 ctia diém M.

c) Cabin ding & diém B c6 hoanh do xg = 550. Tim d6 dai quang duong AB (lam tron két qua
dén hang don vi cia mét).
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d) Duong cap AB tao voi mat phéng (Oxy) goc bao nhiéu do (lam tron két qua dén hang don vi
cua do)?

Bai tap 27. Trong khong gian vdi hé toa dd Oxyz (don vi trén mdi truc toa do la ki-16-mét), mot may
bay dang & vi tri A(3,5; —2;0,4) va sé ha canh & vi tri B(3,5;5,5;0) trén duong bang EG.

z

a) Viét phuong trinh duong thang AB.

b) Hay cho biét géc trugt (goc gitta duong bay AB va mat phang nam ngang (Oxy) c6 nam trong
pham vi cho phép tir 2,5° dén 3,5° hay khong?

) C6 mot 16p may dugc mé phong boi mot mat phang («) di qua ba diém M(5;0;0), N(0; —5;0),
P(0;0;0,5). Tim toa d6 diém C la vi tri ma may bay xuyén qua dam may dé ha canh.

d) Tim toa d6 diém D trén doan théng AB 1a vi tri ma mdy bay & d6 cao 120 m.

e) Theo quy dinh an toan bay, ngudi phi cong phai nhin thdy diém dau E(3,5;6,5;0) ctia dudng
bang & do cao tdi thiéu 1a 120 m. Héi sau khi ra khoéi ddam may, ngudi phi cong c6 dat dugc quy
dinh an toan d6 hay khong? Biét rang tdm nhin cia ngudi phi cong sau khi ra khéi ddm may la
900 m (N guén: R.Larson and B.Edwards, Calculus 10e, Cengage, 2014).
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54  Matcau

54.1 Dinh nghia mit cau

DPinh nghia 5.8. Cho trudc diém I va s6 duong R. Mt cau tam I bin kinh R 1a tdp hop tat cd cic diém trong
khong gian cdch diém I mot khodng biang R.

< A B
Ban kinh 4
Duong kinh

Nhan xét 5.1.

Tam

o Diém M thudc mit cau tam I ban kinh R khi va chi khi IM = R.
e Diém M ndm trong mit cdu tdm I ban kinh R khi va chi khi IM < R.
e Diém M nam ngoai mdt cdu tdm I bin kinh R khi va chi khi IM > R.

54.2 Phuong trinh mat cau

Trong hinh vé trén o rang IA = R. Gid stt A(x;y;z), vi diém I(a;b;c) cb dinh va R khong ddi.
Béng cach thay thé do dai Al b;?mg biéu thic toa do ta duoc

IA=\/(x—a)2+ (y—b2+(z—c)2=R (5.2)

Bang cach binh phuong (5.2) ta c6 phuong trinh (x —a)2 + (y — b)? + (z — ¢)> = R? va phuong
trinh nay duogc goi la phuong trinh mat cau tam I ban kinh R.

Dinh nghia 5.9. Phuong trinh ciia mit cau tim 1(a; b; c) ban kinh R la

(x —a)®>+ (y—b)*+ (z—c)*> = R% (5.3)

Bang cach khai trién phuong trinh (5.3) ta ¢6 dugc dang téng quét ctia phuong trinh mat cau la
x> +y? + 2% — 2ax — 2by — 2cz +d = 0, (5.4)

trong d6 d = a®> + b> + ¢ — R%.
Hé qua 5.2. Phuong trinh cé dang

X2 +y?+ 2% —2ax —2by —2cz+d =0,

la phuong trinh mdt cdu tdm (a; b;c) va ban kinh R = v/a? + b2 + c2 —d néu a® + b> +c* —d > 0.

$>BAI TAP TU LUAN ¢

Bai tap 1. Trong khong gian vdi hé toa do Oxyz, cho mit cau tam I(—2;1;5) ban kinh 3. Cac diém
A(10;1;2), B(0;1; —4) va C(0;3;4) nam trong, nam trén hay nam ngoai mat cau do?

Bai tap 2. Trong khong gian véi hé toa d6 Oxyz, cho diém I(1;2;3) va mat cau tam I di qua diém
A(0;4;5). Tinh ban kinh R ctia mat cau do.
Bai tap 3. Viét phuong trinh ctia mat cau, biét:
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a) Tam I(1;2;3) ban kinh R = 10. b) Tam I(1;0; —1) va ban kinh bé“mg 4.

c) Tam I(3; —1; —5) va di qua diém B(0;2;1). d) Tam I(3; —2;4) va di qua diém A(7;2;1).

e) Tam I(1;0; —1) va duong kinh bang 8. f) Duong kinh ABbiét A(—1;2;1), B(0;2;3).
Bai tap 4. Viét phuong trinh ctia mat cau, biét:
a) Tam O ban kinh R véi O la gbc toa do. b) PBuong kinh OA véi A(1;2;3).

Bai tap 5. Tim tam va ban kinh ctia mat ciu c6 phuong trinh: x% + (y +5)2 + (z +1)% = 2.

Bai tap 6. Chung minh rang phuong trinh x2 + yz + 2% — 6x — 2y — 4z — 11 = 0 1a phuong trinh cta
mot mat cau. Tim tdm [ va ban kinh R ctia mat cau do.

Bai tap 7. Mbi phuong trinh sau c6 1a phuong trinh mét cAu hay khong? Tim tdm va ban kinh ctia
mat cau do.

a) 2x2+y?+2z2 —2x -2y +2z+1=0. b) x2 +y? —2x+ 6y — 8z —3 = 0.
o ¥ +y?>+2z2—4x+10y —2z+14 = 0. d) ¥ +y?+ 2> +2x +4y — 62 +20 = 0.
e) ¥* +y?+22—2x—6y—8z+1=0. f) ¥+ +224+2x—y=—1

Bai tdp 8. Cho phuong trinh x> + y* +z° — dmx + 4y + 2mz + m? + 4m = 0, tim m d€ n la phuong
trinh mat cau va tim m dé ban kinh méit cau nho nhat.

Bai tap 9. Viét phuong trinh mit cau di qua 3 diém A(0;8;0), B(4;6;2), C(0;12;4) va c6 tam nam
trén mp(Oyz).

Bai tap 10. Viét phuong trinh mat cau (S) ngoai tiép ti dién ABCD, véi:

a) A(2,3,1),B(4,1,-2),C(6;3,7),D(—5;,—4;8).b) A(5;7,—-2),B(3;1,-1),C(9;4;4),D (1,5;0).

c) A(6;,-2;3),B(0;1;6),C(2,0,—1),D (4;1;0). d) A(0;1,0),B(2;3;1),C(—2;2;2),D (1;,—1,2).
Bai tap 11. Cho mat cau c6 phuong trinh (x — 1) + (y +2)2 + (z — 7)? = 100.
a) Xac dinh tAm va ban kinh ctia méat cau.

b) Méi diém A(1;1;1), B(9;4;7), C(9;9;10) ndam trong, nam ngoai hay nam trén mat cau d6?
Bai tap 12. Cho phuong trinh x? + y? + z2 — 4x — 2y — 10z + 2 = 0. Chitng minh rang phuong trinh
trén 1a phuong trinh cia mot mat cau. Xac dinh tdm va ban kinh ctia mét cau do.
Bai tap 13. Lap phuong trinh mét cau (S) trong méi truong hop sau:

a) (S) c6tam I(3; —7;1) vaban kinh R = 2;
b) (S) c6 tam I(—1;4; —5) va di qua diém M(3;1;2);
¢) (S) c6 duong kinh la doan théng CDv6i C(1;-3;—1)va D(-3;1;2).

Bai tap 14. Hé thong dinh vi toan cau (tén tiéng Anh la:
Global Positioning System, viét tat 1a GPS) la mot hé thong
cho phép xac dinh chinh xdc vi tri cia mot vat thé trong
khéong gian (Hinh bén). Ta c6 thé mo6 phong co ché hoat
dong cta hé thdong GPS trong khong gian nhu sau: Trong
cing mot thoi diém, toa do ctia mot diém M trong khong
gian sé dugc xac dinh bdi bén vé tinh cho trudce, trén méi vé
tinh c6 mot may thu tin hiéu. Béng cach so sanh su sai léch
vé thai gian tir ldc tin hiéu duge phat di vé6i thai gian nhan
phéan hdi tin hiéu d6, mdi may thu tin hiéu xac dinh dugc
khodng cach tur vé tinh dén vi tri M can tim toa do. Nhu
vay, diém M la giao diém ctia bodn mét cau véi tam lan luot
1a bén vé tinh da cho.
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Ta xét mot vi du cu thé nhu sau: Trong khong gian véi hé toa do Oxyz cho bén vé tinh A(3; —1;6),
B(1;4;8), C(7;9;6), D(7; —15;18). Tim toa do ctia diém M trong khong gian biét khoang cach tir cac
vé tinh dén diém M lan lugtla MA = 6, MB =7, MC = 12, MD = 24.
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55  On tap chuong

551 Dé1

PHAN 1. Tréc nghiém 4 phuvong an luva chon

Cau 1. Cho mat phang (P): x + 2y + 3z — 1 = 0. Véc-to nao dudi day 1a mot véc-to phap tuyén ctia
(P)?

A 7= (1;3,-1). B. Wa=(23;-1). C. #3=(1;2,-1). D.74=(1,23).
Cau 2. Phuong trinh nao duéi day la phuong trinh ctia mat phang (Oyz)?

A.y=0. B. x =0. C.y—z=0. D.z =0.
Cau 3. Phuong trinh nao duéi day la phuong trinh mat phang di qua diém M(1;2; —3) va c6 véc-to
phap tuyén 7 = (1; -2;3)?
A x—-2y+3z—-12=0. B. x—2y—-3z+6=0.
Cx—-2y+3z+12=0. D.x—-2y—3z—-6=0.
Cau 4. Cho mat phang (P): 3x + 4y + 2z +4 = 0 va diém A(1; —2;3). Khoang cach tir A dén (P)
bang
5 5 V5 5
A —. B. —. C. —. D. —.
V29 29 3 9
Cau 5. Cho ba mit phing (a): x +y+2z+1=0,(B):x+y—z+2=0va(y):x—y+5=0.
Trong cac ménh dé sau, ménh dé nao sai?

A. () L (B)- B. (7) L (B). C. (a)](B)- D. (@) L (7).

R . B x—2 y—-1 z+3 _, . e aa e , ,
Cau 6. Cho duong thang d: — T =5 = 1 Véc-to nao dudi day la véc-to chi phuong cua
duong thang d

A W1 =(21;,-3). B. Wy=(-2-1;3). C. W3=(-1;21). D. 4= (-1;2-1).

x=1+2¢ x =344t
Cau 7. Cho hai duong thang di: {y=2+3t (t € R) vady: {y=5+6t' (' € R). Trong cac
z=3+44t z="7+8t
ménh dé sau, ménh dé nao dung?
A. dyvad, caitnhau. B. d; | da. C. dy = d,. D. d; va d, chéo nhau.
Cau 8. Phuong trinh mat cau tdm I(2;1; —1), ban kinh R = 21a

A (x+22+(y+1)2+(z—-1)2=4. B. (x+2)2+(y+1)2+(z—1)2=2.

C (x—22+(y—-1)2+(z+1)?=2 D. (x—2)2+(y—1)%+(z+1)? =4
Cau 9. Goc gitta duong thang d : % = % = % va mat phang («) : 4x + 3y + 5z — 4 = 0 bang

A. 30°. B. 120°. C. 60°. D. 150°.

Cau 10. Trong khong gian vé6i hé toa d6 Oxyz, mat phang (P) cat ba truc Ox, Oy, Oz tai A, B, C; trong
tam ctia tam giac ABC 1a G(—1; —3;2). Phuong trinh mit phang (P) la

A x+y—z—-5=0. B. 2x -3y —z—-1=0.

C.x+3y—2z+1=0. D. 6x +2y —3z+18 = 0.

A e < s . x+2 y—-2 z+3

Cau 11. Cho hai diém A(1; —2; —3), B(—1;4;1) va dudng thang d: == = . Phuong

trinh nao dudi day la phuong trinh duong thang di qua trung diém ctia doan thang AB va song song
void?
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x _y—1_z+1 X _y—2_ z+2
A d: == = . B.d:>-=%— = .

1 1 2 1 -1 2
C d,'f_y—l_z—i—l D. J' x—1 y—-1 z+1
1 -1 2 ' 1 -1 2

Cau 12. Trong khong gian v6i hé toa dd Oxyz, cho mit cau (S) di qua hai diém A(1;1;2), B(3;0;1)

va c6 tdm thudc truc Ox. Phuong trinh mat cau (S) 1a

A (x+1)?+y* +22 =5 B. (x+1)2+y>+22 =15
C. (x—1)2+y*+22=5. D. (x —1)2+y2 +22 = /5.
BANG DAP AN

Caul. D Cau2. B Cauld. C Cau4. A Caub. C Cau 6.

C

Cau7. C Caus8. D Cau9. C Cau10. D Caull. C Caul2. C

PHAN 2. Tréc nghiém chon diing sai

Cau 13. Phuong trinh tdng quét ctia mat phang (P) trong méi truong hop sau la diing hay sai?

Phat biéu

b

S

a) (P) di qua diém M(—3;1;4) va c6 mdt véc-to phap tuyén la i = (2;—4;1) 1a
2x—4y+z+6=0.

b) (P) di qua diém N(2; —1;5) va c6 cap véc-to chi phuong 1a if; = (1;-3;2) va
ity = (—3;4;1) 1a 11x + 7y + 5z + 40 = 0.

¢) (P) di qua diém I(4;0; —7) va song song v6i mat phang (Q): 2x —y —z—3 =0
la2x+y—-z—-15=0.

: : —T =
d) (P) di qua diém K(—4;9;2) va vuong goc véi duong thing A xT = % z - 6

1a2x+y+52—11=0.

Cau 14. Trong khong gian Oxyz, cho ba diém A(1;0; —1), B(0;1;2), C(—1; —2;3). Mbi ménh dé sau

la dung hay sai?

Phat biéu

b

a) Phuong trinh mat phang (ABC) lé 5x—y+2z+3=0.

b) Phuong trinh duong thang AC lat 11 = % =7 ;,l— ! .

¢) Phuong trinh mat ciu duong kinh ACla x2 + (y — 1)? + (z + 1) = 12.

d) Phuong trinh mat cau c6 tim Avadiqua Bla (x — 1) +y?> + (z +1)% = 11.

Cau 15. Mb6i ménh deé sau la dung hay sai?

Phat biéu

a) Mit cau (S) c6 tam I(4; —2;1) vabankinh R = 91a (x —4)2 + (y +2)> + (z —
1)2 = 81.

b) Mat cau S) c6 tam 1(3;2;0) va di qua diém M(2;4; —1) 1a (S) 1a (x +3)* + (y +
2’ +2*=6.

¢) Mat cau (S co duang kinh 1a doan thang AB v6i A(1;2;0) va B(—1;0;4) la x> +

)
(y—1)2+ (z —2)? =32.
d) Mat cau (S) mat cau tam I(—1;2;3) va tiép xtic v6i mat phang (P): 2x —y — 2z +
1 = 0c6 phuong trinh 1a (x +1)% + (y —2)2 + (z — 3)2 = 9.
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Cau 16. Hinh bén duéi minh hoa duong bay ctia mot chiéc truc thang H cat canh tir mot san bay. Xét
hé truc toa d6 Oxyz c6 gbc toa do O 1a chan thap diéu khién ctia san bay; truc Ox 1a huéng dong, truc
Oy la huéng Béc va truc Oz la truc théng dung, don vi trén moi truc 1a kilomét.

Truc thang ct canh tir diém G. véc-to 7 chi vi tri ctia truc thang tai thoi diém t phut sau khi cat canh
(t>0)cotoaddlar = (1+ 0,5+ 2t2t).

H

v (B)

x (D)

Mobi ménh dé sau 1a ding hay sai?

Phat biéu b| S
a) G6c § ma duong bay tao voi phuong ngang lam tron dén phut 1a 45°.

b) Phuong trinh duong thfing GF, trong do F la hinh chiéu cta diém H lén mat

x=1+t
phang (Oxy)la{y=0,5+2t,tcR.
z=0

¢) Truc thing bay vao may & do cao 2 km. Toa d6 diém ma mady bay truc thiang bat
dau di vao dam may la (2;2,5;2).

d) Gia st mot dinh ntii nam & diém M(5;4, 5;3). Khi HM vudng géc v6i dudng bay
GH thi khoang cach tir mdy bay truc thang dén dinh ndi tai thoi diém d6 1a 3km.

BANG DAP AN

Cau 13. Cau 14. Cau 15. Cau 16.

@Ppbskes@p |[|(@sbpPples@p |[(@pbs@s@p ||[(@sbpPlebpds

PHAN 3. Tréc nghiém tr& 1&i ngdn
Cau 17. Cho 3 diém A(2;—1;5), B(5;-5;7), M(x;y;1). Khi A, B, M théng hang thi 2x + y bang?

Cau 18. Trong khong gian Oxyz, cho diém A(1;2; —5). Goi M, N, P 1an lugt la hinh chiéu cta diém
A 1én céc truc Ox, Oy, Oz. Mt phang (MNP) c6 dang phuong trinh 10x + by + cx + d = 0. Khi d6
b+ c+dbang

KQ:

Cau 19. Trong khong gian Oxyz, cho diém M(4;1;1) va mat phang (P): 3x +y —z — 1 = 0. Hinh
chiéu vuong goc H(a; b; c) ctia diém M trén mat phang (P). Khi d6 a — b + c bang
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Cau 20. Trong khong gian Oxyz, cho mat phang (P): 2x — y + 2z — 4 = 0. Phuong trinh mat phang
(Q) song song véi (P) va cach (P) mot khoang bang 1 ¢6 dang 2x — y + 2z + m = 0. Khi d6 m bang

may?

KQ:

: : —1 I
Cau 21. Trong khong gian Oxyz cho diém A(1;2;1) va hai duong thang d;: GAnE R =

1 -1 1
1 -1 . .
dy: o —; _Y = Zj—;. Puong thang d di qua A, cat d; va vudng goc vdi d ¢ véc-ta chi phuong

W = (2;a;b). khi d6 a — b bing.

KQ:

Cau 22. Trong khong gian vdi hé toa do Oxyz, dai kiém soat khong luu san bay c6 toa d6 O(0;0;0),
mdi don vi trén truc tng v6i 1 km. Mdy bay bay trong pham vi cach dai kiém soat 417 km sé hién thi
trén man hinh ra da. Mot méy bay dang & vi tri A (—688; —185;8), chuyén dong theo duong thang d
c6 véc-to chi phuong la it = (91;75;0) va hudng vé dai kiém soat khong luu.

Toa do ctia vi tri s6m nhit ma may bay xuét hién trén man hinh ra da 1a M(a;b;c). Khidéa+b +c
bang

KQ:
BANG DAP AN
[Cau17. 1 |[Cauls. 7 |[Cau1d. 5 |[Cau20. 2 |[Cam21 3 ||94n2*
552 Dé2
PHAN 1. Tréc nghiém 4 phuong an luva chon
x=1-—1t
Cau 1. Trong khong gian Oxyz, cho duong thang { y = —2 + 2t. Véc-to nao dudi day la vecto chi
1+t

phuong cta d?
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A. (1;,-2;1). B. (1,2;1). C. (—-1,-2;1). D. (-1;2;1).
Cau 2. Trong khong gian Oxyz, cho (P): 3x — 4y + 2z +4 = 0 va diém A(1; —2;3). Tinh khoang cach
tir A dén (P).
A 2L B. 2 c 2. D.>.
V29 3 V29 9
Cau 3. Trong khong gian Oxyz, tim tdm va ban kinh ctia mit cau c6 phuong trinh (x — 1)% + (y +
42 4 (z—3)% = 18.

A. I(-1;,-4;3),R = V18. B. I(1;—4;-3),R = \/18.
C. I(1;4;,3), R = \/18. D. I(1;—-4;3),R = V/18.

— .
Cau 4. Trong khong gian Oxyz, cho OA=T7 - 2? + 3 k . Tim toa d¢ diéem A.

A. A(-1,-2,-3). B. A(1,2;3). C. A(2,—46). D. A(1;,-2;3).
Cau 5. Trong khong gian Oxyz, cho hai mat phang (P): — 6x + my — 2mz — m? = 0 va (Q): 2x +
y — 2z + 3 = 0 (m 1a tham sd). Tim m dé mat phang (P) vudng goc v6i mat phang (Q).

12 5 12
= C.m—ﬁ. . D.m—g.
Cau 6. Trong khong gian Oxyz, cho hai véc-to 7 = (—=4,5—-3), b = (2,—2;1). Tim toa dd cua

Vécto ¥ = 7 +27.
A. ¥ =(0;-1;1). B. ¥ =(-891). C ¥=(23-2). D.¥=(01-1).

Cau 7. Trong khong gian Oxyz, cho tam giac ABC ¢6 A(1;3;5), B(2;0;1) va G(1;4;2) la trong tam.
Tim toa do diém C.

A.m=12. B. m

A.C (:, ;,g) B. C(0;0;9). C. C(0;9;0). D. C(0; —-9;0).

Cau 8. Trong khong gian Oxyz, cho diém A(3; —1;1). Hinh chiéu vudng géc ctia A trén mdt phang
(Oxy) 1a diém
A. N(3;-1;0). B. M(3;0;0). C. P(0;—-1,0). D. Q(0;0;1).

Cau 9. Trong khong gian Oxyz, mat phang (a) di qua hai diém A(1;2; —2), B(2; —1;4) va vuéng goc
v6i mat phang (B8): x — 2y — z + 1 = 0 ¢6 phuong trinh la

A. 15x+7y +z—-27 = 0. B. 15x -7y +z—-27 = 0.
C. 16x =7y +x + 27 = 0. D. 15x +7y —z+27 = 0.
. N . 1
Cau 10. Trong khong gian Oxyz, phuong trinh mat phang cach déu hai duong thang d; : % =

y—1 z-2 | x—2 y+2 z ..

—_— = M :7:71
3 [vad: Ty 5 2
A. —1lx+5y+7z+11 = 0. B. —1Ix+5y+7z+1=0.
C. 1lx—-5y—7z+1=0. D. -1lx+5y+7z—-1=0.

Cau 11. Trong khong gian Oxyz, cho mat cau (S): x2 + y? + 22 — 2x — 2y + 4z — 1 = 0 va mét phang
(P): x +y—z—m = 0. Tim tht cd m dé (P) cat (S) theo giao tuyén 1a mot dudng tron c6 ban kinh
16n nhat.

A.-m=7. B. m = 4. C. m=0. D. m = —4.

Cau 12. Trong khong gian Oxyz, mat phang (P): 2x + 6y + z — 3 = 0 cat truc Oz va duong thang

d: X I > = % = 2:16 lan luot tai A va B. Phuong trinh mat cau duong kinh AB la
A (x+2)2+ (y—1)2+ (z+5)?=09. B. (x—2)2+ (y+1)>+ (z—5)* = 36.
C. (x—22+(y+1)2+(z—5)?2=09. D. (x+2)2+ (y—1)2+ (z+5)? = 36
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LOP 12
BANG PAP AN
Caul. D Cau2. A Cau3. D Cau4. D Caubs. D Cau6. D
Cau7. C Caus8. A Cau9. A Cau10. B Caull. B Caul12. C
PHAN 2. Tréc nghiém chon diing sai
Cau 13. Trong khong gian Oxyz, cho diém A(2;1;0) va mat phang (P): 2x +y — 2z +1 = 0.
Phat biéu b|S

a) Mot véc-to phap tuyén ctia mat phang (P) la#i = (2;1;-2).
b) Diém A thudc mat phang (P).

¢) Khoang céch tir diém A dén mat phang (P) bang 3.

d) Phuong trinh mat ciu tam A va tiép xtic v6i mat phang (P) 1a (x —2)% + (y —
1)2+22=09.

Cau 14. Trong khéng gian Oxyz, cho mat phang (P): x —y +z — 1 = 0 va mét cau (S): (x — 1)2 +
v+ (z+1)? =25.

Phat biéu b|S
a) Mot véc-to phap tuyén ctia mat phang (P) la7i = (1;—-1;1).
b) Mit cau (S) c6 tam I (1;0; —1).

¢) Mat phang (P) cat mat cau (S) theo giao tuyén la hinh tron.

d) Ban kinh ctia hinh tron giao tuyén tao béi (P) va (S) bang 5.

Cau 15. Trong khong gian Oxyz, cho diém A(1; —1;2) va duong thang d : o ; 1_y —: 2 _ 2:34.

Phat biéu b|S

a) Véc-to i = (2;1;3) 1a mot véc-to chi phuong ctia dudng thang d.
b) Diém A khong thudc duong thang d.

¢) Khoang céch tir diém A dén duong thang d bang 6.

d) Phuong trinh duong thang di qua A va song song véi duong thang d la 1

y+1 z-2
1 -3
x=2+t
Cau 16. Trong khong gian Oxyz, cho duong thang d: { y = —4 + 3t vamat phang (P): 3x +y —z +
z=1+t
1=0.
Phat biéu b|S

a) Mot véc-to chi phuong ctia duong thang d la i = (1;3;1).

b) Mot véc-to phéap tuyén ctia mat phang (P) la7i = (3;1;—1).
o) Gid triug - nip) = 12.

d) Géc gitta duong thang d va mat phang (P) bang 45°.

BANG DAP AN
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Cau 13. Cau 14. Cau 15. Cau 16.

@Pp®s@s@p |(@pBPEODP@S ||(@sbbPlOSs@b ||(@PbDES@S

PHAN 3. Tréc nghiém tr& 1&i ngdn

— —
Cau 17. Trong khong gian Oxyz, cho hai véc-to 7 = (2;1;0), b = (—1;0;2). Tinh cos(?, b).

KQ:

x=(m—1)t

Cau 18. Trong khong gian Oxyz, cho duong thang d: { y = (2m + 1)t . Vdi gia tri nao ctia m thi
z=1+ (2m* + 1)t

duong thang d nam trong mat phang Oyz?

KQ:

Cau 19. Trong khong gian Oxyz, cho hai mat phang (P): x + (m + 1)y — 2z +m = 0 va (Q): 2x —
¥+ 3 = 0 v6i m la tham s6 thue. Tim m dé (P) vuong géc voi (Q).

Cau 20. Trong khong gian Oxyz, cho hai diém A(0; —1;2), B(1;1;2) va duong théng d: XT—H _Y_

z—1

. Biét diém M (a; b; c) thudc duong thang d sao cho tam gidc MAB c6 dién tich nhé nhét. Khi do,
gia tri T = a + 2b + 3¢ bang

KQ:
Cau 21. Trong khong gian Oxyz, cho mat phang (P): x — z + 10 = 0 va diém A(1;0;0). Mét phang

(a) di qua A, vudng géc v6i (P), cach gbc toa do O mot khoang bang 3 va cat cac tia Oy, Oz lan lugt

lai cac diém B, C khong trung O. Thé tich khéi tir dién OABC bang (két qua 1am tron dén hang phan
tram)

KQ:

Cau 22. Mot ngudn am phét ra séng am 1a séng cau. Khi gan hé truc toa do Oxyz (don vi trén mbi
truc 1a mét). Cuong do am chudn tai diém I(3;4;5) 1a tAm ctia ngudn phat 4m véi ban kinh 10 m. Dé
kiém tra mot diém & vi tri M(7;10;17) ¢6 nhan dugc cudng dd 4m phat ra tai [ hay khong ngudi ta
sé tinh khoang cach gitra hai vi tri I va M. Hoi khoang cach gitra hai vi tri I va M la bao nhiéu mét?

BANG DAP AN

Caul7 0,4 |[Cau18. 1 |[Cau19. 1 |[Cau20. 10 |[Cau2l. 0,33 |[Cau22. 14 |
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Chuong 6
Xac suat c6 diéu kién

6.1  Xac suat co diéu kién

6.1.1 Dinh nghia xac suat c6 diéu kién
Dinh nghia 6.1. Cho hai bién c6 A va B. Xdc sudt cia bién c6 A vdi diéu kién bién cd B di xdy ra duoc goi I
xdc sudt ciia A vdi diéu kién B, ki hiéu la P(A|B).

NéuP(B) > 0 thi P(A|B) = P(If‘(g)B).

Nhan xét 6.1.
o Tir dinh nghia cia xdc sudt c diéu ki¢n, ta suy ra P(AN B) = P(B) - P(A|B).

e Nguoi ta chitng minh duoc rang P(A N B) = P(A) - P(B|A) = P(B) - P(A|B).
Cong thiic trén dugc goi la cong thikc nhin xdc sudt.

$> BAI TAP TU LUAN ¢

Bai tap 1. Cho hai bién cb A, B c6 P(A) = 0,4 ;P(B) = 0,6 ;P(AN B) = 0,2. Tinh cac xac suat sau
P(A|B); P(B|A).

Bai tap 2. Trong ki kiém tra mon Toan cia mot truong trung hoc phd thong 6 200 hoc sinh tham
gia, trong d6 c6 95 hoc sinh nam va 105 hoc sinh nt. Khi cong bd két qua ctia ki kiém tra d6, c6 50
hoc sinh dat diém gidi, trong d6 c6 24 hoc sinh nam va 26 hoc sinh ntt. Chon ra ngau nhién mot hoc
sinh trong s6 200 hoc sinh d6. Tinh xac suat dé hoc sinh dugc chon ra dat diém gioi, biét rfing hoc
sinh d6 la nt (lam tron két qua dén hang phan tram).

n(ANB)
n(B)

Bai tap 3. O mot san bay, ngudi ta st dung mot loai may soi tu dong phat hién hang cam trong hanh

1i ki gtri. May phat chudng canh bao vdi 95% cac kién hanh 1i ¢6 chita hang cAm va 2% céc kién hanh

li khong chira hang cam. Ti 1é cac kién hanh li ¢6 chira hang cam 1a 1%. Chon ngau nhién mot kién

hanh li dé soi bang mdy trén. St dung so do hinh cay, tinh xac sut cta cac bién cé:

M: “Kién hanh li c6 chita hang cAm va mdy phat chudng canh bao ”;

N : “Kién hanh li khong chira hang cam va may phat chuéng canh bao”.

Nhan xét 6.2. Cho hai bién c6 A va B véi P(B) > 0. Khi do, ta c6 P(A|B) = (*).

Bai tap 4. Hop thit nhét c6 4 vién bi xanh va 6 vién bi d6. Hop thit hai c6 5 vién bi xanh va 4 vién bi
d6. Cac vién bi c6 cting kich thudc va khdi lugng. Ly ra ngau nhién 1 vién bi tir hop thit nhat chuyén
sang hop thu hai. Sau do6 lai léy ra ngau nhién 1 vién bi tir hop thit hai. St dung so dd hinh cay, tinh
xéc suat ctia cac bién cb: A : “Vién bi lay ra tir hop thit nhat c6 mau xanh va vién bi lay ra tir hop thu
hai c6 mau d6”; B : “Hai vién bi lay ra c6 cting mau”.

Bai tap 5. Mot truong dai hoc tién hanh khao sat tinh trang viéc 1am sau khi tot nghiép ctia sinh vién.
Két qua khao sat cho thay ti 1¢ nguoi tim dugc viéc lam ding chuyén nganh la 85% déi véi sinh vién
tot nghiép loai gioi va 70% ddi véi sinh vién tot nghiép loai khac. Ti 1é sinh vién tot nghiép loai gioi
1a 30%. G&p ngau nhién mot sinh vién da tot nghiép cta trudng. St dung so dd hinh cay, tinh xac
sudt ctia cac bién cd: C: “Sinh vién tot nghiép loai gi6i va tim dugc viéc lam ding chuyén nganh”; D
: “Sinh vién khong tot nghiép loai gidi va tim dugc viéc lam dung chuyén nganh”.
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Bai tap 6. Mot hop c6 6 qua bong mau xanh, 4 qua bong mau do; cac qua bong 6 kich thudc va khoi
lugng nhu nhau. Liy ngiu nhién lan lugt hai qua bong trong hop, ldy khong hoan lai. Tim xéac suat
dé lan thu hai lay dugce qua béng mau do, biét rang lan thir nhét da lay duge qua béng mau xanh.
Bai tap 7. Trong 10000 4o so mi xuat khdu ctia mot doanh nghiép dét may c6 1000 do so mi trang.
Céac 40 so mi trang d6 gdm ba co: 40, 41, 42, trong d6 6 200 4o ¢d 40. Chon ra ngau nhién mét chiée
do trong 10000 4o so mi xuat khau. Gia st chiéc 4o so mi dugc chon ra 1a 4o so mi trang. Tinh xac
suat dé chiéc 40 so mi d6 c6 ¢ 40.

Bai tap 8. Trong hop dung 500 chiéc thé cting loai c6 200 chiéc thé mau vang. Trén mdi chiéc thé mau
vang c6 ghi mot trong nam s0:1,2,3,4,5. Co 40 chiéc thé mau vang ghi s6 5. Chon ra ngﬁu nhién
mot chiée thé trong hop dung thé. Gia st chiéc thé dugc chon ra c6 mau vang. Tinh xac suat dé chiéc
thé d6 ghi sb 5.

Bai tap 9. Mot cong ty duge phadm gidi thiéu mot dung cu kiém tra sém bénh s6t xuat huyét. Vé kiém
dinh chat lugng ctia sdn phdm, ho cho biét nhu sau: S6 ngudi dugce thir 1a 9000 , trong s6 d6 c6 1500
ngudi da bi nhiém bénh s6t xuat huyét va c6 7500 ngudi khong bi nhiém bénh s6t xuat huyét. Khi
thi bang dung cu ctia cong ty, trong 1500 ngudi da bi nhiém bénh sét xuat huyét, c6 76% sb ngudi
d6 cho két qua duong tinh, con lai cho két qua am tinh. Mt khac, trong 7 500 ngudi khong bi nhiém
bénh s6t xuat huyét, c6 7% sb ngudi dé cho két qua duong tinh, con lai cho két qua &m tinh khi kiém
tra.

a) Chon sb thich hgp cho ? trong bén dudi (don vi: nguoi). So sanh s ngudi cé két qua duong
tinh khi thir nghiém véi s6 ngudi bi nhiém bénh sbt xuat huyét.

Ket qua thu nghiém , A
Tinh trang bénh Duong tinh | Am tinh
Nhiém bénh ?
Khong nhiém bénh ?

b) Chon ngau nhién mot ngudi trong sb nhiing ngudi thir nghiém. Tinh xac suat dé ngudi duge
chon ra bi nhiém bénh sbt xuat huyét, biét rang ngudi d6 c6 két qua thir nghiém duong tinh
(Iam tron két qua dén hang phan mudi).

c) Nha san xuat khang dinh dung cu cho két qua ding véi hon 90% s6 truong hop c6 két qua
duong tinh. Khang dinh d6 c6 ding khong?
Tinh chét 6.1. Nguoi ta chitng minh duoc tinh chit sau chi ra moi lién hé giita xdc sudt cé diéu kién va bién
cb doc lap.
Cho A va B la hai bién c6 vdi 0 < P(A) < 1,0 < P(B) < 1. Khi d6, A va B la hai bién cd ddc ldp khi va chi
khi
P(A) =P(A|B) =P(A | B)va P(B) = P(B]A) = P(B | A).

Nhan xét 6.3. Tinh chat trén gidi thich vi sao hai bién co ddc ldp néu viéc xdy ra hay khong xdy ra ciia bién co
nay khong lam dnh hudng dén xdc sudt ciia bién cé kia.

Bai tap 10. Mot cong ty dugc phadm giGi thiéu mot dung cu kiém tra s6m bénh sbt xuat huyét. Vé
kiém dinh chét lugng ctia sdn phdm, ho cho biét nhu sau: S6 ngudi duge thir 1a 9000, trong s6 d6 c6
1500 ngudi da bi nhiém bénh sét xuat huyét va c6 7500 ngudi khong bi nhiém bénh sét xuat huyét.
Khi thu bé“mg dung cu ctia cong ty, trong 1500 nguoi da bi nhiém bénh sot xuat huyét, c6 76% sb
ngudi do cho két qua duong tinh, con lai cho két qua &m tinh. Mat khac, trong 7 500 nguoi khong bi
nhiém bénh sét xuat huyét, c6 7% s6 ngudi dé cho két qua duong tinh, con lai cho két qua am tinh
khi kiém tra. Chon ngdu nhién mét nguoi trong s6 nhitng ngudi thit nghiém. Tinh xac suat dé ngudi
dugc chon ra bi nhiém bénh st xudt huyét, biét rang ngudi do c6 két qua thit nghiém am tinh (lam
tron dén hang phan mudi).

6.1.2 St dung so d6 hinh cay dé tinh xac suat c6 diéu kién

Vi du mé& dau 3. Ban Viét chudn bi di tham quan mot hon dao trong hai ngay thir Bay va Chu nhat.
O hon dao d6, mbi ngay chi c6 ndng hodc mua, néu mot ngay la nang thi kha nang xay ra mua & ngay
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tiép theo 1a 20%, con néu mot ngay la mua thi kha ndng ngay hom sau van mua 1a 30%. Theo du béo
thoi tiét, xac suat troi sé nang vao thi Bay 1a 0.7. Hay tim cac gid tri thich hop thay vao ? &' so do hinh
cay sau:

Thu bay Chu nhat
Nang J
Nang
Mua ]
? [ Nang J
Mua ]

23 [ Mua J

Bai tap 11. Mot hop c6 8 vién bi mau do va 5 vién bi mau vang; cac vién bi c6 kich thudc va khoi
lugng nhu nhau. C6 5 vién bi trong hop dugc danh sb, trong d6 ¢6 3 vién bi mau dé va 2 vién bi mau
vang. Ly ngau nhién mot vién bi trong hop. Duing so d6 hinh cay, tinh xac suat dé€ vién bi duoc lay
ra c6 mau do, biét rang vién bi d6 duge danh sb.
Bai tap 12. Mot tui c6 10 hop stta chua dau va 10 hop stta chua nha dam; cdc hop stta chua c6 kich
thude va khéi lugng nhu nhau. C6 12 hop sira chua trong tdi 1a stta chua khong duong, trong d6 c6
6 hop stta chua dau va 6 hop stra chua nha dam. LAy ngiu nhién mot hop sira chua trong tii. Dung
so dd hinh cay, tinh xac suat hop stta chua dugc léy ra la hop stra chua dau, biét rz?mg hop stra chua
do 1a hop stra chua khong duong.
Bai tap 13. Cho haibién c6 A, Bc6 P(A) = 0,6;P(B) = 0,8;P(AN B) = 0,4. Tinh cac x4c sut sau:

a) P(B| A);P(B| A). b) P(ANB).
Bai tap 14. Cho hai bién c6 A va B c6 P(A) = 0.4;P(B) = 0.8 va P(A|B) = 0.5. Tinh P(AB) va
P(A|B).
Bai tap 15. Mot hop co6 3 qua bong mau xanh, 4 qua bong mau do; cac qua bong c6 kich thude va
khéi lugng nhu nhau. Liy bong ngau nhién hai 1an lién tiép, trong d6 méi lan lay ngau nhién mot
qua béng trong hop, ghi lai mau ctia qua béng lay ra va bo lai qua béng d6 vao hop. Xét cac bién cb:

a) “Qua béng mau xanh duogc lay ra § 1an thi nhat”;
b) “Qué béng mau doé dugce lay ra ¢ 1an thit hai .

Chiing minh rang A, B 1a hai bién cb doc lap.

Bai tap 16. Cho hai con xtic xac can ddi va dong chat. Gieo 1an lugt tirng xtc xac trong hai xtic xac
dé. Tinh xac suat dé téng s6 chdm xuét hién trén hai xtic xac bang 6, biét rang xtic xac thi nhat xuat
hién mat 4 cham.

Bai tap 17. Mot 16 san pham c6 20 san pham, trong d6 c6 5 sdn phdm chat lugng thap. Lay lién tiép
2 san pham trong 16 san phdm trén, trong d6 san phdm 14y ra & lan thir nhat khong duoc bo lai vao
16 san pham. Tinh xac suat dé ca hai sdn phdm dugc lay ra déu c6 chat lugng thap.

Bai tap 18. Mot doanh nghiép trudc khi xuat khau 4o so mi phai qua hai 1an kiém tra chat lugng san
phéam, néu ca hai 1an déu dat thi chiéc 40 d6 mdi du tiéu chuan xuat khau. Biét rf?mg binh quan 98%
san pham lam ra qua dugc 1an kiém tra thit nhat va 95% sdn phdm qua dugc 1an kiém tra thit nhat sé
tiép tuc qua dugc 1an kiém tra thit hai. Tinh xac suat dé€ mot chiée 40 so mi du tiéu chudn xuat khau.
Bai tap 19. Trén gia sach c6 10 quyén sach Khoa hoc va 15 quyén sach Nghé thuat. C6 9 quyén sach
viét bang tiéng Anh, trong d6 3 quyén sach Khoa hoc c6 6 quyén sach Nghé thuat, cdc quyén sach
con lai viét bang tiéng Viét. Lay ngau nhién mét quyén sach. Dung so d6 hinh cay, tinh xac suat dé
quyén sach dugc léy ra la sach viét bf“mg tiéng Viét, biét ré“mg quyén sach d6 1a sach Khoa hoc.

Bai tap 20. Mot thu vién c6 35% tong s6 sach la sach khoa hoc, 14% tong s6 sach la sach khoa hoc
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ty nhién. Chon ngau nhién mot quyén sach ctia thu vién. Tinh xac suat dé quyén sach dugc chon la
sach khoa hoc tu nhién, biét rang d6 1a quyén sach vé khoa hoc.

Bai tap 21. Mdi ban hoc sinh trong 16p ctia Minh lya chon mdt trong hai ngoai ngir 1a tiéng Anh hoac
tiéng Nhat. Xac suat chon tiéng Anh ctia mdi ban hoc sinh nir 1a 0.6 va ctia mdi ban hoc sinh nam 1a
0.7. LOp ctia Minh c6 25 ban ntt va 20 ban nam. Chon ra ngau nhién mot ban trong 16p. St dung so
dd hinh cay, tinh xac suat ctia cac bién c6 A:“Ban duoc chon 1a nam va hoc tiéng Nhat”.

B:“Ban dugc chon la nit va hoc tiéng Anh”.

Bai tap 22. May tinh va thiét bi luu dién (UPS) duoc két nbi
nhu hinh 5. Khi xay ra su c6 dién, UPS bi hong voi xdc suat
0.02. Néu UPS bi hong khi xay ra su c6 dién, mdy tinh sé bi
héng véi xac suat 0.1; nguoc lai, néu UPS khong bi hdong, may
tinh sé khong bi bong.

Hinh 5

a) Tinh xac suat dé ca UPS va mdy tinh déu khong bi hong khi xay ra su ¢b dién.

b) Tinh xac suat dé cad UPS va may tinh déu bi hong khi xay ra su cd dién.

6.2  Céng thitc xac suat toan phan. Cong thirc Bayes

6.2.1 Cong thitc xac suat toan phan
Cong thic 6.1. Cho hai bién c6 A, Bv6i 0 < P(B) < 1, ta cé:
P(A)=P(ANB)+P(ANB)=P(B)-P(A| B)+P(B)-P(A|B).

6.2.2 Cong thuc tinh Bayes

P(B)-P(A | B)

Cong thic 6.2. Vdi hai bién c6 A,BmaP(A) > 0,P(B) >0,tacd P(B | A) = BA)

Nhan xét 6.4. Cho hai bién c6 A, Bvdi P(A) > 0,0 < P(B) < 1. Do
P(A) = P(B) -P(A | B) + P(B) - P(A | B)

P(B)-P(A | B)
P(B)-P(A|B)+P(B)-P(A|B)

nén cong thirc Bayes con co dang: P(B | A) =

$> BAI TAP TU LUAN ¢

Bai tap 1. Theo mot s6 liéu thong ké, nam 2004 & Canada c6 65% nam gidi la thita can va 53,4% ni
gidi la thira can. Nam gidi va nit gidi & Canada déu chiém 50% dan s6 ca nude (Nguon: F. M. Dekking
et al., A modern introduction to probability and statistics - Understanding why and how, Springer, 2005). Hoi
rang, trong ndm 2004, xac suat d&€ mot ngudi Canada dugc chon ngiu nhién 1a ngudi thira can bang
bao nhiéu?

Bai tap 2. Mot hop c6 60 vién bi mau xanh va 40 vién bi mau do; cac vién bi c6 kich thude va khoi
lugng nhu nhau. Sau khi thong ké, ngudi ta thay: c6 50% sb vién bi mau xanh c6 dan nhan va 75% sb
vién bi mau d6 c6 dan nhan; nhiing vién bi con lai khong dan nhan.

a) Chon s6 thich hgp cho ? trong bang duéi day (don vi: vién bi).

Dannhan | -, .. < . [ <
M bi C6 dan nhan | Khong dan nhan
Do ?
Xanh ?
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b) Léy ra ngau nhién mot vién bi trong hop. St dung cong thirc xac suat toan phr?m, tinh xac suat
dé vién bi duoc lay ra c6 dan nhan.
Bai tap 3. Trong tro choi hai hoa c6 thudng cua 16p 124, c6 gido treo 10 bong hoa trén canh cay, trong
dé c6 5 bong hoa chira phiéu c¢6 thudng. Ban Binh hai bong hoa dau tién, sau d6 ban An hai bong
hoa thu hai.

a) Vé so do hinh cay biéu thi tinh hubéng trén.

b) Tir d6, tinh xac suat ban An hai dugc béng hoa chira phiéu co thudng.
Bai tap 4. Cho hai bién cd A, B sao cho P(A) = 0,6; P(B) = 0,4; P(A | B) = 0,3. Tinh P(B | A).
Bai tap 5. Gia st c6 mot loai bénh ma ti 16 ngudi mac bénh 1a 0,1%. Gia st c6 mot loai xét nghiém,
ma ai mac bénh khi xét nghiém cting c6 phan ing duong tinh, nhung ti 1é phan tng duong tinh gia
1a 5% (tuc 1a trong s6 nhitng ngudi khong bi bénh c6 5% s6 ngudi xét nghiém lai ¢6 phan ting duong
tinh).

a) Vé sd do hinh cay biéu thi tinh hudéng trén.

b) Khi mét ngudi xét nghiém c6 phan ting duong tinh thi kha ning méac bénh ctia ngudi d6 la bao
nhiéu phan trdm (Iam tron két qua dén hang phan tram)?
Bai tap 6. C6 hai chiéc hop, hop I c6 5 vién bi mau trang va 5 vién bi mau den, hop II ¢6 6 vién bi
mau trang va 4 vién bi mau den, cac vién bi c6 cting kich thudc va khéi lugng. Lay ngdu nhién dong
thdi 2 vién bi tir hop 1 bd sang hop I1. Sau d6 14y ngau nhién mot vién bi tir hop I1.

a) Tinh xac suat dé vién bi dugc lay ra mau trang.

b) Gid st vién bi lay ra la vién bi mau trang. Tinh xac xuét dé vién bi mau trang d6 thudc hop 1.
Bai tap 7. Mot loai linh kién do hai nha may s6 I, s6 II ciing san xuat. Ti 1é phé phadm ctia cac nha
may I, IT 1an lugt 1 4%; 3% . Trong mot 16 linh kién dé 1an 1on 80 san phdm ctia nha méy s6 I va 120
san phdm ctia nha mdy s6 II. Mot khach hang lay ngdu nhién mot linh kién tir 16 hang do.

a) Tinh xdc xuat dé linh kién 14y ra la linh kién t6t.

b) Gi st linh kién 14y ra 1a linh kién phé pham. Xac xuat linh kién d6 do nha mdy nao san xuét la
cao nhat.

Bai tap 8. Mot chiéc hop c6 20 chiéc thé ctung loai, trong d6 c6 2 chiéc thé mau xanh va 18 chiéc thé
mau trang. Ban Chau rit thé hai 1an mot cach ngdu nhién, méi 1an rit mot thé va thé duge rit ra
khong bo lai hop. Tinh xac suat dé ca hai 1an ban Chau déu rut dugc thé mau xanh.
Bai tap 9. Nam 2001, Cong dong chau Au c6 lam mot dot kiém tra rdt rong rai cac con bo dé phat
hién nhttng con bo bi bénh bo dién. Khong c6 xét nghiém nao cho cho két qua chinh xac 100%. Mot
loai xét nghiém, ma & day goi 1a xét nghiém A, cho két qua nhu sau: Khi con bo bi bénh bo dién
thi xac suat dé c6 phan ting duong tinh trong xét nghiém A 1a 70%, con khi con bo khong bi bénh
thi xac suat c6 phan ang duong tinh trong xét nghiém A la 10%. Biét ti 1¢ bo bi mac bénh bo dién &
Ha Lan la 13 con trén 1000000 con (Ngudn:F.M Dekking et al, A modern introduction to probability and
statistics-Understanding why and how, Springer, 2005 ). Hoi khi mdt con bo 6 Ha Lan ¢6 phan tng duong
tinh v6i xét nghiém A thi xac xut dé n6 bi mac bénh bo dién la bao nhiéu?

6.2.3 Luyén tap

O TRAC NGHIEM 4 DAP AN @

Cau 1. Cho haibién c6 A va BcéP(A) =0,8; P(B) = 0,5vaP(AB) = 0,2. Xac suét ctia bién c6 A véi
diéu kién B 1a

A. 04 B. 0,5. C. 0,25. D. 0,625.

Cau 2. Cho hai bién c6 A va Bc6 P(A) = 0,8; P(B) = 0,5 va P(AB) = 0,2. Xac suét bién cd B khong
xdy ra voi diéu kién bién cb A xdy ra la
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A. 0,6. B. 0,5. C. 0,75. D. 0,25.

Cau 3. Cho hai bién c¢6 A va B ¢c6 P(A) = 0,8; P(B) = 0,5 va P(AB) = 0,2. Gid tri ctia biéu thitc
P(A|B) P(B|A) .
- la
P(A) P(B)

A. —-0,5. B. 0. C. 0,5. D. 1.

Cau 4. Mot nha may thuc hién khao sat toan bo cong nhan vé sy hai long ctia ho vé diéu kién lam
viéc tai phan xudng. Két qua khao sat nhu sau:

Ket qua khaosat | ... .. A R
Khio sét cong nhan Hai long | Khong hai long
S0 cong nhan phan xudng I 37 13
S0 cong nhan phan xudng II 63 27

Gap ngau nhién mot cong nhan ctia nha may. Goi A 1a bién cb “Céng nhan d6 lam viéc tai phan
xudng I 7. Xac suat ctia bien co A 1a

37 37 5 1
. —. B. —. C. —. D. —-.

140 50 14 2
Cau 5. Mot nha méy thuc hién khao sat toan bo cong nhan vé sy hai long ctia ho vé diéu kién lam
viéc tai phan xudng. Két qua khao sat nhu sau:

Ket qua khaosat | ... .. A R
Khio sét cong nhan Hai long | Khong hai long
S0 cong nhan phan xudng I 37 13
S0 cong nhan phan xudng II 63 27

Gap ngau nhién mot cong nhan ctia nha may. Goi A 1a bién cb “Céng nhan d6 lam viéc tai phan
xudng I ” va B la bien c0 “Coéng nhan dé hai long véi dieu kién lam viéc tai phan xudng”. Xac suat
cua bien co A vdi dieu kién B la

37 5
A. 03 B. 0,5 C 50 D 14
Cau 6. Mot nha may thuc hién khao sat toan bo cong nhan vé sy hai long ctia ho vé diéu kién lam
viéc tai phan xudng. Két qua khéo sat nhu sau:

Két qua khaoséat | ... .. A R
Khio sét cong nhan Hai long | Khong hai long
S0 cong nhan phan xuong I 37 13
S0 cong nhan phan xuong I1 63 27

G&p ngdu nhién mot cong nhan ctia nha may. Goi A 1a bién cd “Cong nhan d6 lam viéc tai phan
xudng I ” va B la bien co “Coéng nhan d¢ hai long véi dieu kién lam viéc tai phan xuong”. Xac suat
cta bien co B véi dieu kién A khong xay ra la

= %; N B—65- 6.7 PD—
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Cau 7. Cho so do6 hinh cay nhu hinh bén. Xac suat ctia bién cb ca A

5 B
va B deu khong xay ra la
A. 0,32. B. 04. C. 0,8. D. 0,92. A
0,2
0,3 -
2
0,8 B
A
04 -
2
Cau 8. Cho so dd hinh cay nhu hinh bén. Xac suat ctia bién ¢6 B 1a 07 B
A. 0,42. B. 0,62. C. 0,28. D. 0,48. d
A
B
0,8 06 B
A
04 -
B
Cau 9. Cho so d6 hinh cay nhu hinh bén. Xéac suat diéu kién P(A | B)
o 7 B
A ~. B. 0,7. c - D. 0,48. A
31 50
0,2
0,3 -
B
0,8 B
A
04 -
2
Cau 10. Cho so do6 hinh cay nhu hinh bén. Gia tri cta biéu thic 07 B
P(BIP(A|B) . :
P(A) A
A. 0,48. B. 0,3. C. 0,5. D. 0,6. 0,2
0,3 -
B
0,8 B
A
B
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Cau 11. Cho hai bién c6 xung khic A, B véi P(A) = 0,2; P(B) = 0,4. Khi d6 P (A|B) bang?
A. 0,5 B. 0,2. C. 04. D. 0.

$>BAI TAP TU LUAN ¢

Bai tap 10. Mot ctra hang kinh doanh t6 chirc rit tham trung thudng cho hai loai sdn pham. Ti 1é
tring thudng cta cac loai san pham [, 11 1an luot 1a 6% va 4%. Trong mot hop kin gom cac tham cung
loai, nguoi ta dé 1an 16n 200 chiéc thim cho san pham loai I va 300 chiéc tham cho san pham loai II.
Mot khach hang 1y ngdu nhién 1 chiéc tham tir hop dé.

a) Tinh xac suat dé chiéc tham dugc 14y ra la tring thudng.

b) Gia stt chiéc tham dugc 14y ra la triing thudng. Xac suat chiéc tham d6 thudc loai sdn phdm nao
12 cao nhat?
Bai tap 11. Mot xa thti ban vao bia s6 1 va bia s6 2. Xac suat dé xa thti d6 ban tring bia s 1 va bia sb
2 1an luot 14 0,8; 0,9. Xac suat dé xa tht dé ban trang ca hai bia 1a 0,8. Xét hai bién cb sau:
A: “Xa thti d6 ban tring bia s6 1~
B: “Xa thu d6 ban triing bia s6 2 ”

a) Haibién cd A va B c6 doc lap hay khong?
b) Biét xa thu1 d6 ban trang bia s6 1, tinh x4c suat xa thu d6 ban trang bia s6 2.

c) Biét xa thu d6 khong ban tring bia s6 1, tinh xac suét xa tht d6 ban tring bia s6 2.

Bai tap 12. Mot chiéc hop c6 40 vién bi, trong d6 c6 12 vién bi mau d6 va 28 vién bi mau vang; cac
vién bi c6 kich thude va khéi lugng nhu nhau. Ban Ngan lay ngdu nhién vién bi tir chiéc hop d6 hai
lan, méi 1an 1ay ra mot vién bi va vién bi dugc 1y ra khong bd lai hop. Tinh xac suat dé ca hai lan ban
Ngan déu iy ra dugc vién bi mau vang.

Bai tap 13. Gia st trong mot nhom ngudi c6 2 ngudi nhiém bénh, 58 ngudi con lai 1a khong nhiém
bénh. D€ phat hién ra ngudi nhiém bénh, ngudi ta tién hanh xét nghiém tat ca moi ngudi cia nhém
dé. Biét rang dbi voi ngudi nhiém bénh, xac suat xét nghiém c6 két qua duong tinh 1a 85%, nhung
déi voi nguoi khong nhiém bénh thi xac suat dé bi xét nghiém c6 phan ting duong tinh 1a 7%.

a) Vé so do hinh cay biéu thi tinh hudng trén.

b) Gia st X 1a mot ngudi trong nhom bi xét nghiém c6 két qua duong tinh. Tinh xac suat dé X la
ngudi nhiém bénh.

Bai tap 14. Mot khu déan cu c6 85% cac ho gia dinh st dung dién dé dun ndu. Hon ntta, c6 21% céc
ho gia dinh stt dung bép tir dé dun niu. Chon ngau nhién mét ho gia dinh, tinh xac suat ho dé su
dung bép tir dé dun nau, biét ho d6 st dung dién dé dun nau.
Bai tap 15. Cho hai bién c6 ngau nhién A va B. Biét rang P(A | B) = 2P(B | A) va P(AB) # 0. Tinh
P(4)
P(B)
Bai tap 16. Phong cong nghé ctia mot cong ty c6 4 ki su va 6 ki thuat vién. Chon ra ngau nhién dong
thoi 3 nguoi tir phong. Tinh xac suat dé ca 3 ngudi duge chon déu 1a ki su, biét rang trong 3 ngudi
duoc chon ¢6 it nhat 2 ki su.

ti sd

Bai tap 17. C6 hai cai hop gibng nhau, hop thit nhat chira 5 qua béng ban mau trang va 3 qua bong
ban mau vang, hop thi hai chita 4 qua bong ban mau trang va 6 qua béng ban mau vang. Minh lay
rangau nhién 1 qua béng tir hop thir nhat. Néu qua bong d6 1a béng vang thi Minh ldy ra ngau nhién
dong thdi 2 qua béng tir hop thit hai, con néu qua béng d6 mau trang thi Minh 14y ra ngau nhién
dong thoi 3 qua bong tir hop thit hai.

a) St dung so do hinh cay, tinh xac suat dé c6 dung 1 qua bong mau vang trong cac qua bong lay
ra tit hop thi hai.

b) Biét rang cdc qua bong lay ra tir hop thit hai déu c6 mau trang. Tinh xac suat dé qua bong lay
ra tir hop thit nhat c6 mau vang.
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Bai tap 18. Hop thit nhat c6 1 vién bi xanh va 5 vién bi d6. Hop thit hai c6 3 vién bi xanh va 5 vién bi
do. Céc vién bi c¢6 cuing kich thudc va khéi lugng. Ly ra ngau nhién dong thoi 2 vién bi tir hop thi
nhat chuyén sang hop thit hai. Sau d6 lai 14y ra ngau nhién 2 vién bi tir hop thit hai.

a) Tinh xac suat dé hai vién bi lay ra tir hop thit hai 1a bi do.

b) Biét rang 2 vién bi lay ra tir hop thit hai 1a bi d6. Tinh xac suat dé 2 vién bi ldy ra tir hop thu
nhat cting 1a bi dé.
Bai tap 19. M6t doanh nghiép c6 45% nhan vién la ntt. Ti 1é nhan vién nit va ti 1¢ nhan vién nam mua
bao hiém nhan tho 1an luot 1a 7% va 5%. G&p ngau nhién mo6t nhan vién ctia doanh nghiép.

a) Tinh xac suat nhan vién dé c6 mua bao hiém nhan tho.
b) Biét rang nhan vién d6 c6 mua bao hiém nhan tho. Tinh xac suit nhan vién d6 la nam.
6.3  On tap chuong

631 Dé1l

PHAN 1. Tréc nghiém 4 phuvong an luva chon

Cau 1. Cho A, B 1a céc bién c6 ctia mot phép thir T. Biét rang P(B) > 0, xac suat ctia bién c6 A vdi
diéu kién bién c6 B da xay ra dugc tinh theo cong thitc nao sau day?

_ P(4) _ P4
A-P(A|B) = 5 B P(A| B) = gy
P(AB) P(AB)
. P(A = . D. P(A = —— .
Cau 2. Cho hai bién c6 doc lap A, Bvéi P(A) = 0,3; P(B) = 0,4. Khi d6, P(A | B) bang
A.07. B. 0,12. C. 04. D. 0,3.
Cau 3. Cho hai bién ¢ xung khac A, Bvéi P(A) = 0,2; P(B) = 0,4. Khi d6, P(A | B) bang
A. 05. B. 0,2. C. 04. D. 0.
2 1
Cau4. ChoP(A) = 5 P(B|A)= 3 Gia tri caa P(AB) la
2 3 1 4
Ao E. B- R- Ct g. Dt E-
Caus. ChoP(A) = ;P (B| A) = ;. Gid tri ciia P (B4) Ia
1 4 4 3
Ao ?- B. E- C. i- D. %-
Cau 6. Cho P(A) — %;P(B | A) = %;P (B|A) = i Gid tri ctia P(B) 1a
19 17 9 7
A- @- Bo @- Co ﬁ- Do %-

Cau 7. An c6 moét tui gdbm mot sd chiée keo cuing loai, chi khac mau, trong dé c6 6 chiée keo s6-co-la
den, con lai 1a 4 chiéc keo sd-co-la trang. An lay ngdu nhién 1 chiéc keo trong tii dé cho Binh, réi lai
lay ngdu nhién tiép 1 chiéc keo nira trong tui va cling dua cho Binh. Xéac sut dé Binh nhan duoc 2
chiéc keo so-co-la den 1a
1 1 2 3
A. 3 B. T C. 5 D. 7

Cau 8. Ngudi ta nhap hai 16 hang vao kho. L6 thi nhat chita 10 san pham, trong d6 c6 3 phé pham.
L6 thit hai c6 4 phé phdm va 8 san pham t6t. Chon ngiu nhién mot sdn phdm. Xac suat chon dugc
mot san pham t6t la
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15 7 7 83
Ao ﬁ- Bo E- B C. ﬂ- Do m.

Cau 9. Cho A, B la cac bién c6 théa man P(ANB) = 0,35; P(A) = 0,25; P(B) = 0,6. Gia tri ctia

P(A | B) bang

1 1 7 2
A. g. B. g. C. E- D. 5-

Cau 10. Mot bénh vién c6 hai phong kham la phong A va phong B véi kha nang lya chon ctia bénh
nhan la nhu nhau. Ti 1é bénh nhan nam c6 & phong A va phong B lan lugt 1a 60% va 40%. Mot ngudi
bénh dugc chon ngdu nhiéu tir hai phong kham va biét ngudi nay 1a nam, xac suat dé ngudi bénh
duoc chon dén tir phong A la

A. 0,6. B. 0,5. C. 04. D. 0,3.

Cau 11. O mot dia phuong X, xdc suat dé mot ngudi 16n trén 40 tudi mic bénh ung thu 1a 0,05. Xac
suét bac sichdn doan ding mot ngudi mac bénh ung thu 1a 0,78 va chan doén sai (khong bi ung thu
nhung duge chdn dodn mac bénh) 1a 0,06. Xac sudt dé mot ngudi that sy mac bénh ung thu khi nhan
duge két qua chan doan bi ung thu bang

A. 0,40625. B. 0,096. C. 0,904. D. 0,59375.
Cau 12. Mot loai vaccine dugc tiém & dia phuong X. Ngudi c6 bénh nén thi védi xac suat 0,35 c6 phan
tng phu sau tiém, ngudi khong c6 bénh nén thi chi ¢6 phan ting phu sau tiém véi xac suat 0,16. Chon
ngau nhién mot ngudi dugc tiém vaccine va ngudi nay c6 phan ting phu. Tinh xac suit dé ngudi nay
c6 bénh nén, biét rang ti 1é ngudi c6 bénh nén & dia phuong X 1a 18%.

315 31

971 B. 9T C. 0,16. D. 0,063.

BANG DAP AN

Caul. C Cau2. D Caul3. D Cau4. A Caub5. D Cau6. B
Cau7. A Caus8. A Cau9. B Cau10. A Caull. A Cau 12. A

PHAN 2. Tréc nghiém chon diing sai

Cau 13. Lop 12A c6 40 hoc sinh, trong d6 c6 25 hoc sinh tham gia cau lac bo Tiéng Anh, 16 hoc sinh
tham gia cau lac bo Toan, 12 hoc sinh vira tham gia cau lac bd tiéng Anh vira tham gia cau lac bo
Toan. Chon ngau nhién 1 hoc sinh. Xét cac bién ¢ sau

A: “Hoc sinh dugc chon tham gia cau lac bo Tiéng Anh”;

B: “Hoc sinh duoc chon tham gia cau lac bo Toan”.

Xét tinh dung, sai cta cac khéng dinh sau

Phat biéu P|S Phat biéu P|S
a) P(A) =04. ¢) P(A|B) =0,75.
b) P(B) = 0,625. d) P(B|A) = 0,48.

Cau 14.
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Cho so db hinh cay nhu hinh bén. Xét tinh ding, sai ctia cac khglng
dinh sau

Phat biéu b|S 02
a) P(AB) = 0,48. :
b) P(A[B) = 0,5.
N Z B
y LB g,
P(A)

B
Cau 15. Trong mot hop ¢ 18 qua bong ban loai I va 2 qua bong ban loai I, cac qua bong ban ¢6 hinh
dang va kich thudc nhu nhau. Mot hoc sinh 1ay ngau nhién 1an luot 2 qua béng ban (lay khong hoan
lai) trong hop.

Xét tinh dung, sai cua cac khfmg dinh sau

Phat biéu P[S

a) Xdc suat dé lan thi nhat lay dugc qua bong ban loai IT 1a 10

b) Xac suat dé lan thut hai ldy duogc qua béng ban loai I, biét 1an thi nhét 14y dugc

qua bong ban loai II, 1a o

) Xac suat dé€ ca hai lan déu lay dugc qua béng ban loai I 1a ——

9
189190
d) Xac suat dé it nhat 1 1an lay dugc qua béng ban loai I1a ~— 190"

Cau 16. Mot xudng may str dung mot loai linh kién duge san xuét tir hai co s& I va II. S6 linh kién do
co s6 I san xuat chiém 61%, s6 linh kién do co s& IT san xuat chiém 39%. Ti 1é linh kién dat tiéu chuin
ctia co s& I, co sd 11 1an luot 1a 93%, 82%. Kiém tra ngiu nhién 1 linh kién & xudng may. Xét cac bién
cb

A1: “Linh kién duoc kiém tra do co s& I san xuat”;

Aj: “Linh kién dugc kiém tra do co s& II san xuat”;

B: “Linh kién dugc kiém tra dat tiéu chuan”.

Xét tinh dung, sai ctia cac khang dinh sau

Phat biéu P|S Phat biéu b|S
a) P (A1) = 0,39. o) P(B) = 0,89.
b) P (B|Az) = 0,82. d) P (A,|B) = 0,55.
BANG DAP AN
Cau 13. Cau 14. Cau 15. Cau 16.

@s®s@EP@DP |[(@sbses@p |[|(@s®dPes@DP |[[(@sbble)s@b

PHAN 3. Tréc nghiém trd 11 ngén
Cau 17. C6 hai hop dung cac vién bi cting kich thudc va khdi lugng. Hop thi nhét chita 5 vién bi dé
va 5 vién bi xanh, hop thit hai chita 6 vién bi d6 va 4 vién bi xanh. Lay ngiu nhién mot vién bi tir hop
thit nhat chuyén sang hop thit hai, sau d6 léy ra ngau nhién mot vién bi tir hop thit hai. Tinh xac suat
dé vién bi dugc 14y ra tir hop thit hai 1a vién bi d6 (lam tron dén hang phan tram).

KQ:
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Cau 18. Trong s 40 hoc sinh 16p 12A, c6 22 em dang ki thi nganh Kinh té, 25 em dang ki thi nganh
Luat, 3 em khong dang ki thi ca hai nganh nay. Chon ngau nhién mot hoc sinh, biét rang em dé dang
ki thi nganh luat. Tinh xac suat dé em d6 dang ki thi nganh kinh té.

KQ:

Cau 19. Trong mot tuan, Son chon ngiu nhién ba ngay chay bo budi sang. Néu chay bo thi xac suat
Son an thém mot qua tring vao bita sang hom d6 1a 0,7 . Néu khong chay b thi xac suat Son &n thém
mot qua triing vao bira sang hom d6 1a 0,25. Chon ngau nhién mot ngay trong tuan ctia Son. Tinh xac
suat dé hom d6 Son chay bo néu biét rang bita saing hom d6 Son ¢6 an thém mot qua triing (lam tron
dén hang phan tram).

KQ:

Cau 20. Gia st c6 khoang 40% thu dién tir (email) glri dén mot dia chi 1a thu rac. Nguoi ta stt dung
mot thuat toan dé phan loai thu rac, biét rang thuat todn nay c6 thé phan loai dén 99% thur rac va ti 1é
sai sot khi phan loai thu binh thuong thanh thu rac l1a 5%. Tinh xac suat mot thu dién tr 1a thu binh
thuong néu thu nay da dugc phan loai ding (lam tron dén hang phan tram).

KQ:
Cau 21.
Cho so dd hinh cdy nhu hinh bén. Tinh gia tri ctia biéu thic
P(B)P(A | B)
P(A)
0,2
0,8
KQ:

Cau 22. Nam 2001, Cong dong chau Au c6 lam mot dot kiém tra rat rong rai cac con bo dé phat
hién nhttng con bi bénh bo dién. Khong c6 xét nghiém nao cho két qua chinh xac 100%. Mot loai xét
nghiém, ma & day ta goi 1a xét nghiém A cho két qua nhu sau: khi con bo bi bénh bo dién thi xac suat
dé c6 phan ting duong tinh trong xét nghiém A 1a 70% con khi con bo khong bi bénh thi xac suat
dé c6 phan ting duong tinh trong xét nghiém A 1a 10%. Biét rang ti 1é bo bi mac bénh bo dién & Ha
Lan la 13 con trén 1 000 000 con (Nguon: F. M. Dekking et al., Amodern introduction to probability and
statistics Understanding why and how, Springer, 2005). Khi con bo & Ha Lan ¢6 phan ing duong tinh véi
xét nghiém A thi xac suat dé n6 bi mac bénh bo dién 1a P, tinh 1000P (liy gan ding dén hang phan
tram).

BANG DAP AN

Caul7. 059 |[Caul8. 04 |[Cau19. 0,68 |[Cau20. 059 | |Cau2l. 06 ||Cau22. 0,09 |
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6.3.2 Dé2

PHAN 1. Tréc nghiém 4 phuong an lua chon

Cau 1. Cho hai bién c¢6 A va B. Xac suét ctia bién c6 B, tinh trong diéu kién biét rang bién c6 A da
xay ra, dugc goi la xac suat ctua B vdi dieu kién A ki hiéu la

A.P(A|B). B. P(B| A). C. P(AB). D. P (B).
Cau 2. Cho hai bién ¢b A va B. Biét réng xac suat ctia bién cb6 A bfing 0,6; xac suat cta bién cb bién cd
B trong diéu kién bién c¢6 A da xay ra bang 0,2. Tinh xac suat ctia A va B déu xay ra.

3 3 1 2
A. 75 B. 10" C. 3 D. 3

Cau 3. Gieo hai con xtic xac can doi dong chat. Tinh xac suat dé tong s6 cham trén hai con xuc xac
bang bang 8 neu biet rang it nhat c6 mot con xtic xac xuat hién mat 3 cham.

5 11 2
Aﬁ B. Cg Dﬁ

Cau 4. Cho A va B la hai bién c0. Trong cdc ménh dé sau, ménh dé nao sai?

all N

A. V6iP(B) >0.KhidoP (A | B) =P (B)-P(AB).
B. Néu A va B 1a hai bién c6 doc lap thi P (B) = P (B | A).
C. V6iP(B) > 0.Khido P (A|B) =1—P(A|B).
D. Néu A va Bla hai bién c¢6 doclap thiP (A | B) =P (A | B).
Cau 5. Cho A va B 1a hai bién c6. Cong thitc nao dudi day 1a cong thic tinh xac suat toan phan?

A.P(A)=P(B)-P(A|B)+P(B)-P(A|B). B. P(4)= <>P<A\B>+P(> P(4|B).
C.P(A)=P(B)-P(A|B)+P(B)- (AIB) P(A)=P(B)-P(A|B)+P(B)-P(A]B).
Cau 6. Chohaibiéncd AvaBc6P (A) = 0,3,P(B) =05 VaP(B | A)=04.Tinh P (A | B).

A. 0,6. B. 0,24. C. 0,15. D. 0,5.

Cau 7. Cho hai bién c6 A va Bco P (A) = 0,7, P(B) = 0,4 va P (AB) = 0,2. Tinh xéc suat bién c6 B
véi diéu kién A.

1 4 7

5> B. = C. D. 10"

Cau 8. Chohaibiéncd AvaBcoP(A) =0,6;P (B) =0,4vaP (AB) = 0,3. Xac suat bién c6 A khong
xay ra véi diéu kién B la

A.

NN

7 3 1 1
A E Bu Z. C. E. D. 1.
Cau 9. Trong hop c6 7 vién bi mau xanh, 5 vién bi mau do, cac vién bi c6 cting kich thudc va khoi
lugng. An ldy ngdu nhién moét vién bi tir hop khong tré lai, sau d6 Binh ldy mot vién bi trong cac bi
con lai. Tinh xéc suat dé An 1dy duge bi mau xanh va Binh léy duoc bi mau do.

35 35 1 3
A ]372 Bo m . Co ﬁ . Do ﬁ .
Cau 10.
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Cho so do cay nhu hinh vé bén. Khéng dinh nao sau day
sai?
A.P(A) =0,3. B. P( .
C. P(A|B) =046. D.P(B|A) =02

Cau 11. Cho hai bién cb ngdu nhién A va B. Biétrang P (A | B) = %P (B| A)vaP(AB) # 0. Tinh ti
. P(A)

5 (B)
3 2 1 1
Ao E- Bo 3- Co g- Do E-
Cau 12. Cho hai bién c6 ngdu nhién A va B. Biét rang P (A) = g; P(B|A) = 411 vaP(B|A) = %
Tinh P (BA).
43 2 3 17
Ao rg(): B- Eq Co ﬁ- Do @.
BANG DAP AN

|[Cau5. D |[Cau6. B |
|[Cau8. D |[Cau9. A ||[Caul0. C |[Caull. B |[Cau1l2. B |

[Caul. B ||[Cau2. A |[Cau3. D |[Cau4. A
[Cau7. C

PHAN 2. Tréc nghiém chon diing sai

Cau 13. Mot nha mdy thuc hién khéo sat toan bd cong nhan vé sy hai long ctia ho vé diéu kién lam
viéc tai phan xudng. Két qua khao sat nhu sau:

Ket qua khao sat
Hai long | Khong hai long
S6 cong nhan xuédng I 23 12
SO cong nhan xudng 11 25 15

Khao sat cong nhan

Gap ngau nhién mot cong nhan ctia nha mdy. Goi A 1a bién cb “Céng nhan d6 lam viéc tai phan
xudng I” va B la bien c6 “Cong nhan do hai long vdi dieu kién lam viéc tai phan xudng”. Xét tinh
diing sai ctia cac phat biéu sau.

Phat biéu P|S

, A 2 « R A N 7
a) Xac suat cua bién co A la 15

b) Xac suat ctia bién ¢ B 1a 0,65.

¢) Xdc suat gap dugc cong nhan khong hai long véi diéu kién lam viéc tai phan

xudng biét cong nhan do thudc xudng I 1a

% .
d) Xac suat gdp dugc cong nhan thudc xudng 11 biét cong nhan do hai long véi diéu
kién lam viéc tai phan xudng 1a 0,52.

Cau 14. Cho hai bién c¢6 A va B c6 P(A) = 0,35, P(B| A) = 0,6 va P(B | A) = 0,2. Mdi phét biéu
dudi day dung hay sai?

W THANG LONG BINH TAN Trang 146



KHAI PHONG NANG LUC HOC TOAN LOP 12

Phat biéu D[S Phat biéu D[S
a) P(A) = 0,65. o P(B|A) =04
b) P(AB) =0,2. d) P(B) = 0,34.

Cau 15.

Cho so dd cay nhu hinh vé. Xét tinh ding sai ctia cac
phét biéu sau.

Phat biéu P|S

Cau 16. Trong mot truong hoc, ti 1€ hoc sinh nit 1a 55%. Ti 1€ hoc sinh nit va ti 1¢ hoc sinh nam tham
gia cau lac bo tiéng anh 1an luot 1a 20% va 15%. G&p ngdu nhién 1 hoc sinh ctia truong. Goi A 1a bién
cb6 “Hoc sinh d6 1a nit” va B 1a bién c6 “Hoc sinh d6 tham gia cau lac bo tiéng Anh”. Xét tinh dung
sai ctia cac phat biéu sau.

Phat biéu P|S

a) P(A) =0,45.
b) P(B| A) =0,15vaP(B| A) =0,2.
) Xac suat dé hoc sinh d6 c6 tham gia cau lac bo tiéng Anh 1a 0,1675.

d) Biét rang hoc sinh c6 tham gia cau lac bo tiéng Anh. Xéc suat hoc sinh d6 1a nam
v 27
bang —.
ang —

BANG DAP AN

Cau 13. Cau 14. Cau 15. Cau 16.

@pPpbsceOp@s |[|(@pbseEOP@P |[(@pbsCEs@p |[[(@pbsks@dp

PHAN 3. Tréc nghiém tr& 1&i ngdn

Cau 17. Lop 12A c6 40 hoc sinh, trong d6 c6 22 ban nit va 18 ban nam. C6 3 tén Hién géom hai ban
nam va mot ban ntr. Théy gido chon ngau nhién mot ban 1én bang lam bai tap. Tinh xac suat dé chon
ding ban tén Hién 1a ban nam (két qud lam tron dén hang phan trim).

Cau 18. Mot hop dung 30 vién bi kich thudc, chat liéu nhu nhau, trong do6 c6 20 vién bi xanh va 10
vién bi trang. Lay ngdu nhién ra mot vién bi khong bo lai trong hop, réi lai lay ngau nhién ra mot
vién bi nira. Tinh xdc suat dé léy dugc mot vién bi tréng & 1an thit nhat va mot vién bi xanh & 1an tha
hai (két qud lam tron dén hang phan trim).
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Cau 19. Khao sat ti 1é ngudi dan trong mot xa nghién thubc 14 1a 20%; ti 1é ngudi bi bénh phéi trong
s6 ngudi nghién thudc 14 1a 70%, trong s6 ngudi khong nghién thudc 14 1a 15%. Hoéi khi ta gép ngau
nhién mot ngudi dan ctia ctia xa d6 thi kha ndng ma ngudi d6 bi bénh phdi la bao nhiéu %?

KQ:

Cau 20. C6 2 xa thii loai I va 8 xa tht loai II, xac sudt ban tring dich ctia cac loai xa tha loai 114 0,9
va loai IT1a 0,7. Chon ngau nhién ra mot xa thu va xa thu dé ban mot vién dan. Tim xac suat dé vién
dan do6 trang dich.

KQ:

Cau 21. Khao sat su yéu thich moén Toan cta hai 16p 12 cia mét truong. Lop 12A1 c6 40 hoc sinh va
¢6 80% hoc sinh thich mén Toén, 16p 12A2 c6 32 hoc sinh va ¢6 75% hoc sinh thich mén Toan. Chon
ngau nhién mot hoc sinh. Biét rf?mg ban d6 yéu thich mén Toan, tinh xac sudt ban dé hoc 16p 12A1
(két qud lam tron dén hang phan trim).

Cau 22. Hop thu nhat c6 6 vién bi d6 va 4 vién bi xanh, hop thu hai ¢6 4 vién bi do va 6 vién bi xanh,
cac vién bi c6 cung khéi luong va kich thude. Léy ngau nhién 1 vién bi tir hop tha nhat bo sang hop
thit hai. Sau d6 tir hop thit hai iy ngdu nhién ra mot vién bi. Biét rang vién bi lay ra tir hop hai la
vién bi mau dé. Tinh xac sut vién bi bo tir hop thir nhat sang hop thit hai la mau xanh (két qud lam
tron dén hang phan trim).

BANG DAP AN

Caul7. 025 |[Caul8. 023 |[Cau19. 26 |[Cau20. 074 | [Cau2l. 057 ||Cau22. 035 |
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