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HAM SO LUGNG GIAC...........ocoeeeeeeee e eee e es s sassss st ssn st seanssn s 124
135. Sy bién thién & D6 thi cic ham [UONE GIAC CODAN......vvvveveeveciereieeee et 124
PHUONG TRINH LUGQNG GIAC ..........cooioiieieeeeeieeieeeeeiesseeeeesees s sessaes s sessses s sass s ssansss s sessass e 126
136. PRUONG tTINN SIN ..ot b ettt b e sb e e sb e seeeninesan e nns 126
137. PRUONZ tTINN COS..veuviriiiieieiiteeiie sttt b e ar e r st e e nn e e r e nesre e nne e 126
138. PhUONG trINN TAN ...eoiiiiic et nr e 126
139. PRUONZ tTINN COT vttt sttt sr e r et e e nn e nr e ar e sre e e nne e 126
140. MOt SO dang Pho DICN ..uvvvveveeveieeeeeee ettt s sttt 127

) Dang SIN?(X)=a NOAC COSZ(X)T 1uvrrrrrrereririririieieieesesesessststsssssesessssesesesessseseseseseseseseseseseese e s s ssasasasasas 127

b) Phuong trinh dang BAc Nai.........ceooiiiiiiiiiii e 127

C) Dang aXSIN(X)FDXCOS(X)TC 1 vveurerueeiiiteriiesiesteeieste ettt ste et e st s sbe st e sk sbeese e b e be et e sbeenbesbeebeesbesbeeneenbe e 128

d) Dang: axsin?(X)+bxsin(x)Xco8(X)FCXCOSA(X)TA 1ourviviriiriireriiisieseesiee s s e e ssns 128

€) PRUONG trINN GANG CAP.....vovvecvececeeeceeeeeseess ettt ens s es e ss s s se ettt 129

f) Phuong trinh d6i XIng theo SIN VA COS......rvuirrirrrieeesisseseessesssssessessesssessssssssessssssssessessssssessassesseenes 129

g) Phuong trinh chira dong thdi Sin £ COS VA SIN X COS..uuvururriririerrseieeisesseessssesssesesssesssssesessensessnenns 129
PHUONG PHAP QUY NAP TOAN HOC .........oooooiieieieieeeeeeeeeeeessessssees s sessses s sass s ssesnsss s neas 130
DAY SO ..ottt bbbt 132
141, DInh NEITA AAY SO .vv.veveveereieeee ettt et s et n s s en s aseesensses st et s e s e 132
142, NNENG CACH ChO QAY SO...vvrcverviereceeeieesecis e seestes e sees s es s s s ess et ss e 132
143. Biéu din hinh NOC CUA AAY SO.....vvuvvirereeeeeeeseeestess et sss et ses s sssssssss s sseses s st en s 132
144. Tinh tANg, ZIAM CUA AAY SO.....vv.eveeeeiieeeereeseeseetess s es st s et ess et er s esssssesssss s assesssssesnsnsn s sensnenes 133
145. Phuong phap xét tinh ting, giAm cla dAY SO .....e..eveererrereereeseeseeseeeseesessesseesessess et eessssses s neas 134
146. DAY SO DI CRAN ...ttt sttt e s e s e sttt 134
147. Cong thirc s6 hang tong quat dang da thiTC............o.evueveveereeeereceeeee e 135
148. Day tong c¢6 dang Sni1= S + DA thiTC DAC Ml..v.vvreieereieieeeieee ettt 136
149. Day tong dang Sni1 = Sa + (Da thirc bAc M theo N) X B™......cvervcereceeeeeeieeeseeesesesessssessesses s 137
150. DAY SO Un= AXUn 1 F Blrurvooreieiieiesieieeeeeiesees e sttt sna s s ese sttt 138
CAP SO CONG ...t ettt 139
CAP SO NHAN .......oooomiiecee ettt e ettt en et rens 140
GIOT HAN DAY SO .....oooioiieieeeeeeeeeeeee sttt 141
151. Mot bai toan md dau vé khai niém giGi han dAY S8.........coeevreeieieieeieeeeeeseee e, 141
152, Gi6i han dAy SO 1A Z17 ...cvuveeceeeeeeeeeeee ettt 142
153. BAm may tinh im gidi DA dAY SO........eveveereeieeceeieeeeeiee et 142
154. DAY O €O ZIOT NAN 0 .o.voovoeeeeeeeeeeee ettt 147

Q) PN NZITA .. 147

b) MOt SO dAy SO €O IOT NAN 0 .oovvooveeee ettt 148
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C) DN LY KO it 148

DAY SO CO GIOT HAN HUU HAN .......ootiiiiiiieeteeee ettt sttt n sttt 149
155 PINN NI ... ne e 149
156. Quy tac tinh il han DU NAN c.....c..cvcvcecececee ettt 149
157. Tong ctia cAp SO NHAN 1 VO DAN ...cooveoeceevcee ettt 149

DAY SO CO GIOT HAN VO CUC ...ttt sttt n st 150
I58. PINN NZITA ... e e r e 150
159. Quy tAC tiM IO DAN VO CUC cvvvvveirceececeeieetestesteses ettt nss st sss s ssessssses st snsnsnes 150
160. Cac gidi han hon oP 0™, 887, N1, N w..veviceceeeeeees ettt sttt 151

CAC KY THUAT TINH GIOT HAN DAY SO ......cooviiiiiiisiceeeseee ettt sse s sastes st 152

GIOT HAN HAM SO ...ttt sa st 155
161. Gidi han NAM S8 1A GI?.....uveveieicieieeeeeeeeese sttt 155
162. Céc 10ai ky hiBu gidi han NAM SO........c.cvvvvieiieeeeeesieeeeeteeee sttt 156
163. BAmM may tim gidi Nan NAM S .........cvvvreeeceeeeeeeess ettt sse s st 156
164. Cac dinh nghia ioi Dan BAM SO .....cv.vevecee ettt 160
165. Tinh gidi han ctia ham $6 bang dinh NGHTA.........cvevevereieiereieeee st 161
166. Chirng minh ham s6 khong ton tai gidi NAN...........c.eveeveevereieeeseeseies e seesees e seesses s 161
167. Quy tac tim gioi han DU NAN co..c..c..cvcececeecece ettt s st 161
168. QU tAC tM GIOT NAN VO CUC .vvverveeceeiectces et seesses s sssstes sttt sssnss st seas 162

CAC DANG VO PINH .....cooooiiiiiiiiieeeeeeesisteses e see et es st s s s s es s es st sn s s s sansnes 163
169. Giai thich cac dang VO AINN .......ooiiiiiiiiiii e 163
170. K¥ thuat tim gidi han khi gdp dang vO dinh ... 164

GIOT HAN MOT BEN .....oooiiiiiieeeeecee ettt ns et senneas 167
171. Dinh nghia gidi han hitu han va v han..........cccooiiiiii e 167
172. Diéu Kidn hAm SO €0 ZIGT NAN ..vvvocveeeeeeeeeeeeee st 168

HAM SO LIEN TUC TAIMOT BIEM ..........cocoooiiiiieiieeeieeeeeieeseee s seesees s sessaes s saes s 169
173, DN NZRTA ..ot r e nr s 169
174. Xét tinh 1ién tuc ctia ham S8 tai MOt GIEIM .....v.vveveeeeeeeeeeeee et e et e et es e et en e eneeeean 169
175. Tim diéu kién ctia tham s6 dé ham s6 1ién tuc tai MmOt M ......c.oevvvevveverecieceeeeee s 170

HAM SO LIEN TUC TREN KHOANG, POAN .........cooovirieieeeeeee e seeees s sees s 171
176. CAC QNN NZNTA ... et r bbbt b e nr s 171
177. DInh 1Y 1A trT tUNZ SIAM ..ouviiiiiiieie bbbttt sb e bt et e et e saeesnn e b nis 171
178. Ung dung tinh lién tuc dé chimg minh sw ¢6 NGRIBM.........cc.vveveereeeereeeeeese e 172

DAO HAM .....oooooiooeeeeeee et s st s ettt en e 174
179, PINN NZRTA ...t b e e s 174
180, S8 ©.oververeeeieeeeeeeee e et e s st s sttt 175
181, BANG A0 NAM ..ot bbbttt nr s 176
182, QUY TAC HNN 1o.eoveeectee ettt s sttt 177
183. CONg thirc tinh NhaN ........oiiiii et 177
184, Y NEITA CO NOC....veveveeeeeeese ettt s st s sttt s s s e s s s s st et e et n s 177
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185. HE 80 ZOC AUONG thANG .......vocvecveeceeie et s sttt 178

186. Hé s6 goc duong thing song song, VUONE ZOC, 120 ZOC......c..vrrrerrrrrerreisesssssesssesssesessssssessensessnes 178
187. PhUong trinh tEP tUYEN .....vocvecveeeececse ettt sttt 179
LUY THUA ..ottt et bbbt 181
188. CAC GINN NZITA......eieeiiiieeee et r e e r e nr e sr e r e nesre e ne e 181
189. iU KiBN CUA (FX))Z rvurverrerrreereeeeeseseeeees s eseestessesses st es s ssas s ss st es s ssas st nssen s s sesnasn s sens 181
190, THNR CRAL ..ottt s st s st s st ss s et s an st neas 181
191. S0 SAN [y thifd CUNE CO SO cvvvurverrrerrrereeesiesessestesesseesssssss s sessessessssssssssssssassesssssessssssssnsnsssessnsssnes 181
192, LAT QOM.ercvoveceeceeieeeeecees e tes e ees s et s st s s st san et e ssen et an et e 182
193, LATKEP covvvvveiecieie ettt 182
194. MOt 86 DAL t0AN 181 SUAL KNAC ..ottt eneen s eeeneeneseans 183
HAM SO LUY THUA.....ooooooiieeeceeeeeee et ee v es ettt 184
195, PINN NZITA .. E e r e r e re e nenre e 184
J RSO 5 T 3 1 F: 1 s U 184
197. SU DIEN thIBN VA 0 thi ...ttt s ettt e s s et et e ees et s er s eeneeeeneenesnans 184
HAM SO MU ..ottt et en et 187
198. Dinh Nghia NAM SO MTL....v.vvecveeveeeecseseeeeceee sttt sss st ess st s st ss st ssen s s seeneas 187
199. D20 ham clia hAM SO MIL......cvurveieciecieeieecie ettt s st 187
200. Sy bién thien va dd thi RAM SO I co..v.veeeeceeee et e et ee st e st ee e eneeneeean 187
CAN BAC ...ttt sttt ettt sttt st s sttt n et n s 189
201, PINh NZNTA ... n e nrenes 189
202, TN CRAL.....ceoveececeeeeeeec ettt et 189
00N 31 1 AU 190
203, DINI NZITA ..o bbbt bttt b e be e nre e san e b ns 190
204, TN CRAL.....cvoveeececeeeeeee e eestee et e n s s s s es s en st neen e senreas 192
205 HAM SO TOZATIE 1.vvvvevereicveceiceceeeeeteeeeseeseeses s st st s et s s ssessassas et es ettt 193
206. M6i 1i8n he ifta y = 10a(X) VA Y = 2% .ervurveereerensereeeeesseeseessessesseseessessessssssssssss s sssssses s sssssssennens 194
PHUONG TRINH, BAT PHUONG TRINH MU VA LOGARIT .........c.ooooiiieeeeeeeeeeeeseeeseeeeee e 195
207. PRUONZ trINN T ..ttt e bbb e bt bt e se e bt ebeen e b e nreeees 195
208. Bt PAUTONE NN M ....vocvocvocecececeeeeeeeessses sttt s s s s ess s ssses st st nsns e s snesnaneaes 196
209. PhUoNG trINI LOGATTE.....c.viitieiiiiiiiictisit ettt sr et bbbt n et ennesbe e nreeees 196
210. Bt phurong trinh IOZATIt ..........c..ecverveeveeceesieseesesseseeseesseeseessess s s sess s essess s essss s essen st ssen s sens 197
HINH KHONG GIAN (THAO TAC PHU, KI HIEU)..........cc.cooiiioieiieeieeeeeeeeesesee e 198
211 Ki BIGU MEL PRANG w.vovovevceceeeceeeeeee ettt s e e s ass st ss et ns et 198
212. Diém € QUONZ NOTC AL ....vocveeeeeeeeeeeeeeseesessses e ses st es et es s e sn s ssesssessssses st st nsntns e aneaes 198
213, QUY UOC V& NINN .. e 198
214, VI BOTIE Q81 ...ttt et sttt 199
215. LY do diém € MAt PRANG ......veveeceereeeeeceeseseesessesees e sses s ses e s s ssssn st ssen s 199
216. Xac dinh 4 diEm dONG PRANG.......c..cveveeeerreereeeeeseseeeeees e seesees e eess e es s es s s e 199
217. Xéc dinh 2 dudng thang tao boi 4 diEm CAt NNAU .........c..oveevverereeeeeeeees e 200
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218. Tim mot diém chung gitta hai Mat PAANG..........ccv.evecereereeeeeeseeseeeeeeee e 200

219. Didu Kién X4¢ diNh MAt PRANG ....cv.vvoveeeeveeieesesese ettt sse s s s s es et s sttt 200
220. Luu ¥ ki hiéu khi Viét ChUNG MIND «......cvoiveeciceeeeeceeeee s 201
221. DINh I MENELAUS .....ooviiiiiiiiiiiiieeeet ettt b bttt e e sre e sbe e sreesnnesnneanns 201
DANG TOAN CHUNG MINH TINH CHAT ..........oooivirieeeieeeeeeeseeeeees e sesses s 203
222. Tim mot diém nam trén giao tuyén ciia hai Mat PRANG .......c.ovveevevreeeeeeeee e, 203
223. Tim giao diém gitta duong thing VA MAt PRANG ..........vveeveererrereeeeesseeseseeesee e ee e seereess e 203
224. Tim giao tuyén ciia hai MAt PRANG.........c.coveveverereies ettt s et 204
225. Chirng minh ba diém thAng NANG..........cc.vveeveeciriereeceieseseeeeseee e seeseee e 204
226. Tim tap hop giao diém ciia hai duong thang di AONE .........cccveevevrevreereeererese s, 205
227. Ching minh hai dUong thAng SONZ SONE .........c.rveevererreereererssseessersessessessessssssssessssssssesssssssssssessens 205
228. Ching minh ba GUONg thANG AONEG QUY «..v.vveverveereereieseseie s sss s seesesss s ssssssss et sneans 205
229. Xac dinh thiét dién ciia hinh chOp VA MAt PRANG........c.evrveveeeeeiieeeeeeet s ses st 206
230. Xét vi tri twong ddi cta hai duong thang Phan BiBt..........coc.eeveveeeeeeeerereeeseesesseeseeseeseesses e seeseesse e 207
231. Ching minh dudng thing song Song Vi Mt PRANG ........c..eveevrevreerereeiesseessessseesssssssessensessensesseneans 207
232. Chirng minh hai Mt PhANG SONE SONG .......vververrrerererseseessersesssseessessesssssessessssssessesssssssssesssssssessens 208
233. Ching minh ba vecto dONE PRANG.........cv.eveevrveerereissiessie s esssssssssessessesesssesesssesssssnses s ensenenes 209
234. Ching minh bon diém dong phang thANE qUA VECLO .......ve.veerreereeeerseseeseessesessessessssssssssesseseenssnens 210
235. Ching minh dudng thing vudng goc VOi MAt PRANG ..........cevueveereeeeeeeeereesesssesessssessesesses s, 210
236. Chirng minh hai dUONg thAng VUONE GOC ......v.vverreerereeseeseeseessessessessessessessesssssessessessssssesssssssessssssens 211
237. Ching minh hai Mt phang VUONZ ZOC.......eveveereereererserreieieseesesseesssssssssssessessssssssssssssssnsssnsessneans 211
238. Tim hinh chiéu vudng goc ctia mot diém 18n Mot Mat PhaANG..........ccv.eveveeeereeeeeeseseeeeeeeeseeseeeeesseeeeas 212
DANG TOAN TINH GOC, KHOANG CACH.............cocoovvirieeeriieierieeeessssessssssssssensnsen s sensn s 214
239. Tim gOc gitta hai AUONG thANG...........ovveceerreeeeeceeieseeeeees e ees e es s seen e 214
240. Tim goc gitta duong thang VA MAt PRANG ..........eveveverereeiereeeeeee s ssees st 215
241. Tim gOC @itta NAl MEAL PRANG ......e.cveveeeceeeeeeeceee et tes e eese e es s seen e 215
242. Goc nhi dién va g6¢ PhANG NHi QIEN c...cvvvveveeeeieeveee ettt 217
243. Khoang cach gitta diém VA Mat PRANG............ccvrveevecersereeseeeseeseeeeseesseseessee s esses s sssssses s senseeneas 218
244. Khoang cach giita dudng thing va mat phang SONZ SONE ...........ceverrererreereeressssnsssensensensessensensenenn, 219
245. Khoang cach giita hai mit phang SONZ SONE .........v.verveererrerrereeseessesseseesseesesssessessssssssesssseeseesssnens 220
246. Khoang cach giita hai dudng thang chéo NNAU.............co..eveevvrvereeeeeeeeseseeseee e sessessees oo 220
CAC PINH LY VE VUONG GOC VA SONG SONG..........oomooieerereeeoeiesesseessessesssssessessses s sesnasnsn e 223
CAC HINH KHOT CO BAN........oiiiiiiiiiiiiiiiieisessse st sss st 226
KHOI DA DIEN VA THE TICH ........cooooiiioeeieeeeeee e 230
247. Hinh da dién, KROT @a i8N........c..oeeeeeeeceeeeeeeeeeee oo s en e 230
248, KNOT A8 QIBI 101 1.ttt ettt ettt e et e en et e et e ee et et ee et e een e eneen e 230
249, KNOT 8 QB0 GBU........eeeeeeeeeeeee ettt e s en st e e ee e en s en e en e en e 231
250. Mt phang VA truC A0 XUNE. ... vvcverveevecesseseeseesseeseeseessesseeseessesseessessess e ssssse s sssss s s sssss s seeneensnsens 233
251, TRE tHER @A QIEI1 ...ttt n e een st e e ee e en s en e en s eneen e 235
252. D9 dai va di€n tich GAC DIET ......oiviiiiiiiiiiiie e 239
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253, PINh 1Y MENEIAUS ..ot sr e n e n e nr e nrennes 239

254, TaM QIEN VUOIE ... eeveeteeitieiiteette et et e sttt et ettt be e s bt e she e sheesab e e s b e e bt e b e e ke e abe e ebe e e s et e nbeenbeenbeesbeesnnesnneanns 239
THONG KE GHEP NHOM .........o.ooiiiiiiieieeeeieeeeeeee st ess s ssses s s sesss st nssnsensansnes 240
255, LU § BAM MAY tN....vocviceciciceecececese ettt ss s s sttt 240
256. C& mAu, gi tri dai dién, d6 dai nhom, quy tac ghép NHOM .......c..vvvvreeeeeeeeeseee e, 240
257. Céc s dic trung do Xu the trUNg tAM ........c.eveeveereereresess et ess s sses s sses st s st 241
) SOTUNG DIND 1.ttt ettt s s es s es st s s s s s e ssensan s sennes 241

o) I BT V2 OO P PR PP VSR PPRTPPRPT 242

C) THE PRAN Vi .ottt r et R e Rt R R R n e re e 245

e (5] OO 250

258. Cac s6 ddc trung cho MUC A0 PHAN AN ...........ccvrveereeceeseseeeeesseeseseessee e seess et nees s 251
) KNOANG DICN thiGN.........ovveveeeiciceceieeceeeeseess ettt sttt s s ss s se sttt 251

b) KhoANG tT PRAN Vi .ottt ettt b e bt san et be e nreennn e 253

¢) Phurong 5ai va d0 18CH CHUAN «.......c.ocveececieeeceecte ettt ess st ssar e 254

259. GHA T NZOAI 18 1..vvuvviveeeeeieie et s st en ettt 255
UNG DUNG PAO HAM DE KHAO SAT HAM SO ......oooooiiieieeieeeeeeeteeeseies s 256
TINH DON DIEU ........cooviiiiiieiieeeeeee ettt sttt as e sesss s s es st ssnsn s st ensansnes 256
260. Cac dau higu xét tinh don didu clia NAM SO .......evvveceieeeeecieie et 256

a) Tinh don Gi€U dPa VA0 SO SANN ......eciuiiiiiiiiiiii ittt ae e es 256

b) Tinh don GiBU AUA VAO LY SO..v.vvevvveireiessieseseseesss sttt ess et ses s s ssesss st s en s 256

¢) Tinh don diéu dua vA0 dd thi DAM SO .....vvveiieeeeeieeeee ettt 257

d) Tinh don diéu dira VA0 dAu d20 BAM ......c.veeeeeeeeeeeeeeeeee st 257

e) Tinh don diéu dua vao bANg BIEN thilN ........c.cveevevevereieeeeee st 257

261, MOt SO TINAN XEE ..ottt ettt e e et s e et e e e e een et eeen s ee et et es et e een e eneen e 258
262. X6t dAU DICU thUIC.......eveeeeeceeseeteceesesteses et ssen s 259
263. Tim diéu kién tham s6 tir bidu thirc ChUA X VA I ..ot 260
264. Xét tinh don diéu biét cOng thiTc NAM SO........vveeveevieieieieee ettt 261
265. Tinh don di€U hAmM DAC 3 ...civiiiiie ettt e s abe e e be e e stte e s reeesaeeeanes 261
266. Tinh don diéu ham BAC NhAL / BAC TNAL.......c.veeeeeeeeeeeeeeee et e ettt ee ettt en e ee e en e es s eeeeon 262
267. Tim diéu kién ham s6 don diéu trén 1 tAp (10 QUAL).....o..veerveereeeeeeesereesseeseseessee s seereessnneas 262
268. Tim tham s6 d& ham [f(X)] G0N GIGU.......evviveeveeereeeiet et 263
CUC TRIHAM SO ..ot es et en s s e 264
269. TRUAL DM ....vvoeveeeeeeeeseeseessees e seesssssssessesses s s sesssesseee e s e s s e s esssen s es e sssnsees s ensses e s esssenssensenssesenees 264
L B 1Yo I Ved sVt o1 (o o SRR 264
271. Dinh i : Dao ham tai GIEM CUC T ....vvveeeeeeeeeeeeeeee e ee s et ene e 265
272. Pinh i : Diéu kién c6 cuc tri dua vao su doi dAu da0 NAM c....o.cveveeeeeeeeeeeee et 266
273. Pinh 1i : Diéu kién c6 cyc tri dwa vao dao ham cép 2 266
274. Piéu kién ham dat cuc tri, cuc dai, cuc tiéu tai MOt GIEM . ...vveeveveeeeeee et e e 267
275. S6 diém cuc tri cta [f(x)], FX]), Kif@XAFD)HKD crvvvrrereieeeeeeeeesseeee s 267
276. Tinh nhanh cuec tri, phuong trinh dudng di qua cuc tri ham phan thuc............c.ccoov e 268
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277. MOt 56 nhan xét v& curc tr] RAM da thTIC. ... ..oveeeeeeeeeeeeee et 268

278. CUC LT AM DAC 3.t e et e s e e e e e e st e s bbb e e e e e e e s et et bbb e e e e e e s s saareraees 270
279. Cuc tri ham DAC 4 tTUNZ PAUOTIE .....veiveeeiiriiie st r e nre e nreenes 274
280. Cuyec tri ctia ham sb cho br:ing cong thuc cu TG ettt ettt ettt 275
GIA TRI LON NHAT - GIA TRINHO NHAT ........cooooiiieieieeeeeieeieeseeeee e ses s ses s 276
28 1. PINN NZITA ..ot r e r e ns 276
282. Cac phuong phap tim GTLN, GTNN ham 1 bién thuong ding.........c..co.eeeeveereeeeerseeeeeersesseeseessenens 277
283. M0t 56 bat dANg thirc NI ICH ..v.vvvcveeceececesee ettt 277
284. GTLN, GTNN HAm DAC 1 /DAC 1 oevieiiiieieieiee e 277
285. So sanh GTLN, GTNN ciia [f{X)+HM| VOL MOt SO @ .vecvvrverererieseeceeeseeseseeseeeseeseessee s 277
286. Tim GTLN, GTNN ctia ham s trén tAP XAC QNN ..o 278
287. Tim GTLN, GTNN ciia ham $6 1i8n tuc trén doan [;D] ....oveveeeeeeeeereeeeeeseeeeeeeeeeeees s sseseenesneeen 278
288. Tim GTLN, GTNN ciia ham s6 f(X) trén MOt tAP A tY Vevrevevvreereeeeeeeresessssssssesessssessessenseesensessneans 278
DUONG TIEM CAN......ooooooieeieeeeeetestessesees s esaesaes s s ses s s s aes e s s s sssss s s s s s senssesaes st esesn s ssnseas 279
289. Dinh nghia tiEmM CAN NZANG .......ccoviiiiieiiiere et r e nresre e sreanes 279
290. Dinh nghia ti€m CAN GUNE ....veiveiiieiiiiiiiie bbbt a e et e sbe e sbe e sre et e nbeanes 279
291. Dinh nghia ti€M CAN XIBM......uiiuiiitieitieiii ittt b ettt sb et et e e b e e sbeeseeesnneanneenns 279
292. CAC bUGC tIM HIEM CAN NZANE ...evviuveiieeiiresieesresreestestestee e e e e re s e e sresreesresresre e resreeseenresreennesreenrenreanes 280
293. CAc budc tim tiCM CAN AUNE. ... eoivieiriiiiiiiii ittt sttt sb e e b e e sbe e sbeesreesnnesnneanns 280
A7 O Tl 10 (o [oa 1 s WA TS 01 W o130 15 (=) o PR 281
295. S LUQNE CAC 10@1 tIEII CAM.....viiiiiiiiiiiie ettt sb e be e s e s bbb e e sbeesbeesrne s 281
296. Ti€m cAn hAmM DAC 1/ DAC 1 ..viiiiiiiiiii ittt e e st e e be e e nta e e s te e e saeeeanes 281
297. T1€M CAN CUA DAC 2 / DAC 1 oooieiiiiiiiiiiiii ettt e e e e e e e s e e bbb e e e e e e s s e ab b b e e e e e e e e s senabareees 281
208, MOt SO THNAN XEE ..ottt eee et e et s e e et e e e s een e e en s e e et st ee e e e eeneeeeneen e 282
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MENH D

1. Ménh dé 1a gi?

» Ménh @@ 1a mot cau khang dinh dang hodc mot cau khang dinh sai.

Vi du "1’+ 1’ = 2", "Ha Noi la thu doé cua Viét qu " "Da chng la thanh phé cua nuwoc My", "Viéet Nam
thong nhat dat nudéc vao nam 1977" la cac ménh de.

= Mot khing dinh dung goi 1a ménh dé duing.

Vidu:"1+1 = 2", "Ha Ngi la thu dé ciia Viét Nam" la cdc ménh d@é dung.

= Mot kh:flng dinh sai goi 12 ménh dé sai.

Vi du: "Pa Nang la thanh phé ciia nwée My", "Viét Nam thong nhat dat nueée vao nam 1977" 1a ménh d@é sai.
» M6t ménh dé khong thé vira dung, vira sai.

« Ngudi ta thuong sir dung céc chit cai in hoa P, Q, R, ... dé ki hiéu ménh dé.

Vi du: ménh dé P:"1 + 1 = 2", ménh dé Q = "Ha Noi la thii dé ciia Viét Nam”.

» Nhirng ménh dé c6 lién quan dén toan hoc con dugc goi 14 ménh dé toan hoc.

Vidu: "1+ 1 = 2" la mot ménh dé todn hoc.

= Ton tai nhfrng ciu 1a ménh dé, nhung hién tai chiing ta chua thé biét 1a ménh dé ding, hay ménh dé sai.

Vi du: "Tong thong nhiém ky tiép theo ciia nuéc My cd tén la David", cdu nay chdc chan ding, hodc chac
chcm sai, vi néu tong thong nhiém ky tiép theo ciia nuée My c6 tén la David thi ménh dé la ding, con néu

topg théng nhiém ky tiép theo ciia nude My khong co tén la David thi ménh dé sai, nhung dé biét cu thé ménh
dé la dung hay sai, thi ta phai cho doi moi biét dwoc.

= Cac cau cam than (cau cé dau cham than & cuoi), cau hoi (cd dau cham héi ¢ cudi) khong phai 1a ménh de.
Vi du: cac cau "Hom nay troi dep qua!”, "Ban an com chwa?" khong phai la ménh dé

Dé kiém tra 1 cau c6 phai ménh dé hay khéng, ta thwéng tuan theo suy luan nhw sau:
Xét xem cau ndi c6 phai 1a cau khing dinh hay khong?
La c4u khing dinh Khong 1a cAu khang dinh

Xét xem cau khang dinh 1a ludn ludn dung,
hay ludn ludn sai, hay c6 luc dang cé luc sai

Cau ludn ludén dung | | Cau ludn ludn sai | | Cau c6 luc dung, co luc sai

La ménh dé Khéng phai ménh dé

2. Mét sé kién thire cii

S6 0 khong phai s nguyén am va ciing khong phai sé nguyén duong.

Mot s6 1a s6 chinh phwong néu n6 1a binh phuong ctia mét s6 tyr nhién.

Vidu: 1, 4,9, 16,25, ... la 56 chinh phuong, vi 1 = 12,4 = 22,9 = 32,16 = 42,25 = 52, ...
Céc s6 nguyén duong khong phai 14 sb nguyén t6 thi goi 14 hgp so.
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Mot s6 khong 1a sb nguyén t6 thi chua chic n6 da 13 hop sd.

Vidu: % khéng la s6 nguyén t6, nhung né ciing khéng phai hop so.

S6 hiru ty 1a s6 c6 thé viét duge dudi dang ty s6 cua hai s6 nguyén véi mau sé khac 0.
(hiru: tac 1a co, ty: tuc la ty so, hitu ty : tirc 1a viet duoc dudi dang ty so cia hai s6 nguyén)
Vidy: 0,1,2,4,—6,4,5,—> ld cdc s hitu 1y,

S6 vo ty 1a s6 khong thé viét duge dudi dang ty s6 cua hai s6 nguyén voi mau sé khac 0.
Vidu: V2,3 +1, 32@ la cde s6 vé .

S6 nguyén am 1a cac s6 nguyén nhoé hon 0. (VD: ...,—6,—5,—4,—3,—2,—1).

S6 nguyén dwong 13 cac sé nguyén 16n hon 0. (VD: 1,2,3,4,5,6,7,8,9,10, ...).

S6 4m & S6 <0

S6 dwong © S6>0

S6 khong 4m © S6 >0

S6 khong dwong < S6 <0

3. Ménh dé chira bién

Mot nhéan dinh dugc goi la ménh dé chira bién néu cac diéu kién sau duoc thoa man:

« La mot cau khang dinh chira bién, bién s6 thuong duge ky hiéu béi cac chir cai nhu x, y, z, t....

- Biéﬂn sf:) nhan,gié ,tri trong m(f)t, tap X nao do (tdp X nay co thé do nhén dinh cho, hoac néu khong cho thi
ta hiéu rang bien so6 thugc tap so thuc R).

* Vi mdi gia tri cu thé ctia bién thude X ta duge mot ménh dé.

K Chuy:
— Mot ménh dé chtra bién c6 thé chira mot bién hodc nhiéu bién.
— Ménh dé chira bién c6 thé 1a ménh dé, cling ¢ thé khong 1a ménh dé.

a) Vi n 1a s6 ty nhién thi n? + 1 chia hét cho 2.

b) Véi x 1a s thuc thi x2 + 1 > 0.

) Vit 1asb thuc thi t? +1 < 0.

d) P(x):"2x = 1".

e) R(x;y): "2x + y = 3" (ménh dé nay chura hai bién 1a x va y).
f) T(n): "2n + 1 1a s6 chdn" (n 1a s6 ty nhién).

4. Ménh dé pha dinh

Cho ménh dé P.

* Ménh dé “Khéng phai P” duoc goi 1a ménh dé phu dinh ctia P va ki hiéu Ia P.

* Néu P dung thi P sai, néu P sai thi P dang.

* Ménh d P va ménh dé pha dinh P ciia n6 c6 tinh dung sai trai nguwgc nhau. Nghia 1a khi P dung thi P
sai, khi P sai thi P dling.
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& Chi y: Mot s6 pha dinh thuong gip

Ménh dé chinh Phii dinh thanh
hitu han vO han
v6 nghiém c6 nghiém
chia hét khong chia hét
bang khong bang (khac)
vGi moi ton tai
ton tai v61 moi
16n hon nho hon hoic bang
nhd hon 16n hon hoic bang
16n hon hodc bang nho hon
nho hon hoic bang 16n hon

1a s6 nguyén tb khong 1a s6 nguyén t6
..va ... ... hodc ...

... hoac ... ...va ...

A1 hoic A, hodc A5 hoic ... 4,

AjvaA,vadsva.. Ay,

A1 va A2 va A3 va ...An
A4 hoac A, hoac A hodc ... 4,

Ménh dé P Ménh d@é phi dinh P
12 14 s6 nguyén tb 12 khong 14 s6 nguyén t6
1+2=3 1+2+3
5=>4 5<4
5<6 526
12 chia hét cho 6 12 khong chia hét cho 6
Chim canh cut biét bay | Chim canh cut khong biét bay
Ca voi c6 nga Ca voi khong c6 nga
Con bo ngua c6 bom Con bo ngua khong c6 bom

Chu y:
= Ménh d& phu dinh ctia P c6 thé dién dat theo nhiéu cach khac nhau.
Vidu: P: "8 la s6 nguyén t6" ¢é P:"8 khéng phdi la s6 nguyén t6" hay P:"Néi 8 la s6 nguyén t6 la sai”.
» C6 thé dung ménh dé phu dinh 2 1an ctia ménh d& P dé dién dat P.
Vi du: P:"Day dong dan dién" c6 p: "Khéng phai day dong khéng dan dién" (Tiec la ddy dong phdi dan dién).
Vay P = P.
= Can than v6i khi thay thé cac ménh dé bang cac ¥ twong tu no.
Vi du: A: "a 1a s6 nguyén t6" c6 A: "a khong 1 nguyén t6". Ménh dé A khong giéng v6i ménh dé B: "a la
hop s6", vi ta gia sit a = % thi '% khong 1a nguyén t6" 1a ménh dé ding, trong khi "% 13 hop s6" 1a ménh d&
sai.
Vi dy: C: "Nam 1a mot loai dong vat" co C: "Ném khong 12 mot loai dong vat". Ménh dé C khong gidng voi
méph dé D: "Nam la mot loai thuc vat", Yi "Nam khong 1a mot loai dong vat" 1a ménh dé ding, trong khi
"Nam la moét loai thue vat" 1a mot ménh dé sai.
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5. Ménh dé kéo theo

Cho hai ménh dé P va Q
» Ménh d& "Néu P thi Q" dugc goi 1a ménh dé kéo theo va ki hidula P = Q.
» Ménh d& P = Q chi sai khi P diing va Q sai.

A& Chu y: = Ménh @& P = Q con duogc phat biéu 1a "P kéo theo Q" hoic "Tur P suyra Q".
» Cac dinh 1y toan hoc thuong c6 dang P = Q. Khi d6: P 1a gia thiét, Q 1a két luan.
= Mot vai cach phat biéu ménh dé "Néu P thi Q"

Diéu kién can dé P 1a Q
Q 1a diéu kién can dé c6 P
Diéu kién du dé Q 1a P
P 1a diéu kién du dé c6 Q
» Pé xét tinh dang sai cia ménh d& P = Q, ta chi can xét trudng hop P dung. Khi d6, néu Q ding thi ménh dé

ding, néu Q sai thi ménh d¢ sai.

6. Ménh dé dao

Phat biéu dung dicu kién can

Néu P thi Q

Phat biéu dung diéu kién du

» Cho ménh dé kéo theo P = Q. Ménh dé Q = P dugc goi la ménh dé dao cuia ménh d&é P = Q.
» Ménh d& d4o co thé dung, ciing c6 thé sai.

7. Ménh dé twong dwong

Cho hai ménh dé P va Q.

* Ménh dé "P néu va chi néu Q" (hoic "P khi va chi khi Q") duoc goi 1a ménh d& twong duong va ki hiéu
laP s Q.

» Néu ca hai ménh @& P = Q va Q = P déu dtng thi ménh d#Pe ding.

» Hai ménh dé P va Q twong duong khi ching cung dung hodc cing sai.

& Chi y: Néuménh d&é P < Q 1a mot dinh Iy thi ta n6i P 1a diéu kién can va di dé c6 Q.

8. Ki hiéu v va 3

V: v6i moi gia tri (hodc voi tat ca gia tri).
3: ton tai gia tri (hoac c6 gia tri, hoac co it nhét mot gia tri).
(Hai ki hiéu nay gitp viéc viét cac dinh 1y, biéu thirc, didu kién toan hoc ngén gon va nhanh chéng hon)

Hai dang ménh d& quan trong va ménh d& phu dinh ciia no :

Ménh dé Vx € X,P(x) | 3x € X, P(x)
Ménh dé phu dinh | 3x € X, P(x) | Vx € X, P(x)
& Chi y: » Ménh dé “vx € M, P(x)” dung néu v6i moi xo € M, P(x,) 1a ménh dé dung.
» Ménh d& “3x € M, P(x)” ding néu c6 x, € M sao cho P(x,) 1a ménh dé dung.

» Trong mdt s6 sach ky hiéu 3! nghia 13 ton tai duy nhat mot.

« Ky hiéu 3 chi cho ta biét ¢ gia tri, chtr khong cho ta biét c6 bao nhiéu gi4 tri.
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TAP HOP

9. K hiéu
Trong cudc séng, nguoi ta dﬁng tur tap hop dé chi mot nhom ddi twong ndo d6 hoan toan xac dinh. Mai dbi
tuong trong nhom goi 1a mot phén tur cua tép hop do.
Vi du:
a) Cac hoc sinh cia I6p 1041 tao thanh 1 tdp hop. Cac hoc sinh nit cia lop nay ciing tao thanh 1 tap hop.
b) Cdc nghiém ciia phwong trinh x* — 4 = 0 tqo thanh mét tdp hop. Tap hop nay cé hai phan tir la 2 va —2.
& Chu y:
Nguoi ta thuong ki hiéu tap hop bang cac chit cai in hoa 4, B, C... va ki hiéu phan tir caa tap hop bang cac
chir céi in thuong a, b, c, ...
D6i khi, dé ngin gon ngudi ta dung tir "tap" thay cho "tap hop".
Néu a 12 phan tir cua tap X, ta viét a € X.

Néu a khong phai phan tir cua tap X, ta viét a & X.

10. CAc tap s6

Tén Ki hiéu Cic phén tir hoiic dic diém
Tap hop s6 tu nhién N {0;1;2;3;4;5;6; ...}
Tap hop s6 tu nhién khac khong ~ N* 525845 6T
Tap hop s6 nguyén Z {.;-3;-2;-1;0;1;2;3; ...}
Tap hop sé nguyén duong /Al {1;2;3;4;5;6; ...}
Tap hop s6 nguyén am /A {...—4,-3;,-2;-1}
Tap hop s hitu ty Q {Z|mnezn =0}
Tap hop s6 vo ty I La s6 thuc nhung khong 14 s hiru ty
Tap hop s6 thuc R Bao gdm tét ca cac tap s6 O trén

& Chu y: S5 0 khong 1a s6 nguyén duong, ciing khong 12 sé nguyén am.

11. Cac cach cho mét tap hop
Céc céach cho mét tap hop
Liét ké cac phan tir cia tap hop

VD: A = {1,2,3,4,5,6,7,8,9,10}

Chi rd tinh chét dic trung cho cac phan tir cia tip hop
VD: A ={n € N*|n < 10}
& Chiiy:
= Tap hop khong chira phan tir nao goi 1a tap rong, ki hiéu @.

* Tap hop ludn mé dau va két thiic bang cip ngodc nhon { }.
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» Khi liét ké cac phan tir cia tap hop, ta c6 mot sb cha y sau day:

— Céc phan tir ¢6 thé dgqc ’Vié’t theo thir tu tuy y. Chang han, dé viét tdp hop A cac nghiém cua phuong trinh
x(x —1) = 0, ta c6 thé viét A = {0; 1} hoac A = {1;0}.

— Mbi phﬁn tr chi duoc liét ké mot lan. Chellng han, néu ki hi€u B la tap hop cac chir cai trong tir “Hello” thi
B = {H;e;l; 0}.

— Néu quy tic xac dinh cac phan tir du 13 thi nguoi ta dung “...” ma khong nhét t}liét viét ra tit ca cac phan
tir cua tap hop. Chang han, tap hgp céc so6 tu nhi€én khong qué 100 co6 thé dugc viet 1a {0;1;2;3;...;100}.

* CO nhiing tap hop ma ta co thé dém dugc sb luong cu thé cac phﬁn tr cua chung. Nhiing tap hop nhu vy
duoc goi la tap hop hitu han.

= Néu E 1a tap hop hitu han thi s6 phan tir cuia né duoc ki hiéu 1a n(E). Pic biét, n(@) = 0.

Vidu: E ={1;a;7;—1} céd n(E) = 4.

12. Tap con va hai tap hop bang nhau

Hai tap A va B dwoc goi 12 bing nhau, ky hiéu
A = B néu v6i moi phan ti cua A 1a mot phan tu

B cua B va moi phan tir cua B cling 1a mot phan tir
cua A.

Tap A duogc goi la tap con cuia tip B,
ky hiéu A € B n€u v6i moi phan tu
cua tap A deu la phan tr cua tap B.

AcB&o (Vx,xEA=>x EB) A=B & (AcBvaBcA)

& Chu y:
*Ac Ava@ c A véimoitap hop A.
= Néu A khong phai 1a tap con ctia B thi ta ki hiéu A ¢ B (doc 1a A khong chira trong B hodc B khong chira A).
» Néu A c B hoidc B A thitano6i A va B ¢o quan hé bao ham.
= Cho mét tap A gdbm n phan tir khac nhau.
— S6 tap con cua tap A (tinh ca tap @) 1a 2.
— S6 tap con cua tap A gom k phan tir khac nhau 1a: C¥ (Bam may tinh n k).

13. Biéu dé Ven

Dé minh hoa cac tdp hop ngudi ta dung biéu dd Ven. Mot hinh kép kin (thudng 14 hinh tron) dé biéu din tap

hop.
Hinh duwéi la biéu @6 Ven minh hoa cho quan hé giita cdc tdp hop sé quen thudc.
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Biéu d6 Ven minh hoa moi quan hé giita cdc loai da gidc thuwong gdp

14. Cac phép toan tap hop

Phép hiéu

Dic biét néu A c E thi hiéu cta E va A dugc ky hiéu 1a CzA duoc goi 1 phan bu cua

( Pa giac )
( T giac )
e N
Hinh thang
\ Y,
> ),
Phat biéu Ky hiéu Minh hea hinh hoc

Hop cua hai tap hop A va B la
tap hop bao gom tat ca cac
phan tir thudc A hodc thude B.

Giao cua hai tap hop A va B
1a tap hop bao gom tat ca cac
phan tr thudc ca A va B.

Hiéu cua hai tap hop A va B
1a tap hop bao gom tat ca cac
phan tir thuoc A nhung khong
thudc B.

AUB = {x|x € Ahodc x € B} A @B

A\B = {x|x € Avix ¢ B}

ANB = {x|x € Avax € B} A@B

A trong E, nhu vay: CgA = E\A = {x|x € Evax & A}.

& Chiiy:

= Néu A va B 14 hai tap hop hitu han thi n(4 U B) = n(4) + n(B) — n(A n B).

= Dic biét, néu A va B khong c6 phan tir chung, tic AN B = @, thi n(A U B) = n(4) + n(B).

« Néu A, B, C 14 ba tp hop hiru han thi :
n(AUBUC) =n(A)+n(B)+n(C) —nm(AnB)—n(BNC)—n(CNnA)+n(ANnBnNC)
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15. Céac tap con cta tap sé thwc

Tén goi va ky hiéu Tap hop Hinh biéu dién

a b

Pogn[a;b]  {xeRla<x<b} g — s
a b

Khoing (;b)  {x€Rla<x<b} s — s

a
Khoang (—o0; a) {x e R|x < a} )/%%%/=

a
Khoang (a; +) {x € Rl|a < x} /%;%%(

a b
Niakhoing [4;0)  {x € Rla<x<b} sl — i

a b
Nuakhoing (a;b]  {(x€Rla<x<b} sl lus

v

a
Nura khoang (—oo; a] {x € R|x < a} }%%Z;%/;
a
Ntra khoang [a; +00) {x € Rla < x} i >

777777777777 L
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BAT PHUONG TRINH BAC NHAT HAI AN

16. Pinh nghia
Bét phuong trinh bac nhét hai an 1 bat phuong trinh ¢6 mdt trong cac dang:
ax+by+c<0 ax+by+c<0 ax+by+c>0 ax+by+c=0

trong d6 a, b, ¢ 1a nhiing s6 cho trudc sao cho a? + b? # 0; x va y la cac an.
Vidu: 2x+3y—3<0, —%x —y>0,2x>2 %y < 4 [ cdc bat phwong trinh bdc nhdt 2 an.

17. Biéu dién tap nghiém

Xét bat phuong trinh ax + by + ¢ < 0.

Madi cip s6 (xo; Vo) théa min axy + by, + ¢ < 0 duoc goi 1a mot nghiém cua bat phwong trinh da cho.
(Nghiém cuia cac bat phuong trinh ax + by + ¢ > 0,ax + by + ¢ < 0,ax + by + ¢ = 0 ciing duoc dinh
nghia tuong tu)

Dé xac dinh mién nghiém ctia bat phuong trinh ax + by + ¢ < 0, ta lam nhur sau:

= V& dudng thang (d): ax + by + ¢ = 0 (Xac dinh 2 diém rdi vé duong thang)

= X6t mot diém M (xo; yo) (Thuong 1a goc toa do (0; 0)) khong nam trén (d))

— Néu axy + by, + ¢ < 0 thi nira mat phang (khong ké bo (d)) chira diém M 1a mién nghiém cua bat phuong
trinh ax + by + ¢ < 0.

— Néu axg + byg + ¢ > 0 thi nira mit phang (khong ké bd (d)) khong chira diém M 14 mién nghiém cua bat
phuong trinh ax + by + ¢ < 0.

A& Chi y : D6i voi céc bét phuong trinh dang ax + by + ¢ < 0 hogc ax + by + ¢ = 0 thi mién nghi¢m 1a nira
mat phang ké ca bo.

18. Hé bat phwong trinh bac nhét hai an

= H¢ bat phuong trinh bac nhat hai an 1a hé¢ gdm hai hay nhiéu bt phuong trinh bac nhét hai an x, y. M&i nghi¢m
chung cuia tat ca cac bat phuong trinh d6 duoc goi 1a mot nghiém cia hé bat phuwong trinh da cho.
» Trén mit phang toa do Oxy, tap hop cac diém (xo, yo) c6 toa do 1a nghiém cua hé bat phuwong trinh bac nhat
hai 4n dugc goi 1a mién nghiém cua hé bat phuong trinh do.
2x+4 =0
4x—y <5 ) o
Vi du: x> 2 [lamot hé bat phwong trinh bdc nhat 2 an.
1
P
» Dé biéu dién mién nghiém cua hé bit phuong trinh bic nhit hai 4n trén mit phing toa d6 Oxy, ta thuc hién
nhu sau:
— Trén cing mit phang toa do, biéu dién mién nghiém ciia mdi bat phuong trinh cua hé.
— Phan giao clia cac mién nghiém 1a mién nghiém ctia hé bat phuong trinh.
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Vi du

3x—-y+3>0
Xac dinh mién nghiém ciia hé béat phuong trinh {—2x + 3y — 6 < 0 (1)
2x+y+4>0
Giai
Trude hét, ta v& ba dudng thang
(d):3x—y+3=0
(dy):—2x+3y—6=0
(d3):2x+y+4=0
Thir tryc tiép ta thdy (0;0) 14 nghiém cua ca ba
bat phuong trinh. Didu d6 ¢ nghia 1a gbc toa do
thudc ca ba mién nghiém ciia ba bat phuong trinh
ctia hé (I). Sau khi gach bo cac mién khong thich
hop, mién khong t6 dam trén hinh (khong ké bién
12 mién nghiém cua hé (I).

wHIYSU PATA

—4 \
ds

19. Tim cwec tri biéu thiec F = ax + by trén mét mién da giac

Cac budc lam bai:

Budc 1: it an sb phu x va y trong ing vdi cac dai lugng ma dé bai cho.

Burée 2: Thiét 1ap cac diéu kién cho x va y va biéu thirc can tim gié trj 16n nhat (hodc nhé nhat) phu thudc vao
xvay.

Budc 3: Dit tit ca cac diéu kién ciia x va y 1a ciing mot hé. Biéu dién mién nghiém ctia hé trén.

Buée 4: Tim dinh ctia mién nghiém cua h¢ trén.

Burc 5: Tinh gid tri clia bicu thiic can tim gid trj 16n nhat (hodc nho nhat) tai céc dinh ciia mién nghi¢m roi
chon ra gia tri 1on nhat (hodc nho nhat) theo yéu cau cia de bai.
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20. Ap dung vao bai toan kinh té

Ngudi ta du dinh ding hai loai nguyén liéu dé chiét xudt it nhit 140 kg chit A va 9 kg chat B. Tir mdi
tan nguyén liéu loai I gi4 4 triéu ddng, co thé chiét Xuét dugc 20 kg chat A va 0,6 kg chat B. Tir mdi tin
nguyén lidu loai II gia 3 triéu dong, c6 thé chiét xuat duge 10 kg chat A va 1 S kg chat B. Hoi phai dung
bao nhiéu tin ‘nguyén licu mdi loai dé chi phi mua nguyén liéu la it nhét, biét rang co s& cung cap nguyén
lidu chi co thé cung cép khong qua 10 tin nguyén liéu loai I va khong qua 9 tin nguyén liéu loai I1?
Giai

Phén tich bai toan. Néu sir dung x tan nguyén liéu loai I va y tin nguyén liéu loai II thi theo gia thiét, co
thé chiét xuat dugc (20x + 10y) kg chat A va (0,6x + 1,5y) kg chat B. Theo gia thiét, x va y phai thoa
man cac diéu kién:
0<x<10va0<y<9;
20x + 10y > 140, hay 2x + y > 14;
0,6x + 1,5y = 9, hay 2x + 5y = 30.
Tbng sb tién mua nguyén liéu 1a T (x; y) = 4x + 3y.

0<x<10

0<y<9
2x+y =14
2x +5y =30

Bai toan da cho tré thanh: Tim céc s6 x va y théa man hé bat phuong trinh

Sao cho T(x;y) = 4x + 3y co gia tri nho nhat.

Dé giai bai toan nay, ta thira nhan rang biéu thirc T(x; y) c6 gia tri nho nhat (hodc 16n nhat) va gi tri iy
dat duoc tai mot trong cac dinh cua tor giac ABCD. Brflng cach tim toa dd céc dinh 4, B, C, D rdi so sanh
cac gia tri twong tmg cua T (x; y), ta duoc T(5; 4) = 32 la gia tri nho nhat.

Mién nghiém la mién mau trdng trén hinh vé
Vay dé chi phi nguyén liéu it nhat, can sir dung 5 tdn nguyén liéu loai I va 4 tAn nguyén liéu loai II (khi
d6, chi phi tong cong la 32 triéu dong).
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HAM SO VA PO THI

21. Pinh nghia

*ChoD c R,D # @. Ham s0 f xac dinh trén D 1a mot quy tac dat tvong ing mdi s6 x € D v6i mot va chi
motsoy € R.

= x duoc goi 12 bién s6 (hay ddi s6, hay bién doc 1ap), y duoc goi 1a gia tri cia ham sd f tai x (hay bién
phu thuge). Ki hiéu y = f(x).

= D duoc goi 1a tap xac dinh cua ham s6.

*T = {y|ly = f(x),x € D} duoc goi la tap gia tri cia ham sb.

Gia tri ciia ham so

Bién s
f
R D x y T R
Tap xac dinh Tap gia tri

& Chu y: Trong nhiéu truong hop, néu khong n6i gi thém thi ta hiéu tdp xac dinh cua ham sb
y = f(x) la tap hop tat ca cac s6 thuc x sao cho biéu thirc f(x) co nghia.

22. Cach cho ham sé
Ham sé cho bang bang

Ham sé cho bang biéu d6
Ham s6 cho bai 1 cong thirc
Nhirng cach cho ham s6 Ham s6 cho bang cong thirc
Ham s6 cho boi nhiéu cong thirc
Ham s6 cho bang 16i

Ham s6 cho bang db thi

23. Tim tap xac dinh ctia ham sé

» Tim tap x4c dinh D ciia ham s§ y = f(x) la tim tit ca nhimng gia tri ciia bién sb x sao cho biéu thirc f(x) co
nghia: D = {x € R|f(x) c6 nghia}.

» Tap xac dinh cua mot ham s6 ¢o thé 1a tap hop cua cac gia tri don 1€ roi rac, cling co thé 1a cac tap dang
khoang, doan, nira khoang, hodc su két hop cua céc loai tip hop nay.
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* Bicu kién xac dinh ciia mot s6 ham so thuong gap:

Biéu thirc
P(x)
Q)

VP&

VPG
s6 chin P(x)
56 1%

|P ()]

AXB+#0

{AZO
A+0
A% >0

log, b

p (x) s6 nguyén duong
P (x)sé nguyén am hodc 0

p (X) s6 khong nguyén

Diéu kién
Q(x)+#0

P(x) =0
Khong can diéu kién
P(x) =0
Khong can diéu kién
Khong can diéu kién
{A +0
B#0

SA>0

©A#0

{a>0,a¢1
b>0

Khéng can diéu kién
P(x)#0
P(x)>0

aP@ (Véia > 0,a # 1) Khong can diéu kién

24. D6 thi ham sé

Do thi ctia ham s6 y = f(x) x4c dinh trén tap D 1a tap hop tat ca
cac diém M (x; f (x)) trén mat phang toa d6 véi moi x € D. x goi

l1a hoanh dg, y goi la tung dg.

& Chiiy:

Pham vi 16p dwge hoc
Léop<10
Lép<10
Lép<10
Lop<10
Léop<10
Lép<10
Léop<10

Lép <10
Lép <10
Lép 11
Lép 11
Lép 11
Lép 11
Lép 11

Ya M(x; f(x))

y=fx)

« Ta thuong gip d thi ciia ham sé y = f(x) 1a mot duong. Khi d6 y = f(x) 1a phuong trinh cua dudng do.
» M(xo; f(x0)) thude d6 thi ham s6 < y, = f(x,) (xo € D)
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25. Sw bién thién ctia ham sé

Cho ham sd f xéac dinh trén K, trong d6 K 1a mot khoang (nira khoang hay doan) nam trong D.

Ham s f(x) dong bién (ting) trén K néu: Ham s f(x) nghich bién (giam) trén K néu:
Vxl,xz € K:x1 < Xy :>f(x1) < f(xz) Vxl,xZ EK: X1 < X = f(xl) > f(xz)
hoac hoac

f(xz) — f(x1) >0 Vg, %, € Ki %y # %, :f(xz)_f(xﬂ <0

Vxl,xz EK:x1 ixZ =
X2 — X1 X2 — X1

Y
o)
45
O|f 2
| ——
K
Trén K, d6 thi cia ham s6 f di lén (theo chiéu | Trén K, d0 thi ctia ham s6 f di xuong (theo chiéu
tang cua bicn s0) tang cua bicn s0)

& Chu y:
= Néu £ (x;) = f(x2) v6i moi x;, x, € K tiic 1 f(x) = c thi f 1a ham s6 khong d6i (hay ham hang) trén K. DS
thi cia ham hang la mt dudng thang song song hodc trung vai truc Ox.

3L )
y=c

X

0
« Ta thuong ghi két qua khao sat sy bién thién cta ham sb bang cach 1ap bang bién thién.
26. Khao séat sw bién thién ctia ham sé trén mét khoang
Khao sat sy bién thién ciia ham sb y = f(x) trén khoang A
(Tire la tra 107 cdu hoi: "Ham sé y = f(x) tdang, hay giam, hay khéng doi khi x € A?)
Cach 1: Str dung phwong phap ty sb

Bude 1: Liy x1,x, € A, x; # X,.

Bwoc 2: Tinh M

X1 — X2
. flx) = f(x . A y
~Néu % > 0,Vxy,%, € A, %, # x, thi két luan ham sé £ ddng bién trén A.
17~ X2
. fx) — fx A z .
— Neéu % < 0,Vxq,x; € A, %1 # x5 thi ket luan ham so f nghich bién trén A.
1~ X2

Céach 2: Str dung phwong phap so sanh
Bude 1: Ly x1,x, € 4, x; < 5.
Budce 2: So sanh gia tri cua f(xq) va f(x,)
— Néu f(x;) < f(xp) thi f(x) dong bién trén A.
— Néu f(x;) > f(x,) thi f(x) nghich bién trén A.
— Néu f(x;) = f(x3),Vxq,x, € A thi f(x) khong ddi trén A.
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* Trong tinh toan c6 sur dung cac ky thuat nhu:

— Céc hang dang thic :
a? — b?> = (a—b)(a + b)
a® — b® = (a— b)(a? + ab + b?)
— Quy ddng phan so.
— Nhén lién hop :
_Va++b _a-b
Vo b= )= \/’+x/_
_Va—vb —b
Va+ B = 2= \/_(\/_ + V) =
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HAM SO BAC 2

27. Pinh nghia

Ham s6 bac 2 theo bién x 13 ham s ¢6 dangy = ax? + bx + ¢ (a # 0). Him s6 bac 2 c6 tap xac dinh D = R.
Vidu:y =—=2x>+3x+1,y=3x2+1y=—2x%+5x, y = 2x2 ld cdc ham s6 bdc hai.

28. Pac diém do thj

y =ax?+bx + c (a # 0)
Tap xac dinh D = R.
Bang bién thién:

Truong hopa > 0 Truong hgpa < 0
( b ) s _b N
X [—o - +00 X |—o T +o0
2a 2a
+ o0 + o0 _A
50 \ 4 / %) / 4a\
" 4a —0o0 —0o0

bic diém do6 thi:

+ Db thi 1a mot parabol ¢6 dinh [ (—2=; — <),

» Nhan duong thing x = — % lam truc d6i xtng.
» Huéng bé 16m 1én trén néu a < 0,va huéng xudng duéi khi a < 0.
= Cit truc Oy tai diém (0; ¢).
» Néu a > 0 thi ham s dat cuc tiéu tai dinh Parabol. Néu a < 0 thi ham sb dat cuc dai tai dinh Parabol.
» Néu a > 0 thi ham s6 c6 gia tri nho nhat 13 y = yg,p, khi X = xgi,,. Néu a < 0 thi ham s6 c6 gié tri 16n nhét
18y = yqinn khi x = Xginh- ’ ’
* Néu a > 0 thi ham s6 ¢6 tap gia tri 1a [Ygian; +90). Néu a < 0 thi ham s6 c6 tap gia tri 1a (—o0; yginn].
_ X1+,

« Néu db thi ham sd cit truc Ox 1an luot tai 2 diém c6 hoanh d6 1a x; va x, thi xgi,, = .

a>0 a<0
VA
T [$
H +*
1 o
c i &
H Vi
i A
1 > X
A | > .
4a vl
H
\ A 4 - A A 5 b \ J . . £ A ) b
Ham s dong bién trén khoang (— 2 +00). Ham s0 nghich bién trén khoang (— 20 +oo).
\ X . - X A~ 5 b \ PN . X A . b
Ham s6 nghich bién trén khoang (—00; - Z)' Ham s6 dong bién trén khoang (—oo ;- Z)'
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29. Cac bwérc vé do thj

Dé v& db thi ham s bac hai y = ax? + bx + ¢ ta c6 thé thuc hién cac bude nhu sau:
Buwéc 1: Tim tap xac dinh cua ham $6.
Buére 2: (Xéc dinh cac hé sb a, b, ¢)

b A
— Xac dinh toa do dinh I (— — = —)
2a  4a

— Xéc dinh tryc dbi xtmg x = — 2%.
Budére 3: Lap bang bién thién ctia ham sb.

Buée 4: Néu tinh dong bién va nghich bién cua ham sé.

Budrc 5: Xac dinh mot s6 diém cu thé clia parabol (ching han, giao diém cua parabol véi cac tryuc toa dd va cac
diém doéi xung véi chung qua truc do6i xing), hoac l1ap bang 1 vai gia tri.

B}ré’c 6: V& d6 thi ham sd: V& dinh - V& truc ddi xtng — V€ cac diém da xac dinh thudc dd thi ham s6 — V&
d06 thi hoan chinh.

30. Phwong trinh bac hai

Phuong trinh ax? + bx + ¢ = 0 (a # 0)

Biét thitc: 4 = b? — 4ac | Biét thirc thu gon: 4’ = b2 —ac (b’ = g)
A>0(hoicd >0)| - 2EVE g, = 2 EVA
' 2a ’ a
b 14
AZO(hOQCAIZO) X =—— x=_b_
2a a
A <0 (hoacd’ <0) Phuong trinh v6 nghiém

31. Pinh Iy Viét

Cho phuong trinh bac hai ax? + bx + ¢ = 0 ¢6 2 nghiém phan biét 1a x; va x, thi:

b
x1+x2=—a

c
X1Xp = E

32. Pinh ly Viét dao

Mubn tim hai sé u va v, biét u + v = S, uv = P, ta giai phuong trinh:
x> —=Sx+P=0
(Diéu kién dé co u va v 1a S% — 4P > 0)
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33. Mt sé diéu kién vé nghiém

ax?+ bx + ¢ =0 (a # 0) c6 nghiém © A = b? — 4ac > 0
ax?+ bx + ¢ =0 (a # 0) c6 2 nghiém phén biét © A = b? — 4ac > 0

. c
ax? + bx + ¢ = 0 (a # 0) ¢6 hai nghiém trai dau - < 0 (hodc ac < 0)

Néu yéu ciu 2 nghiém
C6 1 nghiém kép hogc 2~ phan bigt thi 4 >0

nghiém phéan biét L,
; S 14 tong cua hai nghiém
A=0 |
ax? + bx + ¢ = 0 (a # 0) ¢6 nghiém déu dwong & {S >0 S=Xtx= “a
P> 0--

P 1a tich ctia hai nghiém
c
P=x1x, =—
1X2 =~

Néu yéu ciu 2 nghiém
phan biét thi 4 > 0
Co 1 nghiém kép hodc2 |
nghiém phan biét LI . A A
i S 1a tong cua hai nghiém
! : b
- — 5 . A=0 P S=x+x = ——
ax* + bx + ¢ = 0 (a # 0) c6 nghiém déu om < {S < 0---- a
P > 0--

P 1a tich cta hai nghiém
c

P=x1x, =—
142 a

34. Cac dang biéu dién ctia ham sé bac 2

Tén goi Pic diém
Dang khai trién: y = ax? + bx +¢ | Toadd dinh (—2;2).

Hoanh d9 giao diém voi Ox la x = x; vax = x,.
X1+Xxy

= Hoanh df) dinh Xdinh = 7

Dang giao Ox:y = a(x — x1)(x — x3)

Dang dinh: y = a(x — Xginn)® + Yaimn | Toa d0 dinh (Xginn; Yainn)-

Trang 35



GIA TRI LUONG GIAC TU 0° BEN 180°

35. Dinh nghia nira dwérng tron don vi

IA
Trong hé truc toa d0 Oxy, v€ ntra
dudng tron c6 tim 1a gbe toa d6 0, ban , .
v v b I A A
kinh R = 1. Ntra dudng tron nhu vay 0 X NEREEIE RSN
duoc goi la nira duong tron don vi. - >

1

36. Xac dinh goc tr 0° dén 180° trén nira dwéng tron don vi

Goc dugce xac dinh thong qua nira dudng tron don vi thuc chat 14 goc giira hai tia voi dinh cua goc 1a goc toa
dd, 1 trong 2 tia dé xac dinh goc la tia Ox (tia co dinh, tia nay goi la tia goc), tia con lai ¢o vi tri tuy thude vao
gbc can xac dinh.

Y, : :
\ Tia luong giac goc a
Pé xac dinh mot goc a € [0°; 180°] ta lam
nhu sau: tir tia gdc (tia Ox) quay ngugc chidu ‘\
kim dong hd mot goc co gia tri bang a. Tia u >
nhén dugc goi la tia lugng giac goc a. -1 0 1 x

Vi du (Mt s goc lwgng gidc tir 0° - 180°)

a) b) ©)
YA YA YA
0 90°
ey o\ / \ |
0 > 0 > 0 >
d) e) f)
YA y YA
120° 135°
180°
X X
0 > 0 > /o\ i
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37. Xac dinh giéa tri lweng giac cta goc tir 0° dén 180°

Cho goc a € [0°;180°].

Khi do tia

luong gidc goc a cat nira dudng tron don
vi tai diém M ¢6 toa d6 M (xq; yo).
Khi d6 ta c6 cac dinh nghia sau:

o

Chu y:

Pinh nghia

sina = y, (tung do)
cosa = x, (hoanh d9)
Yo ( tung dd
ane =, (hoémh d6
X (hoémh do

) G0 % 0)

tung do ) 0o #0)

» D4u ciia cac gia tri luong giac:
a nhon = Toan bg cac gia tri lwgng giac sin a, cos a, tan a, cota déu duong.
a tu = Chi cé sina > 0, cac gia tri con lai cos @, tan a, cota déu am.

= Khi @ € [0°;180°] thi tan @ xac dinh khi a # 90°, cot a xac dinh khi @ # 0° va a # 180°.

38. Gia tri lweng giac cua cac goc phu va bu

Goc phu nhau

sin(90° — a) = cosa

cos(90° — a) = sina

tan(90° — a) = cota

cot(90° — a) = tana

M (x0; yo)
i \ Tia lugng giac goc a

-1

0Hai goc 1a phu nhau néu téng ciia chiing bang 90°.
Hai goc 12 but nhau néu téng cua chiing bang 180°.
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Goc bu nhau

sin(180° — a) = sina

cos(180° —a) = —cosa

tan(180° — @) = —tana

cot(180° — a) = —cota




39. Gia tri lweng giac cua cac goc dac biét

0° 30° 45° 60° 90° 120° 135° 150° 180°

1 1
sin 0 — E \/_§ 1 \/_§ E — 0

2 2 2 2 2 2

1 1

cos 1 ﬁ E — 0 —— — E — E -1

2 2 2 2 2 2
tan 0 ﬁ 1 V3 Il -3 -1 _ E 0

3 3
cot Il V3 1 V3 0 V3 ~1 3 I

3 3
Chu y:
* || c6 nghia la gia tri khong xac dinh.
= Cac gia tri trong bang nay khong can nhd, bAm may tinh cho nhanh.
40. Hé thirc cor ban
‘02 2 2 1 2 1
sin“a+cos“a=1|1+tan*a = 1+ cot“a =—
cos? a sin? a
sina cosa
tana = cota = — tana-cota =1
cosa sina

0Chl’l)": khi0°<a<180°thi0 <sina <1, —1<cosa<1.
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HE THU’C LWONG TRONG TAM GIAC VUONG

BC? = AB? + AC?
o, .+ AH -BC = AB- AC AC? =BC-CH
(Pinh ly Pi-ta-go)

B o B

a
1 1 1
AH? = BH-CH AB? = BC - BH

\

= +
AH? AB? ' AC?
" PN
A B A B A® B

c=a-sinC=a-cosB=b-tanC =b-cotB
b=a-sinB=a-cosC=c-tanB =c-cotC

Trong tam giac vuong:
"Canh goc vuong bang canh huyén nhan sin goc doi hodc cosin goc ke,
Bang canh goc vuong kia nhan tan goc doi hodc cotan goc ke"

Trong tam giac vuong;:
. doi . ke doi é
sin = < cosin = < tan = — cotan = —
huyén huyén ke doi
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HE THUC LWUONG TRONG TAM GIAC TUY Y

41. Quy wérc vé ki hiéu canh, goc

Cho 4ABC c¢:

— Do dai cac canh BC = a,CA=b,AB =

— P dai duong trung tuyén v& tir cac dinh A, B, C: mg, my,, m,.
— Do dai cac duong cao vé tir cac dinh A4, B, C: hy, hy, he.

— Ban kinh duong tron ngoai tiép, noi tiép 1an lugt 1a R, 7.
a+b+c

—

— Ntra chu vi tam giac p =

— Dién tich tam giac S.

42. Pinh ly cos

A
b
c

. 4 b? + c? — a?
B a COSA=—F7+—7—"—

a? = b? + c? — 2bc - cos A 2bc
Tu d6 ta suy ra cac cong G
b? = c? + a? — 2ac - cosB thirc tinh cosin cua mot goc co0SsB=———"——

trong tam giac —

2 _ 2 2 _ .

c“=a*+b 2ab - cosC GB LR
cosC =——

2ab

Goc ctia mot tam giac nhon néu cos(goc) > 0 hodc 0° < gbe < 90°.
Goc ctia mot tam giac ti néu cos(goc) < 0 hoac 90° < goc < 180°.

DPé ghi nh& vé mit hinh hoc dinh ly cos, hoc sinh c6 thé xem hinh vé sau

A 2 o 2 o \ . \ . ’ A
(canh can tinh) = (canh con lai;)? + (canh con lai,)? — 2 - canh con lai; - canh con lai, - cos(goc d01)

canh do6i

canh can tinh

) _ (canh kél)z + (canh kéz)z = (canh déi)z
- 2 - canh k&, - canh ké,

cos(goc can tinh

& Chii y: Giai tam gidc 13 tinh c4c canh va cac goc cua tam gidc khi biét mot s6 yéu to cho trude.

Trang 40



43. Dinh ly sin

a

sinA  sinB sinC

ZR&
B C

a

Dé ghi nhé& dinh ly sin hoc sinh ¢6 thé nhé nhw sau

canh

sin(g(')c déi)

canh

44. Do dai trung tuyén va phan giac trong

bang nhau véi ca 3 canh ciia tam giac va bang 2 1an ban kinh dudng tron ngoai tiép

Do dai trung tuyén
. b% +c? a?
Ma =" 4
, a*+c* b?
m? = -
b 2 4
, a® +b? c?
Me =77 4
A
B M

Ta

Do dai phan giac trong

_ 2bc A bel1 a?
Tbhyc 2T | (b + ¢)?
_ 2ac B ) b2
Tatc 7T |* (a+c)?

_ 2ab C_ (1 c?
_a+bCOSZ_ @ (a + b)?

Ta
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45. Dién tich tam giac

Dién tich tam giac: § =

1 .
=3 x Pay x Chiéu cao

1
=5 x Tich hai canh x sin(goc xen giira)

Nhom cac cong thirc dac biét

Str dung tich v6 hudng

Str dung tich c6 hudng

Str dung dinh thire cip 3 =
(Khi tam giac € mp(Oxy)

1 1

1

=Ea-ha=§b-hb=§c-hc Lép 10
—1b 'A—lb 'C—1 in B Lop 10
=5bc-sind=-ab-sinC =-ac-sin op
_abc
" 4R )
= \/ p(p —a)(p — b)(p — ¢) (Cong thurc Hé-rong)

1 — 2
== |AB?-AC? — (AB - AC)

2 Lép 10
(Céac cong thure khac tuong tu cho céc tich vé hudong

cung téa ra tir 1 dinh)

1 —_— —_—
= =|AB x AC|

2

2 o : 2 Rms Ry oA, Therof Lop 12
(Cac cong thuc khac tuong tu cho cac tich c6 hudng

cung téa ra tr 1 dinh)
1|%a ya 1
3 xg yp 1 Lép 10
xc Ye 1 Nang cao

[ —
Tinh dinh thtrc

46. Dién tich tam giac va da giac dac biét

1

Tam gidc vudng

Canh goc vudng 1

Canh goéc vuong 2

1
S = > X (Canh gbéc vudng 1) x (Canh goc vudng 2)

=35 X Pudng cao X Canh huyén

Tam gidc can

Chiéu cao

bay

Tam giac deu

1 5
S= EDéy X Chiéu cao S= g x (Canh)?

_ (Pay 16n + Day nho) x Chiéu cao

Hinh thang

V)
f<*8)
<
=]
=
o

Chiéu cao

Pay 16n

S

2

Hinh binh hanh

Chiéu cao

Canh day

S = Canh day x Chiéu cao

Hinh binh hanh

D C

Al B

S=AD-AB-sinA
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Hinh chir nhat Hinh vuéng Hinh thoi
éﬂ —
<e. 8
3 5 |Dudng chéo 2
= g
O B
=
Chiéu dai Canh A
X .- <X N 2 1 N ’ \ e
S = Chiécu dai X Chiéu rong S = (Canh) S= > X Puong chéo 1 X Puong chéo 2
Hinh tron Mét s6 tam giac vudng c6 sé do dep
3“ 6R
' 4 . - .
7 (duong kinh)? i4 dng 3-4-
S = 7(ban kinh)? = % Tam gide vuong 3-4-5 1, 1 isc vuong 6-8-10
Cho tir wi4c 181 ABCD. 20i A B Cho hinh binh hanh ABCD. Ta ¢6:
o tlr giac 161 , 80l a 2 2 2 2
la goc hop boi hai duong N BD” + AC® = 2(AD" + AB%)
chéo AC va BD. <> A p .B

1
SABCD = EAC BD -sina D

47. Céac dd dai dic biét

Khoéng cach tir mot dinh dén trong tim
cua tam giac deu

Puong cao

Canh

Puong cao, 43, = Trung tuyén adsy = Canh X =

Canh
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Pudng chéo hinh vudng (Canh huyén tam giac vudng can)

45°

45° ]

 C D Canh C

A Canh

B A B

Puong chéo hinh vuéng = Canh huyén tam giac vudng can = Canh X /2

Nua duong chéo hinh vuéng = Canh X =
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VECTO

48. Cac khai niém

Vecto 1a mot doan thang c6 hudng. Ky hiu vecto c6
diém dAu A (diém gbc), diém cudi B (diém ngon) 1a AB.

Ta con st dung ky hiéu @, b, ... d€ biéu dién vecto khi
khong quan tdm dén di€m nao la diém ngon hay di€m

-_—
nao la diém goc cua vecto. biém A la dieém goc hay
+ R A 5 AT
diém dau cua vecto AB

Gia cua vecto 1a duong thing chira vecto do.

P dai cia vecto 1a khoang cach giita diém
dau va diém cudi cua vecto, ky hiéu |AB|.
Puong nhién |E| = AB. D0 dai vecto tu
do ky hiéu 1a |a].

B

AB
A

Vecto AB dai 2 cm. /
Ta viét 1a |E| =2 cm.

A%
AY
AY

Vecto - khong 13 vecto c6 diém dau va diém cudi trung nhau, ky hiéu 0.

Khi mudn chi rd mot vecto nao d6 ¢ d6 dai khac 0, ta dung thuét ng

~ G

vecto khac khéng”.

biém B la diém
ngon hay diém

A 5 AT
cuoi cua vecto AB

bay la gia cua vecto AB.

AY
AY
AY
\

Khi mudn chi rd mot vecto nao d6 ¢ d6 dai bang 1, ta ding thuat ngit vecto' don vi.

& Qui wéc: Vecto 0 cung phuong, cung hudéng vai moi vecto. Moi vecto 0 déu bang nhau.

b A B d
Hai vecto dugc goi la cing [~ i
phuong néu gid cua chung
PR Clg D
song song hodc trung nhau. <
¢ R

O hinh v& bén tit ca céc
vecto b: AB; d@: DC; ¢ déu 1a
vecto cung phuong.

D4 biéu thj hai vecto 4B va CD cung phuong ta ky hi¢u AB / /CTi
Néu gia cta vecto AB hoic song song hodc tring voi dudng thing A thi ta ciing viét Zﬁ/ /A.

Hai vecto cung phuwong c6 thé ciing hwéng hodc ngwee hwéng.
Pé biéu thi hai vecto AB, CD cling hudng, ta viét: AB 11 CD.
P8 biéu thi hai vecto AB, CD nguoc hudng, ta viét: AB 11 CD.
Lo N
a va ¢ cung
hudng véi nhau.
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b
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S
| £ b vaénguoc

A hudng véi nhau.



Hai vecto dugc goi 1a biang nhau néu Vecto CD khong bing vecto FE vi chung ngugc

chung cung huéng va c6 cung d6 dai. hudng (méc du chung c6 d6 dai bang nhau).
\
B

. . . Cung huéng /I D | F

biéu kién dé hai vecto bang nhau ‘ AB //
D¢ dai bang nhau A Z%’// FE //
C
|

9 9 —_— —— ; — — E

beé biéu thi hai vecto AB, CD bang nhau ta viet AB = CD. = |

Vecto AB bang vecto cD vi ching ¢6
cung hudng va co6 do dai bang nhau
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49. Céng vecto

B
Quy tiic ba diém: Vi ba diém 4, B, C tuy ¥, ta co:
AB +BC = AC
Luwu y: Quy tic ba diém 4p dung cong cho hai vecto bat ky. 4 c
Dé tinh tong hai vecto theo Sip xép hai vecto sao cho Khi d6 tong ctia hai vecto 13 1 vecto
quy tic ba diém ta thuc ngon cua mot trong hai vecto nbi tir diém gdc cua vecto dau tién
hién theo cac budc sau trung véi gdc cuia vecto con lai t6i diém ngon cua vecto th hai.

Qu

a n — b
/ b b a b
a+b

, . . . g A
Quy tac ba di€ém md rong thanh quy tac n di€m (quy tac da giac): *

AlAn = A1A2’+ A2A3 + A3A4 + -+ An—lAn
(chap goc ngon cac vecto lién tuc)

Ay

Qui tiic hinh binh hanh
Vi ABCD 1a hinh binh hanh, ta ¢6: AB + AD = AC

A

Pé tinh tong hai vecto Vecto tong kéo dai tir gbe

theo quy tic hinh binh Sap xEp hai Vec:[or T‘(‘)a th‘anh r‘n(_)t 2 vecto cii dén diém ddi
hanh ta thyc hién theo O G G G0 Rk dién véi diém gdc chung
j i chung trung nhau tur 2 vecto ¥

cac budc sau trong hinh binh hanh

a
d o
b
b
Diéu kién ap dung Bén chat
Quy tic ba diém Hai vecto tuy y o
$c da did Nhi to iy ¢ Chép goc - ngon
Quy téc tinh tong vecto Quy tic da diém 1eu veeto Wy y
o . . Chi ap dung cho 2 vecto \ X
Quy tac hinh binh hanh khong cimg phuong Lam 2 vecto chung goc
Tinh chat phép céng vecto
» Giaohoan: d+b =b +d
“Kéthop: (d+b)+¢=d+ (b +¢)

» Tinhchitcia 0:G+0=0+d =a
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50. Vecto doi
. \ . a
Vecto doi cua a 1a vecto ngugc chiéu vdi d va co cung do dai voi a. Ky hi¢u vecto doi cua a 1a —a. // a
& Chu y:
= Néu b 1a vecto ddi cua d thi @ + b = 0.
= B hay thém dau trir thi phai ddo gbc va ngon ciia vecto: —AB = BA; —CD = DC; AB = —BA4; CD = —DC.
= Vecto déi ctia 0 1a 0.
51. Hiéu cua hai vecto
~d—b=d+(-b)
* Qui tic ba diém dbi v6i phép hiéu vecto: OB — 04 = AB (V61 0,4,B tuy y).

52. Tich cua mét s6 v&i mot vecto

Cho vecto d@ va mot s k € R. kd 13 mot vecto duoc xac dinh nhu sau :

. = N h r re > X > . . .

- V& huéng: | ©@ cung huong véianeuk = 0 - V& do dai: |kdl = |kl|d|
ka nguoc huéng véianéu k < 0

Tinh chit

k(c‘i+l_5)=kc‘i+kl_5 (k+Da=ka+la k(la) = (kDa ki=0<k=0hoic d=0

/D
Trén hinh v€ ta c6 :
E |B CD = 2AB
I EF = —2AB
Vidu: p H CH = lﬁ
2
— 1
J Al c] G I =—--A4B
o
53. M6t sé hé thiec quan trong
2 . 0
M 1a trung diém cua doan thang AB
H¢ thirc trung diém o MA+MB =0 /\
& 04 + OB = 20M (0 tuy ¥) A B

G la trong tim AABC A

H¢ thirc trong tam ©GA+GBE+GB=0 &
& 0A+0B+0C=30G0Owyy)| B C
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54. Piéu kién cung phwong, thang hang

Diéu ki¢n dé hai vecto cing phwong: d@ va b (@ # 0) cang phuong & 3k € R: b = kd
Piéu kién ba diém phan biét thang hang: A, B, C thang hang < 3k # 0: AB = kAC.

Biéu thi mét vecto qua hai vecto khdng cung phwong : Cho hai vecto khong cing phuong d,b va % tiy
y. Khi do,3!m,n € R: X = md + nb.

Cho hai vecto khong cung phuong d va b khi d6: xd +yb = 0 & x = y = 0.

Néué=xd+ybvad=x'd+y'bthiévad cung phwong < Tbn tai k sao cho x = kx’,y = ky'.
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TICH VO HUONG

55. Goc gitra 2 vecto

Cho d,b # 0, gbc giita 2 vecto dugce ki hiéu 1a (d; 5) T mot diém O bt ky vé 04 = @; 0B = b. Khi d6
(4,b) = AOB v6i 0° < A0B < 180°

Trwong hep 1: Géc gita @ va b 1a goc nhon Trwong hep 2: Géc giita @ va b 1a goc tu
C_i \ R —_)—y
A b a B
a A
0 a\c >
- B a b
b 0 B

Mot s6 nhan xét vé goc giira 2 vecto’
» 0° < Goc gitra 2 vecto < 180°.
- (4,b) =90° = @ L b.
- (a4, E) = 0° & d, b clng huéng.
. (d, B) =180° = G,b nguoc hudng.
- (@,b) = (b,d).
» B¢ xac dinh dliing gbc gitra hai vecto hay dam bdo la ca hai vecto cung goc.
* Trong truong hop co it nhit mot trong hai vecto @ hoic b 1a vecto 0 thi ta quy udc s6 do goc giita hai vecto
do 1a tuy y (ttr 0° dén 180°).
= 4, B, C thing hang & (AB; AC) = 0° hoac (AB; AC) = 180°.
56. Tich vé hwéng
Cho hai vécto @ va b khéc vécto 0, g giira hai vécto ki hiéu 1a (@ 5) Tich v6 huéng giita hai vécto @ va b la
1 s0 xac dinh bdi cong thuc:
a-b=lal- |B| - cos(d; I;)

Tich v6 hudng = Tich d6 dai x cos(goc giira hai vecto)

Quy w6 : Néud = 0 hodc b = 0 thi tich v6 huéng bing 0.
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57. Tinh chat

Véi d, b, ¢ bt ky va Vk € R.

Nhém tinh chit lién quan dén tich Nhém tinh chit lién quan hing dang thirc
Binh phuong Vé hu’c_’y)ng: da-d=d*=|dl? @@+ 1‘9’)2 — 32423842
Giaohoan:@-b=b-d I
Giao hoan dbi v6i 1 s6: (kd) - b = k(@ b) = d- (kb) (- ll)z - e Ij *
Phan phéi véi tong (hiéu) vecto: a - (5 té)=a- b+ad-¢ —bt=(a=b)(ath)
Tinh chit lién quan vecto khong Nhém tinh chit lién quan dén géc
@ =0 *-B<0<:>(&E)u‘1
i?=0d=0 B>O<:)(ab)nhon
C_i'l_))=0(:)(c_i,l_))) = 90°

Cong thirc hinh chiéu vé tich vé huéng

Qu
S
Il
Q\

= G-b= (Chleu d theo phuong b) b
= & (Chiéu b theo phuong &)

v

b

58. Piém théa man dang thirc vé tich vé hwéng hay vé dé dai

Bai toan: Tim diém M thoa man déng thic vé tich vo hudng hay do dai
Ta bién ddi biéu thirc ban dau vé mot trong cac dang sau:

Dang 1:
DPiém can tim k<0=>MEeQ

Didm di bikt k > 0 = M € Puong tron tim A, ban kinh R = vk

Dang 2: MA - MB = k, véi A, B ¢b dinh va k khong déi, M 1 diém can tim. Khi do:
Goi I 1a trung di€m AB, ta dugc:
k = MA-MB = (M +IA) - (Mi + 1B) = (Mi + 14) - (I — TA) = MI? — 1A
AB?
>k=MI?-1A?> © IM? =k + IA? & IM? =k+T
= Chuyén vé dang 1.
Mo rong dang soO 2:
Néuta co MA - Y%, a;MA, = k véi A, A;,i = T,n ¢b dinh, ¥, a; # 0 va k khong déi. Khi do:
Goi K 1a diém théa min: ¥, a;KA, = 0 = ton tai duy nhat diém cé dinh K.
Tu do:

Khi d6 ta dugc: MA - MK = g
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Dang 3:

MA - BC = k, vé6i A, B, C ¢b dinh
T M

biém can tim B o— b0
MO A()

Goi My, A, theo thit tu 1a hinh chiéu vudng goc cua M, A 1én BC, ta dugc:
k = MA-BC = MyA, - BC & MyAq - BC - cos(MyAq; BC) = k
(MoAg; BC) = 0°
(My4y; BC) = 180°
= cos(m; B_C)) c6 gia tri khong doi.
k . .
= Myl = BC. cos(m; ﬁ) = hang so
Ma A, ¢6 dinh = M, c6 dinh.

Vi k xac dinh va MyAy - BC > 0 va

\:> M € Pudng thang vudng goc voi BC tai M.

|

C

=
oS
o
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Dang 4: Tim tap hop diém M thoa man: aMA? + BMB? = k (1) véi A, B ¢b dinh, a + B # 0 va k khong
doi.
Budre 1: Goi I 1a diém thoa mian:

alA+ BIB =0  a(IB + BA) + SIB = 0

o (a+B)IB = adB o 1B = AB

a+p
Viy t6n tai duy nhat mot diém I ¢6 dinh.
Buére 2: Ta bién d6i (1) vé dang:
—_— —_— —_ —\2 — —\2
k = aMA? + BMB? = a(MI + I4) + B(MI + IB)
= (a + B)MI? + alA? + BIB? + 2(alA + BIB). Mi
1
= MI? = ——[k — (alA% + BIB?
oy [k —(a B1B?)]
= Chuyén vé dang 1.
Mé rong dang sb 4:

Tim tap hop cac diém M thoa man:
n

Z 6151'1\41412 =k

i=1
(V6i 4;,i = T,n cb dinh, ¥, a; # 0, k khong doi)
Budre 1: Goi I 1a diém thoa mian:

n
> aild; =0
1 r 2 r i=1
Khi d6 ton tai duy nhat mdt diém I co dinh.
Budre 2: Ta bién doi (1) vé dang:
n n n n
—2 — —\2 —_ —
Z a;MA? = Z a;MA, = Z a;(MI+14,) = Z a;(MI? + 2MI - TA, + 1A?)
i=1 i=1 i=1 i=1
n n n n n n
= ZaiMIZ +2a12m I_AL)+Z(XLIA% = MIZZai + ZWZ aiI_A;+2aL-IA%
i=1 i=1 i=1 i=1 i=1 i=1

@ity a; =a, X, a;lA? = 1)
_ 2 _ 2 2 _ z_k_
=MI*a+0+1l=aMI*+ 1> aMI“+ 1=k = MI° =

= Chuyén vé dang 1.
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SO GAN BUNG, SAI SO

59. Cac hang sé
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60. Pinh nghia (Sai sé tuyét déi)

Néu a 1a s6 gan ding cua sé dung @ thi 4, = |@ — a| dugc goi 1a sai s6 tuyét ddi cia sb gan ding a.
Trén thyc té ta thuong khong pié't s6 dung @ nén khong thé tinh dwoc chinh xac 4,. Thay vao do, ta thuong tim
cach khong ché sai so tuyét doi 4, khong vuot qua muc d > 0 cho trudce, tuc la:
A, =lad—a|<dhaya—d<a<a+d
Khi d6, ta néi a 1a sé gan dang cua sb ding @ véi do chinh xac d va viét gonla @ = a + d.
61. Dinh nghia (Sai sé ty déi)
Sai s6 twong doi cua sb gan dang a, ki hiéu 1a §,, 13 ti s giira sai sd tuyét ddi 4, va |al:
4q

“ " lal

Néua=a+dthid, <d =8, < %. Néu 8, cang nho thi chat lugng ctia phép do dac hay tinh toén cang cao.

Ngudi ta thuong viét sai s6 tuong d6i dudi dang phan tram.
62. Quy tac lam tron sé

Quy tic lam tron s6 dén mot hang nao d6 (goi 14 hang quy tron) nhu sau:

= Néu chit s6 sau hang quy tron nhé hon 5 thi ta thay n6 va cac chit s6 bén phai n béi chir s6 0.

Vi du: 12,34 lam tron dén hang phan chuc dwoc 12,3; 12,34 lam tron dén hang don vi duwoc 12.

. Néu’ chit s sau hang quy tron 16n hon hodc bang 5 thi ta ciing 1am nhu trén nhung cong thém 1 don vi vao
chit s6 hang quy tron.

Vidu: 12,567 lam tron dén hang phan chuc dwoc 12,6; 12,567 lam tron dén hang don vi dwoe 13.
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63. Xac dinh sé quy tron cta sé gan dung v&i dd chinh xac cho trwéc

Céc budc xac dinh s6 quy tron cua sé gan dung a voi do chinh xac d cho trudc:

Buwéc I: Tim hang cua chir s6 khac 0 du tién bén trai cia d.

Buwéc 2: Quy tron s6 a & hang gap 10 1an hang tim duoc & Bude 1.

64. Xac dinh sé gan ding cta mét sé vé&i dé chinh xac cho trwéc
Pé tim sb gﬁn dang a cta ) ding a vdi d6 chinh xac d, ta thyc hién cac budc sau:

Buwéc 1: Tim hang cua chir s6 khac 0 dau tién bén trai cia d.

Buwéc 2: Quy tron a dén hang tim duoc & trén.
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THONG KE KHONG GHEP NHOM

65. Tan s, tan suat (tan sé twong d6i), c& mau
» Tén s cua 1 gia tri la s6 1an xuét hién cua gia tri d6 trong mau s6 liéu

Cho mau s liéu:
1’ 2’ 3’ 1’ 15 25 35 3’ 3’ 2’ 25 3

— Giatri 1 c6 tan so 1a 3.
—Giatri2cotanso la 4.~ "_
—Giatri3cotansola s.

Ta c6 bang tan so sau:

Giatri | 1|23
Tansb | 3[4 |5

» Tan suat cia mot gid tri = Tan so6 cua gia tri d6 ~ Co mau
Luwu y: Tan suat c6 the tinh theo %

Cho mau s0 liéu c6 bang tan s6 nhu sau:

Giatri [ 1213
Tansd |3 4|5

Comau=3+4+5=12

Tan sut cua gia tri 113 3/12 = 0,25 =25%
Tén sut cua gia tri 113 4/12 =~ 0,333 = 33,3%
Tan suat cta gia tri 112 5/12 = 0,417 = 41,7%
Ta c6 bang tan suat nhu sau:

Gia tri 1 2 3
Tan suét | 25% | 33,3% | 41,7%

» Gid su ta c6 mot mau so li€u 1a x4, x5, X3, Xy, ..., Xp_1, Xn. Thi cd mau la n.
» Gia str mau so liéu duoc cho dudi dang bang tan so

Giatri | X1 | X | X3 | Xg | o | X1 | Xi

Tansd | ny | Ny | N3 | Ny | oo | Ng—q | Nk

Thi ¢d maun = n; + ny +ng + ny + -+ + ny, = Tong tan sb

a) Cho mau s liéu: 1,2, a, b, ¢, e, 10, 11 thi cd miulan = 8.
b) Cho mu sb lidu:

Giatri | 7,6 | 839,78 | 2,4
Tansd | 12 | 3 | 43 | 23
Coémiun =12+3+43+23 =81

Trang 56



66. Cac sé dic trwng do xu thé trung tam

* S trung binh
* Trung vi

» T phan vi

= Mét

a) Sé trung binh

* Gia sir ta c6 mot mau so lidu 13 x, X5, X3, X4, o) Xp—1, Xp.
S6 trung binh (hay s6 trung binh cdng) cia mau so6 liéu nay, ki hiéu 1a ¥, dugc tinh bai cong thire:
x1 +xZ+X3 +X4,+"'+xn_1 +xn

=
n
» Gia sir mau so liéu duoc cho dudi dang bang tan so
Giatri | xq | X | o | Xpo1 | Xk
Tanso | nqy | Ny | .. | Npe—q | N

Khi d6, cong thirc tinh s6 trung binh tré thanh:
Nixy +NoXy + oo+ Mg X + Ny Xy

X =
n

Trong 6 cd mau: n = ny +ny, + - + Ng_q + N
= Néu ki hiéu f;, 1a tan s6 tuong ddi (hay con goi 1a tin suat) cua x;, trong mau so6 liéu thi s6 trung binh con co
thé biéu dién la:

1% = fixs + fox, + - + fraXp—1 + fiXe|

* Y nghia ciia so trung binh
S6 trung binh cia mau so liéu dugc dung lam dai dién cho céc so li¢u ciia mau. N6 1a mot s6 do xu thé trung
tdm ctia mau do.

Tinh s6 trung binh ctia mau s6 lidu sau:

a) Mau s6 liéu: 1; 3; 6; 10; 40; 52; 9

S6 trung binh:

1+3+6+10+40+52+9_121
7

X = ~ 17,2857

b) Méu s liéu

Giatri | 3518|7110
Tansb | 12 (23|30 | 40| 55

Comau:n =12+ 23 +30 + 40+ 55 =160
S trung binh:

3x12+5x23+8x30+7x40+10x55 1221
160 160

X = ~ 7,6312

¢) Mau s0 liéu

Gia tri 315181 7 10
Tansuat | 0,1]0,2(0,5]0,15 | 0,05

S6 trung binh:

137
.f=3X0,1+5XO,2+8X0,5+7X0,15+10X0,05=%=6,85
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b) Trung vi

Sép xép mau sb liéu theo thir tr khong giam, ta duogc:
X1 < Xy <. < Xn-1 < Xn
Trung vi cua mau, ki hiéu 1a M,, 1a gia tri & chinh gitta day x{, x5, ..., X,_1, X5,. Cu thé:

—Néun=2k+1,k €N, thi M, = x4,

—Néun =2k, k €N, thi M, =§(xk + Xppq)
f'/\
Seeees

* Y nghia ciia trung vi

Trung vi duoc ding dé do xu thé trung tdm ciia mau sb liéu. Trung vi 1 gia tri ndm & chinh giita ctia mau sb
liéu theo nghia: ludn c6 it nhat 50% so li€u trong mau 16n hon hodc bang trung vi, va it nhat 50% so li¢u trong
mau nhé hon hodc bang trung vi. Khi trong mau xuat hién thém mot gia tri rat 16n hoéc rat nho thi so trung binh

s& bi thay d6i dang ké nhung trung vi thi it thay doi.

Tinh trung vi ctia cac mau s6 liéu sau:

a) Mau s6 lidu: 1; 3; 6; 1; 10; 40; 52; 9

Xép miu theo thtr ty khong giam: 1;1; 3 ;
oW WY

X1 X2 X3 X4 Xg

X6

X7

6:9:10;40;52
Xg

X1

M, =

b) Mau s6 lidu: 1; 3; 6; 10; 40; 52; 9; 5; 19
Xép miu theo thir ty khong giam: i ; é ; 5 ;

2

2

56 khong nguyén) = Phan tir chinh giita ld x, V3 xg

_x4+x5_6+9:75

6;9:;10;19;40;52

(SR W A U U A S e )

> xg

Tir x, dén xg thi phan tir chinh giita dwoc tim bang cdch tinh % =45 (la

56 khong nguyén) = Phan tir chinh giita 1d Xgo V3 Xgq

_Xgotxgg 8+8

e

2
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X1 X2 X3 X4 X5 Xg X7 Xg X9
X1 > X
Tir x, dén xq thi phan tir chinh giita dwoc tim bang cdch tinh % =5(la
s0 nguyén) = Phan tir chinh gitta la x5
M,=x5=9
¢) Méu sd liéu
Giatri |3 |5 |8 10
Tans6 | 12|23 | 30| 40 | 55
Xép miu theo thir ty khong giam:
Gia tri 3 5 7 8 10
Tan s6 12 23 40 30 55
X1 7 X12 | X13 7 X35 | X36 7 X75 | X76 7 X105 | X106 7 X160
X1 > X160
Tir x4 dén x40 thi phan tir chinh gitta dwgc tim bang cach tinh % = 80,5 (ld




d) Mau s6 liéu

Giati | 3| 5|8 1] 7 | 10
Tansudt | 0,102 ]0,5/0,15]0.05
Néu lay c& mau 13 20 thi toan bo tin sb déu 1a sé nguyén nén ta 1dy ¢& mau n = 10. Khi d6 ta co:
Gia trj 3 5 8 7 10

Tan s6 | 0,1x20 | 0,2x20 | 0,5%20 | 0,15%20 | 0,05x20

hay

Giatri [3|5| 8 |7]10
Tansd |2 4103 1

Xép miu theo thir ty khong giam:
Gia tri 3 5 7 8 10
Téan s6 2 4 3 10 1

X1 2 Xy | X3 2 Xg | X7 2 Xg | X109 ™ X19 | X20

Trung vi:

X1 > X20
Tir x1 dén x,q thi phan tir chinh giita duwoc tim bang cdch tinh % =10,5
(la s6 khong nguyén) = Phan tir chinh giita ld X, VA Xq4

X10+x11 8+8
Me= 2 s 2 =

Trang 59



c) T phan vi

Sép xép mau s lidu theo thir tu khong giam, ta dugc:
Xy S Xy S Xpog S X
Tir phan vi ciia mot mAu s6 ligu gom ba gid tri, goi Ia tir phan vi thir nhét, thir hai va thit ba (1an lugt ki higu 1a
Q1, Q2, @3). Ba gia tri nay chia tap hop dir liéu da sap xep thanh bon phan déu nhau. Cu thé:
Gia tri tir phan vi thir hai, Q,, chinh 14 s6 trung vi clia mau.
Gi4 tri t&r phan vi th nhat Q;, 13 trung vi ctia nira so li¢u da sap xep bén trai Q, (khong bao gom Q, neu n 1é).
Gia tri tr phan vi thi ba, Qs, 1a trung vi ctia nira sd liéu da sip xép bén phai Q, (khong bao gom Q, néu n 18).
Y nghia cta tir phén vi
Céc diém tir phan vi Q;, Q,, Q3 chia mau sb liéu di xdp xép theo thir tir tir nho dén 16n thanh bén phan, mdi
phﬁn chura khoang 25% téng s6 sb lidu da thu thap duogc.

Mau s06 liéu

Q1 Q2 Q3

¢ * * . g
5% e 2% | gse e 25%
«— = <

T phén vi thir nht Q;, Ta phan vi thir ba Q3 con

con dugce goi la tir phan vi duoc goi l1a tir phan vi

dudi va dai dién cho nura trén va dai dién cho nira

mau s6 liéu phia dudi. mau s6 liéu phia trén.

Tinh tir phan vi ctia cdc mau sd lidu sau:
a) Mau s6 liéu: 1; 3; 6; 1; 10; 40; 52; 9
Xép mau theo thir ty khong giam: 1 1 :a: 6;9;10;40;52

L - e N N
x1 xz X3 X4 X5 Xe X7 Xg

T phén vi:

X1 > Xg
Tir x, dén xg thi phan tir chinh gitta dwoc tim bang cdch tinh 1%8 =45 (la
56 khong nguyén) = Phdn tir chinh giita Id x4 VA x5

X1 > Xg Xsg > Xg
Pé tim Qq va Qg ta tdch mdu diF liéu goc thanh 2 phan trdi va phai:

Mau dir liéu goc c6 hai phdan tir chinh gitva la x4 va xs thé nén:

® Phan trdi: tir X1 dén x4 co phan tu chinh giita la x, va x3

® Phan phdi: tir x5 dén xg co phan tir chinh giita la x¢ va x,

x2+x3 1+3

A= >
X4 +x5 6+9
= = :7’5
x6+x7 10+40
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b) Mau sb liéu: 1; 3; 6; 10; 40; 52; 9; 5; 19
Xépmﬁutheotht’rtukhénggiém: }J;é;é;g;g;lg;i?;ig;ég
X1 Xy X3 X4 X5 Xg X7 Xg Xg

Tt phan vi:

X1

> Xy
Tir xy dén xq thi phan tir chinh giita dirge tim bang cdch tinh 1—;9 =5 (ld sé
nguyén) = Phdn tir chinh giita 1d xs

X1

> Xy X5 X > Xg
Dé tim Qq va Q3 ta tach mau div liéu goc thanh than trdi va phai:

Mau dit lidu gée cb motphan tir chinh giika 1d xg thé nén:

® Phan trdi: tir x, dén x4 6 phan tir chinh gitka la x, va x3

® Phan phai: tir x¢ dén xq co phan tr chinh giita la x; va xg

x2+X3 3+5

Q;=x5=9
x; +xg 19+40
Q3 = > =3 =295

¢) Mau so liéu

Giatri |3 |5 |8 |7 |10
Tansd | 12 |23 | 30| 40 | 55

Xép mau theo thtr ty khong giam:

Gia tri 3 5 7 8 10

Tan sb 12 23 40 30 55

X1 =™ X12 | X13 > X35 | X36 > X75

X76 = X105 | X106 > X160

T phan vi:

X1

> X160
Tir xq dén Xy thi phan tik chinh giita dwoc tim bang cdch tinh 1+;60 = 80,5
(la 6 khong nguyén) = Phan tir chinh giita Id Xgo VA Xg;

X1

> Xs0 Xg1 > X160
Pé tim Qq va Qs ta tdch mdu diF liéu goc thanh 2 phan trdi va phai:

Mau dir liéu goc c6 hai phan tir chinh giira la xgo va xg, thé nén:

® Phan trdi: tir X1 dén xgg co phan tir chinh gitra la x40 va X4q

® Phan phdi: tir xgq dén x16¢ cO phan tw chinh giita la X159 Va X131

Xeot X4 7T+7

Q, = 2 Y
Xgo T+ x81 8+ 8
Q; = 2 2
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d) Mau s6 liéu
Gia tri 3 5 8 7 10
Téansuat | 0,1 [ 0,2 [ 0,5 | 0,15 | 0,05
Néu ldy ¢& mau 1a 20 thi toan b tin sd déu 1a s6 nguyén nén ta lay ¢ mau n = 10. Khi d6 ta co:
Gia tri 3 5 8 7 10
Tansb | 0,1x20 | 0,2x20 | 0,5%20 | 0,15%20 | 0,05%20
hay
Giatri (3|58 |7]10
Tan sb 4110 (3] 1
Xép miu theo thir ty khong giam:
Gid tri 3 5 7 8 10
Tan s0 2 4 3 10 1
X1 2 X2 | X3 P Xe | X7 2 X9 | X190 2 X19 | X20
T phan vi:
X1 » X20
Tu x1 dén x5 thi phan tir chinh giita dirge tim bang cdch tinh 1—20 =10,5
(la s6 khong nguyén) = Phan tir chinh giita ld X1 VA X14
X > %10 X171 > X20
Dé tim Q va Qs ta tach méu dit ligu goc thanh 2 phan trdi va phai:
Mau dir liéu goc co halphan tir chinh giita la x,¢ va x4 thé nén:
® Phan trdi: tir x; dén X190 €0 phan tir chinh gitka la x5 va xg
® Phan phdi: tir X1 dén x,q c6 phan tir chinh giita 16 X415 VA X14
0 Xs+x5 545
o2 2
0, = X190 + X11 _ 8+ 8
T2 2
_ X5t X16 _ 8+ 8
3T 2 2

d) Mét

» Cho m6t mau s licu dudi dang bang tan sd. Gid tri 6 tan sb 16n nhat 1a mét cuia mau sb liéu va ki hiéu 1a M,.
* Chuy:

— Mot mau sd liéu 6 thé co nhiéu mot.

— Khi tit ca cAc gia tri trong mau s liéu c6 tan sb xuat hién bang nhau thi mau sé liéu d6 khong c6 mot.

= Y nghia ciia mét

— Mét dac trung cho gia tri xuét hién nhiéu nhat trong mau.

Tinh mdt cua cac mau sb liéu sau:

a) Mau s6 liéu: 1; 3; 6; 1; 10; 40; 52; 9

Gia tri 1 ¢6 tan s6 1on nhit 1a 2 = M&t ciia mau dit liéu 1a: My = 1.

b) Mau s6 lidu: 1; 3; 6; 10; 40; 52; 9; 5; 19; 3; 10

Céc gia tri 3;10 ¢6 cing tan s6 10n nhat 1a 2 = M4t ciia mau dit lidu 13 cac gid tri: My = 3, M, = 10.
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¢) Mau s licu

Gia tri

3

5

8

7

10

Tan so

12

23

30

40

55

Gia trj 10 c6 tan s6 10n nhat 1a 55 = M6t ciia mau dir liéu 1a: M, = 10.

d) Mau s6 liéu

Gia tri

3

5

8

7

10

Tan suat

0,1

0,2

0,5

0,15

0,05

Gia trj 8 c6 tan suat 16n nhét 14 0,5 = Mbt caa mau dit liéu la: M, = 8.
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67. Cac sé6 dac trwng cho mirc dd phan tan

» Khoang bién thién

» Khoang tir phan vi

» Phuong sai va d6 léch chuan

a) Khoang bién thién

Sép xép méu s lidu theo thir tu khong giam, ta duge: x; < xp, < - < xp_1 < Xy,

» Khodng bién thién cua mot mau sé liéu, ki hiéu 1a R, 13 hiéu gitra gia tri lon nhat va gia tri nho nhét ciia mau
s0 liéu do, tuc la:

|R =Xn—X1 :xmax_xmin|

* Y nghia ciia khoing bién thién
— Khoang bién thién dic trung cho d6 phan tan cua toan bd mau s6 lidu.

Tinh khoang bién thién cta cac mau sb liéu sau:
a) Mau s6 liéu: 1; 3; 6; 1; 10; 40; 52; 9

Gia tri 16n nhét 1a: x,,,, = 52.

Gia tri nho nhat 1a: x,,;, = 1.

Khoéng bién thién: R = X, — Xpmin = 51.

b) Mau sb liéu:

Giatri |3 |5 |8 |7 |10
Tansb | 12 [ 23|30 | 40 | 55

Gi4 tri 16n nhét 13: x,,,, = 10.
Gi4 tri nho nhét 1a: x,,;, = 3.
Khoang bién thién: R = X, — Xpnin = 7.
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b) Khoang tlr phan vi
* Khoéng tir phén vi, ki hi¢u 1a 4, 13 hiu gitra Q3 va @, tic la:

— Khoang tit phéan vi dac trung cho d phan tan cua mét nira cac sb lidu, co gia tri thuoc doan tir Q4 dén Q5 trong
mau.

* Y nghia ciia khoang tir phan vi

— Khoang tir phan vi khong bi anh hudng boi cac gia tri rat 16n hodc rat bé trong mau.

Tinh khoang tir phan vi cua cac mau s6 liéu sau:

a) Mau s6 lidu: 1; 3; 6; 1; 10; 40; 52; 9

Xépmﬁutheothfrtukhénggiém: 1;1;3;6;9:;10;40;52
L L s e o

X1 X2 X3 X4 X5 X X7 Xg

Tt phéan vi thi nhét va thir ba:

x1 > Xg
Tir x; dén xg thi phan tik chinh giika dwge tim bang cach tinh == = 4,5 (la
$6 khong nguyén) = Phdn tir chinh giita ld x4 VA x5

X1 > X, Xs > Xg
Pé tim Q1 va Qs ta tdch mau dit liéu goc thanh 2 phan trdi va phdi:

Mau dir liéu goc c6 hai phan tir chinh giita la x, va x5 thé nén:

® Phan trdi: tir X1 dén x4 co phan tur chinh giita la x, va x3

® Phan phdi: tir x5 dén xg co phan tir chinh giita la x¢ va x,

_xptx3  1+3

U= >
_X¢tx; 10440
T2 T 2 7

Khoang tir phan vi AQ = Q3 — Q; = 25— 2 = 23.
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b) Mau sb liéu

Xép miu theo thir ty khong giam:

Giatri |3 [5 |8 |7 |10
Tansb | 12 [ 23|30 | 40 | 55

Giatri | 3 5 7 8 10
Tanso | 12 23 40 30 55
X1 2 Xq2 | X913 2 X35 | X36 = X75 | X76 = X105 | X106 > X160

Tt phéan vi thir nhét va thir ba:

X1 » X160
\ A 3 A 5 , \~ N M ; , 1+160

Tur x4 dén x16¢ thi phan tir chinh gitva dwoc tim bang cdch tinh +2 =80,5

(la s6 khéng nguyén) = Phan tir chinh giita ld xgg VA Xgq

X1 > Xs0 XgT > X160

Pé tim Qq va Qg ta tdch mdu diF liéu goc thanh 2 phan trdi va phai:
M dit liéu goc c6 hai phdn tr chinh gifta 1d xgo va xgq thé nén:

® Phan trdi: tir X, dén xgq ¢6 phan tir chinh giita Id x40 V3 X4q

® Phdn phdi: tir xgq dén X160 c6 phan tik chinh giita 16 X120 VA X121

 Xgot Xy THT

=" >
G=—"7 =772 =

A40=0Q;—0,=10—7 =3,
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c¢) Mau so liéu

Gid tri 3151 8 7 10

Tansuét | 0,1 {02 ]0,5]0,15 0,05
Néu ldy ¢& mau 1a 20 thi toan b tin sd déu 1a s6 nguyén nén ta lay ¢ mau n = 10. Khi d6 ta co:
Gia tri 3 5 8 7 10
Tan sb | 0,1x20 | 0,2x20 | 0,5%20 | 0,15%20 | 0,05%x20

hay

Giatri [3(5| 8 |7]10
Tansd |2 4103 1

Xép miu theo thir ty khong giam:

Gia tri 3 5 7 8 10
Tan sb 2 4 3 10 1
X1 =™ Xy X3 = Xg X7 = Xg X10 ™ X19 | X20
Tt phéan vi thi nhét va thir ba:
X1 > X20

Tir %1 dén xyq thi phan tir chinh giita dirge tim bang cdch tinh % =10,5
(la s6 khong nguyén) = Phan tir chinh giita ld X0 VA Xq4

X1 >

> X10 X11 > %20

Pé tim Qq va Qs ta tach mau dit liéu goc thanh 2 phan trdi va phdi:
Mau dit liéu gée cb hai phan tik chinh giita Id X1 VA X1, thé nén:

® Phan trdi: tir X, dén xqo c6 phan tik chinh gifta Id x5 v X

® Phan phai: tir X1 dén x,q c6 phan tik chinh giita 1d X415 VA X14

_xs+xs 5+5

0 _ Xy5+ X6 848
o2 T2

Khoang tir phan vi 4Q = Q3 — Q; =8 —5 = 3.
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c) Phwong sai, do léch chuan

Gia st ta co mot mau so liu la xq, x5, ..., Xp_1, Xy
* Phwrong sai ciia mau so liéu ndy, ki hiéu 1a §2, dugc tinh boi cong thirc:

§2= [0 — B+ (i — 22 + ot (i — D

trong d6 X 1a sd trung binh ctia mau sd lidu.
= Can bac hai cua phuong sai dugc goi 1a do 1éch chuan, ki hi¢ula S.
Chu y: Co6 thé bién doi cong thire tinh phuong sai ¢ trén thanh:

1
Szzg(xlz+x%+---+x,21)—f2

Trong thng ké, ngudi ta ciing quan tim dén phuong sai hiéu chinh, ki hiéu 1a $2, duoc tinh boi cong thirc:

$? = — [ =02 + (g = )% + -+ (o — D]
Gia sir mau s6 liéu duge cho dudi dang bang tan so:
Giatri | xq | X3 | ... | Xk
Tansd | ng [ ny | ... | N

Khi d6, cong thirc tinh phuong sai tré thanh:

Sz=l[n (x1 — %)% +ny(xy — 1) + - + ny (g — %)?]
M 2(x2 e (X

trongdon =ny +ny + -+ ny.
Co thé bién d6i cong thirc tinh phuong sai trén thanh:

Téng: Tan sb X (Gia tri)?

1 . 2
§2 = ;(nlx% +n,x2 + o+ nkxi) — 2 — (Sé trung binh)

C& mau

* Y nghia ciia phwong sai va d9 léch chuin
— Phuong sai 13 trung binh cong ctia cac binh phuong d6 1éch tir mdi gia tri cuia mau sb lidu dén sb trung binh.

— Phuong sai va do léch chuan dugc dung dé do mirc d6 phan tan cua cac so liéu trong mau quanh s6 trung
binh.
— Phuong sai va do léch chuan cang 16n thi cac gia tri ciia mau cang cach xa nhau (c6 do phan tén 16n).

Tinh phuong sai va d¢ Iéch chuan cua cac méu sb liéu sau:
a) Mau s6 liéu: 1; 3; 6; 1; 10; 40; 52; 9

C& mau: n = 8.

S6 trung binh:

_ 1+3+6+1+10+40+52+9 61

X = 3 =7 = 15,25
Phuong sai:

o2 12+ 3%+ 6% + 12 4+ 10% + 40% + 522 4 92 (61)2
8 4
5343
=g " 333,9375

Do 1éch chuén:

V5343
S=45%= 2 ~ 18,274
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b) Méu s liéu

Giatri | 3| 5| 8| 7110
Tansd | 12 |23 | 30| 40 | 55
Cdmau: n =12+ 23+ 30+ 40 + 55 = 160.

S trung binh:
_ 3x12+5x23+8x30+7x40+10x55 1221 7 6312
x= 160 160 7
Phuong sai:
2o (3)2x 12+ (5)2 x 23 + (8)2 x 30 + (7)%2 x 40 + (10)2 x 55 (1221)2 119239
- 160 160/ 25600
~ 4,6578
Do 1éch chuén:
V119239
S=+82=—"""=~21582
160
¢) Mau sb liéu
Gia trj 30151181 7 |10
Téansuat | 0,1 { 0,2 0,5 | 0,15 | 0,05
S trung binh:
_ 137
x=3><O,1+5><0,2+8><0,5+7><0,15+10><0,05=2—0=6,85
Phuong sai:
137\* 1331
$2=((3)?x0,1+(5?x0,2+(8)?x0,5+(7)?2 x0,15 + (10)? x 0,05) — (2—0> = 200
= 3,3275

Do léch chuén:

S =+/5%2 =1,82414363469547 ~ 1,8241
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68. Gia tri ngoai lé

Khoang tur phan vi dugc dung dé x4c dinh cac gia tri ngoal 1¢ trong mau, do6 1a cac gia tri qua nho hay qua l6n
s0 v6i da sd cac gia tri cia mau. Cuy thé, phan tir x trong mau la gia tri ngoai 1¢ néu:

|x> Qg+1,5><AQ|hoac|x< Ql—1,5><AQ|.

Trong cac mau sb liéu sau, gia tri nao 1a gia tri ngoai 1¢

a) Mau so li€u 4; 4; 9; 1; 10; 15; 15; 6; 8; 5

Xépmﬁutheothfrtukhénggiém: 1;4;4;5;6:;8:;9;10;15;15
wWwooWW W W WY WY WY e e Y

X1 X2 X3 X4 X5 Xg X7 Xg X9 Xpo

Tim khoang tr phan vi:

X1 > X10
Tir x, dén x14 thi phan tir chinh giita dwoc tim bang cdch tinh 1+—210 =55
(ld 56 khong nguyén) = Phan tir chinh giita ld x5 va xg

X1 > x5 X » X10

Pé tim Qq va Qs ta tach mau dir liéu goc thanh 2 phan trdi va phdi:
M dit liéu goc co halphan 1k chinh gitta 1d x5 va x¢ thé nén:
. Phqn trdi: tr xq derg X5 cO phan‘tu’ chinh giita la x3
® Phan phai: tir x¢ dén x1¢ co phan tr chinh giita la xg
Q=x3=4
Qs = x5 = 10
Khoang tr phan vi: AQ = Q3 —Q, =10—4 =6
gia tri ngoai dién la gid tri thda man: x < Q; — 1,54Q hodc x > Q5 + 1,54Q
Sx>4—-15X6hoacx >10+1,5%x6
& x < —5hoac x > 19.
Tir mau s6 lidu ta thay khong c6 gia tri ngoai 16.
b) Méu s6 liéu 2; 80; 95; 80; 70; 72; 74; 65; 80; 300
Xép miu theo thir ty khong giam: 2 65;70;72;74;80;80;80;95;300
o e e e e e e e e
x1 X2 X3 X4 X5 Xe X7 Xg X9 X10

Tim khoang tr phan vi:

x1 > xlO
Tir % dén x14 thi phan tir chinh giita dwoc tim bang cdch tinh 1+—210 =55
(la 56 khéng nguyén) = Phan tir chinh giita ld x5 va xg

X > x5 Xe > X10
Béjim Q1vaQzta tach mdju dir liéu goc thanh 2 phan trdi va phdi:
Mau cﬁ?’ liéu goc co haiphdn tir ghl'nh giita la x5 va x¢ thé nén:
. Phdjz trdi: tur xq dérg X5 cO phdn‘td’ chinh giita la x3
® Phan phai: tir x¢ dén x1¢ co phan tir chinh giita la xg
Q,=x3=70
Q; =xg =280
Khoang tir phan vi: 4Q = Q; — Q, =80 —-70 =10
gia tri ngoai dién la gia tri thoa man: x < Q; — 1,54Q hodc x > Q53 + 1,540
©x>70—15%x10hoacx >80+ 1,5x 10
& x < 55 hoac x > 95.
Tir mau s6 liéu ta thiy cac gid tri ngoai 18 1a: 2 va 300.
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69. BAm may tinh céc sé liéu théng ké

Bam may tinh tim cac so li€u thong ké ctia cac mau s0 li€u sau (méy 580):

a) Mau s6 liéu: 1,6,3,7,8,4,2,4,6,8.

Tat cot tan so

(sur) veW) @ (3] (2]

Bam may chwong trinh thong ké

e HHEEEREmEEE0MEREME
EEEE

Hién thi cac so li€u thong ké

(8

% Y - P I ﬁ ---- 50 trung binh

e

=2 Eig phuong sai

ay =2, 343074303 - ____ )

5% =61 1"==-dp léch chudn
]

=5 =2, 469317307 N x

A =10 c6 mau . B

Minge) =] —==—-m=mmmmm - gid tri nho nhdt cua mau so liéu

L1 e R , el .

Med SR T == tir phan vi thir nhat

hE S mm——el - tir phdn vi thir hai (trung vi)
4TSt~ phdn vi thit ba

max=tey =8

gia tri lom nhat cua mau so liéu

b) Mau sb liéu:

Bim may tinh nhu sau:

NS}

Giatri |24 5| 5
Tinsd | 89| 11 | 34

Bat cot tan so

(sur) vEW) @ (3] (1]

Bim may chwong trinh thong ké

ERDEAEEEEEREO®EIEE
E00EE08E0E

Hién thi cac s6 liéu théng ké

E)

] .

% =4,428571429------ -'(---- 50 trung binh

e Tl

g2 =[.10204081F-------1" phicong sai

s =1.049731 318 -~ __

52y =1.119315668 "~ @6 léch chudn

sx =1,058213432 .

n =£3 co mau B - ;

minces = -= gid tri nho nhat cia mau so liéu

i = e I , n R £

Hed e T =~ tir phdn vi thir nhat

3 e TR ik phdn vi thit hai (trung vi)
o= ik phdn vi thit ba

MARCRY =Hmmmee____ . .

------- gid tri lon nhat cia mau soé liéu
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DAU CUA TAM THUC BAC HAI

70. Tam thdrc bac hai la gi?

Tam thirc bac hai (ddi véi x) 1a biéu thic dang f(x) = ax? + bx + ¢, trong d6 a, b, ¢ 1 nhimng s6 cho
trudc voi a # 0.

Vidu: f(x) = x% = 2x+ 3, f(x) = —V2x% + 5x — /3, f(x) = —2x% + 2x, f(x) = 3x%+ 1, f(x) = %xz 1a
nhiing tam thtrc bac 2.

71. Dau cua tam thirc bac hai

Cho tam thirc f(x) = ax? + bx + ¢ (a # 0). Khi thay x = x, vao f(x), ta duoc f(x,) = axZ + bx, + ¢, goi
la gia tri cua tam thurc bac hai tai x.

= Néu f(xo) > 0 thi ta néi f(x) duong tai x,.

* Néu f(x,) < 0 thi ta néi f(x) am tai x,.

* Néu f(x,) = 0 thi ta néi f(x) bang 0 tai x,.

Néu f(x) duong (4m) tai moi diém x thudc mot khoang hoidc mot doan thi ta ndi f (x) dwong (4m) trén khoang
hoac doan do.

72. Pinh ly vé dau cda tam thirc bac hai

* Cho tam thire bac hai f(x) = ax? + bx + ¢ (a # 0). Khi d¢:
— Nghiém ctia phuong trinh bac hai ax? + bx + ¢ = 0 1a nghiém ctia f(x).

— Biéu thitc A = b? —4acvad' = (2)2 — ac 1an luot 12 biét thirc va biét thirc thu gon cia £ (x).
» D4u cuia tam thirc bac hai phu thude vao:

— Hé s6 a (hé s gan vai x?)

— Biét thirc 4 (hoac 4")

(¥ A < 0 (tam thtrc bac 2 vo nghiém) = f(x) cung déu v6i hé sb a v6i moi x € R.

a>0 a<o0

V4
-

0
X —00 + oo X —00 Ece)
f(x) + f(x) —
X —00 + 0o
f(x) Cung diu véi a
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: b
GA=0 (tam thire bac 2 c6 nghiém kép x, = — —)

a>0

2a

a<0

= f(x) cung dau vdi h¢ sO a véi moi x # — o7
a

be —00 Xo + o0 b —00 Xo 400
f(x) + 0 + f(x) - 0 —
X —0o0 Xo +o0
x ung dau voi a ung dau voi a
(x) Cung da 0 Cungd
> am thirc bac hai ¢6 hai nghiém x; va x, (x; < x,)), thi ta co:
(3 A > 0 (tam thirc bac h hai ngh h
« f(x) trai ddu voi hé s6 a véi moi x nam trong khoang (x; x,) (tirc 1 v6i x; < x < x,
g g
* f(x) cung dau véi hé sé a véi moi x ndm ngoai doan [x4; x,] (tic 12 véi x < x4 hodc x > x,).
g g
a>0 a<0
X — X1 X3 +0oo x —00 Xq X5 400
f(x) + o — 0 + f(x) — 0o + 0
X —0o0 Xq Xy 400
x Cingdiuvéia 0 Khicdduvsia 0 Cungdiuvéia
g g

Pé dé nhd ta chi can nhé céu :
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73. Didu kién ludn () hoac ludn (+)

Cho f(x) = ax? + bx + c(a # 0)

a>0

- 2
Tam thirc ax +bx+620,VxE]R<:>{ASO

Néu c6 dau "=" Thi ¢ day c6 dau "="

a<0

- 2
Tam thirc ax +bx+ch,VxE]R<:>{ASO

n_n n_—_n

Néu c6 dau Thi & day c6 dau

74. Bat phwong trinh bac hai mét an 1a gi?
Bét phuong trinh béac hai (an x) 1a bat phuong trinh ¢6 mot trong céc dang:

ax®?+bx+c>0 ; ax’+bx+c<0

ax®?+bx+c>0 ; ax’+bx+c<0

(Trong @6 a + 0)

Nghiém ctia bit phwong trinh bac hai 1a cac gia tri ciia bién x ma khi thay vao bat phuong trinh ta dwoc biéu
thirc dting.
75. Phwong phap giai bat phwong trinh bac hai mét an
a) Str dung dinh Iy vé dau cta tam thirc bac 2

Xem lai 1y thuyét vé ddu tam thirc bac 2.

b) Str dung may tinh bé tui

Giai cac bat phuong trinh bac 2 sau:
a)x?—3x+2=>0
Bim may tinh nhu sau:

mealamEEEEREE <<a. 0 ix

x=1, 25x

2 _ x<1
X 3x+220@[2$x

hay x € (—o0; 1]U[2; + ).

b) 2x% —36x +162 >0
B4m may tinh nhu sau:

meBuBEEEGERGRERE N

XE9

2x2 —36x+162>0=x+9
hay x € R\{9}.
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¢c)—x?>+3x—2>0
Bim may tinh nhu sau:

W R@EEHOEEEEHREE axeh”
1£x2
—x*’+3x-22021<x<?2
hay x € [1;2].

d)x>—18x+82>0
BAm may tinh nhu sau:

WO @HOEEHOEEEREE 7 H

Tat ca s& thuc

x> —18x+82>0ox€R

e)V2x% —6x +82 <0
B4m may tinh nhu sau:

ew© 22w EAEEEEEEEE 7

VY0 nghiém
V2x?2 - 6x+82<0x€Q
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PHUONG TRINH QUY VE PHUONG TRINH
BAC HAI

Phwong trinh Vax? + bx + ¢ = \/dx? + ex + f

D¢ giai phuong trinh Vax? + bx + ¢ = \/dx? + ex + f, ta lam nhu sau:

Budc 1: Binh phuong hai vé ctia phuong trinh dé duoc phuong trinh ax? + bx + ¢ = dx? + ex + f.

Buoc 2: Giai phuong trinh nhén dugc ¢ Budc 1.

Buwée 3: Thir lai cac gia tri x tim dwoc & Bude 2 c6 thoa man phwong trinh di cho hay khong va két ludn nghiém.

Phwong trinh Vax? + bx +c =dx + e

Dé giai phuong trinh Vax?2 + bx + ¢ = dx + e, ta 1am nhu sau:

Buwéc I: Binh phuong hai vé cta phuong trinh dé dugc phuong trinh ax? + bx + ¢ = (dx + e)?.

Buwoe 2: Giai phuong trinh nhan dugce ¢ Budc 1.

Budc 3: Thir lai cac gia tri x tim dugc & Bude 2 c6 thoa man phwong trinh di cho hay khong va két luan nghiém.
& Luru y: = Khi thi lai x, ta thay x vao phuong trinh gdc dé bai cho, dé xem 2 vé ¢6 bang nhau hay khong.

» Pé kiém tra x = x,, c6 phai 12 nghiém cua phuong trinh f(x) = g(x) hay khong ta c6 thé bAm may nhu sau:
Buwéc I: Bam: f(x) — g(x)

Buwéc 2: CALC: x = x,, bAm (Z) (=) néu ra 0 thi x, diing la nghiém ciia phuwong trinh.

Giai phuong trinh: Vx?2 —3x +1=3x—8

Giai
Taco: Vx2—3x+1=3x—-8=>x?>—-3x+1=(3x—8)?
x =3
=x?—=3x+1=9x—48x+ 64> —8x*+45x—63=0=>| _ 2L
-8

Thir lai ta nhan nghiém x = 3. Vay tap nghiém S = {3}.

Ta biAm

WHEXEEEERRHEHOEOBIEREIEEID]
Vo [
Jx?=3x+1 - (3x—8)

(8] (E)(E) ra 0 = x = 3 la nghiém cta phuong trinh
Tiép tuc G0 D D EEE B

ra% #0=>x= % khong la nghiém cua phuong trinh
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PAI SO TO HOP

76. Quy tac céng

Néu mot cong viéc dugc
hoan thanh theo mot
trong k truong hop, cac . , ) e Thi s cach hoan
tru:éflg hop ne‘lgy loai trur Truonghopi2 céiny cdch thue hicn! thanh cong viéc dy la:
14n nhau (ttrc 13, khong
c6 2 truong hop nao co
cing 1 cach giéng
nhau), trong d6 ta biét :

Truong hop 1 c6 ny cach thuc hién.

n1+n2+"'+nk

Truong hop tht k c6 ny, cach thyc hién

Qua trinh thuc hién cong viéc

So' d6 minh hoa

quy tic cong Thuc hién theo truong hop 1: c6 ny cach

Céng viée cin Thuc hién theo truong hop 2: c6 n, cach Hoan thanh
thuc hién cong viéc

Thyc hién theo truong hop k: co6 ny cach

& Thuec hién cong viéc theo truong hop khi nao?
Khi chi can hoan thanh dting mot trong céac tredng hop la cong viéc da hoan thanh.

77. Quy tac nhan

Néu mot cong viéc mudn hoan thanh So 0 md ti quy tic nhin
phai trai qua tat ca k budc, trong d6 :
) Cong viéc can thyc hién

Budce 1: C6 nq cach thure hién. ‘

A Budc 1: nq cach
Buéc 2: C6 n, cach thic hién. 1

én cong viec

Budc 2: n, cach

Budc k: Co6 ny, cach thuc hién.

Qua trinh thuc hi

5 s o x 1a Budc k: ny cach
Thi s0 cach hoan thanh cong viéc la:
Ny XNy X ... X Ny

Hoan thanh cong viéc

& Thuyec hién cong viéc theo budc khi nao?
Khi can phai trai qua lan luot, day du tat ca cac budc thi cong viéc méi hoan thanh.
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78. Giai thtra

DPinh nghia giai thura :
n=1x2x3x..xnMm=1)

Tich cac s6 tw nhién
liéntuctir 1 dénn

& Quiude: 0! =1

Céach doc: Dau "!" doc 1a "giai thura"

VD: "6!" doc 1a "sau giai thira".

Dé bam giai thira trong may tinh bo tai, hay tim ky
hiéu ! trén may tinh.

Mt s6 tinh chit:
n=mn-1!'xn
=n-2)'x(n-1n
=n-3)!'xn-2)(n—1)n
m=—MD!'xn-3)(n-2)(n—1)n

n!
== p+D@p@P+2)..n (véin>p)
p: Tich cac s6 tw nhién

lién tuc tir p+1 dénn
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79. Cac md hinh rat gon cdia quy tac nhan

Céac m6 hinh rit gon
cia quy tiac nhan

a) Hoan vi

e Tén 4
Mé hinh & duat
Cho tap A gébm n phan tir
khac nhau (n = 1). Cé bao
nhiéu cach x€p n phan tu
nay vao n vi tri khac nhau.
Buwéc 1 : Chon phan tir xép vao
vi tri thir nhat c6 n cach.
Con lai n — 1 phan tir
Buwéc 2 : Chon phan tir xép vao
vi tri thir hai c6 n — 1 cach.
Con lai n — 2 phan tir
Buwée 3 : Chon phan tir xép vao
vi tri thir ba c6 n — 2 cach.

Con lai n — 3 phén tir

Con lai 1 phf\n tr

Buwéc n : Chon phan tr xép
vao vi tri thir n ¢6 1 cach.

Vay theo quy tic nhan ta co n(n — 1)(n — 2) ...2 - 1 = n! cach

v
&

N ¢
@

So d6 mé ta

Mo hinh hoan d6i vi tri (Hoan vi)
M0 hinh chon vat theo thir ty, theo budc (Chinh hop)

Mo hinh chon vat trong 1 1an (T6 hop)

Mo hinh téng quat héa thanh hoan vi

Mot tap g6m n phan tir khac nhau (n > 1). Mbi cach sap xép
n phan :u’r nay theo mot Fhl'l’ tu cu thé dugc goi 1a mot cach
hoan doi vi tri ciia n phan tu.
S6 lugng cach hodn doi vi tri ciia n phan tir 1a: B, = n!
Viét tat: hodn vi

Vi du: Co 6 cai cc khac nhau va 1 dong xu. Gidu dong xu
vao 1 trong nhing cai coc sau d6 xép 6 cai coc thanh 1 hang
ngang va hoan ddi vi tri ctia 6 cai cdc 1 cach tuy y. Hoi co
bao nhiéu cach x4o tron 6 cai cde trén?

AAEE an
!

ANESAWAWARE

M&i cach xép 6 coc 1a 1
cach hoan d6i vi tri cia 6
phan tir, nén s6 cach xép 1a
Py = 6! = 720 cach.

Py Tap A

. Bug,
(o]
Buwo¢ 1 5;4& N 5
OO B 5
=, Pty S TN “oc 4 Cammb Camah
PN / \ 7 g ™ / \ 7 g ™
@ () @ @ (@
\\~ ‘ll \~ ‘ll \\\ ,l’ \~ ‘ll \\\ ’l'
Vi tri thir nhdt  Vitri thie 2 Vitri thie 3 Vitri thir 4 Vi tri thir 5
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b)

1

Chinh hop

Tong quét hoa

M0 hinh

Cho tap A gdm n ph?}n trkhéc nhau (n = 1).
C6 bao nhiéu cach lay ra tir tap A so luong k
phan tir va xép vao k vi tri khac nhau.

Buéc I: Chon phan tir xép vao
vi tri thir nhat ¢6 n cach.
Con lai n — 1 phan tir
Buwéc 2: Chon phan tir xép vao
vi tri thtr 2 co6 n — 1 cach.
Con lai n — 2 phén tr
Buwéc 3: Chon phan tir xép vao
vi tri thtr 3 c6 n — 2 cach.

Con lai n — 3 phén tir

Con lai n — (k — 1) phan tir
Buwéc k: Chon phan tir xép vao
vi tri thit k co n — (k — 1) cach.

Vay theo quy tic nhén ta c6 sb cach la:

nn—1)(n-2).. (n — (k — 1))

Thém bot

Cho tap A gdbm n phan tir khac nhau.

M3di cach lay ra k phan tir khac
nhau tir tap A va sau d6 sap xép
lai theo mot thir tu cu thé.

M3di cach lay ra k phan tir khac
nhau tur tap A va x€p vao k vi
tri khac nhau.

MGdi cach 1ay ra k phan tir khac
nhau ttr tap A theo cach:

Bueée I: 14y ra vat thir nhat.
Bueée 2: 1ay ra vat thi hai.

Buée k: 13y ra vat thir k

M&di cach nhu vay dugc goi
1a mot chinh hop chap k cua
n phan tr cia tap A.

S6 chinh hop chap k ctia n phan tir :
X n!
Af = ———
" (n—k)!
Cong thuc trén cling dang cho

n—k)! : _ = _
=n(n—1)(n—2)...(n—k+1)><7( ) truong hop k = 0 hodc k = n.
: (n—k)! Khi k = nthi A} = P, = n!
n.
~ (n—k)! Luru y: B4m chinh hop hdy tim ky hiéu nPr.

Vi du : mudn tinh A2, ta bAm 4P3.

Vi du: T céc s6 {1, 2, 3, 4}. C6 the tao
duoc bao nhiéu so ¢6 3 chir s0 khac nhau.

Diéu kién AX xac dinh Ia {

n € N*
0<k<nkeN

Suy luan: Mai s6 c6 3 chit sb lghéc nhau duoc tao ra tir cac s6{1,2,3,4} 1a
mot chinh hop chép 3 cia 4 phan ti {1, 2, 3, 4} (So do minh hoa bén duoi)

2 3 4171 2 3 411 2 3 411 2 3 4

Loi gidi

P23 14] 1121314

... Tiép tuc

M3i sb théa man yéu cAu 12 mot chinh (Dudi day liét ke 24 s6 do: 142; 143; 234; 423;
hop chép 3 ctia 4 phan tir, nén s6 lwong | 432; 324; 124; 134; 123; 132; 213; 214; 231; 241,
s6 thoa mén dé bai 1a A3 = 24 s6. 243; 312; 314; 321; 341; 342; 412; 413; 421; 431)
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Vi du: C6 6 ban tham gia thi chay = Suy luén: Moi céch trao 3 giai 1a mot chinh hop chép 3 cua 6 phan
la An, Binh, Chau, Pat, Hong, : ti {An, Binh, Chau, Pat, Hong, Linh} (Xem so dé minh hoa bén duor)
Linh. C6 3 giai thuong s¢ dwoc  Np4¢ Binh  Chau Pat Linh  Binh .. Lo gidi
trao la Nhat, Nhi, Ba. C6 tat ca £ ,

A cre oA . S0 cach trao
bao nhiéu cach trao gidi c6 thé | Npj | Chau Binh | Chau Chau  Héng - gigila:
xay ra néu khong xay ra truong 3 p

p N ; 3 Az = 120 cach

hop c6 2 ngudi vé dich cung 1 luc. Ba An An An Hodng An
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c) Té hop

Bi todn thir nhét: Tir mot tap hop gdbm n phan tir khac nhau. Chon ra tir n phén tir d6 k phan tir
cung mot luc dé tao thanh mat tap hop A. Hoi c6 bao nhiéu cach dé tao ra mat tap hop A nhu thé?

2 4
1 S 5 1 E 5
A e T - S Y
A B A Chon ra k phan tr cung 1 Iac O A N I
\ \\ \\ 4 [ ! L‘~~4’ //”\ N \ \\ AN // | [ JI
2 v - \ /\A > LS o L .
Ta giai quyét bai toan bang cach tim sy lién hé giira bai toan trén va Bai todn thir 2
nhu sau: “Chon ra tir n phan tir khac nhau k phan tit theo cach lay lan luot ra ting
phan tir (tirc 1a lan 1 l1ay ra 1 vat, sau do lay ti€p ra 1 vat nira, roi sau do6 lai lay tiép 1
vat nita,... cho dén khi c6 du k phan tir)”, s0 cach lay ra c6 thir ty nhu vay ta da bict
2 4 \
1 k 5 6 Chon ra k phan tr theo tirng bude
—- //\\ _
VA T T l
Lo e A T
e > 4 i
1 2 3 4 5, 1 k=1 k
7~ “/x “ Lo

Bay gio ta s& suy ludn tir bai toan thtr 2 dé tim ra 16 giai cho bai toan thw nhit. Bé chon ra
c6 thtr ty k phan tr tir tdp n phan tlr ta ¢6 the c¢o6 thé lam theo 2 cach twong duwong nhu sau:

Ciach 1: Ting budc, mdi bude chon ra 1

LN A phén tir cho dén khi da k phan tir thi théi.
~ 6
S T , A em A P A
SR C S R S e Cach 2. Dag tién, chon dong thoi cing mot
R [ lac ra k phan tt tir n tap hop (lGc nay k
n, A phan t& nay van 1on x0n va chua c6 thu ty)
o\
Chon ra k phan
tor cung 1 lac
Sau d6 ta xép k phan
! 2 n} < tir nay theo mot thi
rs 2 tu nhét dinh AT
N > 1 2 3 4 51 1 k=1 k,
VAT e '.
iy ) &4 L Thi ta cling c6 két qua tuong tw cach 1
Y A3 ~*~\ P ‘ '
cach la ck

Ak
= AR =Ci-kl= Cf = -
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» Cho tip A gdm n phan tir khic nhau. Mdi cach
chon ra cing 1 lic k phan tr (1 <k <n) tr n
phan tir dwoc goi 1a mot td hep chap k ctia n phan
tir. SO lugng t6 hop chap k ctia n phan tir la:
ck = ﬁ _ n!

k! kl(n—k)!

* Quiwde: CJ = 1.

n € N*

. Y A k , . .
bicu kién C)} xac dinh: {0 <k<nkeN

= Tinh chét:

Ch=C=1
CK=CR*k
Ch=CrZi +CK_y

n—k+1
Cy=——F G

« Luu y: D& bAm may s6 t6 hop hay tim ky hiéu nCr
trong may.
Vi du : mudn tinh C§ ta bdim 8C5.
= Phén biét chinh hop va té hop
Chinh hop va t6 hop lién hé nhau boi cong thirc:

Ak = k1 ck
Chinh hgp : chon vat, chon vi tri c6 th ty.
Td hop : chon cac vt ra cung mot luc, khong co thi tu.
= Nhiing bai toan ma két qua phu thudc vao vi tri hay
th{r ty cua cac phan tir — St dung chinh hop.
Nguoc lai, 1a t6 hop. T6 hop chi quan tdm c6 nhiing
phan tr gi dugc chon ra ma khong quan tam téi tha tu
cua ching.

Trang 83




d) Vi du phan biét chinh hop, té hop
Phén biét chinh hop t6 hop
Mot 16p hoc ¢6 30 hoc sinh
Chon ra 3 hoc sinh di quét 16p. Chon ra 3 hoc sinh lam ban can sy, 1 16p
. 3 truong, 1 16p pho hoc tap, 1 16p pho van nghé.
Co C3, cach
Co A3, cach
Cho 5 mon an: Thit nuéng, Rau cai xao, Ga ran, Thit kho, Rau muéng Iudc

Hay chon ra 3 moén an tuy y Hay chon ra 3 mén an theo mtrc ¢ yéu thich
cua ban

Co A2 cach

C6 C3 cach

Cho 3 diém khong thang hang A, B, C

C6 bao nhiéu doan thél.lg O 2 dau mut C6 bao nhiéu vecto (# 0) c6 diém dau va
dugc tao ra tir 3 di€ém da cho diém cuodi duogc tao ra tir 3 diém da cho
C6 C2 doan thang C6 A3 vecto
o'« S e

Cho mdt tip gdm 4 phan tir A, B, C, D

Céc t6 hop chap 3 ciia 4 phan tir nay 1a Céc chinh hop chap 3 cua 4 phan tir nay 1a
B,C,D) (B,D,C) (C,D,B)
{B’ C, D} Céc chinh hop sinh
ra tu bo {B, C, D} (C, B, D) (D, B, C) (D, C, B)
5 ("eicychmh hop sin}
fatirbo A, . (D,C,A) (C,D,A) (C,A,D)
{A, B, D} o (A,B,D) (A,D,B) (D,A,B)
€ chinh hop sin}
fatur b 4 !
H01A.B D) (D,B,A) (B,D,A) (B,A,D)
ABC (A,B,C) (A,C,B) (C,A,B)

nh hop
ey

C) (C,B,A) (B,C,A) (B,A,C)

1A tir by
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e) Giai thich mét sé céng thirc td hop bang hinh hoc

Giai tich cong thitc C¥ = € ¥ bang bai toan chon do vat

1/ \
4 AY
4 9 X r ~ \ ~ b ~ A
| '\ MOoi cach chon ra k vt tir n vat thi ta cling vo
U 1 B r A r R . _ A <\ A
n vat khac nhau W | tinh c6 mot cach dé lai (n — k) vat tir n vat.
--------- ~, LA . 4
Ve ® \ o> T Tumm——ee
e Y I A .z A ’ 2 .
{ o .‘\ _______ Cf=- S6 cach chon S6 cach de lai
‘\\ ; Con Ié;l—(n--_k --------- = rakvatthn = (n—k) vattorn
! . _ At ~ r ~ r
@ o ?,, ) vat A _.--- - vat khac nhau vat khac nhau
-------- I', . \\\
; \ k n—k
o = C, = Cy
\
Y XXJ

_________

Giai tich cong thirc Cf = k=1 + C¥_, bang bai toan chon d vat
Co6 CF cach
> Chon ra k vat tir n vatita co thé suy luan nhu sau:
Khi chon ra k vat tir n vt thi chi c6 thé xay ra 1 trong 2
truong hop nhu sau:

TH1: C6 ngdi sao mau do trong k vat dugc chon ra.
TH2: Khong c6 ngdi sao mau do trong k vat dugc chon ra.

7

_________

TH1: C6 ngdi sao mau dé trong k vat
duoc chon ra.

Nhu vay ta chi can chon thém
(k — 1) vt nita tir tap hop ban dau
sau khi da bo di ngo6i sao mau do.

1
[
."\

NG
SN

-~ N
AY

7. .
/. Bongdi
sa0
LN @

\
BN X )

__________

\-—_-——"'

9
Chonra (k — 1) vattir (n — 1) vat

Tir 2 truong hop ta suy ra s cach
chon ra k vat tir n vat khac nhau la:
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TH2: Khoéng c6 ngbi sao mau do
trong k vat dugc chon ra.
Nhu vay toan b k vat dugc chon ra
ta chon chung trong tap hgp ban dau
sau khi da bo di ng6i sao mau do
7~ AN
,/~ Bongdi
f sao

‘@
4

s AY

f

.‘\4 —————————————
Chon ra k vat tir (n — 1) vat

ckl+ck | =ckemmmmm -

OO0 O SV 4

N\,



v L, N , —-k+1 — S 90 2 A_A
Giai tich cong thire CF = — CK~1 bing bai toan chon do vat

k
Co CF cach
n vat khac nhau Chon ra k vat tir n vat ta c6 thé suy luan nhu sau:
LT \\
4 t " Buéc 1: Chon ra (k — 1) vat c6 CX=1 cach.

(Sau budc 1, tap hgp n vat khac nhau chi con n — (k — 1) vat)

@ ®

-
\N-__,___a"

Budc 2: Chon 1 vat con lai co n — (k — 1) cach.

Vaycd Cktx(n—(k—1))=(n—k+ 1)Ck?

Thé nhung cdch ndy lai gdy ra cdc sw tring ldp (nguyén nhan la do lap ludn o day
theo budc thi c6 phan biét thir tw cia cdc thanh phan dwge chon ra, ban doc c6 thé
xem vi du sau dé thay ro sy trung lap do ldp ludn theo 2 buoc trén gdy ra)

Vi du: Chon ra 6 vt tir tap trén thi néu tién hanh theo 2 budc 1ap luan & trén ta co

)
o

Budc 1 chon ra
(k — 1) phan tur

» 00~ 8
[ 0@~ Q%
(1) 4
® 0%-9
0 *0~ 9

@
Budc 2 chonra 1 @
phan tir :
S6 cach N
trang hop s6 cach trao i ngdi sao & budc 2
el véi 1 phan tir & budce 1
truong (c6 k — 1 cach)
hop nay
bang véi

_/

—~

Theo nhu 2 budc chon nay thi tap P s& ¢6 k 1an tring nhau

oW
Vay ta c6: Vi mdi cach trong (n — k + 1)CK=1 cach s& ¢ k 1an tring nhau nén:
(n—k+1)Ck?

_ rk
k - ~n
80. Mét sé tinh chat vé liiy thira
m n n
m, n_ m+n a__ m-n i_ -n n.pn — n a_— E
a™-a a a”_a an_a a™-b (a.b) b”_(b)

1 m
Ma=an Nam=an @Y"=(@M"=a™" Luuy:(@™)"# am"
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81. Tam giac Pascal

(a+b)°=1 1 >
%
(a+b)t =a+b 1 1 @
(a+b)? =a?+2ab +b? 1 2 1 "«g@
(a+b)® = a3+ 3a?b + 3ab? + b3 1 3 3 1 @
(a + b)* = a* + 4a®b + 6a?b? + 4ab?® + b* 1 4 6 4 1

(a + b)° = a® + 5a*b + 10a3b? + 10a?b® + 5ab* + b> 1 5 10 10 5 1

82. Nhi thirc Newton

n
Véimoin € Nvavéimoicipa,btaco:|{(a+b)" = Z Ckankpk
k=0

Mt s6 tinh chit

S6 luong cac s6 hang cta khai trién bang n + 1.

Tong cac s6 mii cia a va b trong moi so0 hang déu bang n.

S6 hang tong quat thir (k + 1) c6 dang Tyy; = CXa™¥b* (k = 0,n).

& Luu y vé tén goi

1 > 1 5
3] — 5 10 15
(x—Z—X) —10+W—;—10X +5x — X
1 1 5 10 15
=104+1X—5+(=5)X—=+(-10) Xx>+5xx" + (=1) Xx
x X
Tonghéso= 10+ 1+ (=5)+ (=10)+5+(=1) =0
Chu y: Dé tim tong hé s6 ctia mot khai trién nhi thirc tiy ¥ thi ta thay moi bién sé bang 1.

1 1 1
(E—x3) =104 1X —=5x——10X x5+ 5% x10(— 1 x x15

10 5
o %o K2 R S Yo
%, % % % % %

% 2 S c S 2 Q. ? S
[ o ° %, %,. 74
et U, el

+3§) i}’ e % %

& - S
& & &% % %6 %
o I 4 % %, %
% % -‘?%) 2 2 -
RS 4 @, s % %, %,
%+ % /5(? % 7 s s s
$ -1-1\) AN o

thire dac biét. Chéng han:
n _ ro0,n 1.,.n-1 nThayx=1 0 1 n _ on
A+ =Co0x" + Clx" 14 4 (P == C04+C} + -+ (=2

n 0,1 1,n-1 npn YX=1 1 nen
(x = D" = CO0x™ — CAx™ 1 4 oot (—1)CP s €O — CL + -+ (=1)"CT = 0

Néu trong khai trién nhi thirc Newton, ta gan cho a va b nhiing gia tri dac biét thi ta sé thu dugc nhiing cong
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PHUONG PHAP TOA BO

83. Truc toa do

Truc toa do (truc)' la mot duong théng trén do da xac 032

dinh mot diém goc 0 va mot vecto don vi € (co do ——————+—+—+—p>

dai bang 1). Ky hiéu (0; &). S5-4-3-2-1012345
Chu y:

= Toadd cuavectotréntruc: U = (a) @ U =a-é.
» Toa d6 cua diém trén truc: M (k) & OM=k-é
= B§ dai dai so cua vecto trén truc :
AB=ao AB=a-é
» Toa do cua vecto khi biét toa do hai diém trén truc:
A(a),B(b) >AB=b—a

- Néu A cung huéng véi & thi AB = AB.
= Néu AB nguoc hudng voi € thi AB = —AB.
AB =CD  AB =CD
= H¢ thuc Sa-lo: V6i A4, B, C tuy v trén truc, ta co:
AB + BC = AC
« Néu A(a),B(b) thiAB = b —a.

84. Hé truc toa dé

= Hé gém hai truc toa d Ox, Oy vudng goc voi nhau. Vecto don vi Truc tung
trén Ox, Oy lan luot 127, 7. O 1a goc toa d0, Ox 1a truc hoanh, Oy 1a
tryc tung.

» Toa do cua vecto dbi voi hé truc toa do:
U=y eoi=x1+y-J
» Toa do cua diém d6i voi hé truc toa do:
M(x;y) ©OM=x-T+y-]J.
& Chu y: x dugc goi 1a hoanh d9, y dugc goi 1a tung d§.

85. Biéu thirc toa dd phép toan vecto & diém quan trong
Cho (_i = (al; az) va l_)) = (bl; bz)

Hai vecto bing nhau_~~ _~~ i=be {Zl _ Zl < {h(:ﬁllg _ ?13?; "
2=by =

Vé6i b # 0 thi @ nguoc chidu b

Hai vecto ngugc chiéu/ / a@ El:<0:5,=kb
1_a

& —==—<0(by,b, #0

bl bz (1 2 )

= Néu it nhat mot trong hai vecto bang 0 thi 2 vecto
cung chicu.

Hai vecto cing chidu // * Néu ca 2 vecto déu khac 0 thi a cur_1)g chiéu b
3k >0:a=kb
a;, a
(=>_=_>0(b1,b2 =#0)
by b,
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Hai vecto cung phwong /‘//'

Tong, hiéu vecto
Sb x Vecto

Toa dd vecto khi biét toa dd goc, ngon

Trung diém doan thing AB

Do dai vecto
P dai doan thiang

Toa d diu mut

Trong tam AABC

Vecto bang vecto khong

Vecto khac vecto khong

Tam ty cw cia h¢ dieém

Chuin héa vecto don vi

Ba diém thing hang

Biéu thirc toa dd tich vd hwéng

» Néu it nhat mot trong hai vecto bang 0 thi 2 vecto
cung phuong.

» Néu ¢4 2 vecto déu khac 0 thid va b cung phuong
a, = kb1
a, = kbz

a
— (by,b; # 0)
b,

@ﬂkeR:d:kB@Elke]R{:{
@al—
by
&iBz (a; £ by;a, £ by)
kd = k(aqy; ay) = (kay; kay)

AB = (Xg — X3 Y — Ya)

X4+ X +
M(A B YA }’B>

2 2

a=(a;;a;) = ld| = a% +a%

AB =/ (xg — x2)® + (y5 — Ya)?
= /(x4 — 25)2 + (4 — ¥5)?

Pau mut can tim = 2 x Trung diém — Dau mut con lai
@ * @ % @
G<XA + Xp +xc;)’A + Vs +3’c)
3 3
a, =0
a, =0
& Ca 2 thanh phan toa d6 déu bang 0
1#0
2 #0
& [t nhat 1 thanh phén toa do khac 0

'Néu klm'*' kzm) = 6

526@{ ©a?+ai=0

5 = a
aiO@[a ©a?+as+#0

L= kqixg + kyxp
T Ttk
(twong tw cho y;)

» Néu kyIA + k,IB + k3IC =0
D= kixq + kyxg + kaxc
I ki ky+ ks
(twong tw cho y;)

Cho d = (ay; ay). Ky hiéu @y 1a vecto cing chiéu véi
d va co do dai bang 1. Khi do ta co:

., 1 a, a

an =73 Xa= (ﬁ;m)
A, B, C thing hang
& 2 vecto tlly ¥ tao ra tir 3 diém A, B, C cling phuong
o 4B cung phuong AC

(str dung céc diéu kién cting phuong)

Blét C_i = (al; az) va l_)) = (bll bz) ta co:

C_il_))= a1b1+a2b2
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a,b; + ayb,

Cos goc xen giira 2 vecto cos(d; 5) =
sorTenE JaZ+al b7 + b2
Piéu kién 2 vecto vudng goc GlLbed-b=0s ab, +a,b,=0

86. Céac loai tam va diém dac biét cta tam giac

Cong thure tinh nhanh cac loai tam cua tam giac
hés61x (A) +hésd2x (B) +hésd3x(C)
hé s61+hésd2+hésd3
Trong d6: (Tam), (A), (B), (C) lan luot 13 toa do cua loai tim can tim, dinh A, dinh B, dinh C cua AABC (khi
thay thi thay dong thoi toan b hoanh do hoac toan bd tung do)

(Tam) =

Chan duong phan giac trong , )
Tinh chat dudng phan giac:

A BD _DC
BA CA
N ( = BD =22 pc = BD = 22D¢
B 5 C ~ A ~ A
Trong tam

1(4) + 1(B) + 1(C)

G)=1:1:1=
) 1+1+1

Cich 1: Cong thirc tinh nhanh (néu tam giac khong déu va khong vudéng moi
ap dung cong thuc nay, tam giac déu co6 tryc tdm trung voi trong tdm, tam
giac vudng co truc tdm trung véi dinh géc vudng)
(H) = tan(/i): tan(E’) :tan((f)
B tan(A4) x (4) + tan(B) x (B) + tan(C) x (C)
) - tan(4) + tan(B) + tan(()
Tryc tam Cich 2: Khi chua hoc phuong trinh duong thang.

a Buée 1: Goi toa dd H 13 (xy; yi)-
Burde 2: Tim toa dd H dua vao 2 diéu kién vuong goc:
{AH 1 BC ﬁ{ﬁ-l?c= 0
B c BH 1 AC BH-AC =0

= Giai hé 2 4n tim ra x va yy, tir d6 suy ra toa d6 H.
Cich 3: Khi da hoc phuong trinh dudng thang.
Buée 1: Viét 2 phuong trinh duong cao tuy y. Gia su ta viét phuong
trinh 2 duong thang 1a AH va BH.
Buoc 2: Tim H = AH NBH bang cach 1ap hé phwong trinh tao boi 2
duong thang nay, tir d6 suy ra toa do diém H.
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Tam dudng tron ndi tiép
A

Cich I: Cong thuc tinh nhanh (dung khi tam gidc khong phai tam gidc déu,
néu tam giac 1a tam giac déu thi tim duong tron ndi tiép trung voi trong tim)
() = a:bic ax(A)+b><(B)+c><(C)

a+b+c
Cich 2: Khi chua hoc phuong trinh dudng thing
Buée I: Tim toa d6 diém D 13 chan dudng phan giac trong goc A cia

AABC.
A
B D Cc
Buée 2: Tim toa do diém I 1a chan dudng phan giac trong goc B cua
AABD.
A
B c

D
Cich 3: Khi da hoc phuong trinh dudng thing
Bu6e I: Viét phuong trinh 2 dudng phan giac trong tly ¥ ctia
AABC.
bi dén: Phuong trinh duwong phén gidc cia 2 duong thang.

Buge 2: Tim tam duong tron noi tiép 1a giao ctia 2 duong phén giac
trong 6 Buodc 1, bang cach lap hé phuong trinh tir 2 duong thang
nay.

Tam dudng tron ngoai tiép

A

Cach 1: Cong thirc tinh nhanh (dung khi tam giac khong vuéng va khong déu,
tam gidc vudng c6 tdm dudng tron ngoai tiép 1a trung diém canh huyén, tam
giac déu c6 tAm duong tron ngoai t1ep trung voi trong tam)

()= sm(ZA). sm(ZB). sm(2€)
_sin(24) x (4) + sin(2B) x (B) + sin(2C) x (C)
- sin(24) + sin(2B) + sin(2C)
Cich 2: Khi chua hoc phuong trinh duong thang

Buoc 1: goi | (x]; y]) la tam duong tron ngoai tiép AABC.
JA=]B (JA?> =]B?
A=jc” {]A2 —Jc?
= Giai hé phuong trinh bac nhit hai an, tim ra toa do diém J.
Cich 3: Khi da hoc phuong trinh duong thang
Bue I: Viét phuong trinh 2 duong trung truc tity ¥ ciia 2 canh cua
tam giac.

Buée 2: tim J dua vao 2 diéu kién:

Bude 2: Tim tam dudng tron ngoai tiép bang cach giai hé phuong
trinh tao bdi 2 duong trung truc da tim dugc ¢ budc 1.
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Hinh chiéu vuong goc diém
1én duong thang

A
Be ‘ oC
H

Xac dinh hinh chiéu vuéng géc cia A 1én dudng thing BC
Cach 1: Khi chua hoc phuong trinh dudng thang
Buéc 1: ViH € BC = H, B, C thing hang = BH = kBC (1)
(Muc tiéu la tim k)
Bude 2: ViAH L BC = AH-BC =0
(Chén B va giita AH dé sir dung duroc (1))
- (4B + BH) - BC = 0
= AB-BC +BH-BC =0
= AB-BC + kBC-BC = 0
= AB-BC +k xBC? =0 (2)
(Tinh AB - BC va dg dai BC, thay vio (2) gidi ra k)
Bude 3: Sau khi tinh ra k thay vao (1) timra H.
Cach 2: Khi da hoc phuong trinh duong thang

Buée 1: Viét phuong trinh duong thang AH di qua A va vudng goc

voi BC.

Buéc 2: Tim H = AHNBC bang cach giai hé phuong trinh tao boi 2

phuong trinh dudng thang di viét & bude 1.

87. Cong thirc tinh nhanh hinh chiéu cta mét diém |én mét dworng thang

Puong thing d: ax + by + ¢ = 0 va diém A(xe; o)

Xhinh chigéu = X0 — a2+ b2

Yhinh chidu = Yo —

a? + b2

A(xo; ¥o)

X (axy + by, +¢)

x (axo + by +¢) d:ax+by+c=0

(Xhinh chiéu; Yhinh chiéu)
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PHUONG TRINH PUONG THANG

88. Vecto dic trirng cho phwong cta dwéng thang

Vecto chi phwong (viét tit vtep) ciia duong thang Vecto phap tuyén (viét tit vtpt) cia dudng thang

g > Veeto i # 0 duoe goi la Vecto 71 # 0 duge goi 1

/ vecto chi phuong cua vecto phap tuyén cia

Z duong thang A néu gia cua duong thing A nu gid

7 v nd song song hodc trung ctia n6 vudng goc voi A.
0 X voi A.

* Néu u=(a;h) la mdt vtep cua A thi|.Néu# = (a;b)lamot vipt ciia A thi

ki = (ka; kb) (k # 0) cling la mot vtep ctia A. kit = (ka; kb) (k # 0) cling 1a mot vtpt cua A.
* Mot duong thang hoan toan xac dinh néu biét mot | « Mot duong thang hoan toan xé4c dinh néu biét mot
diém va mot vtep. diém va mot vipt.

(Trén hinh tit ca cac
vecto Uy, Uy, Uz déu la
vecto chi phuong cua
duong thang A, nhu viy
mét diong thang cé vo sé
vecto' chi phuong.)

(Trén hinh tit ca cac
vecto 7,75, Mz déu la
vecto phap tuyén cua
duong thang A, vy mot
duong thing c6 vo sb
vecto phap tuyén.)

» Néu 7 1a mot vtep va 7 1a mot vtptcia A thi @ L 7.
» Cach chuyén dbi giira vecto chi phuong va vecto phéap tuyén

Buéde 1: D6 vi tri hoanh do va tung do.

Buwéc 2: Poi du 1 trong 2 thanh phan hoanh d6 hodc tung d.

89. Cac dang phwong trinh dwong thang
Phuong trinh tham s6
Phuong trinh chinh tic
Céc loai phuong trinh dudng thang Phuong trinh doan chin
Phuong trinh dang hé sb goc

Phuong trinh tong quat
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a) Phwong trinh tham sé va chinh tac

Duong thang A di qua M (xo; ¥o) Va Uehi phwong = (U1; Uz)
X =xg+t u
teR
Y=Yttt u; ( )
X~ X% _Y~Yo
U Us
Chii y : Trong truong hop u; = 0 hodc u, = 0 thi duong thang khéng c6 phuong trinh chinh tic.

Phuong trinh tham s: A: {

Phuong trinh chinh tic:

b) Phwong trinh doan chan

A
N

. . N,7 /](0;b)
Phuong trinh duong thang di qua diém (a; 0), (0; b) (a, b # 0) la: 4 X9
x .7
—+ 3_/ =1 DS \J
a b

v

/a;O)

c) Phwong trinh dang hé sé goc

Va Goc hop boi duong thang va
huéng duong cuia truc Ox

Hésogoc=tana =k

Dang1: (d)y = kx+b k 12 hé sb goc ciia duong thing

b 1a mot s6 thuoc R (khix = 0thiy =b = b la
tung do giao di€m ctia duong thang véi truc 0y)

Dang 2: (d) y = k(x — x0) + ¥o M (xo; Vo) 12 mot diém tuy ¥ thudc duong thing

Luuy:

» Néu dudng thing d di qua 2 diém A va B thi hé s6 goc k dugc tinh theo cong thirc: k = %

B™4*A
» Tan(goc nhon) > 0; Tan(goc tu) < 0
* Néu biét hé s goc cua duong thing d 1a k thi dé tim goc hop boi duong thiang va hudng duong cia truc
Ox ta tinh: tan~1(k) (hoic arctan(k))
» Phuong trinh dang hé sé goc khong bao g(i)m cac dudng thang co dang x = C (C € R) (Cac duong gha:lng
vudng goc v6i truc Ox). Chinh vi thé can can thén thi€u dap an néu ta gia s phuong trinh duong thang ¢
dang hé so goc.
* M&i dudng thang néu c6 phuong trinh dang hé s6 goc thi phuong trinh do6 1a duy nhat.
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= M6i quan h¢ gitta h¢ s6 goc va vecto chi phuong

A \ A A r 5 1 u e
Néu k 1a hé s6 goc cua A thi: k = u—i, V6i Uy # 0, Ui phuong = (U3 Uz)

d) Phwong trinh téng quét

hoac

ﬁphé\p tuyén = (a; b)

» Puong thang di qua My (xo; Vo) va co
Tphap tuyén = (@; b) c6 phuong trinh tong quat 1a:

alx —x9) +b(y —y0) =0

ax + by — (axg + byy) =0
» Phuong trinh ax + by + ¢ = 0 (a® + b* # 0) duoc goi
la phuong trinh tong quat cua duong thang.
= A ¢6 phuong trinh ax + by + ¢ = 0 thi:

va ﬂchi phwong = (_b; a) hO.’;:lC ﬂchi phwong = (b, _a)-

Céc truong hop dac biét:
Tinh chét Diédu Phuong trinh
duong thang A kién duong thang A
A di qua gbc _ A
toa do c=0 ax+by=0
A//Ox hoac A _
A= Ox a=0 y+c=0
A//Oyhoic |, _ _
A= 0y b=0 x+c=0

90. Vij tri twong doi cua hai dworng thang

Cho hai duong thing Aj:a;x + byy = ¢; vaAy:ia,x + by = ¢,

ayx+byy=c¢

Toa dd giao diem ciia A; va A, 1a nghiém ctia h¢ phuong trinh: {azx thy=c,

A cht A, A &

< hé (1) c6 mot nghiém ><
ap by

@a—zqtb—z(neuaz,bzio) OLf

- Al Ay 3

< hé (1)vo nghi¢ém Ay A
aq bl c A .

© —=—+#—(néua,,b,,c, #0) "
a, bz Cy 0

& hé (1) c6 vo s6 nghiém
aq bl 1 A
a_z = b_2 = a (neuaz,bz,cz * 0)

91. Hé sé g6c dwerng thang song song, vudng goc, tao goc

Cho hai dudng thang A;:y = kyx + by (ky # 0) va Ay:y = kyx + by (ky # 0)

N ke

'A1LA2<:>k1><k2=—1)(
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» Goi 0, 1a goc dé xac dinh hé sb goc cua 44, 6, 13 goc dé xac dinh hé sb goc cua 4,,
6, = arctan(k,) 4,

0, = arctan(k,)
Ay tao v6i A, mot goe 6 thi{ 1, —6,| =6

tan 6 = 1111;( 11.22 < huéng duong cta Ox
* Goi d 1a dudng thang phan giac ciia 2 duong thang A; va 4,, 64 1a goc dé xac dinh hé sd goc cua d thi:
| Q\
2 4, . &

hudng duong cﬁIOx
arctan(k,) + arctan(k,) arctan(k,) +arctan(k,) w
d = hOéC 9d = + =
2 2 2
92. G6c giira hai dwong thang

Cho hai duong thing:
Ayiaix + by + ¢ = 0(co vipt iy = (aq; by))
Ay ayx + byy + ¢, = 0 (co vipt 1, = (ay; by))
(ng;m2) khi (ng; nz) < 90°
180° — (ny; nz) khi (ng;nz) > 90°
Ini-n;l  laya; + biby|
Inil - 1zl \JaZ + b2 - \JaZ + b2
(Luu y: toan b vecto phdp tuyén o trén co thé thay bang vecto chi phuong thi cac cong thuc ciing van dung)

Goc giita 2 duong thing (A1 ; Az) = {

COS(A1;A2) = |cos(ny; np)| =

Goc giira hai duong thang

Luuy:

= 0° < Goc gifra 2 vecto < 180°.

= 0° < Goc giita 2 dudng thing < 90°.

= Goc gitra hai vecto phép tuyén (hodc hai vecto chi phuong) chua chic 1a goc giita hai dudng thing.
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93. Khoang cach tr mét diém dén mét dwong thang
Cho duong thang A: ax + by + ¢ = 0 va diém My (xo; Yo)

y 1\:10(950;}’0)

laxy + byy + c|
d(My; A) =
(g3 ) = =2

94. Khoang cach giira hai dwéng thang song song
Ayrax+by+c=0;4:ax+by+c' =0
lc —c|
d(4;4,) = ——
(i da) VaZ ¥ b?

Luu ¥: phan nhan véi x va y cia 2 phuong trinh tong quat phai giéng nhau.
95. Phwong trinh phan giac 2 dwong thang

Cho hai dudng thang A;:a;x + by +¢; = 0 va ayx + by + ¢, = 0 gét nhau
Phuong trinh ciac dudong phén giac cua cac goc tao boi hai duong thang A va A, 1a
la;x + b1y +¢;|  lagx + by + ¢,

JaZ+bZ  JaZ+b?

A

Phan giac 1

7 oeid ueld
=V

@ Luwru y: Trong tam gidc, dé nhan biét phan giac nao 1a ‘phén giac trong, phan giac nao la phan giac ngoai, ta
thudng sir dung diéu kién cung hoic khac phia cua hai diém so v6i mot duong thang.

96. Hai diém cung phia, khac phia so vé&i 1 dwong thang

Cho dudng thang A: ax + by + ¢ = 0 va hai diém M (xp; ya); NCeys ) € A
M, N nam cung phia d6i v6i A & (axy + byy + c)(axy + byy +¢) >0
M, N nam khac phia doi voi A & (axy + byy + c)(axy +byy +¢) <0

yAM(xM; Ym) 4 4 4
[
o M(xp; yum)
[ ) .
7 N(xn; yn) 7 * NCewiyw)
0 X 0 x
Hai diém M va N nim Hai diém M va N nam
khéc phia doi véi 4 cung phia doi voi 4
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97. Viét nhanh phwong trinh dwong thang di qua 2 diém

Viét nhanh duong thang di qua 2 diém A(x4; y4), B(xg; V5)

Budc 1: Xét xem x, = xp hay khong? AB:x = x,
Co
Khong
Budc 2: Xét xem y, = yp hay khong? AB:y =y,
Co
Khong
Buéce 3: Xét xem 24 = 28 hay khong? AB:y = y—Ax
xXa  XB , X4
Co
Khong
Bugc 4: Phuong trinh AB ¢6 dang AB:ax + by + 1 = 0.
Bam hé phuong trinh 2 4n @ va b ¢6 cac hé s6 nhap vao may tinh dang Hodic AB: X~Xa _ Y~ Va
X4 Ya —1 ) Xp —Xa YR~ Ya

xg yg —1

98. P6i xtrng diém qua dwong dac biét
Cho diém M(x;y), va M'(x'y") 1a diém d6i xtng cta diém M qua dudng thing d

Néu d 1a truc Ox, thi Néu d 1a tryc Oy thi Néu d 1a duong thang | Néu d 1a duong thing
{xlix {xli_x y=xthi{x,:y y:—xthi{x,z_y
y ==y y =y y' = y' = —x
A M A T iW //* 2 A
I == \
M M 3 AN M

Y
N

A Aa
S

v
1
1

M
> 0
X

<
N
\ A5
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PHUONG TRINH DPUONG TRON

99. Cac dang phwong trinh dwéng tron
Buong tron (C) tam I(a, b), ban kinh R c6 phuong trinh 1a :

2 ’ C:x—a2+ —b2=R2
Dang chuan tac ©:C ) ha)Ey )

(€): (x — xgm)? + (¥ — Yiam)? = Bén kinh?

x2+y?+ax+by+c=0

., . o hé sb trude x hé sb trude y
Dang khai trién Véi toa d6 tam [ = ; =

va ban kinh R = \/ x2. + yZ. —hésé tudo

Diéu kién dé phuong trinh x? + y? + ax + by + ¢ = 0 1a phuong trinh ctia mét dudng tron 1a:
2

(5) +(5) ~e>o0

hay
A A ‘ 2 ~ K , 2
hé so trudc x hé s6 trude y o
& —— + — —hésotydo>0

Chinh 14 biéu thirc dudi déu can khi tinh R
Cho dudng tron (€) c6 tAm (Xeam; Yeam) €O ban kinh R. Phuong trinh tham sé cua
duong tron la:

{x = Xym + Rcosa
Y = Yum + Rsina
Véi a 1a goc luong gidc véi tia gbe ¢ dinh 1a tAm cta dudng tron va hudng theo

‘ chiéu duong ctia Ox.
Dang tham s6 Y Y

(Xtams Yeam) hudéng theo chidu duong Ox
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100. Tiép tuyén dworng tron

Cho duong tron (C) c6 tim I, ban kinh R va dudng thing A.
A 1a tiép tuyén caa dwong tron (C) & Atiép xuc voi (C) © d(I,A) =R

L4
Phuong trinh tiép tuyén tai tiép diém M (xo; yo)
A: (X - xtém)(xo - xtém) + (y - ytém)(yo - ytém) = R?

101. Vj tri twong déi cua hai dwéng tron
V6i I, I, 1a tim ciia hai duong tron, Ry, R, 1an luot 1a ban kinh ctia 2 duong tron.

0 IRy — Ry Ri+ R, . Khoang cich
~ gilta 2 tam I, I,

Khéng cit Cit tai 2 diém Khéng cit

@ Tiép xtic trong @ Tiép xuc ngoai O
CNe:
duong

tron
‘i?ng |R; — R,| = 0= 2 dudng tron tring nhau O
am

|R; — R,| # 0= 2 duong tron roi nhau

102. Vi tri twong déi cha dwéng thang va dwong tron

Cho duodng thing A va duong tron (C) ¢ tim I va ban kinh R.

A
= A khéng cit (€) da,a) > R G)/

= A cit (C) tai 1 diém (hodc A tiép xtic véi (C) © duny =R

= A cit (C) tai 2 diém phan biét © d(;,0) < R
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& Luwu y: Khi A cit (C) tai 2 diém phén biét A va B thi ta co:

AB\*
d<“‘)+<2) =K

™~
[S]

103. Phwong trinh dwéng tron di qua 3 diém

Phuong trinh dudng tron di qua 3 diém A(x4; v4), B(x5; V5), C(xc, yC) c6 dang x +y2+ax+by+c=0
Tim a, b, ¢ bang cach bam vao may tinh hé phuwong trinh bac nhat 3a an ¢6 cac hé sb nhu sau:

X4 ya 1 _xA J’A
XB VB 1 _xB }’B
Xc Yc 1 —xc YC
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ELIP

104. Pinh nghia

Cho F,, F, ¢b dinh v6i F; F, = 2c (¢ > 0)
M € Elip & MF, + MF, = 2a (a > ¢)
Fy, F, 12 hai tiéu diém, F, F, = 2c goi 1a tiéu cur.
Puong thang F; F, goi 1a tiéu truc.
Nhu vay elip 1a tdp hop nhiing diém sao cho téng khoang cach tir diém d6 dén
2 diém c6 dinh bang 1 hang s6. Trén hinh ta co:
M,F; + M,F, = MyF; + MyF, = --- = M;(F, + M;¢F, = 2a = Hang s6

Luuy:
Puong tron 1a truong hop dic biét ciia dudng elip khi 2 tiéu diém tring nhau.
Néu F, = F, thi Elip tr6 thanh duong tron tim F; ban kinh R = a.

105. Phwong trinh chinh tac

Tiéu diém

4

/7<\ \J

Fy(c; 0

Néu diém M(x; y) € (E) thi: h<x < b
106. Phwong trinh tham sé

x? y? .
ChoElip (E):—=+>==1 b M(acost;bsint)

b/
‘az bz
Phuong trinh tham s cua elip 1a: {3; _ ZZ?;; (t €R) K t )
Trong d6: t 1a tham s dang goc. * 0 *
— Néu t do bang d6 thi t: 0° — 360°. b k
— Néu t do bang radian thi t: 0 — 2. \ a

=

Y.
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107. Pac diém hinh hoc

Ban kinh qua V1
tiéu diem

~
~.
\\ ~~

A
*-- -
Truc dOi ximg D6 dai céc truc : truc lén A,A, = 2a,

truc nho : B{B, = 2b

e

Truc nho

Tam dbi xang
& Toa d6 cac tiéu diém F; (—c;0) ; F,(c; 0).
67 Voi M(x;y) € (E), MF;, MF, dugc goi la
cac ban kinh qua tiéu diem cta M :
c c < — —
MF1=a+Ex,MF2=a—ax I—)Qdaltruclcm—Za

qz = oqu dnn 1ep 0@

A
y

&2 (E) nhan céac truc toa do lam cac truc doi P . c
xﬁ’nEg \22‘1 gbc toa d6 1am tam doi xtng. - M sE ) e = a O=o<l)
% Hinh chir nhat co sé tao bdi cac
duong thing

x = +a;y = +b (ngoai tiép elip)
G2 Toa d0 cac dinh: A;(—a;0);
A;(a;0); ;B1(0;—b); B2(0; D).

Fi(—c;0) F5(c; 0) 3 Dién tich hinh chir nhét co so
o S =4ab
B,(—b;0) y=-b Hinh chit nhat co s&

Tam sai e dac trung cho

dd det cia hinh elip , e
chay tir 0 (truong hop O O —
cua duong tron) dén 1

e=0 e=02 e=04 e=06 =08 =09

(truong hop elip suy e=1
bieén thanh doan thang)
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108. Vj tri twong déi véi dwéng thang

) 2 2
Cho duong thang d: Ax + By + C = 0 vaelip (E): % + % =1
Giao diém cua dudng thang va elip 1a nghiém cta hé:
Ax +By+C=0 Rut x theo y (hodcy
x2 2 theo x) thay vao
—+ y_ =1 phwong trinh con lgi
a?  b?
= MOt phuong trinh bac 2 theo x (hodc theo y) (1)
» (d) khong cit (E) < (1) v0 nghiém & Ay psc2 < 0
= () tiép xtic véi (E) © (1) ¢6 1 nghiém kép & Appacz = 0
» (d) cét (E) tai 2 diém phén biét & (1) c6 2 nghiém phan biét & Ay psc2 > 0

Phuong trinh tiép tuyén Elip khi biét tiép diém M (x,; y,) 1a:

X*Xo Y Yo
<z pe =1

Puong thing (d): Ax + By + C = 0 tiép xtc véi Elip

X2 yz
(E):¥+ﬁ =1& C? = A%a? + B?b?

109. Dién tich

Dién tich cua Elip c6 d6 dai cac ban truc lanlugtlaavabla: 4
’ Selip = mab 7 0 Fz‘ x
Khi Elip bi suy bién thanh duong tron thia = b suy ra : - ]
Selip =Trnaa = T[az = Shinh tron bv\\ - R
a
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HYPERBOL

110. Pinh nghia

Cho truéc 2 diém phan biét F; va F, sao cho FiF, = 2c.
Hyperbol (H) 14 tap hop nhitng diém sao cho gia tri tuyét
dbi ciia hiéu cac khoang cach ti 2 diém F; va F, bang mot
s6 khong d6i 2a, 2a nhé hon khoang cach F; F,.

[

e
Tiéu cu = 2¢

Tiéu truc

2 tiéu diem

2 diém cb dinh Fy, F, goi 13 2 tiéu diém.
Khoang cach F; F, = 2¢ duoc goi la tiéu cu.

Puong thing F; F, goi 1a tiéu truc.

Trung diém I ctia F; F, 12 tAm ciia Hyperbol.

Trén hinh vé ta co:
|M1F1 - M1F2| =& |M8F1 "2 M8F2| = |M9F1 - M9F2|‘
= e = |M16F1 - M16F2| - 2a = Héng 56
Trong d6 cac diém & nhanh phai thoa:

MyF, — MyF, = - = MgF; — MgF, = 2a (vi & nhanh nay MF, > MF,)
Cac diém & nhéanh tréi thoa:
M()Fl - M9F2 = = M16F1 - M16F2 = —2a (Vi 6nhénh nély MFl < MFz)

111. Phwong trinh chinh tac

Trong mit phing Oxy co cac tiéu diém F,(—c;0) va
F,(c;0), va hyperbol 1a tap hop cic diém M sao cho
|[MF;, — MF,| = 2a thi phuong trinh cta hyperbol la:

H -ﬁ_y_z_l V"bZ_ 2 _ 2

( t T (Vi b* =c= —a*)
Diém M(x; y) € (H) luédn co:

C c X

MF =a+—x;MF, = —a+—x (néux > 0)
Cc Cc z

MF, = —a ——x;MF, = a—ax(néux <0)

Hoac cong thirc chung la:

c c
MF, = |a+—x s MF, = |a——x|
a a

c
Tam sai: e = 2 (e>1)
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112. Pac diém hinh hoc

xZ y2
(H):F—ﬁ: 1

* Nhén cac tryc toa do lam truc doi xirng; nhan géc toa d lam
tam ddi xing.

* (H)NOx = A; va A, cotoa dd 1a A, (—a; 0); A,(a; 0) duge
goi 1a dinh cta (H), doan thang A; A, goi 1a truc thue va

A1A, = 2a dugc goi 1a do dai truc thwe.

« (H) khéng cit Oy. Pit B;(—b;0); B,(0;b) va doan thing
B;B, dugc goi 1a truc a0, B;B, = 2b duoc goi 1a do dai truc
ao0.

= Vay truc thuc cia Hyperbol la truc dbi xung cat Hyperbol,
truc 4o 1a truc d6i xting khong cat Hyperbol.

= M € Hyperbol = x,; < —a hodc x; = a.

& Luu y: = Tiéu diém caa Hyperbol ludn & trén truc thuc.

* Téap con cua (H) chira nhitng diém M (x; y) théa man x > a goi la nhanh bén phai ctia Hyperbol.
Tap con ctia (H) chira nhitng diém M (x; y) théa man x < —a goi la nhanh bén trai cua Hyperbol.
Nhu vay Hyperbol (H) 1a tap hop cua 2 tap hop con khong giao nhau.

Hai nhanh nay dbi xrng nhau qua truc 4o va ca 2 déu nhan truc thue lam truc d6i xung.

* P6 thi (H) nhan 2 duong thang y = Zx vay = — Sx lam 2 duong tiém cén.
113. Vi tri twong déi véi dwong thang

) 2 2
Cho duong thang d: Ax + By + C = 0 va hyperbol (H): % - =1

b2
Giao diém cua duong thing va hyperbol la nghiém cua hé:
Ax+By+C =0 Rt x theo y (hoic y
x2 y2 theo x) thay W“l()
—_——=1 phuong trinh con lai
a’? b2

= MGt phuong trinh bac 2 theo x (hodc theo y) (1)
» (d) khong cit (H) & (1) vo nghiém & Ay psec < 0
» () tiép xtic véi (H) & (1) ¢6 1 nghiém kép & Appacz = 0

" Dlmgm——— = (d) cht (H) tai 2 diém phan biét & (1) c6 2 nghiém phan biét
g cat Hyperpo] tai 2 didy

= AptbéCZ >0
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PARABOL

114. Pinh nghia

M?

F Cho diém F va duong thiang A. Tap hop céc diém M thoa
man khoang cach tir diém do t61 F bang khoang cach tir
diém do6 toi duong thang A 1a gi?

A
Y Ta 1ap luén nhu sau: Chon hé truc Oxy nhu hinh vé:
Khi d6 toa do F (0 ) va phuong trinh duong thing 4:y = — p
Ay+2=o.
p/ i '/ij =iy :
2
p o 2% 4 2%
/2¢ A MF = (XM—O)Z'*'(}’M—E) = xM+(yM_§)
14
dm;a =—|yM+2|=| +B|
M~ 1zt 02
Thay thé cac d6 dai 1% 2 pP| Binh phuong 2 vé p 2 p 2

Khai trién céc hing déng thirc 2 Z Thu gon tbi da 2 vé

p
> Xhy + Vig — yMp+T—yM+yMp+T=>xfw—2pyM

115. Pac diém hinh hoc

Vay M thudc dudng cong c6 dang x? = 2py, ddy chinh 1a mot phuong

Ly trinh parabol c6 dang:
Tiéu diéem 1
F M y =%
P P
/2 I P_X  Parabol nay di qua gbc toa d6 O va co chiéu hudng 1én trén nhu hinh vé

p/zi 0 |

Puong chudn

L1
A (V1£> 0).

F goi 14 tiéu diém va A goi 1a dwong chuin cua Parabol.

A4 y, Néu ta chon hé truc toa d6 nhu hinh v& thi phuong trinh Parabol cé dang:
§ 1
= =
: z”
S 0 X Vay cho mot diém F va mot dudng thing A ¢ dinh khong di qua F. Tép
° hop céc diém M cach déu F va 4 1a mdt Parabol.

Chu y: Trong hinh v€ nay:

* 0 goi la dinh cta parabol (P).

g * Ox goi la truc d’c‘)i xung cua parabol (P).
2 * p goi la tham so tiéu cua parabol (P).

Tiéu diém
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116. Lam gi néu quén céng thirc?

Lam gi néu quén cong thirc?
] y Ta c6 thé suy luan nhu sau:
Tieu diem p Néu duong chuin nam ngang. Ta chon hé truc toa d6 nhu
F /..M (p: E) hinh v&. Khi d6 phuong trinh parabol c6 dang: y = kx?.
AD /2 Ta c6 mot di€ém M cta hinh vudng tao bdi F va 4 (xem hinh

ve€) thudc vao parabol. Ma toa do M 1a M (p ; g) nén suy ra:

p_k2 k—l . _1 5
dengchuzfn “_» :E_ p- = _ﬂﬁ(P)y_Ex

Y,

upnyo 3uong

Néu duong chuin thrfmg dtmng. Ta chon hé truc toa do nhu
hinh v&. Khi d6 phuong trinh parabol c6 dang: x = ky?.
Ta c6 mot diem M cuia hinh vudng tao bdi F va 4 (xem
hinh v€) thugc vao parabol. Ma toa do M la M (g ; —p) -
nén suy ra: p
p_ > 1 1,
:E—k(—p) :k—gﬁ(P):x—Ey

Tiéu diéem

Suona
quig

2 ‘,p
A M(E;—P)
117. Pwong chudn va tiéu diém chay = ax2 + bx + ¢

y = ax® +bx + ¢ = a(x — Xginn)* + Ydinn )
=Y = Ydinh = algx — Xdinh)
=¥ = ax? (voi fy _ 7 T Yo
X = X — Xdinh

1
> —= >p=—"
2 la| = p 2Ta]

« Néu a > 0 thi tiéu diém F (xdinh ; Vdinh T g) duong chuan 4: y = yginn — g.

. Néu a < 0 thi tiéu dlém F (xdinh; Ydinh — g) dlIC)’Ilg chuén A: Y = Ydinh + g

118. Vi tri twong déi véi dwong thang

Cho duong thang d: Ax + By + C = 0 va parabol (P)

Giao diém cua duong thang va (P) 1a nghiém cua hé:

. theo x) thay vao
Phuong trinh P) phuong trinh con lai

Puong thing cét
parabol tai 1 diém

Q% > {Ax +By+C=0 Rut x theo y (hoac y

= MGt phuong trinh bac 2 theo x (hodc theo y) (1)
» (d) khong cit (P) & (1) vo nghiém & Ay pac0 < 0
= (d) tiép xtic v&i (P) & (1) ¢6 1 nghiém kép & Aypaer = 0
« (d) cit (P) tai 2 diém phan biét & (1) ¢6 2 nghiém phan biét
= Apt pac2 > 0
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XAC SUAT (LOP 10 & 11)

119. Phép thor va khdng gian mau

a) Phép thr ngau nhién

= Mot thi nghiém, phép do hay mét sy quan st hién twong nao do, ... dugc hiéu 1a mot phép thur.

= Mot phép thir ¢ thé 1a phép thir ngdu nhién hodc 1a phép thir khong ngéu nhién.

Phép thir khong ngau nhién thi ta biét chiac két qua 1a gi trong mdi lan thir. Vi du cho Axit + Bazo — mubi +
nude. Vi biét trude két qua cua phép thir khong ngiu nhién, thé nén nguoi ta chi nghién ctru cac tinh chét vat 1y
hodc hoa hoc, dinh luong, hoic mot kia canh nao dé cua phép thir khong ngau nhién.

= Phép thir ngdu nhién (goi tat 1a phép thir) 1a mot thi nghiém hay mot hanh dong ma :

— Két qua ctia n6 khong du doan trude duoc trong mdi lan thir.

— C6 thé x4c dinh duoc tap hop tat ca cac két qua c6 thé co cua no.

Vi khong thé doan trude két qua cua phép thir ngdu nhién trong mdi lan thir (mic du ta biét tp hop tit ca cac
két qua co thé co cua lan thir d6) thé nén ngudi ta nghién ctru vé kha niang xay ra mot két qua nao d6 1a nhiéu
hay it.

*Phép thir thuong dugc ki hi¢u boi chit 7.

Dé don gian, tir nay phép thir ngau nhién duoc goi tit 1a phép thir. Trong chuwong trinh THPT ta chi xét cac phép
thir c6 mot s6 hiru han két qua.

b) Khéng gian mau

= Tap hop tat ca cac két qua c6 thé ciia phép thir duoc goi 1a khong gian mau ctia phép thir va duogc ki hiéu boi
chit Q.
= Pé chi sb phan tir ciia khong gian mau ta dung ki hiéu n(Q) hoic |Q|.

120. Bién c6 va céac loai bién cd

a) Bién cé la gi?

Bién ¢ A, hay con goi 1a su kién A, lién quan t6i phép thir T, 12 bién ¢b ma viéc xay ra hay khong xay ra cua
no6 tuy thudc vao két qua cia phép thur T.

M&i két qua cua phép thir T 1am cho bién cd A xay ra duoc goi 1a mot két qua thuan loi cho A.

b) Tap hop cac két qua thuan loi cho bién cé

Tap hop céc két qua thuan lgi cho bién ¢ A dugc ki higu boi Q4. DE don gian, ta c6 thé ding chinh chir A dé
ki hiéu tap hop cac két qua thuan loi cho A.

Dé chi s6 phan tir thuan loi cho A ta ding ki hiéu n(A) hoic |Q4| hodc |A].

Khi d6 ta ciing ndi bién cb A dugc mo ta boi tap A.

c) Bién cé chac chan

La bién c¢6 ludn ludn xay ra khi thuc hién phép thir T.
Bién cd chic chin duoc mo ta béi tap Q va duogc ki hiéu 1a Q.

d) Bién cé khéng thé

La bién c6 khong bao gio xay ra khi thyuc hién phép thir T.
Bién c6 khong thé dugc mo ta boi tap @ va duoc ki hiéu 1a @.
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e) Bién cé xung khac

Hai bién co0 A va B dugc goi la xung khac vdi nhau néu bién co nay xdy ra thi bién co kia khong xay ra (Hay
hai bién c6 nay khong dugc xay ra dong thoi).

f) Bién co doi

Cho A 1a mot bién c6. Khi d6 bién c6 "Khong xay ra A" duoc goi 1a bién cb dbi ciia A. Bién cb ddi cua A ki hiéu
1a A.

g) Hai bién cé déc lap

Hai bién c6 A va B dugc goi 1a doc 1ap vdi nhau néu viéc xay ra hay khong x4y ra cia bién c6 nay khong lam
anh huong tdi xac suat xay ra cta bién co kia.

h) Bién cé hop

Cho hai bién c6 A va B. Bién ¢ "A hodc B xay ra", ki hiéu AUB, dugc goi 1a hop ctia hai bién cb A va B.
Mot cach téng quat, cho k bién ¢ A, Ay, . Ay Bién ¢b : "C6 it nhat mot trong cac bién cb A, A, ..., A Xay
ra", ki hi¢ula A;UA,U ... UAy, dugce goi 1a hop cia k bién co do.

i) Bién cé giao

Cho hai bién ¢ A va B. Bién ¢6 "Ca A va B déu xay ra" ki hiéu 1a AB hoic ANB dugc goi la giao cta hai bién
cb AvaB.

Mot cach tong quat, cho k bién cb Ay, A, ..., Ay. Bién c¢b : "Tét ca k bién c¢b Ay, A,, ..., Aj, déu xay ra", ki hiéu
la A4, ... A hoac A{NA,N ... NA, dugc goi la giao cua k bien co do.

121. Pinh nghia c6 dién cua xac xuat
n(4)

n(£2)
Trong d6 : n(A) 1a sé két qua thuan loi cho A, n(Q) sé phan tir cia khong gian mau.

Xac suatcuabiéncd A: P(A) =

Tinh chit: 0 < P(A) < 1; P(Q) = 1; P(®) = 0.
Qui tic cong : Néu ANB = @ thi P(AUB) = P(A) + P(B)

Qui tic cong mé rong
Vi 2 bién ¢ A, B batki : P(AUB) = P(A) + P(B) — P(4B)
Vi 3 bién ¢d A, B, C bat ki : PCAUBUC) = P(A) + P(B) + P(C) — P(AB) — P(AC) — P(BC) + P(ABC)

Xdc suit ciia bién ¢ d6i: P(A) =1 — P(4)

Qui tic nhéan : Néu 4, B doc 1ap thi P(AB) = P(A) - P(B)
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LUONG GIAC

122. Hai dorn vi do goéc co’ ban

C6 2 don vi do goc co ban 1a Do (Degree) (ky hiéu ® hodc deg) va Radian (ky hiéu " hoac rad), 2 don vi nay chi
khac nhau vé cach xac dinh 1 don vi goc ctia chiing. P9 thuong duoc dung trong do dac cac goc thue té, goc
trong xay dung, kién truc,... Radian thudng dugc dung trong cac bai toan 1y thuyét, nghién ciru khoa hoc.

a) bo

Cach xac dinh 1 do: Chia 1 V(‘)pg tron thanh 360 phﬁn, khi @6 1 phén L 1°
nhd riéng 1€ nhan dugc s€ c6 s6 do 1a 1°. L)

& Chi y: Dé xac dinh cac luong goc nho hon 1° ngudi ta con sir dung phit (ki hiéu ') va gidy (ki hiéu ')
voi quy udc:

1 d9 = 60 phut hay viét diéi dang ky hiéu 1° = 60" tirc la 1’ = (610) y

1 phiit = 60 gidy hay viét dudi dang ky hiéu 1' = 60" tirc la 1" = (610) = (ﬁ) °

b) Radian

1 rad duoc x4c dinh bang cach chia 1 vong | Vay 1 vong tron duoc chia thanh 27 phn thi duoc 1 rad = 1
tron thanh 27 phan (khoang 6,3 phan), sau | vong tron khong dem chia ra thi s& c6 so do ding bang 27 rad.

d6 1ay 1 phan riéng 1é ta nhan duoc 1 rad. 1 vong tron
6 lay 1 phan riéng 1¢ ta nhan dugc 1 ra Zi — 1 radian
= 1 vong tron = 21 X 1 radian = 27 radian
Ma 1 vong tron = 360°
/) = 360° = 1 vong tron = 2x radian

= 360° = 2 radian
hay c6 thé viét don gian la 180° = i radian

Khi ghi s6 do ctia mot goc theo radian, ngudi ta thudng bé di chit rad sau sé do.
Vi du, 27 rad duoc viét 1a 27, 2 rad dugce viét 1a 2.
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Muc dich chinh cua don vi radian la lam don gian hoa cdc cong thiec toan hoc co sw dung don vi do
goc. Lay mét vi du cong thiic quen thudc nhu sau, ta da biét :

2nR . .
l=Pddaicung= ——= X SO do gbéc 6 tam bang do
360
/) Do dai cung 1°

hay viét duéi dang ky hiéu:

] 2R ] T Rer (1)
=—Xa=>l=——XR«x

360 180
Nhu vdy, mdi 1an mudn tinh do dai cung [ véi sb do goc & tim a° ta phai nhan thém mot hang sé kha
cong kénh 1a %.
Ma don vi do goc 1a tiy y do con ngudi thiét 1ap (twong tu nhur don vi do do dai, ngudi ta ¢6 thé dung
mét, kilomét, dam, hai 1y, ndm anh sang ,..., don vi do goc ciing c6 thé c6 nhiéu, tuy vao cach xac dinh
don vi d6 ctia con nguodi). Tur d6 ngudi ta dat cau hdi: Nén thiét lap don vi do goc nhu thé nao dé cong
thuee lién hé gitra do dai cung va so do goc o tdm dep nhat?
Nguoi ta suy luan nhu sau:

Do dai cung I phu thudc vao goc & tim do bang do 1a: [ = =

180
Néu ta thiét 1ap mot don vi do goc méi (ta goi don vi méi d6 14 radian) thi ta mong mudn cong thirc do
dai cung I phy thudc vao goc & tim do bang don vi méi radian phai & dang dep nhat d6 la:
l = Ry (véiy la géc 6 tam do bang radian) (2)
Tu (1) va (2) véi cung mot do dai cung [ thi ta co:

X Ra

n X Ra =R
J1go AT RY
(a do bang d6 va y do bang radian)
T

>—Xa=
o Tage 7Y _
Nhu vay ta c6 cong thirc lién h¢ gitta so do d6 va don vi mdi radian nhu sau: W\

T . .

—— X S0 do d6 = S0 do radian /" ®

180
Twr d6 ta dé dang suy ra mot so nhan xét sau:

S6 do d6 =360 = S6 do radian = 21

S6 do d6 = 180 = S6 do radian =1

180

£ o £ . . 180 _ 360
Sodon=T:SOdorad1an=l,ma =

o 2m
thanh 2 phan thi dugc 1 radian (Bdy chinh la cdach xac dinh 1 rad dwoc trinh bay o trén!)

Sb do radian =1 tir (2) = | = R = Néu cung c6 d6 dai dung bang ban kinh thi goc ¢ tim dung
bang 1 radian

tir d6 ta thdy 1 vong tron (tirc 1a 360°) dem chia
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c) DBéi dd « radian (phwong phap ty sd)

bPé d6i gitia 2 don \{i do,lban can nhc"r mdt mdc lién hé gitra d§ va radian
i (tot nhat nén nhé rang  rad = 180°)

Cach doi dua vao cong thurec:

S6dodd1  S6dodd2 86 do radian 1 86 do radian 2

- == hodc : ==
S0 doradian 1 S6 do radian 2 ' S6 do do 1 S6 do do 2
Trong d6: S6 do d6 1 va s do radian 1 14 twong tmg véi nhau. S6 do do

2 va S6 do radian 2 14 twong tng voi nhau.

Tur do ta suy ra 2 cong thue tinh sau:

, , , , T
S6 do @6 = So do radian X —180 S6 do radian = So6 do do X 180
T

d) Péi d6 — radian (may tinh bé tui)

Trong may tinh c6 3 don vi do goc la: Do (Degree hay deg), Radian (rad), Grad.

Vi 3 don vi do goc nay ta cd 2 ché dd nhap don vi do goc 1a ché d§ mac dinh va ché dd tuy chinh(nguoi ding
tur xéac dinh don vi do goc) ) ) )

Hién thi cic don vi do ¢ ché dd mac dinh (¢ ché dd nay, néu ngudi dfmf nhép gié tri goc ma khong nhap don

vi do thi may tinh s& hiéu don vi do gbc la don vi mac dinh): Degree Radian ﬂ, Grad Il

Céc don vi do ¢ ché do tuy chinh (& ché do nay, ngudi ding nhap gia tri goc, sau d6 thém vao ngay phia sau
gia tri d6 don vi do goc): Degree °, Radian ", Grad 9.

e) Méi lién hé gitra dd dai cung va sé do goc & tam trong dworng tron

2R
360
——

Do dai cung 1°

Néu goc ¢ tam do bang rad: Do dai cung = R x S6 do goc bang rad

Néu goc ¢ tam do bang d6: Do dai cung = x S6 do goc ¢ tam bang do

f) Mot sé géc lwong giac dac biét

0°/30°45°|60° 90° |120°/135°|150° 180° | 270° | 360°

0o T T T 2r | 3m | 57 T 3m o
6|4 (3|2 3|46 2

1/4 Nua | 3/4 1

vong vong | vong | vong
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123. Géc lwong giac

a) Goc lwong giac am, dwong va quy wéc chiéu quay

Viée x4c dinh goc lugng giac bang duong tron lugng gidc dwa trén co s goc giita 2 tia nén trude tién ta nhac

lai vé goc giita 2 tia.

Xac dinh goc giira 2 tia
Gia str ta quan tAm dén goc nho hon
gitra 2 tia. Khi d6 ta co:

DPinh cua goc
4
’

1
1
1
1

\; Hai tia dugc ké tir dinh cua goc

Goc nho hon giira hai tia ké tur dinh cua goc

Quy wéce chiéu quay

Khi xét chuyén dong quay ctia mot tia Om quanh goc O chi

Néu quan tim dén goc 16n hon
xac dinh gitra 2 tia thi ta co:

-
-
-

Goc 16n hon gitra hai tia ké tir dinh cua goc

Y\Chiéu quay (+)

theo mot chicu cO dinh, nguoi ta quy udc chiéu quay
nguoc chieu kim dong ho 1a chieéu dwong va chiéu quay
cung chieu kim dong ho6 la chiéu am.

0

$ \Chiéu quay (—)

Néu mot tia Om quay quanh géc O ctia né theo mét chiéu ¢b dinh, bét dau tir vi tri tia Oa va
dung lai sau khi da quay dugc mot goc « thi ta noi tia Om quét dugc mot goc « tinh tir tia Oa.

Vidu
a)

0 T a
m
Om quay mdét gée

luong giac —30°
tinh tr tia Oa

e)
Om quay mot goc
lugng giac 150°
tinh tir tia Oa
ALY

0 a

b)

Om quay mdt gée
lugng giac 30°
tinh tir tia Oa

m

ot s

Om quay mot goc
lugng giac —135°
tinh tr tia Oa

©)
0 a

m
Om quay mot goc
lugng giac —90°
tinh tur tia Oa

g)

Om quay mot goc
lugng gidc 45°
tinh tur tia Oa

m
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d)

Om quay mot goc
lugng giac 90°
tinh tir tia Oa

m

0\ a
h)

0 a

m
Om quay mét géc
lugng giac —45°
tinh tir tia Oa



)
Om quay mdét géc
lugng giac 360°
tinh tir tia Oa

Q

m)

Om quay mdt goc
luong giac 1080°
tinh tur tia Oa

S|e

q)

a

Om quay mdt goc
lugng giac 420°
tinh tur tia Oa

Cho hai tia Oa, Ob.

i)
Om quay mdt géc
lugng giac -360°
tinh tir tia Oa

3=

n)
Om quay mdt goc
luong giac -1080°
tinh tur tia Oa

Q

r)
Om quay mdt goc
lugng giac -855°
tinh tir tia Oa
m

k)
Om quay mot goc
lugng giac -720°
tinh tir tia Oa

Sle

Om quay mdt goc
lugng giac 450°
tinh tur tia Oa

D

Om quay mot géc
lugng giac 720°
tinh tir tia Oa

3=

p)
Om quay mdt goc
luong giac -450°
tinh tur tia Oa

Néu mét tia Om quay quanh gdc O cua n6 theo mét chiéu cb dinh bat dau tir vi tri tia Oa va dimg & vi
tri tia Ob thi ta noi tia Om quét mot goc luong giac c6 tia dau Oa, tia cudi Ob, ki hiéu hanh dong cua sy
quay tur Oa téi Ob nhu vay la (Oa, Ob).

Khi tia Om quay mét goc a tir tia Oa tdi tia Ob, ta néi s6 do ciia goc lwong giac cia su quay (Oa, Ob)
bang a, ki hiéu sd(0a, Ob) = a.

V6i hai tia Oa va Ob cho trude, c6 vo sb goc luong giac tia ddu Oa va tia cudi Ob. Ta dung chung

ki hiéu (Oa, Ob) cho tit ca cac goc lwong giac ndy.
Nhu vay (Oa, Ob) dugc dung véi 2 y nghia:

Y nghia I: Dé n6i vé hanh dong quay bat dau tir tia Oa dén tia Ob.
Y nghia 2: (Oa, Ob) = Tit ca cac goc lugng giac dé quay tir tia Oa dén tia Ob.
Phan biét ky hiéu: (Oa, Ob) va sd(0a, Ob)
sd(0a, 0b) = Mot gia tri goc cu thé dé quay tir Oa dén Ob.

(Oa, Ob) = Tit ca cac goc lwong gidc dé quay tir tia Oa dén tia Ob.

Cho hai tia Oa, Ob thi c6 v6 sb goc lwong giac c6 tia ddu Oa va tia cudi Ob. S6 do cua cac goc luong giac
nay sai khac nhau mot boi nguyén ctia 360°. Tat ca cac goc lugng giac nhu thé duoc ki hidu chung 1a (Oa, Ob).
Vay ta c6: néu do bang d¢ thi (Oa, 0b) = sd(0a, 0b) + k360°(k € Z) (sd(0a, Ob) do bang do).
Néu do bang radian thi (Oa 0b) = sd(0a, 0b) + k2n(k € Z) (sd(Oa, Ob) do bang radlan)
(sd(0a, Ob) 1a sb do cua mot goc luong giae cu thé tuy ¥ c6 tia dau 1a Oa va tia cudi 1a Ob)
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b) Hé thirc Chasles

Vi ba tia Oa, Ob, Oc bat ki, ta co:

sd(0a, 0c) = sd(0a, 0b) + sd(0b, 0c) + k360°(k € Z) (tt ca goc do bang do)

hoadc

sd(0a, 0c) = sd(0a, Ob) + sd(0b, 0c) + k2n(k € Z) (tit ca goc do bang radian)

c) Cach xac dinh goc

Ciac quy ude 14

/ \\Chiéu )

Puong tron luong giac 1a dudng tron c6 tam tai goc
toa d6 O va ban kinh bang 1 don vi.

N

Tia géc dé do goc quay 1a tia Ox.
Chiéu quay: -1 0
{chiéu (+) : nguoc chiéu kim dong hd

chiéu (—) : cing chiéu kim dong ho -1

T Tia gbc
/ Chiéu (-)

Cach xac dinh m{t goc trén duwong tron lugng gidc
Budée 1: Xac dinh gia tri goc 1a &m hay duong d€ quay theo chieu thich hgp.

Buéc 2: Quay theo chiéu di xac dinh & bude 1 véi do 16n ciia goc (tinh tir tia gde 1a tia 0x).

Mot sé thi du xac dinh géc trén dwdng tron lwong giac

A A A

D
\Y
n
p
\Y

a = 30° a=-30° a =90°
A A
27N
NZAN7¥ @
a = 360° a = —360° a=720°
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d) Céng thure cho 1 tia lwong giac

Cong thirc biéu dién géc cho mat tia lrgng giac
Cac goc lugng gidc = mot goc cu thé nao d6 cua tia luong giac + k2m(k € Z)
(Luu y: 2 chinh1a 1 vong tron)
A

_
A& Chu y: mot tia luong giac

\ c6 thé duge biéu dién boi
W > nhiéu cong thire khéc nhau.

N

e) Cdng thirc cac tia lwong giac cach déu nhau

Cong thirc biéu dién géc cho mgt nhém tia hrgng giac cach déu nhau
o .. 1 gbc luong giac cu thé nao d6 khoang cach gitra
Cac goc lugng giac = . ., , C A Lk
cua 1 tia lugng giac trong nhom 2 tia lién ti€p
(keZ) <

#& Chu y: mot nhom tia luong gidc cach déu nhau co
thé duoc biéu dien boi nhiéu cong thirc khac nhau.
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124. Binh nghia cac gia tri lwong giac

a) Pinh nghia sin

a tiy y thude R; o ¢6 thé Trucx)y (hay con goi la truc sin)
am, duong, hoac bang 0

Gia sur ta can xac dinh gia tri lugng giac sin cia goc lugng giac . /- |-==mm-2
Ta lam nhu sau: .
sina a

Buoc 1: Vé 1 dudng tron lugng giac 0 >
Budc 2: Xac dinh tia Om sao cho sd(0x,0m) = « x
Buoc 3: Goi giao diém gitia tia Om va dudng tron lugng giac 1la M
Bugce 4: Tung d6 ctia diém M trén truc Oy chinh 1a gia tri sin(a)
b) Dinh nghia cos
a tiy § thude R; a ¢6 thé YA
am, duong, hoac bang 0 o
Gia sir ta can xac dinh gia tri luong giac cos cia goc luong giac a.
Ta lam nhu sau:
Buoc 1: Vé 1 duong tron lugng giac 0 )hTruc‘Ox .
Bude 2: Xac dinh tia Om sao cho sd(0x,0m) = « cosa g‘ay con got
Buoc 3: Goi giao dieém gitra tia Om va duong tron lugng gidc la M & e 608)
Budce 4: Hoanh d6 cua diém M trén truc Ox chinh la gia tri cos(a)

c) Pinh nghia tan

a tiy y thuoe R; o ¢6 thé TrucAtan
am, duong, hodc bang 0 y . /(\
Gia su ta can xéc dinh gia trj lwong giac tan cua goc luong giac a.
Ta c6 thé lam theo mdt trong 2 cach nhu sau: tan a
a
Cach 1: Xéc dinh tan dya vao ty sO tan = sin / cos 0 p
Buoc I: Xac dinh sin(a) va cos(a)
z e __sin(a)
Budc 2: Tinh tan(a) = cos(@)

Cach 2: Xac dinh tan dua vao hinh hoc
Buoc 1: Vé 1 duong tron lugng giac
Buée 2: V& tryc tan nhu sau: Tir diém (1; 0) v& mot truc tiép tuyén
v6i duong tron luong giac, chiéu duong truc tan huéng 1én trén,
gbc 0 cua tryc tan la diém (1; 0).
Bude 3: Xac dinh tia Om sao cho sd(0x,0m) = a.
Buée 4: Goi giao diém gitra dwong thing Om va truc tan (di vé
obudc2)1aT.
Buée 5: Toa d6 cta diém T trén tryc tan chinh 1a gia tri tan(a).
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d) Pinh nghia cot

a tuy y thude R; a co thé
am, duong, hoac bang 0

Gia sir ta can xac dinh gia tri luong giac cot cua goc luong giac a.
Ta c6 thé lam theo mot trong 2 cach nhu sau:

Cach 1: Xac dinh cot dua vao ty s6 cot = cos / sin
Budc 1: Xac dinh sin(a) va cos(a)

Buge 2: Tinh cot(a) = cos(a)

sin(a)

Cach 2: Xac dinh cot dua vao hinh hoc

Buoc 1: Vé 1 duong tron lugng giac. 4 COAt(a) ’

Buede 2: V& tryc cot nhu sau: Tir diém (0; 1) v& mot tryc tiép tuyén > Tryc cot
voi duong tron lugng gidc, chiéu duong truc cot huéng qua bén
phai, goc 0 cua tryc tan la diém (0; 1). X

Buéc 3: Xac dinh tia Om sao cho sd(0x,0m) = a

BuGe 4: Goi giao diém giira dwong thing Om va truc cot (da vé
ogbudc2)las.

Buée 5: Toa d6 ciia diém S trén truc cot chinh 13 gia tri cot(a).
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tan
A{ Cho (0x,0M) = a.
siAn U ) Gia st M = (xp;yy) | Mot s6 nhéan xét
; cota cotan cosa = xy = OF Pham vi sin, cos: Va € R .
> —-1<cosa<l;—1<sina<l1
=== >tan a . — o
K /in sina =yy = 0K = Piéu kién cua tan:
sina i . s . T
i sina __ tana xacdinhkhia # =+ km,k € Z
aid A ) tana = = AT } 2
Of o5, 1] “cosin cosa = Diéu kién cua cot:
cosa cota xac dinhkhia # km,k € Z
cota = — = BS
Sina
£ \ X N
Goc va phan (+), \&&
(—) ciia cac truc ®
L0
Trucsin® o Truc tan Truc sin Truc tan
< A_\' y A
- > Truc cot ! > Truyc cot
S A A p\
Phan (=) ctia truc cot | GOc cua I?han (+? < ' I?han +)
truc cot . cua truc sin Goc cua cua truc tan
Phan (4) cua truc cos truc sin
‘,
~ 9—> Truc cos > 'HTmc cos
A N, e
Phan () ciia t e ci ; 5c c ;
an (—) cua truc cos glcl)g :(1)1: Phin (=) Gée ena Phin (=)
’ cua.truc sin< truc tan cua truc tan
.

Luwu y vé mét ki hiéu: sin™ x = (sin x)™, sinx™ = sin(x™), sin® x™ = sin™®(x™) = (sin(x™))"

(Tuong tu cho cos)

sinx\" (sinx)" sin"x sin™ x
tan™ x = (tanx)" = ( ) = = = tan™ x =
cos x (cosx)™ cos™x cos™ x
cos™x
cot x = —
Sin™ x
125. Dau cua céac gia tri lwong giac
A i sin i cos
AR L= |+
N i
e, s G —1—> 1T >
2, CaN ! e N S
0’/21;» o | SN e
2 60 ) :l- _______________ - tan \\“1’ _____ ,/' cot
\ : A
,&&fb OO'C. \ i >
S I SRS E N Ea
& \ ]
o RSN AN
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126. Cac cbng thire co ban

. 1 1
sina +cos?a=1 1+tan?a = 5 1+ cot?a = —
cos’ a sin‘ a
sina cosa
tana-cota=1 tana = cota = —
cosa sina

127. Cong thirc codng

sin(a + b) = sina-cosbh + cosa-sinb

cos(a + b) = cosa - cos

b F sina-sinb

+b)
tana +tanb cot(a £ — T 1+tanx
tan(a + b) = ——— cota-coth ¥1 tan(—ix)zj—
1+tana-tanb = 4 1+ tanx
cota + coth
128. Cong thirc nhan déi
. . 2tana cot?a—1
sin2a = 2sina-cosa tan2a = ———— cot2a = ——
1—tan2a 2 cota
cos2a = cos’a —sin?a=1—2sin?a = 2cos?a—1
129. Cong thirc ha bac
., 1 —cos2a 2 1+ cos 2a ) 1 — cos2a
sinfg = —— cos“‘q=——— tan‘qa = ——
2 2 1+ cos2a
130. Cong thirc nhéan ba
o3
sin3a = 3sina — 4sina cos3a =4cos®a—3cosa tan3a=3tana tan” a
1—3tan?a
131. Céng thirc tdng thanh tich
a+b a—>b i i . a+b a—>b
cosa + cosb = 2 cos - oS sina + sinb = 2 sin * COS
2 2 2 2
.a+b _a-b i i a+b  a-b
cosa — cosb = —2sin - sin 5 sina —sinb = 2 cos - sin 5
sinfla + b sin(b+ a
tanaitanb:M cotaicotb=¥
cosa-cosbh sina -sinb

132. Céng thirc tich thanh téng

1
cosa-cosb = =[cos(a — b) + cos(a + b)]
2 sina + cosa = V2 sin a+E = /2 cos a—E
b 1 4 4
sina - sin =E[cos(a—b)—cos(a+b)] p -
1 sina—cosa=\/§sin(a—z)=—\/§cos(a+z)
sina-cosb = 3 [sin(a — b) + sin(a + b)]
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Cung d6i nhau

cos(—a) =cosa

sin(—a) = —sina
tan(—a) = —tana
cot(—a) = —cota

Cung hon kém nhau
sin(r + a) = —sina
cos(r +a) = —cosa

tan(m +a) = tana

cot(r + a) = cota

133. S6 do cac goc lién quan dac biét

Cung bu nhau

sin(r — a) = sina

cos(r —a) = —cosa
tan(r —a) = —tana
cot(r —a) = —cota

/4
Cung hon kém nhau 3
I
sm(2 + a) =cosa

cos(g+a) = —sina

Cung phu nhau

. T
Sin (— - a) = cosa

2
cos (g a) =sina
tan (g a) = cota
cot (g a) = tana

Cung hon kém nhau 27
sin(a + k2n) = sina
cos(a + k2m) = cosa
tan(a + k2m) = tana

cot(a + k2m) = cota

/[
cot(5+a) = —tana

Mot cach nhé gia tri lwong giac cua cac goc co lién quan dac biét

That kho khan khi ching ta phai nho cac cong thire lwong gidc cua nhitng goc co lién quan dac biét, vi co qua
nhiéu cong thice, thdt kho dé nhé hét chiing ma khéng sai gi vé gid tri, hay sai vé dau, ching ta c6 mét sé cdach
chinh d@é nhé nhu sau.

Vé cach doi luong giac ciia nhitng goc ¢6 lién quan dic biét thi ta c6 nhan xét sau, cau tric cua cong thirc lugng
giac can doi la:

|Gié tri lugng giéc| (| gbc cu thé| + |g(’)c chira an s6 D

= |D€iu am hodc duong| |Gié tri luong giac |( goc chira an sb|)

Vi du: sin(90° — x) = + cos(x), sin(180° — 2x) = + sin(2x), cos (180° — g) = —cos (g)

& Chu y: gée cu thé phai c6 tia luong giac biéu dién 1a tia thang ding hodc nim ngang.
Vi du: Ta mudn déi sin(90° + x) vé dang: |Déu am hoac duo‘ng| |Gié tri luong giéc|( goc chira an sd[). Trong

d6 géc chira 4n s6 12 x, va gée cu thé 13 90° vay: sin(90° + x) = |Déu am hodc du'ong| |Gié tri luong giac |(x)

Ta chi can tim dugc DAu 4m hodc dwong va gia tri lwong giac thay thé vao 13 xong.

(% Quy tac tim Gia tri hrgng giac : Néu géc cu thé 1a goc co tia biéu dién ctia n6 trén duong tron lugng giac
1a tia thang dtmg thi ta ddi chéo, tirc 1a sin — cos, cos — sin va tan — cot, cot — tan. Néu goc cu thé 1a goc
c6 tia biéu dién cia né trén duong tron luong giac 1 tia thang nam ngang thi ta ddi cung, tic 13 sin — sin,
C0Ss — cos, tan — tan, cot — cot.

(¥ Quy tic tim dau: Xéac dinh géc cu thé trén dudng tron lugng giac. Sau do6 thay toan b phan goc chira 4n sd
bang 45°, rdi x4c dinh ddu cta biéu thirc luong giac gbe. Sau d6 DAu 4m hoiic dwong bing diu cia ty s luong
giac goc luc nay.

Tiép tuc chuyén sin(90° + x) vé ty sb lwong giac chi chira x.

Ta c6 90° 1a géc co tia biéu dién thing dung nén ta ddi chéo sin — cos tic 1a sin(90° + x) =

Dau am hoac duong| cos x.

Bay gio ta di im dau & phia trudc 1a gi?
C6 thé 1am bang hai cach thir bing may tinh hodc v& dudng tron luong giac dé dugc dau.
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Cdch 1: BAm may tinh, ta thay x = 45° thi bAm sin(90 + 45) vao may tinh va ra gia tri duong thé nén
sin(90 + x) = +cos(x).
Cach 2: Dung duong tron lugng giac.

+45° , ~90°

D@ thiy Sin cta goc méi 1a dwong nén & déy ta cling ¢6 sin(90° + x) = +cos(x).
Vi du: chuyén tan(—180° — 3x) vé mot ty s6 lugng giac chi chira 3x.
Ta thdy —180° 1a mot goc cd tia biéu dién nim ngang nén tan — tan, tic la tan(—180° — 3x) =

DA4u am hoic duong| tan(3x).

Bay gio ta di tim DAu 4m hoic dwong bang cach 1ay 3x = 45°.
Céch 1: BAm may tan(—180° — 45°) ra 4m, vy tan(—180° — 3x) = —tan(3x).
Cach 2: V& duong tron lugng giac

D@ thay 1a tan(—180° — 45°) 4m nén tan(—180° — 3x) = —tan(3x).
Khi dd lam quen thi ta cé thé tuéng twong trong dau va khéng can vé ra gidy nita!

Vi dy: dbi tan (270° - %), goc cu thé 270° 1a tia thang dimg = d6i chéo tan — cot, thay goc chira tham sb
% = 45° ta 00 tan(270° — 45°) > 0, vy suy ra tan (270° - %) = + cot (%)
Vi du: d6i sin(—180° — x?2), goc cu thé —180° 1a tia nam ngang = ddi cung sin — sin, thay goc chira tham sd

x2 = 45°, ta c6 sin(—180° — 45°) > 0, vay suy ta sin(—180° — x?) = + sin(x?)

134. Mét sé cong thirc khac

X 2n+ D)x
COS7» — COS=——H——
sinx + sin2x + sin3x + - + sinnx = T
2 sini
. Cn+1Dx | x
sin~———=——sinz
cosx + cos2x + cos3x + -+ cosnx = T
2 sinj
= Biéu dién cong thirc theo tan(gdc/2)
Pitt = tang, thi ta c6:
_ 2t 1—t? 2t 1—t?
sma—l_}_t2 cosaz=1_l_t2 tana—l_t2 cota = T
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HAM SO LUONG GIAC

135. Sw bién thién & D6 thi cac ham lwong giac co’ ban

Su bién thién cua sin trén Do thi ham sé y = sinx Su bién thién cua cos trén
duong tron lugng giac duong tron luong giac
sin

A A i -
2/ | \en 2
2 ! . )
_ > cos
>
i -/ I\ /NG
i T 2/ 0 2 m 2 i UZ‘}
—2m -3 : : 2 x |
2 ; —1 i
D) thi ham sé y = cos x
tan
Atan A

. Su bién thién
cua tan trén
duodng tron
YA luong giac

Do thi ham sd y = tanx

A A

—.

~ 9

// \\\ / X
_,T I
\ > K
- - \

@)
V=

Nltn
[
|

NS
1

Do

B
| W
“1T_

7
N

y =tanx

Trang 124



D6 thi ham sé y = cotx

y
LN cot
N\
\\
>
Su bién thién cua \J 7
cot trén du?o‘p’g tron N0 = s >
lugng giac -5 >
_ A
1< ctt
\\ y = cotx
|
>
//
\\‘_’ //
Ham s6 Picu kién xac dinh TAp gia tri Chu ky Loai ham sb
y =sinx 2m Ham 1¢
. 2m »
y = sin(ax + b) m Chua biét
x€eR [—1;1] S
Y = CoSX 2m Ham chan
2 .
y = cos(ax + b) il Chua biét
a
T
y =tanx x¢5+k7r Ham 1¢
T T 1
y = tan(ax + b) ax+b #—-+kn — Chua biét
2 R |al
y = cotx x # km T Ham 1&
s .
y = cot(ax + b) ax+b + kn m Chua biét

“A:,Lu'u y:

» y = sin(f(x)) xéc dinh & f(x) xéc dinh.
»y = cos(f(x)) xéc dinh & f(x) x4c dinh.

"y = tan(f(x)) xac dinh & f(x) # g + kn(k € 7).

»y = cot(f(x)) xdc dinh & f(x) # kn(k € Z).

"y = fi(x) cochukyTy; vy = fo(x) co chuky Ts.
Thi ham s6 y = f,(x) + f5(x) c6 chu ky T, 1a bdi s chung nhé nhét ctia Ty va T,
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PHUONG TRINH LUONG GIAC

Luwu y: Trong cac cong thuc dudi day k € Z.

136. Phwong trinh sin

fG) = g +k2n

sinf(x) =sing() < ey = g00) + k2

f(x) = arcsina + k2w
f(x) = m — arcsina + k2m
Ditukién—1<a < 1.

sinf(x) =a &

Céc truong hop dac biét:

sinx=0& x =kn

T
sinx=1@x=5+k2n

T
sinx=—1@x=—z+k2n

sinx = +1 ©sin?x =1
o coslx=0ecosx=0

= k
[—3 = —
X + kT

137. Phwong trinh cos

f)= g +k2m

cosf(x) =cosg(x) & f(x) =—g(x) + k2m

f(x) = arccosa+ k2w
f(x) = —arccosa + k2m
Pidukien—1<a < 1.

cosf(x) =ae

Céc truong hop dac biét:

T
cosx=0(:>x=5+kn

cosx =1 x=k2r

cosx=—-1lox=rnm+k2n

cosx =11 cos?2x=1
osinx=0esinx=0
o x=km

138. Phwong trinh tan

tanx =tana o x =a + km

tanx = a © x = arctan(a) + km

tanf(x) =tang(x) © f(x) = g(x) + km
(Can dat diéu kién f (x), g(x) dé tan xac dinh)

139. Phwong trinh cot

can tim da biét

L1k IR ‘s A s . Ay r , ~ - - v
Neéu biét trude gia tri lugng giac, can tim trudc mot goc thdéa man: cot( goc ) = gia tri lugng giac

thi ta Iam nhu sau:
THI1: Gia tri lugng giac = 0 = goc = g

TH2: Gia tri lugng giac # 0, st dung tan(goc) . cot(goc) = 1

= gboc = tan™! (

1
gia tri luong giéc>

cotf(x) =cota © f(x) =a+kn

cotf(x) =a & f(x) = arccot(a) + km

cotf(x) =cotg(x) © f(x) =gx) +km
(Can dit diéu kién f(x), g(x) dé cot xac dinh)
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A Luuy

Poi chéo Doi doi Doi chéo va dbi
—sin sin —
sin cos —tan(goc) = tan(—goc) —sin(gdc) = cos (géc + E)
CcoS , sin /TC , —cot cot
(g6) = o (5 — 85¢) .
tan cot \2 PN , —Cos sin —
cot tan — cos(gée) = cos(m + goc) —tan(gdc) = cot (g(’)c - —)
= cos(gbc + ) 2
—cot tan

* Khi tim duoc nghiém néu can kiém tra véi diéu kién. Ta thudong ding mét trong cic cach sau dé kiém tra
dieu kién:

— Kiém tra truc tiép bang cach thay gia tri cia x vao biéu thirc diéu kién. (rat it ding)

— Dung duodng tron luong giac. (hay dung)

— Giai cac phuong trinh vo dinh. (hay dung)

X = xo + bt

= i = (t eZ).

= Phuong trinh ax + by = ¢ (v6i a, b, ¢ € Z) va UCLN(a, b) = 1 ¢6 nghiém la: {
Véi x4, ¥o 1a mot nghiém cu thé ciia phuong trinh.
140. Mét sé dang phé bién
a) Dang sin?(x)=a hoac cos?(x)=a
sin? x = a hodc cos? x = a

TH1: a < 0 phuong trinh v6 nghiém.
TH2: a = 0 khido: sinx =0 & sinx =0vacos?x =0 cosx =0

TH3:a >0
Cich 1: Dung cong thic ha bic ta dwa vé cac dang phuong trinh co ban:
. 2 1 —cos2x . 5 1 + cos 2x
sin x=a®T=a=}--- va cos x=a®T=a@---
sinx =+a cosx =+a

vacos’x =a &

sinx = —/a cosx = —J/a

Khong nén stir dung céach 2 vi sé tao ra 4 ho nghi€m, trong khi cach 1 chi tao ra 2 ho nghiém.

Cach 2:sin’x =a &

b) Phwong trinh dang bac hai

D Pit Piéu kié . .
ang 4 teu faen @ Néu dat t =sin?x

a-sinfx+b-sinx+c=0 t =sinx -1<t<1 hodc t=|sinx| thi
dicukién: 0 <t < 1.

a-cos’?x+b-cosx+c=0 t =cosx -1<t<1 e
S Néu dit t = cos?x

a-tan?x +b-tanx +c =0 t =tanx teR o : ;
hodc ¢t =|cosx| thi

a-cot’?x+b-cotx+c=0 t = cotx teER didukién: 0<t <1.
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c) Dang axsin(x)+bxcos(x)=c

asinx + bcosx = c (1)
Cach 1: Chia hai vé cho Va? + b2 ta dugc:

a b c
(1) ® ———sinx + ———cosx =
va? + b2 va? + b2 va? + b2
a b a b
bat: sina = ————,cosa = —— (a € [0; 27] (Hoécsina =——7———,cosa = —)
va? + b2 va? + b2 ( ) Va2 + b2 va? + b2
c c
Phuong trinh tré thanh: sina - sinx + cosa - cosx = ———= & cos(x —a) = ———==—cos f (2)
Va2 + b2 Va2 + b?

(HOéC Sin(x + a) = \/2;—[)2>
as +

c
<
a2+b2|_1<:>a +bc>c

RQ)ex=axp+k2n(keZ)

Diéu kién dé phuong trinh c6 nghiém la: |

Cach 2:

X @
Buwéc 1: Xétx =n + k2n © =3 + km c6 1a nghiém hay khong?

X
Bu’é’cZ:Xétxqtn+k2n<:>cos§¢ 0

Patt t X th: i 2t 1_t2
itt = tan—, thaysinx = ——,cos x = ——.
' 2 ey 1+ 2 1+¢2

Ta duoc phuong trinh bac hai theo t: (b + ¢)?t? —2at + ¢ — b = 0 (3)
Vix # w+ k2m © b+ ¢ # 0, nén (3) c6 nghiém khi : A’ = a? — (¢ — b?) > 0(:)

< x
Giai (3) v6i moi nghiém t, ta c6 phuong trinh : tan 5= to-

d) Dang: axsin?(x)+bxsin(x)xcos(x)+cxcos?(x)=d

asin?x + bsinxcosx + ccos?x =d (1)
Cich 1: Pua vé phuong trinh bac hai theo tan x
Bude 1: Kiém tra cos x = 0 c¢6 thoéa mén phuong trinh hay khong?
Néu c6 thi cos x = 0 1 mét nghiém ctia phuong trinh.
Néu khong thi cos x = 0 khong 1a nghiém ctia phuong trinh.
Budre 2: Khi cos x # 0, chia hai vé phwong trinh (1) cho cos? x # 0 ta dugc:
a-tan’?x + b -tanx + ¢ = d(1 + tan? x)
Tiép theo dua vé phuong trinh béc hai theo an t = tan x.
Cach 2: Dung cong thirc ha bac
1 — cos2x sin 2x 1 + cos 2x
‘ > +b- 2 +c- > =
(Pua vé phuong trinh bac nhat doi véi sin 2x va cos 2x)

DHea-

Trang 128



e) Phwong trinh dang cap

Phwong trinh ding cap bic 3 theo sin x, cos x 1a phuong trinh dang;
a-sin®x + b -sin?x - cosx + ¢ - sinx - cos?x + d - cos
Phwong trinh ding cap bic n theo sin x, cos x 1a phuong trinh dang
A, - sin®x + a,_q-sin®1x-cosx+--+a;-sinx-cos™tx+ay-cos"x =0
Céch giai chia ca hai vé cta phuong trinh cho sin™ x (hodc cos™ x) 1a lily thira bac cao nhét sau khi da Iy luan
n6 khéc 0. (twong tw Dang: a sin® x + b sinx cosx + ¢ cos? x = d)

3x=0

f) Phwong trinh déi xrng theo sin va cos

Diu hiéu nhén biét: Khi thay doi vai tro ctia sin f(x) va cos f(x) thi phuong trinh khong thay doi.
Vi du: sin* x + cos* x + 2 sinx cos x = 3, sin® 2x + cos® 2x = i, sin3 g + cos3§ — g
Cich giai: phuong phap chung 14 ha bac, dung hing dang thirc dang nhé dé dan vé phuong trinh quen thude.

Cac kién thiwrc can nho:

Cong thirc ha bac:
. 1 — cos2x 5 1+ cos 2x
sin“x=—— ; cos“x=—F7—
N 2 2 2
Cac hang dang thirc:

a?+ b? = (a+ b)? — 2ab
a®+ b3 = (a+b)(a?—ab +b?) = (a+b)®—3ab(a+b)
a® — b3 = (a—b)(a®+ab + b?) = (a—b) +3ab(a—b)

g) Phwong trinh chira déng th&i sin + cos va sin x cos

Dang 1: a(sinx + cosx) + bsinxcosx +¢c =0

T
*Dat:t=cosxisinx:\/fcos(x+z);|t| <+/2.

= t2=1+2sinxcosx = sinxcosx = +=(t?> — 1).

N| =

* Thay vao phuong trinh da cho, ta dugc phuong trinh bac hai theo t.
Giai phuong trinh nay tim ¢ thoa |t| < /2. Suy ta x.
Luuy:

cosx + sinx = \/Ecos(x —E) = \/isin(x +E)

4 4
. n . n
cos x — sinx = V2 cos (x + Z) = —/2sin (x = Z)

Dang 2: a|sinx + cosx| + bsinxcosx =0

_T .
*Pat:t = |cosx + sinx| = \/§|cos (x+Z)|;diéukién:0 <t<+2.

1
= sinxcosx = ii(tz -1)

* Twong tu dang trén. Khi tim x can luu ¥ phuong trinh chtra ddu gia tri tuyét doi.
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PHUWONG PHAP QUY NAP TOAN HOC

Bai toan va phwong phap gidi: Chitrng minh ménh dé chira bién A(n) 1a ding Vn € N*.

Ta thuc hién nhu sau:
Budre 1: Kiém tra ménh dé dung véin = 1 (1).
Budc 2: Gia sir ménh dé dung véi s6 nguyén dwong n = k(k > 1).
Ta chtng minh ring ménh dé ciing dang voin = k + 1 (2).
Két lugn: T (1) va (2) theo quy nap ta suy ra ménh dé A(n) dung Vn € N*.

Bai toan va phwong phap gidi : Chirng minh ménh dé chira bién A(n) 1a ding Vn € N*, n > p.

Ta thyc hién nhu sau:
Bude 1: Kiém tra ménh dé dung véin = p (1).
Budre 2: Gia sir ménh d& ding véi sé nguyén duwong n = k(k > p).
Ta chimg minh rang ménh dé ciing ding véin = k + 1 (2).
Két lugn: T (1) va (2) theo quy nap ta suy ra ménh dé A(n) dung Vn € N*,n > p.

Ching minh rangVn € N* thi1 + 3 + 5+ -+ (2n — 1) = n? (¥)
Giai
Buée 1. Khin = 1, vé trai (+) 1a 1, vé phai (*) 1a 12 = () ding véin = 1 (1)
Budre 2. Dit vé trai (+) bang S,,.
Gia str () dung véin = k = 1, nghia la
Se=14+3+5+-+ (2k — 1) = k? (gia thiét quy nap).
Ta phai chimg minh rang (%) cling dung véin = k + 1, tic la
Sks1=1+3+5++QRk—1D+[2(k+1)—1] =(k+1)2
Tir gia thiét quy nap ta co:
Skr1 =Skt 2k +1)—1]1=k?+2k+1=(k+1)2
= Ménh dé dung véin = k + 1 (2)
Két lugn: Tt (1), (2) theo quy nap suy ra (*) dung Vn € N*.

Chimng minh ring Vn € N* thi 2 > n ()

Giai

Buée 1: Véin =1, (x) c6 dang 21 > 1= (x) ding véin = 1 (1)
Budc 2: Gia st (x) ding véin = k > 1, tic 1a: 2K > k (gia thiét quy nap)

Ta can ching minh (*) ding véin = k + 1, tirc 1a 2+ > k + 1.

Ta c6 2K = 2K.2 > 2k

Ma2k >k +1 e k =1 (ludon ding Vk € N¥).

Suyra2¥*1 > 2k > k+1 = 2¥*1 > k 4+ 1 ménh dé dung véin = k + 1 (2)
Két lugn: Tt (1), (2) theo quy nap (*) dung Vn € N*.
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Vi du

Chung minh riang s6 dudng chéo ctia mot da giac 16i n canh 1a 273 v6in > 3.
Giai
Buéc 1: Véin = 3 thi ménh dé dung vi tam giac c6 s6 duong chéo 14 0 = 3(32_3). @)

Budre 2: Gia sir ménh dé dung voin = k > 3. Tuc 1a s6 duong chéo ciia mot da giac 16i k canh 1a M.
Ta can chiing minh ménh dé ding véi n = k + 1. Ttc 14 s6 dudng chéo ctia mot da giac 16i k + 1 canh
1 (k+1)(k—2)

—

A, A
Ta goi cac dinh cua da giac c6 k + 1 canh 1a 4y, A,..., Ap41. A3 Ag+1
DPa giac gom k + 1 dinh nay s€ chi gom c6 2 loai duong chéo do la:
4 Ak
As
Loai dudng chéo khong c6 dau mut 1a diém Ay, Loai duong chéo co dau mut 1a diém Ay, ;.
Aq
Aps1
Ay
Loai dudng chéo khong c6 dau mut 1a diém A, ;. Loai duong chéo ¢6 dau mit 1a diém Ay,
Cac duong chéo loai nay s& 1a cac dudng cheo cua thi dau mat con lai khéng duoc phép la 2
mot da gidc gom k dinh con lai cia da giac k + 1 dinh ké v&i A1 néncéd (k + 1) — 3 duong
dinh sau khi da bo di dinh Ay .4 va thém 1 canh chéo loai nay.
néi A; va Ay = 6 tit ca ““=2 1 1 duomg chéo
loai nay.
Aq
Api1
A,
k(k—3) _ (k+1)(k-2)

Vay suy ra co 5 +1+((k+1)-3
= Ménh & ding véin = k + 1. (2)

2

Két lugn: Tt (1), (2) suy ra ménh dé dung vVn € N*, n > 3.
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DAY SO

141. Pinh nghia day sé

Diy s6 vo han phan tir Dy s6 hiru han phan tir
M&di ham sb u xac dinh trén tap sb nguyén duong N* Mdi ham s6 u xac dinh trén tap sb
dugc goi 1a mot day s6 vo han (goi tat 1a day so). M =1{1,2,3,...,m}, voi m € N* duoc goi 1a mot
Ki hiéu: day s hiru han. Ki hiéu:
u: N> R u: M- R
n o un) n e u(n)

Trong d6 u, = u(n) la so hang thir n va goi n6 1a s6 | Trong d6 uy 1a s hang dAu, u,y, 1 s0 hang cudi.
hang tong quat cua diy sd, u; 1a sé hang dau cia day
s0.

142. Nhirng céach cho day sé

Cich cho day sb Vi du
, Dy (a,) = 2,4, 6,8, 10, ... 1a ddy cac so tu nhién chin (day
Cho day so dudi dang liét ké: nay gém vo sd phan tir).
(Up) = uq, Uy, U3z, Uy, ... Day (b,) = 1,4, 9, 16, 25, 36, 49, 64, 81,... la ddy binh
phuong cuia cac sd tu nhién khac 0 (ddy nay gom vo sb phan tir).
Cho day s6 dudi dang cong thic s6 hang ch=vn?+1
thir n (cong thirc s0 hang tong quat): d, =VZn? + fn7 +1
=fm (Vn € N¥)

Cho diy s6 duéi dang cong thirc truy hoi:
— Cho 1 vai sb hang dau. U = =3, Uy, =2up1+3
- Yé cc‘)n’g thirc u, = fA(un_‘l,un_z‘,....z v, =10, = 4,v, = 5v2_, + 5
(cong thuc u, phu thudc vao 1 vai so Vn_o

hang dung trudc no)
Vidu: S6 7 = 3,1415926535 ..

Néu lap day sO (uy,) voi uy, 1a gid tri gan dung cta sb  1am tron
dén chir s6 thap phan tha n thi:

w, =3,1;u, = 3,14; us = 3,141; ...

Diy sb cho bang phuong phap mé ta:
Nguoi ta cho mdt ménh dé mo ta cach xac
dinh cac so hang lién ti€p ctuia day so.

143. Biéu dién hinh hoc cta day sé

Vi day sb 12 mot ham s6 trén N* nén ta c6 thé biéu dién day sb bang d6 thi. Khi do, trong mit phing toa do, day
s0 dugc biéu dién bang cac diém c6 toa d6 (n, uy,).

Vi du: Cho diy s6 c6 cong thirc tong quat |
u, = sinn (n do bang radian) )
Khi d6 ta co6: uy =sinl, u, =sin2,
us = sin3,... Biéu dién hinh hoc cua I
——
-1

ot

—
\S)
<
oo o

diy s6 1a hinh v& bén:

.A-
® L
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144. Tinh tang, giam cta day sé

(u,,) 1a diy sb ting © u,,; > u,,Vn € N*
S Uy — Uy > 0,Vn € N7

(uy) 1 diy s6 giam © u,,; < u,,vVn € N*
S Uy — Uy < 0,Vn € N

Néu day sé u,, > 0,vn € N* thi
Un+1

(u,) tang & >1,vn €N”

n

Néu day sé u,, > 0,vn € N* thi
Un+1

(u,) giam & <1,vn €N

n

Phuong phap chirng minh diy s6 ting

(D& bai yéu cau rd chirng minh diy sb ting)

Cich 1: (Chtng minh tuong duong)
—Tagiasuu,, 1 > uy,.

— Bing céc })ién_y déj tuong duong (voi diéu kién
n € N¥) ta bién doi dé :

Upsq > Uy ... Cac bién d6i trung gian ...

& Mot két qua ludn dung khi n € N*

— Suy ra up4q > u, ding vn € N* = u,, tang.
Cach 2: Néu diy sé u, la Wdﬁy s6 duong (tirc 1a
u, > 0,¥n € N*) thi ta c6 thé lam nhu sau:

— Ta gia st =1 > 1.

n
— Bing cic bién d6i tuong duong (v6i didu kién
n € N*) ta bién doi dé:
Un+1
Un
& Mot két qua ludn dung khi n € N*
Un+1
Un

> 1 ... Cac bién ddi trung gian ...

— Suy ra > 1 dang Vn € N* = u,, tang.

Cach 3: Tinh gia tri u, ., — U, va sau d6 chung minh
gi4 tri nay luén duong. Tir d6 suy ra u,, 1a diy sé ting.
Cach 4: Néu diy sb u,, 1a diy sb duong (tirc 1a
u, > 0,vn € N*). Thi ta c6 thé 1am nhu sau:

Un+1
Un ,
ludn 16n hon 1. T d6 suy ra u,, 1a day so tang.

Tinh gia tri va sau d6 chirng minh gia tri nay

Phuong phip chirng minh diy s6 giam

(D¢ bai yéu ciu rd chirng minh diy s6 giam)
Cach 1: (Chung minh tuong duong)

—Tagia st u, 1 < uy.

— Bang céc bién doi twong dwong (voi diéu kign
n € N¥) ta bién doi dé :

Up+1 < Uy ... Cac bién doi trung gian ...

& Mot két qua ludn dung khin € N*

— Suy ra up4q < u, ding Vn € N* = u,, giam.
Cach 2: Néu diy sé u, la 7d€1y s6 duong (tic 1a
u, > 0,vn € N*) thi ta c¢6 thé lam nhu sau:

— Ta gid st 5 < 1.

n
— Bing cac bién d6i tuong duong (voi didu kién
n € N*) ta bién doi dé:

Un+1
Un
& Mot két qua ludn dung khin € N*
Un+1
Un

< 1 &... Cac bién d6i trung gian ...

— Suy ra < 1dang vn € N* = u,, giam.

Cach 3: Tinh gia tri u,, ., — U, va sau d6 chimg minh
gi4 tri ndy ludn 4m. Tir d6 suy ra u,, 1a ddy sb giam.
Cach 4: Néu diy sb u, la diy sé dwong (tuc la
u, > 0,vn € N*). Thi ta c6 thé lam nhu sau:

Un+1
Un
luén nho hon 1. T d6 suy ra u,, la day so giam.

Tinh gia tri va sau d6 chirng minh gié tri nay
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145. Phwong phap xét tinh tang, giam cta day sé

D¢ bai chi yéu cau xét tinh don di¢u cta diy sd, chua cho biét phai chimg minh diy s 1a ting, hay giam, hay
khong tang cling khong gidm.
& Luu y: C6 thé str dung may tinh bo tii dé du doan trude tinh don diéu cia diy sb. Sir
dung chirc nang lap bang Table hodc chitic nang thay thé gia tri CALC ctia may tinh bo tui.

& Luu y: khi bai toan yéu cu xét tinh ting, giam cta ddy s6, néu ta lya chon chimg minh
theo cach gia s tinh ting (giam cta diy sd) ma khong biét trudc duge diy sb do 1a ting
hay giam, thi ta ctr gia st 1a n6 ting (hodc giam), sau d6 bién d6i twong duong dé duge mot
biéu thirc ludn ding hodc ludn sai (v6i dicu kién n € N*). Néu ra biéu thirc ludn dang thi
gia sir 1a dung, néu ra biéu thirc ludn sai thi gia st 12 sai (tirc 13 diéu nguoc lai 1a dung).

Néu u,.q — u, > 0,Vn € N* = u,, 1a diy sb tang.
Cach 1: Tinh u, .1 —u, - ;
Néu Uy —u, < 0,vn € N* = u, la day so giam.

. Unit * ~ A <
Neéu > 1,Vn € N* = u,, day so ting.
z ;U Un
Cich 2: Néuu, > 0,Vn € N*. Tinh ty s6 ——=
n + Un+1 - o A,
Néu ” < 1,vn € N* = u,, day so giam.
n

Cich 3: Gia st tinh ting giam nhu w41 > u, (hay U, < u,) 10i chimg minh twong duwong ra mot
biéu thirc [udén dang hodc ludn sai va dua ra két luan phu hop.

CAch 4: Chi ra mot thi du cu thé cho théiy c6 luc day tang, co luc lai giam tir d6 suy ra day khong
tang cling khong giam.

146. D&y sé bj chan

Cac dinh nghia:

(u,,) 1a ddy s6 bi chin trén & IM € R:u,, < M,Vn € N*.

(u,,) 1a ddy s6 bi chiin dwéi & Im € R:m < u,, Vn € N*.

(u,,) 1a day s bi chian & (u,,) bi chin trén va bi chan dudi
e ImMeRm<u, <M,Vn€eN".

& Luu y: < Dé xét tinh chin cua mot ddy s, ta thuong sir dung cac tinh chit cua bit ding thirc.

C6 thé str dung may tinh bo tai dé du doan vé tinh bi chin cua diy sb bang cach tinh ra nhiéu

s6 hang dau cua diy s6 va dua ra cac nhan dinh phu hop. Str dung chirc ning 14p bang Table hoic
chirc ning thay thé gia tri CALC clia may tinh bo tui.
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147. Céng thirc s6 hang tébng quéat dang da thirc

Cho day s6 (uy,) = Uy, Uy, Us, Uy, Us, Ug, ...
Ta thur 1ap ra 1 bang nhu sau:

Uy

Trix 14n 1

Uz

U —Up = aq

Trir 14n 2

Us

Uz — Uy = Ay

a, —a; =by

Uy

Uy — U3z = 4asz

as —a; = b,

Us

Us — Uy = Ay

Ug — U5 = dg

Néu ¢ 1an trir thir n ndo d6 ma céc gia tri déu bang
nhau thi diy s6 u,, c6 cong thirc tong quat 1a da thirc
bac n. Lap hé phuong trinh dé giai va tim ra cac hé
s6 cua da thirc nay.
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148. Day téng c6 dang Sn+1 = Sn + Pa thirc bac m

Cho tong S,, = Cong thc theo n. Néu tong c6 dang: S,,+1 = S,, + (Pa thirc bic m)
= S, = Pa thirc bac (m + 1) theo bién n, cac hé sb cua da thirc bac (m + 1) theo bién n nay dugc tim bang
cach 1ap mot hé phuong trinh ing véi (m + 2) gia tri dau tién cua S,,.

Cho S, = 13 + 23 + 3% + 43 + - + n®. Tim cong thic téng quat cua S,,?
Buwéc du dodn cong thire (Iam ngoai nhap):
Taco: Sy =13423+33+ - +n+(n+1)3=5,+ (n+1)3
Pa thirc bac 3

= S, =Pathicbac4=an*+bn3 +cn? +dn+e

Bim may tinhtac6 §; = 1,5, =9, S3 = 36, S, = 100, S5 = 225.
a-1*+b-134c-12+d-14+e=1 (1)
a-2*+b-23+c-224d-2+e=9 (2)

Tacohé:{a-3*+b-33+c-32+d-3+e=36 (3)
a-4*+b-43+c-4*+d-4+e=100(4)
a-5*+b-53+c-524+d-5+e=225(5)

(Luu y: may tinh chi c6 thé giai dén hé phuong trinh bac nhat 4 an s6)

Lay cac phuong trinh (2), (3), (4), (5) 1an luot trir di (1) thi bién e mét di, ta dugc hé 4 an:

1
=2
15a+7b+ 3c+d =238 1
80a + 26b + 8c + 2d = 35 bh=-= Q 1,1, 1,
255a 4 63b+15c+3d =99 ) %:}e_():}s”_zl-" T
62 +124b + 24c +4d =224 =
\d =0
1

Vay ta dy doan 13 + 23 + 33 + 4% + -+ n3 = 2n* + -n3 4 -n?
Cich kiém ta lai bing may tinh: Nhap vao may tinh nhu sau: Y %_, (x3) — G x* + %xS + %xz)
Sau d6 CALC céc sb nguyén tir 1 — khoang 15 ta thiy déu ra 0 chtng té 2 cong thirc ndy bang nhau!
Budc trinh bay ty luin: Ta di chimg minh bang quy nap cong thic:

1

1 1
13 23 3 43 3 __,4 3 2
+2°+3°+4°+--4+n 2" +2n +4n
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ChoS,=1-3+2-4+3-5+4-6+57+-+n-(n+2). Tim cong thirc tong quat cta S,,.
Giai
Spr1=Sp+ (m+1D((n+1)+2)=>S, =Pathtcbac3=an®+bn’+cn+d
Pa thirc bac 2
T30651=3,52=11,S3=26,S4,=50
o=l
1Pa+1*h+1c+d=3 3
hae d22a+22b + 2c +d = 11 Bimméyhéddn | p == 13,3 2.7
T hé: [——} 29 = + + =
TN 3% 4 3%h + 3¢ +d = 26 _ TR T T
43a+4°b +4c+d =50 €=%
d=0
C6 thé kiém tra lai bing may tinh: Y% 1x(x+2)—(§ 3+ x2+£x)
Sau d6 CALC céc sé nguyén tir 1 — khoang 15 ta thiy déu ra 0 chtng t6 2 cong thirc nay trung nhau!

149. D&y téng dang Sn+1 = Sn + (Da thirc bac m theo n) x g"

Néu mot day s6 co dang: S, = S, + (Pa thirc bac m theo n) x g"

= S, = (Pa thttc bac m theo n) X ™ + C
S,‘l s€ bao gé)rp m+ 1 4n sb cua Pa thl'rg: bac m theo bién n va an C, nhu vay co tat ca la m + 2 4n duoc tim
bang cach thiét lap hé th m + 2 gia tri dau tién cua day.

. n , s LA 1 3 4 5 n
Tim cdng thirc cua tong: S, = ?+§+§+§+5+ +2_n
Giai
) +1 )"
Ta cé: Sppqp = Sy + :n+1 = Sp41 =Sp + ( n+ ) (E)

S————
Pa thirc bac 1
n

1
S,=0n+c)(=) +d
. N n c(z)
18
b-1+0)(3) +d= . )
Ta ¢6 hé: (b-2+c)(1) +d_1=>1c_—2=>5 = (- n—2)() +2

d=2
(b-3+c)(§

Taco:S; =2.5,=1,5; =

N | =

=N

11

) ra-t
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150. D&y S6 Un= AXUn.1+ B

Cho day s6 u,, = Au,_; + B khong phai cap sd cong tirc 1a A # 0 va A # 1; A, B 1a cac hang s6. Dé tim duoc
cong thirc cua ddy sb u,, ta lam nhu sau. Ta s& tim cach dwa day s6 vé dang cip sb nhan.
batv, = Kup + D = vy41 = Kupy +D
Tim diéu kién dé v, 13 cdp s6 nhan.
Vpy1 = Quy, (Trong d6 Q 1a cong bdi cua diy v,, va ta hién chua biét)
= Kup,q + D = Q(Ku, + D)
= K(Au,, + B) + D = Q(Ku,, + D)
= u,(KA— QK) + (KB + D — QD) = 0 (vi cong thirc ndy dung voi moi u,, nén ta suy ra chi ¢ thé xay ra
truong hop u, X 04+ 0 = 0)
:>{ KA—QK =0 :{ K(A—-Q)=0 :{ A=Q :{ A=Q
KB+D—-QD=0 KB+D—-QD =0 KB+D—-AD =0 KB=D(A—-1)
B

Qua trinh dwgec rat gon nhw sau:

Cho day sbu, = Aup,_; +B(A#0vaA £ 1)

Khi d6 néu dit v,, = u,, + D (D 14 s6 can tim).

Néu D dugc chon thich hop thi (v,) s& 1a mot cAp sé nhan. Dé tim D ta 1am nhu sau.

Buwoc I: Tinh uy vau,

Budc 2: Vi vy, 1a cap s6 nhan = v, = Av,

> v, =Av; 2 uy, + D = A(uy + D) = gigiraD

Buoc 3: Viv,,, = Av, > v, = v, A"1

S>u, +D =v,A""1 = Gidirau,
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CAP SO CONG

Pinh nghia

S6 sau = S6 trude + 1 s6 khong doi
Day s6 (u,) la cap so cong © u,,q = u, +d,vn € N*

d goi la cong sai; d co thé
am, dwong, hodc bang 0

+d +d +d +d +d +d

U; Uy U3 Uy, Us Ug Uy ~~>Tiéptuc

Tinh chét

Trung binh céng ciia 2 s6 2 bén bang sé chinh giita, tirc 1
"y = Up—1 + Uyt

2
Téng quat: Trung binh céng ciia 2 sé cach déu 2 bén cia 1 sé thi bang sé
chinh gitta, tirc la:

voik = 2

_ Ug—p T Upyg

Uy = >
|

-=== Ug-—3 Ug—2 Ug—1 |Ug | Ug+1 Uk+2 Ug43 ===

voik—12>1

S6 hang tong quat

U, =u; +(n—1)d,vn e N*

Tong ciia n so hang dau tién

n(u; +uy,)
Sn=u1+u2+---+un=#

A (Sé dau + S cuéi) x S6 lugng sd hang

2
_ n[2uy + (n—1)d]
B 2
S cudi — Sb dau

S6 lwgng s6 hang = — — %
b tang gilra 2 so lién tiép

Lay s0 sau trur sO trudc

Mot so nhan xét

(uy) 1a cap so cong & u, = ham bac nhat theo bién n

Néuu, = an + b (a,b € R) thi (u,) 1a cap s6 cong va u; = a + b va cong
said =a

Piéu kién dé 3 sd a, b, ¢ 1ap thanh mot cép sb cOng theo dung thu tu do 1a :
a+c

=b
2
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CAP SO NHAN

Pinh nghia

S6 sau = S6 trude x 1 s6 khong dbi
Day s0 (u,) 1a cap s6 nhan & u,,; = u, :(q)vn € N*
q goi la cong béi; q c6 thé

xq x4q xq x4q x4q x4q am, dwong hodc bang 0
Uq U, Us Uy Us Ug Uy -—=3 Tiép tuc
S6 hang tong quat U, =u; - qV 1 (vn € N%)
Tinh chét Trung binh nhdn cia 2 s6 2 bén bang binh phwong sé chinh giita, tirc la:

UZ = Up_q " Upyq VoI k =2
Téng quat: Trung binh nhdn cia 2 sé cich déu 2 bén cia 1 so bang binh phwong sé
chinh giita, tiec la:
UE = Up_ Uy VO K —12>1

|

-=== Ug-3 Ug—2 Ug-1 |Ug | Ug+1 Ugk+42 Ug43 —=-

Tong n so hang
dau tién

Néug=1thi:S, =us +u, +uy + - +u, =ny,
Néu g # 1 thi:
(1-gM
Sn =u1+u2+u2+...+un =u Xﬁ
1 — (Cong boi)SO luong so hang

1 — Cong bodi

= S6 hang dau X

M¢t s0 nhan xét

Néuu,, = axb™(a,b € R) thi (u,,) 1a cip sbnhan viu, = a x b vacongbdid = b

Diéu kién dé basd a, b, ¢ 18p thanh mot cép sb nhan theo ding tha ty do 1a :
a-c=h?
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GIOI HAN DAY SO

151. M6t bai toan mé dau vé khai niém gii han day sé

Tinh gan dtng di¢n tich hinh tron dua vao dién tich da giac déu va xap xi s6

Xét ngil giac déu noi tiép duong tron ban kinh R/

DO®

Luu y: 1 vong tron
c6so dola ZITI.' rad

Téng quat: Xét da gidc déu n canh noi tiép

S / duong tron ban kinh R
___ T
MB=R><sinMOB=R><sin(—+2) _
5 SDa gi4c déun canh —
___ 21 1 . T
0B = R x cos MOB = R Xcos(—+2) =nx>x(2xRxsin—) x (R x cos—)
5 7 n n
SNgﬁ giac = Sl tam gi4c nho thanh phin
AB _ n 2 21
1B o = ER shi—
1 /1 4 . , 2
=5X% 2 X|2XRX SE X[ RX cos¢ Vé mit truc quan ta thay khi n ngay cang 16n dan
n=100->n=10000—-> - > n =+
Thi da gidc déu n canh s€ ngay cang trung vdi
Saa0B hinh tron, tir d6 ta co:
S5 ,  mX2 n 21 .
=l = nR? ~ Estin7 (khi n rat rat 16n)

n 2w . I
SR ESIH—(khl n rat rat lon)
n
A Ca 7. M. 2W
Vay taki hi€u lim —sin—=nm
n—+oo 2 n

, LR WA 5 ror 2123 , . 2m o \ . A 5 . LA N \
Chung ta c6 theé bam thu may tinh dé kiém chirng g sin Tﬂ s€ ngay cang xap xi  khi n 1a s6 nguyén duong ngay
cang 16n.

A . N , .2 , X, X o1 . . s
Bam may cong thuec: gsm 7” (may dé ¢ che do rad), sau d6 CALC céc gia tri x nhu sau:

Ké . , , 2z

x ct qua Gié tri lam tron cua so m toi da ma may tinh co6 the hién thi la:
100 3.139525976 7~ 3.141592654
1000 (1 nghin) 3.141571983

\ 12 cyo . X £ \ 4 A NN .2
T bang gia tri ta d€ thay n cang tién vé +oo thi gia tri gsm 7“

10000 (10 nghin) | 3.141592447 ngdy cang xap xi  (hay ngdy cang tién vé& gan ).
1000000 (1 triu) | 3.141592654 & Hoc sinh co thé thir tinh gan dting chu vi hinh tron dya vao
10000000 (10 triéu) | 3.141592654 da gidc deu noi ticp va xap xi so m bang mét cach thirc tuong tu

nhu cach thirc 6 trén.
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152. Gi&i han day sé la gi?

Di tim giéi han day sé (u,,) tic 1a di tra
161 cau hoi: "Khi n ngay cang tién ve
duong vo cuc thi gia tri u, nhu thé nao?"

Cau tra 101 cua cau hoéi: "Khi n ngay cang tién vé duong vo cuc
thi gid tri u,, nhw thé nao?" chi cé thé 1a mot trong cac y sau:

hay "Khi n tré nén rdt rat lém
thi gia tri u,, nhu thé nao?"

VD:
hodc Gia tri u, ngay cang tién T n+1
t61 1 con sb cu thé nao do no+o2n? —1
VD:
hodc Gia tri u, ngay cang tién T 3n+1 _ E
B2 s N z gan mot con so cu thé nao do noto2n—1 2
Gia tri u, ngay cang xap VD:
xi 1 con s6 cy the nao 46 hodc Gia trj u,, ngdy cang ban 1\"
" (U UBAY CTUE DN || 1im (1 + —) ~ 2,71828
mot con sO cu thé nao do n—+o n
co the 1a s6 nguyén, i
phan s6 hoic sé vo ty - L. N R P VD: .
hoéc Gié tri u,, bang mot con s0 I sinn 1
B a g im =
cu thé nao do notw 1
Gia tri u,, tré nén rat rat 16n (hoic . . 5m?+1
T T (hoz VD7: lim n? = +o0; VD8: lim 2= = + o0
gia tri u, ngay cang 16n dan) ns+oo no+oo V2n
Gi4 tri u,, tién mai vé phia am (hodc . . —5n2
P P (e VD9: lim (1 —n?) = —o0; VDI0: lim —2l=

\V2n

gia tri u, ngdy cang am dan) no+oo n—+co
Gia tr] u, khong thoa man ca 3 trang thai ¢ trén (tirc 1a u,, khong
tién vé 1 s6 cu thé, u,, khong tién vé +oo ciing ching tién vé —oo)

VDI1: lim (—1)" khéng ton tai; VD12:

n—-+oo

lim (nsin n) khong ton tai
n—-+co

153. BAm may tinh tim gi&i han day sé

Vi du: BAm may tinh tim giéi han diy sé

CALC céc gia tri x nhu sau:
; Vx—+Vx+1
Tim giéi han cua day sb sau: 4x2+1—x
\/_ Vn+1 100 —4,987437427 x 10~*
e amrtion 1000 (1 nghin) —1,580743348 x 1075
10000 (10 nghin) —4,999874994 x 107
100000 (100 nghin) —1.581134877 x 1078

Nhin vao sy thay doi cua gia tri day s6 ta dy doan khi x ngay
cang 16n thi u,, s& ngay cang tién gan vé s6 0.

. WVn—vn+1
= lim ————=
n-+0\/4n2 + 1 —n

0—56 nguyén duongn

Nhap vao may tinh
VE-VrEl

4x2 1—x

£ Luwru y: s6 c6 dang "s6 x 1 1a nhitng s6 rat gan véi s6 0
VD: —1.581134877 x 1078 = —0.00000001581134877 ~ 0
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Vi du: BAm may tinh tim giéi han diy sé

CALC céc gia tri x nhu sau:
N Vx—Vx+1
Tim gi6i han cta diy s6 sau: VaxZ +1-—
Vn—Vn+1 100 —4,987437427 x 1074
N v 1000 (1 nghin) —1,580743348 x 107>
10000 (10 nghin) —4,999874994 x 10~7
100000 (100 nghin) —1. 581134877 x 1078
Nwipvio iy NG e S B e o e
e VA VnAl
4x2 1—x = lim —————

n-+oN\4n2 + 1 —n

& Luru ¥: s6 c6 dang "sb x 10~ s0 nguyén duong | nhitng s6 rat gan véi s6 0
VD: —1.581134877 x 1078 = —0.00000001581134877 ~ 0

Vi du: BAm may tinh tim giéi han day s6

CALC céac gia tri x nhu sau:

x2—-3x+1
X
Tim gi6i han cta day sb sau: 1= 2ry/x + 202
glot hiarl cuia day ‘ 100 0,5389145047
nontl 1000 (1 nghin) 0,5147789834
U, = nghin ,
1-2 2n?
mn +2n 10000 (10 nghin) 0,5048989924
1000000 (1 triéu) 0,500498999
100000000 (100 tri¢u) 0,50004999
Nhap vao méy tinh Nhin vao sy thay doi cua gia tri ddy so ta du doan khi x ngay
cang 16n thi u,, s€ ngay cang tién gan vé s6 0,5.
x2—3x+1
n?—-3n+1
1— 2xv/x + 2x2 = lim =05

n-+o ] — 2nn + 2n?

& Luu y: dé nhap nhanh cac s6 c6 nhiéu s6 0 & cudi ta lam nhu sau:
VD: 1 tridu = 1 x 108 bam [1][x 10*][6]

VD: 100 triéu = 1 x 108 bam [1][x 10*][8] hodc [1][0][0][x 10%][6]
VD: 250 ty = 250 x 10° bam [2][5][0][x 10¥][9]
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Vi du: BAm may tinh tim giéi han diy sé

Tim gidi han cta day so sau:

2 n
un:(l-l‘a)

Nhap vao may tinh
2 X
(1+3)
x

& Luu ¥: néu 6 bai nay ta ting
dan gia tri n nhu sau:

< | (Y
X
1x 10%3 | 7,389056099
1x 10 | 7,389056099
1x 10%° | 7,389056099
1x 10° 1
1 x 1017 1
1x 1018 1

CALC céc gia tri x nhu sau:

2 X
- (1+3)
X
100 7,244646118
1000 (1 nghin) 7,37431239
10000 (10 nghin) 7,388908321
1000000 (1 triéu) 7,389041321
100000000 (100 triéu) 7,389055951
1 x 1012 7,389056099

Nhin vao sy thay doi cta gia tri ddy sb ta du doan khi x ngay

May
tinh c6
thé hién
sai két
qua!

Vi du: Bim may tinh tim giéi han diy s6

Tim gi6i han cta diy s6 sau:
n*+6n?+1
u, =—
" —3n2—vn

Nhap vao may tinh
x*+6x2+1

—3x2 _\/;

cang 16n thi u,, s& ngay cang tién gan vé s6 7,38905.
n

2
= lim (1+E> ~ 7,38905

n-+oo
Mot s6 may tinh bat ddu hién ra két qua nhu thé nay!
Gia tri day ) bong bién thanh 1. Tai sao lai nhu vay?
Nguyén nhan 1a do khi gia tri x qua 16n din dén sy lam
tron s6 bi sai s6t dan dén két qua tinh toén sai lam!
Nhu vay:

“Khi n —» +oo ta CALC cac s6 16n, nhung khong nén
nhap cac so rat 16n.

- Nén nhép cac gi tri n mot cach tir tir va tang dan, quan
sat sur thay doi két qua dé dua ra cac suy doan thich hop.

- Néu gia tri ddy sb bdng thay ddi mot cach dot ngot so
v6i dy doan (khi CALC céc gia tri rat 16n) thi phai can
than gia tri d6 c6 thé 1a gia tri sai do s6 qua 16n dan dén
may tinh lam tron khong dang.

CALC céc gia tri x nhu sau:

xt+6x%+1

g —3x2 —x
100 —3334,221959
1000 (1 nghin) —333331,8197
100000 (100 nghin) 3333333300

Nhin vao sy thay doi ctia gia tri ddy sb ta du doan khi x ngay

cang lon thi u, s€ ngay cang tién gan ve sO —oo.
.y n*+6n% +1
= lim ———— = -

nten 3% —yn
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Vi du: BAm may tinh tim giéi han diy sé

Tim gidi han cua day so sau:

u, =n°—3n? +sinn

Nhap vao may tinh
x®> —3x% + sinx
(Méy tinh dé & ché d¢ rad)

CALC céc gia tri x nhu sau:

x x° —3x% + sinx
100 9999969999
1000 (1 nghin) 9,09999997 x 10
loglog(igé)loo 1 x 10%2% = 10000000000000000000000000

Nhin vao sy thay doi cua gia tri day so ta du doan khi x ngdy cang
16n thi u,, s& ngay cang tién gan vé s +oo.

= l11+n (n® —3n? +sinn) = +o
n-+oo

Vi du: BAm may tinh tim giéi han day sb

Tim giéi han cua day so sau:

u, =nsinn

Nhap vao may tinh
xsinx
(May tinh dé & ché d6 rad)

CALC céc gié tri x nhu sau:

X xsinx
100 —50,63656411
1000 (1 nghin) 826,8795405
10000 (10 nghin) —3056,143889
100000 (100 nghin) 3574,879797
1 triéu —349993,5022
10 tri€u 4205477,932

Nhin vao sy thay doi cuia gia tri day s6 ta nhan thy day sO khong tién
vé 1 sb cu thé, ciing khong tién vé —oo, ciing khong tién vé +00, nhu
vay nhin chung day s6 khong co6 gioi han (tirc 12 n6 khong tién vé dau
hét!)

= lim (n% — 3n? + sinn) khong ton tai.
n—+oo

Vi du: BAm may tinh tim giéi han diy sé

Tim gidi han cua day so sau:
sinn

u:
n n

Nhap vao may tinh
sinx

X
(May tinh dé & ché d6 rad)

CALC céc gia tri x nhu sau:

sinx
x X

100 —5,063656411 x 1073
1000 (1 nghin) 8,268795405 x 10~*
10000 (10 nghin) —3,056143889 x 107>
100000 (100 nghin) 3,574879797 x 1077
1 triéu —3,499935022 x 1077

10 triéu 4,205477932 x 1078

Nhin vao sy thay d6i clia gi4 tri day so ta nhan thay co luc day so am,
c6 luc day 80 du’O'ng, nhung nhin chung céc gia tri cua diy sb ngay
cang tién gan t6i s0 0.

sinn

= lim =
n-+o0 N

£ Luwru ¥: s6 c6 dang "sd x 1070 nguyénduongr 13 nhiyng 56 rat gan vai s6 0

VD: 4,205477932 x 1078 =

0,00000004205477932 = 0
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Vi du: BAm may tinh tim giéi han diy sé

CALC céc gia tri x nhu sau:

x sinx + cosvx
100 —1,34543717
Tim gidi han cta day s6 sau: 1000 (1 nghin) 1,805562237
! 10000 (10 nghin) 0,5567044834
u, = sinn + cosvn -
100 nghin —0,4416608401
1 tri¢u 0,2123855741
10 triéu 0,158972144
10 triéu 500 nghin —0,7566477107
N L Nhin vao sy thay doi cua gia tri ddy s6 ta nhan thay c6 lic ddy s6 4m,
Nhap vao may tinh ¢6 e day sb duong va khong tién cu thé téi 1 con sé nao, ciing khong
sinx + cos Vx tién vé +00 hay —oo.
(May tinh dé & ché d6 rad) = nl_i)art()(}(sin n + cosv/n) khong ton tai.

Vi du: BAm may tinh tim giéi han diy s6

CALC céc gia tri x nhu sau:

2x+1 _ 8_5x+1
x 3x+2 — 9_5x—1
Tim gidi han cia day s6 sau: 10 22,91489371
3 2+l _ g gntl 20 22.22628535
Un = 3nrz _ggn-1 40 2222222237
70 2222222222
200
100 5 22,22222222
Nh:;:g\lzao maz ;ulnh Nhin véo su thay ddi ctia gia tri ddy so ta nhan thay:
-85 2ntl _ggntl 90
xX+2 __ x—1 1 =
3 I = T g1 g

(May tinh dé & ché d6 rad)

O vi du nay mic dit n — +oo nhung chung ta khéng nhép cac gia tri n qua 1on!
Nguyén nhén 1a do cac biéu thirc ¢ dang s6™ c6 gia tri ting rat rat nhanh khi n vao c&
vai chuc, thé nén néu nhap gia tri n qua 16n thi may c6 thé khong tinh ndi hodc tinh sai.
VD: 2™ khi ta CALC n = 100 thi ra duoc:

2100 ~ 1,2676506 x 103° ~ 1267650600000000000000000000000
trong khi néu n® khi ta CALC n = 100 thi ta duoc:

100° = 101° = 10000000000

Nhu vay khi tinh gii han ctia cac day sé c6 chtra dang s6™ (VD c6 chira 2™, 5, (=3)™,
...) thi ta chi nén CALC n vao c& vai chuc (VD: n: 10 —» 20 - 30 - 40 — 50 - 60),
khong nén CALC céc sé qua 16n nhu vai trim, vai ngan, hay 16n hon nira!

Trang 146



154. Day sé c6 gi¢i han 0
a) Pinh nghia
Hiéu mot cich don gian thi:

5 Dy sb uy, co giGi han la 0 tuc 1a khi n tro nén rat
rat 1om thi u,, rdt gan (hodc xdp xi, hodc bang) véi so 0.

Pinh nghia chiit ché bing ngdn ngir toan hoc

Ta ndi rang day sé (u,,) c6 gidi han 13 0 néu

véi mdi s6 duong nho tuy ¥ cho trudc, limu, =0

thi ké tir mot s6 hang nao d6 tro di cta diy so; =

cac s6 hang cua diy déu cé gia tri tuyét dbi Ve>0,AN, EN:Vn > Ny = |u,| <¢
nho hon sé duong do.

Ki hiéu: lim u,, = 0 hodc lim(u,,) = 0 hodc u,, » 0 hodc lim u, = 0 (doc la diy s6 (u,,) co gidi han 1a 0 khi

n—)OO

n dan dén vo cuc). Pé hiéu vé day s co gidi han 0, ta s& 1dy mot s6 thi du tinh toan bang sd sau.

6 div <& 1 « ="
Xét day s6 a,, = n Xét day so b, =
Bang gia tri cta diy s v6i cac gia tri n ting dan. Béng gia tri cua diy s6 véi cac gia tri n ting dan.
1 —_1n
n - n )
n n
1 1 1 -1
2 0.5 2 0.5
3 0.333333333 3 —0.33333333
6 0.166666667
20 | 0.05
155 —0.00645161
1000 0.001 156 0.006410256
1000000 0.000001 1000000 0.000001
1000000000 0.000000001 1000000000 0.000000001
n — +oo a, —0 n — 4o ‘ b, -0
Ta nhan thiy khi n ting dan dén rat 16n thi a,, ¢6 xu | Ta nhan théy khi n ting din dén rét 16n thi b,, vira c6
hudng giam dan va ngay cang xap xi 0. xu hudng tang lai vira c6 xu hu'orng glam Nhung nhin
1 h hi h
Nhur vay lim; —o. chung thi b,, ngay cang tlen(;ian)g1 ay xap xi) ve 0.
Nhu vay lim = 0.

& Luu y : Khi viét lim u,, = 0 thi ta phai hiéu 1a ddy s6 u,, c6 xu huéng tién t&i 0 hay xap xi 0 (hay gan bang
0) khi ma n c6 xu hudng tién téi duong vo cung (hay xu hudng tré' nén rat 16n hay vo cung 16n). Khong nén

hiéu 1a c6 mot ltic nao d6 + = 0, boi vi & rang: ~ = 0 & 1 = 0 (V5 Iy).

Thé nén phai hiéu giéi han cua mdt diy so (va sau nay la mot ham so0) 1a xu hudng gia tri cta no tién tdi dau
khi ma bién so tién tdi mot gia tri (hodc c6 mot xu hudng) nao do.
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b) Mét sé day sé c6 gi®i han 0

1

n

lim—=0 lim—
Vn ¥n

C
limE =0,voimoi C € R

Néu |q| < 1 thilimg™ = 0

1
lim— = 0 (k € N*)

1
lim——=0(k €eN"k>2:meN"*
om0 ¢ )

C
lim— =0, v6imoi C € R, véi moi k € N*

-z
, nk

Néua > 1,k > 0 thi lim—nz 0
a

(¥ Nhu véy ta c6 mot quy luat rat dé nho:

Mot s6 cu thé

Mot so rat rat 1on

c) PBinh ly kep

_ Mot sb cu thé
~ 0hodc——— =
+oo

Pinh ly kep gidi han 0
lup| < v, Vn = Ny (N € N*)}

lim v, =0

st oo n-+oo

= lim u,=0

Pinh ly kep gi6i han +oo

Uy = vy, ¥n = Ny (Ny € N¥)
= lim u, = +o

lim Un = Tt oo n-+oo

n—-+oo

Hiéu mét cach don gian thi:
|Day so thir nhat| < Day so thur 2

Cling co 5%0'1 hanla 0 Co gidj hanl1a 0

Hiéu mét cach don gian thi:
Day s6 thtr nhat < Day so thu 2

ol 3. et
OB IAT®  Ciing c6 giGi han 14 oo
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DAY SO cO GIOI HAN HrU HAN

155. Pinh nghia
Hiéu mot cach don gian thi:

¢ Day sO u,, ¢o gioi han la L tac 1a khi n tro nén rat
rat lon thi u,, rat gan (hodc xap xi, hodc bang) voi so L.

Pinh nghia toan hoc

Ta noi rang diy s6 (u,,) c6 gioi han 1a s thirc L néu lim(u,, — L) = 0. Tic la:
lim(u, —L) =0 Ve >0,3IN, e N:vn =N, = |u, — L| <e.

Ki kiéu: lim u,, = L hodc lim(u,) = L hoac u,, - L.
Diy s6 ¢6 gidi han 1a mot s thuc goi 1a day s6 c6 gii han hitu han.

156. Quy tac tinh gi&i han hiru han

Pinh ly: Gia st limu,, = L,limv, = M va c 12 hiang s6. Khi do:

Gidi han tri tuyét doi lim|u,| = |L|
G161 han can bac ba lim i/u_n =3VL
Gi6i han cin bc hai Néuu, >0,vn € N* thi L > 0 valim /u, = VL
Gidi han cia tong limtu, tv,) =L+t M
Gidi han cua tich lim(u, -vy,) =L-M
Gi6i han nhan véi mot sb lim(cu,) = cL
Gidi han cua thuong limu—n = £ (M #0)
v, M

157. Téng cta cap so6 nhan Iui vd han

Dinh nghia

Cap s0 nhan 1ui vo6 han la cap s6 nhan c6 vo sb so hang va c6 cong boi g thoa |q| < 1.

Vidu: (uy) = %; (%)2 ; (%)3 ; (%)4; G)S ; (%)6; (%)7; ... |a mot cép s6 nhan 1ui vo han.

Uq
1-¢q

Pinh 1y : Tong ciia cip sé nhan i vo han1a: § = uy + u;q + u1q% + -+ =
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DAY SO CcO GIOI HAN VO cuC

158. Pinh nghia

Diy s c6 gi6i han +oo

Diy s6 ¢6 giéi han —oo

Hiéu mét cach don gian thi:
Day s Uy, ¢6 gidi han la +oo tirc 14 khi n tro nén rat
rat lon thi u,, duong va ngay cang lon dan lén.

Hiéu mot cach don gian thi:
Day s6 u,, co gidi han la —oo tc 1a khi n tro nén rat
rat lon thi u,, dm va cé do lon ngay cang tang lén.

Tanoi rang day s6 (uy,) co gidi han +oo0 néu voéi m01
5O duong tuy ¥ cho trude, moi s6 hang cta day 50, ké
tir mot s6 hang nao d6 tré di, déu 16n hon sé dwong
do.

Ta noi rang day sb (u,) c6 gioi han 1a —oo néu voi
mdi s6 am tuy y cho trude, moi s6 hang cta day 50,
ké tir mot sb hang nao dé tré di, déu nhoé hon s6 4m
do.

Dinh nghia toan hoc: limu,, = +o0
<:>VM>O,E|NOEN:VHZN0=>un>M
Ki hiéu : limu,, = 400 hodc

lim(u,) = +oo hodc u, = +o

DPinh nghia toan hoc: limu,, = —oo

S VM<0,INgEN:VRZ=ZNy > u, <M
Ki hiéu : limu,, = —oo hodc
lim(u,) = —oo hodc u, = +o

Cac day so c6 gidi han 400 va —oo dugc goi 1a cac day so co gidi han vo cuc hay dan dén vo cuc

Néu limu,, = +oo thi Néu limu, = —o0 & lim(—u,) = +x
lim /u, =+ valim}/u, = +o
. 1
Néu lim|u,| = +oo thi lim— = 0.
n
159. Quy tac tim giéi han vo cuwc
Quy tic 1 (c0. o) Quy tic 2 (L. ) Quy the 3 (7)
Néu limu,, = +oo va Néu limu,, = +oo va Néu limu, =L # 0,limv, =0
limv, = too thi lim(u,v,) duge | limv, =L #0 thi lim(u,v,) | V3 Vn >0 hodc v, <0 ke tir ml?t
cho trong bang sau : duoc cho trong bang sau : s0 hang nao do trd di thi limv—"
dugc cho trong bang sau:
A ar Daucta | Daucta |, Un
limu, | limv, | lim(u,v,) lim u,, DauLcua lim(u,vy,) L vy, hmv_n
too | +o +oo0 too | (4) +00 T * oo
400 —o0 —00 + o0 (=) — 8 s — —o0
—0 40 —o0 —o0 (+) —0o0 - + =2
—00 —00 400 —00 (-) +o0 = — 400
i A khr
(% 00X 0 =00 (% (S6 khac 0) X 00 = oo @wmo

Nhu véy ta c6 3 quy ta"lc,néy dé tim giéi han cua diy sb c6 giéi han 1a vo cuc. Dau cla cac gi6i han gidng nhu
dau ctia cac phép toan so hoc thong thuong (tlrc la (am) x (&m) = (duong); (dm) / (duwong) = am;...)
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160. Cac gi®i han hén hop n™@ sé", n!, n"

Murc do tang gia tri ciia cac ham khi n tang

n!
A 17 n
(S616n hon 1)
nsé cu thé +)
sin f(n), cos f(n)
Lu6n nam trong pham vi [—1; 1]

. .. ham tdng nhanh ham tang cham

Quy tac: lim =400 ; =

T e A m ————— =
n—+c0 ham tang cham n—+c0 ham ting nhanh
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CAC KY THUAT TiNH GIOI HAN DAY SO

Cac k¥ thuat bién doi tinh giéi han day sé

Rut ra n™d
Chia ca tir va mau cho n™
Ruat ra s6™

Chia ca tir va mau cho sé™

Nhan liénhop bac 2 || 16 b6t ¢ tach bac
Nhan lién hop béc 3 2 va 3 nhan lién hop
Str dung dinh 1i kep

Mot s6 dang dac biét

Tén ky thuat

Duing khi nao

Rit ra n™d

Chia tir & miu cho n™
(Khi tir va miu cung rat ra 1
luong 1a n™ giéng nhau thi
ta chia ca ttr vd mau cho n™
gitip phan trinh bay ngan gon
hon)

da thac bac k

im—————— — Rt ra & tir s6 nk, rat ra & mau s6 n™
da thirc bacm

lim (da thirc bac k) — Ruat ra n®

Céac dang c6 can nhung khéng phai nhan lién hop.

Riit ra sb

Chia tir & miu cho s§"
(Khi tir va miu cung rat ra 1
lugng la 58" gidng nhau thi
ta chia ca tur va mau cho sén
trong phan trinh bay ngan
gon hon)

Dung khi n chi ¢c6 ¢ s6 mil, va nhitng phan ¢6 n déu viét dugc vé dang
£ 1\ | 4 . . - o 2N X £
(so cu the) , ta thuong tién hanh chia (hodc rit ra) ¢ ca tr va mau cho so hang

rs \ A s A1z P Xy o , A , X 2\
(ag)™ voi ag 1a co so co do 16n 16n nhat cta cac so6 hang co6 dang (so cu the) )

Nhan lién hop bac 2

Goi B, va Qn la cac da thirc bién n va An™ va Bn* lan luot s6 hang c6 bac
l6n nhat cta P, va Q,,
Néu nhan tir & tir s6 hodc mau s6 c6 1 trong cac dang:

aPo2bQn (1) 5 P£bJQn (D) 5 afPit0Qn (3)
V6i (1) néu avAn™ + bvVBnk = 0 thi nhan lién hop bac 2.
V6i (2) néu An™ + bvBnk = 0 thi nhan lién hop bac 2.
Véi (3) néu avAn™ + Bn* = 0 thi nhan lién hop bac 2.
Nhitng phan nhén tir trén néu khong phai nhan lién hop bac 2 thi chi don gian
la rat ra n™.
Sau khi nhén lién hop bac 2 xong ta thuong tiép tuc rit ra n™® dé tinh gioi
han.
Biéu thuc lién hop cia va — Vb 1a va + v/b. Khi nhan lién hop thi ta phai
nhan ca tr va mau vai biéu thirc lién hop.
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5 (a-B(a+Vb) __a-b

Va =
(vVa ++b) Va ++/b
. . a—>b
hodc néu ngén gon thi : va — Vb = ———
e va++b

Nhan lién hop bac 3

Goi Pnrvé Q,, 1a cac da thiic bién n va An™ va Bn¥ lan luot sb hang cé bac
16n nhat cta B, va Q,,
Néu nhan tir & tir s6 hodc mau s6 ¢6 1 trong cac dang:
a{P £b3/Qn (1) 5 PxbYQn @) 5 aiPit0Qn (3)
V6i (1) néu a¥An™ + bV/Bnk = 0 thi nhén lién hop béc 3.
V6i (2) néu An™ + bVBn¥ = 0 thi nhan lién hop bac 3.
Véi (3) néu a¥VAn™ + Bn* = 0 thi nhan lién hop bac 3.
Nhiing phﬁr} nhén tir trén néu khong phai nhan lién hop bac 3 thi chi don gian
la rat ra n™".
Sau khi nhan lién hop bic 3 xong ta thudng tiép tuc rat ra n™® dé tinh gidi
han.
+ Biéu thirc lién hop cua a — Vb 1a Va2 + Vab + Vb2

%_%:(%—%)(W+W+W): a—b
Va2 + Yab + Vb2 Va2 + Yab + Vb?
C —b
Viétngéngonthi:?{/a—%= W+a3\/cﬁ+§/p
+ Biéu thirc lién hop cua 3a + Vb 1a Va? — Yab + Vb2
%+%_(%+%)(W—W+W)_ a+b
Va? — Yab + Vb2 Va? — Yab + V/b?
a+b

viét ngan gon thi : Va + Vb =

VYaZ — Vab + Vb?
Mot s6 biéu thire lién hop bac 3 khac

a—b3 a+ b3
%-b: 3\2 , 3 ’ %-i_b: 3/\2 3
(¥/a)” + Ya.b + b2 (Va)" —¥Va.b + b?
Y a®—b 3 a®+b

= ; + >
a2+a.%+(%)2 ¢ az—a.%+(%)
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Thém b6t dé tach bac 2 va
3 nhén lién hgp

Goi P, va Q,, la cac da thuc bién n va An™ va Bn¥ lan luot sd hang c6 bac
16n nhat cta P, va Q,,.

Nhiing dang chira ca can bac hai va cin bac ba ta ¢6 thé phai thém bét vao
mot s6 hang nao d6, roi tach riéng thanh cac nhém dé nhan lién hop cho timg
nhom. Méi nhom khi d6 chi chira cin bac hai hodc chi chtra cin bac ba.

Néu tir s6 hodc miu s6 hodc chinh biéu thuc c6 dang:

ai/?n + b0,
Va aVAn™ + bVBnk = 0 thi ta thém bot dé tach ra nhéan lién hop béc 2 va
3.

Thi ta thém bot sb hang a3/An™ va tach ra d& nhan lién hop cin bac hai va
can bac ba. Noéi cach khac:

ay/B, — aVAn™ | — | by/Bnk — b\/Q,

Lién hop bac 3 Lién hop bac 2

Str dung dinh ly kep

Xem lai ni dung dinh 1y kep
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GIOI HAN HAM SO

161. Gi&i han ham sé 1a gi?

Gio6i han ctia ham so la gi?

Gi6i han ctia ham s6 f(x) khi x — 400 || Tra 10i cho cau hoi: "Khi x tré nén rat rat 16n thi

—0 X ey too

Truc so

gid tri ctia f (x) nhu thé nao?"

hodc: "Khi x tién toi +oo thi gia tri ctia £ (x) nhu thé nao?"

Gidi han cua ham so f(x) khi x - —oo || Tra 10i cho cau hoi: "Khi x trd nén rat rat am thi

— 00 C— ) k-|-oo

»

Truc so

hodc: "Khi x tién téi

Gidi han cua ham so6 f(x) khi x — x
—o0 X — xo(_ X J.oo

Truc so

Gidi han ctia ham so f(x) khi x — xg§
—oo X=X +oo

>

Truc s6
Gi6i han ctia ham s6 f(x) khi x = xg
—0 X — xO +o0

»
»

Truc so

gid tri ctia £ (x) nhu thé nao?"
—oo thi gi4 tri ctia f(x) nhu thé nao?"

Tra 1i cho cau hoi: "Khi x tién ngay cang gan
V€ X tur cd 2 phia trai va phai (nhung khong bao
gio bang x;) thi gia tri cua f (x) nhu thé nao?"

Tra 1i cho cau hoi: "Khi x tién ngay cang gan
ve xg tur phia bén tay phai (nhung x khong bao
gi0 bang x,) thi gia tri cua f(x) nhu thé nao?"

Tra 1i cho cau hoi: "Khi x tién ngay cang gan
ve€ X, tir phia bén tay trai (nhung x khong bao
gi0 bang x,) thi gia tri cua f(x) nhu thé nao?"

Cau tra 101 cta cac cau hai trén chi co thé 1a mot trong cac y sau:

f(x) ngay cang tién toi (xap xi hodc bang) mot s6 cu thé nao d6

f(x) tré nén rét rat 16n (tic 1a £ (x) - +o0)

f(x) trd nén rét rat am (tic 13 f(x) —» —o0)

f(x) khong tlen t61 (x4p xi hay bang) mot so cu thé, ciing khong
tré nén rat rat 1on, ciing khong tré nén rat rat am. Kh1 do day so
khong co gidi han ing véi trang thai x ma né dang tién t6i.
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162. C4c loai ky hiéu gi&i han ham sé

Ki hiéu cia giéi han ham so

Gi6i han ciia ham s6 f(x) khi x — +oo
Gi6i han cta ham s6 f(x) khi x — —oo

Gidi han ctiia ham s £ (x) khi x = x,

Gi61 han 2 phia, hay giéi han 2 bén tai x,

Gi6i han ciia ham s6 f(x) khi x - xg

Gid1 han phai, hay gidi han bén phai tai x,

Gidi han ctia ham s6 £ (x) khi x - x5

Gid6i han trai, hay gidi han bén trai tai x,

163. BAm may tim gi®i han ham sé

Vi du (Gio6i han 2 bén)

Ki hiéu
= X e lim f(x)
Truc so6 xX—+00
e — o lim f()
Truc so X—>—=00
—00 X — )go(_ X =+oo llm f(x)
Truc sb E=2
—® X () G +o0
- , > lim FO) 1 210 gisi
Truc s6 x5 han 1 bén
(hay gidi
. han 1 phia)
_ —) +00 an 1 p
X X0 _ > lim_f (x) tai x,
Truc so X=Xo

—3x—4
x+1

Tinh lim

x--—1
Buwée 1: Nhap cong thic
ham s vao mdy tinh:

x%-3x—4
x+1

X o  m— X
-1

»
»

x - —1 toc 1a x tién téi
ngdy cang gan —1 tir hai
phia (nhung khéng bao gio

xayrax = —1)

A Luu y: Chung ta khong nén nhap cac sO qua xap xi —
vi néu nhép cac sd nhu thé, may tinh co thé sé tinh sai do sy 1am tron vugt qué bd nhd!

Budée 2: CALC céc gia tri x
—1 tr phia bén trai (tirc
1a x nho hon —1 va tién t&i ngay

x tién toi

cang gan —1, nhung khéng bao
gio bang —1), ki hiéu x » —1~

x tién t6i —1 tir phia bén phai (tc
1a x 16n hon —1 va tién toi ngay
cang gan —1, nhung khong bao
gio bang —1), ki higu x - —1%

X ey — 1 R —1 «—x
X fx) x f(x)
—-1.01 —-5.01 —0.99 —4.99
—1.0001 —5.0001 —0.9999 —4.9999
—1.000001 —5.000001 —0.999999 —4.999999
Du doan: lim i -5 Du doan: lim Ko3xh -5
x—>—-1— x+1 x-—-1t x+1
2_ _ 2_ — 2_ _
Vay ta co llmﬂ= lim X232 5o i £33 5
x->—1 x+1 x—»—1t x+1 x->—-1 Xx+1
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Vi du (Giéi han 2 bén)

7 . X
Tinh llmu
x—0 X

Budce 1: Nhip cong thic

\ A x (o ||
ham s0 vao may tinh: .

X o X
0

[
»

x = 0 tirc 12 x tién t6i ngay
cang gan 0 tir hai phia
(nhung khong bao gio xay
rax = 0)

Vi du (Gio6i han 2 bén)

. . x24+2x+3x+1
Tinh lim 5
x-1 x=-1
Buéce 1: Nhip cong thic
ham sO0 vao may tinh:
x2+2x+3x+1
x2-1
X o G X
1

»
|

x — 1 tirc 13 x tién t6i ngay
cang gan 1 tir hai phia
(nhung khong bao gio xay
rax =1)

Buwée 2: CALC céc gia tri x
x tién t6i 0 tir phia bén trai (tirc 1a
x nho hon 0 va tién téi ngay cang
gan 0, nhung khong bao gio bang
0), ki hiéux - 0~

x tién toi 0 tir phia bén phai (tac
1a x 16n hon 0 va tién toi ngay
cang gan 0, nhung khong bao gio
bang 0), ki hiéu x —» 0

Xy () R 0 e=x
x f(x) x f(x)
—-0.1 -1 0.1 1
—-0.01 -1 0.01 1
—0.0001 -1 0.0001 1
Du doan: llm H_ -1 Du doan: lim L] 1
x-0" X x—-0t X
Vay ta co llm Mg m N llm khong ton tai.
x—>0" X x—-0t X x—0

Budée 2: CALC céc gia tri x

x tién t6i 1 tr phia bén trai (tirc 1a | x tién t6i 1 tir phia bén phai (tic
x nho hon 1 va tién t&i ngdy cang | 12 x 16n hon 1 va tién toi ngay
gan 1, nhung khong bao gid bang | cang gan 1, nhung khong bao gio
1), ki hiux —» 1~ bang 1), ki hiéu x — 1*
X w— 1 R le—x
X f&) X f&)
0.9 —10.32513316 1.1 10.31321188
0.99 —103.2038676 1.01 103.1917726
0.9999 —10319.79414 1.0001 10319.78204
2420+ Nx+1 X242+ NxF1
> lim—————=-» = lim ———— =+
x—-1~ x4-1 x—-1t x=1
X242+ Nx+1 X242+ Nx+1
Viay tacéd lim 5 * lim 5
x-1" x4= x-1* x“-1
x2+2x+3x+1 \ .
= lim 5 khong ton tai.
x-1 x“-1
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Vi du (Giéi han tai +o0)

2-5x2

Tinh lim

X—+o00 X +3
Bude 1: Nhap cong thirc ham so vao
2—5x2

o -5
may tinh:
y x2+3

—00

x_);l—oo

x — 400 tirc 1a x tré nén rat rat 1on.

Vi du (Gi61i han tai +o0)

3
: . x°+1
Tinh lim =
x—+00 X*+1

Buwéc 1: Nhap cong thue ham so vao
x341
x2+1°

may tinh:

—00

X e +00

x — oo tirc 1a x trd nén rat rat 16n.

Vi du (Gi6i han tai —oo)

(x2-1)(1-2x)°

Tinh lim .
x’+x+3

X——00
Budic 1: Nhap cong thirc ham s6 vao
(x2-1)(1-2x)°

may tinh:
y x7+x+3

— 00 e X

L

x — —oo tirc la x tré nén rat rat am.

Vi du (Giéi han tai +o0)

Tinh lim
X—+00

3| 2x5+x3-1
(2x2-1)(x3+x)
Buére 1: Nhap cong thire ham sb vao

(o p. 3] 2x54x3-1
may tinh: /(sz_l)(x3+x).

x—)d—oo

»

—00

x — +oo tirc 1a x trd nén rat rat 1én.

Buée 2: CALC cac gia tri x

X

f)

x 10%2 (1 tram)

—4.99830051

% 10*3 (1 nghin)

—4.999983

X 10*4 (10 nghin)

—4.99999983

= lim

x>+ x2 +

Budée 2: CALC céc gia tri x

2—5x2_

3=

X fx)

X 10*2 (1 tram) | 99.99010099
x 10*3 (1 nghin) | 999.999001
%X 10%4 (10 nghin) | 9999.9999

ox3+1
= lim = 400

x—+oox2 + 1

Buée 2: CALC cac gia tri x

X

f)

— X 10*2 (-1 tram)

—32.8047593

— X 10*3 (=1 nghin)

—32.08004796

— X 10*4 (=10 nghin)

—32.00800048

— X 10*5 (=100 nghin)

—32.0008

= lim

(=11 —-2x)°

=-32

X—>—00

Buée 2: CALC céc gid tri x

x7+x+3

x f(x)
x 10%2 (1 tram) | 1.000000002
x 10*3 (1 nghin) 1
x 10%4 (10 nghin) 1

2x5 +x3 -1

= lim
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Vi du (Giéi han bén trai)

, . Vx2-7x+12
Tinh lim ————
A3 oxz

Budre 1: Nhip cong thirc ham sb vao may tinh:

X ey 3

[
»

x tién t6i 3 tir phia bén tréi (tirc 1a x nho hon 3 va tién téi ngay

Vx2-7x+12

9—x2

cang gan 3, nhung khong bao gid bang 3), ki hiéu x — 3~

Vi du (Giéi han bén trai)

Buwde 2: CALC cac gia tri x

X fx)
2.9 0.4317877696
2.99 0.4106267859
2.9999 0.4082721046
2.999999 0.4082485286
2.9999999 0.4082483143

. xZ-7x+12

= xligl_ﬁ' ~ 0.4082

, . Vx*+2x2—15
Tinh lim_—F———
x—\3 V3-x
Budée 1: Nhap cong thirc ham s6 vao may
Vx*+2x2-+/15

tinh: N

X3

»
»

x tién t&i /3 tir phia bén tréi (ttc 1a x nho
hon V3 va tién toi ngay cang gan V3,
nhung khong bao gio bang v/3), ki hiéu
x >3 .

Buée 2: CALC cac gia tri x

\ A x fG)
& Lwu y: khi nhdp cac a—01
giatrix —» a” matakhéng | 557
thé biét dugc so thap phan ;
o o T e e _ a—0.001
cuia a thi ta nhap nhu sau: |~ =" o

& Luu y: khi nhap céc
gid tri x - a® matakhong
thé biét dugc s6 thap phan
cua a thi ta nhép nhu sau:

x f(x)

V3 -0.1 —0.6008755829
V3 -0.01 —0.192003024
V3 -0.001 —0.06077983602

V3 -0.0001 —0.01922226935
V3 —0.00001 —6.078678466 x 1073
S i YRRV
x—V3 V3 —«x2

X

a+ 0.1

f&)

a+0.01

a+ 0.001

a + 0.0001

Vi du (Gioi han bén phai)

sinvx2-5

Tinh lim+ =
wsyEt V2x2-10

Buée 1: Nhip cong thirc ham s6 vao may
sinvx2-5

oo (may d€ & ché d6 radian)

tinh:

V5 €= X

x tién t6i /5 tir phia bén phai (ttc 14 x 16n
hon V/5 va tién toi ngay cang gan /5,
nhung khong bao gid bang v/5), ki hiéu
x>5.

Buwére 2: CALC cac gié tri x

x f(x)

V5 +40.1 0.6544421227
V5 4 0.01 0.7018363586
V5 +0.001 0.706579735

V5 +0.0001 0.7070540766
V5 +0.00001 0.7071015107
= lim M =~ 0.71
xovst V2x2 =10
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164. Cac dinh nghia gi®i han ham sé

Cac dinh nghia toan hoc
vé giéi han ham so

Gi61 han cua ham
sO tai mot diém
Gia s (a;b) 1a mot
khoang chtra di€m xq
va f(x) 1a mot ham so6
xac dinh trén tap hop

(a; )\ {xo}-
Gi6i han
httu han

Gié6i han
vO cuc

Gi6i han cua ham
sO tai vO cuc

Gi61i han tai +o0

Gia sir ham s6 f(x)
xac dinh trén
khoang (a; +).

Giébi han
httu han

Gidi han
vO cuc

Gi6i han tai —oco

Gia sir ham s6 f(x)
xac dinh trén
khoang (—oo; a).

Gié6i han
httu han

Gié6i han
vO cuc

lim f(x) =L néu véi moi diy sd (x,) trong tip hop

X—Xq .
(a; b)\{xo} malimx, = x,, ta déu cé lim f(x,) = L.

Ki hiéu : lim f(x) = L hoac f(x) — L khi x — x,,.
X—>Xq

lim f(x) = +oo néu véi moi diy sb (x,,) trong tip hop
X—Xq

(a; b)\{xo} ma lim x,, = x,, ta déu 6 lim f(x,,) = +oo.

Ki hiéu : lim f(x) = +o0 hoac f(x) - +oo khi x — x,.

X—>Xq

lim f(x) = —oo néu véi moi diy sb (x,,) trong tip hop
X—>Xq

(a; b)\{xo} ma lim x,, = x,, ta déu co lim f(x,,) = —oo.

Ki hiéu : lim f(x) = —oo hoac f(x) » —oo khi x — x,.
X—>Xq

liT f(x) = L néu véimoi diy s (x,,) trong khoang (a; +o0)
X—>+00

ma lim x,, = +oo, ta déu c6 lim £ (x,,) = L.

Ki hiéu : liT f(x) = L hodc f(x) - L khix — +oo.
X—>+00

liT f(x) = 400 néu v6i moi diy sé (x,,) trong khoang
X—>+00

(a; +00) ma lim x,, = +0o, ta déu c6 lim f (x,,) = +o.

Ki hiéu : liT f(x) = 4+ hoac f(x) - +oo khi x = +o0.
X—>+00

liT f(x) = —oo néu véi moi diy sé (x,,) trong khoang

X—>+00

(a; +0) ma lim x,, = +oo, ta déu ¢6 lim f(x,,) = —oo.

Ki hiéu : liT f(x) = —oo hoac f(x) » —oo khix = +00.
X—>+00

lim f(x) = Lnéuvéimoidiy s (x,,) trong khoang (—oo; a)
X——00

ma lim x,, = —oo, ta déu c6 lim £ (x,,) = L.

Kihiéu: lim f(x) = —oo hodc f(x) - —oo khi x = —oo.
X—>—00

lim f(x) = +oo néu véi moi diy sé (x,) trong khoang

X——00

(—00; @) ma lim x,, = —oo, ta déu c6 lim f (x,,) = +oo.

Kihiéu: lim f(x) = 4o hodc f(x) - —oo khi x = —oo.
X—>—00

lim f(x) = —oo néu véi moi diy s6 (x,) trong khoang
X——00
(—o0; @) malim x,, = —oo, ta déu c6 lim f (x,,) = —oo.

Kihiéu: lim f(x) = 400 hoac f(x) » —oo khi x - —oo.
X——00
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165. Tinh gi®i han cia ham sé bang dinh nghia

Dung dinh nghia, tim gii han ctia ham s6 lim f(x)
X—>Xo

Bugre 1: Thu bam may dy doan gidi han cua ham s6 (néu dé bai chua cho gidi han ciia ham s6). (Xem
phan bdm may dy doan gi6i han ham s6) )
Bude 2: Chiing minh bang dinh nghia (thong qua day so).

166. Chirng minh ham sé khéng tén tai giéi han

Chung minh ham s6 khong ton tai gi¢i han khi x — L (L ¢ day c6 thé 1a mot s, gidi han trai, phai, hodc
vO cung).
Buére 1: Chon ra hai diy sb (x,,) va () ((x,, va y,, phai thudc tap xac dinh ciia ham s6) cung tién t6i
L va (x,,), (¥,) khac nhau va khac L.

(Phai chon sao cho nl—l;TJrnoo flx,) # nl—l;Too fOmn)

Bwérc 2: Tinh lim f(x,) va lim f(y,). Tk dosuyra lim f(x,) # lim f(y,).
n-+o n-+o n—-+oo n-+o

167. Quy tac tim gi&i han hiru han
Pinh ly: Gia st lim f(x) = Lva lim g(x) = M (L,M € R). Khi do:
X—Xqo X—Xo

Gi6i han cta tong hiéu Jmlfo) gDl =Lt M
Gi6i han ciia tich JLim [f(x). g(0)] = L.M
Gi6i han nhan véi s Jim [cf ()] = cL (c 1d hing 56)
Gioi han cua thuong lim @ = £ (M #0)
x-oxog(x) M
Gi6i han tri tuyét dbi xlgr;lo If GOl = |L]|
Gidi han cta can bac ba xlg)?c’to V) =L
Gi6i han cita cin bac  Néu f(x) = 0,Vx € (a; b)\{xo}, trong d6 (a; b) 1a mot khodng ndo do chira x,
" hai ' thiL > 0va lim JFG) = VL.
¥ Nhin xét: Néu k 1a mot s6 nguyén duong va ¢ 1a mot hang s thi véi moi x, € R: lim (cxk) = cxk.

X—-Xg
Khi tinh gi6i han ham s6 tai 1 diém x, cu thé, d& dang nhit d6 1a thay x, vao cong thirc ham sb £ (x) dé nhan
ngay dugc két qua cta gidi han lim f(x) hodc lim f(x) hoac lim f(x).
xX—X x-xg X=X
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168. Quy tac tim gi&i han vé cuwc

& Chy y: dinh 1y va cac quy tic dudi day duoc ap dung cho moi truong hop x = xo, x = x§, x = xg,
X — +o0o, x - —oo. Tuy nhién, dé cho gon, ta chi phat biéu cho truong hop x — x,.

Quy tic 1 (Va cuwe X Vo cuc) Quy tic 2 (S6 khac 0 x Vo cue)
Néu lim f(x) = +oo va llm g(x) = £oo thi Néu lim f(x) = 4+ va llm gx)=L=0 thi
X—Xg X—=Xo
lim [f (x)g(x)] dugc cho trong bang sau : lim [f (x)g(x)] dugc cho trong bang sau :
X—Xg X=Xo
i) | i gies) | o BRG] Jim f(*) | Ducta L | Lim [f(x)g(x)]
+00 +o0 +00 +00 (+) +00
+o0 —0o0 —00 +o0 =) —0o
—0 400 —00 —00 (+) —00
—0 —o0 400 —00 (-) 400
Quy tac 3 (So khac 0)
Néu lim f(x) =L # 0, llm gx)=0vag(x)>0
X—Xq
hodc g(x) < 0, Vx € (a; b)\{xo} trong do (a; b) la Quy tic 4 (Tong ciia 2 vd curc)
mot khodng nao do chira x, thi lim [0 duoc cho lim f(x) | lim g(x) | lim[f(x) + g(x)]
x—x9 9(x) X—>Xg X—>Xg X—>Xg
trong bang sau: +oo +oo too
. . x
Dau ctia L | Dau cua g(x) | lim & —00 —00 —
x-x g(x) A 9hn o
+0oo —0 Chua thé biét ro!
(+) (+) +oo A
—00 +00 Chua the biét rd!
(+) (=) —o
=) (+) —o
=) (=) too

Nhu vy ta c6 4 quy tic nay dé tim gidi han cua ham s c6 gidi han 14 v6 cuc. Dau cua cac gidi han gibng
nhu dau cta céc phép toan sd hoc thong thudng (tirc 1a (d3m) x (dm) = (dwong); (4m) / (dwong) = am;...)

wx0=00 | o0+ 00=oo(chcooddu cing loai) (S6 khéc 0) X o0 = oo SOkélaCO:OO

Luwu y: Didu kién L # 0 & cac dang trén 1a rit quan trong dé co thé ap dung cac dinh ly.
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CAC DANG VO DINH

169. Giai thich cac dang vé dinh

Luu y: c6 thé thay x - x béi x = x§, x = x5, x > 400, x > —00,

. .., 0 o . A <8
Tai sao lai goi cac dang 0 X oo; 6;;;00—001a cac dang vo dinh?

7 dang v6 dinh
(00] —
ol NN R 1% 000 0°
o0 0 (2 v6 cuc cung loai)
Puoc hoc & chuong trinh co ban cip PTTH Pugc hoc & chuong trinh néng cao hoidc chuong trinh chuyén cdp PTTH
Dang Biéu thirc Pic diém nhan biét Khi tim gi¢i han c6 dang vo
0 (%) F(xg) =0 dinh, ta phai khir dang v6 dinh
o lim ﬁ X = Xy = (xo) —0 bang cac thyc hién céc phép bi§n
i B 9°%o ddi nhu: phan tich tir vi mu
® im £ x o xg o O thanh nhan tir dé lam xudt hign
o x-%0 g(x) gx) - thira s0 (x — xo), nhan luong
. li f(xy) =0 lién h~qp, dat baf@ cao nhat cia tir
000 xirarclo[f(x)g(x)] X =X = g(x) > va mau ra ngoai, thém bét, tich
f(x) > o thanh nhing gidi han quen thudce
© — oo lim [f(x) — g(x)] X = Xo = 9(x) > ... d& co thé st dung cac dinh ly
X=X . A C4 tac da biet.
’ (V6 cung ¢ day la cung loai) va cac quy tac ¢a bie

Truée tién, dé néi thé nao 1a vo dinh, ta can phai n6i thé nao 1a gioi han dang xac dinh.

Vidu: L - oo (L # 0) 1a dang xac dinh vi dé thdy & bat ky truong hop nao thi L. oo = oo (vo ciing
& day tiy thudc vao dau cta cac ham sd).
Con dang 0 - o v dinh, tirc 1a "khong xac dinh" vi ta khong thé xac dinh mot cach téng quat no
1a bao nhiéu. Vi du, tat ca cac ham dudi day déu co x tién toi 0.

fe) 1 g@) | f(x) g&) fG) [ g®) | fx)-g(x)
1 1
Cong thirc | x? — 1 Cong thuc | x3 — x
x? x?
Gidi han 0 +o0 1 Gi6i han 0 +co 0
f&) | 9&) | f()-9(x) Dé thdy & ca ba truong hop déu c6 dang 0 x (+o0)
Céng thirc | 2 1 1 thé nhung lai cho céc giéi han khac nhau hoan toan
x* x2 1a 0;1; +00. Vay 0 X (+o0) la dang v6 dinh. Cac
Gidi han 0 +0o0 +o0 dang vo6 dinh khac hoc sinh c6 thé tu lay vi du.

Lam sao dé tinh gioi han cua cdc dang vo dinh?

Ta thuc hién bién ddi cong thirc ham s6 dé dua biéu thire géc vé& mot biéu thire khong con dang
v0 dinh. Tuy thudc vao ki€u biéu thirc ma ta lya chon cac kiéu bien doi biéu thire phu hop.
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170. Ky thuat tim gié#i han khi gap dang vé dinh

& Luu y: trong bang bén dudi oo 1a —oo hoic +oo.

Tén ky thuat

Duing khi nao?

Rut ra x™

Dung khi x — oo, khi khong phai nhan lién hop.

Chia ca tir va mau
cho x™H

Dung khi x — oo, khi khong phai nhan lién hop.

Rut ra s6*

Hs ty tim hiéu thém

Chia ca tir va mau

Hs tu tim hiéu thém

cho s6*
Nhan lién hop Dung khi x — oo hodc x — x; (tir 1 hodc ca 2 phia)
bac 2 «Khix — oo

Goi P(x) va Q(x) 1a cac da thic bién x va Ax™ va Bx* lan luot s6 hang c6 bac 16n
nhat cua P(x) va Q(x).
Néu nhan tir & tir s6 hodc mau s cua diy s ¢6 1 trong cac dang:

ay/P(x) £ b/Q(x) (1)
hoac
P(x) £ by/Q(x) (2)
hoac
ayP(x) £ Q(x) (3)

V6i (1) néu avAx™ + bvVBx* = 0 thi nhan lién hop bac 2.
V6i (2) néu Ax™ + bvVBx* = 0 thi nhan lién hop bac 2.
V6i (3) néu avAx™ + Bx¥ = 0 thi nhan lién hop béc 2.
Nhirng phan nhan tir trén néu khong phai nhan lién hop béc 2 thi chi don gian 1a rut ra
x™a,
Biéu thirc lién hop ctia va — Vb 1a Va + Vb. Khi nhan lién hop thi ta phai nhan cé tir
va mau voi biéu thic lién hop.
b
Va—vb=—2"2_
Va ++b

& Can than khi dua va hoic rut ra x™ tir biéu thirc c6 dang /... khi x - —oo.
» Khi x = x, (tr 1 hodc ca 2 phia)
Néu gi6i han can tim ¢6 dang lim ——— PG va lim P(x) = llm Q(x) =0.
X=X, Q( ) XX,
Néu P(x) hay Q(x) co chira bién s6 duéi dau can bac 2 (khong 6 can béc 3) thi co thé
nhan tr va mau véi bicu thirc lién hop trude khi phan tich ching thanh tich dé gian uéc.
Cu thé, ta bién d6i nhu sau:

lim © ()

im
x-x0 Q ()

) AR
x-xo (X — xg) * B(x)

A(x)
B xg;clo B(x)

va tinh lim ﬂ
x—x0 B(x)"
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Nhan lién hop
bac 3

Dung khi x — oo hodc x — x; (tir | hodc ca 2 phia)
* Khix - o0

Goi P(x) va Q(x) 1a cac da thic bién x va Ax™ va Bx* 1an luot s6 hang co6 bac
16n nhat cta P(x) va Q(x).
Néu nhan tir & tir s6 hodc mau s6 cua diy s co 1 trong cac dang:

ai/P(x) £ bQ(x) (1)
hoac
P(x) £ bYQ(x) (2)
hoac
ai/P(x) £ Q(x) (3)

V6i (1) néu a¥VAx™ + bYBx* = 0 thi nhan lién hop bac 3.

V6i (2) néu Ax™ + bVBx¥ = 0 thi nhan lién hop bac 3.

V6i (3) néu a¥/Ax™ + Bx* = 0 thi nhan lién hop béc 3.

Nhitng phan nhén tir trén néu khong phai nhan lién hop bac 3 thi chi don gian la
rat ra x™8

Mét s6 biéu thirc lién hop bac 3

—-b a+b
Va - b = —— ; Va+ib=
VYaZ + Vab + Vb2 VYa? — /ab + b2
a—b3 a+b3
Va—b= 5 ; Va+b= >
(Ya)" +3a b+ b2 (Ya)" —3a b+ b2
a®—b al+b
a—3b= 5 a+ b=

a? +a- Vb + (VB) a2 —a- Vb + (VB)*

» Khi x = x, (tr 1 hodc ca 2 phia)

Néu gi6i han can tim ¢6 dang lim (x; va llm P(x) = llm Q(x)=0.
x—>x0

Néu P(x) hay Q(x) co6 chua bién s6 dudi dau cin bac 3 (khong ¢6 can bac 2) thi
c6 thé nhan tir va mau vé6i biéu thire lién hop trude khi phén tich ching thanh tich

dé gian uéc.

Cu thé, ta bién d6i nhu sau:
lim Pe) = lim w = lim A0 va tinh lim ﬁ
x-x9 Q(x)  x-x0 (x —xg) - B(x)  x-x9B(x) x-x0 B(x)
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Thém bét dé tach
nhan lién hop bac
2va3

Dung khi x — oo hodc x — x; (tir | hodc ca 2 phia)
Nhirng dang chira ca can béc hai va can béc ba ta c6 thé phai thém b6t vao mot s6 hang
nao do, roi tach riéng thanh cac nhdém dé nhan lién hgp cho tirng nhom. Moi nhom khi
d6 chi chira can bac hai hodc chi chira can bac ba.
» Khix — o0
Goi P(x) va Q(x) 1a cac da thirc bién x va Ax™ va Bx* 1an luot sé hang co6 bac
16n nhat cua P(x) va Q(x).
Néu biéu thirc c6 dang
ai/P(x) + by/Q(x) va a¥/Ax™ + bVBxk = 0
Thi ta thém b6t s6 hang 3/a,,n™ va tach ra dé nhén lién hop cin béac hai va can
bac ba. Noi cach khac:

(ai/P(x) - ai/Axm> - (b Bxk —b Q(x))
Lién hgp bac 3 Lién hop bac 2
» Khi x = x, (tr 1 phia hodc tir 2 phia)

Néu biéu thirc c6 dang phan thic % va tir hodc méu s ¢6 dang ai/P(x) +

by/Q(x) va khi x = x, xay ra dang v6 dinh 0/0 thi ta tach nhu sau:

(ai/P(x) — ai/P(xo)> — (bJQ(xo) — bJQ(x))

Lién hgp bac 3 Lién hop bac 2

Sau khi nhan lién hop xong ta bién d6i nhu sau:
iim ) i (xr—x0) AX) _ im A&)
x-xo V(X))  x-ox0 (X —xg) - B(x)  x-x0 B(X)

Str dung dinh ly
kep

Hs ty tim hiéu thém

Quy tic 1'Hospital

Hs tu tim hiéu thém
Chi sir dung khi da hoc xong dao ham

Mot sé dang
dac biét

. sinx
lim——=1
x>0 X

er—-1
lim
x—0 X

=1

X

lim (1 + —) =e
x—+o X
(Vi e 1a mot hang s6 c6 gia tri e = 2,718281828)
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GIOI HAN MOT BEN

171. Binh nghia gi&i han hiru han va vé han

Gi6i han hiru han

Gia st ham sé f(x) xac dinh trén
khoang (xo;a) (xo € R). Ham s
f(x) c6 gi6i han bén phai 1a s6 thuc
L khi x dan dén x, (hoic tai diém x,)
néu v6i moi day s6 (x,,) trong khoang
(xp;a) 1a lim X, = X, ta déu co

Gia st ham sd f(x) xac dinh trén
khoang (a; x) (xo € R). Ham s6 f
c6 gi6i han bén trai 1a sb thuc L khi
x dan dén x, (hodc tai diém x,) néu
v6i moi ddy so (xp) trong khoang
(a;xp) 1a llm X, = X, ta déu co

lim f(xn) — L lim f(xn) — L
n—-+oo n—+oo
Ki hiéu lim f(x) = L hoac Ki hiéu lim f(x) = L hoac
X—Xg X—=Xo

f(x) = Lkhix - xg.

f(x) » Lkhix - xg.

Gidi han vo cuc

Céc dinh nghia:
lim f(x) =+

llm flx)=—-

x-xd

lim f(x) =+

x—>0

lim f(x) =

X—=Xg
dugc dinh  nghia
tuong tu gidi han hitu
han.

Cac dinh 1y vé gioi han hitu han d4 hoc ¢ cac bai trudc van ding khi thay x — xo boi x — x§ hodc x — xg.
Nhan xét: lim f(x) =L & llm fx) = llm fx)=1L

X—Xo

Dé hiéu vé gidi han hai phia, ta can hiéu vé cach x tién t6i gia tri xo nhu thé nao. Hay xét cac vi du sau.

2
, . xZ+1
Tinh llm
x-2%F X=2

x = 27 the 1a x tién toi 2 tir phia bén phai, tirc la
x 16n hon 2 va ngay cang tién toi gan s 2.

Tinh llm

- x-2
x - 2 tuc 1a x tién t6i 2 tir phia bén trai, tirc 1a x
nhd hon 2 va ngay cang tién téi gan so 2.

x2+1

X f&) x fx)

2.1 54.1 1.9 —46.1
2.01 504.1 1.99 —496.01
2.001 5004.01 1.999 —4996.001

Tir bang dé thay llm

x—-2+ x=2

= +o00,
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172. Biéu kién ham sé c6 gi@i han

Ham sé y = f(x) c6 gidi han tai x = xy & lim f(x) = lim, f(x)
X—2Xq x—>x(']"

Bai toan va phwong phap gidi : Tim diéu kién tham s dé f(x) c6 gi6i han tai x = x,

Buéce 1: Tinh lim f(x) va lim f(x).
x-xg xX—Xg
Buwdéce 2: Ham s0 ¢6 gidi han tai xy khi lim f(x) = lim f(x)
x—»xg' X—Xq

& Giai phuong trinh dé tim ra tham s6
Luwu y: s€ c6 it nhat mot trong hai gioi han trén con phu thugc vao tham so6 m khi tinh ¢ budc 1.
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HAM SO LIEN TUC TAI MOT BIEM

173. Pinh nghia

Pinh nghia

Gia sir ham sb f(x) xéac dinh trén khoang (a; b) va x, € (a; b).
Ham s f lién tuc tai diém xy © lim f(x) = f(xy) © lim f(x) = lim f(x) = f(xo)
X—>Xq x—>x(']* X—Xg

Thuong dung khi cong thirc Thuong dung khi cong thirc 2
hai bén gan x, giong nhau bén gin x, khéc nhau

Ham s0 khong lién tuc tai dieém x, goi la gian doan tai diém x,,.

& Chiy:
» Néu xo ¢ D, v6i D 1a tap xéc dinh ctia ham s6 thi ta khong ddt van dé xét tinh lién tuc (hodc gian doan) cia
ham so da cho tai di€m x.

* Tinh lién tuc ctia ham so cip

Ham sé da thie y = P(x), cac ham sb lugng giac y = sinx, y = cosx lién tuc trén R.

Ham s6 phan thuc y = %, ham sé can thitc y = /P (x), cac ham sb lugng gidc y = tanx, y = cotx lién
tuc trén cac khoang cta tap xac dinh cua ching.

Trong d6 P(x) va Q(x) la cac da thuc.

Ham sé thudc nhitng loai trén dugc goi chung 1a ham s6 so cap.

» Tong, hiéu, tich, thwong ctia cic ham s lién tuc

Cho hai ham s6 y = f(x) va y = g(x) lién tuc tai diém x,. Khi dé:

Cichamsby = f(x) + g(x), y = f(x) — g(x) vay = f(x) - g(x) lién tuc tai x,.

fx)

lién tuc tai x néu g(x,) # 0.
@) UC a1 X g(xo)

Hamsdy =
174. Xét tinh lién tuc cta ham sé tai mot diém

Bai toan va phwong phap giai : Xét tinh lién tuc ciia ham s6 y = f(x) tai x = x,

Bwére 1: Tinh f(xg)

— Néu f(x,) 1a mot s6 cu thé (co thé van con phu thudc tham sb) thi chuyén qua lam budc 2.

— Néu f(x,) khong phai mot s6 cu thé hodc f(x) khong xac dinh tai x = x thi két luan ham s6 khong
lién tuc tai x,.

Budre 2: Tinh ngyo f(x0) (c6 thé phai tinh xl_ig% f(x) va xlir% f(x) néu cong thirc & 2 bén x, khac nhau)

—Néu lim f(x,) khong ton tai thi két luan ham sé khong lién tyc tai x,.
X—>Xq

- Néu khi méi tinh duge mét gidi han mot bén ma thdy khac f(x,) thi ngimg tinh giéi han bén con lai
va két ludn ludén ham so khong lién tuc tai x.
— Néu ton tai Lim £ (x) 1a mot sO cu thé thi 1am tiép bude 3.
—Xo
Bwére 3: So sanh f(x,) va lim f(x)
X—=Xo
— Néu f(xp) = Lim f(x) thi két luan ham s6 lién tuc tai x,.
—Xo

— Néu f(xo) # lim f(x) thi két luan ham s khong lién tuc tai x,.
X—Xq
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175. Tim diéu kién cta tham sé dé ham sé lién tuc tai mét diém

Bai toan va phwong phap giii : Tim diéu Kién ctia tham s6 dé ham s6 y = f(x) lién tuc tai x = x,

Buwéc 1: Tinh f(xp).
Buwérc 2: Tinh lim f(x) (hodc lim f(x) va lim f(x))
xX—Xg x-xg X=X

Budére 3: Ham s6 lién tuc tai x, khi: f(xo) = lim f(x). (Hodc f(xy) = lim f(x) = xlirxn_ f(x))
X—Xq xX—Xxg —Xo

(Giai phuong trinh hogc hé phuong trinh dé tim ra cac tham sd)
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HAM SO LIEN TUC TREN KHOANG, BOAN

176. Cac dinh nghia

Doan: [a; b]

Luwu y vé mat ki hiéu

Khoang: (a; b), (a; +0); (—o0; a)

Nura khoang: [a; b), [a; +0); (—0; a]; (a; b]

Lién tuc trén khodng

Lién tuc trén doan

Gia str ham s f(x) xéac dinh trén tap hop J (J la
mot khodng hoac horp nhiéu khoang). Ham sb
£(x) lién tyc trén J néu no lién tuc tai moi diém
thudc tap hop do.

Gia str ham sb f(x) xac dinh trén doan [a; b]. Ham s
f(x) lién tuc trén doan [a; b] néu f lién tuc trén khoang

(a;b) va lim f(x) = f(a), lim f(x) = f(b).

Lién tuc trén nira khoang

Gia sir ham s6 f(x) xac dinh trén nira khoang (a; b].
Ham s6 f(x) lién tuc trén nira khoang (a; b] néu f (x)
lién tuc trén khoang (a; b) va lirgl_ f(x) = f(b).

X

Gia st ham s6 f (x) xac dinh trén ntra khoang [a; b).
Ham sb f(x) lién tuc trén nira khoang [a; b) néu
f(x) lién tuc trén khoang (a;b) va
lim, f(x) = f(@).

Gia sir ham s6 f(x) xac dinh trén nira khoang
[a; +00). Ham s0 f(x) lién tuc trén nira khoang
[a; +00) néu f(x) lién tyc trén khoang (a; +0) va

lim, f(x) = f(@).

Gia sir ham s6 f(x) xac dinh trén nira khoang
(—o0; b]. Ham sé f(x) lién tuc trén naa khoang
(—o0; b] néu f(x) lién tuc trén khoang (—oo; b) va
lim f(0) = Fb).

0]96 thi ctia ham s6 lién tuc trén mot doan, khoang, nira khoang 1a mét duong lién nét.
Nhén xét : Téng, higu, tich, thuong cta hai ham s6 lién tuc tai mot diém la nhiing ham s6 lién tuc tai
diém do (trong trudng hop thuong, gia tri ctia mau tai diém d6 khac 0).

Ham da thirc va ham phan thirc hitu ti (thwong cua hai da thirc) lién tuc trén tap xac dinh cua ching.

177. Binh ly gia tri trung gian

Pinh 1y vé gia tri trung gian ciia ham s6 lién tuc

Gia sir ham s6 f lién tyc trén doan [a; b]. Néu f(a) # f(b) thi v6i mdi sb thuc M nam giira £ (a) va f(b),

t6n tai it nhat mot diém ¢ € (a; b) sao cho f(c) = M

29 Néu ham so f lién tuc trén

H¢ qua:
Néu ham so f lién tuc trén doan

doan [a; b] va M 1a mot s6 thue
nam gitra f (a) va f (b) thi duong

A
f(b)

[a; b] va f(a)f (b) < O thi ton tai it nhét

thang y = M cit d6 thi cia ham
sd y = f(x) it nhét tai mot diém

/
A1 @

mot diém ¢ € (a; b) sao cho f(c) = 0.
Néu ham s f lién tuc trén doan

Qe
W)

c6 hoanh d6 c € (a; b).

[a; bl va f(a)f(b) < 0 thi phuong trinh
f(x) =0 co it nhat mot nghi€ém nam
trong khoang (a; b).
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178. ng dung tinh lién tuc dé chirng minh sw c6 nghiém

Né}l ham sé f lién tyc trén doan [a; b] va f(a)f(b) < 0 thi dd thi ctia ham s6 y = f(x) cit truc hoanh it
nhat tai mot diém c6 hoanh d6 ¢ € (a; b).

Bai toan va phwong phap gidi : Chimg minh phwong trinh ¢6 it nhit mgt nghiém (hoic phuwong
trinh c6 nghiém) thudc doan [a; b]

Budrc 1: Ching minh tinh lién tuc ciia ham s trén [a; b] (1).
Budre 2: Tinh f(a); tinh f(b) tir d6 suy ra fla)-f(b) <0 (2).
Tu (1), (2) suy ra ham so c6 it nhat mot nghiém thudc khoang (a; b).

Bai toan va phwong phap gidi : Chirng minh phwong trinh c6 it nhat mdt nghiém (hoic c6 nghiém)
(khdong cho truwéc doan [a; b))

AY
AY

Bude 1: Thir tim mot nghiém ciia phuwong trinh (bang may tinh). % o bube
Budrce 2: Lya chon doan [a; b] sao cho nghiém tim dugc thudc vao [a; b] l: niyheliim

va f(a), f(b) trai dau; va ham s lién tyc trén moi doan [a; b] duoc chon. /

Budec 3: Trinh bay gidng nhu dang toan da biét doan [a; b] cho trude.

Mot s6 nhan xét
Néu bai yéu cau chirmg minh phuong trinh c6 it nhét n nghiém thi phai chon duoc n doan (sao cho cac khoang
tuong tng la riéng biét, hay khong giao nhau) d¢ ap dung dinh Ii.
Dinh li dugc ap dung cho doan, nhung khi két luan thi phai két luan ¢ it nhdat mot nghiém thuée vao khodng.
Mot phuong trinh da thirc bac n c6 t6i da n nghiém. Tirc la:
Phuong trinh ax® + bx? + cx + d = 0 c6 tdi da 3 nghiém.
Phuong trinh ax* 4+ bx3 + cx? 4+ dx + e = 0 c6 toi da 4 nghiém.
Phuong trinh da thic bac 1¢ ludn ludn ¢6 it nhat 1 nghiém.
Bai toan ching minh phuong trinh luén c6 nghiém Vm ta thuong lua chon gia tri xy nhu sau:
Gia stir phuong trinh ¢6 dang: f(x,m) = 0.
Phuong trinh ¢6 thé thu dugc vé dang:
mtX A, (x)+m* I xA,_1(x)+ -+ mxA;(x) +A45(x) =0
(da thirc bac n theo bién m)
Trong d6: A;(x) 1a cic cong thirc chi phu thudc vao x.
Khi d6 cac gia tri x, thuong dugc chon sao cho:
A (x) = A,_1(x) = -+ = A;(x) = 0 (cac hé sb gin v6i m déu bang 0)
Hoic néu phuong trinh c6 dang dic biét: m?™A(x) + B(x) = 0 (Trong d6: A(x), B(x) 1a cac cong thic chi
phu thudc vao x.
Ta thuong chon x, sao cho A(x) = 0 hoac B(x) = 0 hoac {g 83 z 8 hodc {ggg i 8
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Cho ham s6 f(x) = ax? + bx + ¢ (c # 0) va Ma + Nb + Lc = 0.
Chirng minh phuong trinh f(x) = 0 luén c6 nghiém ta lam nhu sau:
fO)=c
Ta di tim x, 1a gia tri thoa man f(xy) = K;(Ma + Nb + Lc) + K,c = K¢
(trong d6 K; va K, 14 2 sb chua biét)
Tacod f(xy) = axt + bxy + ¢ = K;(Ma + Nb + Lc) + K,c
(déng nhat hé sb cua a, b, ¢ & 2 vé ta duoc)

2

*o = KM XB=KM_ __M
= xO:KlN :>x:KN=>XO—N

1=KL+K, 0o

Thuong thi 2 gid tri xg = 0 va xy = % s& chinh 1a 2 gi tri thoa man dinh 1y ton tai nghiém.
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DAO HAM

179. Pinh nghia

Cho ham s6 y = f(x) xac dinh trén khoang (a; b) va diém x, € (a; b).

Gi6i han hitu han (néu c6) ctia ty so f(x;—i(xo) Khi
]

x = xo dugc goi 1a dao ham cia ham s6 da cho tai

dieém x.

Ki hiéu: f'(x) hodc y'(xg)

X — X

f'(x0) = lim

X—Xg

Mot so nhin xét

Néu dit Ax = x — xg va
Ay = f(x) — f(xo)
= f(xo + Ax) — f(x0)

thitaco:

f(xg+Ax) = f(xo)
Ax B

S6 Ax = x — xo duoc goi 1a s6 gia clia bién s tai

diém x,.

S6 Ay = f(xo + Ax) — f(x,) duoc goi la sb gia ciia

ham s ung v6i sb gia Ax tai diém x,.

5 Ay
A0 Ax

f'(xo) = lim

Néu ham sé y = f(x) c6 dao ham tai diém x, thi ham s6 lién tyc tai diém x,.
Néu ham sé y = f(x) khong lién tyc tai diém x, thi ham s6 khong c6 dao ham tai diém x,.
Néu ham sé y = f(x) lién tuc tai diém x, thi ham sb chua chéc c6 dao ham tai diém x,.

Bam may tinh tim dao ham cua ham s6 tai 1 diém x; cu thé

d .
Cu phap: o (Cong thirc ham s6)| x=x,

x)— f(x x)—f(x .
o P i) g, FODZED s
xX-xg X — Xo x-xd X — Xg
f(x) c6 dao ham tai x = x,
o 1im L) S0 _ ot o hivu han
X—Xg X — Xg
_f(x) : 7
lim ——= = MGt s0 cu thé
x-x0 g(x) ; Y = f(xg) =0

glxg) =0
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180.Sé e

Nguoi ta chimg minh dugc rang:

Jim (1+3)" =

Gidi han trén 1a mot s6 vo ty duoc goilasd e, ticlae = lim

X—+00

2,718281828 ...

(1 + l)x ~ 2,718281828 ...

Bai todn: Mot nguoi gui vao ngan hang sO tién von ban dau A voi 13i sudt 1a r /nam Tinh sé tién ca von 1an 13
ma ngudi d6 nhan duoc néu phuong thirc tinh 13i 13 13i kép va ky han tinh 13i rat rat bé (goi 1a 1ai kép lién tuc).

Gia st 1 ndm dugc chia thanh n ky han = D§ dai cia mét ky han 1;‘1 - va 1ai sut ciia moi ky han lal -

Tai mot thoi diém ¢ tily ¥ thi s6 ky han da trai qua 1a 1/% =nt

, L , L nt
Cong thic 13i kép dé tinh s6 tidn ca gbe va 1i 1a: T(¢) = A (1 + g)
Lai kép dugc tinh lién tuc nén n sé trd nén rat rat 16n dé mdi ky han tré nén rat rat ngan.

Khi d6 ta can bién d6i dé van dung dugc cong thic: e = llm

Ta co: T(t) = A (1 + %)nt

xX—+co
Xt

n

(1 +%>

1 nt
:A(1+?) =4

(1+3)

Khi n — 400 thi viéc tinh 14i tré nén lién tuc (ky han ngén dan va d6 dai ky han — 0) thi:
n

T

1
1+

lim
n—-+oo
r

T do suy ra: T(t) = Ae™
(Vi T(t) 1a so tién ca goc va lai tai thoi diém ¢t (¢t tinh bang nam), A 13 s6 tién von ban dau,

e ~ 2,718281828 ...

Su khac biét giira 1ai kép va l1ai kép lién tuc

=e

(e ¢6 thé 1ay trong may tinh), 7 13 13i sudt ciia 1 nim)

Lai kép

Lai kép lién tuc

bo dai ky han 1a 1 con s6 hiru han va cu
thé.

Do dai ky han rat rit bé ~ 0 (chinh vi thé ma

Do dai ky h A trinh tinh 131 x4 lién tuc t t
0 dai ky han Vidu: ky han 1a 1 ndm hodc 3 thang hoac quaqrm ;110 al xay ra fien e trong ung
y khoanh khac)
1 thang.
Cong thire tinh
tong tién von va T, =A1+r)" T(t) = Ae™
lai

Y nghia thong sé

T,,: 14 téng sd tién von va 13i nhan duoc
sau n ky han.

n: 1a s6 ky han (n 1a mot s6 nguyén
duong)

A: s6 tién von ban dau.

r: 14i sudt 1 nam

T(t): la tong S(f) ti€::n von va lai nhén dugc tai
thoi diém t. (Bat dau giri tién tir thoi diém t =
0).

t: thoi diém tinh tién (t > 0 tiy ¥ va co don
vi 1a nam)

A: sb tién von ban dau.

r: 131 sudt 1 nam
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181. Bang dao ham

Trong cac cong thuc sau u, v, w 1a ham so6 cua x. Céac chir khac dai dién cho cac so thich hop. Tat ca cac goc
cua ham so Iugng giac déu do bang radian. Cac bicu thirc déu thda di€u kién xac dinh. n € R.

Ham co ban

Ham hop Ham co ban Ham hop
©'=0 (sinx)' = cosx (sinu) =u'cosu
(x) = (cosx)' = —sinx (cosu)' = —u'sinu
1 !
(x™) =nx™ 1 u™) = nu™ '’ (tanx)' = —; (tanu)' = —
cos? x cos?u
V) =5 (V) = R '
x) = u) = = — = —
2vx 2\u Co2) sin2 x (EetE) sin? u
1\ 1 ' u’ u’
- = —— = — 1 = — 1 = —
(x) x? ) u? (Inx) X Qg u
ul
a®) =a*lna a¥) =u'a*Ilna 1 "= 1 I =
(a®) (a*) (logg x) “Tna (log, w) Iha
(e*) =e* (e") =u'e*
M6t vai cong thire khac
X
(IxD)' =— (arcsin(x))’ = (sinhx)’ = coshx
|x| — x2
1y _ -n (arccos(x))' = _ (coshx)" = sinh
(x_") = i S coshx)’ = sinhx
/ 1
n — r_ r__ 2
(Vx) = AT (arctan(x))' = 11 (tanhx)' = sech” x
(sin®x)’ = nsin® ! x cosx (arccotx)’ = — (cothx)’ = —csch? x
1+ x?
1
cos™x)' = —ncos™ ! x sinx (arcsecx)’ = sechx)’ = —sechx tanhx
( ) AVAZ 1 ( )
1 -1
tan™ x)’ = ntan®"1 (arccscx) = ——— cschx)’ = —cschx cothx
(tan™ x)' = ntan xcoszx XVaZ—1 ( )
1 1
t" %) = —ncot™ 1 u™v™) =y ™ 1 (nu'v + muv’ arcsinhx)’ = ——
(cot™x) neot" tx e ( ) ( )| ) N
I_Sinx_ [AYA. v=1,,/ V1 hx) = 1
(secx)' = ——=secxtanx W) =vu'" i +Inu.uv (arccosh x)
cos? x Y2 — 1
,  —COSX u un-1 , . )
(cscx)' = B e cotx —m| = pme (nu'v — muv') (arctanhx)’ = T2
X ! C ! 1
<f f(t)dt) = f(x) <f f(t)dt) =—f(x) (arccothx)' = P
c X _

g !
( f h(t)dt) = h(g(0)) X gL

C

Trang 176



182. Quy tac tinh
Téng, Hiéu Tich 2 biéu thirc Nhan v6i hing s6 Thuong

(uzxv)=u"+v' (uwv) =u'v+uv (kuw) =k-u' (_

Mot sé quy tac khac

Tich 3 biéu thirc (uvw)’ = u'vw + uv'w + uvw’
Dao ham ham hop y=f =y = fulw-uy

Pao Ham Cap Hai ") =[]

Pao ham cip cao f@x) = [f-D (x)]’, (neN,n=>2)

Mot so quy tac lién quan dén dao ham cap cao

Pao ham cap 2 cua tich (wv)’ =u"v+2u'v' +uv”

Pao ham cip 3 cua tich (wv)" =u"v+3u"v +3uv" +uv'

Pao ham cap n cua tong hiéu (w+v)® =y 4+ ™

Pao ham cap n khi nhan véi hang sb (k)™ =k -u™

Dao ham cp n cua tich (uv)® = uMy 4 =Dy’ 4 Mu("‘Z)v” + o+ uvr®

183. Cong thirc tinh nhanh

ax+b , ad — bc
= = =
Y= e +d y (cx + d)?
ar by| , G G by ¢
alxz +b1x+C1 , a, bz x +2|a2 C2|x+ bz Col W em n .
y = > y' = > > ("Che nguoc, ¢ gilra nhan d6i")
a,x*+ byx +c, (ayx? + byx + ¢y)

184. Y nghia co hoc

v: van toc, a: gia tdc, s: vi tri cua vat
v(t) =s'(t)
a(t) =v'(t)
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185. Hé sé géc dwong thang

Ya Goc hop boi duong thang va
huéng duong cuia truc Ox

HE s0 goc =tana =k

Dang1: (d)y = kx+b k 12 hé sb goc ciia duong thing

b 1a mét s6 thuoc R (khix = 0thiy =b = b la
tung do giao di€m ctia duong thang vaéi truc 0y)

Dang 2: (d) y = k(x — xo) + ¥o M(xo; yo) 1a mot diém tiy y thudc duong thing
Luu y:
» Néu duong thing d di qua 2 diém A va B thi hé sé goc k dugc tinh theo cong thic: k = %
B~™1A

= Tan(goc nhon) > 0; Tan(goc tu) < 0

* Néu biét hé s goc cua duong thang d 1a k thi dé tim goc hop boi duong thang va hudng duong ciia truc
Ox ta tinh: tan~1(k) (hodc arctan(k))

186. Hé sé g6c dwerng thang song song, vudng goc, tao goc
Cho hai duong thang Ay:y = kyx + by(ky # 0) vady:y = kyx + by(k, # 0)

ame Ty

'AllA2®k1Xk2=—1)(

» Goi 04 la goc dé xac dinh he so goc cua 44, 8, 1a goc dé xac dinh hé so géc cua 4,,
4,

6, = arctan(k,)
A, tao voi 4, mot goc 6 thi< 8, = arctan(k,)
|61 — 6,1 =6

.*%0
4, &

hudng duong cﬁ:0x

arctan(k,) + arctan(k;) = _ arctan(k,) + arctan(k,) =@
d= > hodc 8,; = > + >
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187. Phworng trinh tiép tuyén

, ; . By
Y nghia hinh hgc ciia dao ham: Dao ham ctia ham s6 y = f(x) tai

diém x, 13 hé s goc ciia tiép tuyén ciia do thi ham sé y = f(x) tai
tiép diém M (xo i f (xo)).

Phwong trinh tiép tuyén ciia d6 thi ham s6 y = f(x) tai tiép diém

M(xo if(xo))i

, Tiép diém
M (x0; o)
4

0

S >x

y = f'(x0)(x — x0) + f(x0)

Hé sb goc k = tana = f'(x,)

Bai toan va phwong phép giai : Viét phwong trinh tiép tuyén biét hoanh d¢ (hoic toa dd) tiép diém

Viét phuong trinh tiép tuyén cua do thi ham s0 y = f (x) biét hoanh d¢
tiép diém 1a x = x( (n€u thiéu tung d6 tiép diém thi tinh y, = f(xy))
— Phuong trinh tiép tuyén cua d6 thi ham sb tai diém (x0; £ (x0)) 1a:

y = f'(xo)(x — x0) + ¥o

Bai toan va phwong phap gidi : Viét phwong trinh tiép tuyén biét tung d¢ tiép diém

Viét phuong trinh tiép tuyén cuia do thi ham sé y = f(x) tai diém co
tung do bang so b.
— Goi M(xg; yo) 1a tiép diém.
—Tacoy, =b.
—Théy = b vao phuong trinh y = f(x) tir d6 tim duoc x,.
— Tinh f'(x), tir d6 tinh dugc ' (x).
— Phuong trinh tiép tuyén cta (C) tai diém M la:
) YTf’(xo‘)(x_xo)'Fb ) )
(Két qua co the la nhiéu phwong trinh tiep tuyén)

Cac tiép tuyén c6 tung
do tiep diém bang b

Bai toan va phwong phap giéi : Viét phwong trinh tiép tuyén biét hé sé goc ciia tiép tuyén

Viét phuong trinh tiép tuyén ctia d6 thi ham s6 y = f(x) biét hé s6 goc cua tiép tuyén bang k.

— Goi M (xy; yo) 14 tiép diém.

— Hé s6 goc tiép tuyén bang k nén f'(x,) = k. Giai phuong trinh nay ta tim duoc x,.

— Thé x, vao phuong trinh y = f(x) tim duoc y,.
— Phuong trinh tiép tuyén cua (C) tai diém M 1a: y = k(x — x,) + o

(Két qua c6 thé la nhiéu phwong trinh tiép tuyén)
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Bai toan va phuong phap gidi : Viét phwong trinh tiép tuyén song song véi dwong thang cho truée

Viét phuong trinh tiép tl}yén ctia d6 thi ham s6 y = f(x) biét tiép tuyén
song song voi duong thang d: y = ax + b.
— Goi M(xg; yo) la tiép diém.
— Tiép tuyén song song v6i duong thing d:y = ax + b

= f'(xg) = a. Giai phuong trinh tim ra x,.
— Thé x, vao phuong trinh y = £(x) tim dugc v,.
— Phuong trinh tiép tuyén cua (C) tai diém M la:

, y=ak—x)ty

(Két qua co thé la nhiéu phwong trinh tiep tuyén)

Chii y: Nho lgiém tra tinh song song cua tiép tuyén, tiép tuyén nhan duoc
phai c6 hé so tu do khac vai b.

&)

gz
A
)
Céc tiép tuyén

song song voi
y=ax+b

Bai toan va phwong phap giai : Viét phwong trinh tiép tuyén vudng goc véi dwong thing cho trude

Viét phuong trinh tiép tuyén cta do thi (C) biét tiép tuyén vudng goc
voi duong thang d: y = ax + b.

— Goi M(xy; yo) 1a tiép diém.

— Tiép tuyén vudng géc véi d:y =ax+b = f'(x,) = —i. Giai
phuong trinh tim ra x.

— Thé x, vao phuong trinh y = £ (x) tim dugc v,.

— Phuong trinh tiép tuyén cua (C) tai diém M la:

1
y= _a(x—xo) *+ Yo
(Két qua c6 thé la nhiéu phwong trinh tiép tuyén)

Céc tiép tuyén
vuong goc voi
y=ax+b

Bai toan va phwong phap gidi : Viét phwong trinh tiép tuyén di qua diém

Viét phuong trinh tiép tuyén ctia d6 thi ham sé y = f(x) di qua diém

Axg;¥0) ) ) )

— Goi k 1a hé so goc cua tiep tuyén d di qua A.
—Suyrad:y—ys =k(x —x4) ©y =kx —kx, + y, ().
f(x) = kx —kx, +y, (1)
, Tlr@=k @
— The (2) vao (1) dé tim hoanh do tiép diém x.

— Thé x vao phuong trinh (2) dé tim hé sé goc k cua tiép tuyén.

— d tiép xtic véi (€) & { c6 nghiém.

— Thé k vao (*) tim dwoc phuong trinh tiép tuyén di qua M.

Cac tiép tuyén

di qua diém A o
A
A 3

Chii y: Khi thé (2) vao (1) va gia sir thu dugc phuong trinh an s6 1a x va dugc ky hiéu 1a (1). Thong
thuong phuong trinh (1) c6 bao nhi€u nghiém x thi qua diém A c6 bay nhi€u ti€p tuyén den do thi ©).
Tur d6 ta giai quyét duge bai toan "Tim diéu kién dé qua A co thé v& dugc dén do thi (C) n tiép tuyén".
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LUY THUA

188. Cac dinh nghia

Lity thira véi s6 mii nguyén dwong

Liiy thira véi s6 mii 0 va so mii nguyén am

lily thira cua a véi sO mii n) la:
a*=a.a..a
D — ——

n thira sb
(a la co s0, n 1a s6 mii)

Vé6in € Z*. Lily thira bac n cua sba (congoila | Voia # 0,n =0 hoacn € Z™, liy thira bic n cua a 1a

s0 a™ x4c dinh boi:
1
a®=1; a*=—
a—n

Chii y : C4c ky hiéu 0°,0™ (n € Z™) khong c6 nghia.

Liy thira v6i s6 mii hiru ty
< . B m yo ~ \ 5 re A ~ \ A r . o e
Choa € Rtvar € Q.Giasur = —VvéimeZne Z*. Lily thira ctia a véi s6 mil r 13 s6 a” xac dinh bai:

m

a’ =an = Yam
189. Piéu kién cua (f(x))«
a€Zt=>f(x)ER ‘azOhoécaEZ‘:f(x)iO‘ a@Z=f(x)>0
190. Tinh chéat
Voia#0,b+0vammn€Z;tacod:
am
m, n_ ,m+n - - myn — nym — ,mn
a*-a*=a a—n—am” (@ =(@)™ =a
() = < (ab)" = a"b" am" % (@)
b/ b
-1 1 n _— 1 1 — -n
¢ a ¢ g™ an
1 1 m
Vva = az (véia > 0) VYa = a3 (véia > 0) an = Va™ (véia > 0)
Va? =lal (Vo) =a

191. So sanh liiy thira ciing co’ sé

V6id0<a<lthi m < n

Chom,n € Z.Khido: a™ > a"

DAu giit nguyén

Véia>1thi m > n
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H¢ qua:

Hé qua 1 (So sanh cung s6 mii véi co s6 dwong) Hé qua 2 (So sanh cung s6 mii 1¢)
V6i0 < a<bvam € Z thi Véia < b,n 1 s ty nhién 16 thi a™ < b™

a"<bhmeoem>0
a">pMmMem<0

Hé qua 3 HeE qua 4
Véia,b >0,n€Z\{0}thia" =b" < a=b>b azn:bzn@[zilib

192. Lai don
Lai don 13 s6 tién 13i chi tinh trén s6 von gdc ban dau.
Cong thirc s tién ca goc va i & cudi chu ki thi n cia 13i don:
Tn = Tban dfiu(l +n. rlﬁi%)

Tién gui Tien giri Tién gui
So tién goc sau 1 nam sau 2 nam sau 3 nam

Sor dé minh hoa ldi . 1n5m=.l 1 nam =.IITM>.III----->-~-

don voi chu ki 1 nam

Sinh Iai C 1 1
Slnh 1a1 Sinh lﬁi

193. L&i kép

Cong thirc 13i kép Néu mot nguoi giti s tién Tygepan aau VO 181 suat
T TR s A A -

Giri tién vao ngén hang, ngoai tI}é thuc lai don, gla; 0/3 20\1/61(11 %11;1 (llgitga,y sau NV ki 86 tién ngudi dy thu
con ¢6 thé thire 13i kép. Theo thé thirc nay, néu i i
dén ki han nguoi giri khong rat 13i ra thi tién 14i
duoc tinh vao vén cia ki ké tiép. Thuat ngir 13i
kep cling dong nghia v6i cac thut nglr nhu lai
g0p von, 1ai ghép von hodc 13i nhap von.

Tehu iy san = Tehu i trwoe T Tehu kd trese X 712 %0
= Tchu ky sau — (1 + Tléi%) Tchu ki trudc
h?mg s6
T, . n
= Tohukithin = Tgéc ban dau (1 + 711 %)
So d6 minh hoa ldi kép véi chu ki la 1 nam

S6 tién cudi nam 1 SO tién cuéi ndm 2 SO tién cuodi ndm
l tha n
f..x 7% SO tién goc SO tién goc
S0 tién goc nim thir 2 nim thir 3

dau tién

. = .l =

Lai cia nam 1 Lai cta nam 2  Luu ¥: Gia tri ban dau

Néu mot gia tri hoac dai lugng ting theo quy luét: ul}g V?I n‘ = 0,6 cong t‘hlfc
trén néu la tang thém thi lay

Giatrilanthin = Gia tri lan tht (n — 1) £ Gia tri lantht (n — 1) X r || %« AP
- - dau cdng, giam bdt thi lay
= |Gi trj 1an thrn = Gi4 trj ban dAux(1 £ r)"| dau trer.
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194. Mét sé bai toan 1ai suat khac
Co ché 13i kép doc lap

S tién gbc ban dau 1a Tysc,» sau do vao thoi diém nao d6 lai giri thém Tysc, > sau d6 vao thoi
di€ém nao do6 lai gri thém Tgsc, ..., sau d6 vao thoi diém nao do lai gui thém Tyg
Gia su tur thoi diém gt Tysc, den hét thoi gian giri 1a ny chu ky tinh 1ai; tir thoi diém guri
Tysc, den hét thoi gian gui 1a ny chu ky tinh 1ai; tir thot diém g Tysc, den hét thoi gian g
la n, chu ky tinh 1ai;...; tir thoi diém guri Tgg,  den hét thoi gian gui 1a n,,, chu ky tinh 1ai.
Khi do, so6 tién nhan dugc vao cuodi thoi gian gui (tinh theo kiéu 1ai kép) la:

Tase, (1 +7%)"0 + Toge, (1 +17%)™ + Tysc, (1 +7%)7"2 + o+ + Tys. (1 +7%)"m

(S6 ti€n nhan duoc bang tong so tién do tung Tyg, sinh ra theo kiéu 1ai kép)

Luu y: Cac sb tién Ty5c, mang gia tri duong néu tién dugc guri thém vao, Ty5c, mang gia tri
am néu tién bi rut ra.

S4 tién goc giri vao 1a Tyse, dau mdi chu ky (tinh tir chu ky thir 2) giri thém vao Ty, 181 sudt r%/chu ky
dugc tinh theo thé thirc 13i kép. T, 1a s6 tién nhan dugc ¢ cudi chu ky thir n (trude khi giri thém vao Tyap)
Tn = Tgsc(1 +1%)" + [Tinem (1 + 7%)" ™" + Tinem (1 + 7%)™ 72 + -+ + Tipem (1 +17%)]

1+71%)(1— (1 +1r%)" 1)

= Tg6c(1 +7r%)" + Tthem %

1—(1+71%)
1+7%)((1+7r%)" -1
= To5c(1 +7%)" + Tinem X { 2 0 2 )
0

Néu Tgse = Tihem thi:
T = Tthem (1 + 7%)™ + Tenem (1 + 7%)™ ! + Tenam (1 + 7%)" 72 + - + Typam (1 + 7%)*
1+7%)((1+7r%)"—1)
%

= Tthem X

Giri ngan hang s6 tién goc Ty voi lai suét 7% /chu ky. Vao dau mdi chu ky (tinh tir dau chu ky thir 2) rit
ra s0 tién 12 T, > 0. Goi T, 14 86 tién con lai sau n chu ky (trudc khi rit Ty, vao dau chu ky tiép theo).
T = Tasc(1 +1%)" = [Trae(1 + 17%)" 1 + Trge (1 + 1%)" % + -+ + +Te(1 + 7%)1]
A+r%)"1-1
7%

= To5c(1 +7%)" — Trge X (1 +7%)

Vay ngan hang sb tién 1a Tysc vOi 1ai sudt 7% /chu ky. Hoan ng vao cubi mdi chu ky vai sb tién hoan ng
khong ddi 13 Toxn no- GO1 Ty, 12 s6 tién con no ngan hang & cudi chu ky thir n (sau khi d ndp vao Toxn )
T, = Tg6c(1 +71%)" — [Thoén n(_y(l + r%)n—l + Thoan n(_y(l + T%)n_z + -+ Thoan n(_)'(l + r%)O]

1+7r%)" -1

= g6c(1 + T.%)n — Thoan ng X %
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HAM SO LUY THUA

195. Pinh nghia
Ham s lity thira 1a ham s6 c6 dang y = x%, trong d6 a 1a mot hing s6 tiy ¥.

. 1 . . 1 . N W
Chii y : Pang thic Vx = xn chi xdy ra néu x > 0. Do d6 ham s6 y = x» khong dong nhat véi ham s6
y = Vx(n € N%).

196. bao ham

Ham s lity thira y = x% (véi @ € R) ¢6 dao ham tai moi diém x > 0 va (x%) = ax®!
Dao ham ctia ham sé liiy thira hop: (u® (x))’ =u'(x)  au®1(x)

197. Sw bién thién va dé thj

Xét ham sb y = x@
» Néu a nguyén duong thi dd thi va su bién thién ctia méot s6 ham sd nhu vay da dugc hoc nhu:
y=x,y=x%y=x3y=x%
» Néu o khong nguyén thi :
— Téap xac dinh D = (0; +0).
—Tap giatri T = (0; +o0).
— Néu a > 0 thi ham sé ddng bién trén D, khong c6 tiém can.
—Néu a < 0 thi ham sb nghich bién trén D, Ox 14 tiém cén ngang, Oy la tiém cén ding.
— P thi ham s6 ludn ludn di qua diém (1; 1).

a nguyén duong va chan a nguyén dwong va lé va a # 1 a=1
X | —co 0 + oo X | —c0 0 + 00 X | —oo +o00
y' - 0 + y' + 0 + y' +
-I-OO\A 400 400 +o00
y y / y /
O / —00 — 0
@ nguyén dm va chan a nguyén am va le a < 0 nhung khong nguyén
—00 0 +o0 X | —oo 0 +o00 x10 + o0
y + + Y - —~ y' —
+ oo+ o0 0 400 + o0
0 0 —oo 0 0
a > 0 nhung khong nguyén
0 +o0
Y +
+o00
y /
0
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Hudng s6 mii ttr —co — 0

YA

<

<.

Céac ham y = x% nghich bién

A A A
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y=x

r

X
y = x025

A
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HAM SO MU

(% Trong myc niy, ta ludn gia thiéta > 0vaa # 1
198. Pinh nghia ham sé mii

Dinh nghia

Ham s6 dang y = a* dugc goi 1a ham s6 mii o s0 a.

K Chuy:

= Tép xac dinh cua ham sdomii:D =R.

= Tap gi4 tri cia ham s mii : T = (0; +o0).

» Ham s6 mil vdi co s e duge ki hidu 14 y = e* hodc y = exp(x).

199. Pao ham cua ham sé mii
» Him s6 y = a* c6 dao ham tai moi diém x € R va (a¥)’ = a*Ina

» Pao ham ham hop cta ham s mii : (a“("))' = u'(x).a*® Ina (u(x) 1a mot ham sb cia x)

= Dic biét : (e¥) = e¥; (e*)™ = e*,

200. Sw bién thién va dé thi ham sé mii

Ham sé y = a*
= C6 tap xac dinh D = R.
*»Tap giatri T = (0 ; +0).
= Pong bién trén R khi a > 1. Nghich bién trén R khi 0 < a < 1.
= C6 d6 thi luén ludn
— Pi qua diém (0; 1).
— Nam & phia trén truc hoanh.
— Nhan tryc hoanh lam tiém can ngang.
— Dang dd thi :
a>1 0<ax<l1

YA
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CAN BAC

201. Pinh nghia

Pinh nghia (Can bac n)
Véin € Zt, can bac n cia so thuc a 13 so thuc b sao cho b™ = a.

& Chu y:

Khi n 1a s6 1é, mdi s6 thuc a chi cd mot can bac n. Can d6 duoc ki hiéu 1a Va.

Khi n chan, moi s6 thuc duong a c6 ding hai can bac n 1a hai s6 do6i nhau. Can c6 gia tri duong ki hiéu 1a

Va (con goi 1a can so6 hoc bac n cua a), cin co gia tri am ki hiéu 1a —3/a.

Can bac 1 cua so a chinh la a.

Canbacncuaso01a0.

S6 am khong c6 cin bac chin vi lity thira bac chin cia mot s6 thyuc bat ki 1a s khong am.

Vi n nguyén duong 1é, ta co :

202. Tinh chéat

Va > 0khia > 0.
Va < 0khia < 0.

|a| khi n chan

V6ia=0b=0,meZt,neZtvaip€EZq€eZtuyy, tacod:

Vo = (Va)’(a > 0)

Ya = " Yam

(b>0)

nab=%'%
mn mxn A p
/\/a: Va Neun

a thi Va? = Vad (a > 0)

Véia, b € R, n € N, ta co:

m1C;E; ::|a|

2n+1
/a2n+1 =a

“Nab = *\[|a| - *\/|b],Vab = 0

2n
n|a \ia
2L=mltvwzab¢o
b *Ib]

2n+% — 2n+% i 2n+%

2n+1
n a va
2 +1,E_=:E;:T7;’b *0

Vam = (%)m,‘v’a >0,nEZ, METZ
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LOGARIT

203. Pinh nghia

C}lo a>0,a#1vab > 0.S6thuc a dé a® = b dugc goi 1a logarit co
s0 a cua b va ki hi¢u la log, b, tic 1a :

a®*=b & log,b=a

Cich hiéu don giin: log, b = Mot s6 théa min a mil may bang b?

& Chu y:

Tén goi cac thanh phin
log, b

Argument cua logarit

Co 56 ciia logarit

Chu ¥ vé cach viét:
logh b = (log, b)™
logg b™ = log,(b™)

Logarit thap phan
Logarit co s6 10 cia mot s duong
x duoc goi la logarit thap phan cia
x va ki hiéu 1a log x (hoac Ig x)

Pinh nghia (Sé e)
S e 1a gié tri ctia gidi han :
1 X
lim (1 + —)
X—>+00 X
~ 2,718281828....
S6 e 1a mot s vo ty.

Logarit tw nhién
Nguoi ta goi Logarit co sb e la
Logarit ty nhién (hay Logarit Né-pe)
va ki hi¢u: log, x = Inx

Vidu o

2 mil may bang 8?
log,8 =3

3 mii mdy bang 9?
log;9 =2

10 mii mdy bang 10000?
log;, 10000 = 4
/5 mii mdy bang 25?
log 525 =4

Vidu
10 mii mdy bang 1000?
log 1000 = log;, 1000 = 3
10 mii mdy bang —p
1 10
0og 10 0810 10
10 mii mdy bing 10V2?
log10V2 = log,, 10Y2 = V2
e mii mdy bang e?
Ine =log,e =1

e mil mdy bang es?
3
Ine5 = log, e5 = =

Vi du: Tim diéu kién xac dinh

cia ham sé y = logs(1 — x?2)

Piéu kién xac dinh:
1-x2>0e-1<x<1

Vi du: Tim diéu kién x4c dinh
ctia ham s
y =log,_1(x? —3x + 2)
Piéu kién xac dinh
x—1>0
x—1+1

x>=3x+2>0
x>1

X #F2
[x<1
x> 2

= Sx>2
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CASIO B fx-580VN X

CLASSWIZ

MENU SETUP  ON

_ Bam logarit vdi co s6
sowve= ¥ 4 \ ¥ &= : E-F do nguoi dung nhép
OPTN | CALC R

= Bim logarit tw nhién

~ Bam logarit thap phan
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204. Tinh chat

Lily thira logarit cing co sd alo8b = p
Logarit lity thira cling co s6 logaa™ =n
Logarit cia chinh co s6 log,a=1
Logarit cua 1 log,1=0

Khia > 1: b > ¢
TGifrnguyén

Choa>0,a+1va
b>0,c>0.Khidé: log,b >log,c

l Déo dau
So sanh hai logarit cung co s )
Khi0<a<1: b < c

Hé qua 1
Choséa>0,a#1vab>0,c>0.
*Khia > 1thilog,b >0 b > 1.
*Khi0<a<1lthilog,b >0 b < 1.
*log,b =log,c o b=c

Logarit cta tich log,(bc) =log, b + log, c
o b
Logarit cua thuong log, (E) = log, b —log, c
Logarit cua lity thira log, b™ = nlog, b
. 1
Logarit v6i co s0 dang mil log,nc =—-log,c
n
1
Logarit ctiia nghich dao log, 5= log, b
. n 1
Logarit cua can log, Vb = —log, b
n

. . 4
Doi co so dang tich logcf b-log,c = 103; ¢

g g l log, ¢
boi 0 dang th 08y C =

01 co s0 dang thuong b log, b
Ddi co 56 va t log, b = !

01 co sO va argumen ogqb = log, a
Tréao dbi co s6 liiy thira va argument logarit alo8r ¢ = clogpra
Ha mii chin cua argument log, b?™ = 2nlog,|b|

n
log,m b™ = Eloga b

log,(bybybs ...b,) = log, by +log, b, +log, b, + -+ + log, b,
loga(bfllb;nzb;n3 ...b:ln") = m, log, by + m, log, b, + mslog, by + -+ + my log, b,

!

1
(log, x) = XT ; (logg u)' =

(Inx) =

Dbao ham logarit ulna

Rl g

u
;o (Inuw) =—
u
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205. Ham sé logarit

Ham s dang y = log, x duoc goi 12 ham s logarit co s6 a.
» Tap xac dinh D = (0 ; +0).
*TépgiatriT = R. _
* Ham s0 y = log, x c6 dao ham tai moi diém x > 0 va

1 -~ , 1
’ (loga .X) = m H Dac bl@t . (ln X) = ;
* Pao ham cua ham s6 hop logarit
a ()" = L) b bia (nu(x))" = L)
og, u(x = 2ona ac biét : (Inu(x _u(x)

= Su bién thién va do thi ctia ham sd logarit
— Ham s6 y = log, x
— Co tap xac dinh 1a khoang (0; +0) va tap gia tri 1a R.
— Pong bién trén (0; +00) khi a > 1, nghich bién trén (0; +00) khi 0 < a < 1;
— C6 db thi luén luon :
- Di qua diém (1; 0).
- Nam bén phai truc tung.
- Nhan tryc tung lam tiém cén dung.
— Dang d6 thi:

0* thiy - +o

<

0<ax<l1

/Eh—i;-a
—_

v

=

o0— L1 L0« X 1Y

»
»

v
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206. Méi lién hé gitray = loga(x) vay = a*

Do thi ham s6 y = log, x va do
thi ham s0 y = a* d6i xing vai
nhau qua duong thang y = x
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PHUONG TRINH, BAT PHUWONG TRINH MU
VA LOGARIT

207. Phwong trinh mi

Voia>0,a+1vab>0,b+1
Diéukienb >0  Néub <0 thi phwcong trinh v6 nghiém

a*=b e log,a* =log, b © xlog,a =log, b © x =log, b

x) — (x) _ Néu a=1 thi phuong
af( = af And f(x) - g(x) trinh nghiém ding Vx € R

Véoic>0,c#1

af® = p9® < log, (af ™) =log (b9¥) & f(x)logia = g(x)log. b

h(x)=1
o } h(x) >0
h(x)7®) = h(x)I® {(} (<x)h(:x>gz; )1 < {(h(x) ~DIf@) - g()] =0

Sir dung tinh don diéu ciia ham s6 dé giai phwong trinh
Xét phuong trinh f(x) = g(x) (1) trén tap K.
Buée 1: Dy doan nghiém x, ciia (1) (c6 thé sir dung chiic ning Solve ctia may tinh).
Budrc 2: Dya vao tinh dong bién, nghich bién’cﬁa f(x) va g(x) dé két luan x, 1a nghiém duy nhat. St dung
mot trong cac dieu kién sau: Trong hai ham so f(x) va g(x):
* M6t ham dong bién trén K va mot ham nghich bién trén K.
* M6t ham dong bién trén K va mot ham khong doi trén K.
» M6t ham nghich bién trén K va mot ham khong doi trén K.
Pua vé phwong trinh vé cac phwong trinh diic biét
Phuong trinhtichA-B =0 & [g i 8 (A, B thoa diéu kién cua phuong trinh).

A

B i g (A, B thoa diéu kién cua phuong trinh).

Phuong trinh A2 + B2 = 0 & {
Mot s6 dang dit 4n phu phwong trinh mii

Dang 1 : Cho P(t) 1a ham s6 theo bién sb t, va
a>0,a # 1, f(x) la ham so6 theo bién so x.

i — f(x)t>0
Khi d6: P(a® =o=>{t CAeC
ido (a ) P(t) = 0

Vi du: Aa** + Ba* + C = 0.
bitt = a? (diéukiént > 0), phuong
trinh tro thanh: At> + Bt +C =0

Dang 2 : A(af("))2 + B(ab)/™ + C(bf(’c))2 =0
Cich I: Chia 2 vé cho (bf(x))z, roi dat 4n phu t = (
Phuong trinh trd thanh: At?2 + Bt + C = 0.

NS
5

, o @)
Cich 2: Chia 2 vé cho (a/®)’, réi dat dn phu t = (2)",
Phuong trinh tro thanh: A + Bt + Ct? = 0
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Dang 3: A7® 4+ Bf® = ¢ v¢i AB = 1. Patt = AF®) = pF® = %

Phuong trinh tré thanh: ¢ + % =C

208. Bat phwong trinh mii
Khi giai cic bt phuwong trinh mil ta can cht ¥ dén co s6
Gitr g4y, Gt diy

hY

w7 e f(x) >gx) I e fix) <gix)
~ I ~ N, )
< <
vy e f)<gl) “s; e f) =gl
Pao dau Pao dau
209. Phwong trinh logarit
Mot s6 luu ¥
w0 = nlogg £ (o) ) )
loga(f()" log? £ (x) = (loga ()" | loga(F ()" = loga|(F))"]
“ou =nlogg f(x)
Véia>0,a+1
Khéng can dat diéu kién f(x) > 0
f(x) =g(x)
logaf(x) =ph o qlogafX) — b & f(x) =qgb log, f(X) = log, g(x) < {f(x) > 0 (hoic g(x) > 0)
logq g(x)

log, f(x) =logp g(x) © log, f(x) = log. b

logg g9(x) logg g(x)
o qlo8af(X) = 4 logeb & gloga f(X) — 4 loggb

& f Y 1 1
Dan ) = (alogag(x))m e fx)= (9 (x))m
ang dat an phu

Cho P(t) 12 ham s theo bién s t, va a > 0,
a # 1, f(x) 1a ham so0 theo bién s0 x.

Khi do: P(logg f(x)) = 0 & {t P E)gaz f éx)

Vi du: A(log, f(x))? + Blog, f(x) + C = 0.
bat t =log, f(x), phuong trinh tré thanh:
At>+Bt+C=0

Cho nq, n,, ns déu théa mén 16n hon 0 va khac 1.
Phuong trinh 4n s6 a, b: log,, @ = logy, b = logy, (kia + k;b)
c6 thé giai nhu sau:

a=nt
biatlog,, a =log,, b = log,, (kia+k;b) =t = b =n} = kynt + kynb = ng
kla + kzb — ng (Day la métghwong

trinh mii an t)
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210. Bat phwong trinh logarit
logg f(x) > b

Néua>1 @{f(x)zab(:)f(x)zab

Gitr déu f(x) >0
. b
Néu0<a<lc>{f(x)ga
, f(x)>0
Dao dau

10ga f(x) > loga g(x) Piéu kién dé logarit x4c dinh

fx)>0

Néua>1 g) >0 o { g(x)>> 0
Girdin | (£ > g(x) fx) > gx)
) f(X) >0 E)leu ki,ré? d.é
¢ <1 logarit xac dinh
Neu0<a g(x) >0

Pbi dau f(x) < glx)

log, f(x) < b

f(x) <a®
Py fl(x)>0

Néll0<a<l c){f(X)Zab

fx)>0

Néua>1 (:){

® flx) >a’
Pao diu

log, f(x) <logg g(x)

Piéu kién dé logarit xac dinh

fx)>0
Néva>1 g(.X) >0 Piéu kién dé
Giit ddu f(X) < g(X) logarit xac dinh
>0
Néw0<a<1 ’;83 20 @{ F(x) >0
f) <gk)

boi dau f(x) < g(x)
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HINH KHONG GIAN (THAO TAC PHU, Ki HIEU)

211. Ki hiéu méat phang

Nguoi ta thudng biéu dién mot mat phang bang mot hinh binh hanh hodc mot mién goc va ghi tén ctia mat phang
vao mét goc cua hinh biéu dién va dung mét chit cai dat trong dau ngoac () dé dit tén cho mét phang ay.

Nim hinh bén déu 1a hinh

biéu dién ctia mit phang (P),
st khac nhau 13 mdi hinh lai
dat ky hiéu P 6 mot goc khac
nhau, viéc dat nay la tuy v,
sao cho thuén tién cho viéc vé
hinh 1a duge. Chu y ky hiéu P

dat bén trong ky hiéu goc.

Mit phang | Mit phiang (P) | mait phing (Q) | mit phing (@) | mat phing (B)
Viéttit | mp(P) hogc (P) | mp(Q) hogc (Q) | mp(a) hogc (@) | mp(B) hogc (B)

212. biém € dworng hodc mat

- A A \ M 7 1A A a
Cho didm A vi R thflng biém A thudc duong thang a, ki hi€u A € a /

a ta c¢6 hai kha nang sau , ,
s Diém A khong thudc duong thang a, ki hiéu A € a {a
[ J

Piém A thuéc mp(P), ki hiéu A € mp(P) hay /
V6i mot diém A va A€ (P)
mot mit phang (P), ) .
ta co hai kha nang sau biém A khong thuoc mp(P), hay diém A &
ngoai mp(P), ki hicu A € mp(P) hay A & (P). o

213. Quy wéc vé hinh

Dé v& hinh biéu dién ctia mot hinh trong khong gian 1én mit phang (gidy, bé mit bang,...), ngudi ta dua ra nhitng
quy tic thuong dugc ap dung nhu sau:

— Puodng thang dugc biéu dién boi duong thang. Poan thang duoc biéu dién boi doan thang.

— Hai duong thing song song (hodc cit nhau) duoc biéu dién boi hai dudng thang song song (hodc cit nhau).
— Piém A thudc duong thing a duoc biéu dién boi mot diém A’ thudc dudng thang a’, trong d6 a’ biéu dién cho
duong thing a, A’ biéu dién cho diém A.

— Dung nét v& lién (———————) dé biéu dién cho nhimng duong trong thay.

— Dung nét dut doan (------=-=-=-----=- ) dé biéu dién cho nhitng duong bi khuit (mit khong thay).
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214. Vi tri twong dbi

Khong ddng phing
Hai duong thang tiy
y trong khong gian
Dong phing

. Cat nhau tai 1 diém
Vi tri tuong doi
giita duong thang DPuong nam trén mit
va mit phang
Puong va mat song song

215. Ly do diém € mét phang

Chéo nhau
Trung nhau
Song song

Cét nhau

Cit nhau theo mot
giao tuyén

Hai mat phang tuy
y trong khong gian Song song voi nhau

Trung nhau

Diém d6 tao ra mat phang (Vidu S € (SAB) vi
béan than chinh diém S tao ra mat phang (SAB))

Ly do dé mot Piém € Puong c Mat phang (duong & day
diém thudc mot thuong 1a duong thang, do6i khi 1a dudng cong
mat phang nhu duong tron hodc elip)

Dé bai cho (Vi du dé bai yéu cau: Ly diém M
thudc mp(ABC) thi duong nhién M € (ABC))

216. Xac dinh 4 diém déng phang

Xac dinh xem 4 diém c6 dong phing hay khong?

Budce 1: Thiét 1ap 1 mat phéng duoc tao boi 3 diém trong s6 4 diém dugc cho

Budc 2: Xét xem diém con lai c6 thudc mat phang duge tao & bude 1 hay khong?

Diém € Mit phing tao boi 3 diém kia Diém & Mit phing tao boi 3 diém kia

4 diém dong phang 4 diém khong dong phang
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217. Xac dinh 2 dwong thang tao b&i 4 diém cat nhau
Xac dinh xem 2 dudng thang dugc tao boi 4 diém co cét nhau hay khong?

Budc 1: Xét xem 4 diém tao ra 2 dudng thing d6 c6 dong phing hay khong?

4 diém khong dong phang 4 diém dong phang
Thuec hién tiép budc 2
Budc 2: Xét xem 2 duong thang la gét nhau hay song song
v6i nhau trong mat phang chung dong phang véi nhau.

Cit nhau hoac kéo dai cit nhau Song song

2 dudng thing cit nhau 2 dudng thing khong cit nhau
218. Tim mét diém chung gitra hai mat phang
Tir tén goi cua hai mit phang
Piém vira thudc mat nay vura thugc mat kia
Tt hinh vé
Tim mdt diém chung Lay mot mat lam chuan, ki€m tra tat ca cac

gitra hai mat phang diém ctia mit kia

Hai duong thang lan lugt nam trén hai mat phang va cit nhau
(c6 the phai kéo dai dé cat nhau)

Tir dé bai yéu cau lay diém € Mit phang
219. Diéu kién xac dinh mat phang
3 diém khong thang hang
i 1 dudng thang + 1 diém khéng thude no
Xac dinh mot mat phang . )
2 duong thang cat nhau

2 duong thang song song
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220. Lwu y ki hiéu khi viét chirng minh

Trong khi trinh bay can str dung dung cac ki hiéu nhu sau:
diém € duong; diém € mat

duong C mat; diém € duong C mat

{diém} = duong N mat  hoic  diém = dwong N mit
{diém} = duong N duong hodc  diém = duong N dudng
mat 1 mat = duong

(duong: duong thang; mat: mat phang)

221. PBinh ly Menelaus

Cho tam gidc ABC. Cac diém D, E, F lan luot
nam trén cac duong thang BC, CA, AB. Khi do:

D, E, F thing hang — ==

D, E, F thing hang E-£-§:1
FB DC EA
G Gia st D, E, F 1a 3 diém thang hang voi nhau.

V& duong thing qua B va song song véi AC cét dudng thiang DE tai G.
Vi CG//AC (céach dung) nén theo dinh ly Ta-1ét, ta co:
A

~
~<
~
~
~
~
~
~
~.
~,
~
~.
~
~.
~.,
~
~
~.,
~
~
~
~

CE _DC
BG DB
Z
=
FA AE =
FB  BG N
=
a
o
<
>~
FA DB EC FA CE _AE DC

——mle— =
FB'DC EA FB'BG BG DB
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A

Trong cdc bai tap ta thudng sir dung hé qua sau cia dinh Iy Menelaus.
H¢ qua: Cho tam gidc ABC, trén cac canh AB, BC, CA lan lugt lay F
cac diém F, D, E. Khi d6 ta co:

: FA DB EC
D,E, F thing hang W) =5 De A= L
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222. Tim mét diém nam trén giao tuyén cta hai mat phang

(Dang nay ciing c6 thé hiéu 1a tim mot diém chung ctia hai mat phang)
% Cach 1: Tartén goi

Vi du: Tir tén goi ctia hai mit phing (SAB) va (SMN) ta d& thiy S 13 mot diém nam trén giao tuyén ctia hai mit
trén (Ma khong can phai v€ hinh).

% Cach 2: Tar hinh vé

Nhin xem cé diém nao vira thudc mat phang nay va vira thuoc mat phang kia hay khong?

Léy mot mat lam chudn, 1an luot kiém tra tat ca cac diém ctia mat kia c6 thude mat con lai khong?

% Cdch 3: Hai dwong thang cdt nhau

Xac dinh hai dudng thang lan lugt ndm trén hai mat phang d6 va cho ching giao nhau (c6 khi can phai kéo dai
deé xac dinh dugc giao diém). Khi do, giao di€ém cua hai duong thang d6 chinh 1a mot diém nam trén ca hai mat
phang.

223. Tim giao diém giira dwong thang va mat phang

. a
Cach 1: (Nén thir cach nay dau tién khi gap dang nay) A

Xét le‘inﬂ luot cac diém trén dudng thing xem c6 diém nao thude B

mat phang hay khong?

(Néu c6 thi diém d6 chinh 1a giao diém gitra duong thang va mit / I ,'/ /
phang can tim) a /

Cich 2: (Sir dung khi cach 1 khong giai quyét duoc) / a
Xét xem dé c6 sdn duong thiang b nao nim trén mit phang («)

ma cit duge duong thang a hay khong ? I
(Néu c6 thi giao diém ctia hai duong thang a va b chinh 1a giao o b !
diém gitra duong thang a va mat phang («)). ’
7/
/

Buée 2: Tim giao tuyén cua mit phang phu () va mat phang

chinh (). I /

Bude 3: Cho giao tuyén cat voi duong thang a ta dugc giao a /" b
/

diém I gitra a va (a).

khong giai quyét duoc)

Cich 3: Chon mit phang phu (Str dung khi cach 1 va 2 déu
Bude 1: Chon mit phang phu (8) chira dudng thing a.
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224. Tim giao tuyén cua hai mat phang

(Ban chét 12 xac dinh mot duong thing trong khong gian)

Cich 1: Xac dinh hai diém phan biét nam trén giao tuyén.

Ta di tim hai diém phan biét nam trén giao tuyén (hay ta di tim hai diém chung

ctia hai mat phang)
(Xem lai muc: Dang toan tim mot diém nam trén giao tuyén cua hai mat
phang)

Cich 2: Tim m6t diém nim trén giao tuyén va phuong ciia né.

Buée I: (Tim mot giao diém)

Xem lai muc: Dang toan tim mot diém nam trén giao tuyén cua hai mit
phang.

Budc 2: (Tim phuong)

Tim xem c6 hai duong thang ndo ndm trén hai mat phang ma song song véi
nhau hay khong?

Khi d6 giao tuyén cua hai mit phing s& song song v6i hai duong thing do.

225. Chirng minh ba diém thang hang

Cach 1:

Ching minh ba diém d6 cung thudc vao mét giao tuyén ctia hai mit phang phan

biét.

(Thuong 13 mdi diém s& 14 giao diém cua hai duong thang nam trong hai mit

phiang)
Cic ciu hoi nén dit ra dé biét hwong giai quyét clia dang toan nay la:

Cdu héi 1: Ta can chirng minh ba diém thing hang nhu thé nao ?

g%

N

\Q

=

/

_/

\

N\

Cdu héi 2: Ta s& chimg minh ba diém d6 thudc vao giao tuyén cia hai mit phing nao? (Hay thir liét ké tat ca

céc mit phang chira dong thoi ca ba diém d6 trén hinh vé rdi sau d6 lwa chon)

Cdu héi 3: Tai sao mbi diém lai thudc vao giao tuyén ciia hai mét phing ta lya chon? (thudng 1 do chung thude

vao hai dudng thang cit nhau va mdi dudng nam trén mot mat phang).

Cich 2: Bé chimg minh ba diém A, B, C thang hang trong khong gian ta di bién d6i dé c6 duoc mot biéu thirc

c6 dang:

AB = kBC (k # 0)

Khi d6 hai vecto AB va BC cling phurong, ma hai vecto do lai c6 cing mot diém chung (1a A chang han), nén

suy ra A, B, C thing hang.

Trang 204



226. Tim tap hop giao diém cuda hai dworng thang di déng

Phwong phap: Goi 2 duong thang di donglad vad’,d N d' = {M}. /I\
Muo6n tim tap hgp M ta lam nhu sau: |

Tim hai mat phang c¢6 dinh lan luot chira d va d'. Ching minh rang M di M
dong trén giao tuyén co dinh ctia hai mat phang do.

Gi6i han (néu c6). Tuc la di xac dinh pham vi diém M sé tir dau dén
dau.

Phan dao.

227. Chirng minh hai dwéng thang song song

Phuong phap: Mudn chimg minh hai duong thang song song ta co thé:

» Dung tinh chat: hai mit phang cat nhau, 1an lugt chira hai duong thang song song thi giao tuyén ciia ching
song song voi 2 dudng thing nay.

» Chirng minh chiing cting song song v&i mot duong thing thi ba.

» Dung tinh chat dudng trung trung binh cua tam giac.

= Dung dinh 1y Thales ddo cho mdt tam giac.

» Dung tinh chét ciing vudng goc vi mot duong thang (ca 3 duong phai dong phang).

228. Chtrng minh ba dwong thang dong quy

Cich 1: Chimg minh giao diém ciia hai duong thang nay 1a diém chung cta hai mat phang ma giao tuyén la

duong thang thi ba.
(o4
%, /
%
&
%y

< duong thing 3 / HaiA m?‘t Rhéng lCO' gi’ao
\ tuyén la duong thang thir 3

AN

mp(duongl; duong3)

o
<
2
>
gg
o3
&)

¢ mp(...)
duongl N dudng2 = diém N = duong 3

So d6 suy luan:
&
mp(...)

mp(duong?; duong3)
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Cich 2: Ta di chimg minh ba duong thang d6 1a ba giao tuyén cta ba mit phang
phan biét va c6 it nhat hai duong thang trong s6 ba duong thang d6 cat nhau. &

229. Xac dinh thiét dién caa hinh chép va mat phang

(Ban chét 1a bai toan tim giao tuyén gitra hai mat phang.)

Phwong phap: Cho hinh chép S.4;4, ... A, va mit phang o.

Néu a cit mot mit nao d6 caa hinh chop (mat bén hay mat day) thi o s€ cit mat nay theo mot doan th:flng goi la
doan giao tuyén cta a voi mat do.

Céc doan giao tuyén ndi tiép nhau, tao thanh mot da giac phing goi 1a thiét dién. Nhu vy, mudn tim thiét dién
ctia hinh chop v6i mit phang a, ta tim cac doan giao tuyén (néu c6). Pa giac tao boi cac doan giao tuyén 1a thiét
dién can tim.

Cich thirc tién hanh

Tim thiét dién cit khoi hinh H (hinh chép hoic ling tru) béi mit phing (P)

(P) | N(mitngoai 1) = diém 1 ...
Buwéc 1: Liét ké cac mat ngoai bao boc léy hinh H ma cac mat
d6 giao dwoc voi mat phang (P). (Pé biét mat ngoai nao cua
hinh H giao dugc véi mat phang (P) ta thuong xét xem (P) va N(mat ngoai 3) = diém 3 ...
mat ngoai d6 c6 diém nao chung hay khong? Néu c6 it nhat 1
diém chung thi chiing c6 thé giao nhau).

N(mat ngoai 2) = diém 2 ...

N(mat ngoai 4) = diém 4 ...

Budrc 2: Tim cac giao tuyen clia mit phang (P) v6i cac mat da liét ké ¢ budc 1. (Néu mit nao kho tim giao
tuyen v6i (P) thi ta chuyén qua tim glao tuyén ctia mat phing khac véi (P), trong qua trinh tim giao tuyén
c6 thé phat sinh thém mit ngoai cua khdi hinh (H) giao dugc véi (P).

Buéc 3: Hoan thanh thiét dién

Thiét dién can tim 1a mot da giac phai thoa man 3 diéu kién sau:

= La mét da giac khép kin.

= Mbi canh ciia da giac nam hoan toan trén mot mat ngoai nao do cua khéi hinh H.
= Mbi canh cua da gidc déu ndm hoan toan trén (P).

(Thuong thi ta chi can xét 2 diéu kién dau la di)
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230. Xét vj tri twong d6i cua hai dwong thang phan biét

Ta can tra 16i cAu hoi: Hai dudng thang ddng phing (tirc ciing thuéc mot mit phang) hay chéo nhau (tirc khong
cung thugc mot mat phfmg).

Néu hai duong thang dong phang thi can tra 10i thém ching song song hay cit nhau hay tring nhau.

Khéng dong phang Chéo nhau
Hal duongAthang. tuy i slbm
y trong khong gian
DPéng phang Song song
Cit nhau

231. Chirng minh dwéng thang song song vé&i mat phang

Bii todn chitng minh dwong thing d song song véi mdt phiing (a)

Ciach 1: Néu dudng thing d khong nam trong mit phang (a)

va d song song véi mot dudng thang d’ nam trong (@) thi d d
song song voéi (a)
d c(a)>d//(a) o
d//d’

"Muén chirng minh dwong thing song song véi mét phdng ta chirng minh dwong thing dé song song véi

mot dwong thang khdc nam trén mdt phang."

Cich 2: Néu d nam trong mot miat phang (f) song A( d
song va&i () thi d song song véi (a)
B)/ /()
=>d//(«a
{d c (8) //(@) A(
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232. Chteng minh hai mat phang song song

Bi todn chirng minh mdt phing (a) song song véi mdt phing (B)

Cich 1: Néu mit phang () chira hai dudng thang cit nhau a, b va 7
>.(b

a, b ciing song song v4i mit phang (f) thi (a) song song véi (B).
a,bc (a)

. = @1/B)

b//(B)

N B

Ciach 2: Hai mit phang phan biét cung song song véi mit phang

thtr ba thi song song véi nhau

(@)//)
B/ /) = @//B)

AR

(@n(B)=0
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233. Chirng minh ba vecto dong phang

— A

Chimg minh @, b, ¢ ddng phing
Cach 1: (Dwa vao dinh nghia)

Neéu da thay dugc mdt mat phang o ndo d6 thda man: a chira gia cta cac

vecto hodc song song véi gia cia cac vecto (vai moi vecto thi nd chi can co /
4—

gi4 nam trong & hodc c6 gia song song véi a; khong nhat thiét gia cua ca 3 /(

vecto phai cung song song véi a, thi du gia ciia 1 vecto chira trong a, gia clia

2 vecto con lai song song « la thda yéu cau)

~Z
S
S

Buée 1: Lan luot ching minh gia cua d, B, ¢ song song hodc chira trong a.
Buée 2: T d6 suy ra gia cua d, E, ¢ song song v6i mot mit phang B tiy y (mit phing dé khong chira gia cua
d,b,c)vap/l a
(Néu a khong chira gia clia bat ctt vecto ndo trong cac vecto d, b, ¢ thi ¢6 thé 14y § = a).

Cach 2: (Dua vao dinh nghia)
Néu khong thdy duoc mot mit phiang a gidng nhu cach 1 thi ta lam nhu sau:
Ta can dyng mot mit phang a thoa man: a chira gia ciia cac vecto hodc song song véi gia ciia cac vecto
(thong thuong cac vecto nay sé 1a cic vecto tao boi diém).

Buée 1: Tir gbe (hodc ngon) cua 1 vecto (gia sir 1a @) dung mot

duong thang song song véi 1 trong 2 vecto con lai (gia str 1a b va C). .
Khi d6 mit phiang a ta can chinh 1a mat phang tao boi duong thing C/'

nay va diém ngon (hoic gbc) clia vecto d. / /
;4 a
Buée 2: Sau d6 1ip lai Cach 1. 4

Cach 3: (Phan tich 1 vecto theo 2 vecto)

Ba vecto ddng phing < c6 cip sé m,n duy nht sao cho é = md + nb, trong d6 @ va b 1a hai vecto khong
cung phuong.

Hoic Ba vecto dong phing < c6 bo ba s6 m, n, p (khong dong thoi bang 0) duy nhét sao cho:

md +nb+pé=0

trong do6 d va b 1a hai vecto khong cung phuong.
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234. Chirng minh bén diém doéng phang thdng qua vecto

Bai toan yéu cau chirng minh bon diém A, B, C, D dong phing

Ta di bién d6i dé thu duoc mot biéu thirc c6 dang:

mﬁ+nﬁ+pﬁ5=6

(Trong d6 m, n, p khong dong thoi bang 0)

Khi d6 suy ra ba vecto AB,BC,CD dong phing, ma mat phang (ABC) chira hai vecto AB va BC lai chira mot

diém C ctia vecto CD, nén suy ra D ciing thudc miat phang (ABC) suy ra A, B, C, D dong phang.

235. Chirng minh dwéng thang vudng goc véi mat phang

Bai todn chitng minh dwong thing d vuéng géc véi mdt phing (o)

Cach 1: Néu duong thing d vudng gbc véi hai duong thang cat nhau

nam trong () thid L (a)
a,b c (a)
dla =dl(a)
dLlb

Cich 2: Sir dung tinh bic cau ctia quan hé vudng goc
{d’ 1 (a)

d//d =>d 1 (a)

Cich 3: Sir dung tinh bac cau clia quan hé vudng goc

{(a)//(ﬂ)

d1B) =>d 1l (a)
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Cach 4: (hai mat cung vudng goc mét mat) Néu hai mat phang
cit nhau va cting vudng goc v6i mit phang thir ba thi giao tuyén
ctia chting vudng goc voi mit phang thi ba do.

mMNE) =d
) L@ =dl(a)
B) L ()

VL

I
~ 7

a

Cich 5: (vudng goc voi giao tuyén hai mit phang vuong goc)
(@) L (B) 4
(@NE) =d'
=>dl («a I
d < (B) @ d

dld y

236. Chirng minh hai dwéng thang vuéng goc

Cach 1: Mubdn chimg minh duong thang d vudng goc voi duong d
thang a, ta tim mat phang (P) chia duong thang a sao cho viéc
chirng minh d 1 (P) dé thuc hién. Tir d6 suy ra hai duong thang a

va b vudng goc.
dl (P)}
ac @)’ dla ﬁ( N |/

Ciach 2: Mubn chirng minh hai duong thing AB va CD vudng goc voi nhau ta c6 thé chimg minh AB-CD = 0.

Cach 3: Ching minh 2 dudng thang déng phang rdi str dung cic phuong phap ching minh vudng goc da hoc &
trong hinh hoc phang.

237. Chteng minh hai méat phang vuéng goc

Cach 1: Chung minh mat phang nay chira mot duong thang vudng goc véi mat d
phang kia (tirc 1a chuyén vé bai toan duong thang vudng goc voi mat phang)

{dl%:(au(ﬂ)

Cich 2: Chuyén vé bai toan tinh goc giita hai mét phing.
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238. Tim hinh chiéu vuéng g6c cua mét diém 1én mét mat phang

Tim hinh chiéu vudng géc ciia diém M 1én mit phing ()

Cich 1: (Pon gian nhit)
Néu thdy dugc ngay mot diém H € (a) ma MH L (a) thi H chinh

1a hinh chiéu vudng goc ciia diém M 1én mit phang (a).

Cich 2: (Mit phiang phu vudng géc)

Buée 1: Chon mit phiang phu (B) théa man: (B) vudng goc (a)
va (B) chira M.

Buée 2: Xéc dinh giao tuyén 4 cua (@) va (B).
Bude 3: Xéac dinh hinh chiéu H cua diém M 1én giao tuyén A. Khi

d6 H chinh 13 hinh chiéu vudng goc ciia diém M 1én mp(a).

Cich 3: (Dich diém song song)

Buée 1: Tim (hoidc dung) mot duong thang A song song véi (a)
va 4 di qua M.

Burde 2: Chon mét diém K trén A sao cho c6 thé dung dugc dé
dang hinh chiéu cia K 1én (). Tim hinh chiéu vuéng goc I cua
K 1én mat phing a.

Buée 3: Dung dudng thang d qua I va song song véi 4.

Buoc 4: Tk M dung MH vudng goc véi d tai H. Khi d6 H chinh
1a hinh chiéu vudng goc cua diém M 1én (a).

Cich 4: (Dich diém dong dang)

Buée I: Tim (hodc dung) mot duong thing A cit véi (a) va A di
qua M.

Bude 2: Chon mot diém K trén A sao cho c6 thé dung duoc dé
dang hinh chiéu cia K 1én (). Tim hinh chiéu vuéng goc I cua
K 1én mit phang a.

Bude 3: Tim giao diém | cua 4 va (a).

Buoc 4: Ké 1], dung MH vudng goc voi I tai H. Khi 6 H chinh

1a hinh chiéu vudng goc ciia diém M 1én (a).
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Trong cac bai toan lién quan dén hinh chép ta thuong gip mé hinh sau day

S . g

Cho hinh chop S.ABC c6 SA L (ABC). bé dyng hinh chiéu

vudng gbc ctia diém A 1én mat phang (SBC) ta thuc hién nhu sau:
H Buérce I: Trong mp(ABC), dung AK vudng goc BC tai K.
Buge 2: Trong mp(SAK), dung AH vudng goc SK tai H.

7 Khi @6 H chinh 14 hinh chiéu vudng goc cta diém A lén mp(SBC)
A e C
K
B
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DANG TOAN TiNH GOC, KHOANG CACH

239. Tim gdc gilra hai dwéng thang

Cich 1: (Dich song song 1 dwdng thing) Chon mét diém A bat
ky thuoc a, roi tr d6 ké mot duong thang b’ qua A va song A
song voi b. /' X
Khi d6: (a;b) = (a;b") a
b

Cich 2: (Dich song song 2 dwong thing) Chon hai duong thing '
catnhau a’ va b’ 1an luot song song vGi a va b. a
Khi d6: (a,b) = (a’;b") y

Luwu y: Dé tinh goc ¢ cach 1 va 2 nay ta thuong sir dung dinh li cosin trong tam giac

A

b b? + c2 — g2
C A= =
cos —

B - C

Cach 3: St dung gdc gitra hai vecto
Gia sir dudng thing a c6 mot vecto chi phuong 1 @, dudong thelmgi b c6 vecto chi phuong la b. Géc gitra hai
duong thang a va b dugc tinh thong qua goc gitta hai vecto d@ va b nhu sau:
|- b|
ldl - [b]
= (a,b) = cos™1(cos(a, b))
Pic bigtnéud b = 0taco (db) = 90°.

cos(a, b) = |cos(d, B)| =
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240. Tim goéc gitra dwéng thang va mat phang

Cich 1: (Hinh chiéu vudng goc)
Buée I: Tim giao diém O cua d va (a)
Bude 2: Chon diém A € d va dung AH 1 (a).

Khi do A0H = (d, () /O,A‘P sl )‘V
H

/
Cich 2: (Mit phing phu) y d
Buée I: Dyng mit phang phu (B) chira d va vudng goc (@) /
Buée 2: Tim giao tuyén d’ cua () va (B), néu d khong vudng
goc vai (@) thi giao tuyén d’ chinh 13 hinh chiéu cta d 1én (a). / /
Khi do: (d,(@) = (@3 ). D

Cach 3: Ap dung phuong phap tim goc giita vecto chi phuwong cta dudng thing va vecto phép tuyén ciia mat
phang (Xem phuong phap toa do trong khong gian)

241. Tim g6c gilra hai mat phang

Tinh géc giira hai mit phang (a) va (B)

Cich 1: Hinh chiéu vudng géc

Buce 1: Tim A = ()N (B).

Bucoc 2: Chon A € (f), ké AH L (a) tai H.
Buoc 3: KEHI L Atail.

Khi d6 ((P); (Q)) = ATH

Ciach 2: Hai duwdng vudng géc giao tuyén

Bude 1: Tim A = ()N (B)

Buéc 2: Tima c (a); b € (B),saochoa L A,b L Ava
a va b cat nhau tai 1 dieém.

Khido ((a), (B)) = (a,b)

Trang 215



Cach 3: Mat phfmg phu

Buée I: Tim (y) L (a), (¥) L (B)

Budc 2: Tima = (y)N(a); b = (¥)N(B).
Khi d6 ((a), (B)) = (a, b).

Cach 4: Dung dinh nghia
Tima L (a);b L (B).
Khi do (@), (8)) = (a,b)

Ciach 5: Dung hinh chiéu da giac
Bude 1: Chon da giac H trong ().
Buee 2: Chiéu H xudng (B) duoc H'.
Bude 3: Goi ¢ = ((a), (B)).

Khi d6 Sy, = Sy cos ¢.

Hay Dién tich hinh chiéu = Dign tich hinh dem chiéu x cos(géc xen giita 2 mdt phing)

Cich 6: Sir dung cong thirc hai doan vudng géc véi giao tuyén khong cung mot diém

A

Cho hinh chop ABCD ¢6 AB L BCvaCD 1L BC,AB=a,BC=5b,CD=c,

AD = d. Tinh goc giita hai mit phing (ABC) va (BCD).

C cos((ABC); (BCD)) = cos(AB; CD) =

la? + b? + ¢? — d?|

2ac

(Luu y: cong thirc trén van dung khi B = C, tac la b = 0)
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242. Goc nhij dién va goc phang nhj dién

Dinh nghia. Cho hai nira mat phang (P;) va (Q) ¢6 chung bo 1a Q
duong thang d. Hinh tao boi (P;), (Q4) va d dugc goi la gbc nhi

dién tao boi (Py) va (Qy), ki hidu [Py, d, Qy]. d 2
Hai nira mat phang (P;), (Q;) goi 1a hai mit cta nhi dién va d goi

la canh cua nhi dién.

& Chu y: * Hai mit phing cit nhau theo giao tuyén d

tao thanh bon goc nhi dién. (Trén hinh v&, cac goc nhi ,
dién dwoc v& tach ra cho d& nhin). ) |
* Goc nhi dién [Py, d, Q] con dugc ki hiéula [M,d, N] |__"~~. TSsol T

pm——————

B s

T
1
1
1
1
1
1
w
L

v6i M, N tuong tng thudc hai nira mit phang (Py), (Q,).

Cho goc nhi dién [Py, d, Q;]. Goi O 1a mot diém tuy ¥ trén d, Ox 1a tia nam
trong (Q4) va vudng goc voi d, Oy la tia nam trong (Q1) va vudng goc voi
d. Khi d6, xOy goi 1a goc phang nhi dién cta goc nhi dién [Py, d, Q4].

Pinh nghia. Goc phang nhi dién cta goc nhi dién la goc co6 dinh nam trén
canh cda nhi dién, ¢ hai canh lan luot nam trén hai mat cua nhi dién va
vuong goc voi canh cta nhi dién.

Luwu y: = Goc nhi dién cé goc phang nhi dién 14 goc vudng duoc goi 1a goc
nhi dién vudng. )
* S6 do goc nhi dién nhan gia tri tir 0° dén 180°.

Luuy:

» Néu goc phang nhi dién 1a goc < 90° thi Goc phang nhj dién = Goc giita 2 mit phing.

» Néu goc phang nhi dién 1a goc > 90° thi Goc phéing nhi dién = 180° — Géc giira 2 mit phang.
Xem lai phan goc giira 2 mat phang.
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243. Khoang céach gilra diém va mat phang
So dd tom tat cac phuong phap tinh khoang cach tir diém dén mit phang
(M&i phuong phéap c6 thé thuc hién theo mot sd cach khac nhau)
Tim khoang cach tir mot diém dén mot mat phang
Céch 1: Chiéu vudng goc tryc tiép diém 1én mit phang

Hinh chiéu vudng goc .
Cach 2: Mat phang phu vuong goc

Dich diém song song Céch 3
Dich diém dong dang Céch 4

Ung dung cong thirc thé tich hinh chop

Dé xé4c dinh khoang cach tir diém M dén mat phang (P), ta sir dung cac phuong phéap sau day:

Cach 1: Tim tryc tiép hinh chiéu vudng goc ciia M 1én (P). Thong thudng ta dung dudng thang qua M va
song song v6i mot duwong dd vudng goc voi mat phang (a).

Cich 2: (Ciing théng qua dung hinh chiéu vuéng goc) /é
M

+ Tim mit phang (Q) chira M va vudéng goc v6i mat
phang (P) theo giao tuyén A

+ Tir M ha MH vudng goc véi A (H € A).
+Khi d6 d(M; (P)) = MH.

Cich 3: Dich diém song song M N
+Qua M, ké A//(P). Ta co: d(M; (P)) = d(4; (P)) A
+ Chon N € A. Khi d6:

d(M; (P)) = d(4;(P)) = d(N; (P))
/ " K'/
P

Cich 4: Dich diém dong dang M

Néu MNN(P) = 1. Tacod 1
dim,(P)) _ Ml \N
d(N,(P)) NI

MI
Tinh d(N, (P)) va N7 \
MI N
= d(M, () = 17 AN, (P)) A( — - /

Chu y: Diém N 0 day ta phai chon sao cho tim khoang cach tir N dén mat phing (P) dé hon tim khoang cach
tir M dén mat phang (P).
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244. Khoang céach gitra dwéng thang va mat phang song song

Tinh khoang giira dwong thing d dén mit phing (P)

Cich 1: chuyén vé bai toan tim khoang céch giita diém va mit phang d A

Buée I: Chon mot diém A thude duong thang d

Buée 2: Xéac dinh khoang cach tir diém A dén mat phang (P). / /
P

Cich 2: chuyén vé bai toan tim khoang cach giita hai mat phang song 0
song. /1 *B y

Buée I: Tim mot mat phang phu (Q) chira d va song song véi (P).

Buée 2: Chon mot diém B € (Q) (hoic B € (P)). (Chon B sao cho / y

viée xac dinh khoang cach tir n6 dén mat phang con lai 1a dé dang)

hoac

Buée 3: Xac dinh khoang cach tir diém B dén mit phang con lai ma

P
n6 khong thude vao. / 'd W
/ B g’/
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245. Khoang céach gitra hai mat phang song song

Xic dinh khoing cach giira mit phing (P) va mit phing (Q) song song v6i nhau

La khoang cach tir mot diém bét ki cia mat phang nay dén mit phang kia. (Chuyén vé bai toan khoang cach

giita diém va mat phang)

Buée I: Chon mot diém B € (Q) (hodc B € (P)). (Chon B sao cho viéc xac

dinh khoang cach tir nd dén mit phang con lai 1a d& dang)

Buéce 2: Xéc dinh khoang cach tir diém B dén mit phang con lai ma no khong

thudc vao.

246. Khoang cach giira hai dwéng thang chéo nhau

T 7
i
W
T

Dé tinh khoang cach giita hai dudng thing chéo nhau ta thudng tinh cac khoang cach sau

Khoéng cach giita hai duong thing Khoang cach gilta hai duong
chéo nhau la d¢ dai doan vudng géc  thang chéo nhau bang khoang

chung giira chiing. cach gitra mét trong hai dudng
a thang d6 va mat phang song song
I v6i no, chira duong thang con lai.

Khoang cach gitra hai duong
thang chéo nhau béng
khoang cach gilta hai mat
phang song song lan luot
chtra hai duong thang do.

P A~ T~

Cach 1: Thuong dung khi a va b chéonhauvaa L b
Budc I: Dyng(a) chia b va (a) L a.
Budc 2: Tim 0 = a N(a)

Buoc 3: Dung OH L1 b tai H 0 b
Khi @6 OH la doan vudng goc chung ctia a va b. o | H

= d(a;b) = OH
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Cach 2:
Bude 1: Dung (a) chia b va (a)//a

H a,a
B b

THL: Néu dé chi bét tinh khoang cach va khong yéu | TH2: Néu dé bai yéu ciu dung doan vudng goc
cau duyng doan vudng goc chung. chung va tinh khoang cach

Budc 2: Lay M € a Budc 2: Lay M € a
Khi d6:d(a,b) = C{(M, (@) chgyén vé bai toan | Bude 3: Dung MH L () tai H

khoang céach gitia diém va mat phang)

Budc 4: Dung a’ chira H vaa'//a.

Budéce 5: Tim B = a’'Nb.

Buoc 6: Dung BA//MH véi A € a.

Khi @6 AB la doan vudng goc chung ctia a va b.
d(a,b) =d(M,(a)) = MH = AB

Nhan xét: Khoang cach giira hai duong chéo nhau bang khoang cach giita mot trong hai dudng thing d6 va

mat phang song song véi nd chira dudng thang con lai.

Cach 3: a chéo b va a, b khong vudng goc voi nhau

Néu dé chi bdt tinh khodng cdch va khéng yéu cau dung doan
vuong goc chung thi chi lam toi buoc 3.

Buoc 1: Chon O tuy y thudc a.

Dung mp(a) qua O va (a) L a.

Bude 2: Chiéu b xudng (a) dugc b’
Bude 3: Trong (a), ké OH L b' tai H.

Néu dé bai yéu cau dung doan vudng géc chung va tinh
khoang cach thi moi lam thém buoc 4.

Budc 4: Dung HB//a (B € b), Dung BA L a tai A
Khi d6 AB la doan vudng goc chung gitta a va b
= d(a;b) = OH = AB.

Cach 4:
Dung mp(a) chita a, mp(B) chira b, mp(a) // mp(f)
Khi d6 d(a, b) = d((a), (B))
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MGdi lién hé¢ giita cac khoang cach trong hinh hoc khong gian

Puong thang - Pudng thang (song song)
Diém - Pudng thang
Diém - Diém Puong thing - Mit phang (song song)
Diém - Mit phang DPuong thang - Puong thang (chéo nhau)

Mit phang - Mit phang (song song)
Sor do lién hé cdc loai khodng cdch trong khéng gian. Cdc khodang cich & phia bén phai dwge xdy dung boi bang cdc khoang cdach ¢
bén trai cua no.
Céc loai khoang cach:
Piém — Piém (Co s6).
Piém — Pwong thing (Khoang cach tir diém dén hinh chiéu vudng goc cua no 1én dudng thing).
Piém — Mit phing (Khoang cach tir diém dén hinh chiéu vudéng goc cua né 1én mit phang).
buong thing — Puong thing (Hai duong thing song song) (Khoang cach cia mot diém thude duong thing
nay dén duong thang kia).
Puwong thing — Mit phing (Puong thing va mit phing song song) (Khoang cach tir mét diém tuy ¥ thude
duong thang téi mat phang).
Mt phing — Mt phing (Hai mit phing song song) (Khoang cach tir mot diém tiy y thudc mit phang nay t6i
mat phang kia).
Puong thing — Puwong thing (Hai dudng thing chéo nhau) (Khoang cach tir duong thing nay dén mit phing
chira duong thang kia va song song véi no; hodc la khoang cach giita hai mat phang lan lugt chira 2 duong thang
va song song voi nhau).
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CAC PINH LY VE VUONG GOC
VA SONG SONG

Nhom dinh ly suy ra tinh song song
» Néu ba mit phang phan biét d6i mot cit nhau theo ba giao tuyén phén biét thi ba giao tuyén iy hodc dong quy
hodc d6i mot song song vai nhau.

(@%@ =)

i(a)ﬂ(ﬁ)=d1 [ 4a//dal/ds
@NG) =d, ~ ldiNdyNds =1
BNG) = ds

» Néu hai mit phang phan biét 1an luot chira hai dudng thang song song thi giao tuyén cia chiing néu c6 ciing
song song voi hai duong thang d6 hoic tring véi mot trong hai duong thang do.

(@) # (B)
d; c (a)
d,c(B) =d//di//d,
d,//d,
(@N(B) =d
(V6id # dy vid # dy)

» Hai duong thang phan biét ciing song song voi duong thang thi ba thi song song véi nhau.
dy #d, #d3
di//ds  =dy//d;//d3
da//ds
» Cho dudng thing a song song voi mit phang (). Néu mit phing (B) chira a va cit () theo giao tuyén b thi
b song song voi a.

a//(a)
ac(B) =d//a
(@NPB) =d

» Néu hai mit phang phan biét ciing song song vi mot dudng thang thi giao tuyén ciia chung (néu co) ciing
song song véi duong thang do.

(a) # (B)
(@N(B) =
(@)//a
B)//a

4 a//d
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» Cho hai mit phing song song. Néu mot mit phing cit mit phing nay thi cling cit mat phing kia va hai giao
tuyén song song vdi nhau.

(@)//(B)
WN(a) = dy = dy//d,
WMNEB) = d,

Nhom dinh ly suy ra tinh vuéng géc

* Cho dudng thang a nam trong mat phéng () va b 1a dudong thang khong nam trong () dong thoi khong
vudng goc voi (a). Goi b’ 1a hinh chiéu vudng goc cta b trén (). Khido a L b < a L b’ (Dinh Iy ba duong
vuong goc).

-

» Néu hai mat phiang vudng goc véi nhau thi bat ctr dwong thang nao nam trong mit phang nay va vudéng goc
v6i giao tuyén thi vudng gdc voi mat phang kia.

(@) L (B)
(@NP)=d =>al(B)
ac (a)
ald

» Néu hai mit phing cit nhau va cung vudng goc véi mit phing thir ba thi giao tuyén ciia chiing vudng goc voi
mat phang tha ba do.

(@N(B) =d
(@L@y) =dL®)
B Lm

» DPuong thing a vudng goc v6i mit phing (a) thi a vudng goc véi moi dudng nim trong (@)

{a 1 (a)

bC(a):alb
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Quan hé song song va vuéng goc giira dwong va mat

(Luu y ta chi dugc st dung céc suy ludn bBung va khong dugc st dung céc suy luan Sai)

{

dbi twong 1 // d6i tuong 2
dbi twong 1 L ddi twong 3
= d6i twong 2 L dbi tugng 3

{

d6i tuong 1 L ddi twong 2
d6i tuong 1 L ddi tuong 3
= d6i twong 2 // dbi twong 3

a//b ,
alc=>bJ_c (Pung)

{

alb .
alc:b//c(Sau)

{

a//b = b 1 (a)(Plng)

{

ey = b/ @@ing)

{

a L (a)
(0118 > ;)1 @@ing (219 < ) @ Bing)
{aa/ /l(z) = b 1 (a)(Sai) {“all(g) = b // (a)(Ding)
{((?)/l/ , = a L b(Ping) {Ezg i "= a// b(Ping)
{(S‘)j/ (;) = a L (B)(Sai) {(((S) ll(g) = a// (B)(Ding)
{(0(2)/ /l(g ) 5 a1 () (Ping) {(‘()‘;)ll(i )2 a// (B)(ing)
(@O = @) L ) Ping {0 10> @) L s
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CAC HINH KHOI CO BAN

Hinh chép:
* Bay 1a mét da giac.

= C6 duy nhat mét dinh, dinh khong ndm trong mit phang day

Hinh t& dién (ti = bén; dién = mit)
* Hinh chdp c6 day la tam giac

* C6 4 mat (3 mat bén, 1 mat day)

* C6 6 canh (3 canh bén, 3 canh day)

= Tat ca cac mat déu la tam giac

T di€én déu

* La hinh chdp co tat ca cac mat la cac tam gidc déu va bang nhau.

* Hinh chi€u vudng gdc cia dinh xuong day trung véi tam cua day.

Hinh chép cut

= La hinh chép bi cat cut boi mdt mit phang song song véi ddy.
= C6 hai d4y song song va dong dang.

= Cac canh bén khi kéo dai s& ddng quy nhau.

= Cac mat bén la nhiing hinh thang.
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Hinh chép déu
« Py 1a da giac déu (tam giac déu, hinh vudng, ngii giac déu,...)

» Hinh chiéu vudng géc ciia dinh xuéng mat phang day tring véi tim cia
da giac day.

= Cac canh bén bang nhau.

= Cac mat bén la nhitng tam giac can tai dinh ctia hinh chdp va la cac tam
giac bang nhau.

Hinh chép cut déu

» La hinh chép déu bi cit cut bdi mot mit phing
song song voi day.

» Hai day 1 hai da gidc déu va dong dang nhau.

= Cac canh bén bang nhau.

* BPuong noi hai tdm cua hai da giac day vuong
gbc vai hai mat day.

Hinh ling tru

= C6 2 day 1a 2 da gidc bang nhau va ndm trong 2 mit phing song
song vadi nhau.

= Cac canh tuong tmg ctia 2 da giac day thi song song va bang nhau.
= Tét ca cic mat bén déu 1a nhimng hinh binh hanh.
= T4t ca cac canh bén déu song song va bang nhau.

Lueu y: Céc canh bén c6 thé xién so vdi day.

Hinh hop
* Hinh lang tru c6 day 1a hinh binh hanh.

= Cac mit ddi dién 1a nhitng hinh binh hanh bang nhau va nam trong
hai mat phang song song.

= Cac canh bén co thé xién so voi day.

= Céc canh bén bang nhau va song song vdi nhau.

Hinh ling tru déu
« C6 day la da giac déu.

» Cac canh bén vudng goc voi day.

» Cac mat bén la nhitng hinh chir nhat bz:ing nhau.
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Hinh ling tru ding
* La mét hinh lang try.
= Cac canh bén vudng goc voi day.

» Cac mat bén la nhitng hinh chir nhat.

Hinh hop ding
* L3 hinh lang tru dung c6 day la hinh binh hanh

Hinh hp chir nhat
* La mot hinh lang try
= Day 1a hinh chir nhat

» Cac canh bén vudng goc voi day.

Hinh 1ap phwong
» Tt ca cac miat déu Ia hinh vudng.

= Cac canh bén déu vuong goc vadi day.

So d6 tong két mot vai tinh chat quan trong ciia hinh chop déu

Céc tinh chit cua hinh chop déu

Trang 228

Day la mot da giac déu

Tat ca cac mat bén déu tao

v6i day mot goc bang nhau

Tat ca cac canh bén deu tao

v6i day mot goc bang nhau

Tat ca cac canh bén déu bang nhau

Hinh chi€u vudéng goéc cua dinh
xuong day trung voi tam cua day

Tat cé cac mat bén déu la cac tam giac can (tai dinh
cua hinh chop) va la cac tam gidc bang nhau.




Béng tong két tinh chét cac hinh lang try

= 2 day 1a 2 da giac bang nhau va nam trong 2 mit phang song song v&i nhau.
= Cac canh tuong tmg ctia 2 da giac day thi song song va bang nhau.

= Tat ca cic mat bén déu 1a nhimng hinh binh hanh.

= T4t ca cac canh bén déu song song va bang nhau.

Hinh lang try
Hinh lang try c6 day | R L . Hinh lang try c6 canh
13 hinh binh hanh | Hinh hop Hinh ldng try ding | o, vuang g6c véi day
Hinh lang try dung co Hinh hén di Hinh line tru déu Hinh lang try dimg
day 1a hinh binh hanh " "OP €Uhg g c6 day 1a da gidc déu
La hinh hop ding c6 | .. N P
I hi it ool [\nh hop chir nhdt
Hinh hop chir nhat c6 tat
8ok TR c4 cac canh bang nhau. Tt
il BT ca cac mit déu 1a nhiing

hinh vudng bang nhau

0o

D6i v6i hinh hop chir nhat: Puong chéo = J dai® + rong? + cao?

Dbi véi hinh 1ap phuong: Puong chéo = canh x /3
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KHOI BA DIEN VA THE TiCH

247. Hinh da dién, khéi da dién

Piéu kién dé mot khoi duoc tao bdi mot

2 e ) S n Hinh da di¢n
0 s0 hiru han céc da gidc la hinh da di¢n :

Hai da giac phan hi¢t chi c6 the hoac khong c6 diém chung, hoac
chi c6 mot dinh chung, hoac chi c6 mot canh chung

/ Moi canh ctia da giac ndo ciing 1a canh chung ctia ding hai da giac

Khdi da dién Khdi da dién 1a phan khong gian
bén trong dugc gidi han boi mot

=3 A 1A 1 A
3 a, hinh da dién, ké ca hinh da dién do
& £
%) .; Trong mot khéi da dién, mdi dinh 1a dinh chung cua it nhét 3 mit.
¢ Ko A X N 9 , . -
; = Trong mot khoi da dién, moi canh la canh chung ctia dung hai mat.
z = T 5t khéi da dién, m3i mit c6 it nhét ba canh
2 = rong mot kho1 a dign, mo1 mat €0 1t nhat a canh. ) )
o g Khoi da dién co6 so dinh it nhat, sO canh it nhat, sO mat it nhat 1a khoi tir dién.
& = Bat cr hinh da dién nao ciing c6 thé phan chia thanh nhiéu khoi tir dién.
e A TS, aA z ~ RO st 2 . M
g & Mot hinh da dién c6 M mat, moi mét c6 p canh thi co Tp canh.
PR p o S6 canh toan bo PR P
S6 dinh ¢ day = SO canh & ddy = —————— = S0 mdt bén = SO mat toan by — 1

2

Toan b s6 dinh = S6 dinh cua 1 day x 2

S6 canh cuia 1 day = S6 dinh cua 1 ddy = S6 canh bén
Toan bo s6 canh = S6 dinh cua 1 day x 3

Toan bd s6 miat = S6 dinh cua 1 day + 2

S mat bén = S6 dinh cua 1 day

248. Khoi da dién 106i

Pac diem nhan biét khoi da dién l16i

Khéi da dién (H) duoc goi la | Mot khdi da dién 1a khéi da / 4'7‘ /

khdi da dién 16i nén doan thang | | dién 16i khi va chi khl mlen
ni hai diém bat ki coa (H) luén | trong ciia nd ludn nam vé
thuoc (H). Khi d6 da dién xac = mot phia dbi voi mdi mat
dinh (H) dugc goi 1a da dién 16i || phing chira mot mat ctia no.
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249. Khéi da dién déu
Tinh chat khdi da dién déu
M&i mat cua nd 1a mot da giac déu p canh
Mbi dinh ctia n6 1a dinh chung ctia dting q mit
Khéi da dién déu nhu vay duoc goi 1a khéi da dién déu loai {p; q}
Chi ¢6 nam loai khéi da dién déu. D6 14 loai {3;3}, loai {4;3}, loai {3;4}, loai {5;3} va loai {3;5}.

Khoi bat dién déu Khéi hai muoi mat déu

4
’
’
/

Khéi tir dién déu

Khoi lgp phiong Khoi muoi hai mdt déu
Bang tém tat ciia nim loai khoi da dién déu

Loai Tén goi S6 dinh | S6canh | S6 mit
{3;3} Tt dién déu 4 6 4
{4;3} Lap phuong 8 12 6
{(3;4) Bat dién déu 6 12 8
{5;3} | Muodi hai mat déu 20 30 12
{3;5} | Hai muoi mit déu 12 30 20

Luwu y : Trong mot da dién déu :
S6 dinh + S6 mat = S6 canh + 2
g X S6 dinh = 2 x Sb canh = p x S§ mat
Trong do: p 1a s6 canh cua mdi mat da giac déu tao nén da dién déu.

q 1a s6 luong mit di qua mdi dinh cu thé cia da dién déu.

AN
/',’ R
! y
Tam cua cac mat cia mot khoi lap phuong la cac dinh ctia mot P, NN
A1z [N A -t N
khoi bat di¢n déu e« Sl-om
R A
SIS / 4
N, !
. ‘\l\\ I, d
,/ ‘\ ll/
z”, v
A
,/
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Hai dinh ctia mot khoi bat dién déu dugc goi 1a hai dinh dbi
dién néu chung khong cung thugc mét canh cua khoi do. Poan
thang noi hai dinh doi dién goi 1a dwong chéo cua khoi bat dién
deu. Khi do:

— Ba duong chéo cat nhau tai trung diém ctia mdi duong

— Ba duong chéo d6i mot vuong goc voi nhau;
— Ba duong chéo bang nhau

Tam cua cac mat cua mot khoi bat dién déu la cac dinh cia mot
khoi 1ap phuong

Cho mét khoi tir dién déu. Khi d6, cac trong tdm cia cac mat cua
no la cac dinh cia mot khoi tir dién deu.

Cho mét khoi tr dién deu. Khi d6, cac trung di€m cua cac canh
cua nd la cac dinh cua mét khoi bat dién déu (khoi tAm mat déu).
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250. Mat phang va truc déi xirng

S truc d6i xtng cua hinh vudng trong khong gian 1a: 5

S6 mat phang ddi ximg cua hinh 1ap phwong 1a: 9

.
//q i S 7 7
1 % /
1 ] P =2 S, ’ 7 ~
: 1 i : AN ’ ! SN
7
2 ! e e - N, (K. ;o S IR
>
G .4 L ~ P Ry Rl ) A & Kt e
C T T 7 - 7 ’ 7
'3 s 2 ’ '3 \ o - e < -’ -
il e ’ -’ -’ - -, /' e

S6 mat phang ddi ximg ctia hinh hop chir nhat ¢ 3 thong sé khac nhau 1a 3.

N

\\
N,
R-==m—————t—
N,
N,

N,
N\,
N,
N,
N,

1

1

1

1

1 s 1
I

N
\
A Y
AY
N
A Y

N\
]
1
T
U

+
1
1
1

—— .

\,
T
1
1
1
1

N

N,
]
1
T
1
1
1
1
1

N
¥,
1
]
1
1
1
1
1

N
\
1
1
Ay
N

(Trong hinh cc canh mau xanh bang nhau)

T dién d€u c6 6 mat phang doi xing (moi mat chira 1 canh va trung diém cua canh doi dién voi no)

R e
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Bat dién déu c6 9 mit phiang dbi xtmng.
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251. Thé tich da dién

Tinh thé tich ciia mdt khdi da di¢n

Duya vao cong thirc tinh toan co ban

Chia nhé hinh thanh cc phan dé tinh
hon va tinh thé tich moi phan rdi cong lai

Hinh chop, hinh lang try, hinh hop
chit nhét néu ¢ du dién tich day va
chiéu cao. Hinh lap phuong néu biét
duoc canh cua hinh 1&p phuong.

So sanh thé tich can tim v6i mot thé tich khac
da biet (so sanh day, chiéu cao va dang cong
thtrc tinh thé tich 1a hinh chop hay lang tru)

Lay thé tich mot khoi 16n da biét trir di thé tich
phan bu véi no6 trong khoi 16n da biet

Dung cong thirc ty 18 thé tich ti dién néu biét ty 1¢ chia

trén 3 canh xut phat tir mot dinh ciia hinh chop.

Tuw tinh bdo toan cia
thé tich ta rit ra hai
cach c6 thé dimg dé
tinh thé tich nhw sau

Ta c6 thé ghép thém vao khéi da dién mot khéi da dién
khac sao cho khoi da dién thém vao va khoi da dién madi
tao thanh c6 thé d€ tinh dugc thé tich.

Pio dinh ddi véi tir dién (néu thiy viéc dao dinh dé
dang cho viéc tinh toan thé tich) Céng thirc phan chia thé tich
Néu ta chia khdi da dién A thanh cac khdi da dién nhé hon chira bén trong n6 1a A; va A,, A; va
A, khong co6 phan thé tich chung, A; va A, hop lai dugc A, thi ta c6 cong thirc phan chia the tich :

VA = VA q ar VAZ
Vhinh hop chit nhat = dai X rdng X cao = Sggy X chiéu cao
: cao
Hinh hdp chir nhat c6 dac diém :
— D4y 1a hinh chir nhat. & rong
— Cac canh bén vuéng goc voi day. dai

Vlép phwong = (Canh)3

(trong d6 a 1a d9 dai canh cua hinh 13p phuong)

1
Vensp = 3 Sazy " h

Trang 235



Luru y: tir cong thirc thé tich hinh chop ta suy ra mot phuong phap
tinh khoang cach tir mdt diém dén mot mat phang nhu sau :

Gia st cho mot hinh chop c6 day 1a tam giac ma ta da tinh dugc
thé tich ctia n6. Pé bai yéu cau tinh khoang cach tir mot dinh ciia
hinh chép téi mit nao d6 cua hinh chop d6 thi ta c6 thé 1am nhu
sau :

Chon dinh d6 14 dinh ctia hinh chép, v6i mat day 1a mat phang di
qua ba dinh con lai cia hinh chop.

Tinh dién tich cta tam giac day twong ung.

. 1 5
Tur cong thirc thé tich V = §Sdéy. h=h= ; h chinh 1a khoang cach can tim.

day

|Vléng tru = Sdéy ' hl
Dién tich xung quanh cua hinh ling tru (hinh chop) bang tong dién tich cac
mat bén. h
Dién tich toan phin cua hinh ling tru (hinh chép) bang téng dién tich xung
quanh voi dién tich cac day.

Cho hinh chép S. ABC. Trén cac doan thing SA, SB, SC lan luot ldy ba diém
A', B', C' khac v6i S. Ta co ty 1€ thé tich :

Veapc SA SB SC

1 7
Vch(’)pcgtzgh(B-i_B,-"VBB,) B

=

Trong do6 : B, B’ 1a dién tich hai day.
h : 1a chiéu cao ctia hinh chép cut.

é

Mot s6 cong thire diic biét khac

Tk dién S. ABC c¢6 SA, SB, SC doi m§t vudng goc.

1 21525 Saspe.S
VS.ABc=gSA.SB.SC=‘/ ASAB ;SBC ASAC

%)
Fe
i
i
i
i
oS

N,
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V2
Vit dien deu = Ep) (canh)?

Thé tich tir dién khi biét d6 dai 2 canh d6i 1a a va b, va khoang cach
gitra ching la (d) va goc gitra chung la (a):

1
= —abd - si
v 6a sina

Thé tich khi biét canh kep giira 2 mit ké nhau va dién tich, goc giita 2
mat do

_ 25,5 sina

B 3a

Cong thirc tinh khi biét 3 canh, 2 goc & dinh va 1 goc nhi dién
SA=a,SB=h5SC=c
((SAB/),\(SAC)) =a =V= aTszina sin 8 sin ¢
ASB = 3,ASC = ¢

T dién c6 3 géc va canh cling xuit phat tir mét dinh
T dién SABC c6 SA=a,SB=b,5C =c
va ASB = x,BSC = y,CSA = z ta co:

1
V= gabc\/l + 2 cosxcosycosz— cos?x — cos?y — cos?z

Thé tich khéi tir dién ABCD (gan déu) c¢6 cac cip canh ddi bang nhau
la:
AB =CD =a,AC =BD =b,AD =BC =c

V2
Vapep = E\/(—az + b% + c?)(a? — b? + c?)(a? + b% — c?)

T& dién ACBD ¢6 BC = a,CA=b,AB =c,AD =d,BD =e,CD =f
ta ¢6 cong thirc tinh thé tich cia tir dién theo 6 canh nhu sau:

1
V=E\/M+N+P—Q
Trong do
M = a?d?(b? + e? + c? + f?2 —a? — d?)
N =b?%e?(a?+d*+ c? + f2 — b? — e?)
P=c?f%(a®+d?+b?+e?—c?—f?)
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Q = (abc)? + (aef)? + (bdf)? + (cde)?
Ty 1¢ khdi chép c6 dy 1a hinh binh hanh

_SA’
=54
b_SB'
" SB bed
! Ve a1 pt ~1 17 aoc 1 1 1 1
) c=£ _, /sA’B'c'D’ _ (_ 1 _+_)
SC Vs aBcp 4 \a b c d
d_SD’
KY))
1+1_1+1
a ¢ b d

Ty 1é thé tich 2 khéi chop chung dinh va c6 2 d4y song song
Ty 18 V = (Ty 1 1 canh twong tng)3
= (Ty 1é 2 dudng cao tuong tmg)3

Ty 18 thé tich ling tru tam giac

_A'M
“=an
Z V gt a+b+c
b=BN=> MNP.A'B'C’ _
BB'  Vapca's'c’ 3
_CP
c=tc

Ty 1é thé tich hai khéi chép chung dinh va mit phing day
Vi 5
V, S,

T 1¢ thé tich hinh hp (d4y 13 hinh binh hanh)

( _AM
¢ aa
b—BN
) BC?JI N VABCD.MNPQ _a+b+c+d
— V InplpQ! I_ 4
c cC’ ABCD.A'B'C'D
DQ
d =
DD’
\a+c=b+d
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252. P4 dai va dién tich dic biét

Puong chéo hinh vuéng = Canh huyén tam giac vudng can = canh x /2 I\
Dién tich hinh vuong = (canh)?

A
DPuodng chéo hinh 1ap phurong = canh x /3 , ‘-‘
Puong chéo hinh hop chit nhat = \/ dai® + rong? + cao? - \‘

3 3
Duodng cao tam giac deu = > X canh

\ 3
Dién tich tam giac déu = ke (canh)?

5 3
Pinh —» Tam tam giac déu = Y X canh

Pudng trung tuyén ung véi

canh huyén trong tam giac vuong

253. Binh ly Menelaus

_ Canh huyén

Trén cac canh cua AABC c6 3 diéran € AB, A
Y € AC, Z € CB; sao cho X, Y, Z thiang hang. X v
AX BZ CY
Sl —=-—=1
BX CZ AY o7
B C
254. Tam dién vubng
Cho tir dién ABCD c¢6 AB, AC, AD d6i mdt vudng goc. Khi do ta co: D
» H 14 hinh chiéu vuéng goc cua A 1én mp(BCD) < H 1a tryc tim ABCD
11 N 1 N 1
AH?  AB? " AC? ~ AD? C
B

1
V= EAB.AC.AD
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Thay Lé Trung Kién

THONG KE GHEP NHOM

255. Lwu y bam may tinh

= Trong mdy tinh bo tai, chwong trinh thong ké chi c6 thé tinh ding cac gia tri ghép nhom d6 1a: s6 trung binh,
phuong sai, d6 1éch chuan.

. (;éc gia tri: trung vi, tir phan vi, mdt, khoang bién thién, khoang tr phéan vi khong thé tinh bﬁng chuong trinh
thong ké trong may tinh.

» Khi tinh cac s dac trung ghép nhoém cot x ta nhédp gia tri dai di€n, cdt n ta nhap tan so.

256. C& mau, gia tri dai dién, dé dai nhom, quy tac ghép nhom

Bang tin sé ghép nhom

Nhom | [ug;up) | [ug;us) | o | [ Ugeqq)

Tan so ny n, ng

» Bang trén gom k nhom [uj ; uj+1) v6i 1 < j < k, mbi nhom gom mot sb gia tri duge ghép theo mot tidu chi
xac dinh.
sComiun=n, +n, +--+n, = Téngtﬁnsé
» Gi4 tri chinh giita mdi nhém duoc dung 1am gia tri dai dién cho nhom ay. Vi du nhom [uy; u,) c6 gia tri
dai dién 1a % (uy + uy). Hiéu mét cach don gian thi:

Gia tri dai dién = Trung binh cong 2 dau mat
* Hidu w4, — u; duoc goi 1a d§ dai cita nhém [u;; w4, ). Hiéu mot cach don gian thi:

Do dai nhém = Mt phai cia nhém — Mt trdi cia nhom

Mot s6 quy tic ghép nhém ciia miu so liéu
Mau s6 liéu c6 thé duoc ghép nhém theo nhiéu cach khac nhau nhung thuong tuan theo 1 s quy tic sau:
» Str dung tir k = 5 dén k = 20 nhém. C& mAu cang 16n thi can cang nhiéu nhom sb liéu.
= Céac nhom c6 cing d6 dai bang L thoaman R < k X L, trong d6 R 1a khoang bién thién, k 1a s6 nhom.
* Gia tri nho nhat ctia mau thudc vao nhom [uy; u,) va cang gan u, cang tot. Gia tri 16n nhat ctia mau thude
nhom [uy; u,q) va cang gan Up4q CANG t6t.

» Cac dAu mat ctia cac nhom co thé khong 1a gia tri cia mau s6 liéu.

Hiéu chinh nhém

» Ta hay gip cac bang sb liéu ghép nhom 14 s6 nguyén, chang han nhu bang thong ké s6 13i chinh ta trong bai
kiém tra giita hoc ki 1 mon Ngit Van cta hoc sinh khéi 11 nhu sau:

S4 16i [1;2] [3; 4] [5; 6] [7; 8] [9; 10]
S4 bai 122 75 14 5 2

bé thuan lgi cho viéc tinh cac so déc trung cho bang so li€u nay, nguoi ta hi¢u chinh bang cach thém va bét
0,5 don vi vao dau mut bén phai va bén trai cia moi nhém s6 liéu nhu sau:

S6 15i [0,5;2,5) | [2,5;4,5) | [4,565) | [6,5;85) | [8,5;10,5)
S4 bai 122 75 14 5 2
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Thay Lé Trung Kién

257. CAc sé6 dac trweng do xu thé trung tam

» S trung binh

* Trung vi

» T phan vi

= Mét

a) Sé trung binh

Gia sir mau s0 li€u dugc cho dudi dang bang tan s6 ghép nhom:

Nhoém Nhém 1 | Nhom 2 | ... | Nhém k
Gia tri dai dién c cy Cx
Tan s6 ny n, Ny

S0 trung binh ciia mau so liéu ghép nhém, ki hi¢u x, dugc tinh nhu sau:

NniCq +NyCcy + ngc3 + -+ nic,  ToOng: Tan s6 X Gid tri dai dién

X = —
n C0O mau

Véicdmiun =ny +ny, +ny + -+ ny
Y nghia ciia s6 trung binh ciia miu s6 liéu ghép nhém
Sb trung binh cua mau s6 lidu ghép nhom la gia tri xap xi cho sd trung binh ciia mau sd liéu gdc. N6 thuong
dung dé do xu thé trung tam ctia mau so li¢u.

Tim s6 trung binh ctia mau s6 lidu sau:

Giatri | [5;10) | [10;15) | [15;20) | [20;25) | [25;30)
Tansd | 9 7 23 19 3
Giai
Gidtridaidién | 7,5 12,5 17,5 22,5 27,5
Gia tri [5;10) | [10;15) | [15;20) | [20;25) | [25;30)

Tan s 9 7 23 19 3
Comau:n=9+4+7+23+19+3 =61
S6 trung binh:
f_7,5x9+12,5><7+17,5><23+22,5><19+27,5><3_35_175
61 2 '
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b) Trung vi

Cong thic xac dinh trung vi ciia mAu so liéu ghép nhém:
Goi n 13 ¢& mau.

Gia st nhom [Uyy,; Uy ) chira trung vi.

Ny 14 tAn s6 ciia nhom chira trung vi.
C=ni+ny,+-+nyu_q

Khi do:

X (um+1 - um)

Tong tan so

C0O mau e ;
— cua cac nhom

N r g 2
. Ba}l muty trat trudc nhom chira trung vi a1 OB
Trung vi = ctanhém + Y — X B dai nhom
chira trung vi an sO cua nhom

chura trung vi

Y nghia ciia trung vi ciia miu s6 liéu ghép nhém
Tt dir liéu gheép nhom noi chung khong the xac dinh chinh xac trung vi cua mau sb liéu gdc. Trung vi cua mau
sO liéu ghép nhom 14 gia tri x4p xi cho miu s6 liéu gde va c6 thé 1y lam gid tri dai dién cho méu s6 licu.

Tim trung vi cta mau s6 lidu sau:
Giatri | [5;10) | [10;15) | [15;20) | [20;25) | [25;30)

Tansé | 9 7 23 19 3
Giai chua Q,
Ta co:
Giatri | [5;10) [10;15) [15;20) [20;25) [25;30)
Tan sb 9 7 23 19 3
X1 7 X9 | X10 7 X16 | X17 7 X39 | X40 ™ Xs58 | X59 ™ X1
Vi trung vi:

X1 > Xo1
Tir x1 dén xg, thi phan tir chinh giita dwoc tim bang cach tinh % =31
(ld s6 nguyén) = Phdn tir chinh giita Id x3,

X1 > X3 » X61
2X61
4

-9+7)
23

M, = x5, = 15 + X (20 — 15) ~ 18,152
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Tim trung vi ciia mau so li€u sau:

Ta co:

Tim trung vi:

Tim trung vi cua mau so liéu sau:

Ta co:

Tim trung vi:

Giatri | [5:10) | [10;15) | [15;20) | [20:25) | [25;30)
Tansd | 9 7 23 19 4
Giai chira Q,
Giatri | [5;10) [10;15) [15;20) [20;25) [25;30)
Tan s 9 7 23 19 4
X1 = X9 | X10 = X16 | X¥17 > X39 | X40 ™ X58 | X59 = X62
X1 > X62

Tir x1 dén xgy thi phan tir chinh giita duwoc tim bang cdch tinh 1+T62 =315

(Ia s6 khéng nguyén) = Phan tir chinh gitta ld X3 V3 X35

X1

M,

_ X313t X3

2

» X¢o

> X531 X32
2X02 _(9+7)
15 + X (20 — 15) =~ 18,261

23

Giatri | [5:10) | [10;15) | [15;20) | [20;25) | [25:30)
Tén sb 1 4 12 0 4
Giai chua Q,
/
Giatri | [5:10) | [10;15) | [15;20)" | [20;25) | [25;30)
Tan sb 1 4 12 0 4
X1 X2 2 X5 | X6 2 Xq17 X18 = X21
X1 > X721

Tir x1 dén x4 thi phan tir chinh gista dwoc tim bang cdch tinh % =11

(Id sé nguyén) = Phan tir chinh giiia ld x14

X1

Me=x11=15+
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Tim trung vi ciia mau so li€u sau:

Giatri | [5;10) | [10;15) | [15;20) | [20;25) | [25;30)
Tan sb 1 14 2 9 4
_ Giai
Ta co: chira Q,

Gia tri | [5;10) [10;15)' '[15;20) [20;25) [25;30)
Tin sb 1 14 2 9 4

X1 Xy ™ X15 | X16 ™ X17 | X18 ™ X26 | X27 ™ X390

Tim trung vi:

X1

Tir %1 dén X3 thi phan tir chinh giita dirge tim bang cdch tinh 1+TSO =155
(Ia s6 khéng nguyén) = Phan tir chinh giita ld X15 V3 X1

X1 =x15

X1 > X30

_ Xi5t X165

M, >

15
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c) Tw phan vi

Cho diy s Xj, Xj 41, Xj 42, - Xg Khi dO:

K ahd e A A S oA e ap SR TS
= Néu JT 1a s0 nguyén thi phan tir chinh gitra cia day so 1a: xj+x
2

L L TT U ST A S A e 1 PO TR SR Ao \
= Néu ]T 1a 56 khong nguyén thi phén tir chinh gitra cua day s6 1a 2 phan tir: Xj+x_1 Va Xjric 1
2 2 2 2

1, j+k

, £ JtR v X4 A A . Jjtk j+k
Luu y: Néu ]T la s0 khong nguyén thi ]T == ey

+ % 1a 2 s6 nguyén & 2 bén clia >
* Tt phan vi thir hai ctia mau sd liéu ghép nhom, ki hiéu @,, cling chinh la trung vi cta mau sd liéu ghép
nhom.

» Dé tim & phan vi thir nhét cia miu sb liéu ghép nhom, ki hi€u @4, ta thyc hién nhu sau:

Gia st nhom [u,,;; Uy 41 ) chira tr phan vi thir nhat.

Ny, 13 tan sb ctia nhom chira t& phan vi thir nhat.

C=ni+n,+-+ny,_4

Khi do6:
n
v C
Q1 =Up+—X (um+1 - um)
Nm
Téng tan s6
Coméau  cua cac nhom
PAiu mut trai 4 trudec nhom chira
Tt phan vi ja nho tr phan vi thir nhit o
RS el Sl _ phan vi x D6 dai nhém
thtr nhat chura tr phén vi Tan sO cua nhdm
thir nhat chira tr phan vi
thtr nhat

* Pé tim t& phén vi thir ba ciia mau sd liéu ghép nhom, ki hiéu Qs, ta thyc hién nhu sau:
Gia st nhém [uj; uj+1) chtra tir phan vi thr ba.

n; la tan s6 cua nhom chira tir phan vi thi ba.

C =n1+n2 +"‘+nj_1

3n

Q3 =y +4T>< (w1 — )
]

Tong tan so
3xCodmau _ cua cac nhém

Pau mut trai 4 trudc nhom chira
t phan vi ’ 5 tr phén vi thir ba .
T p,han Vi cua ’nh0£n . — 5p — x DO dai nhom
thir ba chtra tir phan vi Tan s0 cua nhom
thir ba chura tir phan vi
thir ba

, A, A <1y 1 . \ A . ; Y ;
Chu y: Néu tr phan vi thir k 1a 5 (% + Xm41), trong d6 x,,, va X441 thudc hai nhém lién tiép, vi du nhu

Xm € [uj_l;uj) vVa Xpi1 € [uj;uj+1) thi ta 1ay Q; = u;.
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= Cong thirc chung ctia ca 3 loai tir phan vi la:

Tong tan so
iXCodmau  cia cac nhom

Pau mat trai 4 truéc nhom chira

T phén vi 3 5 tr phan vi thir (i .
p’ = ’cua’nhOEn . — P - ()x Do dai nhom
thur () chira ttr phén vi Tan so cua nhém
thir (i) chura t phan vi

thir (i)

Y nghia ciia tir phén vi ciia mau s6 liéu ghép nhém
» Ba diém tir phéan vi chia mau sb liéu da sip xép theo thir ty khong giam thanh bén phan déu nhau. Gidng
nhu v6i trung vi, n6i chung khong thé xac dinh chinh xac cac diém tir phan vi cia mau so liéu ghép nhom.

Mau so liéu

Q1 Q: Q3
[ ° ® °
| 25% 25% 25% «25% )

< »

* Bo ba tir phan vi ciia mau sd liéu ghép nhém 1a gia tri x4p xi cho tt phan vi ciia mau s6 lidu gbe va dugce sir
dung lam gia tri do xu thé trung tim ctia mau sd lidu.

» Tir phan vi thir nhit va thir ba do xu thé trung tAm ciia nira dudi (cac dit liéu nho hon Q,) va nira trén (cac
dir lidu 16n hon Q,) ctia mau sé licu.

Tim tr phén vi ciia mau so li¢u sau:

Giatri | [5;10) | [10;15) | [15;20) | [20;25) | [25;30)
Tansd | 9 7 23 19 3
Giai
Ta co:
Giatri | [5;10) [10;15) [15;20) [20;25) [25;30)
Tan s6 9 7 23 19 3
X1 ™ X9 | X10 ™ X16 | X17 > X39 | X490 ™ X58 | X59 ™ Xp1
T phén vi:
xl > x61
Tir x, dén x¢q thi phan tir chinh gitta dwoc tim bdng cdch tinh 1+—261 =31(la
$6 nguyén) = Phan tir chinh gifa ld X3,

Pé tim Qq va Qs ta tach méu dit liéu goc thanh 2 phan trdi va phdi:
Mau dit liéu géc cb mdt phan tir chinh giita ld x5, thé nén:

® Phan trdi: tir X; dén X3 ¢6 phan tir chinh giita ld x15 V3 X1

® Phan phdi: tir X3, dén xg; o phan tir chinh gifta 16 X4 VA X4y

N 1x61
X X -
Q=" _"t_q04+2 x (15 — 10) ~ 14,464
2x6l_(9+7)
Q= x5, = 15 + o x (20 — 15) ~ 18,152
3 x 61
Xag + Xar = (9+7+23)
Qs =———T=20+ S x (25— 20) ~ 21,776
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Tim t&r phan vi cia mau so liéu sau:

Giatri | [5;10) | [10;15) | [15;20) | [20;25) | [25;30)
Tansd| 9 7 23 19 4
Giai
Ta co:
Giatri | [510) | [10;15) | [15:20) | [20;25) [25:30)
Tan so 9 7 23 19 4
X1 ™ X9 | X130 ™ X16 | X17 = X39 | X409 ™ X5g | X59 ™ Xg2
T phén vi:
X1 > X62
Tir %, dén xg, thi phan tir chinh giita dirge tim bang cdch tinh 1+T62 =315
(Ia s6 khéng nguyén) = Phan tir chinh gitta Id X34 V3 X35
X1 » X34 X332 > X2

Dé tim Qy va Qs ta tdch mdu dit liéu goc thanh 2 phan trdi va phai:

Mau dit liéu goc c6 hai phdn ti chinh giita 1d X34 VA X3, thé nén:
® Phan trdi: tir X, dén x31 co phan tir chinh giita la x4
® Phan phai: tir X3, dén x¢y co phan tir chinh giita la x4

Q1:x16:10+

Q="

Q3=X47=20+

_ X331t X3

1x 62

—z 9

2XO2 _(9+7)
=15+

3X62

23

T — (9+7+23)

19
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Vi du
Tim t& phan vi cia mau so6 liéu sau:

Giatri | [5;10) | [10;15) | [15:20) | [20:25) | [25:30)

Tansd | 1 4 12 0 4
Giai
Ta co:
Giatri | [5;10) | [10;15) [15;20) | [20;25) [25;30)
Tansd | | 4 12 0 4
X1 X2 2 X5 | Xg 2 X17 X18 = Xp1
Tt phan vi:
X1 > X21

Tir 1 dén x44 thi phdn tir chinh giita dwoc tim bang cach tinh “—2“ =11(a
s6 nguyén) = Phan tir chinh giita ld xq4

X1

»x10 X¥11 X435 > X21
Pé tim Qq va Qs ta tach méu dit liéu goc thanh 2 phan trdi va phdi:

Mau dir liéu goc co6 mot phan tir chinh giita la x1, thé nén:

® Phan trdi: tir x, dén x4,y O phan tir chinh gitra la x5 va xg

® Phan phdai: tir X1, dén x4q c6 phan tir chinh giita la x4 va x17

Xe + X
Q, = 52 =15
2X21_ (1, g
Qy = x;; = 15 + —2 = X (20 — 15) ~ 17,292
3x21
X16 T X17 4 —(1+4)
Qs = — = 15 + i X (20 —15) = 19,479
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Tim t& phan vi cia mau so6 liéu sau:

Giatri | [5;10) | [10;15) | [15;20) | [20;25) | [25;30)
Tansd | 1 14 2 9 4
Giai
Ta co:
Gjé tr1 [5;10) | [10;15) [15;20) [20;25) [25;30)
Tan so 1 14 2 9 4
X1 X2 ™ Xq5 | X16 ™ Xq97 | X18 ™ X6 | X27 ™ X3¢
T phan vi:
X1 > X30

Tir %, dén x3q thi phan tir chinh giita dirge tim bang cdch tinh % =155
(Ia s6 khéng nguyén) = Phan tir chinh giita ld X15 V3 X1

X1

> X15 X16 > X30

Pé tim Qq va Qs ta tach méu dit liéu goc thanh 2 phan trdi va phdi:
Maiu dit liéu goc c6 hai phan tir chinh gifa Id X415 VA X1 thé nén:

® Phan trdi: tir X; dén xy5 c6 phan ti chinh giita ld xg

® Phan phdi: tir x14 dén xzo c6 phan tir chinh gifa Id X3

1% 30
4 _(1)
Q1 = x5 = 10 + —E———x (15— 10) ~ 12321
X1 + X
Q2= 15 16=15
2
3>230—(1+14+2)
Qs = x5 = 20 + 5 x (25 — 20) ~ 23,056
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d) Mét

* Nhom chita mot ciia mau so liéu ghép nhém 1a nhom c6 tan s6 16n nhat.
= Gia sir nhom chira mot 14 [w;,; Uy 41), kKhi d6 mdt ctia mau s6 liéu ghép nhom, ki hiéu 1a M, dugc xac dinh
boi cong thuec:

NMm — NMm-1
My =upy + X (Umg1 — Um)
(nm — nm—l) + (nm — nm+1)
N Tan so
N . Tan s6 , 3
Pau mut trai 3 . — ngay phia trudc
12 nho 16n nhat in 56 16n nhit
: cua nhom A
ot = Lz — Al 59 70N 114 — X D§ dai nhom
¢6 tan sO sz Tan so oz Tan so
. Téan s6 i , Tan s6
16n nhat i . — ngay phia trude | + | = ngay phia sau
16n nhat o K 16n nhat
tan sO 16n nhat tan sb 16n nhit

Chii y: Néu khong c¢6 nhoém ké trude ciia nhom chira mét thi n,,_; = 0. Néu khong c6 nhom ké sau ctia nhom
chtra mét thi n,,4, = 0.

Y nghia ciia mét ciia miu s liéu ghép nhém
= M6t ciia mau s6 liéu khong ghép nhém la gia tri ¢6 kha nang xudt hién cao nhat khi lay mau Mét ctia mau s6
liéu sau khi ghép nhom M, xép xi voi mot ctia miu s6 liéu khong ghép nhom. Céc gia tri nam xung quanh M,
thuong c6 kha nang xuat hién cao hon cac gia tri khac.

= M6t mau so liéu ghép nhém c6 thé cd nhieu nhom chira mot va nhiéu mot.

Tim mét ctia mau sd liéu sau:
Giatri | [5;10) | [10;15) | [15;20) | [20;25) | [25;30)

Tansé | 9 7 23 19 3
Giai
Nhom [15;20) ¢6 tan s6 16n nhét 1a 23.
23 -7
My, =15+ X (20 —15) = 19

(23—7)+ (23— 19)

Tim mdt ctia mau s lidu sau:
Giatri | [5;10) | [10;15) | [15;20) | [20;25) | [25,30)

Tansd | 9 19 3 19 3
Giai

Nhoém [10;15) ¢6 tan s6 16n nhét 1a 19.

19-9 155
MO=10+(19_9)+(19_3)x(15—10)=§z11,923

Nhom [20;25) ¢6 tan s6 16n nhat 1a 19.

19-3 45
MO=20+(19_3)+(19_3)><(25—20)=7=22,5

Vay ¢6 2 gia tri mdt 1a My = 11,923 va M, = 22,5.
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258. Cac sé dac trwng cho mire d6 phan tan
» Khoang bién thién

» Khoang tir phan vi

» Phuong sai va d6 léch chuan

a) Khoang bién thién

Khodng bién thién, ki hiéu R, ciia mau sb lidu ghép nhom 1a hiéu s6 gitra ddu mut phai ciia nhom cudi cing va
dau mut trai ctiia nhom dau tién c6 chira dit liéu ciia mau sd lidu.
Chu y: Xét mau s6 liéu ghép nhém duoc cho & bang sau:

Nhom | [ug;up) | [ug;usz) [uge; U41)

Tan s6 ny n, Ny

Néu n,va n;, cuing khéc 0 thi khoang bién thién 1a: [R = w4, — u?|

Y nghla cia khoiang bién thién cua mau sb liéu ghep nhom
* Khoang bién thién ciia mau sb liéu ghép nhom la gia tri xap xi khoang bién thién ctia miu sb liéu gbc va co
thé dung dé do mirc 4o phén tan cua mau s lieu.
= Khoang bién thién ciia mau s liéu ghép nhém ludn 16n hon hoic bang khoang bién thién ciia mau s6 liu goc.
= Khoang bién thién R = uy,; — u; chua phan anh dugc day du muc d6 phan tan ciia phan 16n cac s6 liéu. Hon
nira, gia tri cia R thuong tang vot khi xuét hién gia tri ngoai 1¢ trong mau s6 lidu. Do do, dé phan anh mirc do
phan tan cua sd liéu, ngudi ta con dung cac sé dic trung khac.

Tim khoang bién thién ctia mau sé liéu sau:

Giatri | [5;10) | [10;15) | [15;20) | [20;25) | [25;30)

Tansd | 9 19 3 19 3
Giai

Nhoém dau tién co dir ligu 1a [5;10), mut trdi cda nhom la: 5

Nhom cubi ciing ¢6 dit lidu 1a [25;30), mut phai caa nhém 1a: 30.
Khoang bién thién: R = 30 — 5 = 25.

Tim khoang bién thién ctia mau sé liéu sau:

Giatri | [5;10) | [10;15) | [15;20) | [20;25) | [25,30)

Tansd | 0 19 3 19 3
Giai

Nhom dau tién co dir liéu 1a [10;15), mut trai cua nhom 1a: 10.

Nhom cubi cung c6 dir liéu 1a [25;30), mat phai cia nhom la: 30.
Khoang bién thién: R = 30 — 10 = 20.
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Tim khoang bién thién ctia mau sé liéu sau:

Giatri | [5;10) | [10;15) | [15;20) | [20;25) | [25;30)

Tansd | 9 19 3 19 0
Giai

Nhom dau tién c6 dit liéu 1a [5;10), mt trai ctia nhém la: 5.

Nhom cudi cung cé dir li¢u 1a [20;25), mat phai cia nhém la: 25.

Khoang bién thién: R = 25 — 5 = 20.

Tim khoang bién thién ctia mau sé ligu sau:

Giatri | [5;10) | [10;15) | [15;20) | [20;25) | [25;30)

Tans6 | 0 19 3 19 0
Giai

Nhom dau tién c6 dit liéu 1a [10;15), mut trai cia nhom la: 10.

Nhom cuoi cung c6 dit liéu 1a [20;25), mat phai cia nhém la: 25.

Khoang bién thién: R = 25 — 10 = 15.
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b) Khoang ttr phan vi

Khoang tr phan vi cua m';lu s6 liéu chép nhém ciing dwoc xac dinh dua trén tr phan vi thir nhét va t phan vi
thtr ba nhu d6i véi mau s6 liéu khong ghép nhom.
Khodng tiv phéin vi ciia méu sé liéu ghép nhém, ki hiéu 4 1a hi€u gitra tr phén vi thir ba Q3 va tr phan vi
thir nhat Q,, ciia mau s liéu ghép nhom do, tic 1a:

Y nghia ciia khoang tir phén vi ciia miu s6 li¢u ghép nhém
* Khoang tir phén vi cua mau sd liéu ghép nhom 1a gia tri xfip xi cho khoang tir phan vi cua gnéu s lidu gbc va
¢4 thé dung dé do mirc d§ phén tan cta nira gitra cua mau so liéu (tap hop gom 50% s6 liéu nam chinh gitta mau
s0 lidu).
» Khoang ttr phan vi ctia mau s liéu ghép nhom cang nho thi dir liéu cang tap trung xung quanh trung vi.
* Khoang tir phan vi cua mau sd liéu ghép nhoém khong bi anh hudng nhidu boi cac gia tri ngoai 18 trong mau
s0 ligu.
= Khoang tir phan vi dugc dung dé xac dinh gia tri ngoai 1¢ trong mau s6 liéu.

Tim khoang tr phén vi cia mau so liéu sau:

Giatri | [5;10) | [10;15) | [15;20) | [20;25) | [25;30)
Tansd | 9 7 23 19 3
Giai
Ta co:
Giatri | [5:10) | [10;15) | [15:20) | [20:25) | [25;30)
Tan s6 9 7 23 19 3
X1 ™ X9 | X90 2 X316 | X17 > X39 | X409 ™ Xs58 | X59 = Xpq
Tim Q1 Vé Q3:
X1 > X61
Tir xy dén Xy thi phan tic chinh gita dioc tim bng cach tinh === = 31 (la
s6 nguyén) = Phan tir chinh giita ld X3,

Pé tim Qq va Qs ta tach mau dit liéu goc thanh 2 phan trdi va phdi:
Mau dit lidu géc b mot phan tir chinh giita ld x31 thé nén:

® Phan trdi: tir X, dén x30 ¢6 phan tir chinh giita ld x15 VA X1

® Phan phdi: tir X35 dén xg; ¢6 phan tir chinh giita Id Xaq V3 X47

X1 + X —(9)
0, = % —10+—2 x (15 — 10) ~ 14,464
Xag + X4 3>j161—(9+7+23)
Qs =———"=20+ - x (25 — 20) ~ 21,776

1 X%

61
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c) Phwong sai va dé léch chuan

Phuong sai ciia mau s6 liéu ghép nhom, ki hidu 1a S? duoc tinh theo cong thirc sau:

G2 nic? + nyc? + o + nyct 2
n
hay
Y Tan sé x (Gia tri dai dién)? . 2
Phuong sai = (~ < ) _ (S6 trung binh)
Cd mau

Ngoai ra phuong sai con 1 cong thirc khac tinh nhu sau:

ny(c; — %)% + ny(cy; — %)% + - + ni (¢ — )2
n

§% =

D§ 1éch chuan cuia mau so liéu ghép nhom, ki hi¢u S, 1a can bac hai s6 hoc clia phuong sai, nghia 1a;

s=4s2

hay

Do 1éch chuén = / Phuong sai

Y nghia ciia phwong sai va d 1éch chuén ciia miu s6 liéu ghép nhém

* Phuong sai (d0 léch chuan) ctia mau sb liéu ghép nhom 1a gia tri xap xi cho phuong sai (d¢ 1éch chuan) cua
mau so liéu goc. Chung dugc dung dé do mirc @6 phan tan cta mau sb liéu ghép nhom xung quanh sé trung
binh ctia mau sb liéu.

* Phuong sai va d¢ Iéch chuén cang 16n thi dir liéu cang phan tan.
* B¢ 1éch chuan c6 cung don vi véi don vi ciia mau so ligu.

Tim phuong sai va do 1&ch chuén mau s6 liéu sau:

Giatri | [5;10) | [10;15) | [15;20) | [20;25) | [25;30)
Tansd | 9 7 23 19 3
Giai
Giatridaidién | 7.5 12.5 17.5 22.5 27.5
Gia tri [5;10) | [10;15) | [15;20) | [20;25) | [25:30)

Tan s 9 7 23 19 3

Comau:n=9+4+7+23+19+3 =61
S6 trung binh:

_ 75%x94125x7+17,5x23+225%x19+275%x3 35

X = 61 = 7 = 17,5
Phuong sai:

G2 _ (7,5)2 x 9+ (12,5)2 x 7+ (17,5)% x 23+ (22,5)2 x 19 + (27,5)? x 3 (35>2 1850
61 2 61

~ 30,3279
Do 1éch chuén:

S =+/S2 = 5,507074436800274 ~ 5,5071
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Thay Lé Trung Kién

259. Gia tri ngoai lé

Gia tri x trong mau s6 lidu 1a gia tri ngoai 1¢ néu x > Q3 + 1,544 hodc x < @1 — 1,54,.
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PNG DUNG PAO HAM BE KHAO SAT HAM SO
TINH DON PIEU

260. Cac dau hiéu xét tinh don diéu cta ham sé
& Tinh don diéu ciia ham sb #¢c [a tinh ting giam ciia ham s6
Cac dau hi¢u xét tinh don diéu ctia ham so f(x):

= Dya vao d0 thi ham s6 f(x) (dau hiéu 1én, xudng hodc di ngang ciia d thi tir tréi qua phai)

= Dya vao d0 thi ham s6 f'(x) (tinh am, duong ciia gia tri f'(x))

» Dya vao bang bién thién ciia ham s6 f (x)(su 1én, xudng, di ngang cta f (x); hodc tinh 4m, duong cua f’(x))
= Dya vao cong thirc f'(x) (xét dau f'(x) — dua vao sy am, duong cta f'(x))

= Sir dung may tinh bo tai tinh dao ham tai cac diém roi rac (chi ding khi lam tric nghiém)

Luwu y: 61 voi 1 d6 thi, phan noi 1€n bén trén Ox cé gia tri duong, phan chim xuong dudi Ox co6 gia tri am.

a) Tinh don diéu dwa vao so sanh

X2
Ham sb f duoc goi la déng bién trén K néu: X1 4 f(x2)
Vxi,x, € K, xp < xy 2 f(xg) < fxy)
¥y € Kox <3 = f0a) <f0R)  pix) o
Ham s6 f dugc goi 1a nghich bién trén K néu: X1

Vx1, X, €K, xp < x5 2 f(xq) > f(x3) f(xl)\
f(x2)

b) Tinh don diéu dwa vao ty sé

. R . . x
Ham so f dugc goi la dong bien trén K néu: y 2
U 4G bt A NN /f (¥2)
X1, X S FE Xy D> ——————
. v fO)= (+)

Xy — X1

) . ) (+)_»*2
Ham s6 f duoe goi la nghich bién trén K néu: /
1

VX, Xy EK,x1¢x2=>%;(xl)<0 f(xl)\
(=) *f(x2)
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c) Tinh don diéu dwa vao do thi ham sé

V& mit d6 thi, ham sb df”)ng bién trén
khoang nao thi d6 thi ham s6 di 1én tir

trai qua phai trén khoang d6, ham s6
nghich bién trén khoang nao thi d6 thi _05
ham s6 di xuong tu trai qua phai trén %
khoang d6. Ham s khong ddi trén &
khoang nao thi d6 thi ham s6 di ngang

tu trai qua phai trén khoang do

Khong d6i

d) Tinh don diéu dwa vao dau dao ham

Gia str ham s6 f ¢6 dao ham trén khoang K.

= Néu f'(x) > 0,Vx € K thi f(x) dong bién trén khoang K.

* Néu f'(x) < 0,Vx € K thi f(x) nghich bién trén khoang K.
* Néu f'(x) = 0,Vx € K thi f(x) khong dbi trén khoang K.

(x)>0

Khong dbi
fl)=0

e) Tinh don diéu dwa vao bang bién thién

Trong bang bién thién
= Tai hang y:
— Khoang nao 12 mili tén di 1én 1a ham sb dong bién.
— Khoang nao 1a mili tén di xubng thi ham sé nghich bién.
— Khodang nao mili tén di ngang 1a ham s6 khong doi.
= Ciing c6 thé dya vao diu ciia y' ctia bang bién thién dé biét ham sé dong bién hay nghich bién:
— Khoang nao y’ > 0 thi ham s6 dong bién
— Khoang ndo y’ < 0 thi ham s6 nghich bién
— Khoang nio y’ = 0 thi ham s6 khong doi.

f'(x) + 0 - 0+ 0 0O 0 +
%‘o{é\ 10
N R
f (X) By — 5/\/&’&1'% %6\001 Khong doi 1 /
™ bis, {5&\/1
° \
—o0 —10
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261. Mdt sé nhan xét

» Ham s6 dong bién hodc nghich bién trén K dwoc goi chung 1a don diéu trén K.

= Néu d¢ bai hoi vé khoang don diéu ctia ham sb ma c6 nhiéu khoang don diéu thi cac khoang duogc két luan
phan cach nhau boi tir "va", hoac "," (khong str dung ky hiéu hop "U" va ky hiéu "\"). Cac khoang la cac tap
hop c6 dang (a; +); (—0; a); (a; b), (—o0; +0).

= O gitra khoang dong bién, hoac nghich bién ctia ham s6 van c6 thé ¢6 diém ma tai d6 y' = 0.

Cho ham s f (x) xac dinh va c6 dao ham trén khoang (a; b). Khi d6 ta cé:

» Néu ham s6 f(x) dong bién trén khoang (a; b) thi f'(x) > 0,Vx € (a; b).

» Néu ham s f(x) nghich bién trén khoang (a; b) thi f'(x) < 0,Vx € (a; b).

& Néu thay d6i khoang (a; b) bang mot doan hoic nira khoang thi phai b6 sung thém gia thiét ham sb f (x)
lién tyc trén doan hoac nira khoang do6.

Cho ham sb f(x) x4c dinh va c6 dao ham trén khoang (a; b). Khi d6 ta c6:

* f(x) dong bién trén (a; b) & f'(x) = 0,Vx € (a; b) va f'(x) = 0 tai hitu han diém thudc khoang (a; b).
* f () nghich bién trén (a; b) & f'(x) < 0,Vx € (a; b) va f'(x) = 0 tai hitu han diém thudc khoang (a; b).

Cho ham sb £ (x) lién tuc va c6 dao ham trén A. Khi d6 ta co:
f(x) xac dinh trén A
vy = f(x) ddng biéntrén A & {f'(x) = 0,Vx € A
f'(x) = 0 tai hiru han diém (hoic tai cac diém roi rac € A)
f(x) xac dinh trén A
*y = f(x) nghichbiéntrén A & { f'(x) < 0,Vx € A
f'(x) = 0 tai hiru han diém (hodc tai cac diém roi rac € A)
(Voi A la mot tap con tuy y cua R)
« Néu hérq s6 f(x) va g(x) cung ddng lgién (nghich biép) trén K thi ham sé f(x) + g(x) cling déng bién
(nghich bién) trén K. Tinh chat nay c6 thé khong dung doi voi hiéu f(x) — g(x). N6i mét cach don gian:
"Tong ciia cdc ham dong bién la ham dong bién"
"Tong ciia cdc ham nghich bién la ham nghich bién".

« Néu ham sb f(x) va g(x) 1a cac ham sé duong va cung dong bién (nghich bién) trén K thi ham s6
f(x) - g(x) cling dong bién (nghich bién) trén K. Tinh chat nay c6 thé khong dung khi cac ham so6 f(x),
g(x) khong la cac ham so duong trén K. Noi mot cach don gian:

"Tich cua cac ham dwong va dong bién la ham dong bien"

"Tich cua cac ham dwong va nghich bién la ham nghich bien"

« Ham da thitc cu thé y = ap,x™ + a,_1x™ 1 + -+ + a;x + a, (bac cia da thirc khac 0)
y' = 0,Vx € R © y dong bién trén R.
y' < 0,Vx € R & y nghich bién trén R.

» Ham da thirc bac chin khong bao gid ludn ddng bién hay lubn nghich bién trén R, ham da thirc bac chin
ludn c6 khoang dong bién va nghich bién trén toan b R.

» C4c ham sé da thirc bac 1é ¢6 thé chi co mot tinh bién thién trén R.
» Ham s6 y = ax + b dong bién trén R < a > 0, nghich bién trén R < a < 0.

\ V4 b, A S 1AL aA X A . X A Sor Al 4R A .
*Hamsoy = % khong bao gio ludén dong bien hay ludn nghich bién trén R (vi n6 c6 mét diém khong xac
dinh trén R).

» Ham phan thirc ma mu sb bang 0 c6 nghiém, thi khéng bao gid ddng bién hodc nghich bién trén R.
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» M6t ham s6 f(x) ddng bién (hodc nghich bién) trén mot tap K thi van co thé co f'(x) =0 tai v s6 diém
thudc K (nhung cac di€ém do phai roi rac nhau).

y4

VD: ham s f (x) = x — sin x dong
bién trén R, f (x) =1-cosx 0
bang 0 tai vo s6 diém € R.

Khi glal phuong trinh, hé phwong trinh, hoic tim diéu kién ciia tham s6, hodc so sanh gia tri ham so,
ma can dung dén tinh don di¢u, ta thwong sir dung nhirng nhan xét sau:

Cho ham sd y = f(x) xac dinh trén tp A, va u, v 1a cac biéu thirc bat ki co gia tri thudc vao tap A.
* £(x) ludn ddng bién (hodc ludn nghich bién) trén A thitaco: f(u) = f(v) S u=v

* f(x) dong biéntrén A thitacé: f(u) = f(v) @u>v

* f(x) nghich bién trén A thitaco: f(u) = f(v) S u<v

» Mot s6 diéu kién cua biéu thire bac hai ax? + bx + c(a # 0):

ax2+bx+020,‘v’x€]R<:>{a>0 ax2+bx+c<0,VxE]R<:>{a<0
A<0 = A<0
Neu c6 dau ="} § day c6 déu "=" Neweo dau =" Tp; ¢ day c6 déu "="
b
x1 + xz = _;

Dinh 1y Viét: cho phuong trinh ax? + bx + ¢ = 0 ¢6 2 nghiém 13 x; va x, khi do: c
X1X2 =

262. Xét dau biéu thirc

Bai toan va phwong phap giii : Cac buéc xét diu ciia biéu thire f(x)

Buwdc 1: Tim tap xac dinh cta f(x).
Budre 2: Giai f(x) = 0 (vi s6 0 1a ranh gi6i giita 4m va duong)
Budre 3: Lap 1 bang xét dau hoic truc xét ddu cho f(x) nhu sau:

x Pién cac gia tri x cia Budc 1 va Budc 2 theo thir tu tang dan
Dau f(x) | Vi tri khong xac dinh danh déu ||
Vi tri cu thé 14 nghiém cta f(x) = 0 thi ghi 0.
Dién ddu am, duong gura moi khoang (c6 thé sir dung mdy tinh bo thi tinh gia tri f (x) tai
1 diém tiy y ndm gitta mdi khoang dé xac dinh déu cuia khoang do)

%] Luu y: Khi xét dau cua mot da thirc bac n thi co 1 treong hop dac biét nhu sau: néu da thirc bac n co
n nghiém phan biét thi: dau cta f (x) ¢ khoang ngoai cing bén phai ciing dau vdi dau hé so bac cao nhat,
va biéu thirc dan dau.
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Mot s6 nhén xét

Cho da thirc f(x) = k(x — x1)™ (x — x2)™2 ... (x — x3)™ (V61 X; # X5 # - # X}, va n; 1a cac s6 nguyén).

Biét x = x; 1a nghiém cua phuong trinh.

» Néu n; 12 s6 chin thi x; dugc goi 1a nghiém boi chin, va qua x = x; thi f(x) khong c6 sy ddi dau.

« Néu n; 12 s6 1¢ thi x; duoc goi 1a nghiém boi 18, va qua x = x; thi £ (x) c6 su d6i dau.

Phuong trinh bac 2 néu :

= C6 1 nghiém kép thi nghiém doé 1a nghiém bai 2.

= C6 2 nghiém phan biét thi mdi nghiém 14 1 nghiém boi 1.

Pa thirc bac n néu c6 du n nghiém phan biét thi:

* Pan dau.

» D4u ciia mién bén phai ngoai cung: cung dau véi hé sd bac 16n nhat.

* Néu mot phuong trinh & dang tich hodc thuong cia cic da thic va xo 13 1 nghiém ctia phuong trinh va la

nghiém cua nhi¢u nhan ti thi bdi ciia xy doi voi toan b phuong trinh 1a tong bodi cia tung phan ri€ng 1€ co

nghiém 1a x,. Khi d6, néu nghiém la bdi chan thi bi€u thirc khong d6i dau khi di qua x,, néu nghiém la boi

1¢ thi biéu thure d6i dau khi di qua x,.

Cho y = f(x) — g(x). Biét f(x) — g(x) = 0 c6 nghiém 1a x = x, va trén d0 thi ham sb:
*Néuy = f(x) cat xuyén qua y = g(x) tai diémco | = Néu y = f(x) cat kiéu tiép xtic véi y = g(x) tai
hoanh d0 x = x, thi khi di qua x, biéu thuc | di€ém c6 hoanh do x = x, thi khi di qua x,, biéu thiic
f(x) — g(x) c6 su doi dau. f(x) — g(x) khong cé su d6i dau.

Cit xuyén qua

Cit kiéu tiép xuc
263. Tim diéu kién tham sé ttr biéu thirc chtra x vam

Bai toan va phwong phap giii : Tim diéu Kién tham s6 m tir biéu thirc chira x va m

TH1: Néu biéu thirc c6 dang ax? + bx + ¢ > 0 (hodc ax? + bx + ¢ > 0 hoic ax? + bx + ¢ < 0 hoic
ax?+bx +c <0)
TH1A: Néu can dang Vx € R thi st dung diéu kién ctia a va A. (néu a c6 thé bang 0 thi can xét
thém truong hop a = 0 trude khi st dung diéu kién cho biéu thirc bac 2)

a¢0:ax2+bx+c>0®{jzg ; a¢0:ax2+bx+020=>{jzg
ath:ax2+bx+c<0<:>{Z:g ; a¢0:ax2+bx+cS0(:>{jzg

TH1B: Néu can ding Vx € K (ma K # R)
Huéng I: Néu m ddng bic & tat ca cac vi tri thi ¢o 1ap tham sd (tach riéng m va x ra 2
bén khac nhau) — Khi thu gon dugce vé dang f(x) ...g(x)h(m) (... chira 1 déu so sanh),
néu f(x) =0 va g(x) = 0 c6 nghiém chung thi thyc hién phan tich thanh nhén tir roi
sau do chuyen vé dat phan tir chung), néu f(x) = 0va g(x) = 0khong c6 nghiém chung
thi tiép tuc tién hanh c6 lap tham so.

Huwéng 2: Néu m khong ddng bac thi tinh A va giai phuong trinh béc hai.
TH2: Néu khong 14 biéu thirc bac 2 thi thudng sir dung k¥ thuat:
Cb 1ap tham sé.
Phan tich thanh nhan ttr.
Mot s6 dang dic biét khac
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264. Xét tinh dorn diéu biét cong thiec ham sé

Bai toan va phwong phap gii: Xét tinh don diéu ciia ham s6 cho bing cong thirc cu thé

Cic cau héi khac nhu: Tim khoang dong bién. Tim khoang nghich bién. Xét chidu bién thién ...
Cach lam:

Buée 1: Tim tap xac dinh.

Budre 2: Tinh f'(x). Giai phuong trinh f'(x) = 0 dé tim cac diém x; sao cho f'(x;) = 0, hoic cic diém
ma tai d6 dao ham khong xac dinh nhung ham s6 van xéc dinh.

Budére 3:

Cdch 1: Lap bang bién thién cta ham s6 £ (x) (ding khi 1am ty luan).

Cdch 2: Lap bang xét ddu cua f'(x) (ding khi 1am tric nghiém hodc tu ludn).

Cach 3. Lap truc xét déu nhanh cua f'(x) (dung khi lam tréc nghiém).

(Str dung diéu kién vé ddu cua f'(x); hodc vé tinh 1én, xudng cua ham sb £ (x) dé két luan vé tinh don
diéu cua ham s6; khi két luan ta thuong két luan vé khoang don diéu cta ham sd)

265. Tinh don diéu ham bac 3

Bai toan va phwong phap gidi : Tim diéu kién ham bac ba don diéu trén mot tap

Tim diéu kién cta tham s6 dé ham sb c6 dang bac ba y = ax® + bx? + cx + d dong bién trén R.
Buéc 1: Tinh y' = 3ax? + 2bx + ¢
Buwéc 2: Néu a co thé bang 0 thi xét 2 truong hop, con néu a chic chan khac 0 thi chi xét 1 truong hop.
Néu a c6 thé biang 0 Néu a chic chin khac 0
THI: Xét a = 0 = tham s6 cu thé.
Thay tham s vao ¥’ va xét diu dao ham.

TH2: Xét a # 0 ta giai diéu kién: Xét a # 0 ta giai didu kién:
y' >0,Vx eR y' =0,VxeR
o 3ax?+2bx+c>0,Vx ER o 3ax?+2bx+c>0,VxER

3a>0 3a>0
‘:’{A’y,zbz—3acso ‘:’{A’y,=b2—3acs0

Bude 3: Két luan.

Ta c6 mot s6 két qua tinh nhanh nhu sau:

Ham bac 3 dong bién trén R & { a>0 { a>0
. Ay’ ham bic 3 <0 b?—-3ac<0

Ham bac 3 n h1chb1entren]R§=>{ a<0 (:){ a<0
= Ay’ ham béc 3 <0 b?—3ac<0

(Néu a cé thé bang 0 thi can xét thém truong hop a = 0, sau dé méi ding céng thirc tinh nhanh)
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266. Tinh don diéu ham bac nhét / bac nhét

Bai toan va phwong phap giai : Him phén thirc bic nhét chia bic nhat don diéu

ax +b
cx +d

Cho hamséy = f(x) =

Miusb =0 & x = ——
, _ad—bc
y= (cx + d)?

* Ham s6 dong bién trén timg mién xac dinh & Tusé ciay’ > 0
» Ham s6 nghich bién trén tirng mién xac dinh & Tu sb cia y’ < 0
d
\ A A A A A A - € A
* Ham s6 dong bién trén mot tip A & c
Tasocaay >0

= Tusocuay’ =ad — bc

d
» Ham s6 nghich bién trén mot tip A © T c B
Tasécuay <0
267. Tim diéu kién ham sé don diéu trén 1 tap (téng quat)

Bai toan va phwong phap gidi : tim tham s6 dé ham s6 y = f(x) don diéu trén tap A

Budc 1: Tim diéu kién ctia tham s6 dé f (x) xac dinh trén A (néu can).

Buwéce 2: Tim f'(x).

Budre 3: Suy ra diéu kién vé du cua f'(x)

= Néu dé yéu cau ham s6 dong bién trén A = f'(x) = 0,Vx € A (néu khong c6 gia tri nao ctia tham s6
m ma khi thay vao f'(x) lam cho f'(x) trd thanh ham 0)

» Néu dé yéu ciu ham sé dong bién trén A = f'(x) > 0,Vx € A (néu c6 gia tri ciia tham s6 m ma khi
thay vao f'(x) 1am cho f”(x) tr¢ thanh ham 0)

= Néu d¢ yéu cau ham s6 nghich bién trén A = f'(x) < 0,Vx € A (néu khong c6 gia tri nao cua tham s6
m ma khi thay vao f' (x) lam cho f (x) tré thanh ham 0)

= Néu d& yéu cau ham s nghich bién trén A = f’(x) < 0,Vx € A (néu c6 gié tri cua tham s6 m ma khi
thay vao f'(x) lam cho f'(x) trd thanh ham 0)

Buée 4: Tim diéu kién cta tham s tir biéu thirc ¢ budc 3.
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268. Tim tham sé dé ham |f(x)| don diéu

Bai toan va phwong phap giai : Tim tham s6 dé ham s6 |f(x)| don diéu trén tip K

Ham s6 y = |f(x)| dong bién trén K

{f (x) dong bién trén K
f(mat trai) > 0
{ f(x) nghich bién trén K
f(mut trai) < 0

Mut trai

Mt

t » Ox
1
1

l f@)ébﬂ
(S)

7 adl'dfo

(x) s

Ham s6 y = |f(x)| nghich bién trén K
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{ f(x) nghich bién trén K

f(mat phai) = 0

{ f(x) dong bién trén K
f (mut phai) < 0
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1
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1
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Mt phai

/

<
[
——t -
o
=
=

—ry
=
7
%
0‘!
%'
—ry
o\,
2\
o
2



CUC TRI HAM SO

269. Thuat ngir

* Diém cuc trj ciia ham sd: 1a x
eGidatricuctri:lay

¢ Cuec tri ctia ham sd (hoac cuc tri): [a y

« Biém cyc trj ctua dd thi ham sb: 1a (x; y)
« Ham s6 dat cuec tri tai x = e

270. Pinh nghia cwc tri

Gia sir ham sb f(x) xac dinh trén tip D(D < R) va x, € D.

Diém cuc dai ciia
do thi ham so

b) x, duoc goi 1a mot diém cwe tiéu ciia ham sé f (x) (hay diém
cue tiéu) néu ton tai mot khoang (a; b) chira diém x, sao cho
(a;b) € D va f(x) > f(xo), Vx € (a; b)\{xo}-

Khi d6 f(xo) duoc goi 1a gia tri cue tiéu ciia ham sé f (x) (hay
cuc tiéu ciia ham so6 hay cure tiéu)

.
o
K
.

Gia tri cuc tiéu

Diém cuec tiéu cua
do thi ham so

u‘(xoi f (xo)‘)‘«““

e
o

a) xo dugc goi 1a mot diém cwe dai ciia ham sé f (x) (hay diém gl e 7 A (xo: f(x0)
(hodc cuc dgi) f(xo) any

curc dai) néu tdn tai mot khoang (a; b) chtra diém Xo sao cho ciia ham sé S Y
(a;b) € D va f(x) < f(xo), Vx € (a; b)\{xo}. fib i
Khi d6 f(xo) duoc goi la gia tri cye dai ciia ham s6 f(x) (hay i E ‘ PN R
cuc dai ciia ham s6 hay cwe dai) S xg o

DPiém cuc dai

ciia ham s6

. A

.

O.‘
8

(hodc cue dai) f(xq) \I./
cua ham so ai, 1 ih -
/ >
. Xo C
Diém cuec tieu
ciia ham so

trj ciia ham so0)

¢) Gia tri cuc dai Yoy qai VA gia tri cuc tiéu Yoy gy duoc goi chung 1a cwe tri (hay cwe tri ciia ham s0)

biém cuc dai X, qqi VA di€m cuc tiéu Xy sy cua ham so dugce goi chung la diém cwe tri (hay diem cuc

biém (xmc dais Veuc dai) duoc goi la di€ém cwce dai cia do thi ham so.

d) biém (xmc ddw Vewe tigu) duoc goi la diém cwec tieu cia do thi ham so.

Cac diém (xmc ddw Vewe tigu) va (ch dais Veue dai) duoc goi chung la diém cuwc tri ciia do thi ham so.
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Nhan xét

[

diém cuc ti€u

* Trén do thi, cac diém cyc dai giong véi cac diem
¢ dinh nuai (161 1€n), con cac di€m cyc ti€u nam &
thung liing (day 16m xudng).

* Gi4 tr1 cuc dai Yoycqai (hodc gia tri cuc tiéu Y ; _.

) ctia ham s6 n6i ch Kho hai 13 oid tri fx) Ham s0 nay khong c6 gié trj 16n
Yewe tiél}) Cua an.l s0 ’1’101 ¢ un,g ong p al, aglatr nhat va nho nhat trén toan bo
16m nhat (hodc gia tri nho nhat) cua ham so6, ma chi tap x4c dinh vi n6 md rong mai
la gia tri 16n nhat (hodc nho nhat) cia ham so trén veé 4m vo cuc va duong v cuc.
mot khoang (a; b) nao d6 chira diém x. 0

» Ham s6 f co thé dat cuc dai hodc cuc tiéu tai nhiéu
diém trén tap hop cho trudc.

» Ham sb cling co thé khong c6 cuc tri trén mot tap
hop s6 thuce cho trude.

Ham s y = sinx dat cyc dai tai v6 sb
diém thoa man sin x = 1 va dat cuc ti€u
tai vO sO diém théa man sinx = —1.

= Khi két luan vé cyc tri cia mdt ham so ta thuong sir dung cau truc:
"Ham so dat cyc tri tai x =?, gia tri cuc triy =?"

271. Pinh i : Pao ham tai diém cuwec tri
Gia sir ham s6 f(x) dat cuc tri tai diém x,. Khi d6 s& chi xay ra mot trong 2 truong hop sau cho dao ham ciia

ham sé y = f(x) tai diém x,:

* f'(xy) = 0. (nguyén nhan do tiép tuyén tai x = x, nim ngang)

* f'(x,) khong ton tai. (nguyén nhan do ham sb bi "gay" tai x,
& Tiép tuyén trai va tiép tuyén phai tai Xcwe tri Khdc nhau)
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272. Dinh i :

Diéu kién c6 cwec tri dwa vao sw déi dau dao ham

Gia str ham s £ (x) lién tuc trén khoang (a; b) chira diém x, va c6 dao ham trén cac khoang (a; xo) va (xo; b).

Khi do

Néu f'(x) < 0 voi moi x € (a;xp) va f'(x) > 0 véi
moi x € (xo; b) thi ham sb f dat cuc tiéu tai diém x,.

...... Hé sb goc (—)

Haé sb goc (+)
w®

N,
~

y=f)
/] Xo
N6i mt cach khdc: Néu f'(x) doi déu tir (—) sang

(+) khi x di qua diém x, (theo chiéu ting) thi ham
s6 dat cuc tiéu tai diém x,.

Néu f'(x) > 0 voimoi x € (a;xp) va f'(x) < 0 véi
moi x € (xg; b) thi ham s6 f dat cuc dai tai diém x,.

| Xo -
N6i mét cach khdc: Néu f'(x) d6i ddu tir (+) sang
( ) khi x di qua diém x, (theo chiéu ting) thi ham
s6 dat cuc dai tai diém x,.

273. Binh I :

Gia stir ham s6 f (x) c6 dao ham cAp mot trén khoang (a; b) chtra diém x,, f' (%) = 0 va f(x) c6 dao ham cép
hai khac 0 tai diém x,.

Néu f"(xy) < 0 thi ham sé f dat cuc dai tai diém x,.

Diéu kién c6 cwec tri dwa vao dao ham cap 2

Néu " (xo) > 0 thi ham sb dat cuc tiéu tai diém x,.

N

Heé sb goc (—)
~

Heé s6 goc (+)4
W

/

/)

fla)—="" g

Mot s6 nhan xét
* Cho ham sb y = f(x) va biét tai x = x, thi f'(x,) = 0 = Tiép tuyén cia dd thi ham sb tai x = x, ndm
ngang.
* Cho ham s6 y = f(x) x4c dinh 2 bén tai x = x,. Khi d6 f’(x,) khong ton tai
< Ham so bi "gay" tai x,
& Tiép tuyén trai va tiép tuyén phai tai x, khac nhau.
» M6t ham sd chi c6 thé dat cuc tri tai mot diém ma tai d6 dao ham ctia ham sb béng 0, hodc tai d6 dao ham
khong xéac dinh nhung ham s6 van xac dinh.
* f'(x) bang 0 tai diém x, nhung ham sé f(x) cé thé khong dat cuc tri tai diém x,. Tirc 1 ngoai diéu kién
f'(xp) = 0, thi ham con phai thoa man thém mot so diéu kién nira thi mai co thé dat cuc tri tai x;.
» Cho ham sb y = f(x) c6 dao ham trén K, cac nhan xét sau la cac nhan xét vé viée ¢o (hoac khong cd) cuc
tri cua ham so khix € K:
— Ham s6 f(x) ¢6 cuc tri & f'(x) d6i dau.
— Ham s6 f(x) khong c6 cuc tri & f'(x) khong d6i dau.
— Ham s6 f(x) chi co n cuc tri & f'(x) ddi ddu dang n lan.
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274. Diéu kién ham dat cwec tri, cwe dai, cwc tiéu tai mot diém

» Piéu kién dé y = f(x) lién tuc va c6 dao ham trén tap A dat cwre tri tai x, € A la:
{f "(x0) =0
f'(x) d6i dau khi di qua x,
@ Luuy:
— Néu tir f'(x,) = 0 ta giai ra duoc tham s6 thi can kiém tra lai sy d6i ddu cua f'(x) khi di qua x,.
— Néu tir diéu kién f'(x,) = 0 khong tim duoc tham sé thi ta sir dung cac diéu kién sau:
f'(x) dbi déu khi di quax, © lim f'(x) x lim f'(x) <0
X=X, x-xg

= Piéu kién dé y = f(x) lién tuc va c6 dao ham trén tip A dat cwe dai tai x, € A la:
{f "(x0) = 0
f'(x) d6i dau tir duong sang am khi di qua x,
@ Luuy:
— Néutir f'(x) = 0 ta giai ra duoc tham s6 thi can kiém tra lai sy d6i ddu cua f'(x) khi di qua x,.
— Néu tir diéu kién f'(x,) = 0 khong tim duoc tham sé thi ta sir dung cac diéu kién sau:
xllr)rcl_f’(x) >0
f'(x) doi dau tir duong sang am khi di qua x, © limo F1(x) <0
x-xd
» Piéu kién dé y = f(x) lién tuc va c6 dao ham trén tap A dat cure tiéu tai x, € A 1a:
{f "(x0) =0
f'(x) d6i dau tir am sang dwong khi di qua x,
@ Luuy:
— Néu tir f'(x,) = 0 ta giai ra duoc tham s6 thi can kiém tra lai sy di ddu cua f'(x) khi di qua x,.
— Néu tir diéu kién f'(x,) = 0 khong tim duoc tham sd thi ta sir dung céac diéu kién sau:
xlir)rcl_f’(x) <0
f'(x) doi dau tir am sang duong khi di qua x, © limi £ >0
xX=Xxg

275. S6 diém cwc tri caa [f(x)], f(|x|), kif(ax+b)+kz

» S6 lwong diém cuyc tri cua |f(x)|

S6 diém cuc tricua _ S6 diém cuctricia S giao diém d6i ddu

hamsd [f(x)] ~  hamsd f(x) cua f(x) véi truc Ox
hoac
S6 diém cuc tri cua _ S6 diém cuc tri cua S giao diém cua _ Sd giao diém khong ddi dau
ham sé |f(x)] "~ hamsé fx) f(x) véi truc Ox cua f(x) véi truc Ox

Luu y: Giao diém khong Qéi dfiu cua f(x) v6i truc Ox 1a nhimg diém ma tai d6 y = f(x) cit truc Ox va
ham so y = f(x) khong doi dau khi di qua diém do.
Giao §iém d6i dau cua f(x) véi tryc Ox 1a nhig diém ma tai 46 y = f(x) cit truc Ox va ham s6 y = f(x)
d6i dau khi di qua diém do.
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Cach 1: S6 diém cyc tri cia _ S6 diém cuc trj ciia | S giao diém dbi déu
ham sb | f(x)| ham s6 f(x) cua f(x) véi truc Ox
7 + 2 =9

Giao djém’
khong d6i dau

y = f(x) y=Ifx)l
Vidu: \_/\ Ox 0x

\V VALY

Cach 2: S6 diém cyc tri cua _ S6 diém cyc trj ciia _S6 giao diém ciia _ S§ giao diém khong déi du
ham sb |f(x)| ham sb f(x) f(x) véi truc Ox cua f(x) véi truc Ox
= 7 + 3 - 1 =9

* S6 lwong diém cuc tri cua f(|x]|)
S6 diém cuyc tri cua _ S6 diém cuc tri co Xcr > 0 cua
ham s6 £ (|x|) B ham sd f(x)
(Luu y: Néu y = f(x) 12 ham hing trong mot khoang [0; @) (a > 0 tiy ¥ thudc R); hodc f(x) khong xac
dinh tai x = 0 thi cong thirc trén ta khong cong 1)

X2+1

Vi du: y=fx) y = f(xD
S4 diém cyc trj cta _ S6 diém cuc tri co xcr > 0 cua %2 +1
ham s6 £ (|x]) ham s6 £ (x)

» S6 diém cuc tri ciia ham s f(x) = S6 diém cuc tri ciia ham s6 k, f (ax + b) + k,
276. Tinh nhanh cwec tri, phwong trinh dwéng di qua cwc tri ham phan thiec

= K¥ thuat tinh nhanh cyc tri ham phan thuec:
Cho ham s6 y = % c6 y'(xo) = 0. Khi d6 dé tinh gia tri ham sb tai x, ta c6 thé dung cong thirc:

_ u(xo) _ u' (xo)

SR CONRACD
* Phuong trinh duong (théng hodc cong) di qua tAt ca diém cuc tri cia dd thi ham $6 y = % lay = Z,Eg
\ \ 2 . . 4R C oo ad oy & axitbxtc _ Ti .. (Td)
Phuong trinh duong thang di qua hai diém cuc tri cua do thi ham so y = e Mo = i)

277. Mot sé nhan xét vé cwc tri ham da thirc

» Ham s6 y = ax + b khong c6 cyc tri

= Ham s6 da thte bac chdn ludn ludn c6 cuc tri

» Ham phan thirc bac nhat / bac nhit khong c6 cuc tri

*Ham s6 y = ax? + bx + c(a # 0):

—Néua > 0=y co cuc tiéu.

—Néua < 0=y co cuc dai.

= Ham da thirc bac n c6 tdi da n nghiém phan biét.

» Ham da thirc bac n (véi n chén) c6 sb lugng nghiém tdi thiéu 1a 0.
* Ham da thirc bac n (v6i n 18) ¢6 tdi thiéu 1a 1 nghiém.
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» Ham da thirc bac n ¢6 toi da (n — 1) diém cuec tri.

* Ham da thirc bac n néu c6 n nghiém phén biét thi sé diém cuec tri 1a t6i da va 1a (n — 1) diém cuc tri (diéu
nguoc lai khong dung).

*Cho f'(x) = k(x — x)™(x — x3)™2 ... (x — x3 )™ VOi X # x5 # ==+ # X} van; € N*.

— Néu véi gia tri x; ma n; 1a s6 chin thi x; khong 1a diém cuec trj ctia ham sb.

— Néu véi gia tri x; ma n; 12 s6 16 thi x; 1a diém cyc tri ciia ham s6.
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278. Cwc tri ham bac 3
Cho ham sb f(x) = ax® + bx? + cx +d (a # 0)

f'(x) =3ax? +2bx +c > A;,, = b?% — 3ac
Sé luong cuc tri clia mot h@m da thﬁ:c noi chung phu thudc vao nghiém cia phuong trinh f'(x) = 0 va sy doi
dau cta f'(x) khi di qua diém d6. Doi v6i ham bac ba, f'(x) 1a ham béc hai:
— Néu ham bac hai v6 nghiém = khong c6 cuc tri
— Néu ham bac hai c6 nghiém kép = ham f'(x) khong d6i ddu khi qua nghiém kép = khong c6 cuc tri
— Néu ham béc hai ¢6 hai nghiém phén biét = f’(x) doi dau khi qua mdi nghiém d6 = ¢6 2 cyc tri (1 diém Ia
diém cuc dai va 1 di€ém la diém cuc tiéu)

Xp+x, +x3 = —%

* Dinh 1y Vi-ét cho phuong trinh bac 3: ax® + bx? + cx + d = 012 { x1X, + Xpx3 + X3%; = 2

_d
chdadiy = =

N N , R n \ % A A ., A \ -b

* Phuong trinh bac 3 c¢6 3 nghiém 1ap thanh cap so cong khi c6 1 nghiém la x = 3o
& Luu y: Ba s xq, X,, X3 tao thanh mot cap s6 cong theo dung thir t d6 néu xle = X,.

» Phuong trinh bac 3 ¢6 3 nghiém lap thanh cip sé nhan khi ¢6 1 nghiém 14 x = —3\/%

& Luu y: Ba so x4, X5, X3 tao thanh mot cap so6 nhan theo ding thir ty d6 néu x;x3 = x3.
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» Ham s bac 3 ¢6 cyc tri (hay c¢6 2 cuc tri, hay ¢6 cuc dai va cuc tiéu) & A;,, >0 b?2-3ac>0
» Ham s6 béc 3 khong co cuc trj A;f <0 b?-3ac<0
* C6 hai diém cuec trj trai ddu < y’ = 0 c6 hai nghiém trai ddu
!
A y' > 0 A >0
c 7Y S ac<0
P:x1x2:3—<0 ac <0
a

* C6 hai diém cuec trj cung ddu < y’ = 0 ¢6 hai nghiém phan biét cing diu
A y' > 0 Ay' >0
P =x1x :i>0®{ac>0
X2 =3,

* C6 hai diém cyc tri ciing ddu dwong & y’ = 0 ¢6 hai nghiém duong phan biét

Ay/>0
2b Ay/>0
@<S=x1+x2=—£>0@{ab<0
ac>0

C
P=x1x2=£>0

= C6 hai diém cuyc tri cing dau &m < y' = 0 c¢6 hai nghiém am phéan biét

Ayl>0
2b Ayl>0
¢ ac >0
P=xx,=o>0
\ X1Xp 3a

n<a<x| o -—-an-a)<0sxx, —aly+x)+a?<0
@{(xl—a)(xz—a) > Oﬁ{xlxz—a(x1+x2)+a2 >0

«Co2diémeuctri | x; <x, <

Xy, %, thoa X1+ x, < 2a x1+x, < 2a :
@< x <% @{(xl—a)(xz—a)>0@{x1x2—a(x1+x2)+a >0
X1 +x, > 2a X1 +x, > 2a

= Cac diém cuc tri cua do thi cung nam vé phia duoi doi voi truc Ox
Ox

B b 8a A rinex (Yep " Yer >0 W’
& y' = 0 c6 hai nghiém phan biét Va{
Y ghiem p i Yep +Yer <0 y = f(x)

= Cac diém cuc tri cua do thi cung nam vé phia trén doi voi truc Ox

, e ya o (VeptYer >0 /\/=f(x)
& y' = 0 ¢6 hai nghiém phan biét va { y
y L i Yep +Yer >0

e
Ox

« Cac diém cuc tri ciia dd thi nam vé 2 phia doi véi truc Ox
< y' =0 cb hai nghiém phén biét va ycp * yer < 0 (dp dung khi khong nham dwge nghiém va viét dwoc
phirong trinh dwong thang di qua hai diém ciec tri ciia do thi ham so)

& PO thi cit truc Ox tai 3 diém phan biét © f(x) = 0 c6 3 nghiém phan biét (dp dung khi nham duwoc

nghiém)
y=fx)
Ox
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* Phuong trinh duong thang g(x) di qua 2 diém cuyc tri ctia ham s6 bac 3 ¢6 thé dugc tinh theo 1 trong nhiing
cach sau:

()_2 b2 " bc
gx) =317 34)% 9

24, 'giao O "' giao Ox Piém u
g(x) — —_yx+(ygla0 0y)+(yg Y)(y g ) 1em uon y=f(x)
9a 3
y/ . yn
g(x) =y - 18a Du(‘mgﬂthéng di
y/ . yn qua 2 diém cuc tri
gx) =y - 3"

g(x) = Pa thuc du cua(y chia y")
* Goi d: y = Ax + B 1a duong thang di qua 2 diém cuc tri ciia ham s6 bac 3. Khi do:
Yep * Yer = (Axcp + B)(Axcr + B) = A*xcpxcr + AB(xcp + xcr) + B?
» Diéu kién phuong trinh bac 3 c6 3 nghi¢m duong phan biét:

y' = 0 ¢b 2 nghiém thoéa man 0 < x; < x,
Yep " Yer <0
af(0) <0

» Piéu kién phuong trinh bac 3 ¢6 3 nghiém 4m phén biét:

y' = 0¢6 2 nghiém thoa man x; < x, < 0
Yep *Yer <0
af(0) >0

*» Diém udn la tm ddi xung cua dd thi ham sb bac 3.

» Hoanh d6 diém udn cua ham sb bac 3 1a nghiém cua phuong trinh y”’ = 0.

= Trong cac tiép tuyén cta dd t’hi ham s thi tiép tuyén tai diém ubn 14 tiép tuyén c6 hé sé gbc nho nhit khi
a > 0, vala tiép tuyén c6 hé so goc 16n nhat khi a < 0.

» Vi tri diém udn trén do thi ham s6 béc 3:

N A

* Gia str @6 thi ham s6 ¢6 2 diém cuc tri 1a (x1; y1) va (x2; ¥5)

Khoadng cdch giita Cong thirc
Hai diém cuec tri ciia ham sé [y — xq]
Hai cuec tri ciia ham s6 |[y2 — 1l
Hai diém cuec tri cua do thi ham so \/(xz — %)%+ (v, — y,)?

9a

, , . n .2 R U R . 4e+16e3 . b%?-3ac
» Khoang cach gitra 2 diém cuyc tri cua do thi ham so bac 3 1a AB = / ——— Voie= .
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Céc dang db thi ham s6 bac 3

a>0 a>0 a<0 a<0
0 cuc tri 2 cuec tri 0 cyc tri 2 cuyec tri

Cho ham sb f(x) = ax® 4+ bx? + cx + d(a # 0)
¥ Cuec tri ciia ham s6 g(x) = |f(x)|
= g(x)cod 1 cuctri e f(x) chicod 1 tinh don diéu trén R.
f(x) c6 2 cuc tri (A}, > 0)
fep fer 20
f(x) c6 2 cuc tri (A}, > 0)
fep  fer <0
(¥ Cuec tri cia ham s6 h(x) = f(|x|)
f(x) chico 1 tinh don diéu trén R
= 0 c6 2 nghiém thoaman x; < x, <0
*h(x) co3cuctri e f'(x) =0 co 2 nghiém théaman x; < 0 < x,
* h(x) co6 5 cuc tri & f'(x) = 0 c6 hai nghiém théa man 0 < x; < x,

»g(x)coé3cyctri & {

= g(x)cod5cyctri & {

= h(x)cod 1 cuctri & [f’(x)

Phén b mién ciia cac diém ké tiép tuyén dén ham sé bac 3
Truong hopa > 0

P

1 tiép tuyén néu diém thudc
tiep tuyén di qua diem uon
mién ké duoc )

X i - == tiép tuyén di qua diém uon
1 tiep tupen |\ ___--" Py 1

(Trudng hop hé s6 a < 0 twong t)
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279. Cuyc tri ham bac 4 trung phwong

Cho ham s6 y = ax* + bx? + c(a # 0)
» Ham s6 ludn ludn ¢ cuc tri.

= Ham s0 lu6n luén c6 1 diém cuc tri la x = 0.

» Ham s6 c6 mot diém cuc tri < ab > 0. \'/ /‘\

» Ham sd ¢6 3 diém cyc tri & ab < 0.\/\/ /\’/.\

\ A s oas .2 <y 4R c1n 4R .2 a>0
* Ham s0 c6 diing 1 di€m cuyc tri va di€m cuyc tri la diém cyc tiéu {

b>0

» Ham sd ¢6 2 diém cuc tiéu va 1 diém cuc dai & {Z Z 8 \/\/

a<o0
b<0O

» Ham sd ¢6 1 diém cyc tiéu va 2 diém cuc dai © {Z i 8 /\’/.\

» P6 thi ham sé dbi xtmg qua truc 0y.
M0t s6 cong thirc tinh nhanh
Gia st ham s6 y = ax* + bx? + ¢ ¢6 3 cyc tri (tic 1a ab < 0):

* Ham s0 ¢6 ding 1 di€m cuyc tri va di€m cyc tri 1a cyc dai & {

bat: BAC = a. Ta co:

a b3
cot?= = ——

B(— —%;—%) 21724 (v6id = b? — 4dac)
Tam gidc ABCvudng cén tai A b3 = —8a
Tam giac ABC déu b3 = —24a
Tam giac ABC c6 cuc tri B, C € Ox b? = 4ac
Tam giac ABC c6 trong tam O b? = 6ac
Tam gidc ABC c6 3 goc nhon b(8a+b3) >0
Tam giac ABC c6 ban kinh dudng tron ngoai tiép _ b® —8a
Raapc =R 8ab
Tam giac ABC c6 d¢ dai canh BC = m, am? +2b =0
Tam gidc ABC ¢6 d6 dai AB = AC = n, 16a?n% — b* + 8ab = 0
Tam giac ABC c6 truc tdm O b3 +8a — 4ac =0
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Tam gidc ABC cung diém O tao thanh hinh thoi b? = 2ac

Tam giac ABC c6 O la tam dudng tron noi tiép b3 — 8a — 4abc = 0
Tam giac ABC c6 O la tam dudng tron ngoai tiép b3 — 8a — 8abc = 0
Tam giac ABC c6 canh BC = kAB = kAC b3-k?—8a(k?—4)=0
gilglri:tlil:}ellrél; Ifglj ht:;n giac ABC thanh hai phan co b? = 4Z|ac|
Tam giac ABC co diém cuc tri cach déu truc hoanh b? = 8ac
Dé thj.lglarn s(é (C.)iyA= ax* + szz +c cét truc Ox b2 = @ac
tai 4 di€ém phan biét 1ap thanh cap s6 cong 9
Dinh tham s6 dé hinh phang gidi han boi dd thi 36
(©):y = ax* + bx? + c va truc hoanh c6 dién tich b%2 =—ac
phan trén va phan dudi bang nhau. 5
Phuong trinh dudng tron ngoai tiép AABC la: x2+y?— (E 4 + c) y+c <z - A) =0
b 4a b 4a
Dién tich AABC 32a3(Spapc)? +b° =0
b2

L \ PCIRY: TaaBc =
Ban kinh duong tron ndi tieép AABC b3
4lal{1+ (1 - 8a

Cic dang dd thi ham bac 4 tring phuong

0y 1 cuc tri Oy 1cuctri 90y 0y

a>0 a>0 |3cuctr a<0 3cuctri|] a<0

280. Cwec tri caa ham sé cho bang céng thirc cu thé

Bai toan va phwong phap gidi : Tim cuec tri ciia ham s6 cho bang cong thirc cu thé

Buwdre 1: Tim tap xac dinh va tinh f'(x).
Buére 2: Tim cac diém x; ma f'(x;) = 0 hodc cac diém x; ma f'(x;) khong x4c dinh nhung ham s6 van
x4c dinh tai diém do.
Buwéc 3:
Cich I: Lap bang bién thién.
Cich 2: Xét sy doi dau cua f'(x)
Néu dau f'(x) d6i dau khi x qua diém x; thi ham sb dat cuc tri tai x;.
Néu f'(x) dbi dau tir (=) — (4) thi ham sé dat cuc tiéu tai diém do.
Néu f'(x) dbi dau tir (+) — (=) thi ham s6 dat cuc dai tai diém do.
Néu ddu f'(x) khong d6i dau khi x qua diém x; thi ham s6 khong dat cuc tri tai x;.
Cach 3: Xét gia tri f''(x;)
Tim f"'(x) va tinh f" (x;)
Néu f"(x;) < 0 thi ham s dat cuc dai tai diém x;.
Néu " (x;) > 0 thi ham s dat cuc tiéu tai diém x;.
Néu " (x;) = 0 thi ta khong thé két luan tai diém x; ham sb dat cuc dai hay cuc tiéu, khi do ta
thuong chuyén qua st dung cach 1 hodc cach 2.
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GIA TRI LON NHAT - GIA TRI NHO NHAT

281. Pinh nghia
Gia sir ham s6 f(x) xéac dinh trén tap hop D(D c R)

Néu ton tai mot diém x, € D sao cho f(x) < f(x,)
véimoi x € D thi so0 M = f(xy) dugc goi 1a gia tri
16m nhat cua ham so6 f trén D, ki hi€u la :

M= g/ ()

(hodc M = max f(x) hodc M = max f hoic M = max f)
D XED D

Néu ton tai mot diém x, € D sao cho f(x) = f(x,)
véi moi x € D thi so m = f(xy) dugce goi 1a gia tri
nhé nhat cia ham s6 f trén D, ki hi¢u la :

m = min £ (x)

(hodc m = min f (x) hodc m = min f hodc m = min f)
D x€D D

Gi trj 16n nhét
cua ham s6

yA
f(x0)

=

yA

Gia tri nho nhat
ciahamsé J (¥0) :
0 Xo i
3

N6i don gidn thi: gia tri 16n nhat cia ham sd y = f (x)
khi x € D phai théa man cac diéu kién sau:

« La gia tri y 16n nhét khi x € D.

» Gia tri y 16n nhat d6 phai 1a 1 s6 cu thé (khong dugc
phép 1a +00).

- Ton tai gié tri xo cu thé (khong dugc phép 1a v6 cuc
hodc cac gidi han) dé dat dugc gia tri 16n nhat do.

N6i don gian thi: gia tri nho nhat cia ham sb
y = f(x) khi x € D phai théa man cac diéu kién sau:
= La gi4 tri y nho nhat khi x € D.

= Gia tri y nho nhat d6 phai 1a 1 s6 cu thé (khong dugc
phép 1a —o0).

- Ton tai gid tri X, cu thé (khong duge phép 1a vo cuc
hodc cac gioi han) dé dat dugc gia tri nho nhat do.

Mot sO nhan xét

» Moi ham s lién tuc trén doan [a; b] déu c6 gia tri 16n nhat va gia tri nhoé nhit trén doan do.
* Ham s6 lién tuc trén mot khoang c6 thé khong co gia tri 10n nhat, gia tri nho nhét trén khoang dé.

* Cho mdt bién c6 gia tri thoa man u € [a; b] khi do dé xac dinh |u| thudc tap nao? ta lam nhu sau:
— Néu ab > 0 (tirc 1a a, b cung d4u) thi |u| € [min{|al; |b|}; max{|al; |b|}]

—Néu ab < 0 (tirc 13 a, b trai dau hodc c6 mot dau mat = 0) thi |u| € [0; max{|al; |b|}]

» Néu ham s6 f(x) dong bién trén doan [a; b] thi max f(x) = f(b) va Hll;ibr} f (x) = f(a).

(a; f(@)

(b; £ (b))

» Néu ham s f(x) nghich bién trén doan [a; b] thi max f(x)=f(a)va fnibr} f(x) = f(b).
a; a;

(a; f(@))

(b; f (D))
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282. Cac phwong phap tim GTLN, GTNN ham 1 bién thwéng dung

» Lap bang bién thién.

» Dung phuong phap tim GTNN va GTLN ctia ham s6 lién tyc trén mot doan.
* Dung may tinh l&p bang (Table) (Thuong dung khi tap x c6 dd dai hitu han)
= Phuong phap kiém dinh diém dat duoc (Shift + Solve)

= Phuong phéap st dung bat dang thirc

283. M6t s6 bat dang thipc hiru ich

= |lasinx + bcosx| < Va? + b?
= Bit dang thirc Cosi cho n s6 khong am:
a1+a2+a3+"'+an

> "aia,05...a
= 1 2 3...
n n

Dau"="xayrakhia; = a, = a; = - = a,
» Bit ding thirc chira dau gid tri tuyét dbi:
’ |a1+a2+a3+---+an|s|a1|’+|a2|+‘|a3|+----|:|an| ’
Dau "=" x4y ra khi toan b¢ a4, a,, ..., a, cung dau hodc bang 0 v6i s6 lugng so hang tiuy ¥

= Bit dang thirc Bunhiacopxki

V6i hai bo s6 (aq, ay, ..., ay) va (by, by, ..., by) ta co:

(a? + af + -+ aZ)(b? + b5 + -+ b2) = (ayby + azb, + -+ + apby)?
az _ Gn

A 5 . N 5 .a
Dau"="xayrakhivachikhi2==2=... =
by by bn

V6i quy wéc néu mot s6 nao d6 a; hodc b; (i = 1,2,3,...,n) bang 0 thi sé trong tmg ciing bang 0.
284. GTLN, GTNN Ham bac 1/bac 1

(Mt Cudi 5 Yimay) : , (mit dAu ; Yinay)
Ham phan thirc bac nhat / bac nhat xac
dinh trén mot doan thi dat gia tri 16'n nhét
va nhé nhit tai hai ddu mat cua doan do.

Cu thé néu ham dong bién = Néu ham nghich bién thi

| thi min dat tai mat trai, min dat tai mut phai, max |
max dat tai mat phai. dat tai mut trai.

(mat dau ; Yiin) (mut cudi ; Yiin)

285. So sanh GTLN, GTNN cua |f(x)+m| v&i mdt sé a

A

fo /A0 N
‘ . . max f +m

* So sanh GTLN va GTNN cta ham s6 g(x) = |f(x) + m| khi x€K

x € K (K 1a mét tap con cua tap xac dinh) so voi mot so a

Bwére 1: Tim GTLN va GTNN ctia hamsoy = f(x) khix € K
—

Bwée 2: Suyra f(x) +m € [minf+m;maxf+m] 0

s - X€EK X€K

Buwée 3: Biéu dién tap gia tri cia f(x) + m khi x € K va tim min f +m

diéu kién can thiét cua |f(x) + m/| so vdi s6 a x€K
o A E—
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286. Tim GTLN, GTNN ctGa ham sé trén tap xac dinh

Bai toan va phwong phap gii : Tim GTLN, GTNN ciia ham s6 trén tip xac dinh

Bude 1: Tim tap xac dinh cua ham $6.

Budce 2: Tinh f'(x).

Budc 3: Tim cac diém x; ma tai do f'(x;) = 0 hodc cac diém x; ma tai d6 f'(x;) khong x4c dinh nhung
ham sb van xéc dinh tai diém do.

Budic 4: Lap bang bién thién. (Hodc mot biéu do co co ché gidng bang bién thién)

Buée 5: Két luan

287. Tim GTLN, GTNN ctia ham sé lién tuc trén doan [a;b]

Bai toan va phwong phap gidi : Tim GTLN, GTNN ciia ham s6 lién tuc trén doan [a;b]

Buéec 1: Tim cac diém x; € (a; b) ma tai d6 ham s6 f’(x) = 0 hodc f'(x) khong xac dinh nhung ham
sb van xac dinh.

Buwdéce 2: Tinh f(x;) va f(a) va f(b).

Buée 3: So sanh cac gia tri tim duoc.

S6 16n nhét trong cac gia tri & B2 1a gi tri 16n nhit cua f(x) trén doan [a; b], s6 nho nhét trong cac gia
tri & B2 1a gia tri nho nhat cua f(x) trén doan [a; b].

288. Tim GTLN, GTNN ctia ham sé f(x) trén mét tap A tuy y

Bai toan va phwong phap gii : Tim GTLN, GTNN ciia ham s6 y = f(x) trén mot tip A tay y

Buéc 1: Tim cac diém ham s6 khong x4c dinh trén tap A.

Budre 2: Tinh £ (x). Tim cac diém x; € A tai d6 ham s f'(x) = 0 hodc cac diém ma tai 46 f'(x) khong
xéac dinh (nhung ham s6 van xéc dinh).

Buéc 2: Tinh f(x;), voi x; 1 cac diém & B2 hodc cac diém & ddu mit ngodc vudng; va gidi han ciia ham
s6 tai cac diém ham s6 khong xéac dinh (gi6i han 1 bén hodc giéi han ca 2 bén, tiy thudc vao tap A) hodc
gidi han tai cac diém dang ngodc tron ctia tap A (ké ca —oo hodc +00).

Buéc 3: So sanh cac gi4 tri tim dugc va két luan gia tri 16n nhat va nho nhat véi cac luu y quan trong
nhu sau:

= Gi4 tri 16n nhat cta ham s6 y = f(x) khi x € A phai thoa mén tat ca cac diéu kién sau:

— La gia tri y 16n nhat khi x € A.

— Gia tri y 16n nhat d6 phai 1a 1 s6 cu thé (khong duoc phép 1a +0).

— Ton tai gié tri x, cu thé (khong duogc phép 14 vo cuc hodc gidi han) dé dat dwoc GTLN do.

= Gi4 tri nho nhit ciia ham s6 y = f(x) khi x € A phai thoa man tat ca cac diéu kién sau:

— La gia tri y nh6 nhét khi x € A.

— Gia tri y nho nhat d6 phai 1a 1 s6 cu thé (khong dugc phép 1a +o0).

— Ton tai gié tri x, cu thé (khong dugc phép 14 vo cuc hodc cic gidi han) dé dat dugc GTNN do.
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PDUONG TIEM CAN

289. Pinh nghia tiém can ngang

» Puong thing y = y, dugc goi 1a dwdng tiém cin
ngang (goi tat 1a tiém can ngang) ctia do thi ham s6
y = f(x) néu n6 thoa it nhat mot trong hai diéu kién
sau :
lim f(x) = yo hoac lim f(x) =y,

X——00 x—+0o
* Nhu vay tiém can ngang: x tién téi vo cuc thi y tién
toi 1 s6 cu the.
« Mot ham s6 ¢6 thé 6 t6i da 2 tiém cén ngang, ciing
¢6 thé c¢6 1 hoic khong co tiém can ngang.

290. Pinh nghia tiém can dirng

xl_l;lnw f&) =y,
= y = Y, la ti€ém cén ngang

|0 v “x
lim f(x) =y
X—+00

= y = Y, la tiém can ngang

lim_f(x) = +o
TN lim_f(x) = +oo
* Puong thing x = x, dugc goi 1a dwdng tiém cin ding (goi Ly AN
tat 1 tiém cén ding) ctia d6 thi ham s y = f(x) néu it nhat mot : S
trong cac diéu kién sau duoc thoa man: N ix . XOE -
) _ .. _ — } »> ; >
) = 4okl /) = = e N
hodc lim f(x) = +oo hodc lim f(x) = —oo Y=
%o , 4 ) 4y=1@ y=f(
* Nhu vay ti€ém can ding: x ti€n tdi 1 s cu thé thi y tién toi vo \/ i ;
cung. \ ! xo R T xoi /\!
» Mot ham s6 c6 thé co hodc ciing ¢ thé khong c6 tiém cén }Ir g i 1 "
dang. (: I\," (.:_:)
lim f(x) = —oo lim_f(x) = —oo
xX-xg
291. Pinh nghia tiém can xién
» Puong thang y = ax + b (a # 0), duoc goi la y
dudng ti¢m cén xién (hay ti¢m cén xién) cua do thi . <
ham s6 y = f(x) néu xl_l;moov(x) —(ax+b)]=0 37
- . _ X X
hoge_lim [£(x) = (ax + b)] = 0. : RN
» Mot ham s6 c6 thé co t6i da 2 tiém cén xién, ciing y=1(x)

c6 thé c6 1 hoac khong co tiém can xién.

Jim [£(0) = (ax + )] =0
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292. Cac bwéc tim tiém can ngang

Bai toan va phwong phap giai : Cac bwéc tim tiém cin ngang ciia do thi ham s

Budc 1: Tim tap xac dinh cua ham sb
Néu ham s6 xéac dinh tai x = —oo thi tinh lim f(x)
X—>—00
Budc 2: Néu xl_lf_noof(x) = 1 s6 cu thé
= y =150 cythé: la 1 ti€ém can ngang cia do thi ham so
Néu ham s6 xéc dinh tai x = +oo thi tinh lim f(x)
X—+00

Néu lim f(x) =156 cu thé
xX—+00

>y=1 sb cu thé : 1a 1 tiém can ngang cua dd thi ham s6

293. Cac bwérc tim tiém can dirng

Bai toan va phwong phap gidi : Cac buéc tim tiém cin dirng ciia d6 thi ham sb

Budc 1: Tim tap xac dinh cua ham so
Budc 2: Tinh gidi han ham s6 khi x tién t6i cac diem x; dac biét cu thé cia tap xac dinh (ma tai
cac diem do ham so6 khong xac dinh, d6 lam cac diém ranh gidi cua tap xac dinh hodc nghiém
cuia mau s0).
Tinh gidi han trai tai x;
Neéu gidi han nay ra vo cuc

Néu gidi han nay khong ra
vo cuc thi lam tiép

Tinh gi6i han phai tai x;
Neéu gidi han nay ra vo cuc
Neéu giéi han nay khong ra vo cuc

x = x; khong la ti€ém can ding cua d6 thi ham so. Ham s06 c6 tiém can dung la x = x;
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294. Cac bwéc tim tiém can xién

Bai toan va phwong phap giai : Cac buéc tim tiém cin xién ciia do thi ham s

Cho ham sb y = f(x). Gia sir ham s6 ¢6 tiém cén xién 1a y = ax + b. Dé tim a va b ta tién hanh theo

cac budc sau:
Buwée 1: Tim tép xac dinh cua ham so.

Bude 2A: Néu ham sb x4c dinh tai x = —oo thi tinh a = lim @.

xX—>—00 X

—Néualalsdcythévakhac0thitinh b = lim [f(x) — ax] = Tiém cén xién y = ax + b.
X—>—00

— Neéu a khong ra 1 s6 cu thé hodc a = 0 = Khong c6 tiém can xién bén trai.

Buéc 2B: Néu ham sb xac dinh tai x = +oo thi tinh a = liT %
X—+00

—Néu a 1a 1 sb cu thé va khac 0 thi tinh b = liz_n [f (x) — ax] = Tiém can xién y = ax + b.
X—>+ 00

— Néu a khong ra 1 s6 cu thé hodc a = 0 = Khong co6 tiém cén xi€n bén phai.
Bwére 3: Két luan ve tiém can xién cua do thi ham so.

K Luu y: Mot ham so6 c6 the khong co6 tiém can xién, hodc cd 1 ti€ém can xién, hodc c6 toi da 2 ti€ém can

Xién.

295. S6 lwong céac loai tiém can

= D6 thi ham so c6 tiém

bén d6 va nguoc lai.

Loai So lwgng toi da | So lwgng toi thiéu
Tiém can ngang 2 0 can ngang bén nao thi
Tiém cén ding vO sO 0 khong co ti€ém cén xién
Tiém can xién 2 0

296. Tiém can ham bac 1/bac 1
*Hamy = % (khong bi suy bién thanh ham hing), c6 2 dudng tiém can:
— Tiém can dung: x = —% = nghiém ctia mau s bang 0.

A A a c1A A o .
— Tiém cén ngang: y = - N hai h¢ s0 ciia x dem chia cho nhau.

297. Tiém can cua bac 2/bac 1

S ax?+bx+c 41 o . A1 N 1A X . \ A
*Hamy = i (khong bi suy bién thanh ham béc nhat), c6 2 duong tiém can:
A A ’ € [N 5 X A 1S
— Tiém can ding: x = — - = nghiém ctia mau so bang 0.

— Tiém can xién: y = Ax + Bv6i A = %va B = lim (y— Ax) (hoge B = lim (y — Ax)).
X—>—00 X—>+00

- Him y = Ax + B + —— c6 tiém can xién la y = Ax + B.
dx+e
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298. Mét sé nhan xét

» M6t ham sb ¢o dang phan thirc y = ;E—g thi chua chéc c6 tiém cin ding.
» Néu x, 13 nghiém ctia mau s6 cua ham s6 y = % thi x = x, chua chic 13 tiém cin dtng.

= Ton tai nhitng ham khong c6 dang phan sé nhung van c6 tiém can dimg (Vi du: y = log, x ¢6 tiém can
dimg x = 0)
» Trong giéi han:
S6 khac 0
— =

(00]

apx®+ ap_1x" 1+ +a apx™
im — not T 0 = lim =2 (twong tw kKhi x - —o0)
x>+ by Xx™ + by x™" 1 + -+ by xo+w by x™

lim @ = 36 cu thé
Néu {x-xo g(x) ~ ~ ~  thif(xe) =0
g(x) =0

. (lim (f(x)g(x)) = 56 cu thé
X—00

(Vi oo 1a —oo hoac +o0)

thi ;im gx) =0.

Cho biéu thire £ (x) c6 x, 1a mot nghiém cua f(x) = 0. S6 r > 0 dwoc goi 12 bdi ciia nghiém x, néu:

lim & = s6 cy thé (%)
x-xo (X — x9)"
7 1a s6 dwong 16n nhat trong nhitng
s6 duwong thoa méan diéu kién (%)
(Boi ctia nghiém x, c6 thé hiéu 1a s mii 16n nhét c6 thé phan tich thanh nhén tir ctia biéu thirc (x — x,) tir

f()
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KHAO SAT SU BIEN THIEN
VA VE PO THI HAM SO

299. Ham sé bac 3
a) Cac bwéc khao sat va vé do thj

Bai toan va phwong phép gidi : Cac bude khao sat va vé do thi ham sb bac 3

Budce 1: Tim tap xac dinh: D = R.
Buéce 2: Tim lim f(x) va lim f(x).
X——00 X—>+00
Bude 3:
— Tim f'(x). Giai phuong trinh f'(x) = 0 = x =?= y twong tng. (y' = 0 hoac ¢6 2 nghiém, hoic c6
nghiém kép, hodc v6 nghiém).
— Tim f"'(x), giai phuong trinh £ (x) = 0, tim diém udn (12 tAm d6i ximg ctia dd thi)
Budic 4: Lap bang bién thién.
—Néu y' = 0 c6 hai nghiém thi ddu cia y’ 12 "Trong tréi ngoai cung".
— Néu y’ = 0 c6 nghiém kép thi ddu ciia y’ 1a "Ludn cung dau voi a" (ngoai trir tai nghiém kép thi y’ =
0).
— Néu y' = 0 vo nghiém thi ddu ciia y’ 12 "Luén cung déu véi a".
Két luan vé tinh don diéu (ham s6 dong bién trén khoang nio va ham sb nghich bién trén khoang nio).
Két luan vé cuc trj ciia ham sb (néu ra diém cuc dai, cuc tiéu (néu co)).
Buéc 5: V& db thi :
Tim giao diém cua db thi va truc Ox (néu nghiém dep mai thuc hién) va tim giao diém voi truc Oy.
Tinh thém vai diém thudc vao do thi ham s6 bang cach 1ap bang gia tri (néu thay can thiét).
V& hé truc toa 46 — Panh du cac diém cuc tri — Panh dau cac diém dic biét khac (giao diém vai cac
hé truc va cac diém tinh thém) — V& phac d6 thi : ndi cac diém lai bang cac dudng thing va bat chi (néu
thay can thiét) — v& nét tron cho d0 thi.
Nhan xét vé d0 thi: Ham s6 ¢6 tdm ddi ximg 13 diém uén (chwong trinh nang cao)
Céc dang db thi

a>0 a>0 a<0 a<o0
0 cuc tri 2 cuec tri 0 cyc tri 2 cuec tri

b) V& nhanh dé thi

Bai toan va phwong phép giai : V& nhanh d6 thi ham s6 bac 3

Bwée 1: Vé hé truc toa do

Buéc 2: BAm may tinh danh dau giao diém véi Ox

Buée 3: BAm may tinh va danh dau cac diém cuc tri (néu co)
Bude 4: Danh diu giao diém v6i Oy (néu can)

Buée 5: V& phac do thi ham s6 — sau d6 v& tron

c) Cac dang dbé thi
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Khi ta quan tim dén tinh don diéu (hodc cwec tri) thi cé cac dang dd thi sau

Do thi

Diéu kién

NG
a<0;A, <0

a< O;A’yf >0

AT
a>0;A, <0

a>0;Ay,>0

Tinh chit

— Nghich bién trén
toan bo R.

— Khong c6 cuc tri.

— Vira d@)ng bi’én,
vura nghich bién.

— Sy nghich bién ¢6
thé xay ra & vo cuc.
—C6 2 cyc tri.

— Dbong bién trén
toan bo R.
— Khong c6 cuc tri.

— Vua df”)gg bién vira
nghich bien.

— Su dong bién xay
ra duoc ¢ vO cuc.
—C6 2 cuc tri.

Khi ta quan tAim dén s6 giao diém véi Ox (hoic s6 nghiém ciia phwong trinh f(x) = 0) thi ¢é cac
dang do thi sau

o

f(x) = 0 c6 3 nghiém phén biét
© Dothiy = f(x) co hai diém cyc tri nam
v€ hai phia khac nhau do6i voi truc hoanh.

f(x) = 0¢62nghiém & f(x) c6 2 diém cyc tri va mot diém cuc tri co y = 0.

: Ox { Ox 7/\/0} /5x

f(x) ludn c6 mot tinh don diéu trén R

f(x) = 0co6 1 nghiém &

f(x) cb cuc tri va cac cuc tri nam & 1 bén so v6i Ox
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d) DAu hé sé

Bai toan va phwong phap giai : Dau cac hé so cia ham s6 bac 3

Diu cac hé s6 cia ham s6 y = ax® + bx? + cx + d(a # 0)

a: trang thai chiém da so ciia ham so

Nhin chung di lén = a > 0 /\/ /

Nhin chung di xuéng = a < 0 \ \/\

d: giao diém ctia d6 thi ham s vdi truc tung Oy 0

B/

=

B/

d>0

Yi

0 d<o0

Tiép tuyén dilén = ¢ > 0

c: hé s6 gdc cua tiep tuyen tai diém x = 0

Tiép tuyén di xudng = ¢ < 0
Oy

ctia d6 thi (ttrc 1a hoanh d6 diém udn)

b .. 9 A o R , o R o 7k z o 8 9 9 A A4 Ra o
34 la hoanh 3¢ trung di€ém cua 2 di€ém cuyc tri (n€u c6 cuc tri), va cling l1a hoanh do tdm doi xing

Néu tam ddi ximg & bén phai Néu tam d6i xtmg & trén Oy Néu tam ddi ximg & bén trai
._ b . b _ ._ b
Oy thi 3a>0 thi 5—0 Oy thi 3a<0
Tam dbi xtng W Tém/déi{ny

) 1 )
= | ;

b b _,

" 34 >0 3a " 3a <

* Vi tri di€ém uodn trén do6 thi ham so bac 3:

N VNS

e) Tinh don diéu
Pi dén: Tinh don diéu ham béc 3
f) Cwec tri

Pi dén: Cure tri ham béc 3
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300. Ham sé trung phwong
a) Cac bwéc khao sat va vé do thj

Bai toan va phwong phap giii : khio sat va vé do thi ham s6 y = ax* + bx? + c(a # 0)

Buée 1: Tim tap xac dinh D = R.
Buwéce 2: Tim lim f(x) va lim f(x).

X—>—00 X—+coo
Buée 3: Tim f'(x). Giai phuong trinh f'(x) = 0 = x =? = y tuong tng (f (x)' = 0 hodc c6 3 nghiém
phan biét, hoac ¢6 1 nghiém; va luén c6 nghiém x = 0).
Budic 4: Lap bang bién thién.
Két luan vé tinh don diéu cia ham s6 (ham s dong bién trén khoang nao va ham s nghich bién trén
khoang nao).
Két luan vé cuc tri ctia ham sb (néu ra diém cuc dai, cuc tiéu (néu c0)).
Buée 5: V& do thi:
Tim giao diém ciia d thi va truc Ox (néu nghiém dep méi thuc hién) va tim giao diém véi truc Oy.
Tinh thém vai diém thudc vao do thi ham sé (néu thay can thiét).
V& hé truc toa d0 — Panh diu cac diém cuc tri — Panh du cac diém dic biét khac (giao diém véi cac
hé truc va cac diém tinh thém) — V& phéc do thi : ndi cic diém lai bang cac dudng thang va but chi (néu
thdy can thiét) — v& nét tron cho do thi.
Néu két luan : Ham s dé cho 1a ham s6 chin nén no6 nhan truc tung lam truc ddi xung.

b) Cac dang do thi

Khi ta quan tim dén s6 lwong cuc tri

a>0 a>0
a<0
a<0

Cé6 3 cuc tri Co 3 cyc tri Coé 1 cyec tri, cuc Co 1 cuc tri, cuc
{ 1 cwc dai {1 cuc tiéu tri d6 1a cuc dai. tri do6 1a cuc tiéu.
2 cuc tiéu 2 cyc dai

Khi ta quan tim dén giao diém véi truc Ox

4 giao diém véi Ox M_, W}

3 giao diém véi Ox M‘ W‘

2 giao diém véi Ox t 1 \/\/ \\// / \
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1 giao diém véi Ox

Khong c6 giao diem vdi Ox >

c) Lién hé gitra sé nghiém phwong trinh trung phwong & phwong trinh bac 2

Su lién hé giita s6 nghiém cua ax* + bx? + ¢ = 0(a # 0) vaat? + bt + ¢ = 0(a # 0)
ax* +bx?+c=0 at?’+bt+c=0

C6 4 nghiém phan biét

)

C6 2 nghiém duong phan biét

)

Co 3 nghiém phén biét Co 1 nghiém t = 0 va 1 nghiém duong

C6 2 nohidm phan biét C6 1 nghiém kép duong
[=—1 ,
© £ nglliem phan big | C6 2 nghiém trai ddu

C6 1 nghiém | & [Co 1 ngl’liém bé‘i-l’jg 0 \,/é 1 Lnghif}m am
Co 1 nghiém kép bang 0

Vo nghiém
Vo6 nghiém | Co 1 nghiém kép am
| C6 2 nghiém phan biét &m

d) Cwec tri

Pi dén: Cuyec tri ham bic 4 trung phwong
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301. Ham sé bac 1/bac 1

ax+b(d be % 0,c % 0) , ad — bc
— = -
x+d @ cr e y (cx + d)?

Cho ham sé y =

a) Cac bwéc khao sat va vé do thj

Bai toan va phwong phap giai : khao sat va vé do thi ham s

Bude 1: Tim tap xdc dinh D = R\ {~ %}

Buée 2: Tim cac duong tiém can.

Tinh lim f(x) va li‘5rn f(x) = Tiém can ngang y = % (hai hé s6 ctia x chia cho nhau)
X—>—00 X—>+00

Tinh lim f(x) va lim f(x) = Tiém cén ding x = —% (nghiém cua mau s6 = 0)
XX X—Xg
Budéc 3: Tim f'(x).
') = ad — bc
fix) = (cx + d)?

(f'(x) hodc luon duong, hodc luén am Vx € D)
Budrc 4: Lap bang bién thién.
Néu ra ham sb dong bién trén khoang nao (hodc ham sé nghich bién trén khoang nao).
Ham sd khong co6 cuc tri.
Buwéc 5: V& do thi:
Tim giao diém cua do thi va truc Ox (néu nghiém dep moi thyc hién) va truc Oy.
Tinh thém vai diém thudc vao d6 thi ham s6 (néu thiy can thiét) (cac gia tri x nén lay xung quanh tiém
can ding)
V& hé truc toa d6 — V& cac dudng tiém can — Danh dau cac diém dic biét khac (giao diém voi cac hé
truc va cac diém tinh thém) — V& phac d6 thi: ndi cac diém lai bang cac dudong thang va but chi (néu
thy can thiét) — v& nét tron cho db thi.
Nhan xét:
— P06 thi ham s6 nhén giao diém cua hai duong tiém can 1am tdm ddi ximg.
— D6 thi ham s6 nhan hai dudng phén gidc cia cac goc tao boi 2 dudng tiém can lam truc dbi xing.

b) Cac dang do thi

Tiém can ding

Tiém can ngang

Tiém can ngang

, on

Tam doi xtrng £

=1

&

Q

=

<

F
Ham s0 nghich bién trén Ham s6 ddng bién trén
moi khoang xac dinh. mdi khoang xac dinh.
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c) Tiém can & Cuwc tri
* Ham s6 ¢6 hai dwong tiém can

A A a . A A ” .
—Tiém can ngang: y = — (hal hé so0 cua x chia cho nhau)
c

d x4
—Tiém can ding: x = —— (nghlém cla mau s0 = 0)
c
* Ham s6 khong ¢6 cyc tri

d) D4u hé sé

* Xac dinh dau (hoic gia tri) ciia cAc h¢ s6 cia y = % (Khong bi suy bién thanh ham hang) tir d6 thi:

d
— Tiém cén diing x = ——
c

a
— Tiém cén ngang y = —
c

— Giao ditm voi Ox: x = — —
a

. b
— Giao diém v6i Oy:y = Pl

— Tinh dong nghich: ad — bc
— Céc diém c6 toa d6 cu thé thudc do thi.

e) Tinh don diéu

ax+b =y = ad—bc
cx+d y = (cx+d)?
— Ham sb dong bién trén timg khoang xéac dinh & Tir s6 ciia y’ > 0
— Ham s nghich bién trén timg khoang xac dinh & T s6 ciay’ < 0

d
——¢A
Cc

Chohamsby = f(x) = = T s ciay’ = ad — bc

— Ham s6 dong bién trén tip A <
Tasécuay >0
d
\ A . -4 DR ——&A
— Ham s0 nghich bién mot tdp A & c
Tuasécuay <0
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f) Cac bai toan min, max

\ A _ax+b , . ..
Chohamso y = g S0 do thi (C).
Tt s6 cua dao ham k
Y = SY=-——77 =3
=Y — Ytiém can =X X
& Chu y: néu c6 thém cac yéu to diém va duong thi can tinh tién dong thoi cdc doi twong d6 (néu can thiét
trong tinh toan)

X=x- Xtiém can

Pua cong thirc ham vé dang chinh tic: Dat {

* Ham phén thirc bac nhit / bac nhit lién tuc trén mot doan thi dat gia tri lon nhét va nhé nhét tai hai dau
mut cua doan do.

(mut cudi ; Viay) (mut dau ; yinax)

Cu thé néu ham dong Néu ham nghich bién
| bién thi min dat tai mat thi min dat tai mut phai,
trai, max dat tai mut phai. max dat tai mut trai.
) mat cudi ; v
(mut dAu ; Yimin) ( Ymin)
» Tong khoang cach tir 1 diém thudc do thi t6i 2 duong tiém can la: £

k2

D=VX2+Y2= X2+

Tim gi4 tri nho nhét ctia D:

2 k2 Zk2
D= |X* 457> |2 X225 = /2lk

(Ap dung bt ding thirc Cosi cho 2 s6 khong 4m)
= Dpnin = +/ 2|k|, ddu "=" xdy ra khi X* = k? & X? = |k|

Sunp ugo wary,

Vi tri ma théa man cac tinh chat:

e X=+/lk 2 . . < 2R g
o . . VI A,l. ) s — Toéng khoang cach tir diém t6i 2
Vitri M dé xay ra D, 1a: M = Truc d6i xrng N PO thi ham so. dudng tiém can nhé nhat.
= Cho ham phan thtc: y = % tiép tuyén tai tiép diém M cdt tiém | —Khoang cach tir diém toi tam dbi

xtng nho nhat.
— Chu vi AIAB nhé nhét.
) N 2 — Khoang céch giita 2 diém thudc
— Dién tich AIAB khong doi: Spyap = pr lad — bcl. 2 nhéanh cta d6 thi ham sd nho
— Chu vi AIAB nhé nhét khi M = Truc déi xtmg N D thi ham 6. | nhat.

(I 1a giao diém cua 2 duong tiém can)

can dung, tiém cén ngang lan luot & 4 va B thi:
— M ludn 1a trung diém cta 4B.
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* Cho ham s6 y = jj:;’ (c # 0,ad — bc # 0) c6 db thi (C). Hiy tim trén (C) hai diém A va B thugc hai
nhanh d6 thi ham s6 sao cho khoang cach AB ngan nhat.

A SR , \ A k
Bién do6i cong thuc ham vé dang Y = "

en
;§ Xa =1kl
& r Giasu X, > 0,X5 <0
g k k 2
= A AB? = (X, — X 2+(———)
= ( A B) XA XB
(X4 — Xp)?

= (X4 — Xp)> + k*-

Tiém cén ngang ZX/%XL%
k
= (X, — Xp)? <1 + —)
XZX3
g /AB i 2 (Xy—Xp\*
min
i Taco: X3X3 = (X, - (—Xp))" < (%)
r= X (Ap dung bt déng thirc Cési cho 2 s6 khong 4m)
2
;g
% & S 16k?
2 % S & 2 A 2 A v
\\\O%}__ H éob&%\ = AB* > (X, —Xp)°| 1+ AL > 8lk|
% s RS —_—
s % S
1 N o AV >2 __16k%
7 0, 6°*>< | Xa-Xp)*
3 = AB > ./8|k|

DA kh { X4 = —Xp
au "=" xay ra khi
Y X, — Xg = 2:/1K]
© Xy =—Xp =4Ikl

Khi d6: 4, B 1a giao cta truc d6i ximg (truc cb thé cit
do thi) v6i do thi ham so.

Tiém can ngang

g) Diéu kién d6 thi cat dwong thang tai 2 diém

Bai toan va phwong phap gidi : Tim diéu kién dé do thi cit duwong thing tai 2 diém phan biét

Tim tham sé dé d thi (C):y = ‘;’:2 cét dudng thing (4):y = ex + f tai hai diém phén biét

= Lap phuong trinh hoanh d¢ giao diém cua (C) va 4:

b dong va th
ax + _ Quy ongvatugonAx2+Bx+C=0(*)
cx+d 4
= A cat (C) tai hai diém phén biét & (*) c6 hai nghiém phan biét khac — -
A#0
& Ay >0 = tim dugc tham sb
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h) Diém c6 toa dd nguyén

Bai toan va phwong phap giai : bai toin tim diém c6 toa do nguyén

P()
. e . .
s0 du khi dem chia P(x) cho Q(x) déu la cac da thirc vGi hé s6 nguyén. Hay tim nhirng diém cé toa do
nguyén cua duong cong?

Chii ¥: Nhitng diém c6 toa dd nguyén la nhitng diém sao cho ca hoanh dg va tung dé cia diém d@é deu la
6 nguyén.

Buére 1: Thuc hién chia da thire P(x) cho Q(x) ta dugc thuong s6 1a H(x) va Q(x), ta suy ra:

Cho duong cong (C) c6 phuong trinh y = (ham phén thirc). Trong d6 P(x), Q(x) va thuong sb va

PO _ iy +—— (wsik e
= = H(x véi
7w Q@)
Bu’0’c2:yEZ(:>H(x)+@EZ@@EZ(:)Q(x)lauoccuasok

Budc 3: Lan lugt cho Q(x) nhan gia tri 1 cac udc cua k dé tim gia tri cia x (rdi suy ra y tuwong ng).
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i) Tap hop cac diém ké tiép tuyén dén do thi

------

chi ké duoc 1 tiép tuyén __---~ “

Nhénh trii -~
Cac diém thudc

Sunp ugo wdr L,

hai tiép tuyén
thudc 2 nhanh

nhéanh tr;ii' chi l,<é
dugce 1 tiép tuyén
vGi chinh nhanh d6

Tiém cén ngang

hai tiép tuyén
thudc 2 nhanh

~
~——

N
----Nhanh phai
| Cac diém thudc nhanh
phai chi ké duogc 1 tiép
tuyén v6i chinh nhanh dé

1
1
1
1
1
1
1
1
1
1
1
1
1
1

.~ chi ke duoc 1 tiép tuyén
7 dén nhanh phai

.........

hai tiép tuyén
thudc 2 nhanh

chi ké dugc 1 tiép tuyén
N dén nhanh phai

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

~"7-=-Nhénh phii
# Céc diém thudc nhanh
phéi chi ké dugc 1 tiep

Nhanh trai .__ « 4
Cac diém thudc nhanh 9
trai chi ké duoc 1 tiép
tuyén voi chinh nhanh do

————
- ~o,

tuyén vé6i chinh nhanh d6

"B Khong ke duoc tiép tuyén

Tiém cén ngang % A
e
/ & ~.~"~-_
%
E}. hai tiép tuyén
=] thudc 2 nhanh
Q
8
3
=
b4

N,
7 7N,
chi ké dugc 1 tip tuyén *===~~___
den nhénh trai

_______
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302. Ham bac 2/ bac 1

ax?+bx+c

p— (voi diéu kién tr khong chia hét cho mau)

Chohamséy = f(x) =
a) Khao sat va vé do thi

Bai toan va phwong phap giai : Khao sat va vé do thi ham s

Buwée 1: Tim tép xac dinh D = R\ {— %}
Bwée 2: Tim tiém can:
» Tiém cdn ding: tinh  lim  f(x) va lim _ f(x) = tiém can déng x = — —.
ey G "
* Ti€ém can xién:
Tinh4 = lim 2% vaB = xl_l}g_noo(f (x) — Ax)

X—>+o0o X

Tinh A= lim 22 vaB = lim (F(x) - Ax)
X——00 X——00
= Tiém can xién y = Ax + B.

» Xéc dinh trang thai ciia ham s6 tai v6 cyc: tinh lim f(x) va lim f(x)
X——00 X—+00

Luru y: Ham s6 khong c6 tiém can ngang.
Buwdre 3: Tinh f'(x) — Giai f'(x) = 0 va tinh gia tri f(x) tai cac nghiém cua f'(x) = 0
Budic 4: Lap bang bién thién
Nhan xét vé khoang dong bién, nghich bién ciia ham sb.
Nhén xét vé cuc dai, cuc tiéu cua ham sd.
(Néu bai chi yéu cau xét tinh bién thién thi lam dén day roi ngimg!)
Buéc 5: Lap bang gia tri (néu can), cac gid tri x thuong duge lay & 1 bén so vdi tiém can dimg va gan
tiém can dung.
V& d6 thi ham s6 (v& hé truc Oxy — V& tiém can dimg — V& tiém cén xién — cham cac diém thudc bang
gia tri (néu c6) — ve phac do thi dua vao bang bién thién (néu can) — v& nét cong cho do thi).
Nhan xét:
= D6 thi ham s6 nhan giao diém ctia 2 tiém can lam tam ddi xtmg.
= D6 thi ham s6 nhan hai duong phan giac ciia cac goc tao boi 2 dudng tiém can lam truc ddi ximg.

b) Cac dang do thi

(] (]
1 1 1
' 2 : :
H 'g’ i [
F 2t &
g '§’ 2l [
o N HESY
1S =% &1 1B
13 § N o 1o
1 & g1 (=S
18 N / 21 &
= a a a = a

L, —<0 —<0 —>0 —>0
Ghi chua: m m

Tam déi xtng @
Truc doi xting —
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c) Cwc tri
Cho ham s6 y = %bx“( 6ia # 0, m # 0 va tir khong chia hét cho mau).
g&x)
(mx+n)2
» Ham s6 ¢6 cyc trj © Ham s6 ¢c6 CD, CT & y’ = 0 ¢6 2 nghiém phan biét khac — 1
n Ag(x) > 0
& g(x) = 0co 2 nghiém phéan biét # —— &
mlo(=3)

Tinh dao ham y'. Gia st sau khi tinh dao ham ta duoc: y' =

) #0

u(xo) u’(xo)

v(xo)  v'(xo)

u(x)
v(x)

= Phuong trinh dudng thing di qua CD, CTlay =

= K§ thuat tinh nhanh cyc tri: néu y = c6 diém cyc tri la x = x thi y(x,) =

u' (%) 2a b
v(x)_mx m

d) Tiém can
» Cac phuong phap tim tiém c4n xién ctia ham s bac 2/bic 1. Gia st tiém can xién 1a y = Ax + B
Cich 1: Tinh gi6i han (thudng dung khi ham s6 di cii thé)

Tinh A = lim L& )VaB = hm (f(x) Ax) (hoac tinh A = hm

xX—+00

)vaB = 11m (f(x) Ax))

= Ti€m can xi€én y = Ax + B.
Luu y: c6 thé tinh nhanh A bang cong thirc A = %
Cich 2: Chia da thtrc (thudong dung khi ham chtra tham s)
Ti€m cén xién: y = Thuong so khi dem chia Tt s6 cho Mau so.
Cich 3: So d6 hoocne (thuong dung khi ham chira tham sd)
Lap so d6 hoocne nhu sau:

a b c

Nghiém ciia mdu s6 = 0 =

-—— | 1 | 72|73
m

So d6 hoocne tuan theo nguyén tac: "Pau roi, nhan ngang; cong chéo".

Tiém can xién: y = %(? 1 X x+?2)
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e) Dau hé sé

ax?+bx+c

Hamsoy = ——

A 5 a A 5 .7 . \ A . A 5 A A , 5 [N A [N
* Dau cua (E) = Dau cua gia tri ham s6 khi x — +o00 = Dau cua h¢ s0 goc cia tiém can xién

Tié€m can xién di lén tur trai qua phai thi % > 0, tiém can xién di Xuéng tur trai qua phai thi % <0.

n . -~ A a
"X = —Ela tiém can ding

ry = % la giao cua dd thi ham s6 va Oy

b .. \ A A 5 . -2 5 X 1s1x - £ ;. R re
"o la hoanh d¢ trung di€ém cuia giao di€ém cua do thi ham so6 va truc Ox (néu co6 giao diém vaéi Ox)

C iy ./ 5 ) B A e <R 5 A ST A N A ] < R .
s la tich cua cac hoanh d¢ giao diém ctia do thi ham s6 va truc Ox (n€u c6 giao di€m vdi Ox)

b .. A - R 5 \ 2 . R PR £ ; .
gl la tung d6 giao di€m cuia duong thang di qua 2 di€m cuyc tri va tryc tung (n€u c6 cuc tri)

f) Bai toan min, max
Tir M bét ky € do thi ham s6 ké tiép tuyén dbi v6i do thi, tiép tuyén
nay cat tiém can dung va xién tai A va B, khi d¢ ta co:
* M 1uén 1a trung diém AB (ciing ding cho ham bac nhat/bac nhat).
= Tich khodng céch tir M dén 2 dudng ti¢m cén la khong doi (cling
dtng cho ham bac nhat/bac nhat).
= Dién tich ATAB khéng dbi (ciing diing cho ham bac nhat/bac nhat).
» Chu vi AIAB nh nhit & IA = 1B & M = D0 thi ham s6 N Truc
doi xtng (cling dang cho ham bac nhat/bac nhat).
» Hai diém P, Q thugc 2 nhanh ciia d6 thi, khi d6 PQ ngén nhat &
P va Q = D0 thi ham s6 N Tryc d6i xtng (cling dung cho ham bac
nhat/bac nhat).
- Khoang cach tr M t6i tim déi xtmg nho nht & M = D9 thi ham
s0 N Truc doi xtng (cling dung cho ham bac nhat/bac nhat).
- Tong khoéng cach tir M t6i 2 dudng tiém can nho nhat & M = Do
thi ham s6 N Truc do6i xting (cling dung cho ham bac nhat/bac nhat).

..

Tam d6i ximg"

-,
Vel

‘(oN.,:'

Pac diém truc doi xirng

Truc d6i xtng 1:

2
— i qua I (1a tim dbi xtmg cta d6 thi)

e L, arctanA+§
— Cohésogoc=tan|———=

Truc d6i xtng 2:

(arctanA+; n §>

— Di qua I (1a tim doi ximg ciia d0 thi)
(goc do bang radian)

— Co6 hé s6 géc = tan
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g) Tap hop cac diém ké tiép tuyén dén dé thi

Céc diém nam trén mat phang toa d6 khong ké dwoc tiép tuyén téi do thi ham sb la:
+ Giao diém cua 2 duong tiém can.
+ Tap hop cac diém nam bén trong cua hyperbol tirc 1a mién t6 dam.

Céc diém ké dwoc tiép tuyén dén do thi ham s 1a:
+ Tap hop cac diém nam trén Hyperbol.
+ Cac diém nam ngoai Hyperbol (mién t6 dam) trir giao diém cua 2 dudng ti¢ém can.

Céc diém ké dugc ding mt tlep tuyén dén dd thi ham s6 1a:
+ Tap hop cac diém nam trén do thi.

+ Céc diém ndm trén tiém can ding, tiém can xién bo di giao
diém cua 2 duong tiém cén.

Céc dieém ké duwgc 2 tiep tuyen dén do thi ham so 1a cac diém nam &
ngoai Hyperbol dong thoi bé di cac diém nam trén tiém can ding va
tiém cdn xién (mién t6 dam ngoai trr tiém can dung va tiém cén xién)

Tép hop cac diém ma tir do ké dwgc 2 tiép
tuyén vudng goc voi dd thi ham sd 1a mot
dudng tron ¢ tam 1a giao diém cua 2 dudng
tiém cén, ngoai trir cac giao diém cua 2 duong
tiém can va dudng tron, c6 ban kinh dugc xac
dinh nhu sau:

Céach 1:

R = |Yg1ao diém 2 dudng tiém cin ycu'c tri |
Céch 2: Viét phuong trinh duong thang vuong
goc voi tiém cén xién va tlep xtc véi do thi
ham s6, khoang cach tir I dén duong thing nay
s& chinh 1a ban kinh.

Sunp ugo widr L
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h) Diém c6 toa dd nguyén

Bai toan va phwong phap giai : bai toan tim diém c6 toa do nguyén

P()
. e . .
s0 du khi dem chia P(x) cho Q(x) déu la cac da thirc vGi hé s6 nguyén. Hay tim nhirng diém cé toa do
nguyén cua duong cong?

Chii ¥: Nhitng diém c6 toa dd nguyén la nhitng diém sao cho ca hoanh dg va tung dé cia diém d@é deu la
6 nguyén.

Buére 1: Thuc hién chia da thire P(x) cho Q(x) ta dugc thuong s6 1a H(x) va Q(x), ta suy ra:

Cho duong cong (C) c6 phuong trinh y = (ham phén thirc). Trong d6 P(x), Q(x) va thuong sb va

PO _ iy +—— (wsik e
= = H(x véi
7w Q@)
Bu’0’c2:yEZ(:>H(x)+@EZ@@EZ(:)Q(x)lauoccuasok

Budc 3: Lan lugt cho Q(x) nhan gia tri 1 cac udc cua k dé tim gia tri cia x (rdi suy ra y tuwong ng).
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MOT SO BAI TOAN VE PO THI

303. Diéu kién tiép xuc cua 2 do thi

Bai toan va phwong phép giii : Diéu kién tiép xic ciia 2 do thi

Vi tri 2 do thi cdt va
tiep xuc nhau

Cho hai ham s6 (C): y = f(x) va (C'): y = g(x). Pd ©

thi (C) va (C") tiép xtic v6i nhau khi va chi khi hé . @)

phuong trinh{ fO)=9() c6 nghiém. ' RPN
f'(x) =g"(x) ; Vi tri 2 do thi cat nhung

khéng tiép xiic nhau
Vi tri 2 d@6 thi cdt nhau

304. Lién hé giira s6 nghiém phwong trinh va sé giao diém cua d6 thi

Bai toan va phwong phap gidi : Lién hé giira s6 nghiém phwong trinh va s giao diém cia do thi

Cho ham sb y = f(x) ¢6 d thi (C;) vay = g(x) c6 dd thi (C,).

Phuong trinh hoanh d6 giao diém cua (C;) va (C,) 1a f(x) = g(x) (1). €)
Khi doé:

» S6 giao diém cia (C;) va (C,) bang sé nghiém cua phuong trinh (1).

» Nghiém x, ciia phuong trinh (1) chinh 1 hoanh d6 x, cta giao diém.

« Pé tinh tung do Yo cua giao diém, ta thay hoanh d¢ xo vao y = f(x)
hoac y = g(x). Biém M (x,; y,) la giao diém cua (C,) va (C,).

(C2)

305. Tim diém cé dinh

Bai toan va phwong phap gidi : bai toan tim diém c6 dinh ciia ho dwong cong

Xét ho duong cong (Cy,) c6 phuong trinh y = f(x, m), trong d6 f (x) 1a ham da thirc theo bién x v6i m
1a tham s6 sao cho bac ciia m khong qua 2. Tim nhiing diém cb dinh thudc ho dudng cong khi m thay
doi.
Phuong phap giai
Bude 1: Pua phuong trinh y = f(x, m) vé dang phuong trinh theo 4n m c¢6 dang sau:
Am+ B = 0hogc Am?* + Bm+C =0
Budic 2: Cho cic hé s6 bang 0, ta thu dugc hé phurong trinh va giai hé phuong trinh:
=0
{g:ghoéc{3=0
. - C=0
Buwéc 3: Két luan:
= Néu hé v6 nghiém thi ho dudng cong (C,,) khong co6 diém cb dinh.
= Néu hé c6 nghiém thi nghiém d6 1a diém c6 dinh cua (C,,).
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BIEN BOI DO THI HAM SO

306. Ham chan, lé

D 1a tap xac dinh cia ham s6 y = f(x)

Ham so chan

Ham so 1é

f(x) 1a ham s6 chiin néu:
Vx€D=—-x€Dvaf(—x)=f(x)

Ham s6 chan d6i xtmg qua truc Oy.

£(x) 12 ham s6 1é néu:
Vx€D=>—-x€Dvaf(—x)=—f(x)

Ham s0 1€ do6i xtrng qua goc toa do.

307. Tinh tién do thj
Cho @6 thi hamséy = f(x) vaa > 0

y=fx)+a Tinh tién f(x) 1én trén a don vi

y=fx)—a Tinh tién f(x) xudng dudi a don vi

y=f(x+a) Tinh tién f(x) qua bén trai a don vi

y=f(x—a) Tinh tién f(x) qua bén phai a don vi
y=f() +a

Dé dé nhé, ta sir dung quy tic sau:

"Lén cdng, xudng tir, trai cong, phai trir"
Néu thém vao phan x thi tinh tién theo phuong x
Néu thém vao phan y thi tinh tién theo phuong y
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308. f(x) — |f(x)| hoac f(|x|) hodc |f(|x])]

Tir @ thi y = f(x) suy ra dé thiy = |f(x)|

//\@ﬂj/,x
v

Giit nguyén phin phia
trén truc Ox cua do thi
hamso y = f (%)

Tir d6 thi y = f(x) suy ra do thi y = f(|x|)

Lay dbi ximg phﬁn phia
dgc’ri truc Ox cta do thi ham
0y = f(x) qua truc Ox

Gitt lai phan bén phai truc Oy
cua do thi ham s6 y = f(x)
y
0 X
\ /_1\ Lay dbi xtmg phan git lai qua truc Oy
o]

y
y=fUxD

Két hop 2‘phan nay
ta dugc do thi ham

soy =If (0l

D4 thi ham sé y = f(|x]) 1a
hop cua phan giit lai va phéan
Yy y=If0] sau khi ldy d6i ximg

Tir @6 thi ham s6 y = f(x) suy ra d6 thi ham sé y = |f(|x])]

Yo g=f(xD) VA

i AYA x x
0 > 0 > 0 >

/\/ N \ / Y \ y = lg@| =|IFxDI

Buéce 1: Tir @6 thi ham sb

y Buéc 2: Tir dd thj ham sb Do thi ham sb
y = f(x) suy ra do thi ham y = g(x) suy rado thi ham = |g(x)| chinh Ia b thi
s0 g(x) = f(lx[) séy =|g(x)| hamsd y = | (|x])|
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309. f(x) — -f(x) hoac f(-x) hoac -f(-x)

Tir d6 thiy = f(x), suy ra d6 thi y = —f(x) bang
cach lay doi xirng d6 thi y = f(x) qua truc hoanh.

y :f(x)

y
Tir d6 thi y = f(x), suy rado thi y = f(—x) bang
cach lay doi xirng do6 thi y = f(x) qua truc tung X
0
y=f(=x)
Tirdd thiy = f(x) suy radd thiy = —f(—x)
®
J
A g
I
I
A\ N

Ldy déi xirng toan bg do thi ham s6 y = f(x) qua truc

hodnh ta dwoc do thi ham s6 y = —f (x).

Tiép tuc ldy doi xing toan bg do thi ham s6 y = —f (x)

qua truc tung ta dwoc do thi ham s6 y = —f (—x).
Hoac

Ldy déi xirng toan bg do thi ham sé6 y = f(x) qua truc

tung ta dwoc do thi ham s6 y = f(—x).

Tiép tuc ldy doi ximg toan bg do thi ham s6 y = f(—x)

qua truc hoanh ta dege do thi ham s6 y = —f(—x).

D

—_—

- —»

vV =~f(~x)

\

-
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310. f(x) — f(kx) (k > 1)

Tir d6 thi ham sé y = f(x) suy ra d thi ham sé y = f(kx) (Véi k > 1)

Tir d6 thi ham s6 y = f(x) suy ra do thj ham s0 y = f(kx)
(Vé6i k > 1) bang cach co toan bg do thi vé phia truc tung k lan.

A

4 B
//‘\
/ N~ N
/
y /
/
AR =pB1
A Eﬂ
A\ / ,
[\ \ |/ y=1@x)
/ I
Ly Co toan bo d6 thi
' \ 1 y = f(x) vé phia
/ tryc tung 2 lan
L1 1
a8l =P
o B

y=f(3

)

r

—
T —

L

—~——

Co toan bo db thi

y = f(x) vé phia
truc tung 3 lan
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311. f(x) — f(kx) (0 <k < 1)
Tir d6 thi ham sé y = f(x) suy ra do thi ham s6 y = f(kx) (Véi k € (0;1))

Tir d6 thi ham s6 y = f(x) suy ra d6 thi ham sé y = f(kx) (V6i
k € (0; 1)) bang cach din toan bo do thi ra xa phia truc tung% lan.

y 3
4 B
NS
Y=
>
[IRNRY
[
/
/
7 3
AL 1 AR o} R
) Vg — EHD — ZHAD
o B’ /
A \
/
NN
| / \ II Din toan b d6
\ thi y = £(x) ra
/ V xa phia truc
tung 2 lan
7
18| = 1 Ap - 34p
i
4 3 B"
//\ |
/ I B
Din toan bo dog~
—l/ \ l thiy = f(x) ra
/ xa phia truc
tung 3 lan
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312. f(x) —» kf(x) v&i 0 <k <1
Tir d6 thi ham sé y = f(x) suy ra d thi ham sé y = kf (x) (véi k € (0; 1))

Tir d6 thi ham s6 y = f(x) suy ra d6 thi ham s6 y = kf (x) (véi k € (0;1))
bang cach co toan bo db thi ham sé y = f(x) vé phia truc hoémh% lan.

A A

| [TTTITTT1]
/ Co toan bd dd thi y = f(x)
I vé phia truc hoanh — = 2 14n
I 0.5 |
/ ] ol Bo o iy () e
B phia tryc hoanh L = 41in
k 0.25
\ | / T
’I II ’B( AB' =|0.254B
[T\ | [r\ap E 0545/ /f; 7
| R / . ] R
[A > > [74 >
\\ /I | \ (/ [y =l0.257(o) \V/
\ /
\‘ | ll \V/
| y = 05f(x)
| |
| \|/
| \//
|
y&Efx)
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313. f(x) — kf(x) véi k > 1
Tir d6 thi ham sé y = f(x) suy ra d6 thi ham sé y = kf (x) (véi k > 1)

Tir d6 thi ham sé y = f(x) suy ra do thi ham s6 y = kf (x) (v6i k > 1)
béang cach dan toan bd do thi ham s6 y = f(x) ra xa phia truc hoanh k 1an.

/
/
b /
D17 /
B’ -/ k\ AB" X 4pBl [/
. A 4B =|24p f /
P d VAR / | \ /
y4l » / . I »
7 > 7 e | -
YA % A \ 7/ T \ /
v =F(x N / \ )4 \ /
/ N\ | [f|== \ /
I o WATAUAY '
=) I
| \ [/
] ll \\ II A
Din toan bo dd thi y = f(x) |
ra xa phia tryc hoanh 2 lan - | vi=4f(x0)

Din toan bo d6 thi y = f(x)
ra xa phia truc hoanh 4 lan

314. f(x) — kaf(kox+a)+b

Tuddthiy = f(x) suyraddthiy = ki f(k,x +a) + b

Can trai qua cac budc sau:

Budce 1: Tu y = f(x) suy ra f;(x) = f(kyx)

Budc 2: Tuy = fi(x) suyra fo,(x) = fi(x + a)

Bwéce 3: Tuy = f,(x) suy ra f3(x) = kqf>(x)

Buwéc 4: Tuy = f3(x) suyra fo(x) = f3(x) + b

D6 thi ciia y = f,(x) chinh 1a d6 thi cta ham sé y = k, f(k,x + a) + b.

315. f(x)xh(x) — [f(x)|*h(x)

f(x),néuf(x) =0
—f(x),néuf(x) <0

Tuy = f(x) h(x)suyray = |f(x)| - h(x) nhu sau: |f(x)]|. h(x) = {

Luu y: |f (x| ={

f(x) - h(x),néuf(x) >0
—f(x) - h(x),néu f(x) <0
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NGUYEN HAM

316. Khai niém nguyén ham

* Cho ham s6 f(x) xac dinh trén K. Ham s6 F(x) 1a nguyén ham ciia f(x) trén K néu: F'(x) = f(x),Vx € K.
= Mot ham ’56 y = f(x) néu c6 nguyén ham thi nd co vo sO nguyén ham, va tap hop tat ca cac nguyén ham cua
mot ham s6 duoc goi la ho nguyén ham cia ham so do.

* Néu F (x) 1a mot nguyén ham cua f (x) trén K thi ho nguyén ham cia f(x) trén K 1a:

ff(x)dx = F(x) + C,(VéiC € R)

317. BAm may kiém tra nguy@n ham
» Cu phap bam may tinh kiém tra xem ham F(x) c6 phai 1a nguyén ham cta ham sb f(x) hay khong?

e (60) W69
(Ta di kiém tra bang may tinh xem dao ham ciia F(x) c6 bang f(x) hay khong?)
CALC mot vai gia tri x vao biéu thirc (gia tri x phai thoa diéu kién xac dinh ciia cac ham s). Néu két qua may
tinh tra lai ra 0 hodc ra dang sd X 10~ nguyén duong ¢ khy ning cao F(x) chinh l1a nguyén ham cua f(x). Néu
trong qua trinh CALC chi can c6 mot két qua may tinh tra lai ra khac 0 va khac s6 c6 dang s6 X 100 nguyén duong
thi chac chan F (x) khong la nguyén ham cua f(x). Nén CALC khoang tir 4 gia tri trd 1én.
318. M6t s6 dinh ly veé lién tuc, c¢é dao ham, c6 nguyén ham

» Néu ham sé y = f(x) c6 dao ham trén doan [a; b] thi y = f(x) lién tuc trén doan [a; b].

» Néu ham s6 y = f(x) lién tuc trén doan [a; b] thi khong du co s dé két luan y = f(x) c6 dao ham trén
doan [a; b].

» Néu ham sé y = f(x) lién tuc trén doan [a; b] thi y = f(x) c6 nguyén ham trén doan [a; b].

*» Néu ham s6 y = f(x) lién tuc trén doan [a; b] thi y = f(x) c6 gié tri 16n nhat va gi4 tri nho nhat trén doan
[a; b].

» Néu ham sé y = f(x) c6 dao ham trén doan [a; b] thi y = f(x) c6 nguyén ham trén doan [a; b].
*» Néu F(x) va G(x) 1 2 nguyén ham cua cing mot ham s £ (x) thi F(x) — G(x) = C, v6i C 12 hang sd.
» So 6 lién hé giita cac tinh chat cia ham s6 y = f(x) trén doan [a; b]

f(x) c6 nguyén ham

Chic chan
f(x) c6 dao ham ———2= f(x) lién tyuc
Chura chac

f(x) c6 gia tri 16n nhat, nho nhat
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319. Bang nguyén ham

Nguyén ham da thirc

dex=C

fdx=x+C

fkdx=kx+C

xn+1

n+1

+C

fx"dx =

f(ax + b)"dx =

1 (ax + p)ntt

+C
n+1

(Vi

n+*-—1)

Nguyén ham phén thire

1 1
f—dx=1n|x|+C J’ dx=—-Inlax+b|+C
X ax+b a
Lix="24c f =11 ¢
fxz x= x (ax + b)? x_a (ax + b)
dx 1 53 x 1
- - e 2
fx2+a2 aarctan( )+C fx2+1dx 2ln(x +1)+C
1 3 1 x
f dx B Etanh i (a) +C dx —ECOth (E) +C
az—x2 )1 a-+x 2 5 fxz—az_ 1 —-a > >
2alna_x+C(a > x%) 2alnx_'_a+C(x > a?)

Nguyén ham lwong giac

fcosxdx =sinx+C

1
J cos(ax + b)dx = 7 sin(ax + b) +

C

fsinxdxz —cosx +C

1
J sin(ax + b) dx = - cos(ax+b)+ C

> dx = tanx
cos2 x

J

1

G cos?(ax + b) d

J

1
x=a-tan(ax+b)+C

J

sin? x

dx =—cotx+C

1
sin®(ax + b)

J

1
—E-cot(ax+b) +C

f secxdx =In(secx + tanx) + C =In (tan (Z 2)) +C

f cscxdx = In(cscx — cotx) + € =In (tan (2)) +C

Nguyén ham logarit

jlnxdx=xlnx—x+C

fln(ax +b)dx = %- [(ax + b)In(ax + b) — (ax + b)] + C

Nguyén ham ham mii

jexdx=ex+C f‘”‘"bdx—l e™tb 4 ¢
a
a* 1 Ax+B
jaxdx=—+C(a>0,a¢1) faA’”de—— +C(a>0,a+1)
Ina A Ina
Nguyén ham chira can
2 1 2
fﬁdx=§ﬁ+6 f\/ax+ dx—a (ax +b)3+C
1
—dx=2Vx+C f dx=—=-2Vax+b+C
f vax+b a
dx
f = ! +C f ln( xzia2)+C
xVx2—1 cos(x) x2 + a2
X
f _ arcs1n(a)+C
= 5
va? — x? —arccos (E) +C (a? > x?)
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& Luu y: C 1a mot héng s6 tuy y thuoe R; k, n, a, b, c, d 1a nhitng s6 thudc R.
Trong cac cong thic ¢6 a? ta ludn coi nhu a > 0.
e?*—1 e?* +1 1 1
tanhxzzi;cothxzzi;secxz ; CSCX = ——
e’ +1 e** —1 Ccos x sinx

Inx = log, x; e 1a mdt héng b thuoc R va e ~ 2.718281828

320. Tinh chat nguyén ham

Nguyén ham cia tong, hiéu f [f(x) £ g(x)]dx = f f)dx + f g(x)dx

Nguyén ham nhan véi hing sé f kf(x)dx =k f f(x)dx (k € R\{0})

fudv=uv—fvdu

WNm i i phﬁn H¢ qua: J uv'dx = uv — f u'vdx

f F)dx = xf(x) — f *f (0)dx

(Véi u, v 13 hai ham theo bién sb x)

Néu [ f(x)dx = F(x) + C thi

[ FlgG)g G = [ rlg@)a(e)

(Luu y: g'(x)dx = d(g(x)))
= ff(u)du =Fuw)+C
(Véiu = g(x))

Mot sé hé qua
') rd(f()
o ™ / i6)

f'(x) dx =fd(f(x))

V) VG
(Lwu y: f'(x)dx = d(f (x)))

Nguyén ham ctia dao ham j f'(x)dx = f(x)+C

Bao toan dang nguyén ham

Pao ham cta nguyén ham ( j f (x)dx) =f(x)
Vi phéan ctia nguyén ham d ( f f (x)dx) = f(x)dx

Nguyén ham cta vi phan j d( f (x)) =f)+C

[9wax= | 93) dy

d d
(v(yiy’:%:dx:y—},')

Nguyén ham hdn tap 2 bién

321. Cong therc vi phan

=In|f()[+C

=2Jf(x)+C

y=f(x)=dy=f"(x)dx fx) =ut) = f'(x)dx =u'(t)dt d(u(x)) =u'(x)dx
1 1
) =)
d(f(x)) =d(f(x) +0) dx = d(x + C)
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322. Phwong phap dat an phu

Gia sir ta can tinh [ f(x)dx. Cac budc dit an phu dé tinh nguyén ham
Budre 1: Xéc dinh s& dat an phu 1a gi?
Phan duge dit 1am an phu can phai théa man it nhat mot trong hai yéu cau sau:
Yéu cau I: Pao ham cua phﬁn dugc dat lam an phu | Yéu cau 2: Pao ham cua phﬁn duoc dit 1am an phu
phai 1a 1 phan nhan tir riéng c6 thé tach ra tir f (x), va | c¢6 thé biéu dién theo chinh an phu do, va f(x) c6
tat ca cac phan con lai cta f(x) c6 thé biéu dién theo | thé bi€u dién theo an phy.

4n phu.

fdu- TS — [ ainb fdu- TS — 1
Vi dy: Tinh I.— [ sin ,x cos x dx ‘ Vidu: Tinh [ = f1+m dx
Neudatt = sinx thi t* = cosx Ia 1 phan nhan tr 0 |\ g4 ¢ — 751 thi ¢’ = ——— c6 thé biéu dién
the tach ra tu sin” x cos x va phan con lai sin” x c6 1v2x+1 ) L

24 R X N 5 / N A ’ I T — il
thé biéu dién theo t thanh t>. t theo t bang cong thitc t' = 2va ———e = .
Budre 2: Tién hanh dit 4n phy.
bitt = sinx bitt =v2x +1
Lay vi phan biéu thirc dat 4n phu tir d6 suy ra dx

1
= dt = cosx dx = dt = ——=dx = dx = tdt

V2x + 1

Thay thé cac thanh phan cua nguyén ham theo 4n phu va thay thé dx

1 1
I:fsin5xcosxdx=ft5dt sz—dxzf—-tdt
1+V2x+1 1+t
Budre 3: Tién hanh 1y nguyén ham theo 4n s6 méi.
= t dt ft+1—1dt
t6 N ET T T
I:jtsdt=€+C 1+t . 1+t
=f(1——)dt=t—ln|t+1|+c
1+t
Buéc 4: Tré lai bién s6 gbc ctia nguyén ham
.6
=X e I=V2x+1-ln[V2x +1|+C

6
(Lwu y: Ta c6 thé cin dit 4n phu nhiéu 1an trong mot bai todn)
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323. Nguyén tac dwa vao hoac dwa ra vi phan

Gia sir ¢6 biéu thirc u(x)dx, dé dua biéu thirc u(x) vao bén trong vi phan d(...) ta tién hanh 1dy nguyén ham
cua u(x) va dat vao bén trong d(...), tic la:

u(x)dx =d (f u(x)dx)

(hang s € cong thém 1a mot s6 cu thé tiy )

Puea vaio ldy
nguyén ham

ac

Ta c6 so do sau vé su dua vao va dua ra khoi vi phan: f wd(en)

L)

Pua ra ldy
dao ham

x?dx =d (f xzdx) =d (?) = %d(x3)

sinx dx =d (f sinx dx) =d(—cosx) = —d(cosx)

1 1
coszxdx =id (f coszxdx) = d(tanx)

C6 thé bé qua

tirc 13 ta ¢6 thé nham nhanh va viét gon:
3 1
x3dx = I d(x*)

cosx dx = d(sinx)

Chii y: Mot s6 phép dua ham s6 vao d(...) hay sir dung:

1 1

dx = —d(ax +b) f'(ax + b)dx = ~d(f (ax + b))
x"dx = ;d(x"“) (ax + b)"dx = _r d((ax + b)™*1)

n+1 a(n+1)
1 1
—dx = d(Inx) dx = —d(In(ax + b))
x ax+b a
e*dx = d(e*) e +bdyx = ld(e‘“‘"b)

a

a‘dx = id(ax) afxtd = d(acx+d)

Ina c.lna

1

cosx dx = d(sinx) cos(ax + b) = ad(sin(ax + b))

1
sinx dx = —d(cos x) sin(ax + b) = — ad(cos(ax + b))

1 1
= ——=—d(t
cos? x dx = d(tanx) cos2(ax+b) a (tan(ax + b))
— dleot L Licotax +b)
sinx (cot) sin2(ax +b)  a R
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324. Phwong phap dwa vao vi phan

Gia sir ta can tinh [ f(x)dx. Cac budc tinh nguyén ham theo phuong phap dwa vao vi phan:
Budée 1: Nham thir xem ta s& dua phan nao vao trong vi phan. Phan dua vao trong vi phan phai théa mén tat ca
céac yéu cau sau:

Yéu cau 1: Phan dua vao phai ldy dugc nguyén ham. | Yéu cdu 2: Tat ca cac phan con lai phai biéu dién duoc
theo phan bén trong vi phan sau khi da dua duogc biéu
thirc nham dugc vao trong vi phan.

Budre 2: Trinh bay: Pua phin nham duoc vao bén trong vi phan va tién hanh dat 4n phu méi 13 phin bén trong
vi phan
Budre 3: Tinh nguyén ham theo an phy mai
Buée 4: Tra lai bién cii
bua vao d(...)

So @b minh hoa [ glu(olw'GIdx = [ gluCold(u) = [ g(odr
Patu(x) =t

& Chu y:
= Sau khi tinh [ g(t)dt theo t, ta phai thay lai t = u(x) dé tra lai nguyén ham vé bién x.
= Trong nhiéu trudng hop, phuong phap dit 4n phy va phuong phap dua vao vi phan thuc chit chi 1a mot cach
lam nhung khac nhau & cach trinh bay.
* Vi cac hoc sinh kha gioi, dé tranh dai dong trong viéc dit an phu thi co thé sir dung phuong phap dua vio vi
phén cho nhanh chong.
- Trong nhiéu bai toan, néu kho thy bicu thirc dua vao vi phan thi phuong phap ddt an phu co thé t6 ra higu
qua va de dang hon so v6i phuong phap dua vao vi phan.
* Vi céc hoc sinh mirc d6 trung binh thi khong can hoc phuong phap dwa vao vi phan.

Sau khi dua x? va d(...) ta duoc

d ()(3—3) = ;d(x3), sééléhﬁng sb

Bén trong vi phan
d(...) c6 thé cong

Pua vao dang nhan nén ta rat ra ngoai hodc trir thém mot
[ hing s6 tuy ¥
f(x +1)7x?%dx = f(x +1)7d(x3) = f(x +1)7d(x3+ 1)
(Datt—x +1) Patlat
f7dt +C—t8 C= (x3+1)8+c
~3 B 24 7 24

Chuyén qua Léy nguyén ham Trd lai bién x

bien mai
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325. Phwong phap lwong giac héa

& Luwu y: Cach bién d6i luong giac hoa chi str dung khi phwong phap dat 4n phu d6i bién sé khong thé thuc
hién duoc!
Ta thuong gdp céc truong hop sau:

A A AR Muc dich lugng gidc héa la dé c6
f(x) co chira Cach bien doi e YHE glac e
thé ap dung cong thirc lwgng giac
~ 0 n n
Datx = |a|sint,—=<t<—
2 2 — >
> > X \/1—sm t=\/cos t = |cost|
as—x =t = arcsin—
hoac |al
a? — x2 Hodc ditx = |alcost,0<t<m
X — c0c2t = fein2 + — |ai
— t = arccos —— \/1 cos t—\/sm t = |sint|
|a|
T
biatx = |a|tant, _EStSE 1 1
Jl+tan2t= |——=—-
Ja? + x? :>t—arctan— cos?t |cost|
hodc |al
a? + x2 Hoadc ditx = |alcott,0<t<mw 1 1
X V1+cot?t= =—
=>t=arccotm sinZt  |sint|
lal neux<0th12<t<n
Dejltxzcost_) ' T 1
ntux >0thi0<t<-— —1= /tanz = |tant
2 cos?t | |
— |al
x2—qa =t = arccos —
x
hodc =
x2_a2 al néux<0thiTSt<O
Defltx=_——> 7-[
sint nux>0thio<t<— 1 —1 = +/cot2 = |cost]|
2 sin? t
_al
=t = arcsin—
x
Vidy: Tinh [ = [ V4 — x2dx Vidu: Tinh [ ——

V(x? 9)2

Datx=25int=>dx=2costdt(V('yi—EStSE) 5
2 2 Datx=3tant=>dx=c052t

5i-~<x<?)
Izj 4—x2dx=J 4 —(2cost)?-2costdt

=2-[\/4sin2tcostdt=4fsintcostdt f 3
= . dt
2
3 2f(2 sint cost)dx = 2fsin2tdt V(Otan?t +9)? cos7t
1 1 3

3
— - e . dt et —.—dt
=—cos2t+C f 5 <Z cosit f 9 cos?t
(Vix = 2sint = JZ—C =sint = t = arcsin (g)) (cosz t) cos?t

=—cos(2arcsin(§))+€ =%fdt=%t+€

(Véix = 3tant :E: tant =t = arctang)

I=|——=d
f (x2 4+ 9)2 g

_2 t x+C
—Barcan3
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326. Nguyén ham tteng phan

Cong thirc nguyén ham timg phan: f udv =uv — f vdu

Hé¢ qua:

f uv'dx = uv — f vu'dx (Trong d6: u, v 1a hai ham s theo bién sb x)

j FG)dx = xf ()

Céc dang co ban

]xf’(x)dx

Thue hién theo phwong phap dwa vao vi phian

Thuec hién theo phwong phap dit 4n phu

sin(ax + b)
f ham da thuc X [cos(ax + b) dx
eax+h A

cos(ax + b) dx

eax+b

batladv

ham da thirc| X

batlau

J

rin(ax + b)

Puwa vao

f In(ax + b) x(ham d{a thire d’f In(ax + b) x/ham da thirc dx

R Datlau batladv
Pua vao ‘
J‘ [sin(cx +d) [0 @+ gy f [sin(cx +d) o p@x+b gy
cos(cx + d) A cos(cx +d) " paiisav
_____ J )
DPua vao batlau

Vi du: Tinh I = [ x sin 2x dx theo phuong phép dt 4n phu
batu = x, dv = sin2x dx

. cos 2x
:v=jsm2xdx=— >

CcoS 2x CcOoS 2x CcoS 2x
I=fxsin2xdx=fxd(— )=x-(— )_f<_ )dx
2 2 2
Cc

xcos2x 1 xcos2x sin2x

> +5fc052xdx=— > + 7

Tinh I = [ 1:—zxdx theo phuong phép dua vao vi phan
1 1 1 1
I=flnx-—2dx=jlnxd<——)=lnx-(——)—f(——)d(lnx)
X X X X
C

—Inx —Inx 1 —Inx 1
+f—-—dx= +f—2dx= -—
X X X X
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Vi du
Tinh I = [(x? + 2x) In(3x) dx theo phuong phap dat 4n phu

bitu = In(3x), dv = (x? + 2x)dx
3

x
Sv= (xz+2x)dx=?+x2

3 3 3
I = f(xz + 2x) In(3x) dx = fln(3x) d <% + x2> = <% + x2>ln(3x) - f (% + x2> d(In 3x)
3 3 3 2
= <%+ x2>ln(3x) - J (x?+ x2> -%dx = (%+ x2>ln(3x) - j <%+ x> dx
x x? x x3  x?
= <?+x )ln(3x)—f<?+x>dx= <?+x )ln(Sx)—?—7+C

Vi du

Tinh I = [In(2x + 1) dx theo phuong phép dua vao vi phan
I = fln(Zx +1)dx

2 2x
—x-ln(2x+1)—fx~2x+1dx—xln(2x+1)—f2x+1dx
= xIn(2x + 1) f2x+1_1d = xIn(2x + 1) f(1 ! )d
- rmex 2x 41 T e 2+ 1)

In|2x + 1]
— ¢

1
=xln(2x+1)—(x—zln|2x+ 1|>+C =xIn2x+1) —x+

Vi du

Tinh I = [ sin 2x e>*dx theo phuong phap dua vao vi phan
5x

eSx eSx e
I = jsianeSxdx = jsiand(?> =sin2x - —— ?d(siHZx)

5
Csinze- S [£ 2d—'2€5x2f 2x e5%d
= sin2x z z cos 2x dx = sin 2x z z cos 2x e>*dx
eSx 2 eSx eSx 2 e5x eSx
=sin2x-?—§fc052xd(?>=sin2x-?—§<0052x-?— ?d(COSZX)>
g eSx 2 ) eSx eSx( 5 i )d
= sin2x z 5cosx z z sin 2x)dx
=sin2 g 3 2 esx+2f5x'2d
—51nx5 5cosx 5esmxx
eSx 2 eSx 2
:I=sin2x-?—§<c052x-?+gl>
Lr. 5 2 5
=>I=7(51n2x-ex—§c052x-ex>+C
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327. Bang dao nguyén

Béang nay gitip tinh nhanh cac bai toén‘cﬁn pl}éi su dung phuong phap nguyén ham tirng phan (dic biét 1a nhitng
bai toan ap dung nguyén ham tung phan nhiéu lan)

Vitri f(x) va g(x) duoc Iua chon theo

= Vi tri nay ludn
Tuén 1a s6 0

Pao ham lién tuc Nguyén ham lién tuc Déu mot trong 2 kiéu sau:
i Kiéu 1: f(x) dugc lya chon sao cho dao
0 g ham lién tuc f(x) nhidu 1an dén 1 lic
<& nao dé ra 0, va g(x) c6 thé tinh dugc

nguyén ham lién tyc nhiéu lan.
) — Ff(x)  emeeel x) = f dx e + Kiéu 2: Néu thong thé lua chon f(x),
fP) =f() 9(1)( ) 9() g(x) thoa kiéu 1 thi lya chon g(x) sao
cho g(x) c6 thé 14y nguyén ham, khi d6

£ (x) 12 phan con lai.
W =@ [T 9 = [0 @dx - -
H ]
; ' Nguyén ham g(x) lién tuc nhleu lan
- Dan dau (khéng cong thém hing sb C)
2.8 P
= E ! Pan di A , A
E2 || /" P = (r*2m) I = f In-1) (X)dx an dau Cong thirc nguyén
S g P ham tirng phan lién
= i tuc nhiéu lin
F®6) = (FoDe) et g = [ gu@dx - Bandhu -t ;
[ !
- .:.._.._.._.._.._.._.._.._.._.._.._..::’1.._? .......... % ...................... .
FED@ = (F®e0)) [ pandit T
————————————————————— | ;
——————————— 4:""’—— k"’/ \

-

————————
~~~~~~~~~~
——————————

f fO)g(dx = O (). 9(1)(X) FO@). gy @) + 4 (1P (). gnany () + (-1 f FD (). gnany () dx

Déu cta biéu thirc dan xen gitta + va — (bit dau 1a ddu +)

Tinh [ x° sinx dx

Pao Nguyén Dau
0 sinx
x5 —Cosx +
5x* —sinx -
20x3 cosx +
60x? sin x -
120x —Ccosx +
120 —sinx —
0 Khong t}'nh 6~néLy vi cot
dao ham da bang (0

J-xs sinx dx =—x%cosx + 5x*sinx + 20x3 cos x — 60x2 sinx — 120x cosx + 120sinx + C
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Tinh I = [ e** cos3x dx

Tinh I = [In(4x — 5) dx

bao Nguyén Dau
0 er
2x
cos 3x e_ +
2
2x
—3sin3x e —
E $
—9 cos 3x Q“’Q

e2x er er
I= cosSx-T+351n3x-T+jT- (=9 cos3x)dx

=1 =ezj(cos3x+%sin3x)—zfezxcos3xdx
=>I=ezj(cos3x+%sin3x)—21

2e%* 3 !
== 13 (c053x+§sin3x>+C

+

4
I=x-ln(4x—5)—f - xdx
~ A 4x —5
bao Nguyén | Dau 4y — 545
0 1 =xln(4x—5)—f—dx
4x -5
In(4x — 5) x + A f ( 5 )
7 Yo | = xIn(4x —5) 15+ P dx
S
4x—5 AN - = xIn(4x —5) —x —_Inl4x = 5| + C

328. Nguyén ham cac ham co y" = ky

Néu f"(x) = af (x) va g"' (x) = bg(x) vab — a # 0 thi

[ regeax =

f)g'(x) = f'(x)g(x) ‘C
b—a
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329. Nguyén ham phéan thurc

o Da thtre tu
Phéan thue 1a bi€u thire ¢6 dang: f(x) = ———
Da thitc mau
Cac budce phan tich phan thirc thanh tirng phan riéng biét dé tinh nguyén ham
Bude 1: Néu Bdc ciia tir > Bdc ciia mau thi tién hanh chia da thie cho da thuc dé dua vé dang nhu sau:

DPa thuc tir Pa thuc du
= Pa thuc thuong +

Pa thirc mau Pa thirc mau

» ... ., Dathicdu
Tiep tuc xir ly phdn ——————— nhu sau:
Pa thtic mau

Buérc 2: Phan tich Da thirc mau thanh nhén tir hét mirc c6 thé
Mot s6 phdn tich hitu ich
= Phan tich bac 2: ax? + bx + ¢ = a(x — x;)(x — x3)
(V6i x4, x5 12 2 nghiém cua phuong trinh ax? + bx + ¢ = 0)
* Phantichbac 3: ax3 + bx? + cx +d = a(x — x1)(x — x5)(x — x3)
(V6i xq, X5, x5 1 3 nghiém cta phwong trinh ax3 + bx? + cx + d = 0)
* Cho phuong trinh da thirc: a,x™ + ap_x™ 1+ -+ a;x+ay; =0
Néu Tong tat ca hé s6 = 0 = C6 1 nghiém la x = 1.
Néu Téng hé s6 bac chdn = Téng hé s bac 1é = Co 1 nghiém la x = —1.
* Cho phuong trinh da thire: +x™ + A1 X" 1 + -+ ayx + ay = 0 (hé s bac 16n nhét 1a +1 hodc —1, va
a; 1a cac so nguyén).
Néu phuong trinh c6 nghiém nguyén thi nghiém d6 phai 1a u6c sb cua aj.
» So 6 Hoocne: "Pau roi, nhan ngang cong chéo".
Budre 3: Véi mdi nhan tir & mau sd ta du doan kiéu tch dwa vao 2 kiéu tach co ban nhu sau:
Hai kiéu tach co ban:

" 6 6 6 "
Kicu I: (ax + b)™ - (ax + b) B (ax + b)? + (ax + b)3 o (ax + b)n-1 + (ax + b)"
.2 sO X x + 80 . 2 R e
Kiéu 2: bt ol it (Trong d6 ax“ + bx + ¢ = 0 v6 nghiém)

Phuong phéap phan tich nhanh biéu thirc c6 dang

S6 can tim S6 cin tim S6 cin tim
, . A 7 x ~ ~ ~
Pa thire tir bac nhé hon mau A; A, A,

(aix + by)(azx + by) ...(apx+b,) ayx+by ayx+b, a,x + b,
. . Mau sb vé trNéi o . . .
Trong d6 moi bi€u thirc a;x + b; & mau so ve trai la duy nhat, C 1a mot hang so6 thudc R.
Dé tim mot 4; bat ki voii = 1,2, ..., n ta 1am nhu sau: 4; = lim. (Vé trai x (a;x + b;))

x—>——t

ai

Néu thu gon va khir duoc a;x + b; & biéu thirc Vé trai x (a;x + b;) thi ta co:

. b;
A; = Veétrai X (a;x + b;) (thay X =— a_l sau khi thu gon)

4
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1 A Ay A

(x +1)(x+2)(x+3)=x+1 x+2 x+3
Od‘ay ta thdy cdc biéu thire (x + 1) va (x + 2) va (x + 3) la duy nhat & mdu s6 cia cong thirc goc nén
ta ap dung dwoc phirong phdp phan tich nhanh! Ay, A,, As la cdc s6 cu thé ma ta sé di tim.

1

Ta phén tich:

1
Tim A,? A; = X(x+1)=—— (Th = _—1tad =
e )[R M TR ) B
1
Tim A,? A, = X(x+2)=— (Th = _2tad —
mA? A = a3 T T e (X a duoc)
1 1
Tim A3? A; = X(x+3)= (Thay x = —3 ta dugc) = 3

(x+ 1D+ 2)(x +13) (xil-l)(x+2)

1
S G+ DE+DE+3) 20+ D) x+2 2G+3)

Mot so vi du vé cach tach

Mot s6 vi du

1 =£+ —1/2 1/2 n _1/6
x(x+ 1D(x+2)(x+3) x  (x+1) (x+2) (x+3)
5
3x2+x+1 _ gx*5 1/2 3
x(x+1D(x2+2x+2) (x2+2x+2) x x+1
1 1 3 6 10 15 1 5 15

- = e — = _ _
xSx+1)3 x> x* x3 x2 x (x+1)3 (x+1? x+1

330. Tach nguyén ham trén nhiéu mién

Néu F(x) = [ f(x)dx = kln|ax + b| + C thi F(x) c6 thé bi tach thanh cic cong thirc nhu sau:

. b
klnlax + b| + C{,néux < ——
F(x) = ’ Z
kInlax + b| + C,, néu x > -

Néu F(x) = [ f(x)dx = kyIn|a;x + by | + k In|ayx + b,| + C va goi X1, X7 lan luot 1a nghiém cua céac
phuong trinh a;x; + b; = 0, ayx, + by, gia st x; < x,. Khi d6 F(x) c6 thé bi tach thanh céac cong thirc nhu
sau:
kiIn|a,x + by| + ky Inlayx + by| + C;, néux < x;
F(x) ={k;Inla;x + by| + ky In|ayx + by| + C, ,néux; < x < x,
kiIn|la,x + by| + ky In|ayx + by| + C3,néux > x,
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331. Phwong trinh vi phan

Luu y vé mat ky hiéu:

dy df
yofef@eywyof of@elo
Phuong trinh tich bién Phuong trinh vi phin tuyén tinh cip 1
Néu f(y)dy = h(x)dx Cho truéc ham s6 g(x) va k(x). Tim ham s6 f(x),
(Trong d6 f(y) 1a mot ham sd theo bién y, h(x) 1a | bict:
ham s6 theo bién x) f'(x)+g). f(x) = k(x)
(Lay nguyén ham 2 vé ta dugc) Buére 1: Tinh g(1y(x) = [ g(x)dx
ff(y)dy _ f h(x)dx ’ ‘ (khong Song ‘fhem h'ang s0)
Budce 2: Tim f(x) bang cong thirc

=>F@y)=Hkx)+C
Véi F(y) 1a mot nguyén ham cua f(y) va H(x) la
mot nguyén ham cta h(x)

fx) = e~ 9 f eg(l)(x)_k(x)dx

Vi du: Phwong trinh vi phén tach bién

Vi du: Tim ham y biét y’ = e
Giai

d d
y' —e3’=>—y=e3’=> y

ﬁf S PR fdx

>—eV=x+C=2eV=—x-C
y=In(—x—-C)=>y=—In(—x—-C)

Vi du: Phwong trinh vi phan tuyén tinh cip 1

Vi du: Tim ham f(x) biét
x(x+Df' )+ f(x) =x*+x
Giai
Thu gon vé dang f'(x) + g(x) - f (x) = k(x)

x(x+ D)+ fx)=x+xe f'(x) + e 1+1) fx)=1
dx=f(l—ﬁ)dx=lnx—ln(x+1)=lnm

X

, 1
Ta co: g;(x) = fx(x+1)

T I x —1f x x+1f( 1)

= 1 fidx = dx 1-— d

foy=e "= jex = (x+1) x+1 X x+1 x
x+1

(x=Inlx+ 1]+ 0C)
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Vi du: Phwong trinh vi phan tuyén tinh cip 1

Vi du: Tim ham f(x) biét

f’(x)=%+xlnx+lnx
Giai
f'(x) =%+xlnx+lnx o f'(x) —xlnx-f(x) =xInx+Inx
- -1
Ta co: g;(x) = fxlnxdx = fmd(lnx) = —In(In(x))

1
f(x) = enin() J. e~ @) (x Inx + Inx)dx = lnxfm(x Inx + Inx)dx

2
=Inx (x+1)dx=lnx<x7+x+C>

= Lap luan phuong trinh vi phan tuyén tinh cap 1
Cho trude ham sé g(x) va k(x). Tim ham sé £ (x), biét: f'(x) + g(x). f(x) = k(x)(*)
Pé tim f(x) ta dwa vao cin ctr Iy thuyét nhu sau:
Dit g1y (x) = [ g(x)dx (khong cong thém hang sd)
!
(Tite 1a (g)(x)) = g(x))
Nhén 2 vé cua (¥) v6i 9™ ta duge: f'(x) X e90® 4 g(x). f(x) x eI = k(x) x eI0® (%)
!
(Taco g(x) x eI0® = (9(1)(x)) x eI ™) = (eg(l)(x))')
= £(6) X 90 4 (90 % f(x) = k(x) X eI
(Thu gon vé trai theo quy tic u'v + v'u = (uv)")
= (f(x) x e90®) = k(x) x eI
(Lay nguyén ham theo bién x & ca 2 vé)
= f(x) x eI0® = f k(x) x ed® gy
(Chia 9™ qua vé bén tay phai ta dugc)

= f(x) = e 90® f eIO® J(x)dx
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TiCH PHAN

332. Pinh nghia tich phan

Cho ham sb f(x) lién tuc trén K va a, b € K. Néu F (x) 1a mot nguyén ham ciia f(x) trén K thi: F(b) — F(a)
dugc goi 14 tich phan cua f(x) tir a dén b va ki hiéu la f; f(x)dx.

b
f FG)dx = FWIL = F(b) — F(a)

& Luu y: SO a khong nhét thiét phai nho hon sb b.
333. Tinh chat caa tich phan

b b b b
<1 . ff(x)dx = ff(t)dt = ff(u)du == ff(bién s6)d(bién s6)
Tinh bat bién cta gia tri J J J J
tich phan — F(b) - F(a)
H¢ qua: Néu [ f f(x)dx = I, thi suy ra moi dang | ; £ (bién s6)d(bién sb) = I,

a
Tich phén véi can trén _
trung véi can dudi f fx)dx =0
a
b a
DPao vai tro gitra can _
trén va can dudi ff(x)dx == f f(x)dx
a b
b b
Tich phan khi nhan 3
thém hing sb [ raxr =k [ feoax ke
a a
b b b
Tich phan cia tong, hiéu f[f(x) + g(x)]dx = ff(x)dx aE f g(x)dx
a a a

b c b
ff(x)dx = ff(x)dx + ff(x)dx
Chén thém mdt can o o "
(c la tuy y nhung hém‘sé phai lién tyc trén cac pham via < ¢ va c © b, sé ¢
khong nhat thiét phai nam gitra hai s6 a va b)
Tich phan ham binh

phuong bing 0 Néu ff[f(x)]zdx =0vaa # bthitasuyra f(x) = 0.
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« Bit ding thirc tich phan la:
Néu f(x) = 0 trén [a; b] thi f;f(x)dx >0
= Bat dang thuc tich phéan 1b:
Néu f(x) < 0 trén [a; b] thi [, f(x)dx < 0
= Bat dang thurc tich phén 2:
Néu f(x) > g(x) trén [a; b] thi [7 f(x)dx = [ g(x)dx
= Bat dang thure tich phén 3:

Néum va M 1a cac GTNN va GTLN cua ham s6 y = f(x) trén doan [a; b], tic

Bét ding thirc tich phan lam < f(x) < M,Va < x < b thi:
b
m(b—a) < f fx)dx <M(b —a)
a
» Bat dang thic tich phan 4:
Néu f(x) lién tuc trén doan [a; b] thi |ff f(x)dx| < f: |f(x)|dx
« Bit déng thtrc tich phan 5:
Néu f(x), g(x) lién tuc trén [a; b] thi
b 2 b b
( [ reo- g(x)dx) < [ rrwar- [ g
a a a
Dau "=" xay ra khi f(x) = kg(x), k € R

334. Tich phan déi bién sé
Déi bién thi phai ddi can

Trong d6 u = u(x) c6 dao ham lién tuc
[ @) wax = [ faodu uen K,y = () lién e va him hop
a-—___ 5 u(a) flu(x)] xac dinh trén K; a, b € K.
---------- Chuyén sang léy tich

Dang lay tich phan phan theo bién u

theo bién x

335. Tich phan tteng phan

Néu u, v 14 hai ham s6 c6 dao ham lién tuc trén K; a, b € K thi:

b b
fudv =uv|b —fvdu
a a

H¢ qua
b b
f F@dx = x - fFGOIL - f xf' () dx

a

b b
_[ uv'dx = uv|? —j u'vdx
a a

(Trong d6: u, v 1a hai ham s6 theo bién so x)
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336. Mot sé dang dac biét

J‘ dx
I = -
asinx + bcosx + ¢

Phwong phap
3 x 2dt o 2t 1—1t?
Dattztan§:>dx21+t2. : —1_|_tzvacosx=1_l_t2
dx 2dt
szasinx+bcosx+c= (c—b)t>+2at+b+c

(Chuyén vé dang tich phan phén thirc)
msinx + ncosx +p

asinx +bcosx + ¢
Phuong phap
Tim A, B, C sao cho:
msinx +ncosx +p = A(asinx + bcosx +c) + B(acosx —bsinx) + C

msinx +ncosx +p acosx — bsinx dx
=>]= - dx=A| dx+B - dx+C
asinx + bcosx + ¢ asinx + bcosx + ¢

Tich phan [ dx tinh dugc.
acosx — bsinx

Tichphénf dx =In|asinx + bcosx + c| + C.

asinx +bcosx +c
r ~ dx r
Tich phan - tinh duogc.
asinx +bcosx +c¢

I_f dx
" ) asin?x + bsinxcosx + ccos?x +d

Phuong phap
dx
= f e — cos? x
(a+ d)sin?x + bsinx cosx + (¢ + d) cos? x (a+d)tan?x + btanx + (c + d)
dt

biatt =tanx = dt =

=1 =
cos?x (a+ d)t?+bt+ (c+d)
(Chuyén vé dang tich phan phan thirc)
Cho ham s6 y = f(x) lién tuc va 1a ham s6 chin trén doan[—a; a]. Khi d6

“ f® 1
= dx = —f f(x)dx
_g0*+1 2)_¢g
Chirng minh
batt = —x > dt = —dx = dx = —dt
at+1

Taco f(x) =f(—t) =f(t);a*+1=a"+1=
Khix=—athit=a'x:athit=_

A NG “a'f(t) “at+1-1
Vay[_ * +1 x—fa t+1(d)_f_a?f(t)dt
f®

at+1

:f_af(t)dt— dt—f f(x)dx—l:]—f fXdx—1=1== f f(x)dx

Cho ham s6 y = f(x) lién tuc va 1a ham s6 1é trén doan [—a; a]. Khi do:

I=f_af(x)dx=0
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Cho ham s6 y = f(x) lién tyc va 1a ham s chiin trén doan [—a; a]. Khi do:
a a
I = f f(x)dx = 2] f(x)dx
-a 0

Tich phan ham tuin hoan
Cho £ (x) lién tuc trén doan [a; b], va £ (x) 1a ham sb tudn hoan véi chu ky T. Khi d6 ta cé:
b

b a+T
f fx)dx = kf f(x)dx + f(x)dx
a a a+kT
(V6i k 1a s6 nguyén khong am 16n nhét thoa man: a + kT < b)

Cho £ (x) lién tuc trén doan | 0; 7. Khi 6

: :
f f(sinx)dx = f f(cosx)dx
0 0

Ching minh
Datt=g—x:dx=—dt
Khix=0thit=§,khix=%thit=0

Do d6 f:f(sinx)dx = —f;f (sin(g — t) dt = ij(cos t)dt = ij(cos x)dx

Nhan xét : Bing cach 1am tuong ty ta c6 cac cong thirc:
Néu f(x) lién tuc trén [0; 1] thi

f:_axf(sin x)dx = gLﬂ_af(sin x)dx

va
2n—a 2M—a
f xf(cosx)dx = nf f(cosx)dx
a a

Tinh ['|f(x)|dx

Néu trén doan [a; b], ham s6 £ (x) khong ddi déu thi: [ (x)ldx = [, f(x)dx|

Néu can khr ddu gid tri tuyét dbi cua ham sb dudi ddu tich phan. Ta ¢ thé 1am nhu sau
Buwdre 1 : Giai phuong trinh : f(x) = 0 trén doan [a; b].

Gia su tim dugc n nghi€m x4, x5, ..., x, (@ < x1 < xy < -+ < x, < Db).

Buwére 2 : St dung cong thirc phan doan:

b X1 X2 X3 b
j|f(x)|dx=j|f(x)|dx+ f|f(x)|dx+ flf(x>|dx+---+ flf(x)|dx=

= ff(x)dx + j.zf(x)dx + ff(x)dx + 4 ff(x)dx

(Vi trén cac doan [a; x4 ], [x1; 2], [x2; %3], -.., [Xn; b] ham sb f(x) khong ddi déu)
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R A m m m m r \ 7 A A \ B ,
Bo dé: Cho A =k, 'k, k3 ° ..k, ™; trong d6 ky, ky, ks,..., ky 1a cac sO tu nhién va m,, m,,...,m, la cac

sO hiru ty. Khi d6 ton tai mot sd M, sao cho AMo 1a mot s hitu ty.
Chirng minh. Goi M, 1a b¢i chung nho nhét cta cac mau sd duong my, m,,...,m,. Khi do:
M,
AMo = (KD 2k k) 0 = kMo Mo isMo | prminto
(Ma m;M, 1a s nguyén = k"™ 1a s6 hitu ty Vi = 1,n)
= AMo 13 s6 hiru ty

Y nghia bd dé trén nghia 1a mot s6 c6 dang:

(s6 ty nhiénl) X (s6 ty nhién2)
Néu cir mii 1én thi dén mot luc nao d6 dang nay s& thanh s hitu ty!

s6 hiru ty1 s6 hitu ty2
X

Vidu: 4 = 2% X 3% X 52 X 7% luc nay dang 1a vo ty!
Goi My = BCNN(2;7;1;5) =70
= A70 = 235 x 3730 x 5420 % 7728 |3 5§ hitu ty!
Suy ra ham tir cac diém cit
Cho ham s6 y = f(x) 1a da thirc bac n va ham s6 y = g(x) 1a da thirc c6 bac < n
Néu biét y = f(x) city = g(x) tai n diém c6 hoanh do xy, x5,..., x,, thi
fO) —g() = k(x —x)(x = x2) ... (0 — %)
(Trong @6 k 1a mot s6 nao do thude R)

337. Y nghia hinh hoc

Y,

, ‘ . Y =
Y nghia hinh hoc 1: Néu ham s6 y = f(x) lién tuc va khong am V“

trén doan [a; b] thi dién tich S ctia hinh phing gidi han boi o thi

b
ham sé y = f(x), truc Ox va hai duong thing x = a,x = b 1a: 5= fa fx)dx

Rl

f(x)

S

a x=0b

Y nghia hinh hoc 2: Néu ham s6 y = f(x) lién tuc trén doan [a; b] thi:
Téng dai sé dién tich ctia cac phan do thi gigi han boi d6 thi ham sb
y = f(x), truc Ox va hai duong thang x = a, x = b (Néu phan dién
tich chim xudng dudi Ox thi dién tich lay dau am, néu phan dién tich

= fbf(x)dx

x=b o

ndi 1én trén truc Ox thi 1dy ddu duong)
&
$ B
3 Z Se ! Ox

BTSN v
fO)dx = =Sy + S, — S5+ 54 — S5 + S

a

Y nghia hinh hoc 3: Néu ham s6 y = f(x) lién tuc trén doan [a; b] thi:
b

Dién tich hinh phang gii han boi
do thi ham so y = f(x), truc Ox va = f|f(x)|dx
hai duong thang x = a,x = b 4

&)
z i
N S ! Ox

y4 Y v
2+S3+S4+SS+S6 :S

b A7 7
j FCOldx = S, +5
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338. ng dung cua tich phan

Nhirng bai toan thudc loai khong biét can. Trude tién ta tim giao diém ctia do thi hai ham s6. Khi d6 can dudi
1a nghiém nhd nhat, can trén 1a nghiém 1én nhat.

Dién tich S ctia hinh phang gi6i han
boi cac duong:
Do thi (C) ciahamséy = f(x) __
lién tuc trén doan [a; b]. -
Truc hoanh.
Hai duong thang x = a,x = b

Dién tich gioi
han béi ham so
va truc hoanh

b
f IF GOldx

Dién tich S cua hinh
phang gidi han bai cac
duong :

’ Do thi cua cac ham
0 y =f(x),y =9(x)
lién tyc trén doan [a; b].

Hai duong thang
x=ax=hb.

Dién tich giira 2
do thi ham so

b
— f IF () = g(0)ldx

Y ~, Diéntich S cua hinh phang gidi han
S y=d &> boi cc duong : d
Dién tich hinh 9% i et 27 = @07
phang theo 0 x ‘ -9vh = f|g(}’) —h(y)ldy
bién y — x = h(y) (g, h 1a hai ham s0 lién J
< tuc trén doan [c; d])
Y=g S Hai duong thingy = ¢,y = d

Goi B 1a phan vat thé giéi han

boi hai mét phang vudng goc véi

truc Ox tai cac diém a va b.

S(x) 1a dién tich thiét dién cua i

S(x)

Thé tich khi

biét dién tich vt thé bi cit boi mat phang - V = f S(x)dx
thiét dién vudng goc vai truc Ox tai diém p
cd hoanh d6 x(a < x < b). Gia
st S(x) lién tuc trén doan [a; b].
I Thé tich cua B la:
o
Thé tich cta khdi tron xoay do hinh
phang giéi han boi cac dudng :
Thé tich vat thé y=f) :
tron xoay gigi Truc hoanh Y
han béi do thi 1 x=ax=b(a<b) - oo

ham sb quay
quanh truc Ox

Seae o

Quay quanh truc Ox :
b

V= nffz(x)dx
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Thé tich vat thé
tron xoay giira
2 do thi ham so

Thé tich clia vat thé tron xoay khi quay
mién D gidi han boi cac duong :
y=fx)
y =g
x=ax=b(a<b)
Quay xung quanh truc Ox:
b

quay quanh Ox
v = [Ife0) - g*Coldx v
a
Luwu y: cong thire nay chi dung khi phan duoc quay khong c6 phéan thé tich nao tring
1&én nhau sau khi quay.
el
74 0 Thé tich cua vét thé tron xoay khi quay mién
- ¥ =99 D gi6i han boi cac dudng :
) ] x=f()
The tich vit the x=gu)

tron xoay giira
2 do thi ham so

y=c,y=d(c<d)
Quay xung quanh truc Oy :
d

quay quanh Ox
Y=y V=ﬂf|f2(y)—gz(y)ldy
@
Luwu y: cong thire nay chi ding khi phan duoc quay khong c6 phan thé tich nao tring
1én nhau sau khi quay
Thé tich cua khéi tron xoay sinh ra do
hinh phang gidi han bdi cac duong :
Thé tich vét thé x=g()
tron xoay gidi Tryc tung
hanbfnldéthl y:c}y:d

quay quanh Quay xung quanh truc Oy:
truc Oy d
V=mu f 9°dy
c
Cho ham sé y = f(x) lién tuc trén doan y
) : [a; b]. D dai duong cong ciia ham $6 y = f(x)
Ung dung tich Y = (o) tr diém x = a (61 dibmx = bla: |

phan dé tinh dd
dai dudng cong

V=

Lo =f 11+ (F(0) dx of a
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(I’ng dung
vatly

Tinh quang dudng tir ham
van toc

ty
S, = | o@lae
ty

o tz
Tinh d¢ dich chuyén tr _
ham van tbc As =5y =51 = f v(t)de
ty
Tinh van tdc tir ham gia toc v(t) = f a(t)dt
tz
Tinh dién lugng tir ham _
cwomg d6 dong dién Qt,t, = f I(®)dt
ty

Tinh cong tir ham lyc

Luc tac dung 18n mot chit diém chiu tac dung cua luc
F di chuyén doc theo truc Ox tuan theo quy ludt :
F = F(x) (Trong do6 x la toa do cta vat doc theo truc
di chuyén). Cong do lyc F thuc hién khi dich chuyén
vat tr vi tri x4 ti vi tri x5 1a:

X2

Ay ox, = fF(x)dx

X1
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339. Mét sé kién thiec vé hinh hoc can thiét

a) Bwong tron

Phuwong trinh dwong tron biét tim & ban kinh (x —a)®> + (y — b)? = R?

Phuwong trinh phan trai, phai cia duong tron
(x—a)>+(y—b)> =R?= (x —a)®> =R?> — (y — b)?
=>x—a=1JR?—(y—b)?=>x=at+R?>—(y—Db)?

Phan dudng tron bén trai I Phan duong tron bén phai
duongthangx =a=>x<a i duongthingx =a=x>a
=>x—a=—/R?2—(y—b)? .[(a;b) = x—a=+R?—(y—Db)?
ex—a— JRE=( b7 sx=a+ RE—(=b)7

Phwong trinh phén trén, dwéi ciia dudng tron
(x—a)’+(y—b)>=R?= (y—b)>?=R?— (x —a)?
=>y—-b=+/R?-(x-a)>?=>y=>b++R?—(x—a)?
Phan duong tron bén trén duong th'fmg y=b=>y=>b

>y—-b=yR?—(x—a)’)=>y=b+R?—(x—a)?

Phan dudng tron bén dudi duong thingy =b =y < b

=>y—-b=—-yR*-(y—-b)?*=>y=b—R*—(y—b)*
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b) Elip

V4

2

\
‘\' _+_=1
! a: @

y =
=

Phuong trinh dudng elip

Phuong trinh phén trai, phii cia elip
2

x* 2 2 2
Zz—lzx a2(1—32—2>=>x=i az(l—%>

Ya

Phan duong elip bén trai tryc tung x < 0 / \han duong elip bén phal truc tung x=0:
y2
o a2<1_ﬁ> \ 1_ﬁ

Phwong trinh phén trén, dwdi cia elip
y x?
b2—1=>y —bz(l—— >y=+ b2<1 a2>

Phan dudng elip & bén trén truc hoanh y > 0: y = [h?2 (1 - —
Ya

I

Phan dudng elip & bén dudi truc hoanh y < 0: y = — ,bz (1 - Z—z)

Vs

c) Parabol xoay ngang
x =ay?+ by +c(a #0)

Néu a > 0 Parabol huéng bé 16m theo chidu duong | Néu a < 0 Parabol huéng bé 16m theo chiéu am cua
cua truc Ox truc Ox

A

. b
Truc doi xiing cta Parabol y = — 27" Toa d6 dinh y4,, = — 5q’ Xdginh = — ia
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VECTO TRONG KHONG GIAN

340. Cac dinh nghia

B
Vecto trong khoAnqg gian la m(f)tqdoan’ thang 706 hu@ng. Ay'
Ky hiéu vecto c6 diém dau A (di€m goc), diém cuoi B
(diém ngon) 1a AB. Piém B la diém
Ta con sit dung ky hiéu d,b, ... dé biéu dién vecto khi ngon hay diém

4 + R \ \ + A + A Ae o I
khong quan tam dén di€m nao 1a diém ngon hay diem cuoi cua vecto AB

-_—
N N biém A la dieém goc hay
nao la diém goc cua vecto.

< R A 5 T
diém dau cua vecto AB

Vi du, tir dién ABCD c6 céc vecto AB, BC, CD khong ciing nam trong mot mit phang.

Gia cuia vecto 1a duong thang chira vecto do.

Do dai cua vecto 1a khoang cach giira diem

! L gy to AB dai 2 cm. B
dau va diém cuoi cua vecto, ky hiéu |AB|. Ve_CA,U . D dalccm / \
. = o Ta viet 1a |AB| =2 cm. \
Puong nhién |AB| = AB. Do dai vecto tu o y
do ky hiéu 1 |d|. X >

\

Vecto - khong 1a vecto co diém dau va diém cudi tring nhau, ky hiéu 0.
Khi muon chi rd mét vecto nao do co6 do dai khac 0, ta dung thuét ngir “vecto khac khong”.
Khi muon chi rd mét vecto nao do co6 do dai bang 1, ta dung thuat ngli vecto don vi.

& Qui wéc: Vecto 0 cung phuong, cung hudéng vai moi vecto. Moi vecto 0 déu bang nhau.

b A B a
Hai vecto dugc goi la cung « e O hinh vé& bén tat ca cac
phuwong ncu gia cua ching C D vecto b; AB: d; DC; & déu 1a
song song hodc trung nhau. < vecto cung phuong.
C > |

Dé biéu thi hai vecto AB vaCD cung phuong ta ky hi¢u AB // CD.
Néu gia ctia vecto AB hoic song song hodc tring v&i duong thing A thi ta cling viét E/ /A.
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bd \ ¢
a va b nguoc

_ . o i . i ' | hirong voi nhau.
Hai vecto cung phuong c6 thé cung hwéng hodc nguge huéng. =
D4 bidu thi hai vecto AB, CD cung hudng, ta viét: AB 11 CD. g '
D4 bidu thi hai vecto AB, CD nguoc huéng, ta viét: AB 1L CD. 5
y | 4 b vanguge
dva g cing -\ huodng véi nhau.
huéng voi nhau. | ——¢
Hai vecto dugc goi 1a bang nhau néu Vecto CD khong bang vecto FE vi chiing nguoc
ching cung hudéng va cé cung do dai. hudéng (mac du chung c6 d6 dai bang nhau).
\
B
. . . Cung huéng f D | F
bicu kién de hai vecto bang nhau AB //
Do dai bang nhau N iT))// 7E //
C
|
9 9 —_— —— X ;g — —_ E
bé biéu thi hai vecto AB, CD bang nhau ta viet AB = CD. = |

Vecto AB bang vecto cD vi ching c6
cung hudng va c6 d¢ dai bang nhau
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341. Phép cong

B
Quy tiic ba diém: Vi ba diém 4, B, C tuy ¥, ta co:
AB +BC = AC
Luwu y: Quy tic ba diém 4p dung cong cho hai vecto bat ky. 4 c
Dé tinh tong hai vecto theo Sip xép hai vecto sao cho Khi d6 tong ctia hai vecto 13 1 vecto
quy tic ba diém ta thuc ngon cua mot trong hai vecto nbi tir diém gdc cua vecto dau tién
hién theo cac budc sau trung véi gdc ciia vecto con lai t6i diém ngon cua vecto th hai.

Qu

(_i n — b
/ b b a b
a+b

Quy tic ba diém md rong thanh quy tic n diém (quy tic da giac):
AlAn == A1A2’+ A2A3 + A3A4 + -+ An—lAn
(chap gdc ngon cac vecto lién tuc)

Ay

Qui tic hinh binh hanh
V6i ABCD 13 hinh binh hanh, ta ¢6: AB + AD = AC
A

Pé tinh tong hai vecto Vecto tong kéo dai tir gbe

theo quy tic hinh binh S hai Vec:[or T,Qa th‘anh r‘n(_)t 2 vecto cii dén diém dbi

. A sao cho goc cua hinh binh hanh A a2 g
hanh ta thuc hién theo chiine trine nha 2 vecto dién voi diém goc chung
cac budce sau ung g hhat v trong hinh binh hanh

a
C-i -
b
b
Quy tic hinh hop

Cho hinh hép ABCD.A'B'C'D’' v6i AB,AD, AA’ 1aba
canh ¢6 chung dinh A va AC' 1a dudng chéo, ta co:
AB + AA" + AD = AC’
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Diéu kién 4p dung Ban chit

Quy tic ba diém Hai vecto tuy ¥ o
z 2 > . Chap goc - ngon
Quy tac da diém Nhiéu vecto tiy y
Quy tdc tinh tong vecto Quy tac hinh binh hanh Chi ap dun‘g cho 2 vecto Lam 2 vecto chung gbc
khong cung phuong
L1 o Chi 4p dung cho 3 vecto \ %
Quy tac hinh hop khong ddng phing Lam 3 vecto chung goc

Tinh chat phép cong vecto

“ Giaohodn: 4+ b =b + d
“Kéthop: (@+b)+é=a+(
= Tinh chdtcta 0:d + 0 = 0 +

S|
+
&

Qu

Qu

0
342. Vecto dbi va phép trir vecto
. . . a
Vecto doi cia a 1a vecto ngugc chiéu vdi d va co cung d6 dai voi a. Ky hi¢u vecto doi cua a 1a —d. // a

& Chu y:
= Néu b 1a vecto ddi cua d thid + b = 0.
» Bo hay thém déu trir thi phai ddo gdc va ngon cua vecto: —AB = BA; —CD = DC; AB = —BA; CD = —DC.

* Vecto déi cia 0 13 0.

343. Tich cta vecto v&i mot s6

Cho vecto d va mot s k € R. kd 13 mot vecto duoc xac dinh nhu sau :

. > N h , re > K > . . .

- V& huéng: | ©@ cung huong véianeuk = 0 - V& do dai: |kd| = |k||d|
ka ngugc huong voianeuk < 0

Tinh chit

k(d +b) = kd + kb (k+Dd=kd+1ld  k(d) = (kDa ki =0 k=0hoic d =0

/1 D
Trén hinh vé ta c6 :

E |B CD = 2AB

I EF = —2AB

Vi du: » H CH :lﬁ
2

- 1

J Al ¢c| G 1] = —EAB
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344. Tich vé hwéng gitra hai vecto
Tich vé hwéng cua hai vecto 7 va 7 déu khéc vecto 0 trong khong gian 1a mot sé duge ki hiéu 1a . ¥ xac dinh
béi: U. v = |ul. |V]. cos(u, V)
Néu 7 = 0 hodc # = 0 thi ta quy u6c 7.7 = 0.
Tinh chit: Véi ba vecto @, b, ¢ bit ki trong khong gian va véi moi sb k ta co:
@-b =Db-d (tinh chit giao hoan)
(kd) b =k(d-b)=d-kb
@ (b+¢)=d-b+a-¢ tinh chit phan phdi ddi voi phép cong vecto)
2>0;d2=02d=0
Lién hé gitra d¢ dai va binh phuong v6 hudng cua vecto:
@2 = |d|> = AB? = AB?
Hing déang thirc lién quan dén tich vo hudng
@*—b?=(a—b)(a@+hb)
(@+5) =a?+ 2ab + b?
(G+5+¢)" =a?+b2+ & +2db + 2b¢ + 2¢d
Chimng minh ba diém thing hang
bé chung minh ba diém A, B, C thang hang trong khong gian ta di bién doi dé c6 dugc mét bieu thirc cé dang:
AB = kBC (k # 0)
Khi d6 hai vecto E va BC cung phuong, ma hai vecto d6 lai c6 cing mot diém chung (13 A ching han), nén
suy ra A, B, C thang hang.
345. Trong tam tw dién

= Trong tAm ctia mot tir dién 13 trung diém ciia doan ndi cac trung diém ctia cip canh dbi dién.
» G 1a trong tAm ttr dién ABCD < GA + GB + GC + GD = 0 & 0A + OB + OC + 0D = 40G(Véi 0 tuy ).
* Trong tam cua tur dién nam trén duong ndi mot dinh va trong tdm cla mat ddi dién cua tr dién.
= Trén hinh v&, G 1a trong tim tr dién, K 1a trong tdm mat ddi dién dinh S cua tir dién. Khi d6 ta co:
S¢ 3
SK 4
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346. Bai toan lwc

Khi biét d6 16n timg luc va goc giira timg cap luc

= Hai lyc F{ va F; cung tac dong vao 1 vat va goc giita chiing la a. Goi Fla tong ctia 2 vecto E) va Fz) thi:

= — e = S— —\2 —2 —2 _—
F=F+F=>F=(F+F,) =F +F, +2FF,
= F? = F + F} + 2F F,cosa

- —_— —_ —_— - —_— —_ —\2
F=F+FR+FK=>F=(F+FL+F)
- —2 —2 —2 —_ — _— _—
:>F2:F1 +F2 +F3 +2F1F2++2F2F3++2F3F1
= F2 = F + F} + F} + 2F,F, cos(Fy; F,) + 2F,F; cos(Fy; F3) + 2F;Fy cos(Fs; Fy)

Khi cac lyc phan bd ddi ximg xung quanh 1 truc

A S Pl ———

S

Cho n luc Fl), Fz), s Fn) cung tac dong vao 1 vét sao cho:

*VEdo16n: F, = F, = - = E,.

» V& hudng: cac luc phan bd ddi ximg qua truc SO (ddu hiéu nhan biét: day 1a da giac c6 tam ddi ximg 1a 0).
Goi F 1a vecto hop luc cta E), Fz), A Fn); va a la goc cua Fl) lyc hop véi truc SO.

Ta co: ﬁ=FT+F7+~-+Fn).

Goi FO) 1a hinh chiéu vuéng goc cua Fl) lén truc SO.
Vi tinh d6i xtmg nén hinh chiéu ciia mdi luc F{ 1én SO déu la FO).
Taco: F =F, +F, +++F, = F =nF, =[F = nF, cosa]
Néu xir Iy bang phwong phap toa dd thi ta c6:
Céc d9 dai SA; bang nhau
Vi { D0 16n cac lyc 1a F; déu bing nhau (Vi = 1,n) nén |F, = kSA,| (Vi = 1,n)
I?{ cung chiéu S—)Al

=>F=F +F,++F, = k(S4; + SA; + -+ SA,)

= k(S0 + 0A, + SO + 04, + -+ S0 + 04,) = k| nSO + 04, + 04, + -+ OA, | = knSO

=0 (Vi tinh di xtng)
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=>|F =knxS0
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HE TOA PO TRONG KHONG GIAN

347. Hé toa d6

= Trong khong gian, cho ba truc x'Ox, y'0Oy, z'0z vudng goc vGi nhau timg doi
mot. Goi 7,7, k 1an luot 13 cac vecto dom vi trén céc truc x'Ox, y'0y, z'0z.

* Hé ba truc nhu viy duoc goi 1a hé truc toa dd Pé-cac vudng goc Oxyz trong

khong gian, hay don gian dugc goi 1a hé toa d¢ Oxyz.
* Biém 0 duogc goi la gbe toa dp.
= Ox goi la truc hoanh, Oy goi 1a truc tung, Oz goi la truc cao.

= Cac mat p}léng (Oxy), (0yz), (0zx) d61 mdt vudng goc voi nhau dugc goi la

cac mat phang toa do.

= Khong gian voi hé toa d6 Oxyz con dugce goi la khong gian Oxyz va dugce ki

hiéu la (0;1,, k).

= P dai va tich vo hudng ctia cac vecto don vi

7l =1jl = k| = 1

348. Toa do6 diém

* Trong khong gian Oxyz, cho mot dlem M tuy y. Vi ba vecto 7,], k
khong dong phing nén c6 mot bo ba s6 (x, y, z) duy nhit sao cho :

OM = xT + yJ + zk
Ta goi bo ba s6 (x; y; z) d6 1a toa do cua diém M d6i v6i hé tryc toa do
Oxyz da cho va viet M = (x; y; z) (co dau" = ") hodc M (x; y; z) (khong

c6dau" =").

2=j2=k?=1  ij=1

M(x;y;z) © OM = xT + y] + zk

(Vi 0 1a gdc toa dd)
= Chu y : Trong ngon ngir giao tiép khi muén noéi dén toa do x nguoi ta

¢6 thé noi 12 hoanh dd, toa d y 13 tung d9, toa d6 z 1a cao dd.

349. Toa do vecto

k=j-k=0

= Trong khong gian Oxyz cho vecto @, khi 6 ludn ton tai duy nhét bo ba sé (ay; a,; as) sao cho:
C_i = a1?+ azf‘l' a3k

Ta goi b ba s0 (ay; ay; as) do 1a toa d6 cua vecto a@ doi véi hé toa dd Oxyz cho trude va viet d = (aq; az; as)

hOéC d(al; as; ag).

= Mot sb toa do dic biét

(_1) = (al; a,; a3) (= C_i = a1?+ azf‘l' a3k

0(0;0;0) | T=(1;0;0) | 7=(0;1;0) | k = (0;0;1) | 0 = (0;0;0)
Pic diém vecto | Cung phuong Ox | Cing phuong Oy | Cung phuong 0z
Dang toa d6 (a;0;0) (0;a;0) (0;0;a) Véia € R
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350. Biéu thirc toa d6 phép toan vecto & diém quan trong

Cho C_i = (al; a; a3) va B = (bl; bz; b3)

Hai vecto bang nhau / /

/”///

Hai vecto nguoc chiéu

Hai vecto cling chiéu //'

Hai vecto cung phwong /‘//'

Tong, hiéu vecto
S6 x Vecto

Toa d) vecto khi biét toa dd goc, ngon

Trung diém doan thing AB

Do dai vecto
P dai doan thing

Toa d diu mut

Trong tam AABC

Trong tam tir di€én ABCD

. a; = by hoanh = hoanh
d=beija, =b, ©{ tung = tung
as; = bs cao = cao
Vé6i b # 0 thi @ nguoc chidu b
© 3k <0:d = kb

B _2_B 0by,by,b; % 0)
bl_bz_b3 1, Y2, V3

= Néu it nhat mot trong hai vecto bang 0 thi 2 vecto
cung chiéu.
» Néu ca 2 vecto déu khac 0 thi @ cung chiéu b
© 3k > 0:d = kb
eB_22_5B o b, b, b, #0)
by b, bs Lrs

= Néu it nhat mot trong hai vecto bang 0 thi 2 vecto
cung phuong.
» Néu ca 2 vecto déu khac 0 thi @ va b cing phuong

al = kbl
o 3k e R:{az = kbz
as = kb3

a; a; as

—=—=—(by,by,b; 0

b, b, b3(1 2,03 )

G+b=(a, +by;a, +by;as + bs)

kC-i = k(al; az;ag) = (kal; kaz;kag)
AB = (Xg — %43 Y5 — Yai Z — Za)
M(xA+xB.yA+yB_ZA+ZB)

2 72 2

d = (ay;aya3) = |d| = ’a% + a3 + a3

AB = \/(xg — x)% + (V5 — ya)? + (25 — 24)?
= \/(xA —xp)% + (Va — yp)* + (24 — 2p)?

Pau mut can tim = 2 x Trung diem — Dau mut con lai

[ * @ %  J
Xgp+Xp+Xc YVa+ Vgt Y 24+ 2+ Z¢
e e
3 3 3
Xq4 +xg + xc + Xp
X =
! 4
_YatY¥YstYct+Y¥p
Vi = 4
Zy+zg+ 2z + zp
ZI= 4
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Vecto bing vecto khong

Vecto khac vecto khong

TAm ty cy cia h¢ diém

Chuéin héa vecto don vi

Ba diém thing hang

Biéu thirc toa d tich vd hwéng

Cos goc xen giira 2 vecto

Pieu kién 2 vecto vudng goc

a, =0
i=0ele,=0sad?+d+a2=0
az; =0
& Ca 3 thanh phén toa d6 déu bang 0
[a; = 0
iz0e |00 a2 +a2+a2#0
laz # 0
& [t nhat 1 thanh phan toa d¢ khac 0
» Néu k,IA + k,IB = 0
kixq + kyxp
S X =—
ki +k,
(twong ty cho y; va z;)
» Néu kyTA + koIB + k3IC =0
oy = kixq + kyxg + kaxc
! Ky + Ky + kg
(twong tu cho y; va z;)

Cho d@ = (ay; a; as). Ky hidu apy| 1a vecto cung chiéu
v6i d va c6 d6 dai bang 1. Khi d6 ta c6:
S a; adp; das
a = Xa= (T;T;T>
1 Jal lal’lal’ lal
A, B, C thing hang
& 2 vecto tlly ¥ tao ra tir 3 diém A, B, C cing phuong
& 4B cung phuong AC
(str dung céc diéu kién cting phuong)
Biét @ = (ay; ay; as) va b = (by; by; bs) ta cb:
al_)) = a1b1 + azbz + a3b3
aib; + ab, + asbs
Ja + a2 + az-\/b? + b3 + b?

alB@&'B=O®a1b1+a2b2+a3b3=0

cos(d; 5) =
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351. Cac loai tam va diém dic biét cta tam giac

Quy udc vé ki hiéu: (4), (B), (C): toa d6 x (hodc y; hodc z) twong tng cua diém A, B, C.

Chan duong phan giac trong

B ® C

Tinh chat duong phan giac:
BD DC
BA  CA
BA —. BA__,

Phuong trinh duong phan
giac trong cua tam giac
A

Cho AABC, viét phuong trinh duong phan giac trong goc A.
Pudng phan giac trong goc A cia AABC thoa man cac tinh chat:
—biqua A.

) N S
—-Covtep lau —E-AB +E-AC

Trong tam

1(A) + 1(B) + 1(C)

=1:1:1 =
©) 1+1+1

Truc tam
A

Cich I: Cong thirc tinh nhanh (néu tam giac khong déu va khong vuong méi
ap dung cong thiic nay, tam giac déu c6 truc tdm trung voi trong tam, tam
giac vuong co tryc tdm trung véi dinh goc vuong)
(H) = tan(4): tan(B) : tan(C)
_tan(4) x (4) + tan(B) x (B) + tan(C) x (C)
Bl tan(/i) + tan(l?) + tan(@)
Cich 2: Khi chua hoc phuong trinh mét phéng.
Buée 1: Vi H € mp(ABC) = AH = mAB + nAC ()
Buée 2: Tim m va n dya vao 2 diéu kién:
{AHJ_BC {ﬁ-ﬁ:o:{ﬁﬁjﬁci@
BH1AC "BH-ac=0 ((BA+AH)-AC=0
{ (mﬁ + nﬁ) -BC
(B4 + mAB +nAC) - AC = 0
= Giai h¢ 2 4n timram van.
Buodc 3: Thay m va n 6 budc 2 vao (*) va tim ra toa do H.
Cich 3: Khi da hoc phuong trinh mit phang.
Bude 1: Viét phuong trinh mit phing di qua A, B, C.
Bude 2: Goi toa do H 1a H(xy; yy; zy). Tim toa d6 H dua vao 3
diéu kién:

H € (ABC)
AH-BC =0
BH-AC =0
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Tam duong tron noi tiép
A

Cdch I: Cong thic tinh nhanh (ding khi tam giac khong phai tam giac déu,
néu tam giac 1a tam giac déu thi tim duong tron noi tiép tring voi trong tim)

ax(A)+b><(B)+c><(C)
(D=ab:c
) a+b+c
Cach 2: Khi phai trinh bay chi ti€t ty luan
Buée 1: Tim toa 6 diém D 1a chan duong phan giac trong goc A cia

AABC.
A
B D Cc
Buée 2: Tim toa d6 diém I 13 chan dudng phan giac trong goc B cla
AABD.
A
B C
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Tam dudng tron ngoai tiép
A

Cach 1: Cong thire tinh nhanh (dung khi tam gidc khong vuéng va khong
déu, tam giac vudng co tam duong tron ngoai tiép la trung diém canh huyén,
tam giac déu co tam dudng tron ngoai tiép tring véi trong tam)

= sm(ZA). sm(ZB). sm(ZC)
_sin(24) x (A) +sin(2B) x (B) +sin(2C) x (€)
B sin(24) + sin(2B) + sin(2()
Cich 2: Khi chua hoc phuong trinh mit phang
Budce 1: Vi] € mp(ABC) = A_)] = mAB + nAC (%)
Bude 2: Tim ra trung diém M cua AC va N cua BC.

A
2N
Bude 3: Tim m va n dua vao 2 diéu kién:
JN LBC _ FV’-FC’=0:{(]7+W)-FC=0
MLAC ~\jM-ac=0 ((JA+4M)-AC=0
(—mﬁ—nﬁ+m) ‘BC=0
3{(_mﬁ_m+m-ﬁ= 0
= Giai hé phuong trinh béac nhat hai an, tim ra m va n.
Buoc 4: Thay m va n 6 budc 2 vao (*) va tim ra toa do H.
Cach 3: Khi da hoc phuong trinh méat phang

Buée 1: Viét phuong trinh mit phing di qua A, B, C.
Buoce 2: Goi toa d6 J lé](x]; vy z]). Tim toa d6 J dua vao 3 diéu

B

kién:
] € (ABC)
{ JA=]B
JA=]C

Hinh chiéu vuéng goc diém
1én duong thang

Xac dinh hinh chiéu vudng goc ciia A 1én duong thang BC
Buée 1: ViH € BC = H, B, C thing hang = BH = kBC (1)
(Muc tiéu la tim k)
BuGe 2: ViAH L BC = AH -BC =0
(Chén B va giita AH dé sir dung duoc (1))
- (AF + BH) -BC = 0
= AB-BC+BH-BC =0
= AB-BC +kBC-BC =0
= AB-BC +k xBC%2=0(2)
(Tinh AB - BC va dg dai BC, thay vio (2) gidi ra k)
Budce 3: Sau khi tinh ra k thay vao (1) timra H.
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352. Kiém tra 2 vecto cing phwong dwa vao ty |é
Cho 2 vecto @ = (ay; ay; as) va b = (by; by; bs)

Xét xem tat ca cac thanh phan cua 1 trong 2 vecto d hodc b c6 khac 0 hay khong?

L//\

Ca 2 vecto déu co6 thanh phan nao d6 =0 C6 1 vecto c6 tat ca thanh phan déu # 0
Xét xem céac thanh phan bing 0 ¢ 2 vecto ¢o vi tri Gia sir tt ca cac thanh phan cia d déu
tuong Gng véi nhau theo tung cdp hay khong? khac 0 thi xét xem cac ty s sau c6
(hoanh d9 vecto niy bang 0 thi hoanh d¢ ctia vecto bang nhau hay khong?
kia ciing bang 0, tung do vecto nay bang 0 thi tung

b, b, bs

dd cua vecto kia ciing bang 0, cao do vecto nay

bang 0 thi cao d6 cua vecto kia ciing bang 0) a; a; az

N

Sai Pung

Kiém tra 2 cap ty 1€ thanh 2 vecto khong ciing phwong
phan toa d0 tuong ung
khac 0 con lai cua 2 vecto

c6 bang nhau hay khong?

/
—

2 vecto cung phwong

353. Piém thuoc déi twong dic biét

béi tuong diém thudc vao | DPic diém toa do
Ox (m;0;0) (m € R) Z4
Oy (0;m;0) (m € R)
Oz (0;0;m) (m € R) —
Oxy (a; b;0) (a,b € R) ;: (a;0; ¢)
Oyz (0; b;¢) (b,c ER) D 8‘ °
Oxz (a;0;¢) (a,c € R) @:0‘
Tia Ox (m; 0;0) (m > 0) ' o oo P
Tia Oy (0;m;0) (m = 0) g —»>
Tia 0z (0; 0;m) (m > 0) ‘0.\@ -
Tia déi ciia tia Ox (m; 0;0) (m < 0) S (a; b; 0)
Tia d6i cta tia Oy O;m0)(m=<0) |y
Tia dbi cua tia Oz (0;0;m) (m < 0)
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354. Hinh chiéu cta diém lén déi twong dac biét

boi tuong chiéu 1én | Pic diém toa do z
0; 0; X 0; Zy)
Ox (xp;0;0) (0:0: 2) L
Oy (0; 1 0) = M (%5 Y5 Zm)
N
0z (0; 0; zp) =
&
Oxy (x5 ym; 0) | o 4
(xp; 0; 0)
Oyz (0; yu; Zum)
(0; ym; 0) ey yms 0)
Oxz (x5 0; zy)

355. Khoang céach tir diém t&i doi twong dic biét

Khoang cach téi d6i tuong Khoang cach
Ox Vi + 23
Oy x5+ z%
0z |x + v,
Oy e =1l
Oyz \/3% = |xpml
0xz D=t

JxG +yE+ 24

z
+ Vi + v ‘M(xM;yM;ZM)

,/" \y M\
.

23
¥ %

[z edj
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356. Péi xirng diém qua déi twong dic biét

boi xting qua

Pic diém toa do

0

(—xm; —Ym5 —2Zu)

Ox

Cevs —Yms —2m)

Oy

(—xm5 Ym5 —2Zm)

0z

(=X —Ym5 Zm)

Oxy

(Xm3 Yms —2Zm)

Oyz

(=xm;Ym5 Zm)

Oxz

(Xm5 —Ym; Zm)

(—xm; —Ym; Zu)

(=X Y5 Zm)

(—Xm3 Yms —2Zm) /AF\

(X5 —Ym; Zm)

M Xy Y3 Zm)

Cevs —=Yms —2y)

o (X Yms —2Zm)
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CAC LOAI TICH VECTO

357. Goc gitra 2 vecto

—

Cho d,b # 0, gbc giita 2 vecto dugce ki hiéu 1a (d; 5) T mot diém O bt ky vé 04 = @; 0B = b. Khi d6
(4,b) = AOB v6i 0° < A0B < 180°

Trwong hep 1: Géc gita @ va b 1a goc nhon Trwong hep 2: Géc giita @ va b 1a goc tu
i \ 2  ——
A b a B
a A
0 a\c >
- B a b
b 0 B

Mot s6 nhan xét vé goc giita 2 vecto

» 0° < Goc gitra 2 vecto <90°.

- (4,b) =90° = @ L b.

- (a4, E) = 0° & d, b cling hudng.

. (d, B) =180° = G,b nguoc hudng.

- (@,b) = (b,d).

» B¢ xac dinh dling gbc gitra hai vecto hay dam bdo la ca hai vecto cung goc.

* Trong truong hop co it nhit mot trong hai vecto @ hoic b 1a vecto 0 thi ta quy udc s6 do goc giita hai vecto
do 1a tuy y (tu 0° dén 180°).

= 4, B, C thing hang & (AB; AC) = 0° hoac (AB; AC) = 180°.

358. Tich vo hwéng

Cho hai vécto d@ va b khac vécto 0, goc giita hai vécto ki hiéu l1a (@ 5) Tich vo huéng giita hai vécto @ va b la
1 s0 xac dinh bdi cong thurc:

a.b=|d|- |B| -cos(d; l_;)
Tich v6 hudng = Tich d¢ dai x cos(goc giira hai vecto)
Quy wéc : Néud = 0 hodc b = 0 thi tich vo huéng bing 0
359. Biéu thirc toa dd tich vé hwéng
Tich v6 huéng cua hai vecto d = (a;; ay; az) va b= (b1; by; b3) duoc xac dinh boi cong thuc :

& * B = a1b1 + azbz + a3b3
Tich v6 huéng = Hoanh x Hoanh + Tung x Tung + Cao x Cao
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360. Tich c6 hwéng

= Tich c6 hudéng (hay tich vecto) ctia hai vecto 4 = (a; b;¢) va v = (a’; b’; ¢") 1a mot vecto, ki hiéu 1a [i, 7]
hodc U X ¥ hodc U A ¥, dugc xéac dinh bang toa do nhu sau :
- c. ,a
[4,7] = (|£, Cc’| ; |C, a,|; L?’ ll;)’D = (bc' —b'c;ca’ —c'a;ab’ —a'b)
Mot s6 tinh chét tich c6 hudng
A -+ Vecto tich co huéng d x b
vudng goc véi ca d va b

— » = D¢ dai vecto tich co
Qa b huc’mg=|o'i|.|b|.sina
a

= Hai vecto @ va b cing phuong < [%, 3] = 0.

» Tich c¢6 hudng khong c6 tinh chat giao hoan, tirc 14 : [, B] # [, U]

" [u, 7] = —[v,4]

= Cho 2 vecto khong clng phuong 1a @ va b dé tao ra mot vecto ¢ vudng goc voi cd d va b
thitatinh @ = d x b hogc & = b x @

Ao

ay
S

Q

» Dé x4c dinh chinh x4c huéng cta @ X b ta st dung quy
tic ban tay phai nhu sau:

bat ban tay phai sao cho:

— Chiéu tir 16ng ban tay dén cac ngén tay chi chidu cia d.
— Chiéu tir 1ong ban tay dén c6 tay chi chidu cua b.

Khi d6 ngoén tay cai chodi ra chi chiéu cia d X b.
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361. Phwong phap tinh tich cé hwéng

Vecto U & vi tri
dau nén xép & trén.

Cho hai vecto U = (a; b;c) vav = (a’;b’; c"). o/\ a b c

Tinh [%; ¥]. Ta lam nhu sau: [4; ] L
Buére 1: Vict ra nhap, sap xép hai vecto theo thir ty sau : .\_/V a ¢

. _ . Vecto ¥ & vi tri thir
Budre 2 : Ta lan luot di tim cac thanh phan hoanh d9, hai nén xép & dudi.

tung do, cao do cua vecto tich c6 hudng nhu sau :

‘ b ¢
Tim hoanh d6. Ta che di . N, =bd-bc
cot hoanh dd va tinh dinh 0 ¢~ b"—¢
thirc cua hai c6t con lai.

Tim tung d¢. Ta che di cot tung d6
va tinh dinh thirc ctia hai cot conlai | a’ ¢’
va phai nh¢ doi dau dinh thirc

tinh dugc. Nh¢ d6i ddu dinh thic tinh duoc !

= —(ac' —a'c)

Tim cao d0. Ta che di cOt cao do a.«b |

—_ ! _ !
va tinh dinh thirc cua hai cot con lai. 1y =ab’ —ab
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362. Tich hén tap cua ba vecto’
= Cho ba vecto @, b, ¢ bat ki. Tich hdn tap cua ba vecto d, b, ¢ theo dung thir tw d6 1a mot sé duge cho bai cong
thuc :
(4,b,¢)=[d,b]-¢=(dxb) ¢

= Céc budc tinh tich hdn tap [d, b] - ¢
Cach 1 : Lam lan luot.

Bude 1 : Tinh tich c6 huéng [d, b].

Budc 2 : Tinh tich vo huéng gitta hai vecto [d, B] va C.
Cach 2 : Lam gop 1 lan (dugc trinh bay & dudi).
Cho ba vecto d = (ay; ap; as); b = (by; by; b3) va € = (cq; ¢z; C3).
Dé bai yéu cau tinh tich hdn tap ciia ba vecto [d; E] C theo dlng thir ty d6 1a lam nhu sau :

Bude 1 : Viét lai cac toa do vao nhap nhu sau (luu ¥ : vecto ndo ¢ mit a; a, as
trudce trong tich thi dat & trén roi lan lugt toi cac vecto tiép theo ¢ hang b, b, b,
dudi). €1 € C3

Budre 2 : Tinh dinh thic cip 3 nhu sau : (Néu tinh bing tay) thi ghép thém a, a; a3 a; a

vao bén phai bang vira viét ra nhap hai cot nita nhu sau : by b, bs by b,
€ G 3 G O
—~
Hai c6t duoc
ghép thém

Gia tri dinh thirc cép 3 nhan duge chinh 13 tich hdn tap cua ba vecto.

Luu y : ¢6 thé tinh dinh thirc nay bang may tinh trong trudng hop tat ca cac s6 1a s6 cu thé.

Néu tinh bang tay thi ta tinh dinh thic bang quy tic sau :

Ta s& c6 tat ca 6 hang chéo. Mdi hang chéo ta tinh tich cta cac phan tir trén hang chéo do6 va lay dau tuong
ung cua nod la + hay — nhu dugc danh dau ¢ hinh dudi.

= a,by,c3 + a,bscy + azbicy; — asb,cy — abscy; — aybics
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363. Ung dung tich vecto

biéu kién vudng goc

ilbed b=0

Luu y: Néu ta can diéu kién ABC = 90° thi ta gidi tim 4
tha}m s6 tr BA - BC = 0. Sau d6 xét xem BA va BC c6 can
dicu kién khac 0 hay khong? B C

@Néu c6 thi ta can kiém tra lai xem v&i moi gia tri gﬁa tham s thi BA va BC
c6 bang 0 hay khong va nhan hoac loai gid tri tham s6 cho phu hop.
(¥ Néu BA va BC dugc quyén suy bién thanh mot diém (tac 1a B = A va B =
C) thi ta s€ nhan hét gia tri cia m ma khong can thir lai.
Nguyén nhén cua su phure tap nay la do:
= Hai vecto vudng goc = Tich v huong gitia 2 vecto = 0

Hai vecto vudng goc

= Tich v6 hudéng giita hai vecto=0=|  , , -
C4¢ it nhat mét trong 2 vecto 1a 0

Diéu kién cung phwong

-

ung phuong < [i, V]

\

ol

Diéu kién dong phing

— -
uvave =
u, v, w dong phang © [u,v]-w =0

Dién tich tam giac

1 —
SaaBc =§|AB X AC|

(Céac cong thuc tuong ty khac cho céc vecto tich co

hudng cung tda ra tir 1 dinh) A
hoac { :
B C

1 L, 2
Saapc = E\/ABZ -AC? — (AB - AC)

(Cac cong thure tuong tu khac cho cac vecto tich vo
hudng cung téa ra tir 1 dinh)

Dién tich hinh binh hanh

Thé tich t& dién

SABCD = |A_B) X A_D)| D C
(Cac cong thuc twong tu khac cho céc vecto tich co g
hudng cung tda ra tur 1 dinh) A B
D

1 — — —
Vasep =% |(AB x AC) - AD|
(Céc cong thire tuong tu khac cho céc vecto tich hdn A C
tap cung tda ra tir 1 dinh)
B

Thé tich hinh hop Vipeoas'c'n = |(AB x AD) - AA'| D c
(Cac cong thire twong tu khac cho cac vecto tich hon A ’
tap cung toa ra tir 1 dinh) “ c
A B
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PHUWONG TRINH MAT CAU

364. Phwong trinh mat cau

Mit cau (S) tam I(a, b, ), ban kinh R ¢6 phwong trinh 1a :
S):(x—a)+@y—b)?*+(z—c)* =R?
hay
(8): (x = Xam)® + (Y = Yiam)? + (2 — Zam)* = Bén kinh?

Dang chuin tic

x2+y2+z2+ax+by+cz+d=0

hé s0 trudc x hé so trude y | hé so trude z
-2 ’ -2 ’ -2

Dang khai trién Véi toa do tm [ <

va ban kinh R = J x2. + v, + 22, —héso tu do

Diéu kién dé phuong trinh x? + y2 + z2 + ax + by + cz + d = 0 1a phuong trinh ctia mot mit cau la:
a \?2 b\ € \?
() +(5) +(5) a0
hay
A K , 2 - , 2 ~ X , 2
hé so trude x hé so trudc y hé so trudc z s
S = + — + — —hésotudo>0

Chinh 13 biéu thic dudi ddu can khi tinh R

365. Viét phwong trinh mat cau dang don gian

Tuy thugc vao $6 diém dé bai cho thudc vao mdt cau ma ta sir dung dang chinh tdc hodc dang khai trién mot
cach thich hop.

= Cach 1: Khi s6 diém dé bai cho thudc mit cau 1a mot s6 bé hon hodc bfmg 2 = St dung dang chinh tac.

Néu chua biét tAm thi ta di tim tdm trude tién. Néu da biét tam thi ta di tim ban kinh ctia mat cau.

Dang 1 : Biét tim + 1 diém € mit ciu
Ban kinh = Khoéng cach tir tim dén diém € mit cau.

Dang 2 : Biét 2 diém ndi tao thanh duong kinh
Toa do tdm = Trung diém 2 diém ndi tao thanh duong kinh
Bén kinh = B¢ dai duong kinh + 2

Dang 3 : Biét tim I € duong thing 4 va 2 diém A, B € matcau | 4
Xéac dinh dang toa d¢ tdim [ dya vaol € Ava IA = IB. Truc
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= Cach 2: Khi sd diém dé bai cho thudc mit ciu 12 mot s6 16n hon hodc béng 3 = St dung dang khai trién.
Céch nay thudng phai 14p hé phuong trinh dé giai.

Dang 4: Phuong trinh mit ciu di qua 4 diém A4, B, C, D
Phuong trinh mit cau ¢6 dang x2 + y2 +z2 +ax + by +cz+d =0
Vi mit cau di qua4 diém A, B, C, D nén ta 1ap duoc hé phuong trinh:

{xf+yj+zj+axA+byA+czA+d=0
x2+y2+z2+axg+byg+czg+d=0
x¢+y2+zE+axc +byc+czc+d=0
x5+ y3 +z53 +ax, +byp +czp +d=0

4 an so

Giai hé 4 an ta tim dugc a, b, ¢, d, tir d6 tim duge phuong trinh mat cau.

Dang 5: (S) di qua ba diém A, B, C va c¢6 tim I nam trén mp(P) B °
Gia sir phuong trinh mit ciu c6 dang:

S):x2+y?+z2+ax+by+cz+d=0 / ro
Vi 4, B,C € (S) = 3 phuong trinh (1), (2), (3)
Tu phuong trinh (S) = Tam [ (_% ; _% ; i) \/

Ma I € mp(P) = Phuong trinh (4)
Giai hé (1), (2), (3), (4) ta tim dugc a, b, c,d

-2

Dang 6: Phuong trinh mat cau (S) tiép xuc v6i mot duong thing A
tai tiep diem My (xq; Vo; Zo) va c¢o tam I thugc duong thang d cho
trudc

Viét ptmp (P) di qua diém M, va vudng goc v6i duong thing A.
Toa d¢ tam I = (P)NA4 1a nghiém cua phuong trinh.

Ban kinh mit cau R = IM,

Két luan vé phuong trinh mit cau (S)

Dang 7: Tim tap hop tim mat cau

O (x=r@
Tim toa d0 cta tdm I, chang han: Sy = g(t) ()
z = h(t)

Khir t trong () ta c6 phuong trinh tap hop diém.

Tim gi6i han qui tich (néu co).
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PHUWONG TRINH MAT PHANG

366. Vecto dic trwng cho phwong ctia mét phang

Vecto phap tuyén (vtpt) ciia mit phang Cip vecto chi phwong ciia mit phing

Cho mp(a). Néu vecto 7 # 0 va c6 gid vudng goc voi | Cho mp(a) va 2 vecto d, b (@ # 0,b # 0). Hai vecto

mp(a) thi n dugc goi la vtpt cua (o). 7 a va b dugc goi 1a cap vecto chi phuong cua mp(a)

Chu y : Néu 7 1a vtpt cia mot mat phang thi k7 v4i | néu né thoa man hai diéu kién :

k # 0, cling la vtpt cia mat phang d6. Vay mot mat

phang c6 v so vtpt vudng goc voi no. o A N R4
= Gid ciia moi vecto @ va b hodc song song hodc nam

TT trong mat phang («).

P 7 .
i ; b
7 4 L/ Y S

» G va b khong cung phuong.

Quan hé giira ciip vecto chi phwong & vtpt ciia mit phing
Gia st @ va b 1a cip vecto chi phuong ciia mp(a). Khi d6 ta ¢6 [d; B] (hodc [E ; d]) 1a mot vtpt cia mp(a).

Mohap tuyén mat phing = Lich €O huéng(Cép vecto chi phuong cua mét phéng)
Chu y : Vecto chi phuong cia mp thuong duoc suy ra nhu sau:

» Néu biét trudc 2 diém nam trén mp thi vecto tao boi 2 diém d6 13 1 vtep cia mp. E

* Néu 2 mit phang vudng goc v6i nhau thi vipt ciia mp nay 1a 1 vtep ctia mp kia. B

Néu dudng tha hodc nam trén mp thi vtep clia duong thang 1a 1 vtep ct EI
* Neu duong thang song song hoac nam tren mp thi vtcp cua duong thang la 1 vicp cua mp.

367. Phwong trinh tébng quat cta mat phang
* Trong khong gian Oxyz, cho mp(a) di qua My (xg; Yo; Zg) va nhan
n = (a, b, ¢) 1am vtpt. Phuong trinh ctia mp(«) :
n=(a,b,c)
a(x =x9) + b(y —yo) +c(z—2)) =0

hay
ax + by + cz — (axg + byy + czy) =0 /({ 'MO(XO'VO'ZO)/

* Phuong trinh ax + by + cz + d = 0, trong d6 a, b, ¢ khong dong
thoi bang 0, dugc goi 1a phuong trinh tdng quat ctia mit phang.

Mot s6 nhan xét vé phuong trinh mit phang
« Khi phai viét phuong trinh mat phang ma ta chua biét 16 vtpt hay chwa biét 16 mot diém thudc no thi ta
thuong gia sir mat phang c6 dang : ax + by + cz + d = 0 (Trong do ﬁphép wyén = (@, b,¢) vad € R)
» Néu ta d biét phuong trinh cia mot mit phing 1a ax + by + ¢z + d = 0 thi ta suy ra dwoc mét vtpt cta
no lan = (a; b;c).
» Pé tim 1 diém € mp ta chon trude 2 thanh phﬁn cta toa do, roi thé vao phuong trinh mp dé tim toa do con
lai = toa d6 1 di€ém € mp (2 thanh phan toa d6 chon trudc thuong duge chon la so tuy y, nhung c6 méot so
truong hop can chon mot cach kéo 1€0).
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* Viét nhanh phwong trinh mit phing khi biét vtpt va 1 diém € miit phing
Vtpt cia miat phang 1a 7 = (a; b; c)

= Ptmpla:ax+by+cz+-:+-=0

Mat phang di qua (X0 Yoi Zo)
diem (xg; Vo; 29), ta

nhan tuong ung cac i = (a; b ;c)

toa do cua diem va

vipt voi nhau. Xoa + yob + zyc

Poi dau thanh
—(xpa + yob + zy0)

« Phwrong phap viét nhanh phwong trinh mit phing di qua 3 diém
Gia su mat phfing di qua ba diem A(x4; Ya; 2a), B(xg; yi 28), C(xXc; Yei Zc)

Budée 1: Bim hé phuong trinh Néu ra nghiém duy nhat gia

bac nhit 3 4n vai hé s co dang: st la a, b, ¢ thi phuong
Xa Ya zp 1 trinh mat phang (ABC) la:
xg yp 2z 1 (ABC):ax+by+cz=1

Xe Yo Z¢ 1

Néu ra v6 nghiém thi ta suy ra hé sé tu do phai
bang 0 = Mat phang chac chan di qua goc toa do.

Buéic 2: Chon hai diém (c6 cac thanh phan toa do khong
tuong ng ty 18 & tit ca cac thanh phén) trong s6 3 diém
A, B, C, gia sir1a 2 diém A va B va tao ra hai vecto.
&4 = (Xa; Va5 Za)
OB = (xg; Vg; Zg) Tinh tich co huong cia 2
vecto nay dé ra vecto phdp
tuyén ciia mdt phdng.

Sau do6 ap dung phuong phap viét phuong trinh mat

phang khi biét vecto phap tuyén va 1 diém. Hoan thanh

yd
e

\1\

» Néu 2 mp song song véi nhau thi chiing c6 cting vtpt va c6 cing cip vécto chi
phuong.

A

AN

= Néu 2 mp vudng goc v6i nhau thi vipt ciia mp nay sé& 1a mot vécto chi phuong cua
mp kia.

¥
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368. Phwong trinh mét phang theo doan chan

Trong khong gian Oxyz, cho mp(a) di qua 3 diém A(a; 0;0), B(0; b; 0),
C(0;0;¢) (a, b, c # 0) khi d6 phuong trinh mp(a) 1a :

Luu y: Mai diém & day nam hoan toan trén mot truc toa do, dang téng quat

la:

Y

.
a b

x Yy

VA
+-=1
Cc

z

Piém nam trén Ox

369. Cac mat phang dic biét

biém nam trén Oy Diém nam trén Oz

=1

Mit phang di qua gbc toa dd
ax +by+cz=0(hésdbd = 0)

Song song hoac chura truc Ox
by +cz+d=0(hésba=0)

|

L 2

r’e

Song song hoac chtra truc Oy
ax +cz+d=0(héséb =0)

)

r'd

Song song hoac chira truc Oz
ax +by+d =0 (hé¢sdc=0)

‘1

Song song hodc trung véi Oxy
cz+d=0(hésba=b=0)

Song song hoac trung voi Oyz

ax+d=0(hésébb=c
ZI

v

v =

=0) by +d

K\<

Song song hoac trung véi Oxz

=0(ésba=c=0)

‘4
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370. Viét phwong trinh mat phang
a) Khdng c6 yéu té dwerng thang va mét cau

Dang 1: Viét ptmp khi biét 1 diém va vtpt ctia n6 A = (a;b;¢)
=>ptmp:a(x —x9) + by —yo) +c(z—25) =0 T

hodc
' A(XOF}’O?ZO) ?

ax + by +cz— (axg + by, +cz5) =0

Dang 2: Viét ptmp(a) di qua My(xo; yo; Zo) Va song song voi
mp(f): Ax + By + Cz + D = 0 cho trudc / /ﬁ/
Vi (a)//(B) = () c6 dang: Ax + By + Cz+ D' =0 (D' # D)

()
Vi M, € (a) nén thay toa d0 M, vao (*) tim dugc D’ (nhé nhan o M(x0;¥0; 20) /7
loai dua vao diéu kién D' # D)

Dang 3: Viét ptmp(e) di qua 3 diém A, B, C khong thing hang

Tim toa do cac vecto: E, AC. B

V 4 A = — D VL M—”C ?
ecto phap tuyén n, = AB X AC

Chuyén vé dang 1: Viét ptmp khi biét 1 diém va vtpt cta né.

Dang 4: Viét ptmp(c) di qua 2 diém A, B va vudng goc voi mp(B) B

Tim vtpt cua (B) 1a 7ig. .
. n

Tim toa d§ vecto AB. ——pﬂ

1ig va AB 1a cap vecto chi phuong cia mp(«)

= vtpt T_'L)a = T_iﬁ X E
Chuyén vé dang 1: Viét ptmp khi biét 1 diém va vtpt ctia no.

Dang S: Viét ptmp(a) di qua diém M, va vuéng goc voi 2 mit
phang (P) va (Q) cho trudc.

Tim vtpt ctia (P) va (Q) 1a 7ip va 7.

7p va iy 1a cdp vecto chi phuong ciia mit phang

= vipt T_l)(a) = 1p X ‘r_iQ
Chuyén vé dang 1: Viét ptmp khi biét 1 diém va vtpt ciia n6

Dang 6: Viét ptmp(a) song song véi mp(B) va cach
mp(P): Ax+By+Cz+D =0 mot khoing k cho trudc
(biét mp(B) // mp(P) hodic mp(B) = mp(P))

Vi (a)//(B) = (a) co dang: Ax + By + Cz+ D' = 0 (D’ # hé sb
tu do cua ptmp (B))

Str dung cong thirc khoang céch:

d P U S—
(@)= = Ty

= tham s6 = kiém tra lai tinh song song v6i () clia timg tham s0.

Luu y: |A|=B(v61320)=>[ﬁf§

B
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Vi(a)//(B) = (a) codang: Ax + By + Cz+ D' =0 (D' # D)

Dang 7: Viét mp(a) song song véimp(B): Ax + By +Cz+D =0 B
cho trude va cach diem M mot khoang k cho trudc % +By+Cz+D= y
7

Su dung cong thtic khoang cach d(y,q)) = k dé tim D’ (nhé kiém / 4

tra lai diéu kién D’ # D) 1 i
M

b) C6 chira yéu té dwerng thang

Dang 1: Viét ptmp(a) di qua M va vudng goc véi dudng A

thang 4.

Tim vtcp cua 4 12 uy,. Uy .

Vi (@) L A = viptii, = Uy. !

Ap dung cach viét ptmp di qua 1 diém va c6 1 vtpt 7. / 1 M® V

Dang 2: Viét ptmp (a) chira duong thiang 4 va song song
véi A’ (4, A’ chéo nhau).
Tim vtep cua 4 va A’ 13 Uy va uyr. > A

Vipt ciia mp(@) la: 11, = Uy X tyr.

. . ~ >
Ly 1 diém M € A. M/Ay
Ap dung cach viét ptmp di qua 1 diém va c6 1 vtpt.

Dang 3: Viét ptmp(ar) chita dudng thang 4 va 1 diém M

Tim vtep cua 4 1a 7y, 14y 1 diém N € A. Tinh toa d6 MN N — a?
— — Ve u

Vipt cia mp(e) la: n, = 1y X MN 7 ’AM

Ap dung cach viét ptmp di qua 1 diém va c6 1 vtpt

Dang 4: Viét ptmp(a) chira 2 duong thiang A va A’ cit nhau

Tim vtep cua 4 va A’ 12 Uy va iy ﬁaf

Vipt ctia mp(@) 1a 1, = Uy X Uy o
géy 1 diém M € A=>Me(a). <M 5
Ap dung cach viet ptmp di qua 1 diém va c6 1 vtpt. 4

Dang 5: Viét ptmp(a) chtra 2 dudng thang song song 4 va

A Mg

Tim vtcp cia A 1a iy, liyM € A, N € A'. :

Vipt cua mp(a) 1a i, = iy X MN. N — o a?
Ap dung cach viét ptmp di qua 1 diém va c6 1 vtpt. A L P -M
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Dang 6: Viét ptmp(a) chira dudng thang 4, vuéng goc véi
mp(fB)

Tim vtpt ctia () 1a g.

Tim vtcp cua 4 14 uy.

Vipt ciia mp(a) 1a : i, = 1ig X ty.

Lay 1 diém M € A.

Ap dung cach viét ptmp di qua 1 diém va c6 1 vtpt.

Dang 7: yiét ptmp(a) di qua 1 diém M va song song véi 2
duong thang 4 va A" chéo nhau cho trude.

Tim vtcp cua 4 va A" 1a 6, va tyr.

Vipt cua mp(@) 1a 1, = Uy X tyr.

Ap dung cach viét ptmp di qua 1 diém va c6 1 vtpt.

Dang 8: Viét ptmp(a): Ax+ By +Cz+D =0, biét (a)
chtra duong thang 4 va tao véi mot mp(f) mot goc .
Budc 1: Tim vtpt ctia (8) 1a 7ip.
Budc 2: Tim mét diém M tiuy y va M € A.
Budc 2: Tim A4, B, C dua vao hé phuong trinh:
|cos(7ig; Tig)| = cos ¢
Mgty =0
M € (a)

Xét 2 truong hop:
THI: D =0, gidira 4, B, C.
TH2: D # 0, chon tity y D 1a mot s khac 0 va giira 4, B, C.
Ap dung cach viét ptmp di qua 1 diém va c6 1 vtpt.
Dang 9: Viét ptmp(a) tiép xtic véi mat cau (S)
Tim toa do tdm I va tinh ban kinh R cua mit cau.
Néu mp(a) tiép xtic voi mit cau (S) tai M € (S) thi mp(a)
di qua diém M va c6 vtpt la MI.
Khi bai toan khéng cho tiép diém thi ta phai su dung cac dir
kién cia bai toan tim dugc vtpt cua mp va viét ptmp c6 dang
Ax + By + Cz+ D = 0 (D chua biét). Sir dung diéu kién
tiép xtic d;,(4)) = R d€ tim D.
Dang 10: Viét ptmp(a) biét d c (a) va () = K-
(a) co dang: ax + by + cz+ D = 0 (a? + b? + ¢ # 0)
Liy 2 diémtuy Y A,B € d = A,B € ()

= 2 phuong trinh (1), (2)
Tir diéu kién d(M;(a)) = k = phuong trinh (3)
Giai h¢ (1), (2), (3). Xét 2 truong hop
THI: D = 0, gidiraa,b,c.
TH2: D # 0, chon tly ¥ D 1a mot s6 khac 0 va giairaa, b, c.
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371. Hai diém cung phia, khac phia so vé&i 1 mat phang
Cho hai diém A, B va mp(a) c6 phuong trinh (): ax + by + cz +d = 0.
Goi T = (axy + by, + cz4 + d)(axg + byg + czg + d)

= Néu T > 0 thi 4 va B ndm cung phia so véi (). °

= Néu T < 0 thi 4 va B nam khac phia so véi (a).

* Néu T = 0 thi c6 it nhat 1 trong 2 diém nam trén (a).
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PHUONG TRINH PUONG THANG

372. Vecto dac trwng cho phwong cta dwong thang

Vécto a duoc g01 la vecto chi Cho du’érng thrflng A va hai vecto a va l_)) A

p!lu’(jﬂg cua d“"“gfhang A neugla | (g « 0,b # 0). Hai vecto @ va b duoc goi 1a
cua d song song hodc tring véi A.

ciip vecto phap tuyén ciia dwong thang A néu /&

— , n6 théa man hai diéu kién :
Duong thang ’ X

>

» 4 va b khong cung phuong.

S
» Gia cua ca hai vecto @ va b vudbng goc voi
duong thang A.

Quan hé giira vecto chi phwong va cip vecto phap tuyén ciia dwong thing
Gia st @ va b 1a cp vecto phap tuyén ctia dudng thing A. Khi dé ta c6 [d; B] (hodc [B ;d]) 1a mot vecto chi
phuong cua dudng thing A.

Uchi phuong duong thing = 11¢h €O huéng(Cap vecto phap tuyén cia duong thing)
Chii ¥ : Cap vecto phap tuyén ciia duong thang A thuong dugc suy ra tir cac quan hé vudng goéc voi mot
duong thang khac, hoac tir quan hé A song song véi mot mat phang nao do.

<

L

373. Phwong trinh tham sé va chinh tac cua dwéng thang

Cho duodng thing A di qua diém M, (xo; Yo; Zo) va nhin d@ = (ay; ay; as) 1am vtep.

Phwong trinh tham sb cta duong thing A : Phwong trinh chinh tic ctia dudng thing A :
X =Xy +ayt x_xozy_)’ozz_zo
A:{y=yo+azt (t eR) L T L as
Z =275+ ast Chu y : Néu c0 it nhat mot thanh phén cua vecto chi
(Trong d6 t 1a tham s6 va gidng nhau & ca ba toa do) phlfong cua duong ‘thang Pangéo thi duong thang d6
khong c6 phuong trinh chinh tac.

N)
P //k()'
o

Mo (xo; Yo; Zo)

Trang 362



Mot s6 nhén xét
X =x9+at
Cho duong th'fmg A c6 phuong trinh: {y = Yo + at (t € R)
zZ=2zy+ ast
Kiém tra mot diém cé thudc dwong thiang hay khong?
X4 = Xg + a 1ty
DPiém A(X4; Y45 24) €A & Ity € Rsao cho : {yA = yo T ayty
Zy = Zg + azty
Suy ra vtep ciia duong thing?
Vtcp ctia A laty = (aq; az; as)
Suy ra toa d§ diém thudc dwong thing?
Pé tim toa do cua 1 diém S 7du:(‘7ng théng ta chon cho t mot gia tri sb cu thé, roi thay gia tri t d6 vao trong
phuong trinh duong thang dé tim ra toa d6 (x; y; z).
Chuyén d6i phwong trinh tham s6 — chinh tic
Diéu kién: ta chi co thé cpuyér} d6i phuong trinh tham sé vé dang chinh tic néu ca ba thanh phan cua vecto
chi phuong cta duong thang déu khac 0.
Céch chuyén ddi :
X —Xo

— a;
X = X0+ Q18 gt ¢ i mdi phuong trinh Yy—Yo X=Xy Y—Yo Z—2Zg

y=y0+a2t a t=>
= 2 aq a as
Z=2zy+ aszt z—12,
=t
as

(ba tham sd t & cac phuong trinh la b?mg nhau nén ta cho ba gia tri t d6 béng nhau)
Chuyén d6i phwong trinh chinh tic — tham s
x—xozy—}’O =Z—Zo
a; a; as

Céch chuyén d6i :

X—Xo Y—Yo Z—Zp
a; a; as

y =Y +at (teR)
z=2Zy+ast

bat

x=x0+a1t
=t:{

374. M6t s6 dang viét phwong trinh dworng thang

Dang 1: Lap ptdt d di qua diém A vad L (@) d?
-Vid 1 (@) = viep iy = 7. Ty iA
— Viét ptdt d di qua A va c6 vtep iy = 7. T B
d
e S
Dang 2: Lap ptdt d di qua diém A va d//A
Néu A € A = Khong ton tai d. A 42

NéuA g A
- Vi d//A = ﬂd = 174
— Viét ptdt d di qua A va co vtep iy = i,
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Dang 3: Lap ptdtd diquaAvad L dq,d L d,, d; khong song song

va khong trung d,
—-Vid L dy,d Ld,= Capvtptciadlaty vaig,
= ﬁd = ﬁdl X ﬁdz

— Viét ptdt d qua A va c6 vtep Uiy = g, X g, .

Dang 4: Lap ptdtd diquaAvad// (P),d L d’

-Vid//(P),d Ld = Cap vtpt cuad lanip va iy
= Uy =1p X Uy

— Viét ptdt d qua A va ¢ vtep iy = fip X Uy

u,
d1\§ dyq
A
d? - d,

Dang 5: Lap ptdt d di qua A va d / mp(P), d // mp(Q), (P) khong d?

song song va khong tring véi (Q)

—Vid //mp(P), d // mp(Q) = Cap vtpt cua d la 1ip va 7i

- — —
= Ug =Np X T

— Viét ptdt d di qua A c6 ¢6 viep la iy = Aip X 1.

P

Dang 6: d di qua diém M, (xo; Yo; Zo), vudng goc va cat dudng thang A.

Cich 1: Goi H 1a hinh chiéu vuéng goc ctia M, 1én

, HeA
duong thang A. Thi {—» = Toaddo H

MOH 1 Uy
Khi d6 dudng thing d 1a duong thang di qua My, H.
A
H Mo 47

Cach 2: Goi (P) la mp di qua M, va vudng goc véi
4; (Q) la mp di qua M, va chira 4.
Khido d = (P)N(Q)

Dang 7: d nam trong mp(P) va cit ca hai duong thing d;, d,

— Tim cac giao diém A = d; n (P), B = d, n (P).
— Khi d6 d chinh 1a dudng thang AB.
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Dang 8: d 14 duong vudng goc chung ctia 2 duong thing d;, d, chéo nhau

Cadch 1: Goi M € d,, N € d,.

. MN 1d MN -y, =0
T diéu kién{ led 5
" (MN 1d, MN -y, =0

Dung tich v6 hudng ta tim dugc M, N.
Khi d6, d 1a duong thang MN.

Dang 9: d di qua diém M, vudng goc v6i d, va cit d,
Cach 1: Goi N = dﬂdrz. ViN € d, = dang cia N
(phu thudc vao tham so t).

Tir diéu kién MN L dy = MN - iz, = 0 ta tim
duoc N.
Khi d6, d 1a duong thang MN.

?M/
!

1d?

[

N
i d
¢ +_--——2—
d1’/, d
’

2

Cach 2:Vid L dyvad L d, nén mdt vtep cia d
la: g = g, X Ug,.
— Lap ptmp (P) chtra d va d; bang céach:

Lay mot diém A trén d; = A € (P).

Vtpt clia (P) 1a: 7ip = g X g, .
— Tuong tu lap ptmp (Q) chtta d va d,
—Khidod = (P) N (Q)

Cich 2: Viét ptmp(P) qua M va vudng goc voi dy
Viét ptmp(Q) chira M va d,
Khido d = (P) n (Q)

Dang 10: d di qua diém M, (xo; yo; Zo) va cat hai duong thang dy, d,

Cach 1: Goi M; € dy, M, € d,. Tir didu kién

My, M;, M, thang hang ta tim duoc My, M, (3 diém
thang hang sir dung diéu kién ty s6). Tir d6 suy ra
phuong trinh duong thiang d.

d
dy
,I
da? /
- e e ——— - -
MO /lMl Mz

4

Q = (My; dy).
Khidod = (P) n (Q)
Do d6, mot vtep ctia d ¢ thé chon la d = 7ip X 1.

/
AN Y )

My
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Dang 11: Viét phuong trinh giao tuyén cua 2 mit phing
Cho2mp (a):Ax +By+Cz+D =0, (B):Ax+B'y+C'z+D"'=0
Bude 1: Tim vtep cua giao tuyén Ugiao tuyén = Mg X Tig.
Buée 2: Tim 1 diém thudc giao tuyén bang cach Iya chon trude 1 trong 3 ﬂ/g
gia tri hoac x hodc y hoidc z, gia su chon trudc x = x, thay vao 2 phuong
trinh mat phang va giai ra 2 thanh phan toa d6 con lai:

{ Axg+By+Cz+D =0

;
Axo+B'y+Cz+D = - I )‘V
= Giai tim y, z = Toa d6 1 diém thudc giao tuyén. Ugiao tuyén

K 2 i
Buoc 3: Viét phuong trinh duong thang di qua diém da tim ¢ budc 2 va co
vtep tim dugce & budce 1

—

Dang 12: Phuong trinh dudng phan giac ciia 2 duong thing cat nhau trong khong gian
Cho 2 dudng thang cit nhau

x =x; +aqt o o\&\
dl:{y::VI-l_blt (tER) 0-0\'%0%
‘ z=2z;+ct ‘2‘@0
va d,
X =x, + a,t’ Phan oix
an : .
dy:iy =y, + byt' (t' €R) ) giac géc nho
z =27, + cyt’ 1
Buéc I: Tim giao diém cua 2 duong thang bang cach giai hé :
X1+ aqt = x, + ayt’
y1+bit =y, + byt' > Gidihé ant, t’
Zq + Clt =2Z + Czt’
Thay t tim duoc vao d; (hodc t’ va d,) dé tim ra giao diém.
Buwde 2: Chuan hoa do dai cia 2 vtep thanh 1
Tacé : g, = (ay;by;c1) chuan héa thanh
Uy, = ————(ay;by;¢y)
toJaZ+ b2+ c?
g, = (az; by; c3) chuén hoa thanh
f, = (@i byi )
Uy = Qz; D75 Co
Jas + bz +c2
Buée 3: Tinh goc giita 2 vecto Uy, va Uy, bing cong thirc:
(_, N ) Tich v6 huéng .
coS\Ug,;U =~ goCc = ...
di’ ", Tich @6 dai £
Buwoc 4:
Néu can tinh phan gic goc nho Néu can tinh phan giac goc 16n
Néu goc tinh duoc ¢ bude 3 1a goe nho: Néu goc tinh duoc ¢ bude 3 1a goe nho:
= ﬁphén gidc = ﬁd1 + l_idz = ﬂphén gidc = izdl + (_ﬁdz)
Neéu goc tinh dugc ¢ budc 3 1a goc tu: hoac
= Uphan giac = Ud, + (_udz) ﬁphz?m giac = (_ﬁdl) + adz
hodc Néu goc tinh duge ¢ bude 3 1a goc tu:
ﬁphén giac = (_ﬁdl) + ﬁdz = ﬁphén giac = ﬁdl + ﬁdz

Bue 5: Viét ptdt biét vtep va 1 diém.
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Dang 13: Viét phuong trinh hinh chiéu cia dudng thiang 1én mit phing
Viét phuong trinh hinh chiéu cia mot duong thang d 1én mp(a)

Bude 1: Xét xem dudng thang song song hodc ndm trén hay cat véi mit phang

Néu duong thang song song

Neéu duong thang cat mat phang e ok 50 wRt e

Puong khong vudng goc voi mp Puong L mp Néu duong thang

- - X e > Néu duong than
U g = (Ug XNg) XN = Hinh chiéu cua song song v&i mp SN £
hinh chiéu a a , nam trén mp
Y duong 1én mat 1a = hinh chiéu // d N A o
— 7 d . 2 , — — = hinh chiéu = d

Ny d giao diém cua = Upinh chigu = Ug

duong va mat

Mg d Hoan thanh
/ Uninh chigu = (Ua X flg) X 7y
Uy X Ny
Buée 2: Tim giao diém giira Buée 2: Lay mot diém tiy ¥ trén
dudng thang va mat phang duong thang d va tim hinh chicu

cua n6 1én mat phang

Buée 3: Viét phuong trinh duong thiang biét vtep Ui chigy VA di qua diém tim duge & budc 2
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VI TRI TUONG DOl

375. Vi tri twong déi gitra 2 dworng thang

a) Vi tri twong déi gitra 2 dwong thang dwa vao cac tich vecto

Cho 2 dudng thing d va d’ 1an luot di qua 2 diém My (xo; yo; 2o) va My (x4; o z4) ¢b vtep l1an luogt 1a

Uy = (a;b;¢), Uy = (a’;b";c")

S6 [tig, iy] - m dic trung cho su dong phing cua 2 duong thing.
Vecto [T, 4] = 0 ddc trung cho sy cing phuong ciia 2 dudng thing.
So do 1 (Phan loai theo sy dong phang trudc tién)

2 dudng thing
=0  song song hoic
_ 2 dwong thang S trung nhau
=0 dong phang [ta, U]
— 2 duong thang
, *0 cit nhau

[ta, Uqr]- MoMg

#0 2 duong thang chéo nhau

So d6 2 (Phan loai theo su cing phuong ciia 2 duong thang trudc tién)

NI ~3
2 duong thang song L, =
song hogc trung nhau [ud’ MOMO] LG
[ﬁdJ ﬁd’]
2 ’ p— 0
2 duong thang cat Lo
L nhau hodc chéo nhau [tia, Ugr]. MoMg 0
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2 duong thang
song song

+0
[ﬂd' m]
=0

2 duong thing
trung nhau

2 dudng thang tring nhau
2 duong thang song song
2 duong thang cat nhau

2 duong thang chéo nhau



b) Vi tri twong d6i ctia 2 dwéng thang da biét phwong trinh tham sé

X =x1 +aqt X =x,+ byt
di:{dy =y1 tat(t eR) ; dy:{y =y, + bt (t € R)
Z=Z1+a3t Z=Z2+b3t
Bude 1: Kiém tra
xem 2 vtep ¢6 cung 2 vtep cung phuong 2 vtep khong ciing phuong == == === ===
phuong hay khong?
2 duong thang song 2 duong thang cat
song hodac tring hoac chéo nhau
Buée 2: Kiém tra
(% Va5 22) €6 thude (X2;¥2;22) € dy (X225 22) € dy
d; hay khong?
trung nhau song song cat nhau chéo nhau
Néu dé bai yéu cau kiém tra xem d; va d, c6 vudng géc hay khong? <= === ==~

Tinh tich v6 hudng ctia 2 vtep g, va g,
udl'ud2=0 udl'ud2¢0

di Ld, d; khong vuong goc d,

c) Vi tri twong déi ctia 2 dwong thang dwa vao phwong phap dai sé6

X =xo+at x=xy+a't
Cho 2 dudng thang (d):{y = Yo + bt (t e R) va (d"):{y =y, +b't' (' € R)
zZ=2zy+ct z=zy+c't

Xo+at=xy+a't
Xét hé phuong trinh : { yo + bt = yg + b't’ (1)
Zo+ct=z)+c't
» d va d’ cit nhau & (1) c6 dang mot nghiém.
= d va d’ chéo nhau & 2 vecto chi phuwong khong cung phuong va (1) vo nghiém.
»d =d & (1) co vo s6 nghiém.
*d//d" & 2 vecto chi phuong cung phuong va (1) vo nghiém.
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d) Tim tham sé dé 2 dwéng thang song song, tring, cat, chéo, vudng

o Giai iy, X iy, = 0 = gié tri tham sb
Song song hodc trung nhau ‘.11 dZA e & o o
Thur lai tham s dé biét gid tri song song hodc trung

Gidi (g, X Ug, ). MoM§ = 0 = gié trj tham s6

Cit nhau R ~ S
di€u kién ug, X ug, # 0
Gidi (g, X Uy, ). MM} # 0 = gia tri tham sb
Chéo nhau . ( v 2)_) °
dicu kién ug, X ug, # 0
. ) Giai ug .uq, = 0 = gia tri tham so
Vuong goc

Can thn diéu kién: g, # 0 va Uy, # 0 khi tim tham s6

376. Vi tri twong d6i cta dwéng thang va mat phang

a) Phwong phap dai s6
X =xo+a;t
Trong khong gian Oxyz cho mp(a) : ax + by + cz + d = 0 va duong thang d: {y =yo + byt (t € R).
zZ=2y+cit
Thay x, y, z tir phuong trinh duong thang vao phuong trinh mit phang ta dugc:
a(xy + a;t) + b(yg + byt) + c(zo + c1t) +d = 0 (t 1a an) (1)

* d // (&) (hay d va (a) khong c6 diém chung ) < (1) v6 nghiém ¢. 5

+ d va (a) ct nhau & (1) c6 nghiém ¢ duy nhat. ﬂ

- d e (@) & (1) ¢b v6 s6 nghiém t. Z
*d 1 (a) © vtpt 1, cing phuong vtcp U,- / + ;

Lwu y: Phuong trinh ax + b = 0
* C6 nghiém duy nhit © a # 0
a=20

b+#0

a=20
b=0

- V6 nghiém & {

- V6 sb nghiém < {
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b) Tim giao diém gilra dworng thang va mét phang

Puong thing cho béi phwong trinh tham sb

Puong thing cho béi phwong trinh tong quat

Cho mp(a) : ax + by + cz + d = 0 va duong thang
X =x9+ aqt
d:{y =yo + byt (t € R)
zZ=2zy+cqt
Thay x, y, z tr phuong trinh duong thang vao
phuong trinh mat phang ta dugc:
a(xy +at) + b(yo + bit) +c(zg+cit) +d =0
Buée 1: Giai phuong trinh trén cho bién t.
Buére 2: Thay gid tri t vao phuong trinh tham s6 cua
duong thang dé suy ra toa (x; y; z).

\ 2 X=X _Y~Yo_272
Puong thang d: =T, T %
mp(P):Ax+By+Cz+D =0
Pé tim giao diém giita dudng thiang d va mp(P) ta
gidi hé phuong trinh bac nhét 3 4n x, y, z sau:
X—Xo Y —Xo
a b
Y—=Yo Z— 2
b
Ax +By+Cz+D =0

c) Phwong phap hinh hoc

Puong thing A cit mp(a)
© 10, khong vudng goc v6i gy € Uiy -1y # 0

Puong thing A song song mp(a)
Uy L1y,
LiyA€EA= A¢ (a)

Puong thang A nam trong mp(a)
i, L,
LiyA€ A= A€ (a)

Puong thiang 4 vudng goc mp(a)
& 1, cung phuong voi 11,

Thuit toan xac dinh vi tri twong d6i gitra dwong thing va mit phing
(Dua vao phép toan vecto)

Puong thang c6 vtep U, va mit phang cé vipt 7ip

Buwdre 1: Tinh 1, - 11p
Duong // Mt Uy 1p=0
hoac
Puong c Mat
Budc 2: Lay 1 diém M tuy y € Puong thing
Xét xem M c6 € Mat phang hay khong?

M € Mit phiang

Puong // Mat

Uy 7p#0 Puong cat Mit tai 1 diém

Néu 7i; va 7ip cung phuong
thi ta c6 thém d 1L mp(P)

M ¢ Mit phiang

Puong c Mat
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377. Vi tri twong d6i gitra dworng thang va mét cau

Cho duong thang A va mit ciu tim I ban kinh R.

» Puong thang khong cit mit cdu & dg;a) > R

» Puong thing tiép xtc v6i mit cau & daa) = R.

* Puong thang cit mit cau tai hai diém < di.a) <R.

Trong truong hop dudng thang A cit
mit ciu tdm O ban kinh R tai hai
diém A va B thi ta c6 hé thirc sau :
) 2 (AB\?
R* = (dn)” + (7)

378. Vi tri twong d6i gitra méat phang va mat cau
Cho mit phang (o) va mit cau tdm I ban kinh R_y,,.

= Mit phang khong cit mit cau & d(,;(a)) > Ry

= Mit phang tiép xtc mit cau < d(I;(a)) = Ruu-

= Mit phing cit mat cau (theo giao tuyén 1a mot duong tron) & d(I;(a)) < Rau

Chii y : Khi mit phang cat mit cau theo giao
tuyén la mot dudng tron thi ta cé hé thue :

Ré = (d(l;(a)))z +7?

Luu y: Khi mét phing (P) di qua tam I thi mat phing (P) duoc goi
la mat phang kinh va thiét dién luc d6 dugc goi la duong tron lon.
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379. Vij tri twong déi gitra 2 méat phang

Cho2mp (a):ax + by +ciz+d; =0va(ay):a,x+by,y+cz+d, =0
Luu y: vipt(ay) # 0, vipt(a,) # 0.

2 mp cit nhau < 2 vtpt khong cung phuong
(Sir dung tich c6 hudng hodc diéu kién ty sd)

2 mp vudng goc < Tich vo hudng 2 vtpt = 0
(= a,a, + blbz + C1Cp = 0

2 mit phang cat nhau nhung khong vudng goc

A'l

a,a, + bib, + cic; #0

2 mit phang song song

) { 2 vtpt cung phuong
S .

f0p SONEEOnS 2 mp khong c6 diém chung
{r‘ial = ki,

d, # kd,

a;, b d
PN R R

a; by ¢ d

e
7

(az; bz; Co; dz déu # O)

2 mat phang tring nhau

2 mp trung nhau &

{ 2 vtpt cung phuong
2 mp c6 mot diém chung

d; .
(:)a—z = b, = 02 —d—2 (az;bz;cz;dz deu;bO)

Tim tham s6 dé 2 mp

Cét nhau

Y tudng: loai bé cac gid tri lam 2mp // hoic tring nhau

7, X 71, = 0 = tham s6 = R\ {tham sb tim duoc}

Song song

Trung nhau

7y X 71, = 0 = tham s6 = thir lai tham s6 dé nhan loai

Vuong goc

@ﬁl'ﬁ2=0
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HINH CHIEU, BIEM BOI XU'NG CUA PIEM

380. Tim hinh chiéu vuéng g6c cta diém lén dwong thang

x =x; +at
Cho diém M (xy; yo; Zo) va duong thang d:{y = y, + bt (t € R)
z=2zy+ct

Cach 1: Goi H 14 hinh chiéu ctia M 1én d.

d
A
Ug
M
B oH

Bucoc 1: ViH € d = H(xy + at; y; + bt; z; + ct)

= MH = (x, + at — xo; y1 + bt — yo; 21 + ct — z,)

Budc 2: MH L ig = MH.1iy = 0

=>a(x; +at—x9) +b(y; +bt—yy) +c(z; +ct—25) =0
=>t=..

Buoc 3: Thay t vao phuong trinh tham s6 d tir d6 tinh ra H.

Cach 2: Goi H 14 hinh chiéu cua M 1én d.
Buée 1: Viét ptmp(P) qua M, (P) L d.
Bude 2: Tim diém H = dN(P).

d

381. Tim diém déi xtrng cta diém qua dwong thang

Buée I: Tim hinh chiéu vudng goc cia diém 1én duong thing.
Buée 2: Tim diém ddi ximg bang cong thirc trung diém:

;

biém doi xttng = 2 x Hinh chiéu — Diém ban dau

I

382. Tim hinh chiéu vuéng g6c cta diém |1én méat phang

Tim hinh chiéu vudng goc cia diém M(xg;yo;2) 1én
mp(P): Ax + By+Cz+D =0

Buée 1: Goi H 1a hinh chiéu cua A 1én mp(P)

Viét phuong trinh dudng thang d qua A va vudng goc véi mp(P)
Burde 2: tim toa do diém H = dN(P)

M

L

383. Tim diém déi xirng ctha diém qua mat phang

Buée 1: Tim hinh chiéu vuéng goc cua diém ban dau 1én mit phéing / | /

Bude 2: Tim diém ddi ximg bang cong thirc trung diém:
Diém ddi ximg = 2 x Hinh chiéu — Piém ban du
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TONG HOP VE GOC, KHOANG CACH, O DA

384. Téng hop vé goc

Goc tao boi 3 diém Cho 3 diém A, B, C. Tinh ABC , ta st dung cong thurc:

ABC = cos(B4; BC _B4-BC
cos = cos(B4; )_BA-BC
B
AA/\C
Goc glﬁa hai vecto Cho 2 vécto (_i = (al; as,; a3) va B = (bl; bz; b3)
R albl + azbz + a3b3 TiCh vO hué‘ng
cos(d; b) = =

Jai + a3 +a?-\b? +bZ+bp;  Tichdodai

Qu
S

Luu y: 0° < Goc gitra 2 vecto < 180°.
Goc gitra hai duong  Cho 2 dwong thang d va d'c6 viep lan lugtla iy = (ay; az; az) vaty = (by; by; b3)
thang a,b; + a,b, + asb
o) = e = T Bl
Ja? + a2 + a2 - \/b? + b3 + b?
__ |Tich v6 huéng 2 vtep|
"~ Tich d6 dai 2 vtcp

e

d

Luu y: 0° < Géc giira 2 dudng thang < 90°.
Géc gitta duong Goi Ug = (ay; az; as) 1a vtep ciia duong thang d va 7ip = (by; by; b3) 1a vipt cua
thang va mat phang  mp(P). Goc gilra duong thang d va mp(P) dugc tinh bang cong thurc :
laiby + a; b, + azbs|
Jaz + a2 + az.\[b? + b} + b2
__ |Tich v6 huéng vtcp cua dt va vipt ciia mp|

sin(d; (P)) = |cos(ig; p)| =

Tich d6 dai vtcp cia dt va vtpt ctia mp

d \ Goc giita iy va 7p

Géc giita dwong thing i, 1ﬁp

va mdtphdng/, 1 l y

\

Luu ¥: 0° < Goc gitra duong thang va mit phiang < 90°.
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Goc gitra hai mat

phang

Do dai vecto

Khoang cach
gitra hai diém

Khoang cach
gitra di€m va
duong thang

Goi 1ip = (ay; az; as) vafg = (by;

cos((P); (Q)) = |cos(itp; 7ig)| =

b,; b3) lan luot 1a vtpt cua (P) va (Q).
|ayby + azb, + azbs|
Ja? + a2 + a2 - \/b? + b3 + b?
B | Tich v6 hudng 2 vtpt|

"~ Tich d6 dai 2 vtpt

Luu ¥: 0° < Géc gitra 2 mit phing < 90°.
385. Téng hop vé khoang cach, do dai

Cho d = (ay; ay;a3) = |d| = /a? + a3 + a3

b/&v

AB = \/(XB —x4)% + (Vg — ya)? + (2 — 24)?

= (x4 — xp)2 +

(Va —¥B)% + (24 — 2z)?

—

Trong khéng gian Oxyz, cho diém A va duong thang A di qua diém M va c6 vtep 1a
Uy = (a; b; ¢). Dé tinh khoang cach tir A dén A ta c6 2 cach:

Cach 1

Buwéc 1 : Tim hinh chiéu vudng goc H cua
A 1én duong thang A.

A
H
Uy | A
—+‘_
H

Buwéc 2 : Khoang cach tir A dén A chinh
la khoang cach gitra hai diem A va H :
d(A,A) = AH
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Cach 2
Str dung cong thue:
dean) = e - At
' |tal

A

—

Uy

A
M

(Vi M 1a diém tiy ¥ thude A)




Khoang céach Khoang cach tir diém M (xy; ¥o; o) dén mp(P): Ax + By + Cz + D = 0 dugc tinh boi
gitta diém va cong thuc :

mat phang 4 _|Axg + By, + Cz, + D| _ |Thay toa do diém vao phwong trinh mat phang|
(:P) = VA? + B? + (C? - Do dai vecto phap tuyén ciia mat phang
M

Luwu y: Khi tinh khoang cach tur Qiém dén‘mét phéfing thi tit ca cac thanh phan ciia phuong
trinh mat phang phai dugc chuyén han vé 1 ve.
Khoang cach Trong khong gian Oxyz, cho 2 duong théng chéo nhau A va A", trong d6 A di qua 7diérn
gilta hai duong M va co6 vtep la up = (a; b; ¢); 4’ di qua diém M’ va co vtep 1a sy = (a’; b'; ¢"). Dé tinh
thdng chéo nhau  khoang céach gitta hai dudng thang A va A" ta c6 2 céach.
Cach 1
Buére 1 : Viét phuong trinh mp(Q) chira dudng thang A’ va song song véi A.

M
/| m— e

Buwéc 2 : Khoang cach giita hai dudng thang A va A' chinh 1a khoang cach gitra
Ava mét phél’lg (Q) 5 d(A,Al) = d(A,(Q)) = d(M,(Q)) (Vé’l M la m(}t diém thu(}c A)

Cach 2: St dung cong thuc :

I X 1y ) - MM|

Haary = — 7
A —
uA M
A M

Khoéng cach Khoéng cach giira hai mt phang song song

gitahaimat  Cgen 1: La khoang cach tir mot | Cach 2: Cho 2
phing song song diém thuoc mt phang ndy dén mdt | mp(a): Ax + By + Cz+ D = 0
phing kia vamp(B):Ax+By+Cz+D' =0
. W __Ip-p]
WP = AT ¥ BZ + (2
/ ] / Luu y: hé s0 nhan véi x, y, z & ca 2 phuong
trinh phai giong nhau
: s :
: v ;
Khoa ach : g . :
gifta gigrglgc?}iéng Khoang cach giira duong thang song song vdi mat phang

va mit phing la lfhoang cach tor mot diém thudc duong thang toi mat / ¢ /
phang
song song
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MOT SO BAI TOAN KHAC

386. Tam ty cw ctia hé diém
a) Biéu thirc t6 hop tuyén tinh
M 1a diém thay ddi, cac diém 4;, i = 1,n dd biét trudc, a;,i = 1,1 1 bd sb di biét trude. Can thu gon biéu

thuec:
n

z (ZiMAl

i=1

S =

Nhén phan phéi

S =

n
=1

1=

n
Z(ai.m + ai.I—A;)
i=1

n
Z CliMAl
i=1

(Chén vao mot diém I tiry y vao giita
cac vecto M A, ta dugc)
n n

Zai.m+2ai.I_A;
i=1

i=1 i=

n n
mz a; + Z a’i.I_A;
i=1

i=1

THI1: 2?=1 a; = 0
Khi d6 lya chon I 1a mot diém ¢ dinh tiy y:

n n
=5 = Wz a; + Z a. 14, | = |Vect0 khong d6i| (khong phu thude M)
i=1

=1
0 vecto khong dbi
do I da dugc
chon ¢b dinh
TH2: Y7, a; # 0
Dita = Y1, a; va I 1a diém théa man Y™, ;. TA, = 0
n n
> 5= MY aj+ ) @74 = [Ml.a + 0| = |a. M| = lal. [Wi] = |al. M1
i=1 i=1

Vi du. Thu gon biéu thirc sau:

T = 5MA + 2MB — 3MC + 4MD — 6ME
Goi I 1a diém théa man 514 + 21B — 3IC + 41D — 61E = 0.
Khi d6 chén I vao giita mdi vecto cia T ta duoc T = (5 + 2 — 3 + 4 — 6)MI = 2M]
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b) Té hop tuyén tinh téng binh phwong

M 1a diém thay doi, cac diém A;, i = 1, n da biét trude, a;, i = 1,1 1a bd sd da biét trude.

Can thu gon biéu thirc c6 dang:
n n
— 2
S = z a;MA? = z a;MA,
i=1 1

i=
n n
2 — 2
S= Z a;MA? = Z M4,
i=1 1

i=
Chuyén thanh vecto

Chén mot diém I va giira cac vecto MA,

n

n
=Za’l(m+l_A;)2 =Za’i (mz +2mI_A;+W)

=1 i=1

Khai trién hang déng thirc

n n n
—_— —_— —_— — 2
= MIZ.Z a; + 2MI.Z a;. 1A, + Z a;. 1A,
i i=1 i=1

=1

TH1: Y ;=0

n n n

—_— —_— —_— —2

>S5 = MIZ.Z a; + 2MI.Z ;. T4, + Z a;. 14,
i=1 i=1

i=1
SN——

nO n
_ — —>2
= ZMI.Z ;. 14, + Z o;. 14,
i=1 i=1

5 , 5 —_— ” > — 2 ~ "
(Chon I 1a mét diém cd dinh cuy thé ta suy ra ))j-, @;. [A, = vecto cu thé = @, )., a;. A, = sO cuthé = k)
=2Mi.d+k
TH2: 3%, a; # 0

9 —_— — —2
Chon [ 1a diém théa man }j-; ;. [A, = 0,dat Y a; = a, N ;. [A, =k

n n n
— —_— — — 2
=5 = MIZ.Zai + 2MI.Z a;. 14, +Zal~.IAl =MI2.a+k
i=1 i=1 i=1

0

Vi du. Thu gon cac biéu thirc sau

T = 2MA? — 3MB? + 8M(C?% — MD?
= 2MA? — 3MB?% + 8 MC? — MD?
Goi I 1a diém théa man 2]A — 31B + 8IC —ID = 0.
Chen I vao giita cac vecto ctua T ta dugc:
T =(2—3+8—1)MI? + 2]A? — 31B% + 8 IC% — ID?
= 7MI? + 21A% — 31B? + 8IC? — ID?
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c) Chuyén tich vé hwéng thanh hiéu binh phwong

Can thu gon MA. MB (M thay dbi, 4, B d biét)
Goi I 1a trung diém AB khi d6 ta c6:
MA.MB = (MI +IA)(MI + IB) = (MI + 1A)(MI — IA) = MI? — TA? = MI? — [ A?

387. Bai toan cwec tri

Huodng 1: (Pai so) Chuyén dai lugng can tim min, max vé mot biéu thirc dai s va dung cac bt dang thirc hodc
khao sat ham s6 dé tim min, max.

Hudng 2: (Hinh hoc) Str dung cac bat dang thic hinh hoc dé danh gia.

Mot s6 bat ding thirc co ban

Kétqua 1

Trong khong gian, cho AABC ¢6 canh huyén BC ¢ dinh. Diém A c6 thé thay ddi tily ¥ va A c6 thé tring véi B
hodc C.

A
Khi d6 ta c6 gidi han ctia 1 canh goc vuong, vi du AB nhu sau: 0 < AB < BC
=>{ABmin =0khiA=B
ABp.x = BCkhiA=C
B C
Két qua 2

Trong khéng gian, cho AMBC c6 mét canh BC c6 dinh, diém M c6 thé thay ddi tiy y, va M c6 thé tring hodc
thang bang voi B va C. Khi do.
Theo bat dang thirc tam giac ta c6 MB + MC > BC va |MB — MC| < BC.

(MB + MC),,;,, = BC khi M € doan thing BC

{IMB — MCl|,,.x = BC khi M € duong thang BC nhung khong nam trong doan BC

M

o

Két qua 3: (Quan hé giita goc va canh ddi dién trong tam giac). Trong mot tam giac, canh ddi dién véi goc
16m hon thi l6m hon.

goc 16n nhét canh 16n thir hai

g6c nho nhat

gbc 16n thir hai

Két qua 4: (Quan h¢ gilta duong xién va duong vudng goc). Trong cac duong xién va dudong vudng goc ke tir
mot diém nam ngoai dudng thang dén duong thang d6 thi dudng vudng goc 1a duodng ngan nhat. Nhu trong hinh
ve ta luén co AM > AH.

A
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Két qua 5: (Bé:[ déng thire cua dudng gip khac) i ) i
Tong d6 dai duong gap khuc ndi 2 diém c6 dinh > D¢ dai doan thang ndi 2 dieém do.
A, As

/\ 47

A1/\ Ag
v J
Ay Ay Ag

Ag
Dau "=" xay khi t?lt ca cdc diém cua duong gap khiic déu nam trén doan thing ndi 2 diém. _)
Bai toan: Cho diém A ¢6 dinh va diém M di dong trén hinh (H) ((H) 1a duong thang, méat phang). Tim gia tri
nho nhat cua AM.

A

Ze——eox

M /

Tra 10i: AM nh6 nhat khi M 1a hinh chiéu vudng géc clia A 1én hinh (H). ,
Bai toan: Cho diém A va mat cau (S) c6 tdm I, ban kinh R. M 1a diém di dong trén (S). Tim gid tri nho nhat va
gia tri 16n nhat cua AM.

Trwong hop A nam bén trong mat cau Truwong hop A nam bén ngodi mdt cau

. (AMyin = |[R — IA|
7 2 <O {AMmaX =R+IA " ,
Cho mat phang (P) va hai diém phéan biét A, B. Tim diem M thu¢c (P) sao cho: MA + MB nho nhat.
Ta xét cac truong hop sau

xay ra khi I, M, A thing hang.

TH 1: Néu A va B nam v& hai phia so v6i (P) TH 2: Néu A va B nam cung mdt phia so véi (P)
Khi d6: Theo bét dang thirc trong AABM ta co: Goi A' d6i ximg véi A qua (P).
MA + MB > AB Khi d6 MA + MB =MA'+ MB > A'B.
= (MA 4 MB),,;, = AB, xay ra khi M 1a giao diém | = (MA + MB),;, = A'B, xay ra khi M 1a giao diém
cua AB voéi (P) cta A'B voi (P).
A A’
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Bai toan: Cho mit phang (P) va hai diém phan biét A, B. Tim diém M thudc (P) sao cho: [MA — MB| 16n nht.

Ta xét 2 truong hop sau:
TH 1: Néu A va B nam cung mot phia so voi (P).
Khi d6 MA — MB| < AB.

Ping thic xay ra khi M 1a giao diém ctia AB véi (P).

A

M

MNY

TH 2: Néu A va B ndm vé hai phia so véi (P).

Goi A' d6i ximg voi A qua (P). Khi d6 |AM — BM| =
|A'M — BM| < A'B.

Ping thirc xay ra khi M 1 giao diém cua A'B véi (P).

B

A
N
'H

Ay S

Al

Bai toan: Cho A va B ¢6 dinh. Viét phuong trinh mat phang (P) di qua A va cach B mot khoang 16n nhat.

»~ e— —e

/

Mit phang can tim di qua A va nhan AF 1a vtpt.

/ Khl dé dB:(P)max = AB.

Bai toan: Cho dudng thang A va diém B ¢ dinh, v6i B € A. Viét phuong trinh mit phing (P) chira duong

thang A va cach B mot khoang 16n nhét.
B

|
/T

/

Mit phang can tim thoa mén:
-DiquaH.
— Nhan BH lam vtpt.

V6i H 14 hinh chiéu vudng goc ctia B 1én A.
A
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Bﬁj toan: Cho cac sb thu:q duong a, § vaba diém 4, B, C. ’
Viét phuong trinh mat phang (P)diquaCvaT = a-d(4,(P)) + B -d(B,(P)) nho nhat.
THI: Xét A, B nam vé cung phia so v6i (P).
— Néu 4B // (P) thi:

P =(a+p)d(4,(P)) < (a+ BAC.

A B

————

/C.

— Néu dudng thing AB cét (P) tai I. Goi D 1a diém thoa man IB = %ﬁ)’ va E 1a trung diém BD. Khi do:

P=a-d(4,(P)+8 .% -d(D,(P)) =2a-d(E,(P)) < 2(a+p) - EC.

TH2: Xét A, B nam vé hai phia so v6i (P). Goi I 1a giao diém ciia AB va (P), B’ 1a diém d6i xtng véi B qua 1.
Khi d6
P=a-d(A (P))+p-d(B,(P)).

Dén day ta chuyén vé THI trén.
So sanh cac két qua & hai trudng hop trén ta chon két qua 16n nhat.
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Bai toan: Cho duong thang d va mat phing (P) cit nhau. i )
a) Viét phuong trinh ctia mat phang (Q) chira d va tao voi mét phang (P) mot goc nho nhat.

d
Mit phang can tim théa man:
— Pi qua 1 diém tiy ¥ nam trén d
- Covipt=(np X Ug) X Uy
)IV Khi d6 goc gitta 2 mp = (d; (P))

b) Viét phuong trinh ctia mét phang (Q) chira d va tao voi miat phang (P) mot goc 16n nhat.

dy
Mit phang can tim thoa mén:
— Pi qua 1 diém tiy ¥ ndm trén d
— Covipt=np X Uy
I / )V Khi d6 goc giira 2 mp 1a 90°.

Bai toan: Cho hai duong thang d va d’. Viét phuong trinh mat phang (P) chira d va tao v6i d’ mét goc 16n
nhat.

Trén duong thang d, 1dy diém M va dung dudng thang A di qua M song song v6i d’ . Khi d6 goc giita A va (P)
chinh la géc gitra d' va (P).

Trén duong thing 4, 1ay diém A. Goi H va K lan Iugt 1a hinh chiéu ctia A 1én (P) va d; ¢ 1a goc gitta A va (P).
Khi d6 ¢ = AMH va

MK MH
cosqozmzm

Hinh vé khi goc giira d'
va (P) la l6n nhat

Suy ra mit phang can tim théa méin: (P) 12 mit phing chira d va vudng goc véi mat phing (AMK).
Do d6 (P) di qua M va nhan (a;; X Z) X Tig lam vipt. Khi d6 (d7; (P)) = (d'; d).
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Bai todn: Cho hai diém M va A va duong thing d. Goi A 1a dudng thing qua M, vudng goc voi dudng thing d,
dong thoi cach diem A mot khoang bé nhat. Khoang cach bé nhat d6 la bao nhiéu?

A A
d d [

Hinh vé khi d 4,5y bé nhat

/ P L/ P

H ——0—
/ M / H=k 4 M
h K

. (AquaM
it , ,
Goi H 1a hinh chiéu vuéng géc ctia A 1én (P). K 1a hinh chiéu vudng goc ctiia K 1én A. Ta suy ra: d4,4) = AK.

= A c mit phang qua M va vudng goc véi d, goi mit phing nay 1a (P).

Nhu vy ta can tim diéu kién dé AK nho nhat.
Xét AAHK vuong tai H ¢6 canh goc vuong AH khong doi, va HK va AK c6 th thay doi tily y: Vi AK 1a canh
huyén nén AK > AH = AK,,;, = AH xay rakhi A = HM, véi H 1a hinh chiéu vudéng gbc cta A 1én (P).
Bai toan: Cho mat phang (P) va mit cau (S) c¢6 dinh ((P) va (S) khong c6 diém chung). Xét diém M di dong
trén (P) va N di dong trén (S).
a) Xac dinh vi tri M va N dé d6 dai MN nho nhat.
b) Biét MN L (P), Xéac dinh vi tri M va N dé d6 dai MN 16n nht.
* Tim MN,;,
Nhén xét ring MN nho nhit khi M, N thudc dudng thing qua
tdm [ va vuong goc véi (P).

N

@ =

Theo hinh vé&, thi MN;, = d(,;(P)) —R. ~ R
Pé tim M va N, ta c6 thé 1am nhu sau: ﬁ% ! M
Viét phuong trinh duong thing d qua I va vudng goc véi ==
A = 1s , . ==
(P), nhan np lam véc to chi phuong. = R
=

Giai giao diém dN(S), ta dugc toa do hai diém N (N;va N,);
Tinh do dai MN; va MN, va so sanh. Két ludn MN,;,. ~o

Giai giao diém dN(S), ta dugc toa do M.
MNmin
L 4 Y. &Y
/1< M /
« Tim MN,,,, khi MN L (P).

Nhan xét rang MN 16n nhat nhat khi M, N thudc dudng thang qua tim I va vudng goc voi (P).
Theo hinh v&, thi MNpay = d(,py) + R.

Thyc hién cac budce tim tuong tu nhu trén.
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XAC SUAT CO PIEU KIEN

388. Xac suat co6 diéu kién

Cho hai bién ¢ A va B. Xéc suét ciia bién ¢ B khi bién c6 A di xay ra duoc goi 1a xac suit cia B véi didu
kién A. Ki hi¢u 1a[P(B]4)]

Cong thuc tinh xac sudt c6 diéu kién

Cho A va B 1 hai bién cd, trong ¢6 P(B) > 0 . Khi d¢:

P(ANB)

P(XayracaAvaB)
P(Xay ra B)

P(Xéc suét xdy ra A khi dd xdy ra B) =

Chuy
» Ki hiéu bién cb giao cua hai bién ¢b A va B 1a ANB hoic AB.
* Trong thuc té, ngudi ta thuong diung ti 16 phan trim dé mo ta xac suat. Chang han, phat biéu “Kha nang xay
ra mot su kién la 20%” ciing c6 nghia la “Xac suat xay ra sy kién d6 1a 0,2”, phat bi€u “Ti 1¢ phé pham cua
mot 16 hang 1a 5% cling ¢6 nghia 1a “Néu chon ra ngau nhién 1 san pham tir 16 hang, xac suat sain pham do
la phé pham 1a 0,05”.
» Tir cong thite xc suat c6 diéu kién ta ¢6 [P(AB) = P(B)P(A|B)|.

Cong thuce trén dugc goi 1a cong thirc nhan xac suat cho hai bién co

* Vi mdi bién c6 A va B, trong d6 P(B) > 0, ta c6: |P(A|B) = 1 — P(A|B)

* V6i A va B 14 hai bién ¢ doc lap, trong d6 0 < P(B) < 1, nguoi ta chimg minh dugc rang
P(A|IB) = P(A|B) = P(4)

Tir dang thirc trén, ta thiy khi A va B doc 1ap thi viéc bién ¢ B xay ra hay khong xay ra khong lam anh
huong dén xac suat cia bién co A.

389. COng thirc x4c suat toan phan

Cho hai bién ¢b A va B v6i 0 < P(B) < 1. Khi d6
P(A) = P(B)P(AIB) + P(B)P(A|B)
goi 14 cdng thikc xdc suit toan phén.

390. Cong thwc Bayes

Gia sir A va B 14 hai bién c6 ngiu nhién thoa man P(4) > 0 va 0 < P(B) < 1. Khi do,

_P(B)P(A|IB) 3 P(B)P(A|B)
PBIA)=—pqy Mo P(BIA) = By + P(B)P(4|B)

goi la cac cong thirc Bayes.
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391. Cach tinh P(A|B)

Céch 1: (Cong thirc x4c suét ¢ diéu kién)

Céch 2: (Cong thire 2 bién ¢b doc lap)

Céch 3: (Cong thire khi biét s6 két qua thuan lgi)

Céch 4: (Cong thirc bién cb d6i)

Céch 5: (Cong thirc Bayes)

392. Cach tinh P(ANB)

Céch 1 (Cong thirc xac suat co diéu kién)
Céch 2 (Cong thirc 2 bién c6 doc 1ap)
Céch 3 (Céng thirc phan bu cta A)

Céch 4 (Cong thirc phan bu cta B)

Céch 5 (Cong thirc khi biét s6 két qua thuan loi)

Cach 6 (Dua vao cong thirc hop bién cd)

393. Cach tinh P(A)

Céch 1 (Cong thirc xac suit co diéu kién):

Céch 2 (Céng thirc 2 bién c¢b doc 1ap):

__P(ANB)
P(A|B) = P(4) = P(A|B)
(néu A va B doc lap nhau)
_n(ANB) _n(A|B)
PABI==®) =~ n@

(22 12 khong gian mau)
P(A|B) =1—-P(A|B)
P(A)P(B|A)

P(B)
B P(B)P(A|B)
~ P(B)P(AIB) + P(B)P(A|B)

P(AIB) =

P(ANB) = P(A|B) x P(B)

P(ANB) = P(A) x P(B) (néu A va B doc lap)

P(ANB) = P(A) — P(ANB)

P(ANB) = P(B) — P(ANB)

n(ANB)
n((2)

P(ANB) = P(A) + P(B) — P(AUB)

P(ANB) = (12 1a khong gian mﬁu)

_ P(ANB)
PO = 5@

_ P(ANB) _ P(ANB)
PA="® = rm

= P(A|B) = P(A|B)
(néu A va B doc 1ap nhau)
n(A)

Céch 3 (Cong thirc khi biét s két qua thuan loi): P(4) = —

Céch 4 (Céong thirc bién cb dbi):
Céch 5 (Cong thirc bién ¢ giao):

Cach 6 (Cong thirc x4c xuat toan phan)

n(Q2)
P(4A) =1-P(A)
P(A) = P(ANB) + P(ANB)
P(A) = P(B) - P(AIB) + P(B) - P(A|B)
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