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B8 KIEN THUC CO BAN VE CAC HINH

a. Hinh choép

- Pinh nghia: Hinh chép 12 khéi da dién c6 1 dinh va 1 déy la da gidc 16i,
cac mit bén la cac hinh tam gidc. Chiéu cao ctia hinh chép 1a khodng cach tu
dinh dén mit ddy ctia hinh chop.

- Céc loai hinh chép thudng gép:

+ Hinh chép da gidc déu la hinh
chép co ddy 1a da gidc déu va hinh chiéu
chia dinh xuéng day trung véi tam cla
d4y. Can phan biét n6 v6i hinh chop 6
déy 1a da gidc déu, vOn chi c6 ddy la da
gidc déu chi hinh chiéu ctia dinh xuéng

déy chua chic tring véi tam chia ddy.

A}

+ Hinh chép déu 1a hinh chop ¢6 day Hinh 1 ¢

13 da gidc déu; cac canh bén bing nhau.
hinh chiéu ctia dinh xudng déy la tim cha ddy.
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(S4=SB=SC

G hinh 2 ¢6 { 4B = AC = BC v6i G 1 trong tim tam gidc ABC
SG L(4BC)

(S4=5SB=8C=SD

G hinh 3 ¢6 { 4B = AD = BC = CD (ABCD 14 hinh vudng)
- |SO L(4BCD)

+ Hinh chép c6 mit day 13 hinh thang
s s
O hinh 4, ABCD 14 hinh thang ¢6 BC// AD I\

+ Hinh chép c¢é miét day la hinh binh hanh 4 Hinh 4 D
O hinh 5, ABCD 1 hinh binh hanh cé:

AD//BC _ [AD=BC
AB//CD " | 4B=CD
- Cong thiic tinh thé tich hinh chép:

V —lS.h

d:ép_3

Trong d6 S la dién tich mit day, h 13 chiéu
cao cua hinh chép.

Khéi td dién déu:
+ Tét ca cac canh déu bang nhau
+ Tat cd cac mit déu la cic tam gidc déu

+ O la trong tdm ctia tam gidc ddy va
AO L (BCD)
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b. Lang tru.

- Dinh nghia: Lang tru 1a da giac c6 hai mit (ddy) song song véi nhau, con
cdc mit khéc (cdc mit bén) déu la nhiing hinh binh hanh.

- Cic loai lang tru thudng gip: ling tru dugc chia lam 2 loai:

+ Ling try diing 12 ling try c6 cic mit bén

vudng gdc véi day. 3
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+ Ling try xién 1a ling tru ¢6 mat bén khong -
vudng goéc véi day. B A
c

B
C
c. Hinh hgp chii nhat
- Dinh nghia: Hinh hép chii nhat ]a hinh ¢ D’
hop c6 6 mit déu 12 hinh chit nht. .
B’ - A’
L H D
B i o




d. Hinh l4p phuong

- Dinh nghia: Hinh lap phuong [a hinh hép €’ &
¢6 6 mit 1a hinh vuéng. i
a B E A
Clhoa i‘p
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Bl PHUONG PHAP GIAI

2.1. Phuong phap giai thuan tay
a. Phuong phdp tinh thé tich

- Céng thic tinh thé tich:

+ Hinh chép: 7 = %S.h

Trong dé: S la dién tich da gidc day; h: 1a
dudng cao cua hinh chép.

+ Hinh léng tra: V'=Sh

!
B’ 4
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+ Hmh hép chii nhat V =abc
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+ Hinh lap phuong: ¥ =a’
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Mt s6 cach xac dinh chiéu cao quen thudc ctia khdi chop va ling tru:
'Loai I: Khéi chép ¢6 mot canh vudng goc véi mit déy d6 chinh 1a chi€u
cao cua khéi chop.

S,

a C
O hai hinh trén S4 L mit ddy
Loai 2: Khéi chép c6 mot mit bén vudng géc vdi ddy thi dudng cao




A\ ) Mega book
" chinh I dudng ke tit dinh khdi chop dén giao tuyén ctia mat bén d6 véi day
khéi chop.
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C 5 y
Hinh 1 Hinh 2
Hinh 6 Hinh 7

O hinh 6:

(SAB) L (ABC) nén giao tuyén (S4B)N(ABC)=A4B.

TuSké SH L AB= SH 1(ABC)=> SH 14 chiéu cao tli dinh S ctia hinh
chép SABC.

O hinh 7:

(S4B) L (ABCD) nén giao tuyén (S4B)(ABCD)= AB.

TuSké SH | AB= SH 1 (ABCD) = SH la chiéu cao tti dinh S cita hinh
chép SABCD.

Loai 3: Khéi chép c6 hai mit bén ké nhau ciing vudng géc véi ddy thi
dudng cao chinh giao tuyén cta hai mat bén doé.

§

Hinh 8 Hinh 9 Hinh 10
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(S4B) L (A4BC)
Ohinh 8 ¢6 {(S4C) L(4BC) = SAL(A4BC)
|(SAB)(SAC) =54

(ABB.4) L (ABC)
Ohinh 9, c6 {(ACC,4,) L (4BC) = A4, 1 (A4BC)
(ABB,4)N(ACC,4)= 44,

(SAB) L(A4BCD)
& hinh 10, c6 {(S4D) L (4BCD) :>SAL(ABCD]
(S4B)(S4D)=S.

" Loai 4: Khéi chép c6 cac canh bén bang nhau hodc cuing tao véi day mét
g6c bang nhau thi dudng thang ké tit dinh khéi chép dén tém vong tron ngoai
ti€p day chinh la chiéu cao.

Ohinh 11:Hinh chép S.ABC c6 cic canh bén bang nhaunén SH 1 ( 4BC)
trong d6 H la tAm dudng tron ngoai ti€p tam giac ABC.

O hinh 12: Hinh chép S.ABCD c6 céc canh bén déu hgp véi mat day
(ABCD) mdt goc 60° nén SH | (ABCD) trong d6 H la tim dudng trdn ngoai
tiép td gidac ABCD.
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Loai 5: Kh61 chop c6 cac mit bén cung tao véi déy mot géc bﬁng nhau thi
dudng ké tii dinh tdm vong tron noi ti€p day.

O hinh 13: Hinh chép S.ABC c6 cac mit bén cling tao v6i ddy mot géc bing
nhau nén SH L (4BC) trong d6 H I tam dudmg tron néi tiép tam gidc ABC.
O hinh 2: Hinh ch6p S.ABCD ¢6 cic mdt bén cling tao véi ddy mot géc bing
nhau nén SH 1 (ABCD) trong d6 H 1a tdm dudng tron ndi tiép ti gidc ABCD.
Loai 6: Khaéi chép c6 hai mit bén cling tao véi ddy mot gbc bang nhau thi
dinh sé ndm trén dudng phén gidc clia goc tao bdi hai canh ndm trén mat day
ctia mat bén.
s

Hinh15 £ Hinh 16
O hinn 15: Khéi chép S.ABC c6 hai mit bén (SAs5) va (SAB) cling tao véi
day géc khi d6 chan dudng cao cta khéi chop tli dinh S ndm trén dudng phan
gidc ctia géc ABC.
O hinh 16: Khéi chép S.ABCD c6 hai mit bén (SAC) va (SAB) cung tao
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v6i ddy goc khi d6 chan dudng cao clia khéi chép tii dinh S nim trén duong
phén gidc ctia géc BAC.

Loai 7: KhrSi chép ¢6 hai canh bén bang nhau hodc cung tao véi ddy mot
g6c bing nhau thi chan dudng cao ha tit dinh khéi chép nim trén dudng tric
ndi gifia hai giao di€ém ctia hai canh bén véi déy.

hY

B
Hinh 17 B Hinh18

O hinh 17:Khéi chép S.ABC c6 canh SB=SC khi d6 chan dudng cao ciia
khéi chép ha tii dinh S nam trén dudng trung truc ca BC.

O hinh 18:Khéi chép S.ABCD c6 canh SB=SD khi d6 chin dudng cao
ctia khoi chop ha tit dinh S ndm trén dudng trung trdc clia BD.

b. Phuong phap xdc dinh goc.

+ GOc gifta dudng thang va mat phing

Cho AB cit mit phang (P) tai A, d€ tim goc tao boi thing AB va mit
phang (P) ta lam nhu sau:

- Buéc 1:Xac dinh giao diém ctia dudng thing AB va mdt phing (P) chinh
1a diém A.

- Budc 2:'Tit B ha BH vudng géc v6i mét phang (P) (H thudc mat phang (P)).

- Bu6c 3:N6i HA khi dé goc HAB 1 g06c tao boi dudng thing AB va mit
phing (P).
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+ Gdc giita mdt phing véi mit phing:

- Budc 1: Xac dinh giao tuyén A cla hai mit phing (P) va (Q).

- Budc 2: Trén mit phang (P) tim A7 L A, trén mit phing (Q) tim B/ L A

- Budc 3: Gbc AIB 13 gbc cén tim gitia hai mit phing (P) va (Q) (hay AIB
con goi 1a géc phing nhi dién cta ((P),(Q))).

A

RV
£l /

B

¢. Phuang phap xic dinh khodng cich.

c.1. Khodng cich tit mét diém dén mit phang (P)

Trong khong gian cho mit phdng (P) va mét di€ém O khong ndm trén
mit phing (P), dé€ xac dinh khoang cach tit diém O dén mit phing (P) ta lam
nhu saw:

- Bude 1: Dung mit phing (Q) diqua O va

vudng goc vdi mit phing (P).

_ Buidic 2: X4c dinh giao tuyén d clia mit phang |
(P) va mit phing (Q). X

- Butée 3: Ké OH vudng goc vdi d tai H:

= OH L(P)=>d(0;(P))=0H

Trong bai todn tinh khodng cich nay ta /®
c6 mot tinh chét rdt quan trong do la:
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(a)) = AC; d(H, (a)) = HD; tam gidc

+ Tinh chdt 1: Khoang céch tii d(A,
ACE dong dang tam gidc HDE nén ta c6:
AC _CE _AE_ AC_4E_ d(4(a)) 4E
HD HE HE HD HE d(H;(a)) HE
+ Tinh chét 2: (tinh chét clia truc dudng tron):
+ Dinh nghia: Dudng thing vudng géc v6i mit phing chia dudng tron tai
tam clia dudng tron goi la truc clia dudng tron dé
+ Néu O 1a tdim dudng tron ngoai tiép tam gidc ABC va M la mét diém
cach déu 3 diém A, B, C thi dudng thing MO la tryc clia dudng tron ngoai tiép
tam gidc ABC.
MO 1 (ABC)
Khid6 1 10 = d(b;(4BC))
+ Néu MA=MB=MC va NA=NB=NC trong d6 A, B, C |4 3 diém khong
thing hang thi dudng thing MN la truc ctia dudng tron qua 3 diém A, B, C. Khi
dé MN vudng goc véi (ABC) tai tim O chia duidng tron di qua 3 diém A, B, C.

v, .
! Ia thé tich khéi chép va S, ia dién tich mit

+d(05(P))=3 %
déy P. V6i P c6 thé 1a tam gidc, tif gidc,..

vdi Vm)

¢.2. Khodng cich giiia hai duong thing chéo nhau
Gid sii ta can tinh khodng céch giita hai dudng thing chéo nhau d,;d,.
Cdch 1: Dua vao khodng cch giita dudng thing va mit phing song song.
Ta c6 thé tién hanh nhu sau:
+ Budc 1: Ldy mit phang P, chifa dudng thing d, va song song véi dudng
thing 4, . |
Khi d6 d( d1§dz ) =d( d?_ »(P))
+ Budc 2: Tinh khodng cach gitta dudng thing d, va mit phing (P)
Céch 2; Tinh do dai doan vudng goc chung. Céch nay thuong dugc tién
hanh khi ta biét dugc hai dudng thingd,; d, vudbng goc vdi nhau. Khi dé ta lam

nhu sau:
+ Budc 1: Xac dinh mét mdt phang (P) chia 4, vudng goc véi dudng

AN Y- K1EN THUCCO BAN VE HINN HOE RHONG ¢
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~ thing d,. Tiic 1a dusng thing d, vudng goc véi hai dudng thing cit nhau nim
trong mit phing (P), trong d6 c6 dudng thing d, .
- Buéc 2:Tim giao diém I chia dudng thing d, véi mit phang (P). TiTke
IH vuéng gbc v6i d,, vi H e d,. Khi d6 IH 1a doan vudng géc chung ctia hai
duong thing d,:4,.
+ Budc 3: Tinh d6 dai doan thing IH. Ta thudng van dung hé thic ligng
tam gidc va tam gidc d6ng dang; dinh Iy Pi-ta-go d¢€ tinh d¢ dai doan IH.

dy

d. Chiing minh vudng goc

Kién thic co ban thudng st dung:
anb

Dinhly1:a,b<(P) r=>d L1(P)
dladlb

Dinh Iy 2: 4= (P}

d 1Py y=>dLla
Dinh Iy 3: vq < (P)
+dl(P)}:>d’J.(P)
d'/ld
+ (P)/ Q)
d L(P)
+d/I(P)
d'1(P)

Dinh Ij 4: 4 L (P)
v dC(Q)}E(P)l(Q)

}:mu_(Q)

}:m?‘J_d

(P).L(Q)

Pinh Iy 5: (P)N(Q)=4A
d i P)
d1lA

L =d 1(0)
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(P)n(Q)=A
Dinh ly 6: (P) L(R) = A 1(R)
(Q) L(R)
e. Chiing minh song song
o az(P)
+Dmh1y1:{a”b,bc(}))ﬂdll(f))
+Dinh Iy 2: a||(P)=>al|b,b < (P)
, [all(P).ac(@)
+H¢qual.{(P)ﬁ(Q):d =alld
5 "y a||(P),a I|(Q) L
o 2{() ~@)=a "
+ Pinh ¥ 3: ar\b.!?'ong(l’”)::>
Dinh Iy 3 {a PAEICIGIIT
) (PO _ f(@)n(r)-
A
+ Pinh Iy 5(Dinh lj Ta- 1ét)
(P)II(Q)II(R)

_ AB _ BC _AC

aﬁ(P) Abﬁ(Q) Bcﬁ()
a'n(P)=4,'n(Q)=B"c'n(R)=C

~ 4B BC AC

2.2. Phuong phap toa do héa trong khéng gian

Hinh hoc khong gian 1a mén hinh hoc kha tritu tugng nén da s6 hoc sinh
e ngai khi hoc vé phin nay. Trong cac dé thi tuyén sinh Pai hoc - Cao dang gin
day, phin hinh hoc khéng gian dugc ra dusi dang ma hoc sinh c6 thé gidi bang
hai phuong phap: Phuong phéap hinh hoc thuén tiy vi phuong phép toa do.
Viéc giai bai todn hinh hoc khong gian béng phuong phép hinh hoc thuin tay
gip nhiéu kho khin d6i vdi hoc sinh vifa hoc xong 16p 12 vi viéc tim khoang

v
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© cach giita hai dudng thing chéo nhau ciia bai toan 2 gip nhiéu khé khin déi
v mot s6 hoc sinh chua ndm vitng phuong phép tim khoang cach gitia hai
dudng thang chéo nhau. Viéc giai bai todn hinh hoc khéng gian bing phuong
phép toa do cé rdt nhi€u wu viét, tuy nhién hoc sinh cling gép khong it khé
khén. Béi vi, phuong phdp nay chua dugc d€ cap nhiéu trong cdc sach gido
khoa, hoc sinh phé théng it dugc ti€p cén, va phuong phdp nay chi t6i vu véi
mot 16p bai todn nao dé chit khong phai lic nao né cing to ra hiéu qua.

a. Hé truc toa do

He tryc toa d¢ vudng goéc trong khong gian
12 hé gém ba truc ddi mét vudng goc.

Dé giai dugc cac bai todn hinh khong gian
bang phuong phép toa do ta cAn phai chon hé truc
toa do thich hgp. Lap toa do cdc dinh, diém lién 0 > x
quan dya vao hé truc toa d¢ da chon va d¢ dai
canh cua hinh.

b. Nguyén tac ddt truc s

Xem mit ddy vudéng & ddu (nhiéu khi khong vudng ta cling tao ra vuéng)
thi dat truc & ddy, hai canh géc vudng la hai truc Ox, Oy. Tit dinh géc vudng ké
song song hodc tring vdi chiéu cao 1a truc Oz. T d6 tim méi lién hé gitia cic
canh song song, vudng goc, tao goc, do dai hodc theo dit kién ddu bai d€ tim
toa do cdc dinh con lai.

c. Cac budic giai bai todn hinh hoc khong gian bang phuong phap toa d¢

Vin dé quan trong nhét trong viéc gidi bai todn hinh khéng gian béng
phuong phap toa dé la thiét 1ap hé toa d6 cho phu hgp. Mot hé truc toa d6 dugc
xac dinh khi ta xdc dinh diém gdc va ba diém 14n lugt trén ba truc. Con vé don
vi, néu trong dé bai c6 d6 dai a thi ta thudng chon d¢ dai a lam don vi trén céc
truc. Uu diém clia phuong phdp toa d6 1A ta chi ¢6 mét cach gidi duy nhit vé
mot loai todn nao dé. Céc bude gidi nhu sau:

+ Budc 1: Chon hé truc toa do thich hgp va tim toa do cic diém co6 lién
quan dén yéu cdu bai todn.

+ Budc 2: Chuyén bai todn da cho vé bai todn hinh hoc gidi tich va giai.




: Phar huyky thmt dat tmc
Gidi nhanh Hinh hoc khong gian tirA den iz g

+ Budc 3: Giai bai toan hinh hoc gidi tich trén.

__

+ Budc 4: Chuyén két ludn ctia bai toén hinh hoc giai t1ch sang tinh chat
hinh hoc tudng ting.

Cho hinh chép SABCD cé ddy
ABCD Ia hinh vudng canh a, SA vubéng
g6c vGi day ABCD va S4 = a2,

Do SA4 L (ABCD) nén ta dit truc
nhu hinh vé véi:

(O=4
Ox = 4B
Oy = 4D
0Oz=84

Khi dé:

A(0;0;0); B(a;0; 0);C(a;a;0);D(O;a;O);S(O; O;awﬁ)

@@ Cho hinh chép déu SABC canh a. .
Goi H 1 trong tdm tam gidc ABC, SH = 2a.

Do H 14 trong tAm tam gidc ABC, O la trung
diém BC. Do S.ABC déu = SH L (4BC)

Ké Oz || SH =>Oz_L(ABC).
Ox=04

Pit truc nhu hinh vé véi { Oy = 0B
Oz || SH

Khi do:
0(0;0;0); 4 (i 0; 0} (0 -‘;—;0);

C(O;—-Z—;O);S{E?;Oﬁa]
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Cho hinh lip phuong ABCDABCD ¢6 4

canh la a. -
(O=4 o !
Ta datt hu hinh vé 6‘JOXEAB v ¢
a dat trucn mvev10yEAB }
Oz = AA' i
Khi do ) D
P e +-- - >
4(0;0;0); B(a;0;0);C(a;a;0); D(0;a;0); ¥
A4'(0;0;a);B'(a;0;a);C'(a;a;a); D'(0;a;a) B - c
2.3. Cac c6ng thic thudng sit dung =
a. Cong théc tinh thé tich |
- Cong thifc tinh thé tich:
+ Hinh chép: ¥ = %S.h

Trong do: S la dién tich da gidc ddy; h: la
dudng cao ctia hinh chép.

B’ 4

+Hinhldngtru: vV = S.h
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+ Hinh hp chit nhit: V = abc ¢ o
[ B ;\ Ar
Cl o D
b p
B 2 A
C D’

+ Hinh Iip phuong: V =a’ -

a B" ' Ar

B A

Thé tich dugc cdu tao béi hai yéu t6 chinh dé 1a dién tich day va chiéu cao.
Khi ddu bai cho dif kién ta cin quan sit mdt ddy trudc xem n6 thuéc hinh nao
dé 4p dung cdng thic tinh dién tich cta hinh d6 dyva vao cac di kién bai cho
mdt s6 dién tich hinh va hé thic liong trong tam gidc quen thudc:

- Cong thiic tinh dién tich:

+ Tam gidc thuong:
S= laha = —l-bhb =~1—ch_: = labsinC = lacsin B =lbcsin A
2 2 2 " 2 2 2
A
Iy
he
B ;l € ' R

+ Dién tich tam gidc vudng tai A:

s=14p4cC
>




+ Dién tich tam gidc déu:

2
g=2 f (a: canh tam gidc)

+ Dién tich hinh chit nhat:
S =ab (a, b canh hinh chii nhét)

+ Dién tich hinh vuéng canh a:

S=4g" (a: canh hinh vudng)

+ Dién tich hinh thoi:

S _;:ab (a, b: hai dudng chéo hinh thoi)

+ Dién tich hinh binh hanh:
S =a.h (a: canh day, h: chiéu cao)

+ Dién tich hinh thang:

S= % (a+b)h (a, b: hai canh day, h: chiéu cao)

D

A
a a
B i
&
A @ B
b
D C
A a B
a
C

C
A
h /
s
a C
A__ e B
h \
s
D b C
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Ngoai cdc cong thiic tinh dién tich ching ta con st dung thém céc hé thic
lugng trong tam gidc va cac cch tinh chiéu cao nhu sau:
- Hé thiic Iugng trong tam gidc thudng:

+ Djinh Iy ham s6 césin: a* = b* + ¢ - 2bc.cosA
+ Dinh Iy ham c6 sin: Al b € _92R
sin4 sin B sinC

- Tam gidc cdn: Dudng cao AH ciing la dudng trung tuyén

Tinh dudng cao AH = BH .tan B = BH.tanC

- Tam gidc déu:
Tinh dudng cao:
b g o ABY3 _AC\3 _ BC3
2 2 2
- Tam gidc vuéng:
+ Dinh ly pitago:
BC?=AB*+AC* BA’=BHBC AC’=CHCB
+ Tinh dudng cao: 4AH* = HB.HC, 1 = 1 =+ 1 -
AH® AB® AC
c
H
d
A B

Ngoai ra dé giai cdc bai hinh khéng gian bang phuong phép toa d6 hoa thi
ching ta cin phai st dung céc kién thic sau:

_.23.._.
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1. Céc phé.n chuyen doi giffa ngoén ngﬁ’ hinh hoc thudn tiy sang hinh hoc
gidi tich:

Dudng thing MN//mp(P) < MN.ne =0 va M ¢ (P)

Pudng thing MN 1 EF < MN.EF =0
Duodng thing MN L mp(P) &

MNLla - (MN.a=0
MN Lb & {MN.b=0 @[mﬂza
Me(P) v Neg(P) |Meg(P)v Ng(P)

V6i a,b 1 véc to chi phuong ciia hai dudmg thing a,b (a,b 12 hai dudng
thdng ndm trong mp(P) hodc song song véi mp (P)).

Ba diém phan biét A, B, C thang hang khi va chila AB,AC hai véc to cling
phuong hay [A—BR1 =0.

Bén diém phén biét khong thing hang A, B, C, D dong phing khi va chi
khi 14 ba véc to d6ng phing hay [E,K&]E =0

2. Cong thic trong khong gian
di qua A(x,39,452,)

Mirplnp S [y (ABO) ‘{vfp:;; [ 5, 4C = (asbsc)
Cé phuong trinh: a(x-x,)}+b(y-y,)+c(zz,)=0<ax+by+cz+d =0
+ Khoang cich tit diém M (x,,;y,,;2,, ) dén mit phdng (P):

Iaxy +by,, +cz,, +d|

d(My(P))="————

a +b" +c

+ Khoang cach gitia hai dudng thang chéo nhau AB va M:

el e
[@m] [ 45.]

+ Géc gitta hai mit phdng c6:

(P): 4x+By+Cz+D,=0va(Q): 4x+B,y+C,z+D, =0

d(AB;MN )=




ngng| _ |4.4,+B.B,+C.G

cos((P),(Q 0))=cosa=¢=

ng‘ M+B,2+C3.JA:+B_§+C§
+ Goc giita hai dudng thing d va (A) co:
d:x_xl =y_yl — =5 vi &:I~x2 = Y—33. %%

a b G a, b, G

Rpl.

*“d Ul |aa,+bb,+¢c)
@ +B} +cl @ +b] +
+ Géc gifta dudng thing d va mat phing (P) cé:

d.x_xo W
a b c

(P): Ax+By+Cz+D=0=>sin(d,(P))

—_—

cos(d,A)=cosax = ]

uy|.|u,

[“d Mp "l la.A +b.B +C.C'l
"”| lnp TR i+ NL B+ C

—sma—|

9wt KIE THECCOBAN VE HINKHOCKHONGGIAN . BESsinstess
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PHAN Il

* GIAITHEO HAI PHUONG PHAP

HINH CHOP

B DANG 1. THE TICH HINH CHOP PEU

Pic diém:

o Chén dudng cao tring vdi tim ddy.

Day 1a da gidc déu (hinh vudng va tam gidc déu Ja chinh)
o Cdc canh bén bang nhau.

Nhén xét: Day cho dédy dit:

o Tam giac: déu, vudng, thudng, dic biét

o T gidc: vudng, chii nhat, binh hanh, thang, thoi va dic .

Cho hinh chép ti gidc déu S.ABCD c6 dby ABCD 13 hinh vuéng
canh g, SA=a.Goila dlérn d6i xiing cha D qua trung diém cha
canh SA, M 13 trung diém clia canh AE, N 1atrung diém ctia canh
BC. Ching minh BD vudng goc vdi MN va tinh khodng cich glu‘a
hai dudng thang MN va AC. ;- '

» Loi giai:
Céch 1: Phuong phép thuan tay
Goi F la trung diém cha SA.

Theo gia thiét ta <6 MF| AD||NC va MF=NC, suy ra MFCN la hinh
binh hanh, nén MN||CF.

7.



L Ll RN Chuyén Gia Sdch Luyén Ti

I R TR R DR R R R A R LT B

= BD 1 (SAC)

[BDLAC
&S0 ppy s

= BD 1 CF= BD { MN.,

Céch 2: Phuong phép toa d6 khong gian
Chon hé truc toa d Oxyz nhu hinh vé.

0=0(0;0;0), Ox=0B, Oy=0C, 0z=s0  * N c

4

o o vl e,
7

)
. B

Chon a=1, khi d¢:

2 - 7 2 2 4 4
(DOl)suyraFO— = £ _J:} _@;_ﬁ;l
2 2 4 2 2
Tac6é MN = oi—] ( ) —(O;JE;O),
=524
4
Do d6 Hﬁ.ﬁ:o.(_f)+i0+—o 0= MN L BD.
Ta co
I\“EJZI&’]= ~-\/—E; 0; U]z:»[MN, AC]. NC=—\E.[—\E]+C’.\E+f.}.0—1
2 2 4 4 4




-y Phat huy ky thugt ddt bruc
* Gidi nhanh Hinh hoc khong gian tit A dén Z

- [N, &c| NCI =t
Khoang céch gifia hai dudng thing MN va ACla:

d(MN,AC)zHMN Ac|ng| r =%=§a
[MN, ACi
’ l \{[—g +0% +0?

(dotachon a=1).

Nhan xét: D61 véi bai tap ndy néu gidi bing phuong phép binh thudng thi
hoc sinh phai lam rét phiic tap nhu: phai xdc dinh doan vuéng géc chung cua
MN va AC, rdi tinh do dai doan d6 rit khé d6i v6i hoc sinh, nhung khi gidi
nhu trén thi dé dang cho hoc sinh vi chi vin dung cong thic va tinh toén.

Cho hinh chép S.ABC c6 dby ABC la tam gidc déu canh 4,
SA =SB =SC; biét hai mit phing (SAB) va (SAC) vuong gbc véi
nhau. Tinh theo 4 khoang cich tii diém S dén mit phing (ABC).

» Loi giai:
Céch 1: Phuong phép thuan tiy
Goi O 1a tAm ctia tam gidc ABC

®loa=0B=0C
= SO la truc clia dudng tron ngoai tiép
tam giac ABC
= SO L (ABC).
Ma AO L BC;
SO L BC =BC 1 {SOA)=BC LSA.
Ké BI L SA,suyra SA L(IBC)=SALIC.

— BIC la g6c phéng nhi dién (B, SA, C).

ol {SAsSBzSC




0O'z=0S.

y

i T

Chuyén Gia Sach Luyén Thi

Gia st h=d(S, (ABC)).
Tam gidc SOA vudng, nén ta cé

2 2 2 2 2
A2 —SO? +OAZ =2 4 L. 3+ o, N3t
B 5

Goi M la trung diém ctia BC
Tacé BM L(SOA), BI LSA
= IM L SA (dinh ly 3 dudng vuéng géc)
AM _, a3 3 3ah

= AMIA  ASOA = MI =S0.224 _ .
SA 2 ria o id

ASAB=ASAC (c-c—-c),suyra IB=IC = AIBC céan tai I.
(S4B) L (SAC) <> AIBC vudng cén tai I  IM = 2BC

& —Si‘k—=la<:>3h=\}3h2 +a2 WM =3+ o h:a—\@.
232 42 2 6

a6

-

Vay d(s, (ABC))=
Cédch 2: Phuong phép toa d¢ khong gian

Chon hé tructoa d6 O’xyz nhu hinh \
A=0'(0;0;0), 0'y=0oM, O'y=0M,

Chon a=1,khi dé B% % 0

L \E O[U ﬁ;ﬂ], S[{];ﬁ;h]
3 3

1,J3‘. 1.3

L5, e 15

\

7' 2

X

SB=

Lai c6 [SA SB|= [— L) —}zﬁj.




_ Phat huy ky thudt dat truc
Gidi nhanh Hinh hoc khong gian tic A dén 7

i ..

[SA 5C|=

Mit phing (SAB) c6 cip vécta chi phuong SA; SBnén c¢6 vects phap
tuyénla 1, .

Mit phng (SAC) ¢6 cdp vécta chi phuong SA; SC nén c6 vectd phip
tuyénla n, .

Do (SAB) L (SAC) < m,.n, =0
B3 B3 (=hY[-n) V3 [=3 _ 2_ 1 _ 1
o [?]["5‘] e =g
i,, i o _ﬁ a\/_ L

& —h 12{#1‘! - & h= . 6 (do ta chon a=1).

i
Nhdn xét: Hinh chop tam gidc déu, cac canh bén bang nhau dan dén hinh
chiéu cha dinh lén mét phang day chinh 13 tAm cta da gidc déy.

Vay d(S, (ABC))=

O day ta co thé chon gbc toa d) 1a tim clia da gidc déy hoac chon tai diém
M hay A. -

Cho hinh chép déu S.ABC, diay ABC c6 canh bang 4, mit bén tao
‘v6i ddy mot goc bing ¥ (0° < <90°). Tinh theo @ thé tich khéi
- S.ABC vakhoang cich tii diém A dén mit phing (SBC). '

» Loi giai: \)
Céch 1: Phuong phép thudn tiy
Goi H la trung diém cta BC.
Do S.ABC déu va tam gidc ABC déu nén chin
dudng cao dinh S trung véi giao di€ém ba dudng cao

A C

1 tric tAm O ciia tam gidc ABC va c6 tam gidc SBC f 4
~ cAn'tai S;suyra BC LSH, BC LAH nén SHA= .




|#.S1 ves este mensaje, probablemente estds intentando descargar un libro que ha sido borrado de Issuu.



LA TR R et W‘-fwf:*'

Tac SA= {[}g —ﬁtamp] 58—[1-”6- V3

6 gl b
26" 6
(54, 58] Liang: - ang: 33|
e 12 6
1 3|, J§ V3 ( 3
54, 5B|. 5C = S tanp.|—=| +| -2 |tane. oV
& 431“’0[2][ 6 6 6 7
__Lin
L tany
e _ 1 —l
=>“SA SB SC _| Jtang| = tang.
Thé tich khéi chép S-ABC:
— 13A t
Ve e = 2[5, 55| 5¢| = 22 - B 1 (vt (do ta chon a=1),
Tacé BS= [—1 —ﬁ;ﬁta ],ﬁf=(1;0;0).
2! 6 B
[ﬁ,ﬁ = 0;—\—6@-’4311(;?;"—% :;:.

Phuong trinh mit phing (SBC) qua B v6i véctd phép tuyén n la:

0[ _1]_%’( tp[ ——”/25 ——\25—(2—0):0{:} tangoy—pz—-gtamp:o.

Khoéng cich tii difm A dén mit phing (SBC) La:

0.tanyp +0— \/Zé tane

J3
—2--tancp \[3_

Jtanfo+1 - 1
cos¢

d(A, (SBC))=

V. PHAN il GIAITHEO HAI PHUONGPRAP .




R NITELEET Cruyén Gia Sdch Luyén Thi

Cho hinh chép tif gi4c déu S.ABCD c6 AB=a, SA=a\2. Goi M,
N, P ldn lugt 14 trung diém cta cic canh SA, SB.va CD. Chiing
minh ring dudng thing MN vuéng gbc véi dudng thang SP. Tinh
theoathétlchcuakhﬁltddlenAMNP ' RINT T '

> Loi gidi: J
Céch 1: Phuong phép thudn tiy
Tacé MN||CD va SP L CD,suyra
MN 1.SP.

Goi O la tam ctia ddy ABCD.

Tacéd SO=+SA2 —0A* = a6

Thé tich khéi tG dién AMNP la:

1 1
Vs = Z Vapsp = EVS.ABCD
\/_
= —SO AB? = a
83 (dvtt).

Céch 2: Phuong phap toa do khong gian
Chon hé truc toa d6 Oxyz nhu hinh vé.
O0=0(0; 0;0), Ox=0C, Oy=0D> 0z=0S.




|#.S1 ves este mensaje, probablemente estds intentando descargar un libro que ha sido borrado de Issuu.



QU IVEELLLN  Chuyin Gia Sack Luyén Thi

Qua B ké dudng thing d songsong
v6i AC.Qua O ké dudng thing 4" song
song v4i AB. 2 dudng thing ndy cit
nhau tai P. Suy ra AOPB la hinh binh
hanh PD cit AC tai Q.

Theo cach dung ta co:

{BP//AC//MN:}‘MBHZNP
BP= AO=MN

Lai c6, theo tinh chit d6i xing truc
ctia hinh chép déu. Suy ra ND=BM .

Suym{DN=NP;»NQ=DQ.

AB//=CD
Suy ra PODC 1a hinh binh hanh = 0Q =QC.

Laicé NC=NS= NQ= %50 (tinh chét dudng trung binh).

1 1 —
Ta c6 OD =EBD =—a, BDC =45°. Ap dung dinh ly ham s6 cos.

V2

DP =/DC? + DO? +2.DC.DO.cos(BDC) = \Eu-

=>SO=DP=\/§Q,

Vay thé tich khoi chop S.ABCD la:
< 1 1 V10 ,_+10

s.ABCDZS‘SABCD'Sozg' 2 YT, 2’ (dvdt)

Céch 2: Phuong phép toa d6 khong gian

Chon hé truc toa dd Oxyz nhu hinh vé.
OEO(O} 0; 0), Ox=0A, Oy=0B, 0z=05.
Gia st SO=h. '




Phat huy ky thugt dgt truc
Gidi nhanh Hinh hoc khong gian titAdénZ

Chon a=1,khidé A %;0;0}, B[O, ‘—2@;0 ,C[—%; 0; 0],

D 0;—%;0 S(0; 0; ) suyra M[i,o;-’l], N[—%;c}; g]

Tacd Eﬁ;[ﬁ;— ,P—' { i,%f;]

BM.DN = 0#—1—1+£—0®h-—@ @-a (dotachona==1).
Do d6 S|0; 0; ]

Tac SA= 2 _[0;-\/2-5—;—\/:13_0],573; —%,0;——@].
= SA SB|= % % -3-

:ﬂ,ﬁi}.s_c':‘f.[— 2]+‘/23.0+%.—J;_0]=—‘/;_0

= |54, 58 sc] V1o

Vay thé tich khoi chop S.ABCD la:

Ak




\ ) Viega book

meen Gia Sdch Luyen Tm

lr{ﬁa(dvdt)

v

S.ABCD

TRy
=2V, e = 2.3.”&&, SE sc’

(do ta chon a=1).

Cho hinh chép déu S.ABC ¢ canh bing a. Goi M, N lin hugt Ia
trung di€m ctia SB, SC. Biét ring mat phing (AMN) vudng géc véi

mit phing (SBC). Tinh theo a thé tich khéi chép S.ABC. '-,
> Loi gidi:

Céch 1: Phuong phdp thuin tiy
Goi O la thm tam gidc déu ABC vavi S.ABC
la chép déu, suy ra SO L {ABC).

J§ J_

Ta tinh dugc AE=2Y2; op 2

Goi I ]a trung c’hem cia MN
E la trung diém ctia BC
AIS =90° do (AMN) L (SBC).

2

Dit SO=x=SA= %+x2;SI:%SE

2

6i SE= |2 422,
Vo1 § 5 +x
Tam gidc SAF vudng tai I nén ta cé AS* =SI” + AI* (1).

Stt dung céc hé thiic trong tam gidc va tam gidc vudng ta l4n higt tinh
dugce do dai cta:

_ \/2(5A2+ABZ)—SB"‘_ T

4 V12 g

2 2

Al=AM? —IM? = |22 %

48 ' 4

Thay vao cong thiic (1) ta dugc:
2 @ x* 2545 % J’E
=4 T T x =
3 81 48 4 6




Phat huy ky thudt dat bruc e i
Gidi nhanh Hinh hoc khong gian tit A dén Z (P

RRESEC A EER TR SRS SR Yt

Thé tich khoi chép S.ABC la:

1415 31, _+5
Vy ape = 505 =gt =—a (dvdt).
Cdch 2: Phuong phap tea do khong gian z

Chon hé truc toa dé6 Oxyz nhu hinh veé.
0=0(0; 0;0), Ox||CA,0y=0B, 02=0S.
Giasti SO=h,

Chon a=1, khi dé A[l; _L;U},
2" 2.3

B[O; L 0], c{—l; ol 0], S(0; 0; )

J3’ e WL

h 1 L2k
M0 Ni—m——rizl
i [ 23’ 2] [ 4 43’2

Mit phing (AMN) c6 cip vécto chi phuong la: |
T [ 1 1 h

—_—

AM = a AN =

2’ 32

Viy mit phing (AMN) c6 vécto phap tuyén [a

[AM AN |= {

o5 )

: 1 & L 1
Mit phan at t Ox tai K|—=;0;0| va di qua B[O; — O],
it phing (SBC) cat truc Ox tai : ] q yr

S(0; 0; 1) nén c6 phuong trinh doan chan la:

3x J_y -
(SBC): ——1-+—+-£ 1=0.

Véy mét phing (SBC) c6 vécto phap tuyén la E[._g; J3; %} .

i
12°

Ta co (AMN)L(SBC)@&.E:G@—%—hﬁ+%:0@h=

5
Do d6 S|0; 0; \/:2]
5 5
Tacod SA= —; B i
2 2J_ 12 [ 12
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12 trung diém cta BC, khi d6 OK_EAK—

Phat huy ky thugt dat truc -
mm rhanh Hinh hoc khong gian tirA dén Z (?

R R

Ap dung Pytago trong tam gidc BME

2 2
E BM?' = 9_x_ + F__. —_ E ¢ ad
4 16 4 4

Tacé BHx%BKzﬁ suy ra SH = vSB® — BH? =@.

BE? = BM? + ME* =

3 3
Dién tich tam gidc ABC la:

8 A= \/_ (dvdt).
Thé tich kh(’)’l chop S. ABC la:
1 1 a12 243 _ 2126
VS.ABC :ESH'S.&AHC 3 6 = 4 7 (dvtt).

Trong (SHC), vé dudng thing qua N vudng géc véi SC, cit SH tai I.
Suy ra I la tim dudng tron ngoai ti€p khéi chop.

Vi NIHC 1A ti gidc noi tiép, nén

sc? 34 9

— — a
T 6

SI.SH =SN.SC= R=SI=

Cich 2: Phuong phdp toa do khong gian:
Goi O la tdm clia tam gidc déu ABC va K
a3

6
AO—i KB= Kc_2

Chon hé truc toa d6 Oxyz nhu hinh vé.
0=0(0; 0; O) Ox||BC,Oy=0K, 0z=08.
Giasti SO=h (h>0).

Chon #=1 khidé A o;——g—;o ;

>




Do BM L AN nén BM. AN =0

1 15 I JE_JE
6

LN A T T, ..
<8 36 2

Thé tich khdi chép S.ABC Ié'
L 1 i

S.ABC :ESO'S&ABC 376 4 24
Goi I 1a tim mit ciu ngoai tiép hinh chép, dé thdy €SO nén 1(0; 0; m).
Va2

2
Ta cod IA* =IS? ©1+m2= ——m
3 : 6
i];_—\/g,:—m2 IS O;U;E—m
3 6
J_

Ja2

ol ] fs':[o,o,——m]
6

1-}-;‘1'12=Z——2m+ lom=—oc > .

3 6 3 2v42

1. 325 9 9 :

e s = a (do tachon a=1).
3 168 2442 242

TR TR mmomme v ] - R - — —  m—— — i o -

a (dotachon a=1).

a (dotachon a=1).

IA

IA=










Phak huy ky thuat ddt truc
Gidi nhanh Hinh hoc khong gian tir A dén Z

Wl DANG 2. THE TICH HINH CHOP CO CANH BEN
VUONG GOC VOI MAT DAY

Pic diém:

e Canh bén vuéng géc véi day la dudng cao cia hinh chép 16n.

¢ Hai mit phing ciing vudng géc véi ddy thi giao tuyén ctia chung vudng
goc vdi day.

Cho hinh chép S.ABCD ¢6 ddy ABCD la hinh thoi canh a4, géc
ABC = 60°. Canh bén SA L (ABCD) vudng gbc ddy va SA =av3.

a) Tinh khoang céch giiia hai dudng thing SC va BD.

b) Tinh khoéng cdch gitia hai dudng thing SC va AB.

¢) Tinh s6 do ctia géc gilia hai mit phing (SAB) va (SBD). - '

> Loi gidi:
Céch 1: Phuong phap thuan tay
a) Goi O la giao diém cia AC va BD.
Ta cé SA 1. (ABCD) suyra SA L BD,
ma BD L AC nén BD L (SAC).
Ké OH L SC (HeSC) suy ra OH la
doan vudng géc chung ctia SC va BD.
Tam giac ABC déu nén AC=a,
tam gidc SAC vudng tai A nén

tanSCAzw— SCA =60°.
AC VB

— OH . a_. .. a3
Tam gidc OHC vudngtai H nén sinOCH=E=:-OH=§.sm60 A

J‘

Viy d(SC, BD)=

b) Goi E la trung dlem chia CD , vi tam gidc ACD déu nén
AE L CD=5SE.1CD.




QUTELEEN Chuyen Gia Sich Luyen Ti

Suy ra CD L (SAE)=>(SCD) L (SAE) ma (SCD)N(SAE)=SE.
K¢ AK LSE (K€SE)suyra AK L(SCD).
Do d6 d(A, (SCD))= AK, ma AB||(SCD)=d(SC, AB)= AK.

a3

Tam gidc SAE vudngtai A, c6 AE= 5 nén

1 1 1 J15

=——+ = AK=——-a.
AK* AS*  AF? 5
Khoéng céch giiia hai dudng thing SC va AB la:

d(SC, AB)= AK =§a-

¢) Goi & la goc giiia hai mit phing (SAB) va (SBD).

K& OF 1 AB (F€ AB).

Vi (SAB) L (ABCD)=> OF L (SAB).

Ké FI LSB (I1€5B)suyra O LSB (dinh ly 3 dudng vudng géc)
Do d6 géc OIF 14 gc gitta hai mét phing (SAB) va (SBD).

a3

Tam giac OBF vuéng tai F ¢6 OBF =30° = OF = OB.sin30° = . va
BF = OB.cos30° = 22.
2 — SA —
‘Tam gidc SAB vudéng tai A nén tanSBA = B J3 = SBA =60°.

Tam gidc BIF vudng tai I nén Jr — BF sin60° = 3av/3 )

8
Tam gidc OIF vudng tai F nén tana=%=%=>a=ai‘ctan—2n

Cdch 2: Phuong phap toa do

khong gian
Chon hé truc toa d6 Oxyz nhu
hinh vé.
0=0(0; 0;0), Ox=0C,
Oy=0B, Oz||SA. -

Chon a=1,khid6 A —%;0;0],
O;%;O],C[l;ﬂ;ﬂl,

B

2




] Phat huy ky thuat dat truc
Giai nhanh Hinh hoc khong gian ticA dén Z

D 0;~%; 0]: S[—%; 0; \E]-

a) Taco S—C:=(1; 8;—\6), Ez(ﬂ;—\@; 0), B_C'=[—;—; —ﬁ; O].

Z

Suyra [ﬁ BD|= (—3; 0; — J§) :

el §5].BE=—3.1+0. 3 +(—J§).0=—%
=>“SC BD)|. BC‘ -—‘:%-

Khoing cich gitia hai dudng thang SC va BD la:

|{5c, BD|BC 2 5 B
1

d(SC, BD)=

|§i ﬁ” =\((—3)2+02+(—J§)z :_ £

(dotachon a=1).

b) Tac6 AB= l;ﬁ;o}[ﬁ;ﬂé - E;—_\@;ﬁ}_
2" 2 22 "2
"SC AB| =

Khoang cach giiia hai du‘dng thdng SC va AB la:

|[s_c' AB BC‘ J— J—

d(SC, AB)= | =3 AB”

(dotachon a=1),

3. B 0]
s" 2

¢) Ta c6 ST{:(U; 0; \/_) suy ra lAB SA|=

Vay ta chon n_.l = (3; —3; 0) lam vécto phép tuyén ctia mit phing (SAB).
0; “f]::» y (= +6;0;+3).

Vay ta chon ; = (6; 0;4/3 ) 1am vécto phép tuyén ctia mét phang (SBD).
Goi a 1a gbc gitta hai mit phing (SAB) va (SBD),

—_— —

- ﬂl.nz -18
Tacd cosa=1———r=

2

Ta lai c6 [@,El =

= o~ 3369 .




Rd Mega book

Nhin xét:

- Viéc toa dd hod tam dién vudng dugc thuc hién dé dang, hé truc toa do
dugc chon ngay trén d6: géc toa d¢ 1a dinh tam dién, céc tryc tring véi cic
canh tam dién.

- Chui y: Véi tam dién c6 mot goc phang vudng, khi do6 ta thiét lap hé toa
dd sao cho mot mat chia hé toa d6 chia géc phing do.

Cho tit dién OABC c6 day OBC la tam gidc vuéng tai' G, OB=a,
OC=a3 va dudng cao OA= a\/_ Goi M la: trung dlem cia canh
BC. Tinh khoang cach glﬁa hai dudng thang ABvaOM. '

> Loi giai:
Céch 1: Phuong phap thuan tay
Goi N la diém d6i xting véi C qua O.
Tacé OM || BN (tinh chét dudng trung
binh), nén OM ||(ABN}).
Suy ra d(OM, AB)
=d(OM, (ABN))=d(0, (ABN)).
Dung OK 1 BN, OH 1 AK
(K€BN, He AK).
Taco OA 1L{OBC); OK L BN nén AK L BN,
BN LOK; BN L AK nén BN L (AOK)= BN LOH.
OH 1 AK; OH 1 BN nén OH L (ABN)=d(O, (ABN))=OH.
Tt cic tam gidc vuéng OAK va ONB co:

r_1 .11 1. 1
OH* 0A* OK®* O0A* O0OB* ON?
_ L1 15 oy ais,

30° & 3a*® 3a°

Khoang cich gitia hai dudng thing OM va AB la:

a/15
T

d(OM, AB)=0OH =




- Phat huy ky thugt dat truc - 4
Gidi nhanh Hinh hoc khdng gian tit A dén 7 - 4

Cdch 2: Phuong phap toa do khong gian
Chon hé truc toa d0 Oxyz nhu hinh vé.
0=0(0; 0;0), Ox=0B, Oy=0C, Oz=04.
Chon 2=1, khi d6 A(0;0;V3), B(1;0;0),

A

(0 V3; 0) va trung diém ctia BC laM[% -‘i—g,o
Tacé OM = {1—‘/: o] ’
A2 2
IB-_-(L-O;—J_):Z.
ow, 7= [_é.i _£]
2 2

X

va & = (0; 0; \/5) suy ra ‘[OM, E‘-OA‘ =—
Khoang cach giita hai dudng thing OM va AB la:

OM, AB OA‘
” J_ J— a (dotachon a=1).
IOM AB 5

Nhén xét: V6i hinh chop viéc toa d9 hod thudng dugc thuc hién dya trén
dic tinh hinh hoc ctia ching;

Hinh chép O.ABC ¢6 OA vudng goc véi dédy va ddy la hinh vudng (hoic
hinh chit nhdt). Ta chon hé truc toa d6 nhu dang tam dién vudng.

Ta c6 thé thdy, viéc st dung phuong phdp toa do lam cho bai todn ngin
gon va dé dang hon rét nhiéu s¢ v6i phudng phap thuén tuy.

d(OM, AB)=

Cho hinh chép S.ABC c6 dé.y ABC la tam gidc &eu ¢ canh bang
2472 , SA vudng gbc v6i mit phing (ABC) vi SA=a.Goi E, F lin
ligt Ia trung diém clia canh' AB, BC . Tinh géc va khodng cich giita
hai duong thing SE vi AF.

» Loi giai:
Cédch I: Phuong phap thuan tay
Goi M la trung diém cta BF, suy ra EM || AF




(SA, AF) - (EM, AF) _SEM.
Tam gidc SAE vudng tai A, ta cé:
SE? —SA’ + A2 = + 24> =34 = SE=a3 .

AF:E‘?M:ng

'%‘-&_‘ e e Ty
T ey

PR R -
[ T e

o8, "L c
=EM=BM=MF=="; BF = 2. &
Tam gidc SAB vudng tai A, nén ta cé: =
SB* =SA? + AB® =a* +8a® =94’
= SB=3a. '
Tam gidc SAF vudng tai A néntaco
SF2 =SA’ + AF* =@* + 64> =74 = SF=a\7 .
Ap dung dinh Iy dudng trung tuyén SM trong tam gidc SBF , ta co:
SB +SF? = 25M? + BF* @ 94" +74" = 25M’ +2.20° & SM? = 157,
Cé @ la goc nhon tao béi SE va AF.
Ap dung dinh Iy ham cosin vao tam gidc SEM c6:
3a 15&
CoS —‘cosSEM‘ |I:Si LB o Sle 2
2ESEM | a{ (

= a=45°.
Ké AK 1 ME va AH 1 SK.

Tacé AK= MP_i va AH L (SME).

AF | ME = d(SE, AF)=d(AF, (SME))= AH.
Tam gidc SAK vuong tai K, nén ta cé

L . T . “i+£=%=}AH=§a.

= + —
AH?* SA* AK* @& & a
Khoang cach giita hai dudng thing SE va AF la:

VE
—d.
3

d(SE, AF) =




| " Phdt hity kj thugt dét bruc
Guu n}umh Hinh hoc deng gian. tu:}i dm Z

Cédch 2: Phliofng phap toa do khong gian
Chon hé truc toa d¢ Oxyz nhu hinh vé.
AEO(U} 0; 0), Ox||BC, Oy= AF, Oz= AS.
Chon a=1, khi & B(\E; J6; U),

w\%

C(—\/E; JE;O), 5(0;0;1), E
%;x/g;ﬂ 2

o)

1—"(0; J6; 0] va M

Cé o la géc nhon tao bdi SE va AF, ta cé

%7 032 4 6.8 o~ )‘ s 5

coscx:cos(SE, AF|: =—=a=45".

reroLeden| BB

TacolSE SMI [\/_ J_] J_(J_Ol) £n véi = (\/5;0;1).

2
Phuong trinh mét phing (SEM) qua S véi vécta phdp tuyén n la:
V2x+2-1=0.
Khoang cich tii diém A dén mit phing (SEM) la:
0-1
il ‘/_ ‘/_ 2 (do ta chon 2=1).
v2+1

AF|| EM = AF||(SEM) = d(SE, AF)=d(A, (SEM)).

d(A, (SEM))= g

Khoang céch giiia hai dudng thang SE va AF la:
J_

d(SE, AF) ="




N Chuyén Gia Sich Luyén Thi

Cho td dlen ABCD ¢6 AD vuéng géc véi mit phang (ABC)
AD=3a, AB=2a, AC= 4z, BAC = 60°. Goi H K lan lugt la
hinh chiéu vudéng géc ctia B trén A€ va CD. Dudng thing HK cit
dudng thing AD tai E . Chiing minh ring BE vudng goc v6i CD va
tinh theo 4 thé tich khéi td dién BCDE. '

» Loi giai:
Céch 1: Phuong phép thuén tiy )]
Vi BH L AC, BH L AD suy ra BH 1 (ACD)
nén BH 1 CD.
Ma BK L CD=CD 1 (BHK)=CD L BE.

Tt gid thiét 6 S, 5 = %AB.AC.sinG()“
1

= .8a%, ¥3_ 2423 (dvdt).
2 2
AH — ABsin60° = 2:% _

Vi CD L (BHK)=CD LKE

=AAEH ©»AACD -
DOdé éﬁ:.ﬂH_ﬁAE—%_’a 4'2 DE=&+3 :.]ﬂ.
AD 32 3 3 3
Thé tich khéi chép BCDE la:
1 1 13a 26\/_
Voo = Vouse + Ve = 3 —DES, 3¢ = ‘é‘ == 2\@ a (dvdt).

Céch 2: Phuong phap toa do khong gian
Do AB=2a, AC=4a, Im=60° nén
tam gidc ABC vudngtai B. '
Chon hé truc toa 0 Oxyz nhu hinh vé.
A=0(0;0;0), Ox||BC, Oy||BC, Oz= AD-

Chon a=1, khi d6 B(20;0), B
C(2;243;0), D(0; 0; 3).




S Phar }my ky thugk dgt truc
: Gra; nlwm Hirth hoc }dwng gian tit A den Z

Tacé AH= AB.sin60° =a, z
M
suyra H= [l £ 0]
2 2

DC= (2; 2V3; — 3) suyra "= (2; 2\/3; —3)
la mét vécto chi phuong cia DC nén phuong
trinh duong thing DC la:

x=2t

y=2\/§f .

z=3-3¢

Vi K thudéc DC nén K(Zt; 2~f§t; 3~—3f).
Ta c6 ﬁ:(zt—z; 2./3¢; 3—-3t).

BKDC 0@1‘-—13=>-K 26, 26( 36.
25 25’ 25 " 25

Vi E thudc Oz nén E(0; 0; z).

— ;\f z],ﬁi’ [gz 2743 36]

Tacd EH=
50 50 " 25

Vi E, H, K thing hang nén EH va HK cing phuong, do d6 :

z:—£=> E[O; 0; —E}
. 3 3
— 4 s
Ta cé EB={2; 0; 5] va DC=(2; 23; _3) nén:
EB. ﬁ:"zz.2+0.2~f§+§.(—3)=0-
Vay BE vudng géc véi CD.

Tinh thé tich khdi tit dién BCDE véi B(2; 0;0), C(2;243; 0}, D(0; 0;3),

E[O; 0; —E]
3

Thé tich khéi ti dién B.CDE la:

v,

BCDE —

1”3—({, BD .ﬁ’ - 269‘/3 o 269*5 2 (dvtt) (do ta chon 2=1),
6

Q{i{ e

_ﬁgga_, et



| Ozuyeu G:a Sadz Luyen Thi

TR

Cho hinh chép S.ABCD c¢6 déy ABCD la hinh thoi canha,
goc BAD=60°, SA vudng goc v6i mit phing (ABCD) va SA=a.
Goi C'1a trung diém ctia SC. Mit phéng (P) di qua AC’ va song

ong véi BD cét SB, SDlan lugt tai B', D'". Tinh thé tich khéi chop

S > 2L L
SA'BCD. o '

» Loi giai:
Céch 1: Phuong phap thuin tiy
Hinh thoi ABCD c¢6 BAD=60° nén tam
gidc ABD déucécanhla 4.
Do do

S

AO_LJ_—:AC=2AO=.¢:J§

= 5C* _SA?+ AC = + 34 =42
=>5C=2a.
Trong tam gidc SAC vudng tai A, trung tuyén AC' =

déu canh a.
Goi O la giao diém ctia AC véi BD, I 12 giao diém ctia AC" véi B'D'.
Ta c6 I 1a trong tam tam gidc SAC (vi 1a giao diém ctia 2 duong trung
tuyén SO va AC').

SC _ , nén ASAC

Suy ra S _2 . ppi=2ap=Z,.
S0 3 3 3

Tacé B'D' L AC' (vi BD'||BD)nén Sypcp = AC B'D =— (dvdt)

Dudng cao h ctia khéi chép S.AB'C'D’ chinh la dudng cao SH cla tam
gidc SAC' vi SH LAC', SH LB'D'.
(

Tam gidc SAC’ déucanh @ nén h=S5H = <
Vay thé tich khdi chop S.AB'C'D’ la:

1, J§3(

VS,ﬁB'C'D' 3 ABCD

SH=—a
18

54



s e Phat }ugfig/t}matdattmc
Guu rzhanh Hinh hoc kfwng gian tttA den Z =

 Cdch 2: Phu’dng phép toa d¢ khong gian
Chon hé truc toa @6 Oxyz nhu hinh vé

0=0(0;0;0), Ox=0A,
Oy=08, 0z| 0S.

Chon a=1,khidsé A

B[D;}—; 0],(; —ﬁ'ﬂ‘ﬂ :
2 27

oy

()= O]
2

D[[}; —1; OJ
2

suyra B |~—

C"[o- 0; -1—] va Slﬁ; 0;1
r r 2 2

'Thé tich khéi chép S.AB'C'D’ la:

Vsapen = Veare T Vsacp
= 1= 1= i3 ¢ 1«3 3
=—||SA, SC |.SB'|+=|[SA, SC' |SD' | == —g® + = = g° = ——3* (dvtt
e[ ] 61 } 166 T ek

Cho hinh chép S.ABC ¢6 SA vudng géc véi mit day (ABC). Tam
gidc ABC vudng tai B, AB=a, BC=0. Dudng thing SC tao véi
mét phing (ABC) mét gbc 60°. Tinh theo # thé tich hinh chép va
ban kinh mat ciu ngoai tiép hinh chép. | V

> Loi gidi:
Céch I: Phuong phap thuén tiy
SA vubng v6i mit phing (ABC) nén SA 1A
chiéu cao ctia chép S.ABC.
SC tao véi day (ABC) mot goc 60° chinh 13
goc SCA=60°.
Tam gidc SAC vudng tai A nén ta co:

% suy ra SA= 3(a2+b2).
a +

Dién tich tam giac vudng ABC la:

tan60° =

55



1 1
Spasc = EBA-BC = Eab (dvdt).

Thé tich khéi chop S-ABC la:

1 1
Vs anc =5.SA.SmwC =g"b 3(a2 +b2) )

Goi I 1a trung diém AC, suy ra I Jam tim dudng tron ddy tam giac ABC.

Tit I dung truc A song song véi SA, suy ra A 13 truc ciia dudng tron day,
va cat SC tai J.

Dung mit phing trung truc qua SA va cit truc ciia dudng tron ddy tai ]

Suy ra J 1a tm ctia chép S.ABC.

Khi d6 R=JS=7 +

Céch 2: Phuiong phap toa do khong gian s z

Chon hé truc toa d0 Oxyz nhu hinh vé.

B=0(0; 0;0), Ox=BA, Oy=BC, 0Oz|| SA.

Tacod A(a; 0; 0), C(O; b; 0) va S(a; 0; h). x\

Suy ra §E=(—a; b;—h). A

Mit phing (ABC) c6 phuong trinh: z=0.

n= (0;0;1) 1a vécto phap tuyén clia mit

phing (ABC).
Do SC tao véi day (ABC) mét géc 60° nén
7. SC
Sh160°=_.—_-,—:> h :_‘/E(:}h.__ 3(a2+52).
\n. CI Jt+vr e 2

Gid sit I(x,; ¥y Z,) 12 tAm mit cAu ngoai ti€p hinh chdp, ta cé:
IA? =IB* =IC* =S’
Syl 22 =(x,—a) + i +22=x2+(y,—b) +2

=% +¥ +

el %



* Phat huy kyj thugt dgt truc
G:m n}umh Hmh hoc khong gian tit A den Z

Goi R 12 ban kinh mét cdu ngoai tiép hinh chép, ta c6
R=IB=\[2 +yi +2 =a* + 1’

Thé tich khéi chép 1a S-ABC 1a:

1 1 1
Ve ane =5 SAS,msc =—SABABC=ab. }3(;:2 +b7) -

Cho hinh chép S.ABC c¢6 SA vudng géc v6i déy va tam gidc ABC

vudngtai C. Do dai ciccanhla SA=4a, AC=3a, BC=a. Goi M
14 trung diém AB, H la diém d6i xting clia C qua M. Tinh theo
thé tich khéi chop S.AHBC va khoédng céch gifta hai dudng thang

ABva SC. '

» Loi giai:

chit nhit S, yzc =34 (dvdt).

Cdch I: Phuiong phap thudn tiy
Tit gid thiét cho ta AHBC 14 hinh

Suyra Vg yupc = 3a Ag=14a.
Dyng hinh binh hanh ACEB.
Ta co:

AB||CE = AB||(SEC)

— d(AB;SC)=d(A;(SEC)).
Ké Al LCE, ma SALCE

= CE L (SAI)=(SCE) L (SAI)=SL.K¢ AK LSI= AK 1 (SCE)
— AK =d(4;(SCE))=d(AB;SC).

Ta co:
tanfga‘=tanABC=ﬁ=3:»cosE:~L=>AI=AC.COSIIE‘=—-3£—.
CB J10 J10
Trone tam gidc vudng SAI, ta cod 1 __ 1 -4 1 =>AK—Ea
§HmE & oAn AK® SA? AR 3"

12.::

Suy ra d(AB SC) 5

5T



58

Cdch 2: Phuong phép toa dé khong gian
Chon hé¢ truc toa dd Oxyz nhu hinh vé.

A=0(0;0;0), Ox=AH, Oy=AC,
Oz= AS.

Chon a=1,khidé B(1; 3; 0), [;2,0]
C(0; 3;0), S(0; 0; 4) suy ra H(1; 0; 0).
Ta c6 .S_§=(1; 3; —4), S._C'=(0;3;—4),
ﬁz(l; 0;—4).

:[E, S_C'Jz (0; 4; 3)

=|sB, 55] SH=01+4.0+(-4)3=-12
=>H§_B’, 5. ﬁ!=12. '
Thé tich khdi chép S.AHBC la:

v

S.ABC

=2V

S.HBC

=22 ][SB 5c). SH' 4=44* (dvtt) (do ta chon a=1).
Tacéd ﬁ=(1; 3; G), ZE=(O; 3 0),
=|4B,5¢|=(-12:4:3)= |4B,5C| AC=-120+43+30-12
:>HE,§E.EE‘=12.
Khoang cach gitia hai dudng thing ABva SC 3.

[, 5] 56
d(aB,sc)=L Tl L =

’AB SC}[ +4z+32 13 13

(dotachon a=1).

-—-—_----——.—.-.—--_——___—..—__.___—.____—....-.._-._u.—._..._——__.—_
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ﬁ D}}NGl 3 :

THE TICH HINH CHOP MAT BEN VUONG GOC PAY

Dic diém:
* Dudng cao clia mit bén vudng goc ddy la dudng cao ca hinh chép.
e Tim ra chin dudng cao trudc dinh cta hinh chép.

Nhén dinh: Khi bai todn cho biét d¢ dai 3 canh ciia tam gidc ngay tii ddu
thi tam gidc do...

M& réng: Néu c6 mot mit phing vuéng goc véi day thi dudng cao chia mit
phéng (vudng goc gido tuyén) 14 dudng cao chia hinh chép.

Cho hinh chép-8.ABC c6 ddy ABC Ia tam gidc déu canh 4, mit
_bén (SAB) vuéng goc véi mit phing ddy (ABC), hai mit bén con
lai ciing tao véi day géc a. Tinh theo a thé tich khéi chép S.ABC.

» Loi giai:
Céch 1: Phuong phdp thuan tiy:
Goi O 14 hinh chiéu vudng goc cta S lén mdt
phing (ABC), suyra O € AB.
Goi E, F lan higt 1A trung difm ctia AC, BC.
Ké ON||BE (N € AC),suyra ON L AC,
Do dé: |
AC L (SON) = ([AC), (4BC)| = SNO=a.

Ké OM || AF (M €BC), suy ra OM L BC,
Do d6 ((SBC), (ABC)) =SMO=a.
SO

tana
lugt la trung di€ém cta BF, AE.

Suyra ON=0OM = ]:1a}r O 1a trung diém cla AB;ticla M, N lin




Chuyén Gia Séch Luyén Thi

R R s

V3 V3

Tacé OM = 1AF =—a=>50=—a.tana-
2 4 4

Dién tich tam giac ABC la:

S Jg a® (dvdt).

AABC T T
Thé tich khéi chép S.ABC I:
1 1 \/5 2 Jg tana ,
6

VS.ABC = ESaABC‘SO = E.Tﬂ .Tﬂ. tana =

Cdch 2: Phuong phap toa do khéng gian:

Dung SO L AB=>SO 1 (ABC).

Vi (SBC) va (SAC) cling tao vé6i day mét
goc @ va tam giac ABC déu, suy ra O 14 trung
diém cha AB.

Chon hé truc toa d6 Oxyz nhu hinh vé.

0=0(0;0;0), 0x=04, Oy=0C, 0;=0s.

Chon a=1,khidé A[l,: 0; 0], B[—l; 0; 0},
2 2
NES
2 r
Mit phing (ABC) di qua 3 diém A[%; 0; 0],

c[o; o] va §(0; 0; k).

B[—%; 0; O], C[{J; %; 0] nén c6 phuong trinh z=0= ;,=(0; 0; 1)-
M . e AfALK V3 .
at phing (SAC) di qua 3 difm A = 0;0(, Clo; > o, 5(0; 0; k] nén
¢6 phuong trinh:
231+ 2hy + 32 =0 n, = (2h3; 21; V3).
Ta céd (W]:a

Bty
€ COS O = 157

.

’{_}+0+~/5’ | Ve |

B J0? +0% + 12 AJ12K% +- 4% + 3 N J16h® +3 '

—_—

",




: Pﬁmhuylgftmmmxttmc =
qu nhanh Hinh hoc khong gian mA dénZ 4

16h% +3 B

& — =tan‘a+1= S h=—tana-

COs” o 3 4

Thé tich khéi chép S.ABC 1a
v _ 1S | \/_ \/— tana

2 tan o
SARCT giAEETT g g T g 16 16 avit)

(dotachon a=1).

Cho hinh chép S.ABCDcé diy ABCD 1a hinh chit nhit,
AD =242, tam giac SAB nam trong mat ph?mg vudng goc véi
ddy, SA=14,SB=2a, ASB=120°. Goi E 1a trung diém AD. Tinh
thé tich khéi chép S.ABCD va bén kinh mt cdu ngoal tiép td dién

S.BCE theo 4. A B . | r

» Loi giai:
Cédch 1: Phuong phdp thuin tay
T gié thiét suy ra
AB? = SA® + SB* — 25A.5B.cos120°
= AB= axE .

Sisa— %SH.AB = %SA.SB.sin 120°

o7
P

= SH =

Dién tich ddy ABCD la:
S ,.cp = AB.AD =20*\14 (dvdt).

3
Thé tich khéi chép S.ABCD 1: S, ,,op, = éSH.SABCD = 3‘13—‘/3 (dvtt).

9a

7

AH =+/SA* —-SH* = => BH——-=> HC=+/BH* + BC? =

7
= SC =+/HC? + SH? .-:2aJ§; SE=+SA? + AF? =a\3;




Chuyen Gia Sach Luyen Hu

‘e"’«ia.
e T L FE PR

CE=+ED?+CD* =

Do SC* =124* = SE* + CE?, suy ra tam gidc SCE vudng tai E; tam giic

SBC vudng tai B.

R=

Suy ra tdm mdt cdu ngoai tiép S.BCE la trung diém ctia SC, cé

% a3

2
Cédch 2: Phuong phap toa 36 khong gian

Chon hé truc toa d6 Oxyz nhu hinh vé.
H=0(0;0;0), Ox||BC, Oy=HB, Oz=HS.

Chon 4=1, khi d6 A[G —% 2f£ 0] [ Jj,(l],
{2\[2— —— 0] va S[U; 0; g]

\/'f

(0, V7,0, AD =(22;0; 0).

Ta co AS

Suy ra [ﬁ AD =(0; 0; 2@)

[, 2B) #5=00+037 4 2via 2 -2
=>|[Z§ AD|. E!:ZJ@.

Thé tich khéi chép S.ABCD I

V.

S.ABCD

(dotachon a=1),

’2f 2V6

1
=V, = 6’AB AD|.AS a® (dvtt)

Trung di€ém E ctia doan AD ¢6 toa d6 E[\E; —\/7?-; 0].

Goi phuong trinh mét cdu ngoai tiép td dién S.BCE la:

(S):[J:—a)2 +(y—b) +(z—c) =R,
Mit cdu (5) diqua4 diém S, B, C, E nén ta cé h¢ phuong trinh




© 0 Phdgt imy ky Hwat dat trur
: Guu nhanh Hinh hoc khéng gian tir A den Z

2
(0 a)2+(0—b)+g—c} =R? +b + g- =R
2 2
(0—a) +|2-—b| +(0—c) =R? a2+%-b —R?
| 7Y 7 7T
2 2 3 4 2 _ p2
(2v2-a) + --2——b +0-cf =R |(2V2-a) +|7-~b| +c*=R
2 2
(2 af +|-Lt] 4fo-ef =r (V2] 4T o] 1=
a=+2
%
_ 3\/_
y £ V7. 321
Suyratﬁm mét cdu ngoai tiép ti dién S.BCE la: [\/_ R ~-—%—}.

Vay bén kinh mit cdu ngoai ti€p ti dién S.BCE la:

1~’.=M=J(J§_—0)2+\hT V7 +[ 3‘5/?—

7+2

R T R I - B N o - R g i il s Y el i . -

PHAN 1zGIAYTHEO HAI PHUONG PHAP ~
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' Phit huy k9 thudt déit ':'uc _
- Gidi nhanh Hinh hoc khong gian tuA'den Z (9

Nhin xét: Bal toén co the chon gdc toa d¢ la tim H, tuy nhién d€ tranh
viéc tinh todn dai dong thi ta chon géc toa do tai diém M.

Khi d6 toa do cdc diém sé& dé dang tinh toan hon.
Phuong phép da dugc don gian hon khi ta chi viéc 4p dung cong thiic tinh.

Cho ti dién ABCD, biét tam gidc ABC vudng tai A c6. AB=a,
AC = a\/3. Ngodira DA = DB=DC va tam gi4c DBC vudng. Tinh
thétichkhéitl dién ABCD vakhoang cich gitta hai dudng théng AM
va CD, v6i M la trung diém ctia BC. __ '

> Loi giai:
Céch 1: Phuong phap thuin tiy
Vi DA=DB=DC va MA=MB=MC (do tam gidc ABC vudng tai 4,
M la trung di€ém canh BC ) suyra D, M thudc truc clia tam gidc ABC.
Do d6 DM L (ABC).
Ta tinh dugc BC =2a.
Tam gidc DBC vudng can tai D nén DM = %BC =4a.

'Thé tich ti dién ABCD la:

1 V3

Vasco =3 Saasc DM =?a3 (dvit).

pre
Goi N latrung diém ciia BD. Chiing minh duge
CD||(AMN).
Do d6 d(CD, AM)
=d(CD, (AMN))=d(C, (AMN)).

Xét ti dién ACMN, tacé
I 1
VAC!'.{N = gsamw'd(cf (AMN]) o ESMCM (N (ACM))
Suacmd(N, (ACM))

Suy ra d(C, (AMN))= (1).

AAMN
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Chuyen G:a Sach Luyen Hu

Goi H latrung diém cha BM .Khidé NH| DM suyra NH L (ACM) nén
NH=d(N, (ACM))= —DM——a 2).

i
Ssacm = “Z'SMBC f a* (dvdt) (3).
Ap dung cong thlic trung tuyén:

Asz-é- ABZ+AD2—%D32 =a= AN =a.

1
Laicéd AM=EBC=£I nén tam gidc AMN can tai A.
Goi K 14 trung diém cha MN thi AK L MN .

CD_aV2

Ta cod MN=T=

a14
i

T tam gidc vudng AKM tinh dugc AK =
1 7

Suyra S, .. =EAK.MN =-8—a2 (dvdt) (4).

Tt (1), (2), (3) v (4), suy ra d(C, (AMN))=4d(CD, AM)=—\7Ela.

Cédch 2: Phuang phap toa d§ khong gian
Chon hé truc toa d6 Oxyz nhu hinh vé. N

D
A=0(0;0;0), Ox= AB, Oy= AC, .
Oz|| MD.
Chon =1, khi dé B(1;0;0),
[U\/_O) [lJ_ VaDl,
2
Tac6 AB=(1;0;0), AC=(0;V3;0),
w it
2

Suy ra [E, AC|= (0; 0; \/5]

#[A_B.,;‘i_é .E:o.%+ﬂ.§+1.«/§=«/§




N HAB Ac). AD'
Thé tich khéi ti dién ABCD la:

Vv

A.BCD

= %HA_B', A_C'} El = % = %as (dvtt) (do tachon a=1).

Nhin xét: Ta thdy du diém clia phiong phéap toa do d6i véi bai todn nay
1a rat t6t, gitp gidi quy€t nhanh bai todn ma ta khong nhin ra dugc huéng ké
thém dudng phu hay la cac phép tinh phiic tap.

Nhén thdy tam giac ABC vudng tai A nén ta chon géc toa do ngay tai
diém A, d6 d6 hinh vé va toa d9 cic diém déu tré nén dé dang hon.

Cho hinh chop S.ABC c¢6 didy ABC la tam gidc vudng can
(AB=BC=a) va cic canh bén SA=SB=S5C=3q4. Goi K, L lan
lugt 12 trung diém ctia AC va BC. Trén canh SA, SB ldn higt ldy
cac diém M, N sao cho SM = BN = g. Tinh theo a thé tich khdi ti

dién LMNK. _ "

> Loi giai:
Céch 1: Phuong phap thuan tiy
Goi L 14 trung di€m ctia BC.
Liy diém E trén SA sao cho
AE=a= NE| AB| KL.

[aco S, =S = Viunee = Ve -

Do SM= %SA y 5 e %S.-_\m (1).

Do EA= %SA =S, = %sm 2).

1 d

Tu (l) va (2)) suy ra SM:MK = gSaSAK = gSaSAC F

Ta c¢6 khoing cach tii L dén mit phing
(EMK) 1a:

n



< Chuyén Gia Séch Luyen T}u

c.!._
"'""EX'L T R R R R R T R AT TR T

d(L, (MKE))==">=="a
Dién tich tam gidc SAC la:

SKAC——£ N2a= ‘/_ P (dvdt).

SQSAC

Nén dlen tich tam gidc EMK l:
1 1417 , J_

Spemx = gsas;.c 6 )
'Thé tich khéi t& d1§:n L.MNK la:

a’ (dvdt).

1 1417 , V2 34
VL‘MM:VLEMK:gSaEMK.d(L (SAC)) e 2 + = 1m 28 (dvtt)

Céch 2: Phuong phap toa do khong gian
Chonhétructoadd Oxyz nhuhinhve.
K=0(0;0;0), Ox=KB, Oy=KC,

Oz=KS.-
Chon a=1, khidé A|0; —%; D],

V2 2 L[JEJE]

—:0: 0|5 —= O
B 2,,0,0 Ci{0 1’ 1

r

Tam gidc SKA vudng tai K nén ta cé:

SK =+/SA* - KA?
= J(Sa)z —[Qa] =@a,

2

do do S[U; 0; J—?—]

Tt gid thiét, ta c6 ﬁ:%ﬂ.
GOl M(xy; Yaps 2

=
~

e 34

72




Do dé

1
xM—g.O | xM=D
— 1= 1{ V2 V2 V2 34
SM==SA &y, ==|-= = =T i B
e 3{ 2 = 1¥u 6=>M[0’ 6 3
i 1 Jsz] L Y34
2y ———==.|——— 3
2 3| 2
Tit gia thiét, ta c6 SN =§S?.
— = [¥2 4
Goi N(xy; yy; zy)> ta cb SN=[xN;yN;zN*—J~_3£], B=[J_;0;—J3_ .
2 2 2
Do dé
n =132 _
T
SN=%SB%-yN=§.U & qyy =0 éNf;O;g]-
i 2 i) |o, =Y
Zy ——— = ——— 6
A X
Tacé KL= :@*/5,0],m=[o;_ﬁ;_@],m_[ﬁ;o;@].
- 4 6 3 3 6
Suy ra KL, KM}: @;-—J—l_z;—i
b 6 ' 12
[KL KM] KN~E.£+ __,;@ 0+ _1 E:J_a_q’_
6 3 6 12) 6 24
}KLKM Kn|= Y34
24
Thé tich khéi ti dién LMNK la:
V34 _ J—

Vo = | KL, KM K| =12 ® (dvtt) (do ta chon 2 =1).

Nhan xét: O day, phuong phép toa d(f) khﬁng gian lai khong thuc sd manh
hon phuong phép thudn tiy, vi chiing ta phai tinh todn qué nhiéu diém & cac
vi tri khé khan.
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Cho hlnh -:hop S.ABCD c¢6 ddy ABCD la hinh thoi canh a,
ABC = 60°; SB=2a.DPinh S cich deucac c‘hnhA B, C.Tinh theo

a thé tich khdi chop S.ABCD.

» Loi giai:
Goi O=ACNBD. :
Tam giac ABC la tam gidc déu (do

AB=BC vi ABC=60°)
Goi H la tam tam gidc déu ABC.
Vi S va H cung cach déu cac diém
A, B, C nén SH vudng goc v6i mat

phing (ABC) do d6 SH 1a dudng cao, P
hinh chép S.ABCD.

Tacd OA= OC——C—E
2 2

2
Do H 12 tim tam gidc déu ABC nén BH =_BO=

13 _ 3

va OH = BOm—— =-—a
32 6

Tam gidc SHB vudng tai H nén ta c

ﬁa]z E
-3

SH =+/SB* — BH? = J(Za)z— :

Chon hé truc toa d6 Oxyz nhu hinh vé.

0=0(0; 0;0), Ox=0B, Oy=0C, Oz||HSH‘fUO.

ferohd

33} S—B':[JE; @]

Chon a=1,khi d6 A[U;—%; 0],

5
6

R 1
Tacd SA=|——; ——;
2 3

wlm
le
=
Ii

J_\/’_].

3



, - Phat huy ky thuak dak bruc
Gidi nhanh Hinh hoc khong gian tic A dén 7

se-(_¥3,1_¥33)
6 2 3
V33 V11 43
SA, SB|= ; ;
Suy ra[ : > 6
By N R
6 6 2 12 6 3 2
L[5, ;B'],gélz‘_\/_l_l_ _Ju
2
Thé tich khéi chop S.ABCD la:
Vs.asc0 = 2Vs.a8c =2%.H§, ﬁil S—C‘ Z@:'J?_ (dvtt)

(do ta chon a=1).

Nhén xét: Hinh chép cé ddy la hinh thoi, céc canh bén bang nhau thi ta
d& dang gén truc cho hinh. D6 1 chon géc toa d6 chinh la giao diém ctia hai
dudng chéo, céc truc con lai gn vao hai dudng chéo.

T R R e - T T — - ——— A
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Céch 2: Phuiong phap toa d6 khong gian
Chon hé truc toa d¢ Oxyz nhu hinh vé.
1=0(0;0;0), 0Ox=1IC, Oy=IA, Oz| HS.

Chon g =1,khid6 A|0; _\2_5; U], B

C[ :0;0|vas|o0 \@;I.H[U;ﬁ;ﬂ].
5’ 6 6 ,
Ta c6 SA= 0;—£;1J, SB— [ 01],
. 2 2’
SC=|——=;0; 1]-
2
Suyra [SA SB|= ﬁ; l;_3
272" 4
= (54, SBl SC= ﬁ].[—l o2 o+ﬁ_1=_3
2 12727 " 4" 2
:>|[§£,SB scl %
Thé tich khéi chop S.ABC la:
3
Vsasc = |lSArSB] SC‘ (_\1/; (dvtt) (dotachon a=1).

S

Cho hmh chép S.ABC ¢6 ddy ABC la tam. gléc vuénng can tai A
AB=a, gbc giiia cic canh bén véi mit ddy biang 60°. Tmh_khoang
cich gifia hai dudng thing AB va SC theoa. '

> Loi gidi:
Céch 1: Phuong phap thuan tiy
Goi H 1a hinh chiéu clia S trén mét phing (ABC).

Ta ¢6 SAH=SBH =SCH =60°, suy ra AH=BH=CH nén H la trung
diém ctia canh BC.

Goi D la diém d6i xdng v6i A qua H,suyra AB||CD nén AH||(SCD).




: Phatmwkythuatdaumc Y '
E Gmfdmeum}wckkanggmmAdmZ 4 (P

Vay d(AB, SC)=d(AB, (SCD))=d(A, (SCD)).

Goi E la trung di€ém cha CD.

Khi d6 (SHE).L (SCD)=SE, nén trong (SHE)
ké HK L SE (K€SE).

Suy ra HK L (SCD)= HK =d(H, (SCD)).

Taco L . 2 + :
HK* HS* HE* B
. OSH
Xét tam giac vudng SHA, ta c6 tan60° = e

= SH = AH.tan60° -—:%.aﬁ.tanﬁﬂ" — %JNE.\E -——ﬁ .

2
Xét tam gidc vudng HEC (vuong tai E ), ta cd HE?* = HC? - EC*
a2 b i " 2
=|—| —|—=] =—a .
2 2] 4
1 1 1 14
Do dé = + =
HK* (, Jgr 1. 3
[T 4
)
TR T LY
14 14
HK DH 1 Ji2  Ja2

= d(4, (SCD))=2HK =2~-—a=—"a,

a0 G4, (scD)) DA 2

Cdch 2: Phuong phép toa do khong gian

Chon hé truc toa d0 Oxyz nhu hinh vé.

H=0(0;0;0), Ox=HA, Oy=HC
Oz = HS.

Goi H la hinh chiéu clia S trén mat
phing (ABC).

Ta cé SAH = SBH =SCH = 60°, suy ra
AH = BH = CH nén H la trung diém cta
canh BC.

Xét tam gidc vudng SHA, ta co




i,
s

I Mega book

tan60° = bt

AH |
= SH = AH.tan 60° =%.a\/i. tan60° = %.m/i AB= # :

V2 ’ B[O;—%;o}, C[O;J{Z—E;OJ va

—;0;0
2

Chon a=1, khi d6 A
S[D;O;"J—g]-

2

Ta cé ﬁ:[é; —f—@; ], S_(fz[(}; é; _[6_] va §=(0; \E; 0).
4 2 2 2
= el _{¥3, 48 1
S AB, SCl=|—;——; —=
uy ra SC} [ > 23

V3

2
s,

= E,Q].Eﬁ=§.0+

A2 +[—%].0 __s

-
~[%5:5} 51713 .
Khoéng cach giiia hai dudng thing AB va S5Cla: - |

2 VB B
7

‘ﬁ,fc'.i?(:’(

s

d(AB, SC)= -
+|—

(dotachon g=1).

—_—-....__-..--.____——...__——_-.--.__—___.___...,......___.-__..___..__

1 THEG N PHIONG i









ﬁ DANG 6. Ti $6 THE TICH (SIMSON)

Dic diém:
o Kho cd thé xic dinh va tinh dugc
dudng cao cho khoéi hinh cén tinh V.

e Viéc tinh dién tich day 13 v cing
kho khén. A
Chiing minh bo dé:

V, ope  SA'.SB'.SC’
v SASBSC

SABC

Nhin xét:

o B dé trén diing khi cac diém A’B/C’ trung v6i khong qua 3 diém & day.

o Néu gip d4y 1 td gi4c ta phai chia thinh cic tam gidc trudc khi 4p dung
bo dé.

Khi ap dung phai chung minh.

Cho hinh chép S.ABCD cé daylahinh chiinhatvéiAB=a, AD = 2a,
canh SA vudng goc véi dédy, con canh bén SB tao v6i mdt phe’ g

d4y mot géc 60°. Trén canh SA ldy diém M sao cho AM = Lo

Mit phing (BCM) cit canh SD tai N. Tinh thé tich khéi chop

S.BCMN. '

> Léi gidi:
Cich 1: Phuong phdp thudn tuy
Theo gia thiét ta c6 SA 1 (ABCD), suy ra (SB, (ABCD)) —SBA =60°
— SA = AB.tan60° = /3.

Trong mit phang (SAD) k¢ MN|AD (N thudc canh SD), nén
SDN(BCM)=

83
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. Chuyén Gia Sdich Luyén Thi

Theo cong thiic ti s6 thé tich, ta ¢

Vsasc _ SM 2
VS,ABC SA 3

2 1
= Vs msc = 3 ~Vsasc = gVS.ABCD -
Veunc _ SM SN: SM 2-&_
Voape 5S4 'SD | SA 9

4 2
= Vo mne = EVS.ADC = EVS.ABCD. g
Vay

5 51 10V3

Vsscmny = Vomse T Voame =5 Vsascnr = E.E.SA.SABCD = ?33 :

Céch 2: Phuong phép toa do khong gian

Chon hé truc toa d6 Oxyz nhu
hinh v&.

A=0(0;0;0), Ox=AB, Oy=AD,
Oz=AS.

Chon a=1, khi dé B(I; 0; 0),
C(1;2; 0), M[U; 0; g]

e

Tacé SB= (—1; 0; \/5)3 *
L . — 2 2\/—
SC=(-1; -2;43)> SM=|0; 0;2—‘3@]» SN = [U =5 3
—.>[STB',§:' =(2J§; 0;2) va [s_c'sTv’ [—i -23;—_, —}.
3 3
Thé tich khoi chép S.BCMN la:
Vascun = Vsscu + Vocrn = |58, SC| 5|+ <[ 5C, 5N 5M‘=1gf=lg{a3

(dvtt) (do ta chon a=1).




G , nkunh_ mh.hockhong um tA _-

Cho hinh chép ti gidc déu S.ABCD. Mt phing (P) qua A va
vuong goc v6i SC cit SB, SC, SD tai B, C', D'. Biétring AB=a,
SB'. 3 . Tinh i s& the t1ch chia hai khéi chép S.AB'C'D’ véi

A4

S.ABCD va tinh theo 4 thé tich khoi chop S.AB'C'D'.

> Loi gidi:
Cdch 1: Phuong phap thuén tuy
Goi SH la dudng cao cta hinh chép S.ABCD.
Goi H' 1a giao diém ctia SH va mit phéng (P).
Do S5.ABCD la hinh chép déu nén H la giao diém cha AC va BD.

BD | SH
BD 1 AC

Do (P) LSC= BD||(P)

| BDII(P)

Do BDc(SBD) =BD|BD
(P)n(sBD)=B'D’

SBDL (SAC)=BD LSC.

SD _SH' _sB' 2

“SD _SH SB 3’
H'D'=H'B va B'D' L AC'.
Qua H ké dudng thﬁ.ng song song
v6i AC’ cit SC tai E.

L ap pet_pe SC 2
Khidé EC'=EC, <=7
— SE-sC' _1_EC

YRTSE 3 BE

=SC' =2EC’' =CC’-

Ta co Vs.as'n‘ =E_E=i’ _SBCD _
V. 35 9

S.ABD




Tacd Vg0 =Vspen =
4+2

en Vs, 1
Nén V. pop =Voupp +Vspon = [9 9] S;BCD _ 1

75 Vs.aBcD
3

Theo chiing minh trén: AC’ vita 1a dudng cao vita 1a dudng trung tuyén
clia tam gidc SAC nén SA = AC, suy ra tam gidc SAC déu, nén

V3 4o B3 f-%.

H=—AC=—aJ2=
S 5 2&

Thé tich khéi chép S.AB'C'D’ la:
1 116 \/3

Vs apcp = gvs_aﬁcn 3372 @’ =—a’ (dvtt).

Cédch 2: Phuong phap toa d¢ khong gian

Chon hé truc toa do Oxyz nhu hinh vé.
H=0(0;0;0), Ox=HB, Oy=HG
Oz=HS.

Chon 4=1,khi d6 A[g;_ﬁ;o],
2
[E 0; 0(, C|0; Q;O]- f
2 2 LA
oSH _SB 2
SH SB 3
H'B =EHB=E.£=£
5 3 32 3
H’H=15H=l.£=£
3 3 2 6
B’ \/5;0;1/55_ ,S0,0,ig-
3 6 2
Tam gidc AHH' vudng tai H, nén ta cd
2 2
AH’_\)AH2+HH'2=\/{J2§a —l—fﬂ =fa




. Phak huy ky thudt dit tmc
(xu'u rﬂwﬂi Hmh hoc kfwng gian. tuA dén 7 2

Tam gidc CHS vudng tai H, nén ta ¢

ﬁa \/_
v B - S L SCH=30°"
HC o
—d
Tam gidc ACC' vudng tai C’, nén ta co:
AC' = AC.sinC'CA = a+/2.sin 30° =%a-

Do dé H'C' = AC' — AH' =£ —£ —[f_mi]

=C' £—~J—_} sin30°; {£—£] cos30° |=C’ O;Q—ﬁ;ﬁ—él
4 6 4 2
Ta cb SA = 0££] SB— {__£0£ ﬁ;\[g,
2 2 2
55 —|-Y2. 00|, 50 _[o, Y6 _ 2 N6 +2:42]
3 6 4 4
Thé tich khéi chép S.AB'C'D' a:
1=z N6 6
Vs apop =2V apce =2 g.[SA, SB'|.sC’ SETIRET (dvtt)

(dotachon a=1).
Thé tich khéi chép S.ABCD la:
V6

VS,ABCD = 2Vs_43c =2.— [ SA SB SC| =—= ? (d\’ﬁ) (dO ta ChOIl a=1 )

Cho khéi ch6ép S.ABCD c6 day 1a hinh vuéng canh 4, SAvubng géc

- v6i mit phang day va SA=2a.Goi B', D’ lin llwt Ia hinh chiéu
cha A trén SB va SD. Mit phang (AB D ) ‘cat SC tal e Tmh thé
tich khéi chép S.AB'C'D’ . & Y w '

» Loi giai:

Céch 1: Phuong phap thuan tiy
Trong mit phing (SBD) goi I la giao diém ctia B'D’ va SO.




S ¥

Chuyen Gia Sach Luyén Thi

Trong mit phing (SAC), goi C’ 1a giao diém ctia A véi SC thi C’ 1a giao
diém clia mit phing (AB"D") véi SC.

Tacod
ASAB=ASAD = SB=SD
SB;_S.Az _SAz _SDrz;)S_B’_g ’
SB~ SD SB~ sD (*).
VS‘.AB'C' + VS.AC’D' = VS.AB'C'D‘ *
1. 1
Vs.asc = Vs.;.c:o =EVS.ABCD =EV
(@it Vsascr =V)
Vs apc :53’ sC’ hay 2V, uwc SB' SC' B
Ve SB SC 1% SB " SC
I ! I f
Tiong ty 2V ey 45D _sc _SB’ sC (do SD=5B)
1% SD SC SB SC .
sgl sc’ SB' SC' 24°
=2V, =2 V=2 el
BARCH SB.SC SBSC ~ 3
LV _SB'sC' 28
SARCDE oHor " 3
2 ! 2 2 i 2
V‘lSB":SA =>SB ____SA2 _ 24& tt fa 2=£-
SB ~ SB SB® SA*+AB* 4d°+a® 5

Tacé BC L AB; BC L SA= BC L (SAB)=BC L AB'.

Mit khic SB L AB'.

Vay AB' L (SBC)=> AB' 1 SC;

Tuong td AD' 1SC=5C L (AB'D') ~SC L AC',

Tam gidc SAC vuéng tai A va AC’ 1a dudng cao nén SC’.SC = SA?
SC'  sA? 4a” 40> 2

= — —— — =
SC SC* SA*4+AC* 4a*+24 3

'Thé tich khéi chép S.AB'C'D’ la:




Cach 2: Phuong phap toa d¢ khong gian

Chon hé truc toa d6 Oxyz nhu hinh vé.

A=0(0;0;0), Ox=AB, Oy=AD,
Oz= AS.

Chon a=1, khi d6 B(1; 0;0), C(1;1; 0},
D(O; 1; 0) va S(U; 0; 2),

Ta c6 §§=(1;0;~2), §f=(1; 1;-2);

SB= 12+ 0 +(2)" =5 )
_ ap _SAAB_21_2V5
SB J5 5
; A : g Arenghy 2
Tam gidc SAB vudng tai A nén sin ABS =§=E.
Do d6 AB’ smﬁ—i—?— =
J5 5
» A h i s AL, 1
Tam gidc SAB vudng tai A nén cos ABS =SB = A
Do dé AB’.COSE—& L 2
_ J5 &
4 2
Vay B |—; 0; =|.
2 42 =
SC=\12+12+(-2)" =6
L oacl _SAAC_242 23
¢ 46 3 SA 2
Tam gidc SAC vudng tai A nén sinAC.st—:—E.
Dod6 AC sinACE 203, 2 _ 22
3 Vo
i _ —= AC_ 3
Tam gidc SAB vudng tai A nén COSACS:E:?'
Do d6 AC’ cosﬁ=%£. %
2 2 2
Vay C'| 555 =
o [3 3’ 3] .
Bl wov. [2 2
5B =|4;0,-3|, 50 =(2;2; -2 2
Tac6 SB [5 5 SC =133 73 , SA= (0; 0; 2)




X )) Mega book

SB SC [— 0—] '[SB sC'\. ‘ .5
15

Thé tich khéi chop S.AB'C'D’ 1a:

1 [on’ o' | a2l _16 16
Ve iwon =2V e = 2.g.“58 ,sC’ SA, == 5¢ @
(do ta chon a=1).
Cho hinh chép S.ABC c¢6 tam gidc ABC vuong can 1§ B AC= a\/_
SA=a vi vudng gbc véi ddy (ABC).
a) Tinh thé tich ctia khdi chép S.ABC .
b) Goi G 14 trong tim tam gidc ABC, mit phing (o) qua’ AG va
song song v6i BC cdt SC, SB lan lufo‘t tai M, N. Tinh thé tich clia
khéi chop S.AMN. '

» Loi gidi:
Céch 1: Phuong phap thuin tiy
Goi I 1a trung diém cta BC.
Tam gidc ABC vudng cén tai B ¢
AC=aJ2=BA=BC=a.
Dién tich tam gi4c ABC la:

S

AABC

1 a’
= —BC.BA = — (dvdt).
2 2

Thé tich khéi chép S.ABC 1a:

1 1 a2
VS‘ABC ZE'SA'S.&ABC 3 2 (tht)

SM SN SG 2
= — g =—
Do MN||BC = g =355=57 =3

Ta cé

Vewuw SM SN 22 4 4

: = ——=——=—V, -~V
Viwe ©SB SC 3’3 § "+ g sk




T " Phat husy Ky thuit dat truc -
Guu n}umh Hmh hﬂc k}umg glan !:::A den Z

Do do thé t1ch khm chop S.AMN la:

4 4:: 2
Ve = 9V5*“Bc 976 273(dm)

Cach 2: Phuong phap toa d khong gian

Goi I la trung di€m ctia BC. s

Tam gidc ABC vudngcintai B c6
AC=a2=BA=BC=aq.

Chon hé tryc toa do Oxyz nhu
hinh vé.

Chon hé truc toa d Oxyz nhu
hinh vé. N

_ A

BEO(O; 0}0),OIEBC,OyEBA,
Oz|| AS.

Chon =1, khi d6 A(0;1;0),
C(l; 0; 0), S(U; 1; 1).

Tac6 SA=(0;0; 1), SB=(0; —1; ~1), SC=(1; -1; - 1),

Suy ra [“SE, S_B;} =(—1; 0; 0) = [EE, S_B.] ﬁ =-1.1+ 0.(—1) +U.(—1) =-1

- 54, 58] 5¢|=|-1|=1
Thé tich khéi chép S.ABC la:

3
Vsasc = = |SA SB SC‘ % (dvtt) (do ta chon a=1),
Do MN ||BC
L SM_SG_2  cn=25p-3M=258.
SB SI 3 3 3

Goi M(%y; Ypes Za) > ta cb SM = (2, ¥y — L 2, — 1), SB=(0; 1;1).

Do déb ﬁ=§§ﬁ~




| Chuyen G:a Sadt Luyen Thi

Do MN | BC
o _o6_2 cev—2g08N=25C.
sC_ S 3 3 3

Goi N(xy; Yy; 2y ) ta cd SN =(xy; yy 1 2, —1), SC=(1; 0; 0).

xN~3.1 [ 2
3 xNz_
- 2 3 (2
=1
2 N
zZ,—1=—=.0
= 3

Ta co ﬂz(ﬁ;ﬂ;—l),?ﬁ:[g%%} SN = [ ;0;0]_

VSN, 4 4l Te w5 57 4 4 4
Suy ra [SM, SN =[0;-§; —§]=>[SM, SN].SA=0.0+§.0+[—§].(-1)=_9_

:;,“m ﬁ}."s’?a":%
Thé tich khéi chop S.AMN la:

o 3
Ve ain =%.“SM, SN .SA‘=%=;—? (dvtt) (do ta chon a=1).

U MR e e e mm Em E ER R R e e e mr R EE ER ER R S e e e mm Em mm R A o e e M M M e e T EE MR W EE b &S e e










Wl DANG 7. THE TICH “NOTRINO”

Notrino 1a gi? Khong mang dién tich va khéi lugng gin nhu bing
khong, neutrino (phién 4m notrino, no tri né) la nhiing hat co bin md am
nhit, hiém khi tuong tic véi vét chit thong thudng va ludt ém qua co thé, nha
cla clia chung ta va Trai d4t véi s6 lugng hang nghin ti hat di qua méi giay. C6
thé day 1a hat c6 van t6¢ 16n hon vin t6c anh sang.

Pic diém: Thé tich chia hinh chop c6 chin dudng cao khong thuéc canh
ctia ddy.

e G EE R P P = e e e am e e Ew e e e e e e e e mm e e mm mm e = e— M e = e e e mm e b MR W = =

Cho hinh chép S.ABCD ¢6 ddy ABCD la hinh vuéng canh 4. Céc
diém M, N lan lugt nim trén cac canh AB, AD saocho MB=MA,

- AD=4NA. Biét SA=a, MN vudng géc voi SM va tam gidc SMC
can tai S. Tinh theo a thé tich khéi ch6p S.MNCD va khoéng cach
gitta hai dudng thang SA va MC. '

» Loi gidi:
Cdch I: Phuong phap thudn tay
Ta ¢c6 ABCD la hinh vudng, suy ra

NM L MC.
NM LSM=NM L (SMC).

Goi H la trung diém cta MC
= SH L MC,suyra SH 1 (ABCD).

Ta cé MC =+MB? + BC? =£-‘2§~

a\d

4 |
— — MB 5
MBH = cos HMB = —— =2,

CcOSs COS MC

= MH=BH=

.
]




96

Chuyén Gia Sdch Luyén Thi

suy ra AH* = AB? + BH* —2AB.BH.cos MBH = 13¢

=>SH=\/SA2—AHZ=¥-

Dién tich té gide MNDC la:

11
Sumoc = Sasep — Saamn —Samsc = 'lgﬂz (dvdt).
A
Thé tich khéi chép S.MNCD 1a:

1143
Vs.mnpe :38H° MNDC = g5 a (dvtt).

Goi E la trung diém ctia CD, suy ra AE||CM
= d(SA, MC)=d(H, (SEA)).
Ké HK L AE= AE 1 (SHK).

Ké HT L SK = HT =d(H, (SEA)).
1 a1 V54

Ta 6 Sz =5 Sasco =~ = EHK(MC + AE)= HK.MC = HK =—.

Suyra HT = LS . @a
VHK? +5H? 31
Céch 2: Phuong phap toa do khong gian

Taco ABCD la hinh vudng, suy ra NM L MC.

NM | SM = NM 1 (SMC)-
Goi H 1a trung diém cia MC = SH L MC, suy ra SH 1 (ABCD).
Ta c6 MC =MB? + BC? =22 =>MH BH_“—‘@;
cosMBH =cos HMB = E —1—- .

MC 5

e 2

Suy ra AH? = AB* + BH? -2 AB.BH.cos MBH = 1?2

\/—

SeEr. Jea. app B

Chon hé truc toa do Oxyz nhu hinh vé.




o Rmuhqykyuuwwdhtnwr '
Gidi mumh Hinh hoc k.lwrtg gian tic A dénZ ”

5 10 4 "o’
D[z«/E;&JE;O 50}_@;&]'
5 10 4 4

=_[25. V5B
57207 4

_[o.¥5. 3]
"4 4

Ta lai ¢

Al

V15 5

54,58 |02, 2| e 5] -

53 _ 538
16 16 80 30
(dvtt) (do tachon a=1).

Ta lai ¢

315 3J15 9 33 _3V3

: i T\f,ﬁ]ﬁ’:—:—
0 ° 80 16]:"[5 6 16  (dvtt)
(dotachon a=1).

D0 db V, e = Verme + Voo =%’[ﬁ, SN sc‘ |SN SDI.SC‘

15J§ - 13\@3_11«/— (dvtt)
e 2 T 1 192

sTxf,sT:i]=[

Dudng thing SA c6 vécta chi phuong la: ey = [- ER —] :

Pudng thing MC c¢6 vécto chi phuong la: @ = [O; % ; O] :

P PHAN I GIAITHEO HAIPHUGNGPHAP =« -




__ m Mega book % . Chuyén Gia Séch Luyén Thi

Khodng cach giita dudng thing SA va MC la:

ot B AN
Ugy r Upge |-MA 20 =i
d(SA, MC)="———— -
Ugpr Upge J[__\/T_ & 02 4 [_ 1]
8 2

\/— r g (dochon a=1).

31

Cho Il}nh chop 5. ABCD day ABCD la hmh bmh ‘hanh,
M va M la trung diém cha SD “Tam g gidc ACD can tai

Aco G ﬁ‘l trong tim. Goi , J 14n lugt Ia trung diém ctia CD va AB.

Goi. ( ] lé mgt phéng qua SA va song song véi CG. Biét ring ( )

% (SC]) cling vudng géc véi mit phing ddy. Khoang cach gitia Al va
SB bing av3. Goc giiia mit phing (SAB) vi mit phing dy bing
60°. Tinh theo a thé tich khéi chép S.ABI va khoang cach giiia hai
dudng thing CM va SA. | | "

> Loi giai:
Cach 1: Phuong phap thuan tay S

Do tam gidc ACD cén tai A, suy
ra SI L CD hay SI L AB.

-
-

Goi H la trong tdm tam giac ABC,

Ta ¢6 (P)N(ABCD)= AH||GC,

(P)n(scy)=

T gid thiét suy ra SH L (ABCD).

Qua B vé duong thing song song .
vGOi Al cat CD tai E.

-
-

A e e ey e

s\._;’_‘-h
e S
Ly

R
\

(W11

WY o
AR
£y

s

o s o oo ey

Suyra Al (SBE) )
do dé d(SB, AT)=4(G, (SBE)).




Phat huy ky thudt dat truc
Gidi nhanh Hinh hoc khong gian tit A dénzZ
Nh4n thily BG = 2BH suy ra d(G, (SBE))=2d(H, (SBE)).

Ha HK||AB, AB L BE=> HK 1 BE. |

Tacé BE LSH = BE L (SHK).

a3
2

Ha HT L SK = HT =d(H, (SBE))= %d(G, (SBE))=

Ap dung hé thiic luigng vao tam gidc vudng SHK ta c6:

1,1 _ 1 _ 4,

SH* HK* HT* 32 7~

Taco |40+ AB_L(SHJ):((?EB_)T@EEE)%E&}:@“.
AB LSH

tanéfﬁ_%ﬂw:ﬁm.

Ta co HK—-lAB

J=31C=3CB —B] - -ﬁ = HJ = HK

=$SH=\/3HK=>HK=— (2).
N
. < 3 4 4 '
Tu (1) va (2) tasuyra S + TN =SH =a+3

=>HK=a=>AB=2a=>C]=AI=-§-AB=3a.

1
Dién tich tam gidc ABI 1a: S, = EAB'AI =3a° (dvdt).
Thé tich khéi chop S.ABI la: V; , = SH.S o = V3 (dvitt).

Goi F 1a trung diém ctia AD suy ra MF | AB= Al|(MFC).

Tacé AH||CF, do d6 d(SA, MC)=d(4, (MFC))=d(H, (MFC)).

' 'Theo trén ta c6 Hj = HK = AB= AG= AH L BD=HG LFC,

Lai c6 GM ||SH = MG L HG = HG L (MFC)= HG =d(H, (MFC)).
Tach GHm—BG—M\FAB—af

Viay khodng ca_ch can tim 13 av/2.




h )))Megabook Chuyen Gla Sadt Luyen ﬂu

Cédch 2: Phuong phdp toa 6 khong gian

Chon hé truc toa @ Oxyz nhu hinh vé,
A=0(0;0;0), Ox= AB, Oy=Al, Oz||SH.

Chon a=1,khidé B(2; 0;0), I(0; 3; 0),
s(0; 0; 3). |

Tacd SA=(0;0;~3),

SB=(2;0; /3, 51 =(0;3; —V3)

Suy ra [ﬂ SB|= (0; - 2\5; 0)

=>{§i, SB .§?=0.0+(—2J§).3+0.(—J5)=—6\/§

:>H§l'§§ .S_f|=6~./§.

Vay thé tich khéi chép S.ABI la;

V, o= "SA 53] s:’ V3 =+3a® (dvtt) (do ta chon 2=1).

Cho tit dién ABCDc6 AC=AD=av2 , BC=BD=a, khoang cich
tit diém B dén mit phing (ACD) bang 23 ; biét thé tich té dién
ABCD bing —5a3 Tmh goc gn“l‘a haJ mit f:’hang (ACD) (BCD).

4

» Loi giai:

Thé tich khéi ti dién ABCD la:
1

Vsco =5Saco 4(B, (ACD));
suyras, = ‘{f 3 CD_ia
y
Goi O 1a trung diém ctia CD.
Chon hé¢ truc toa d¢ Oxyz nhu hinh ve.

0=0(0;0;0), Ox=0C, Oy=0A,
Oz L (ACD)-




Chon 2=1 khidé Al0

do BC=BD=a nén B[ ? 3].

O;E;—E.
3 3

Mit phing (ACD) c6 vécto phdp tuyén Ia n Paco) = (0;0;1).

Ta ¢6 |BC, "fﬂi}:

Mit phéng (BCD) c6 vécto phép tuyén [a Miaco) = (0; 1,-1).

oo+01+1(-1)
JEro 2R+ 2
Vay gbc gitia hai mit phing (ACD) va (BCD) béng 45°.

Ta co cosa= =a=45",

SRR

Cho hinh chép S.ABCD cé6 ddy ABCD la hinh vuéng canh 4, tam
gidc SAB déu, tam gidc SCD vudng can tai S. Goi I, J, K 14n lugt
la trung di€ém clia cic canh AB, CD, SA. Chiing minh ring mit
phang (SI7) vudng goc véi mit phang (ABCD). Tinh theo # thé tich
khéi chép K.IBCD. . '

» Loi giai:
Cdch I: Phuong phap thuan tay
Tu gia thiét ta c6:
AB LI
ABLJ
Do ABC(ABCD)=(SIJ) L(ABCD).
Ké SHLI] do (SH)L(ABCD) va . .
(S)N(ABCD)=1 nén SH 1 (ABCD). % c
Goi K’ 12 hinh chiéu vudng géc ctia
K 1én (ABCD).

= AB L (SI]).

101




QUIIENELIUIN e Gia Scch Luyen T

e T D B D S R D R e i

Khi d6 KK'||SH, do K 1a trung diém cia SA nén K’ 1a trung diém cia
AH va KK’ :%SH.

a\/g 1

Tacé SI= 5 5}:5(31):%, I =a nén tam gidc SIJ vudng tai S (vi
SI2 481> =1Ij*-

SI S} \[5 :?_RJ(’::.E:@E.
Ij 4 8
T gidc IBCD la hinh thang vudng tai B va C nén, ta ¢6

_(B+CD).BC _3 3.

T hé thiic SI1.5] =SH.I] = SH =

s> =" (dvde).
Thé tich khéi chép KIBCD la:
1 1af33, B
VK.IBCD ZEKK S]’BCD 3 8 4 @' = 32 —a’ (tht)

- Céch 2: Phuong phap toa d6 khong gian
Chon hé truc toa d6 Oxyz nhu
hinh vé.
1=0(0;0;0), Ox=1IB, Oy =
Oz}l IS -
Chon a=1,khido A

e
7
7.
e

-
N i

_-QE; 0;10}3
2

:Cl;l;ﬂ ,D—l;l;(l !
7 2

e

Se———
h)

B[—l-; 0;0
2

i T

b

B i :
Ta ¢6 SHE%H (tinh toan & Pl c
cach 1), tam gidc SAB déu canh 4
nén trung tuyén SJ =¥-.

Tam gidc SHI vudng tai H nén ta cd

IH =S — SH" = J[ ] [“‘f ~2a.
Toa d¢ diém S 1a S[ % \i—_] va trung diém K ctia SA 1a K —% % (]




- Phat huy ky thuat dat truc
Gidi nhanh Hinh hoc khong gian tic A dén Z

28
Dol-1.5,_33)
4 8 8
%6, k). =32 Lyof 2|3 BB
i 3 8 4 8) 4| 8 16
KB, KC|= O;Z \/_ _
[E.B,E ﬁz—?’ _1 +D,§+§, _¥5 = NS
L 8 4 8§ 4 8 8
\[K—'B,ia.ﬁ‘z____ﬁ
16
#‘ .
Thé tich khoi chép K.IBCD la:
KIBCD VKIB KICD
L6, &, &+ 2[5, K )~ 132, 195 _ 3 _ 8 1 cave
6 6 16 6 8 32 32

(do ta chon a=1),

Cho hinh chép S.4BCD c6 déy ABCD 12 hinh vuéng tam O va
' AB = 44, hinh chi€u vudng goc ctia dinh S 1én mit phing (ABCD)
triung vdi trung diém I cla dj_g.n thing OA . Biét khodng céch tit I
dén mit phing (SAB) bing Tzsf . Tinh theo 4 thé tich khéi chép

S.ABCD. - | '
> Loi gidi:

Chon hé truc toa 6 Oxyz nhd hinh vé.

0=0(0;0;0), Ox=0A, Oy=0B, Oz||IS.

Chon a=1,khid6 A(2v2; 0;0), B(0; 212;0), ¢(~242; 0;0), 1{¥2;0;0).




M

B~ (2,243, -3,), ST=lz.

Goi S(xﬁ; 0; zs) véi z, >0,
Taco 5_.A=(\E; 0; —Zs).

L 2
o, 3]

] (24 2524

[ﬂﬁ;‘:[ 0 —z_,;

22 -—zs

V2
| N

—_—

Mit phing (SAB) c6 mét véctd phép tuyén 1 sas = (ZsF Zg; \E) ,
Phuong trinh m3t phing (SAB) la:
zs(x—Z\/E)+zs(y~—0)+\/§(z—0)=0 hay zx +zy + 2z — 242z, =0,

Theo bai ra ta ¢cé

|22 +2,0++20-2422| 3

d(1,(SAB))= === |z
Jzi hs +(\E)2 ? s
- L8 =@© ?zo—%)-
2z +2 2 Zz ~1
Vay S(\/E; 0; 1).

Tacé SA=(V2;0; —1), SB=(—2;2V2; -1}, 8C=(~3v2;0; -1).
Suy ra [S—A, SB|=(2v2; 2v2; 4)

= |54, 5B|. 5C =242.(~32) + 242.0 +-4(~1) = -16

- [54. 58]. 5¢| = |-1 = 16.

Thé tich khéi chép S.ABCD la:

1 =3 1 16
Vs asco = 2V e = & -”SAr SB|. SC’ 6 a’ a” (dvtt) (dotachon a=1).










) Phat huy ky thudt dat truc
Gidi nhanh Hink hoc khing glan tit A @énZ

LANG TRU

Wl DANG 1: THE TICH LANG TR PEU - PUNG

Pic diém: Lang tru déu

» Céc canh bén vudng géc vdi hai day.
» Hai déy 1a da gidc déu bing nhau (tam gi4c déu la chinh)

« Hai mat déy song song.

Cho khéi ling tru diing ABC.A'B'C’ ¢6 dédy ABC la tam gidc vudng
tai B véi AB=a, A'/A=2a, A'C=3a.Goi M 1a trung diém caa
A'C’; I 14 giao diém ciia cac dudng thing AMva A'C. Tinh theo
- a thé tich khéi chop I.ABC va khoang cach tif di€ém A dén mit

phéing (IBC). B | '

> Loi gidi:

ACva A'C'. K

Céch I: Phuong phap thuan tdy B!
Goi H, K theo thii ty la hinh chiéu cta I 1én M

Cl‘

Do (ABC) 1(ACC'A') nén IH 1 (ABC). y < I

1 P L
Tudo v IABC BSaABC'IH' B =T """z C

Do ACC'A’ 13 hinh chit nhat nén:

AC=VA'C?— AA"? =a\5. A
Do tam giac ABC vudng tai B nén:

BC=+AC?— AB* =2a

Dién tich tam gidc ABCIa: S, ;. = %AB.AC — ¢ (dvd).




IH AC 2

Theo dinh Iy Ta-let, ta ¢6 K- yoy -
1

Ta c6 d(A, (IBC))= d(A, (A’BC)) .

, Suy ra

1H=§HK=3AA’= 4

3

' Thé tich khéi chép LABC 1a: V, . =§SMBC.IH=g-a3 (dvtt).

Goi L la hinh chi€uclia A 1én A'B. Tac6 AL LA'B.

Tacd BC L (ABA') nén BC L AL.

Do dé AL L (A"Bc) nén d(A, (A’Bc)) = AL

Ta cé 12 = 11 + L e =:>AL=2£J§.
AR AB® g4 A 5

Vay d(A, (IBC))= AL= 2“5‘@ ,

Cédch 2: Phuong phép toa do khong gian

Chon hé truc toa 6 Oxyz nhu hinh ve. B

B=0(0;0;0), Ox=AB, Oy=BC,

Oz=BF.

Chon a=1,khidé A(1;0;0), C(0;2;0),

B'(0;0;2), suy ra A’(1;0;2), C'(0;2;2) va
trung diém ctia CC’ 1a M(0;2;1).

Dudng thing AM va A'C lin lugt

CF’

Do 1= AMnN A'C nén toa d6 diém I 1a nghiém ctia hé phuong trinh:

7 " _'1
¢6 phuong trinh Ll
x -2 -4
£ 32 2
1 -2 2
x-1_y z
b =2 _4=>I3;3;£.
¥ _¥y—2_z 238
1 =2 2

Ta co ﬂ=(1; 0;0), §E=(0;2;{]), Ef:[

2 2 4

5;’5} —].

3



Suy ra [BA, BC|=(0; 0;2) va [ﬂ, BC|BI =%.

1 —p
DO dé' V]’.ABC =g|lBA, BI‘ __=_a3 (tht) (dO ta Ch(}n a= 1)

Mt phéng (IBC) di qua 3 diém I [
¢6 phuong trinh 2x+2z=0.

m;m

2 A
3 ,5], B=0(0; 0; 0}, C(0; 2; 0) nén

Tacc')d( (IBC)) \(mtl)+1 \/25=2a;/§ (dotachon a=1).

Vay khoang céch tii diém A dén mit phing (IBC) 1a Z”f ]

Nhén xét: Lang tru ding nén tryc Oz dugc chon sé 13 mot trong cic canh
bén. D€ y thdy tam gidc ddy ABC vudéng & B nén gbc toa 9 dugc chon chinh
la tai di€ém B, cdc truc toa d6 con laila Ox=BA va Oy=BC.

Cho lang try ding ABC.A'B'C’ c6 ddy ABC 1a tam gidc vudng,
AC=BC=a, gbc gilia A'B va mit phing [ACC'A’) bing 30°.
Goi M 1a trung diém cia A'B’. Tinh theo  thé tich khéi lang tru
" ABC.A'B'C’ vakhoing cich tit diém M dén mit phing (A’BC) :

'y

B!’

> Loi giai:
Cdch 1: Phuong phdp thuan tuy

Theo gia thiét tam gidc ABC vudng va
AC=BC nén AABC vuodng can tai C.

Vi BC LCA, BC1ccC'

suy ra BC L (ACC’A').
Do dé:

- [A’B, (ACC"A’)] » [A’B, A'C] _BA'C_
Ta ¢ A'C=BC.cot30°=a3, suy ra
AA =JA'C*—AC? =aV2 .




d(M

Oz=

B('DF 1; 0), C'(O; 0; ﬁ),suyra A'(l,: 0; «E), IA\‘L__ L
B'(0; 1; \F) va trung difm cha A'B’ 1A

11
M 2
22‘/_]

C=

R UIECELLYN  Cruyen Gia Sach Luyén Thi

"~ (dvdy).

Di¢n tich tam gidc ABC: 5, = ACCB="

Do M I tung diém cia A va BC(4BC),

, (A’Bc)) = %d(B’, (A’Bc)) = %d(c’, (A’Bc)) ;
Goi H 1a hinh chiéu ctia C" trén A'C,suyra C'H L A'C (1).
Tacé BC L (ACC”A’) nén BC LC'H (2).
Tit (1) va (2), suy ra C"HJ_(A'BC) nén d(c’, (A’BC)): C'H.
T _L-_1 , 1 _3 op a6
o' B4R e 2 3
1

6
Céch 2: Phuong phap toa d¢ khong gian A’

Vay d(M, (A’BC))ez-—C ==

Chon hé truc toa d6 Oxyz nhu hinh vé.
C=0(0;0;0), Ox=CA, Oy=CB,

Chon =1, khi dé6 A(L0;0), *

C
Mit phing [A'BC) di qua 3 diém

0(0; 0; 0) B(0: 1,0), A'(1;0; V2) nén c6 phuiong trinh: v2x —z=

Khodng cich tit diém M dén mit phing (A'BC ] 1a:

| ﬂ_\f‘
d(M,(A’Bc)] 3; ’ % a6 (do ta chon a=1).

J_

Vay khoang céch tli di€ém M dén mit phang (A BC ) la —

nén

BI

0.

Nhén xét: Phuong phép toa d6 khong gian da cho thiy su‘ du viét cia nd
théng qua bai todn nay, phuong phép gidp rit ngin 16i gidi va tranh t6i thiéu

cac sai sot trong tinh todn.

PURIE S THEO AT PAUONG PR~



B Phat huy ky thugt ddt truc
Giai nhanh Hinh hoc khing gian tic A dén Z

Lang try diing nén truc Oz dugc chon sé la mot trong cac canh bén. D€y
thdy tam gidc day ABC vudng & C nén gbc toa dd dugc chon chinh la tai di€ém
C, cictruc toa o con laila Ox=CA va Oy=CB.

Cho lang tru ABC.A'B'C’ ¢d cac mit bén déu 13 hinh vubng canh
a.Goi D, F lan luot 13 trung diém ctia cdc canh BC, C'B'. Tinh
khoang cach giita hai dudng thing A'B va B'C'. '

» Loi giai: |
Cédch 1: Phuong phap thudn tiy
Vi cdc cac mit bén cha lang tru déu la hinh
vuong nén
AB=BC=CA=A'B' =B'C'=C'A" =a.
Nén cac tam giac ABC, A'B'C' la cic tam 4
giac deéu.

A’ '

Ta co
B'C' |BC=B'C | (A’Bc)
ey d(A’B, B'C’ ) » d(B’c’, (A"Bc]) - d(I—‘, (A’BC))

Tacod
BC LFD g
o >BCL{ABC).
BC L A'D (A'BLAC)
Ké FH 1 A'D, vi tam gidc A'FD vudng, nén ta ¢
1 _ 1, 1 4,1 7 gy e
FH?* A'r? FD* 34" a 3a 7

a21
==

Vay d(A’B, B’c’)z FH=

. pANI G THED HAIPRUONG PR | T




Chuyén Gia Séch Luyén Thi

TR O T TR L YT

Cédch 2: Phuong phap toa do khong gian
Chon hé truc toa d6 Oxyz nhu hinh vé.

AEO(O;O;O), Ox||BC, Oy=AD, 0z= AA’.

Chon a=1, kludog_ﬁo c|l-1 ﬁ,o,A’(e;o;l), B 1;£;1,
\/_ Z 2 2 2
c —1—1
2" 2
Taco

B'C'||BC= B'C | (A”Bc) = d(B*’c’, A’B) B d(B’c’, (A’Bc)) = d(B’, (A’Bc))

A'B=|1, NES i—1], alc=|-L.¥3. 4.
2’ 2 )
AfB, A'C|=|0; l;f}=;.

Phuong trinh mét phéng (A’B C) di qua diém A’ va c6 vécto phdp tuyén
NV S )

n la: y-i—?z-—T:O.

fff

AV paBY
2 2 2

3
1+=
45

Taco d(B", (A’BC)) - = J'?_l = a\iﬁ (dotachon a=1).

ay21

Vay d(A'B, B"c’) ~

7




i © Phdl huy ky thudt dat truc
Gidi nhanh Hi ink hoc khong gian b A dénZ

4

Nhén xét: O day, viéc ta chon goc toa d¢ co thé thay ddi lai 1a tai diém D.

Tam giac ¢ ddy la tam gidc déu, nén ta xdy dung tam dién thuin & trung
diém D thi sé dé dang hon so vdi diém A.

Tuy nhién, né ciing cho thdy rang viéc xay dung cach giai theo phuong
phdp toa d¢ khong gian 13 da dang, chung ta chon géc toa dé dugc ty do hon.
Tét nhién 12 ching ta ciing nén chon géc toa dd sao cho toa d¢ céc diém con lai
dé dang tinh toén hon.

Cho lang tru ding ABC.A'B'C’ ¢6 ddy ABC 1a tam giic can véi
AB=AC=a, géc BAC=120°, canh bén BB =a. Goi I la trung
diém ctia CC’. Chitng minh tam gidc AB'I vuéngtai A vatinh cosin
goc giiia hai mt phing (ABC) vé-(A'B’I) .

» Loi giai:
Cdch 1: Phuong phép thudn tay

Goi H latrung diém BC= AH 1 BC.
Tam gidc ABH la nila tam gidc déu canh

AB=a=>AH=% va BH=i=> BC = a(

Tam giéc IB'C’ vudng tai C', nén ta c6
134
.
Tam giac AIC vudng tai C, nén ta cé
AP =IC* + AC? =£+-ﬁt2 .
4 4
134°

+2a* =——=B"
1 :

2
IB?=IC"? +BC"? = % +3d =

5
Tacé AP+ AB? =%

(AB' 12 dudng chéo ctia hinh vuéng AA'B'B canh )
Vay tam gidc AB'I vudng tai A.

1 la\/_ \/—_a\/_

Tach 8, i = i AI.AB' =E— (dvdt).

113
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D Chuyén Gia Sich Luyén Thi

‘2
S —%AHBC——— a3 =2 ‘/_(dvdt

AABC

Goi « la gdc gitia hai mdt phang (ABC) va (ABJI) .

a3 '
S v/30
Theo cong thic chiéu, ta c6 cosa = AABC : 4 - _—_
AAB'I 74 \JlG 1
4

Cdch 2: Phuong phap toa do khong gian
Chon hé truc toa d¢ Oxyz nhu hinh vé.

B:l'

Ta co AB

el 6 A5 7 - 5 LR

Véy tam gidc AB'I vudngtai A.
Phuong trinh mét phing (ABC)1a: z=0 c6 vécto phap tuyén r?l =(0;0;1)




: Phat huy ky Humtmzt truc
G:m nhanh Hmh hac khong g:an Hr A den Z-

Mit phing (AB’I) c6 cip vécta chi phlicmg AB', AT, nén ¢6 vécto phap

syl Agﬁ] yavs-2B)=- 1
[ 7|2 33 __J:.]
4 4 2

=1, (1,-34/3;24/3)
‘0+0+2\/§| J30

JO+0+11+27+12 10

= COS¢ =

Cho ling tru dting ABCD.A'B'C'D’ ¢6 d4y ABCD 1 hinh thoi canh
a, goc BAD= 120°. Goi M, N lan higt 13 trung diém clia AA', cC'.
‘Chiing minh bén diém B, M, D, N d6ng phéing va tinh AA’ theo
a dé BMDN la hinh vuéng.

> Loi giai:
Cdch 1: Phuong phép thuan tay

Ta c6 A'M||CN, A'M||CN, suy ra
A'MCN 14 hinh binh hanh.

Nén A'CNMN=0 la trung diém
clia mdi dudng nén B'MDN 14 hinh binh
hanh.

Do d6 B', M, D, N déng phéng.

Ta cé6 DM* = AD* + AM? (1).

DN?*=CD*+CN?.

Vi BAD =120° suy ra tam gidc BAD déu, nén AD=CD (2).

Tii (1) va (2), suy ra DM? = DN? = DM = DN nén B'MDN l4 hinh thoi.
Dé B'MDN la hinh vuéng thi MN =B D= AC* = B'D* (1)).

Goi H=ACNBD suyra H la trung diém cha ACva BD.




R CLULIN. Chuyén Gia Sich Luyén Thi
Tam giéc BAD déu nén H la dudng cao, suy ra AH = %z}- AC=a3 (2)
Trong tam gidc BB'D tacé B'D* = BB” +BD* (3)).
Tu (1), (2") va (3’) tac6 3a* = BB + BD* = BB? =34 —a* =24".
Suyra BB =aV2 = AA" =ay/2.
Vay néu AA’ =av2 thi BMDN la hinh vudng,

Cdch 2: Phuong phap tea d¢ khong gian

z
Tam gidc BAD ¢6 BAD =60° nén tam 4 T B
giac BAD déu. i e
Goi 0,0’ linlugtlatim ciahinhbinh  pr &ML g
hanh ABCD va A'B'C'D’. P RO S
S i I . S
Tacd OA=0C= \e,f ; B 0
el C -
op—gp=22_1 ’ |
2 2
Gidst AA"=h.
Chon hé truc toa 36 Oxyz nhu hinh vé.
OEO(G; 0; 0), Ox=0C, Oy=0D, 0z=00'.
Chon a=1,khidé A *%} 0; 0|, B[[);—%; 0}, C[g; 0;0/, D[U;%;U s

GVl 1) el Boor] ool ) a-Bo
HX2.0:hls c—=:h|, C|—=:0;h|, D'|0;=; k|, Yol
A 2,0,h B (0; 2,»‘1 5 5 2 2
2 2
Ta c6 DM = —ﬁ; LA , NB'= ——\/—_i;—-l-;ﬁ.
. 27 23 27 22

Nén DM =NB' = DM = NB' = DM ||NB' = B'DMN 14 hinh binh hanh.
Viy 4 diém M, N, B', D déng phﬁng

ﬁlh]

Ta cod MB [—*—— -

=MD’

‘N B’ ‘MB

2 22

s



Hay B'DMN 14 hinh thoi.

- . _ 2
P& B'DMN la hinh vuéng thi MB’M=0@£+%+%=O:> h=v2.

Vay AA’ =av2 thi B'DMN 13 hinh vuong.

Nhin xét: Lang try diing, ¢6 ddy 1a hinh thoi nén ta chon géc toa d§ ngay
tai giao di€ém hai dudng chéo clia hinh thoi.

Vi tinh chét d6i xing cta hinh nén dé dang tinh todn toa d6 cta céc diém.

Cho hinh ling try ding ABC.A'B'C’ <0AB=a, AC=2a,
AA" =245 va BAC =120. Goi M 1a trung diém cia canh CC'.
Ching minh MB | MA’ vi tinh khoang cich tit diém A dén mit
phing (A’BM).

» Loi giai: B’ c’
Céch 1: Phuong phap thuén tay
Tacé A'M? = A'C"?* +C'M? =94°;
BC? = AB* + AC* —2AB.AC.cos120° =74°;
BM? = BC? + CM? = 124%
A'B* = A'A* + AB? =214* = A'M* + MB?
= MB L MA'.

Hinh chép MABA' via CABA’ ¢6 chung day
la tam giac ABA" va dudng cao bing nhau nén thé tich bing nhau.

A

1 15
SV =V gAA’.SM = Ta?' (dvdt).
= d(a, (MBA’)}: 3V __ 6V a5
SMBA' MB.MA’ 3

17




L ))) Mega

Cdch 2: Phuong phap toa d6 khéng gian :
Ké AO L BC, ta cé:

BC =+Ja® +4a* —2.0.2a.c0s120° = a~/7 .

AO.BC = AB.AC.sin120°

Ao AB.AC.smlzo za\/ﬁ .

OB=+AB* — AO* = 1 & - Q“f

5!—'1\/_ i x
7

OC=BC-OB=

Chon hé tryuc toa 4§ Oxyz nhu hinh ve.
0=0(0;0;0), Ox=0A, Oy=0B, Oz AA".

Chon a=1, khi dé AOO] [ Z‘F },M[O,_ﬂ;\@]

Al [@ 0; 2\/3] :

Tacé MA' {‘/_1 57 f] MB = (o;ﬁ;—JE).

Laicé MA' .MB=5*—-5" =0=> MA' L MB=> MA' 1 MB.

e

A [@ 0 zJE] s 1246 -8y~ 21z + 20% o,

Khodang céch tit diém A dén mit phing (AFBM ) 1a:

Phuong trinh mit phing di qua 3 diém B|0

12\/_‘/_J_0J_0+

_ngaJE

\;(uﬁ)u(_@u(_@y T

d(A, (MBA’ )

(dotachon a=1).




- Phat iwy ki thudt dgt truc '
(x;a: nimnh Hinh hoc khong gum ttAdénZ (?

Ny
A

Cho hinh lang tru ding ABCD.A'B'C'D’ ¢6 ddy ABCD Ia hinh
thoi, AB=av3, BAD=120". Biét géc giita dudng thing AC’ va
mit phang ADD’A’) bing 60°% biét M la trung diém clia A'D..
Tinh thé tich khéi lang try trén theo 4 va khoang céch tii trung
diém N chia BB’ dén mit phing (C"MA). '

> Loi giai:
c D’

Céch 1: Phuong phép thudn tuy :
Pay ABCD la hinh thoi gébm 2 tam gidc dé‘uB, N TN R "K

ABC, ACD nén [ \ e /]
2 __—"”?I\\
WBf B 35,  wpE e
S ascp = 255 =2 = a’ s N
4 2 T
(dvdt). B A
Goi C'M 1 dudng cao cha tam gidc déu C'A'D’ thi C'M L(ADD“A’)

nén C' AM = 30°

3ax@
2

Tacé C'M= % = AM = C'M.cot30° =

S AA=VAM - A'M? = J[igia]z = [ga]z = a6 -

Thé tich khéi lang try:
3f 9f
VABCD.A'E'C'D' . A"A SABCD \/7 2 3 Vtt)'

Ta ¢b d(N, (C’MA)):d(K, (CMA)) véi K 1a trung diém clia DD’ (vi K
vad N d6i xting nhau qua trung diém H ctia AC).
Tit K ha KH vuénggécvdi AM thi KH L (AC’M) - d(K, (AC’M)] —KH

. 1
Tac6 S KH.AM=S5,5,0, ~Spucam ~Samao —Saneo:




SaI \/— \f_—— \lra\/_ 1 ax/g a\/_ 1 a\/gm/—

272 "2 2 2

Vay d (N, {C’MA)) = g.

Céch 2: Phuong phap toa do khong gian
Goi O la giao diém ciia AC v6i BD. %

Chon hé truc toa d6 Oxyz nhu hinh vé. C’ d
OEO(O; 0; U}, Ox=0A, Oy=0D, ” . \. -Jf::;.f A
Oz|| AA". i f
LSS &
Chon a=1,khidé A|l— J— i 0 0] N C&L Iis‘*" --/D
A 5 P
M[Z?’-; 2, \/g}, C'[—-—;; 0; \/g] i 4
VHN[O = \/—}
22
Ta cod A—M‘:[—g; %, JE], AC’ =(—\/§, 0; JE)
=>(AM,AC‘ (36, _ 9 ;3\/5
47 22
Mit phang di qua 3 diém A ng—_ 0; 0} {% % V6!, C’[—%; 0; \/g]
.. 36 JE 9 3V3
Ia: - x— y—0 +— -0)=0
-2 |-+ 20
sf 9 3\/_ M2,
B 8
3\/30_9[ ]3J_£_ﬂ
4 2) 42 8
i o)L 28 LR
36 +[_ 9 ]2 .[3B |
4 22 4

120



C ks Phat huy.kytmmdat truc
nh Hmh hoc khong glan'ti AdinZ 4

» Gidi thich

Ta ¢é sin60° = &
AB

c
3 3,
& 5 B/‘?\D
=>OB=AB.sin6[]°=\/§a..-—~=—a=C’M’=C’M' V3,
. 9 2 J3a 607 | 2 M’
A

04

cos60° = 2B J_ 3
= OA = AB.cos60° = 3a. ; 73.:1 c 2 M
= AC = AC' =3a. 60°
MA
Mmc'
= MA = MC'.tan60° = ga.\/g = %a-

AM= %a.

tan 60° =

2

0=0(0; 0; 0), Ox =04 Oy=0D; Oz[| AA". /N

S AA=VAM? — A'M? _\j 3‘Ea] -[

Chona=1,khido A 750; 0], 0
V3a : M
3 J3 3
B|0:—=: 0L ¢|—-—:;0; 0} D|0;—; O,
[0210 5305 0 [2] A
a[ L0, 6. 5 [o__ (] [gf].
V3
240 0+
|2, RCER [£ 3 \/‘]
9 2 9 474
ShE
yloxo 2 06| _ wfo -3, £]
9 9 9 2

n



Chuyen Gia Sach Luym ﬂu

R R TR T AT BT R AT I T e L T

Cho hmh hop diing ABCD.A'B'C'D’ co dayla hinh vudng, tam gidc
A'AC vuéng cin, A'C=a. Tinh thé tich ctia khéi t& dién ABB'C’
va khoang cach ti diém A d&n mit phing (BCD’ ) theo a. V
» Loi gidi:
Tit gid thiét ta ti AC=AA"=2 va AB=2.
gia thiét ta tinh dugc 5 va 5

A '

z

%

-
L

AI‘

-

L

J e
Y

i ko o o
w

“ .
\P\
hY

A

Chon hé truc toa d6 Oxyz nhu hinh vé.
A=0(0;0;0), Ox=AD, Oy=AB, Oz=AA’.

Chon 2=1, khi d6 B 0;1;0 il l;1;[} , D[l;o;o], B’[o;l;_l_},
2 22 2
1 1 1 /0 1 1
D'|—;0;—]|.
22’ J‘J [ JE]

—_— 1 1 1 1.1 3
- AC =|=pss
Ta cé AB [0 > 0} AB = [O ] [2 =7 }

C’

2" 2)
Nén |4, AB' =[—1—; 0; 0]_ “AB AR |.ac|=—L.
22 42
Thé tich khéi chép ABB'C’ la:
_2_ 2,

T ® (dvtt) (do ta chon a=1).

“AB AB'




Phat huy ki Ehudt dat truc .
- Gidi ﬂhanh Hinh hoc khong gm.n LA den Z

CESERMN

g 1 r: 1 1
5 CB=|——;0;0{(, CD =|0; ——; ——=
Tacs G- -500], 0 =03
— 1 1
a cs,ca’]:[o;—;—].
T 2\/5 4
Phuong trinh mat ph?mgdiqua3 diém B[O; %; 0], & %;%; 0],
L . V2
;0;_ la: 2 ——:0.
Khoéng cich ti diém A dén mit phang (BCD’) la:
\E0+0—£
2| _Jio
\[\f +1° 10

d( BCD ) a (do ta chon a=1).
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i " Phat huy ky thuat dgt truc
G idi n!umh Hink hoc khdng gian tAdenz .

DAN G 2: THE TICH LANG TRU XIEN

Dic diém: Lang tru xién,

» Céc canh bén khong vudng géc véi hai ddy. (khi vé hinh khong vé
vudng gdc vai day)

* Hai ddy song song va bang nhau.

* V& hinh xong phai c6 dudng cao.
Nhén xét: Tim chan diidng cao ctia hinh Iang try trudc khi hoan thanh hinh.

Cho hinh ling tru ABC.A'B'C’ c6 mit phing (A"BC) vudng goc véi
mit phing (ABC). Hai tam gisc A’BC va tam gidc ABC 1a nhiing
tam giéc déu c6 canh bing 24, Tinh theo @ thé tich khéi ling tru
ABC.A'B'C’ va khoang cach tit diém A dén mat phing (BCC’B’) '

> Loi giai:
Cédch 1: Phuong phap thuan tay
Goi H la trung di€ém BC.
Do tam gidc A’BC déu, suy ra
A'H 1 BC.

Ma mét phing (A'BC) vudng goc
v6i mit phing (ABC) theo giao tuyén
BC nén A'H L (ABC).

Ta ¢6 dién tich tam gidc ABC la:
S, e = @23 (dvdt).

!
Aiﬁza@_

A'H=
Do d6 thé tich khéi chép ABC.A'B'C’ la:
=S, oc-A'H=3a" (dvtt).

VABC.A'B‘C'

125



p g )))Mega bOOk" : y Gmyen GtaSadt Luyenﬂu
Do AA’ song song véi mit phing (BCC’Br) :
nén d(A, (BCC'B’)): d(A", (BCC’B’)),
Goi M 14 trung diém B'C’, do tam gidc A'B'C’ déunén A’M 1L B'C’.
Goi K la hinh chiéu cia A" 1én HM , suyra A'K L HM.
Tac61=1+1=2 AK_i

AR AR Amr 3

a6

Céch 2: Phuong phdap toa d§ khong gian
Chon hé tryuc toa d6 Oxyz nhu hinh vé.
H=0(0;0;0), Ox=HA, Oy=HB, Oz=HA'.

T

N_‘,‘;___

Chon a=1,khidé A(v3;0; 0), B(0;1;0), A'(0; 0;V3), suyra C(0; ~1; 0)
va B'(—\@; 1; \@)

Mgt phing (BCC'B') diqua 3 diém B(0; 1;0), C(0; -1; 0), B (3, 1:V3)
nén ¢6 phuong trinh: x+2z=0.

Khodng cach ti diém A dén mit phing (BCC'B’) 1:

|‘[J;+iﬂ| ? £=i (do tachon a=1).

Véy khodng cach tit diém A dé€n mit phang (BCC B ] | B ik ‘/_ ;




e - Phat huy ky thugt dgt truc
 Gidi nhanh Hinh hoc khong gian tic A dén Z

Cho hinh hép ABCD.A'B'C'D’ c6 déy ABCD 1 hinh thoi canh
biing a3, BD=3a. Hinh chiéu vudng géc chia B’ 1én mit phing
(ABCD) I trung diém canh AC ; mit phing (CDD'C’ hop véi ddy
mét goc béng 60°. Tinh theo a thé tich khéi hop ABCD.A'B'C’'D’
va khoang cich tit diém D dén mit phing (ABB’A").' V

> Loi gidi:

Cdch 1: Phuong phap thuan tay
Goi O la giao diém cua AC va BD.

BD® _av3
4 2 7

suy ra AC=24A0=a\3.

Tacd AO=,/AB*—

Do d6, tam gidc ABC déu canh bang a3. p
Dién tich hinh thoi ABCD la:

_9 3a2\/§ I Saz\/_

3
AABC n > (dvdt).

Ké OH 1 AB, suyra AB L(B'OH) nén AB LB'H.

25

5 ABCD —

——

. [(ABB’A’], (ABCD)] » [B'H; OH] —B'HO.

Do d6 [(CDD’C), (ABCD)

1 1 1 16 av o AT
] = =—=0H=—a; BO=0H.tanB HO = ‘
Taco 5 =oar T om ~ 92 1 A 4
. 27
Do d6 VABCD.A'B'C'D' = SABCD'BIO == ?"‘13 (dm)

Ta c6 d(D, (ABB’A’)) - Zd(O, (ABB’A’)] ,
Goi K 13 hinh chiéu cia O 1én B'H, suyra OK L. B'H.
TacOAB L (B’OH) nén AB1OK.

Do d6 OK L (ABB’A‘) nén d(O, (ABB’A’)):OK.

Cw




128

Tacs L —_L L _ 6 L ox_3a3
OK* OH* pgo* 27a

3a\/§
1

e

Viy d(D, [ABB’A’])_—. 20K =

Céch 2: Phuong phép toa d6 khéng gian
Chon hé truc toa d¢ Oxyz nhu hinh vé.

0=0(0;0;0), Ox=0A, Oy=0B, Oz=0F'.

33
Chon a=1, khldofl{ 0; 0] B[O;%;O],B[O Oi

Suy ra D[U; —g; U].
2 5

Mitphing (ABB’A’) diqua3diém A 73; 0; 0
nén cd phuong trinh:

6x+2v3y +4z— 343 =0.

Khoang cach tii diém D dén mit phing (ABB’A') 1a:

B3 3B s

\V36+12+16 4 4

Viy khodng cach tit diém D dén mit phéng (ABB" A") 1a

(dotachon a=1).

3
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Sl Phat huy ky thugt dat bruc - 4
(zuu nha.rm Hinh ch khong gian tie A dén Z

Cho hinh léing tru tam gidc ABC.A'B'C’ ¢6 ddy ABC la tam giic
vudng can tai B, AB=a. Hinh chiéu vudng géc ciia diém A’ 1én
mit phing (ABC) Ia diém H thuéc canh AC sao cho HC=2HA,
Mit bén l&.:lBB’A’) hop v6i ddy mot géc bing 60°. Tinh theo a thé
tich cfia khéi lang tru ABC.A’B'C’ va khoang cich giita hai duong
thing AB va CC'. . - '

» Loi giai:
Céch 1: Phuong phap thuén tay
Goi D la hinh chiéu vudéng goc cia H
lén canh AB.

A’ c'

Taco

AB 1 DH ; . A

f =>AB_L(A HD|=>ABLAD D
ABLA'H ,
B

Do do
[(ABB"A’ ) (ABC)] - [A’D, HD] = A'DH.
Ta c6 DH :%BC = %, suy ra A'H = DH.tan60° :ﬁ.
Dién tich tam gidc ABC 1a: S, = %BA.B = “E (dvdt).

Do 36 V5 sipe =Siune:A H =—-\§a3 (dvtt).

| Vi CC’ song song véi mét phdng (ABB"A') nén fa co
dlcc, AB)= d(cc‘, (ABB’A’)) - d.(c, (ABB’A’]) - Sd(H, (ABB‘A’))-.
Goi K 13 hinh chiéu vuéng goc ctia H 1én A'D, suyra HK L A'D.
Taco AB L (A’HD) nén ABL HK.

. AN 1 G THE A PHUCNG PHAP, -




Gmyen Gia Sﬂfh L“ye" m

e i i

\ M Megabook

Do d6 HK L (ABB"A") nén d(H, (ABB’A’]) s B

f
\/_

Ta c6 HK = HD.sin60° = o

Vay d(cc’, AB) At =#

Céch 2: Phuong phap toa dg khong gian
Chon hé truc toa d6 Oxyz nhd hinh veé.

H=0(0;0;0), Ox|| AB, Oy||BC, Oz=HA'.

1
Chon a=1 khi do A[ X 0], B{g—;%;o], A'l0; 0; \f],suyra

g

3" 8
; . 2 1 3
Mitphing (ABB’Af) diqua 3 diém A[—-lg; %; 0], B [5; . 0), A'[0; 0; %

V3

nén c6 phuong trinh: /3y +z — = 0.
Ta ¢ d(cc’, AB) » d(cc’, (ABB’A’)) _ d(C, [ABB’A’])

@'[‘5]”‘% 5 _els

——=—— (dotachon a=1).

- Vv3+1 2
Viy khodng céch gitta hai dudng thing AB va CC' 1a 2¥° “\/_ .




Phat huy ky thuagt dgk bruc
Gidi nhanh Hinh hoc khong gian tit A dénZ 4

Cho hinh ling try ABCD.A'B'C'D’ ¢6 &4y ABCD 1A hinh binh
vubng canh bing 4, canh bén AA’ =4, hinh chiéu vudng géc ciia
A’ 18n mit phing (ABCD) tring véi trung diém I clia AB. Goi K
1a trung diém cta BC. Tinh theo 4 thé tich khéi chép A’.IKD va
khoang cach tit diém I dén mit phing (A'KD). | | '

» Loi giai:
Céch 1: Phuong phap thudn tdy

Thé tich khéi chép A".IKD 1la:

1
VA'.]’KD = ESAIKD Al
Tacod A'I=VAA" - A =%.

Dién tich tam gidc IKD la:

SMKD = SAB‘CD - Sr_\AID = S.a.cnx - sa.BKI =

(dvdt).
DO dé VA'.IKD =_3_—2——-,8a — 16

Goi H 1a hinh chiéucta I trén KD .

25,0 . 30

KD 25"

Goi E Iahinh chifu ctia I trén A'H,suyra IE L A'H.

Tacé IH L KD va IH=

Tacé KD L (A’IH) nén KD L IE.

Do d6 IE L(A’KD) nén d(I, (A’KD)) B,

1 1 1 4 20 32 322
A — — -+ —— = IE == .
Rt m= T 32 Toi 9
3a~/§

Vay d(I, (A’KD)): 2.




Cdch 2: Phuong phap toa d6 khﬁng gian

B’ C’

Chon hé tructoa dé Oxyz nhuhinh ve.

I1=0(0;0;0), Ox||AD, Oy| AB,
Oz=1IA".

Chon a=1, khi d6 A[O;l;()],

D['i; l; 0], A'l0; 0; ‘E}.
2 2 i
W
S 1 1 ; S N x
uy ra B[O;——;G]: C[l;——;[] vd ;
4k
1 -/ b
trung diém ctia BC la K T 0 y
' 3 1 1
Mit phing (A*'KD) di qua 3 diém A'|0; 0;%_- : D[ ,lr J, K[~2—, 2,0]

nén c¢6 phuong trinh: 2x—y+ V3z- % =0.

_3
Ta cé d(I, (A’KD)) \/4‘+ 12]+3 3\8/_ 302 (dotachon #=1),

Véy khodng céch tit diém I dén mat phing (A KD) 1a %.

Cho ling tru ABC.A'B'C’ c6 ddy ABC I tam gidc déu canh 4, hinh
chiéu vuong goc cia A’ lén mit day (ABC) la trung diém ctia BC
va AA' =3 . Tinh theo 4 thé tich khéi ling try ABC. A'B'C’ v
tan ctia goc tao bdi dudng thang AB' Va mit phang (BCC B ) '.

> Loi gii:

Céch 1: Phuong phép thuan tay
Goi H la trung diém BC, theo gia thiét suy ra A'H L(ABC),




S GuunhMLHumhockhonggw:hcA 2

Dién tich tam gidc ABC 1a: S, ;- = %az (dvdt).
Thé tich khdi lang tru ABC.A'B'C’ la:

3\3

1% A'H= Taﬁ (dvtt).

ABC.A'B'C

=S5 a8c
Goi M la hinh chiéu cia A" 1én HI .
1 i
Tacd ———=—— b= AM =32
A'M* AP A'H? 9 4

Ké AN L HI suyra AA'MN 13 hinh chi nht, nén AN — A'M = 3;—“.

Tacé BC.L(AA'H) suyra BC L AN

Tl dé suyra AN L [BCC'B’).

Khi d6 | AB’, (Bcc’s’)] = [AB", B’N] = AB'N.

Ir2 132
Tacé MN = AA' =av3; pu=2L _ Al :m@‘
HI 44" 4

Suy ra NI = MN + MI = 5":6 } BN =N +1B" = “‘f_‘f‘ .

g 3
Trong tam gidc AB'N, ta c6 tan AB'N = =2
BN

Véy dudng thing AB' hgp véi mit phing (BCC’B’) mét géc o véi

tanazi.

NE)
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Cich 2: Phuong phap toa do khong gian
Chon hé truc toa d0 Oxyz nhu hinh vé,
H=0(0;0;0), Ox=HA, Oy=HB,

Oz=HA'.
J_ » 03 U]

, Suy ra C[O;-%; 0]

Chon a=1,khidé A|—

B[O; 1; 0], A [0; 0; E;
2 2

#|-8.1,% v 4 =[5y 3] 4
2°2"2
,:'D:—'-\[-?l .
2
Cho hinh hép ABCD. A'B'C’'D’ ¢6 ddy ABCD la hinh thoi canh 4,
tam O vi ABC =120°. Géc giita canh bén AA’ vi mit phing d4y
bing 60°. Pinh A" cich déu céc diém A, B, D. Goi M 1A trung
diém canh CD. Tinh theo a thé tich khéi hép ABCD.A'B'C'D’ va
khodng céch ti diém M dén mit phing [A*'BD) : '
» L giai:
Cdch 1: Phuong phap thudn tay
G6c ABC =120° suy ra BAD=120° nén tam gidc ABD }i tam gic déu
canh a.

Goi H 1a hinh chiéu vuéng goc cia A’ xuéng mit day (ABCD).




at huy ky thugt
Giai n}umh Hinh hoc khong gian bt A dén Z

. B s R R R i

Do dinh A’ cach déu cac diém A, B, D nén H trung vdi tim dudng tron
ngoai tiép tam giac ABD

CF

Suy ra H thudc AO sao cho AH= EAO—é _az£ af_

Khi d6 hinh chiéu ctia AA’ 1én mit ddy (ABCD) Ia HA nén:

[m]= A4, Hﬁ]:A’AH.

Trong tam gidc vudéng A’AH ,tacé A'H= AH.tan A’AH = AH.tan60° =a

V3

Dién tich hinh thoi ABCD 1d: § 45cp =25, 450 ==,-4" (dvdt).
Thé tich kh&i chop ABCD.A'B'C'D’ 1a:

o V3

ABC.A'B'C'D' _SABCD A H—Ta (d"ﬁ)

Ta 6 d(M, (A’BD)) :%d(c, (A"BD)) =%d(A, (A’BD)): —gd(ﬂ, (A’BD)) .
Goi K la hinh chiéu ctia H 1én A’O suyra HK L A'O.

Tacé BD L (A’Ho) nén BD L HK.

Do d6 HK L (A’BD) nén d(H, (A’BD)): HK.

13 V13

Tacé 12: 12+ . =~—2—=>HK=a 5

HK® HO® A'p? «a 13
3a\/13

3
b ,A’BD)):—HK:
Vay (M( 2 26




Chon hé truc toa dd Oxyz nhu hinh vé.
H=0(0;0;0), Ox=AC, Oy||BD, Oz= HA',

Chon a=1,khidé A g; 0;0[,0 —-\2—3; 0; 0|, A’(0; 0; 1), suy ra:

-i ;0; 00 [—%;;;0] va trung diém cta CD [a M —fr’—\[- 1 0l.

V3
Miitphing (A'BD) diqua3diém 4'(0; 0;1), D ——‘?; 2i0},0|—530:0
nén c6 phuong trinh; 23x—z+1=0.
243. —# —0+1
Ta 6 d(M, (A"BD)): _N13_3a13
v124+0+1 26 26
(do tachon a=1).
Saxf_

Vay khoang cach tit diém M dén mit phdng (A BD) la
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PHAN Il
' PHUGNG PHAP DAT TRUCTOA DO

TG DIEN
@L LY THUYET

ﬁ KIEN THUC CO BAN VE HINH CHOP TAM GIAC
S

- Pinh nghia: Hinh chép tam gidc
12 khéi da dién c6 ddy va cac mét bén déu
14 cdc hinh tam gidc

- T dién SABC déu (ddy ABC c6
tam G) 1a hinh chép tam gidc c6 tdt cd cdc
canh bing nhau hay néi cdch khac1a hinh
chop ¢6 cic mit bén la céc tam gidc déu.

- C4c tinh cht clia chép tam gidc déu:

+SGvubng gbc v6i mit phang (ABC)
+ SA=SB=SC=AB=AC=BC.
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8 THIET LAP HE TRUC TQA DO CHO HINH CHOP TAM GIAC:

V6i hinh chép tam giac viéc thiét Iap hé truc toa d6 thudng dugc thuc hién
khd don gidn, ta thudng gip céc trudng hop sau:

a) Hinh chép tam gidc déu S.ABC

Cho hinh chép tam gidc déu S.ABC canh a, SH=h

C6 thé chon hé truc toa do theo cac cach nhu sau:

Hinh I:
O la trung di€ém AB, H Ia trong tam tam gidc ABC, khi dé, chon hé toa d6
Oxyz sao cho Oz//SH(vi S.ABC la hinh chdp tam gidc déu nén SH-L (ABC)).

Khi do:
0(0;0;0), S (i 0&} [0;—%;0],B[O;%;O],C{%;O;O]-

Hinh 2:
O la trong tdm tam gidc ABC, do d6 SO L (ABC) (do S.ABC 14 hinh chép

tam gidc déu), khi d6, chon hé toa d6 Oxyz nhu hinh vé:
0(0;0;0) , S(0;03%), 4 ["‘/— 0; OJ (—-‘i —-;—;O}C(—;,z,ﬂ}

Hinh 3:
Ila trung diém ctia AB, chon hé toa d6 nhu hinh vé: 7 (0;0;0), [ a3 ;0; hJ

A[—ﬂ;o;oj,a[f;o;(p], C o;ﬂ;o
2 2 2




L Phat huy ky thudt dat truc
Guam:wm Hink hoc kiwng gum tuA den iz

b) Hinh chép S.ABC ¢6 $4 L (4BC)va tam gidc ABC vuéng tai A.

Cho hinh chép S.ABC ¢6 S4 L (ABC), tam gidc ABC vubng tai A ,SA =h,
AB=a,AC=0b.

Chon hé truc toa d6 nhu sau:

s

Vi SAL(ABC)va déy ABC la tam gidc vudng tai A, nén SA L 4B,
SA L AC,AB 1 ACdo d6 ta chon A lam géc toa do: A(0;0;0), B(0;4;0),C
(b; 0;0) » S(0;0; 7).

¢) Hinh chép S.ABC ¢6 S4 L (4BC)va tam gidc ABC vudng tai B.

Cho hinh chép S.ABC c6 S4 L (A4BC)va tam gisc ABC vuéng tai B,
SA=a,AB=b,BC=c

Chon hé truc toa dé nhu sau:

Vi SAL(4BC)va diy ABC la
tam gidc vudng tai B, nén SA, AB, BC
déi mot vuong géc do d6 ta chon B
lam gbc toa do, va ké Bz//SA. Khi dé:
A(5;0;0}, B(0;0;0),C(0;¢;0),8(b;0;a)

d) Hinh chép S.ABC c6 S4 L (4BC)
va tam giac ABC déu.

Hinh chép S.ABC c6 54 L(4BC)va
tam giac ABC déu, 4B=AC = BC =q; SA=b

Chon hé truc toa dé theo mdt trong ba cach sau:




e e o S A P O T T P BRI R SO B T 1

Hinh I:

Vi S4 L (ABC)nén chon Az =S4 (A la géc toa do). Mit khéc, tam gidc
ABC can tao A nén c6 thé chon Ox= ACsau d6 ké Ay | Ax. Dé thiy Az,
Ay, AC do6i mt vudng géc nén ta dugc hé toa do Axyz nhu hinh vé. Khi do:

A(o;o;o),B{";;“f;o],c(a 2;0;0), 5(0;0;)

Hinh 2: _

Kétia Ax | BCsaudéké Ay | Axvachon 4z =S4 .Ke Ay//BC. Ta thiy
Az, Ax, Ay d6i mdt vudng goc nén ta dugc hé toa do Axyz ta duoc hé toa do
nhu hinh vé. Khi dé:

4(0;0;0); B [ “2‘/— 0; o] C[“‘f’% 0} $(0;0;5)

Hinh 3:

Goi AH la dudng cao tam gidc ABC, khi d6 AH L BC, ké Hz//SA khi
dé Hz, HA, HB d6i mdt vudng goc nén ta chon dugc hé toa d6 nhu hinh vé.
Khi d6:

H(0;0;0); 4 [aIOOJ 5[050] C(D_ OJ {a;/_ J

Nhin xét: O dang bai nay ta phai ké thém dé€ tao ra géc vudbng.

e) Hinh chép S.ABC c6 (S4B) L (ABC), tam gidc SAB can tai S.

Hinh chép S.ABC c¢6 (S4B) L (ABC), tam gidc SAB cén tai S, c6 SA=SB=
a, BSA=60° vatam gidc ABC vudng tai C

Chon hé truc toa d6 nhu sau:

PR PUTAGPRAPORTRVCTARQ




Phat huy ky thugt dgt truc.
Gidi nhanh Hinh hoc khong gian tit A dén Z

Vi SH L(ABC)nén SH L (A4BC)(v6i SH 1 dudng cao tam gidc SAB),
mit khéc, vi ABC vuéng tai C, nén AC L BC, tit C ké tia Cz//SH . Dé théy Cz,
AC, BC d6i mét vudng goc, nén ta chon dugc hé toa dé nhu hinh vé.

Nhén xét:

- O dang bai ndy ta sé chon géc toa d¢ 1a géc vudng, sau d6 ké truc cao
song song vGi dudng cao ciia hinh chap.

- Ciing ¢6 thé chon SH 14 truc cao béng viéc ké Hx//CA va Hy//CB tuy
nhién viéc xac dinh toa d¢ diém sé phiic tap hon.

f) Hinh chép S.ABC c6 (S4B) L (4BC), tam gidc SAB cin tai S va tam
gidc ABC vudng tai A.

Hinh chép S.ABC c6 (SAB)L(ABC), tam gidc SAB cén tai S ¢6
SA =SB = ava BSA =120° . Tam gidc ABC vudng tai A, c6 AB=a, AC=av/2.

Chon hé truc toa d6 nhu sau: :

Z
N

SO/NAz

ey

o “PHAN N PHUONG PHAP STT RYC ipi‘::ﬂ@: ;



B B S S P A T A S A B R IR S

Vi (ABC)va tam gidc SAB can tai S, nén SO L (4BC)
Mit khéc ta thdy tam gidc ABC vudng tai A, tii A ké tia Az//SO , dé thiy
Az, AC, AB doi mot vudng goc, do dé ta chon dugc hé toa dd nhu hinh ve.

A(0;0;0);B(a;0;0);C(0;a\f5;0);0[g;0;0};8[3\2/37;0;0]

Dang bai nay viéc ddt truc khd don gian do day la tam gidc vuéng, chi cin
xac dinh dudng cao ctia hinh chop sau d6 tit dinh tam gidc vudng ké song song
v6i dudng cao la ta sé dugc hé toa do.

h) Hinh chép S.ABC c6 (S4B) L (ABC), tam giac ABC vudng cin tai C
va tam gidc SAB cén tai S.

Hinh chép S.ABC c6 (SAB) L (4BC), tam gidc ABC vuéng cén tai C c6
canh AC=CB=a vatam gidc SABcintaiSco S4=SB=2a.

Chon hé truc toa do nhu sau:

z

~,

Hinh I: .

Vi (S4B) 1 (ABC)va SH 1a dudng cao tam gidc SAB nén SH 1 (4BC).
Mit khac tam gidc ABC vudng cén tai C, nén CH L 4AB. Dé nhén thdy, SH,
AB, CH d6i mgt vudng goc, nén ta chon dugc hé toa d¢ nhu hinh veé.

H(O;G;U);A[a‘zf— 0; 0] B(_i 0; OJ C[ a2, } S[o o a\é_]

Hinh 2:

T C ke tia Cz//SH, dé thiy Cz, AC, BC déi mdt vudng gic, nén ta chon
hé toa 6 nhu hinh vé. Khi d6:




Phat huy ky thuat dat truc
Gu.u nhanh Hinh hoc khong gian tir A dén 4

aaax/_]

2."2% 9

C(0;0;0);B(0;a;0); A(a;0;0); H[E v OJ S{

i) Hinh chép S.ABC c6 SA, SB, SC
vudng goc nhau d6i mot vudng goc.

Vi SA, SB, SC d6i mot vudng goéc véi
nhau, nén chon hé toa dé nhu hinh vé:

S (0;0;0), A(a;0;0), B(0;5;0), C
(0; 0;c)

Cho hinh chép tam gidc déu S.ABC c6 d dai canh déy bing a. Goi
M, N l4n lugt Ia trung di€éin canh bén SB,SC. Tinh theo a dién tich
tam gidc AMN, biét ring mit phéng (AMN) vudng gbéc véi mit

phéing (SBC) <k 14« L '

> Loi giai:
Goi G |4 trong tdm tam giac ABC,
I va ] 14n lugt 1a trung diém AB va BC.
Do S.ABC déu=> SG L (ABC),
do tam gi4c ABC déu = IC L AB.
Ké 1z//SG=> Iz L (ABCD).
Dit truc Ixyz nhu hinh vé.
Tacéd:

I(O;O;O);A(%;O; U);B(%;O;O}C[O;%;O]
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Do G la trong tdm tam gidc ABC = G[O;ga; OJ .

GmS{ a«/_ J

a axﬁ h V3 h
Do M, N 14 trung diém >M| -5 22 EN| 0 X
oM, N la trung diém SB, SC= (4 ) ZJ [ 3a2J

»

a-_
2 :am—[s—s,ﬁ]{ﬁahfﬂh-@a}

\
—e {. «& 2 2 6
SC=| 0;—a;-h
. 3
=X iﬁ ah+ l.j)ah+ ﬂﬁ S O
8 2 8 2 24 6 = 48
S h 5 h 5
a —a+-—]=0<::,»-—a+—=0:> =-—a
48 4 487 4 72
o [AN]-2B e s, 5B

Cho hinh chop tam giac déu SABC c6 SC=4a+7. Géc tao béi mit
phing (SAB) va m3t phing (ABC) bang 60“ Tmh thé tich khsi
chép S.ABC theo a. - : '

> Loi gidi:

Goi G la trong tdm tam gidc ABC va H 1a trung diém AB = SG L (ABC).
Goi H Ia trung diém AB. Ké Hz//SG= Hz 1 (ABC). Dit truc Hxyz nhu
hinh vé.
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A * Phat huy ky thudt dit truc
e buu nhanh Hmh hoc khong gian. HEA tien Z

Goi do déu cac canh cua tam giac ABCla b d6 dai SG=h.

F4

M Ry

I

v

Q\f
I'E

LY

! A
4

2
Tacé: HC = ,[b? - = i HG—i.
4 2 6
Ta c6: H(0;0;0); ( 00] [ ) [O-—OJ

s| o0 "‘F =SC = Uﬁb;—h.
6 3
|sc\ ,f 24 h2 - a\ﬁ:>h2=7a2—%b2

Ta c6: Nasc =(0;0;1).

SA = [E _3b, —h] SB = [—E-—&-h}
27 6 k ’

" s i3 sk
Dsap = [SA, SB] < {O;bh;Tsz] B,
[pasciss| 6

Ta c6: cmtso“—cos[(ABc) SAB) | = e r -
NABC|NsAB 212 4
\/b h +%b

£5 [%sz =b2.[7a2 -—-;J;-b2]+316b4 = b=2\/§a:> h =J§a

= Ve = % 3a,2\/§.%.3a =3a’ (dvitt).

-
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Cho hinh chép déu S.ABC ¢6 canh bén bang a. Cho M, N lan lugt 1a
trung diém cdc canh SA va SC va mit phing (BMN) vuéng géc véi

mit phing (SAC)

a) Tinh thé tich hinh chép S.BMN.

b) Goi H 1a trong tam tam gidc déu ABC. Tinh khoang cach tii H

dén mp(BMN) '
> Loi giai:

Goi SH=h (h>0)

Trong mp(ABC), k& tia Hxll AC, ta dugc
SH, HB, Hx d6i mét vudng goc, chon hé truc
toa dé Oxyz nhu hinh vé.

- Goc toa d6 O trung vdéi H.

- Cactia Oy, Ozlan lugt diquaBva S

Khi d6: H(0;0;0), S(0;0sh),

4 —“, “‘/_ B oio
T 3
f

c 5;_aﬁ;0 b e AT
2°" 6 4’ 17 ’2 4

mp(SAH) ¢6: 574’(;"; _“6 - ;hJ,s_c"[ﬁ- =
J3a ) — a3

n{SA‘C) (0 —h; "_“‘“)

—-a —Sa\/— h}?ﬁ{a- —a\@.h]

mp(BMN) cé: BM [ i

- [54;5¢] - [0 ah

12 2 4’ 4 2

B - 2 2 -
:’[BM;BN}z J?—:a ;a_h;ﬁa :>an & h«f
12 "4’ 16 2% g

148




© Phdt huy ky thudit dgt truc
( {i nhanh Hinh hoc khing gian tit A dénZ

3
Ta c6: mp(SAC) L mp(BMN) < n(SAC‘) anr =0& _Vr J_ a’ =

B By opotbgy o[y (22,
@S H-gre | ]=[ J

2
g iy 4 4 2
Dién tich ABMN la: S,y =%|[BM;BN]| - %4,.‘%”4 _ V6a

2 4
Trong ASMN cién tai S, ke SK.L MN cat AC tai E:
= SK = \/SHZ vER =1 3 _ais
2 36 12
SAC)(BMN)=
Mit khde: (AC)BMN)=MN| _ o0 | v
SK L MN .

Viay thé tich hinh chép S.BMN la:

1 1 a,\/_ \/_ 6a x/l_()a3

Vo p o= RKES
A4 sma¥ T3 4 48

b) mp(BMN) qua B va c6 vtpt n(~112)| [Eﬁ; Eﬁ] ¢6 phuong trinh:

—x+(y—%§-)+22 =0
: aﬁ
Hay —x+y+2z- =0
¥ y+iz 3 o3
Viay khoang cach tii H dén mp(BMN) la: d(H;(BMN))= ‘ = aV2
- Nl+1+4 6

Cho L dlen déu S.ABC canh bang a. Trén SA lay diém A sao cho
SA = 2AA Goi B, C 14n ligt Ia trung diém ctia SB va SC. Mit bén
(SBC) tao véi day goc 600.

- a)Tinh ? V

8. A’B‘C

b) Tim tilé Is48c ?
V.

§.4BC 2 ' '




)) Mega book_

» Loi giai:

a) Goi O 1a trong tdm tam gidc déu ABC = SO L. mp(ABC)

7

a3 a3 . a3

Tinh: SM—— OM—— OBM—?’—- So_“

Trong mp(ABC), ké tia Oy” AC, ta dugc
SO, OB, Oy d6i mét vudng goc nén chon hé

truc toa do Oxyz nhu hinh vé.
- CactiaOx,Ozlan lugtdiquaBva$S
Khi d6: S (0;0; a;/_
“‘f SH0.BE ‘f ‘E $250)

,—aﬁ —a a6, . a3 a\/g
AX 5 “3° 9 )sB(T;O;T),

L —aN3 a a6

Y )

12 4 6
Tinh thé tich S.ABC’
o a3 = 2ax/_ ,as/_ —a/6 ==t —aN3 a NG
SA'( o ), 5B'( ), SC( 3= )
9 3 6 12 4 6
x/_a s/_a\/_a [y —— N Y S
[54,58"] =( =22 ):>VS_A.B.C._E|SC [ 5453 }’_ =
Tinh thé tich S.ABC
T —a\/—.—a a\/_ a\/_ J_ -a 3 .a —a\fg
SA( E h° g ), SC( 5 )
3

— <7 _ 6a* —2a* Jia . 1
[54;38] = = ):VS_EC_ESC[SA,SB]’_ =




" Phdt huy ky thudt dat truc
- Gidi nhanh Hinh hoe k&wng gian WAdénZ -

Cho hinh chép deu SABC ¢6 canh bén bang X, mit bén tao véi da}r
- g6c45°.

a) Tinh d6 di chiéu cao h cia chép SABC.
b) Tinh thé tich hinh chép SABC | '

> Loi giai:
Trong hinh chép déu S.ABC, goi H
1a trong tim AABC= SH L (4BC)

Gia sti AABC déu cd canh a (vdi a>0)
a3
3
ASAH vudng tai H:

SH? = SA* — AH?

2 (G\/?_’z

S h=x" - —3———} <:>h2+%a2=x2 (1)

= AH =

Trong mp(ABC), ké tia HyllAC, ta
dugc SH, HB, Hy d6i mét vudng goéc nén
chon hé truc toa d Oxyz nhu hinh ve.

+ Goc toa d6 O trung véi H

+ Cactia Ox, Oz lan lugt diquaBva §

;
Khi d6: S(0;0:h), A[ 63 2.0,B (a‘f 00} C[ 63;—;;0]

2
—a\3 -
SA(" o L o & Ea
. :>[SA;SB =(=ah;0;
17 4

=

)

a3

AH——Mp(SAB) CO VPt 7 gy (V35 0,— a)SK(—a —a;-a\2)
Mp(ABC) C mp(Oxy) nén c6 vipt 7(0;0;1)




) “--':.__)_)")Mega_bonk' A

Ta co:

V2

=7 o at =124

Cos ((SAB),(ABC)) =cos45° <

J3h2 +%ar2 NG
ZxJE
5

Thay a’ =12k vao (1) ta ddgc: A =§x;a =

Vay d6 dai chiéu cao h ctia chép SABC Ia g %

1 2x4/15 3\/_.x 335

2 5 5 3

1 \Ex 3«./§x \/I_S.xa

35 5 25

b) Dién tich tam gidc ABC: S 5. =

Thétich khéi chép S.ABC1a: Vs pe = h S4pc =

Cho i dién déu SABC c6 canh biing 1. Goi O I tim clia A4BC; I
1a trung diém ctia SO. Mp(BIC) cat SAtaiM.
a) Timtilé the tich ctia tt dién SNCM va tii d.len SABC

b) Goi H la chan duong vudng goc ha tii I xuéng SB. CMR: IH di
quatrongtachua ASAC. - '

» Loi giai:

AABC déu canh a nén dudng cao BN=—

o owo s

= BO=£BN=—:>ON=
3 3 6

ASBOvudng tai O nén SO = \/,5‘32 —0OB? = ?

Trong mp(ABC), ké tia Oy|| BC, ta dugc SO, OA, Oy d6i mét vudng goc
nén chon hé truc Oxyz nhu hinh vé.

- Cac tia Ox, Oz ldn lugt diqua A, S

Khi dé A(£ 00), B(j —30), C(-—\/—5 l ;0),5(0;0; JE)J(O;U;%)




L e o os® Phat huy ky thudt dat truc
Gidi nhanh Hinh hoc khéng gian ticA dén Z

Ta c6: B_C"(O;l;O),E(—£° e ig-») =N [ﬁf;??’:] = (%@;0;‘—?

22!

Phuong trinh mp(IBC) qua I 1a:

_‘/gx+‘/§(z_‘/g)=oc>—ﬁx+z—£=ﬁ
6 6 6 6

Ma ta c6: ﬂ(g;o;g) = SA || ug, (1;0,—/2)
.
3
Phuong trinh dudng thing SA qua Ala: {y=0  (1€R),
z=—\/§t
Goi M(€+t;0;—\[2_r)eSA.Ta co: (
M emp([BC)::»-\E(gﬂ‘)ﬂ)—\&t—%:(}
<:,‘>t=:£:>M(£;O;£)
4 127" 4
.

Do d6 ta c6: SM(X=;0; YOy . Sd—4sM
12" 12

SM _1_ Vopou _1

=> M nam trén doan SAva "¢ "y Vepe 4

B



\ I Mega book

A P L R AR R S

b) Do G la trong tim A ASC=> SG di qua trung diém N ctia AC
= GI c (SNB) = GI va SB dong phéng.

Ta c6: G(£ l £) (“l‘é— 61 ‘/_) = GISB=0

Tu d6 chiing t6 GI vudng géc véi SB tai H
Hay IH di qua trong tim G ctia ASAC

Cho khdi tii dién déu ABCD canh béng a, M I trung diém DC.
a) Tinh thé tich hinh chép MABC
b) Tinh khoang cich tii M dén mp(ABC) '

> Loigiai:

Goi H [a trong tdm tam gidc déu BCD= 4H L (BCD)

ABCD déu canh a nén dudng cao BM="—— \/_
BH=§BM: “;/_ HM = ‘/_

a/6

3

AABH vudng tai H nén: AH =\ AB* —BH” =




C o Phat huy ky thudl ddik truc
Guu nhanh Hinh hoc khing gian twl dén Z

Trong mp(AB C) ke tia Hy vudng goc véi HC, ta dugc AH, HC, Hy déi

mot vudng goc.
Chon hé toa dé Oxyz nhu hinh vé.
Gdc toa dd O trung véi H. Cac tia Ox, Oz lan higt qua Cva A

Khi do:
H(0;0;0), 4(0;0;~

‘F)B( f 0),0(‘“F 0),

J—a a
0),M( 12 2,0)

4’
AB(~ "‘/_ 8 iy
27 3
E(aﬁ;o;_a\@)
3 3
[ABAC] \f_a —2 fa ),AM( 3;3;—51\/3)
2 6 12 "4 3
| 3
Viy thé tich hinh chép MABC Ia: 7, = %|AM [AB; Ac}’ = ‘E:
qua A(0;0; “‘F
b) mp(ABC) M c6 phuong trinh:
VIpt 1 (?;—\/ﬁ;l@"
ﬁx— 2 +?(z-33—6)=0

H&Y: T}C-‘-‘ Q.y p—Z— 3
Viy khoang cach tit M dén mp(ABC) la:

Jga\/_ J—g__a_xf:

+2+—

d(M;(ABC)) = \/6 3- 6
9 9




A D Mega hook 8

e e L b o s e e T )

Cho hmh chép B.OAC c6 ddy OAC la tam gidc vudng tai O OA=a,
0C=af3 3 (a>0), dutcing cao OB=a 3 Go1 M trung diém cha
canh AC. ' :

a) Tinh thé tich khéi chép B.OAC.

b) Tinh khoang cich giita hai dudng thing AB va OM.

> Loi giai:

a) Nhiing phin tinh thé tich khi di dé dang xdc dinh duoc chiéu cao va
dién tich ddy hoc sinh nén tinh theo cich thong thudng theo CT:
Vay thé tich khéi chép B.OAC la: z

1 a’

P loss,,. = .aJEE.a.a 3=7 B

b) Dé dang théy, hinh chép B.OAC c6

OB, OA, OC d6i mét vudng géc véi nhau

tai O.

Nén ta chon hé tryc toa d6 Oxyz nhu y
hinh vé

- Tia Ox, Oy, Oz ldn lugt diqua C, A, B

- Goc toa d6 O(0;0;0)

Khi dé: A(0; “‘r
0) C(aJ'OO)

AB = (0; am/') e (—Ba 3@ )
{OM Erg 50 AB;OM]:( 2 7272 J;OAZ(O;Q;O)
Vay khoang cich gilia hai dudng thing ABva OM la:

e g 3@
d(AB;OM)=‘OA£:,ﬁi),M]‘= i a1

| 4B;0M || \/(__{’—_ETJ;(%{T*[J?T_ 5




Phat huy ky thugt dat truc
Gua nhanh Hinh hoc k.lwng gian arA den 7

Cho hinh chép S.ABC ¢6 déy ABC 1A tam gidc vudng cén tai B,
AB = BC = 2a; hai mit phdng (SAB) va (SAC) cliing vudng géc véi
(ABC) Goi M 1a trung diém clia AB; mit phidng qua SM va song
song véi BC, cit AC tai N. Biét goc guia hai mit phang (SBC) va
(ABC) bing 600.

a) Tinh thé tich khéi chop S. BCNM theo a.
b) Tinh khoédng cich gitta hai ducmg thang ABva SC theo a. '

> Loi gidi:

- Hai mit phing (SAB) va (SAC) cung vudng géc véi (ABC) nén
SA 1 mp(ABC)

- Mit phing qua SM va song song v4i BC, cit AC tai N 1a mp(SMN) véi
N 1a trung diém AC

- Trong mp(ABC), ké tia Ax || BC . Khi d6, ta c6 AS, AB, Ax d6i mét vudng
gdc tai A nén chon hé truc toa do Oxyz nhu hinh vé:

+ gbc toa do O trung voi A

+ Tia Oy, Oz lan lugt qua B, S

Khi dé: A(0;0;0), B(0;22;0),C(2a;2a;0), M(0;a;0),N(a;a;0)
Dit SA=x (vdi x>0), S(0;0:x)
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mp(ABC) thudéc mp Oxy nén c6 vtpt n; (0;0;1)
SB(0;2a;—x), BC(24;0;0) = mp(SBC) covipt 1y = [SB BC] (0;—2ax;—4a*)

Ta co:

‘0+0(—2ax)+l(—4a )| DY
Ry xX= a

ViN4a®® +16a* 2

cos ((SBC),(4BC)) = cos60° &

= SA4=23a va S(0;0;2\3a)

a) Tinh thé tich khdi chép S. BCNM

Theo cdch théng thuong nhéan thdy khéi chép S.BCNM co6 chiéu cao SA
va ddy BCNM la hinh thang vudng tai M, B, nén:

1 I +2a).

AB(0;24;0), s —s =
b) Tace: | o o [ 4B;SC] = (~4Ba%;0—4a%; 45(0:0:243a)
SC(2a;2a;-23a)

Vay khodng cich gitta hai dudng théng ABvAaSC
‘[E;ﬁ ]ﬁl |—4\/§a2 0+0+ (—4a2).2J§a|

— == =a3
‘[AB; SN]' J484% +0+164*

d(AB;SN)=

Cho hinh chép O.ABC c6 OA, OB, OC tiing d6i mot vudng goc
véi nhau. Mit phang (ABC) tao véi (OBC) mot gbc 60°. Biét
OB=20C=2a. Goi M, N lan lugt 1a trung dlém ABva AC. |

a) Tinh thé tich tich kh&i chép O. ABC |
b) Tinh khoang cich giita 2 dt chéo nhau MN va OB | '

> Loi giai:
Dit OA=t (t>0)

- Do OA, OB, OC tiing d6i mét vudéng goc véi nhau nén chon hé toa do
Oxyz nhu hinh vé

- Céc tia Ox, Oy, Oz lan lugt diqua C, B, A
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Phat huy ky thugt dgt truc
- Gidi nhanh Hinh hoc khing gian tit A dénZ

Ta 6 : O(0;0;0), A(0;0;t), B(0;2a;0), C(a,0,0)
BA(0;-2a;1)
R‘(ak—Za; 0=
56(0; —2a;0) "onc)

= BO;BC|=(0;0;24%)
STV . il 1
Suy ra: Cos((ABC);(OBC))=C0560 @\/4a2fz+at o =

2,15 . 215 215
5

==

@OA—— :BA(0;—2a —)

Vay thé tich tich khéi chép O.ABC:
1 4a3J_ _24is e

Vo une _—’ [30;5C] BA‘ : o

b) M(0;a; ":),N( :0; ‘/_) ; MO(0;- a"‘;ﬁ)

a

Tacé AiN(?_a;O)’ = [MN; 08 | = (0:0;%)
OB(0;2a;0)

Véy khoang céch gifia 2 4t chéo nhau MN va OB:

—/154°

5 | Ji3a

o]

d(MN;OB)= l[
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Cho tii dién ABCD c¢o cic canh AB, AC, AD déi mt vudng géc véi
nhau. C6 AC=AB=3, AD=5. .

a) Tinh khodng céch tii diém A dén mp(BCD)

b) Tinh sin ctia géc gitta mp(BCD) va mp(ABC) '

> Loi giai:

A

Céc canh AB, AC, AD d6i mét vudng goc véi nhau nén
- chon hé toa d6 Oxyz nhu hinh vé

- Céc tia Ox, Oy, Oz lan lugt di qua C,D,B

Khi dé: 4(0;0;0), 8(0;0;3),C(3;0;0), D(0;5;0)
{ﬁ(3;0;—3),

i N [B“’C;E)’] —(15;9:15)
BD(0;5,-3)

Mp(BCD) qua B(0;0;3),C(3;0;0),0(0;5;0) nén ¢ phuong trinh doan chin:

e I AL
¥ ¥ 3

Hay 5x+3y+5z=0
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Phat huy ky thugt dgt truc
* Gidi nhanh Hinh hoc khong gian ticAdénZ

a) Khoang céch ti diém A dén mp(BCD) La:

5 1559
d(A; (BCD))_\/ zl 32‘ 52 N 59
b) {AB(O %3 [AB AC] (0:9;0)
AC(3;0;0)

15.049.9+15.0]  3.59
Jis2 492 4152 402 59

Viy sin ctia géc gitia mp(BCD)va mp(ABC):
. 2
Sin((BCD);(45C)) = \!12[3—‘[5_9] _5V118
59 59

Cho hmh chép S.ABC 6 day la tam glac deu ca.nh a, dudng cao SA,
SA=av3. -
a) Tinh khoang cach tii diém A dén mp(SBC)
b) Tinh khoang cich giita 2 dudng thing ABvaSC = '

Do dé: cos(m) =

> Loi gidi:

Trong mp(ABC) ké tia Ax-L AB, ta dugc Ax, SA, AB d6i mét vudng goéc
- Chon hé truc toa d6 Oxyz nhu hinh vé

" PHAN i1: PRUGNG PHAP DATTRUCTON B0



- A tring véi géc toa d O
- Cactia Oy, Oz ldn lugtdiquaBva S

a

Khi d6: S(0;0;a+/3), 4(0;0;0), B(0;2;0), C( 2 1230

5B(0;0;-ax/3) .
—| SB;SC

SC(— Be il OO | 555

_(Be? -3a® \3a?

—( 5 J -1¥3;-D)

Phuong trinh mp(SBC) qua S(0;0;a+/3) va c6 vipt nespey &

x—ﬁy+z—a~/§=0 ‘_aﬁl /s
Vay khodng céch ti diém A dén mp(SBC): d(A(SBC))=~—-L= 4 515
+3+
AB(0;a;0), i
b) A_B.,ﬁ = —\6 2.0,— 34
SC‘(—3 % —a3) [ ] i~ )

Khoang cach gifia 2 dudng thing AB va SCla:
[4B;5¢ 3|

._3 I
d(AB;SC)= J E

i[AB SC]’ \/30 +%a4 5

Cho tam gidc ABC vudng cén tai A, AB=a. Trén dudng thing qua C
va vudng géc véi mp(ABC) 14y diém D sao cho CD=a. Mt phing
qua C va vudng géc v6i BD cit BD tai E

a) tinh thé tich ti dién ACDF

b) Tinh khoang c4ch giita 2 t AD va CF '

> Lo giai:

Trong mp(ABC), ké tia Cx|l AB, ta dugc Cx, AC, CD d6i mét vudng géc
tai C




Phat huy ky thudt ddt truc
Gidi n}umh Hinh hoc khong gian tirA dén Z

RO e

- Chon he truc toa do Oxyz nhu hinh vé

- G&c toa d6 O trung v6i diém C

- Cac tia Oy, Oz ldn lugt diqua AvaD

Khi dé: C(0;0;0), A(0;a;0), B(a;a;0), D(0;0;a) D

V6i nhiing diém kho xdc dinh toa dd, nén
dua vao nhiing diém di xdc dinh duogc toa do
két hop vdi dit kién ciia bai todn dé xdc dinh toa
dé diém d6.

Xdc dinh toa dé diém F:

Dua vao yéu té6 F = BD N (ACF)

4
/

E)'(—a;—a;a) => ;;D'(l;l;—]}
Phuong trinh dudng théng BD

XxX=a+ti

y=a+t(teR)
z=—t
Goi F(at+t;a+t;-t)
(di qua 4(0;a;0)
Mp(ACF — = c6 phuong trinh: x+y-z-a=0
PACE)) Mxer, = BD = (1;1;—1) 0 PAO08 4
2a 2a a
Femp(ACF)c:’a+t+a+t+t—a=0@'f—— =>F(—;—72)
3 33 3
o) Ta o6 | ABE0 - [€4:D] = (a%:0:0):TF 2254
CD(0;0;a) | 3 33
e == 1|24 &
Thé tich ti dién ACDF: VACDF=~:;.<C [CA;CD]‘=— -5

- 2
b) AD(0;-a;a), AC(O; aO)[ADCF] [ 22‘; 2;1

Khoang cach gitta 2 dt AD va CF la:
-2 3

[BeFfad |57 s

7 17
i[AD:CF]I \/a4 +§a4 +%a4

d(AD;CF)=




Cho hinh chép S.ABC ¢6 2 mit bén (SAB) va (SAC) cing vudng
goc véi mp(ABC). Dy ABC la tam gidc can tai A, ducng trung
tuyén AM=a. Géc gm'a mp(SBC) va’s mp déy bing 45“ goc SBA
bing 30°. |

a) Tinh thé tich khmchopSABC s o =
b) Tinh khoang cach tit difém M dén mp(SAB) o " - '

> Loi giai:

Ké tia Mzl SA, ta dugc Mz, MA, MC d6i mét vudng goc tai M
- Chon hé truc toa d6 nhu hinh vé

- Gdc toa d6 O triung v6i M

- CactiaOx, Oy lan lugtdiquaC,A

Gi sit SA = m, MB = MC = n(m,n30)

Khi dé: M(0;0;0), A(0;a;0), B(-n;0;0), C(n;0;0), S(0;a;m)

ASAB vubng tai A c6 AB=SA. |

wtg.@ oVa?+n =m3 & n=3m* - * (1)

mp (SBC) c6 vipt | SB;SC | =(0;~2mn;2an)




A Phat huy ky thudk dak truc
Gidi nhanh Hinh hoc khong gian tit A dén Z

A RRET TR RR R T

mp(ABC) c6 vtpt | 4B;AC |=(0;0;2an
vtp

cos((SBC);(4BC)|=cos45° & =
( )) \/4m2n2 +4a*n? .\/4(12112 2
¢>ﬁa= m2 -+-a2 Sm=a
Thay m=a vio (1) ta ¢6: n=a+2 = SA=a, MB=MC=a V2
SA(0;0;~ s '
O o aad % . - [SA;SB] = (~a%;324%;0)
SB(—aﬁ;—a;—a),_SC(aﬁ;—a;—a)
Thé tich khéi chép S.ABC:

Vs.asc =%‘§E[§,§]| =%~|—\/§a3 —\Ea3| L —Jj_a3

b) [ﬂ;@: = (-a*;v2a%;0)  ngp,(-1;42;0)
(di qua A(0;a;0)

- ¢6 phuong trinh: x+ V2y—av2=0
| vipt sapy (=15 \/53 0)

a2
Khoang cach tii diém M dén mp(SAB): d(M;(SAB))= I_—;_El = f—g-_@'
+

Mp(SAB)

Cho tam gxac ABC vuéng tal A, dliémg cao AD AB*a, AC 2a.
Trén dudng thing vuong géc véi mp(ABC) tai A, 1dy diém S sao
cho SA=3a. Goi E, F lan lugt Ia trung dlém cla SB va SC H la hinh
chiéu ctia A 1én canh EE '

a) Chitng minh H 13 trung diém canh SD -

b) Tinh cosin goc gnia mp(ABC) va mp(ACE)

c)TmhkhoangcachtudlémEdénBC o '
» Loi giai:
Do SA, AB, AC d6i mét vudng goc tai A, chon hé truc toa d¢ Oxyz nhu
hinh vé.
- GOc toa do O trung véi A

- Céc tia Ox, Oy, Oz lan lugt diqua C, B, S




) Mega book & e

a) Gid st M 1a trung dié’m SD

Ta c6: A0:0:0), M(0;0,° ) E(O,“,“),F( 0:2%

2)
AM(0; 0;%"),?5’(51;"?“;0) .Ma AM EF=0<> AM L EF

Suy ra, H 1 hinh chiéu clia A 1én EF va H chinh 1 trung diém cta SD

b) B(0; a,O) C(22;0;0), 4B(0;a;0), AC(2;0; ;0), AE(0; 3 3—")

M ACE) = [R‘.,E] =(0; —3a2;a2)
cosin goc gilia mp(ABC) va mp(ACE):

i ((AW_)) Vad* |79aa | +a’ i \{10_0

: ¢) BC(2a;~a;0), BE(0; —g 39y [BC;B_E'} (72—3a2;3a2;—a2)
qua B(O; a;O)

’ _3
BCEF — huong trinh: — g rigom
mp( ) VPt Mg 23; 1) cophuongtr 5 x+3(y-a)-z=0




Phadt huy ky thugt dat truc
Gidi nhanh Hinh hoc khbng gian tir A dén Z

-3
Ta cé: d(B;(BCEF))=i - 67”

,ﬂ2+9+1
4
Dudng thing BC c6 vtcpuge(2;-1;0) || BC(2a;-a;0)
a 3a
Bl )
. 23 ﬁ[EB;uBC:I [i“ 3a; a]
EB(0;25—7)

Vay khodng cach tit diém E dén BC la:

2
1[@;1&?] \/gi+9‘a2 +a* NG
SR [uac] - Jarl 7105

~~Cho hinh chop S.ABC c6 déy lé tam glac vuéng tai B,

' BA=3a, BC =4a ; mit phang (SBC) vudng goéc véi mit phing
(ABC) Biét SB=2a3vd SBC=30°. Tinh thé tich khéi chép
S.ABC va khoang céch giiia SB va AC. r

> Loi giai:

~ Goi H Ia chén dudng cao ha ti S xuéng BC.
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R T A T T S R PR AR L S B T e e

((SBC) L (ABC)
(SBC)N(ABC)=BC
SH 1 BC

(SH < (SBC)

Ta c0: + = SH 1 (ABC)

SH = SB.cos30° = a~/3; BH = SB.c0s30° =34
SV o pe= %.SH.S = %.a\@ .é.SaAa = 234"

Chon hé truc toa d§ Bxyznhu hinh vé véi Bz // SH, céic truc Bx, Bylan lugt
di qua céc diém A, C. Khi dé B(0;0;0), 4(3a;0;0),C(0;4a;0), S(0;3a;a+/3)

SB = ({}; —3a; —aﬁ) J:Eé, E’] o (4\/532;3\@‘&2;*9(;2)

Ta c6: { AC = (-3a;4a;0) = 20 0 ey
[SB, Ac] BC=123a

BC =(0;4a;0)
_ SB, AC EC"| _
:d(SB,AC)J[ b _l 9 : 1234’ 2 - 6\{13_3a'
[sB.4C]  [(wae) +(35) +(-o0)
Viy d(SB, AC)= 6‘{;_3“,

Cho hinh chép S.ABC c¢6 déy la tam gidc ABC vudng tai B
AB = a, BC = a\/3 , mit phing (SAC) nim trong mit phing vuéng
gbc véi day, SA=SC =av2 . Goi M, N lén higt Ia trong tim tam
gidc SAB va SAC. Tinh thé tich khéi chép S.AMN la khoang cich
gitia hai dudng thing SCva AB. : | '

> Loigidi:
Tacé: AC =V AB* +BC* =2a=> SA4* + AC* = AC* = ASACvuéng tai S.

' 1
Goi H 14 trung diém AC = SH | ACva SH =EAC=a




Phat huty ky thuat dat truc
Gidi phanh Hinh hoc khong gian titA dén Z

((SAC) L (4BC)
(SAC) N (ABC) = AC
\sH L ac

| SH < (S4C)

— SH 1 (4BC)

Goi 12 trung diém AB. Khi d6: Vsaer _ SM SN

e
Vew SI SH 33

4
9

2 2
Ta c6: AIZ+H12=Af +BS =a’* = AH* = AAIH vudng tai |

afi o5
2

T8
1

le:

1
=>SAIH 5

a3 23

1
= VS.AIH =§’SH°SAIH 3'“’ 8 w 24

4 aaﬁ
:>VS.M=§'VS.AEI= 54 '

Chon hé truc toa 46 Bxyz nhu hinh vé véi Bz // SH, cac truc Bx, By lan
lugt di qua céc diém A, C.
Khi do:
a3

B(0;0;0), A(a;O;O),C(O;an;l}), 3(%;7;0) :
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S N S R T

. a_av3
2

V4B = (~a;0;0) = [S_'CE]
AC = (~a;a+3;0)

i=a)

Ta co:

.

2
=(O;a2;a f]:»]:SC,AB]AC =a’\3 |

| SC, 4B | AC ;
° 2
= d(SC,4B) = i | 3 - ?1“
’[sc, AB}I \/Eaz)er[az;/g }

Vay d(SC, 4B) zi\/_’f_ﬁ_

Cho hinh chép S.ABC c¢6 déy la tam giac déu canh a. Hinh chiéu
vudng goc cha S trén mit phang (ABC) la diém H thudc canh AB
sao cho HA =2HB . Géc gitta dudng thing SCva mit phing (ABC)
bing 60°. Tinh thé tich khéi chép SABCV%. khoang cich tit diém
B dén mit phéng (S4C)theo a. '

> Loi gidi:
Ta c6: SH L (ABC)=> SH 1 HC = HC |2 hinh chiéu ctia SC trén (ABC)
= (EET(QEE)‘) = SCH = 60°

Goi N la trung diém AB= HN = BN - BH =%_§.=%
CN la dudng cao trong tam gidc déu ABC= CN = Tﬁ

:CH—W=J[£‘Z/_§]E+(§T _ a7




Phat huy ky thugt dat truc
Gidi nhanh Hinh hoc khong gian tit A dén Z

— SH = CH.tan 60° = £ "321
1 1 a21 1 . J14°
=V, =—SHS, ==, o aem G0 =
S.4BC 3 ABC 3 3 2 a.511 12

Chon hé tryc toa do Nxyz nhu hinh vé v6i Nz // SH, cac truc Nx, Ny lan
lugt di qua cac diém C, B.

Khi d6:
a a a3 a a a21
;0;0), A(0; ——;0), B(0;—;0), C(——;0;0), H(0;—;0),5(0;—; -
N(O)(z)(z)(z )(6)(63)
Ta cé:
37=(0;~23;—a 21) .
4 303 :[SA,SC]
SC = ﬁ;_g;_a 21)
L 2 6 3

2 3

6

={a2\fﬁ__az 7.a2\/§}=\@a2 (\ﬁ*—-\fﬁ'Z):ﬁaz .
6 ’ 6 ' ’ '

voi ;I.=(\F/;-\/ﬁ;2).
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S O U U S RSP OR R B BRSO T IR AL DO e LT T &

qua A [0 =iy 0)
Mit phing (S4C) B 2 nén c6 phuong trinh:
vipt n= (ﬁ;—mﬂ)

ﬁx—\/Z_lvaZz—ga:O.

Ta ¢é: d(B,(SAC))=

Vay d(B,(54C))=

Cho hinh chép SABC c6 déy ABC 1a tam gidc vudng cén tai A,
AB=av2.Goilla trung diém canh BC. Hinh chifu vudng géc H
cia S lén mét phing (ABC) thda min. IA =-21H. Géc giita SC va
‘mit phang dy (ABC) bing 60°. Tinh thé tich khéi chép SABCva . .
khoang cach tif trung diém K ctia SB dén mit phing (SAH). '

» Loi giai:

Ta cé: SH L (ABCD).
Tu A ké Az//SH. Dat truc Axyz nhu hinh vé.




. Phat huy ky thudt dat truc
Gi idi nhanh Hinh hoc khdng gian tir AdénZ

Ta co: A(G;U;O);B(axﬁ;0;0);(1(0;&/5;0).

2
Do I 1a trung diém ctia BC= T(aT % OJ

Do tam gidc ABC vudng can tai A
= BC=+2a*+2a’=2a=IA=IB=IC=a.
Doﬁ=—2ﬁ'{:ﬁ=%ﬂ.

— [a\f ﬂ_y;o_z}—*z[—aﬁ.—aﬁ;o}

Goi H(x;y;z)=> Hl =

2 72

Do Fﬁ=%ﬁz><——y=—. : iy=——ma

u[32,.3v2 ).
4 4

Goi g| X< = SC=

»

3«/" W2 W2 V2 )
4 4 ’
Do (ABC) € Oxy = nasc =(0;0;1).
Ta c6:
) o Usc T ABC \@
sin 60° = sm(SC,(ABC)) = |‘|;sc} n.uac'l =2

J15a 32 32 J15a
= h= =59 a; a,
2 4 4 2
1 1 J15a 2a®> /154
Virnr == 8, SH=_, == dvtt).
= Vsasc T 3 anc Cl 6 avtt)
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7( B\Fara
8 8 4

Do K la trung diém SB= K[

SA = a;
4 2

SH = [0 0; —Ea)
\ 2

— [ W2, 32 -‘/I_Sa]

= ;.ISAH = [S_A',S_ﬁ

:I 3@2 3\/3_0‘ 2'
— 3 a;— 3 3,0

di qua A4 (0;0;0)

8

Mit phing (SAH) Viptn = [3@:12 34730 "'J ¢6 phuong trinh:

33022 5 3./30a’

- )
g g o
— .
d[K,(SAH)|= . ==
—a" | +|- a 4
8 8
V15

VaY Vaasc =~ 2";d(k; (SAH)) = %

Cho hmh chép SABC c6 day ABC la tam g1ac vuéng cin tal C, canh

aJ_

huyén bing 32, trong tam Ia G c6 SG L (ABC) SB =~

Tinh thé tich khéi chép SABC va khoang céch ti B dén mat phing
(SAC) :

4



Phat huy ky thugt dat truc
Gidi nhanh Hinh hoc khong gian tit A dén Z

> Loi giai:

T L lioing, ik, S Y

-
-

-
-

y
3v2
Do tam gidc ABC vudng cén tai C= CA=CB = \fz_a
Theo bai SG L (ABC) ké Cz// SG

Dit truc Cxyz nhu hinh vé ta cé:

C(OOO) [ BJ_ O];A(—B—\;—Eagﬂ;ﬁj
J2

Do G la trong tam tam gidc ABC= G[Ta;();ﬂ} :

Do G la hinh chiéu clia S nén (ABC)=> S[ia \/2— h] .

Ta ¢o:
S_13'=[%a;ﬁa;—h]<:> SB

V2 V2 )
Ta,Ta,a

=\/Ea2 +2a% +h?
4

—=h=a=8§

ai4
)

1 1
= VSABC =§‘SG'S£.ABC =§.a. = 4
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,
S& <[ V202 ;s
\ . (R S V—-
< = nsac = | SA,SC | =(0;2+/2a%—2a%).
e ot
SC=| ———a;——a;—a
g @
di qua C(0;0;0)
Mit phéng (SAC) - c6 phuong trinh:
vipt n= [ng;ﬁaz;—mz] 8
N2

7a2x+2ﬁazy~2azz =0.

‘0 —az+2\f_a —-£-a+0 .
6a
=15 = =+3a
(Bgsac) ?+4.2a% +4a° V12a?

d[B;(SAC}) =3a.

Cho hinh chép SABC cé goc tao béi haimit phing (SBC) va (ABC)
bang 60°, ABC va SBC 14 cdc tam giéc déu canh a. Tmh ’khoéng
cich tudmh B dén mat phang (SAC) - e A '

> Losi gidi:
Goi M la trung diém ctia BC
SM L BC
=5
AM 1L BC

= BC 1 (SAM)= BC L SA-

Ké Mz sao cho SMz =30°.
Trong tam gidac SAM ké dudng

cao SH.= SMH = 60°




AH:AM—MH=3J§—3\/§=J521=>A ~\/—§a;0;0
2 4 4 | 2
Ta co: C(O;E;OJ;B['—O;—E;O]-
2 74
4 4
— (3 g~
SA = —a;0;——
4 i
) . :>ns.a.c—[SA sc] EA 33 a’; NERE
_ 8 g 8
V3 a 3
SC: a—,——a
| \ 4 2 4
dzquaC(

Mit phéng (SAC) 1

)
28 0:8.)
8 8

f‘—‘_s
pr."f.{g

=>pt(SAC) a’x 3\/—5 %y ﬁaz—ﬁas =1
8 8 16
a 3\/_ 2 BJ_ 2
16 3J13a
Tac6: g sacy) = .
\[ +—a +—3—a4 13
64 64

‘



Cho hinh chép S.ABC c6 mit d4y ABC li tam gidc vudng can tai
A va SC=24y5. Hinh chiéu vudng gbéc clia S trén mit phing
(ABC) 1 trung diém M ctia canh AB. Géc giita dudng thing SC
va (ABC) bing 60°. Tinh thé tich kh61 chop S.ABC va khoang cach
ti A dén matphang [SBC) theoa. =~ . r

> Loi gidi:

Ta ¢ (SC, (ABC))=5CM = 60°
— SM = 5C.sin60° = 2+/15.

CM = SC cos60° = av/5.

Tam gidc vudng ACM cé:

AC?

AC*+ =52 = AC =2a.

Chon hé truc toa dé Oxyz nhu hinh vé.
M=0(0; 0; 0), Ox|| AC, Oy = MB,

Oz = MS,

Chon a=1, khi dé A{0; -1;0), B(0; 1; 0),
C(2;-1;0), 5{0; 0; ¥15).

Ta co A_.S:(O; 1; JE),Ez(O; 2; D),

AC=(2;0;0). Suy ra [4B, AC|=(0; 0; -4)

= [4B, 4C) 48 =00+0.1+(~4) /15 = ~4/15

ff"ﬁ, AC .E’=|—4JE|=4«/1—5.

Thé tich khéi chép §.4BC 1a:

|AB AC). SAI 2 \/__Z‘F 2f 2 (dvtt)

Vs.asc =

(dotachon g=1).




VR .
Gidi Nwzh Hinh hoc khdng gian tit A dén 7

)

= Sl e o e

Phudng trmh mit phang di qua 3 diém:
B(0; 1;0), C(2;-1;0), 5(0; 0; ¥15).

La:(SBC): x+y+—=z—1=0.

J15
Khoéng cich tit A dén mit phing (SBC) 1a:
2 _2V15_215_

d(4, (BCS))= (do ta chon a=1).

leﬂz 15 S

Cho hinh chép S.ABC c6 dédy 1a tam gidc déu, mit bén SAB la tam
gidc vudng cin voi SA=SB=a vi nim trong mit phing vudng
goc v6i mit phing ddy. Goi H 1A trung diém doan thing AB, M I
trung diém dogn thang SC. Tinh thétich khdi chép S.ABC va tinh
khodng céch giia 2 dudng thing SH, AM theo a. '

» Loi giai:

Tl gia thiét suy ra SH L (ABC).

Tacd AB=SA~N2 =av2 = SH =

SASB _a\2 J3
AB '
Chon hé truc toa &6 Oxyz nhu hinh vé.
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H=0(0; 0; 0); Ox|| AC, Oy = MB, Oz=MS.

ChQﬂ ﬂ—l khidéA 0 —ﬁ;ﬁ 330;%;0 )C%g';g; D]: S[0,0;£
3 J_
202

Ta cé6 AB= (0 J2; 0) AC =

Suy ra lﬁ, E =(O; 0; —Jg) '

— —] = 2 2 s

. =u. o 3| — =
=>[AB,AC] AS=00+0.> +(~3) 2
:*‘[E,Rl.‘ﬁ—s’kl—ﬁI:ﬁ-

3™ 2
Thé tich khéi chép S.ABC 1a:
v M:%HE,AC AS‘ 1f ‘lf 96 5 it
(dotachon a=1).
siio: 02| zmi (2. 2. 2 J2

Tacd SH=|0;0;, ———|; AM = ; e,
aco > ZJE > 4 AH 0; 5 0
- [SH, Fﬂ:[l; _ﬂ; 0

12" "4
= [5H, aM|. AB =10+ _\@]‘[_Q +0.0=£

2 2 8

- (5H, AM} E—.{"~l‘§-

Khodng céch gitia hai dudng thing SH va AM la:

J6
= Va2 = Ji_Za (dvdd)

R - -
14 1

d(SH, AM)= =
3
+0°

Al

(dotachona=1).




I __G!m.-nhmm Hmh hoc: kiwng gum m; ,q deu Z-- 3

Cho hinh chép S.ABCD ¢6 ABCD la hinh thoi tim O, canh bing

a va AC=a.Tutrung diém H chacanh AB dung SH vudng goc
v6i mit phang (ABCD) va SH =a.

a) Tinh khoang céch tit O dén mit phing (SBC).

b) Tinh géc giita hai mit phéng (SBC) va mat phéng (SCD). ?

> Loi gidi:

Vi tam gidc ABC déunén HC 1L AB.
Chon hé truc toa &6 nhu hinh vé,

Chon a=1, khi dé A[—%; 0;0], B[l; 0; 0], C[O; %; 0], 5(0; 0; 1)-

\{3 3

Tacé BA=CD =D —-1;T;0 !

Do O latrung diém AC,nén O|—

.r'

L33,
4
a)Mit phing ($BC) 6 phuong trinh la:

X
2% 2 215 0Bx+2y+Bz—3=0.
B ¢

1

181
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Khoéng céch tit diém O dén mit phing (SBC) la:

V3
2@.[—-1]-+---2. 1 3.0-3=0
4 4
d(0, (ssc))—‘ : 2 =‘1159_7=‘/159_7a
J(z«.@] +22 +(3)
(dotachon a=1).
A [ b — I. 2 ( 3 o oP — . . -Jg
b) Theo céu trén thi 7., =(2 &2 3) va [SC, SD}— 0;1; N

> Moy = (0 2 VB) = cos{(SBC), (SCD)) = /=

Cho hinh chép S.ABC ¢6 d¢ dai c4c canh déu bing a, O la trong
tdm ctia tam gidc ABC. Goi I l’i‘i-"trung diém ctia SO, H 1a chan
dudng vudng géc ha tif I xudng canh SB. Mt phing (BIC) cit SA
tai M. Tim ti I¢ thé tich cta ti dién SBCM va tid dién SABC va
chiing minh ring IH qua trong tam G cha tam gidc SAC. '

» Lo gidi:

-

o

B




Piuu !uty Ly thuat dat truc
Gidi nhanh Hinh hoc khong qtan titA dénZ

pr:
ERR AR b o e s e _n.*’i

Chon hé truc toa d¢ Oxyz nhu hinh vé.
0=0(0;0;0), 0x=0A, Oy||BC, 0z=0S.
Chon a = I, khi dé:

Aﬁ;ﬁ;oaB—l@;——U, —£ 1,0,50;0;3@— vﬁIU;O;ﬁ
3 6’ 2 3 6
BC=(0;1;0
I o (6. B
aco E’_ \El Jgﬁ'BCrIC:_?;O;_)
| 6 6
So|_¥3,_1 V6
642" 7

Phuong trinh mat phéng di qua 3 diém:

«/EB[\E \/_1}

0;: 0; — ——;——,U,C—~~—~—0
6 6 2

6 2
3

La: m{é(x—o)w(yuoh?

I

z—%]:(] hay —\Ex+z--—\6@-:0.

Ma ta Jai cé: SA = ‘g_ om‘—/: = SA/lug, = ( 0,-—\/5).

J3

X=——+t
3

Phuong trinh dudng thing SA la: {y =0

z=—J2t

Toa do diém M la nghiém ctia hé:

"x=£+t ' \/5

3 X=—
y=0 |12 V3o Y6
ly=—v2t e |

—\Ex—i—z—%—grﬂ |
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= SM= ‘{; 0; —-‘£ = SA=4SM.
Nén M nim trén doan SAva ——l#m':l.
SA 4 V 4

5.ABC

Do G la trong tdm cla tam gidc tam gidc ASC nén SG di qua trung diém
N clia AC, suy ra GI C(SNB)=>GI va SB ddng phéng (1).

Talaicéd G|—; =; —|=GI

Yo

3}=0=>GIJ_SB (2).

S __].

T (1) va(2),suyra GI LSB=H.










Phat huy ky thudt dat truc
Gidi nhanh Hinh hgc khong gian tit A dén Z

TU GIAC

2

R O AP TRESSE Rt

ﬁ KIEN THUC CO BAN

- Dinh nghia: Hinh chép ti gidc la hinh chép cé ddy la td gidc va mét bén
12 cac tam gidc.

- Pinh nghia: Hinh chép td giac déu la hinh chép c6 ddy 1a hinh vuéng
va c6 cic canh bén bing nhau, hinh chiéu cia dinh xudng day la tim cta day.
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s

PN THIET LAP HE TRUC TQA PO

Véi hinh chép td gidc, viéc thiét lap hé truc toa do thudng dugc thyc hién
duya trén ddc tinh hinh hoc cia chiing. Ta ¢6 cdc trudng hgp thudng gip sau:

- Hinh chép déu thi h¢ truc toa dé dugc thiét ldp dya trén géc O trung véi
tdm cta ddy va truc Oz trung véi dudng cao ctia hinh chép.

--Hinh chép c6 mét canh bén (ching han SA) vuéng géc véi ddy thi ta
thudng chon truc Oz la canh bén vudng goc voi ddy (SA), gbc toa dé trung véi
chén dudng vudng géc (diém A). Trong cdc trudng hgp khac ta dya vao duong
cao ctia hinh chdp va tinh chdt da gidc ddy dé chon hé toa do phi hop.

a) Hinh chép tif gidac S.ABCD, canh bén SA vudng géc véi ddy, SA=h

. V6i day ABCD Ia hinh vuéngcanh a:

- Do SA, AB, AD d6i mét vudng géc tai A=> Chon hé truc toa do Oxyz
nhu hinh vé.

D
/ C
- Céc tia Ox, Oy, Oz lan lugt di qua B, D, S.
- Piém A triing véi goc toa d6 O.
- A(0;0;0), B(a;0;0), C(a;a;0), D(0;a;0), S(0;0:h).




ar Ly uat aat truc

- Gidi nhanh H inh hoc khing gian tit A dénZ:

w V&i ddy ABCD Ia hinh chit nhit, AB=a, AD=b
- Chon hé toa d6 gi6éng v6i hinh vudng

Z

ok
/ c
y
- A(0;0;0), B(a;0;0), C(a;b;0), D(0;b;0), S(0;0;h).
= Vi day 1a hinh thoi tam H:
Ké tia Hzll SA= Hz, AC, BD déi mot vudng goc tai H

z

]

Chon hé Oxyz nhu hinh vé

- GOc toa dd O trung véi H.

- Céc tia Ox, Oy lan lugt di qua B va C.

- X4c toa d6 cic diém dua vao 1 di kién niia d€ sé cho tuy vao tling bai.

i 139 ;6
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= V6i ddy ABCD Ia hinh binh hanh:
- Trong mp(ABCD), ké tia Ay | AB
(néu BAD <90°)=> Ay, AB, AS déi mot vudng goc tai A

z

o ias i T R

Y

- Chon hé truc toa d§ Oxyz nhu hinh vé.

- GOc toa do O trung vdi A.

- Cactia Ox,Ozlan luot diquaBva S,

. V@i déy ABCD Ia hinh thang vuéng tai A va D

Do SA, AB, AD d6i mét vudng géc tai A=> chon hé toa ¢ Oxyz nhu hinh vé.
z




Y CHUAL aat triuc
Gidi nhanh Hinh hOL khong gian tit A dén V4

o e eyt i

- Goc toa do O trling véi A.
- Céc tia Ox, Oy, Oz Ian lugt di qua B, D, S.
b) Hinh chép tit giac déu c6 céc canh bén a:

M

-
e

/

S

D e
!
I
1
1
1
1
1
1
1
1
1
1
. -

A

Chon hé truc toa d6 nhu sau:

ViSO L1 (ABCD) nén SO 1 AD, SO 1 AB, dé thdy SO, AB, AD do6i mét
vudng goc nén chon hé toa d§ nhu hinh vé véi Az//SO.

Khi do: | |
A4(0;0;0); B(a;0;0);C(a;a;0); D(0;;0); 0[; %;o}s{







: ' hal hay ky thuak dgt truc
Gidi nhanh Hinh hm khong gum tit A dén Z

Cho hinh chép S.ABCD c6 déy ABCD 2 hinh chi nhat SA vudng
goc voi day, AB=a, AD=2a, SA= a\/_

a) Chling minh: 2 mp (SAD) va (SDC) vuong gbc voi nhau

b) Tinh khoing cich tii SA dén BD =

¢) Tinh cosin géc gitia 2 mp (SDB) v (ABCD) - '

» Lai giai:
Thay: SA, AB, AC d6i m¢t vudng goc tai A nén chon hé tryc toa do Oxyz

nhti hinh vé:
- A trung véi goc toa do O(0;0;0)

- Tia Ox, Oy, Oz lan lugt di qua
D, B, S.

Khi dé: A(0; 0; 0), S(0; 0; a+/3),

B(0; a; 0), C(2a; a; 0), D(2a; 0; 0)

S_D.(2a; 0; —a3 ),E(Za;a;—as/i )

SB(0;a;—a~3)

a) Mp(SAD)vamp(SDC)covécto
phap tuyén lan luot la:

m = [S_A';S_'D] = (0;-24%/3;0); ¢

n_;; = [@,SE‘] — l(a2 Ji;();-.?az)
Tacéd: n .1, =0= 2 mp (SAD) va (SDC) vuéng goc v6i nhau (PPCM)
b) _liD(Za;-a;O) = [S_.AE'] =(3d%;2\34%;0)

SA(0;0;—a3) '

l S4; BD SB‘ 25 \f
Vay khodang cach tli SA dén BD: d(SA;BD)= |[

SA: BD]’ 5

/ ivemincrurs i



goc nén:
nhu hinh vé

qua D, B, S

jﬂ nﬁ

el

¢) cosin goc giita 2 mp (SDB) va (ABCD): cos(( )i( ﬁ)) -
| SD;SB | = (a3;247 V320" = m oy (V3 243:2)

SA(0;0;-a/3) = 1 4pcp) (0;01)

|”(SDB} M 4BCD) B

Vay cos (W) =

‘H(SDB) ‘-‘H(ABCD)| V19

Chb 'hinh 'ch‘ép s ABCD 'c-é- SAL (AB(:B) va"SA it Biéy -ABCD I

va30° GmM N P Qianluo’tlatnmgmémcﬁaAB BC CDV&AD&;:
a. TmhthetichS.MNPcheoa £ E e
b. Tinh khoéng céchtu'Dden mp(SAC) Ro = N | '

» Loi giai:
|AD=BC= x( 50
Goi AB=CD =y )
Do SA, AB, AD d6i mét vudng
- Ta chon hé truc toa d6 Oxyz

- Céc tia Ox, Oy, Oz 14n ligt di

Khi dé A(0;0;0), S(0;0;a),
B(0;y;0), C(x:y;0), D(x;050)

SB(O; y;—a),SD(x;0;~a); AB(0; y;0), AD(x;0;0)

= M4Bcp) = [ﬁ; E] =(0;0;—xy)




S
A AR T R R

[-axy| _l & y=av3

cos(3B;(4BCD)) =Cos 60° <>

V2 +a? yfx%y

e i ' G 3
cos(SD;(ABCD))=Cos3G° J [a:iy\|/ p— T3<:>x=f~%~
x“+a
Suy ra: AB=CD=a+/3; AD:BC:i@
a) Ta c6: MO ‘{0) N(i a+/3;0), Q(—‘/_ 0;0)
welsho
=| MN;MQ |=(0;0,——)
a«f_ a\@_ [ :I 2
Q(W“ = ;0)
— - ———— az
& Syvep = MN:MG | =%-
Viy thé tich khéi chép S.MNPQ:
1 1 & 4
v, =—.54.8 =—g—=—
S.MNPQ =73 MNPQ =347 = "¢ (dvtt)
b) Ta c6: D= ‘F :0;0), C(i a3;0)
SA0;0-a) 5
. =3 . |
. a3 [SA;SC]=(J§:12; fa ;0)@”(554(:):(1;?;0)

SC(— :a\3:—a)

di qua A(O'O'O)

Mp(SAC)
i vipt n[SAC) (1 )

Nén c6 phuong trinh: x— % y=0

Vay khoéng cach tit D dén mp(SAC)
a\3
d(Di(SAC)=—— = ‘/13_3“ (dvdd)

" pHANI:BHUONG PAP oRT TRYCTOABD | T S




Cho hinh chép S.ABCD, cé day ABCD la hinh vudng canh a, A la
hinh chiéu ctia § trén mdt phang (ABCD). SA—a«/_ Céac diém B’
va D' l4n lugt I3 hinh chiéu ctia A Ién céc canh SB, SD. Mijt phang
(AB'D’) cit canh SC tai C'.

a) Ching minh canh SC vuéng goc vé6i mp(AB'D’) . -

b) Tinh thé tich khéi chép SAB'C'D". '

> Loi gidi:
a) Do:
SA, AB,.AD d6i mét vudng
gocnén

- Ta chon hé tryc toa d9 Oxyz
nhu hinh vé

- Céc tia Ox, Oy, Oz l4n lugt
diquaB,D,$§

Ta chiing minh dugc SC
vudng géc véi mp(AB'D’)

S(0;0;a+/2), 4(0;0;0), B(2;0;0), C(a:;0),
D(0;;0),B [3 I“J,D'[o;z—“;@]

3 3" 3
b) SC(a;a;-av2) = uge = (1;1,—/2)
DPudng thang SC qua C(a;a;0) va cé vtcp u—S(; ¢6 phuong trinh la:
x=a+t

y=a+t (teR)

Z= —«/Et
Goi C'(a+t; a+t;—/2t)

SN E 2 g 4 3
[AB‘;AD']z( 2?:1 : 224 4a

9 9 )ﬁn(m*pj(l;l;—ﬁ)




3 Phat huy ky t}umt dat truc
. buu nhanh Hinh hoc khdng gian tu'A den b

di qua A(O;O;O)

AB’D’ A 4 hljd t \Ilh: _ 2 _
mp( ){vtpr — J2) nén c6 phuong trinh: x+ y —+/2z
Ma C'e mp(AB'D") nén a+t+a+t+2t—0c>t—% :c'(% % “2"
0+0—24]
Do dé: d(S;(AB’D’ =}—= dvdd
0 dé: d(S{AB'D)="r——"=a(dvdd)

Vay thé tich khéi chép S.AB'C'D’

, 1 42a* 4V2a (4
- Sp— —~d(S(ABDD)SMD_§a T (dvtt)

Cho hinh chép S.ABCD c6 c6 ddy ABCD 14 hinh thoi canh a. Canh
SA vuong goc v6i ddy, BAD=120°. M la trung diém canh BC
SMA = 45°.

a) Tinh thé tich khéi chop S. ABCD

b) Tinh khoang céch tit d.1€m D den mp(SBC)

L4

> Loi gidi:
Hinh thoi ABCD ¢6 BAD =120°.

Nén BAM =30°, ma BM= 23(:—%:%,43.

= AABM vubng taiM

J‘

= AM = ABsin60° =

ASAM vudng can tai A.

D
Nén SA=AM= i

a) Thé tich khoéi chop S.ABCD

1 a\/_ 1




b) Goi O 14 tAm hinh thoi ABCD = 4C L BD
- Ké tia Ozl| SA, ta dugc Oz, AC, BD déi mét vudng goc tai O
- Chon hé truc toa do Oxyz nhu hinh vé

- Cac tia Ox, Oy lin lugtdiquaBvaC

Khi dé: S(O;_ "!—) A(0;— 5 2.0), B2 ‘/- oo) C(o, :0),D(—— ‘E :0;0)
—B-(a 3 .a —a\/_

2’27 2 [@';E}z{ﬁfﬁ;:&f;ﬁaz]
S_C'(U;a;Lf)

a
di qua C(0;—;0
qua C( 5 ) 5 Sia
Mp(SBC) B c6 phuong trinh: x+=-y+z —T:o
vipt H{SBC)G;?; 1)

Viy khodng cach tit diém D dén mp(SBC):

N
d(D;(SBC)) = all I8 3"2‘/? (dvdd)
1+=+1

Cho hinh chop S ABCD c6 SA'L (ABCD). Tt gidc ABCD la hinh
thang vuédng tai A vaD c6 2AD =2DC = AB—-2a Canh bén SC tao
véi day géc 30°. Goi M 14 trung diém AB. o

a) Tlnh the tich khéi chép M.SCD o, ,
b) Tinh sin géc gﬁa dlicmg thang SM va mp(SCD)__ ” o '

> Loi giai:
Goi SA=x (x>0)
Do SA, AB, AD d6i mét vudng géc nén:
- Chon hé toa d6 Oxyz nhu hinh vé




Phat huy ky thuat dat tryc
Gidi nhanh Hinh hoc khéng gian tit A dén Z

- R e e e

- A trting véi goc toa do O z,
- Céc tia Ox, Oy, Oz lan lugt di
qua B, D, S

Khi d6:
A(0; 0; 0), S(0; 0; x), B(2a; 0; 0),
C(a; a; 0), D(0; a; 0), M(a; 0; 0)

o

INg

AB(24;0;0)
E’(a;a;—x)
AD(0;a;0)

= M4BcD) = [E:EJ =(0;0;2a%)
Ta co: cos(m) = c0s30°

2 B a

\faz +a° +x* .\/4&4 i

=

MS(-a;0;a\/6)
Suy ra SA=av6 = 5(0;0;av/6){ MC(0;a;0) = [MC;MD} =(0;0;a%)
E(—-a;a;ﬂ)
a) Thé tich khéi chép M.SCD la: |
Lhemretams 1 3 _i
Voriaits -g.lMS[Mc,MD]_ 6.|£.a |= e (dvty)
b) {SC(a;a;—aJt_i)

| o 2 2
_ = nesepy =) SC;8D |=(0;a"V6;a7);
SD(O;a;—a\fg) s [ ]

E——— 2a3\/g ZJE
c:os(Sﬁ/f;(SCB))= - I _ ‘4 _-n
Ja? + 622 J6a* +a
2

V' GHRN I PHUGNG PP DATTRUCTOR
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Cho hinh chép S.ABCD c6 SA L (ABCD). T gidc ABCD 1a hinh
thang vuéng tai A va D c6 2AD = 2DC = AB=4a. Goi P, Q l4n lugt
13 trung diém ctia SB va AB. Khoang céch tli Q t6i mit phing (PBC)

bang a. Trong mp(ABCD), ké dutcmg thang BE song song véi AD va
cat DC tai E. |

a) Tinh thé tich kh61 chép S.ABED " |
b) Tinh khodng cich glﬁa hai duong thang SAvaPE '

> Loi gidi:
Goi SA=t (t>0)

Do SA, AB, AD d6i mdt vudng géc tai A nén chon hé toa d¢ Oxyz nhu
hinh vé,

- Diém A tring véi gbc toa dd O.

- Céc tia Ox, Oy, Oz lan lugt di
qua B, D, S. s

Ta c6:A(0;0;0), S(0;0;t),
B(42;0;0), D(0;2a;0),
Q(2a; 0;0), C(2a;2a;0), E(4a;2a;0)

{BP( s 2) :[BP BC}

B_C'(—Za; 2a;0)

e
- i

y

= (—at; —at,; ~4q? ) /y - &
di qua B(4a;0;0)

Mp(PBC) ;
VIpt Bgpcy = (858 4a)

Nén Mp(PBC) c6 phuang trinh: tx + ty + 4az -4at=0
Lai co:

2at — 4at|
\/t_z +1% +164

d(Q; (PBC))=a <

=a <:>t=2\/§a @SA:E\Ea_




) Phat huy ky thugt dat truc
Gidi nhanh Hinh hoc khong giantit A dénZ

a) Dlén tiCh: SABED =AB.AD = 8(12
Thé tich khéi chop S.ABCD

SA(0;0;—2v/2a)

b) { PEQ2a;2a;—-a2)= [ﬁ;ﬁ?]‘]=(4\5a2;—4ﬁa2;ﬂ)
AE(4a;2a;0) '
Vay khodng cich giiia hai dudng thing SA va PE

d(SA;PE)= i[ﬁ PEJAE| 1622 -3V22) 5
l[SA PE] J24* +16a* 3

(dvdd)

Cho hinh chép S.ABCD c6 SA L (ABCD) va ddy 12 hinh chi nhat.
Géc BSC biing 30° SC tao véi (ABC) goc 45° va canh BC=a.
a) Goi I 13 tam HCN ABCD. Tinh khoéang cach tii I dén mp(SAB)

b) Tinh cosin goc glﬁa mp (SAC)va mp (SCD) ' '

» Loi giai:
Goi SA=x, AB=CD=y (xy>0)
SA, AB, AD d6i mot vudng goéc tai
A nén
- Chon hé toa d§ Oxyz nhu hinh vé
- Diém A trung véi géc toa
do O.
- Céc tia Ox, Oy, Oz ldn lugt di qua
D.B.S:
Khi do: A(0;0;0), S(0;0;%),
B(0;y;0), C(a;y;0), D(a;0;0)




\ 1) Mega book

’f(a 3 Vi—X)

AB(0:y:0 — [
AC(a;y;0)

| S_ﬁ({l; x;—Xx)

Lai ¢o:
I-axyl \/5.
P +x*+y 2 Jaty

oty =0 x=y(vix y>0)

cos(SC;( 4BC)) =cos 45° <>

Ta ¢6: cos SBC =cos 30°

lxz +x2| \[37 -

=S x=—"
\/x2+x2.\/a2+x2+x2 2 2

N

=

o SA=AB= CD—“

af aax/_ a6

a) S(0;0; G =,=30),B(0:—=30)
AS(oo—"i) i
J_Z [AS;AB]:[ ; ;0;0]=>n(543)(1;0;0)
E!-?’(O;a 6
di qua A(0;0;0) R
Mp(SAB —— 5 phuong trinh: x=0
p(SAB) vipt g, = (1:030) nén c6 phuong trinh: x
ad
Khoéng cach tit I dén mp(SAB) 1a: d(I;(SAB))= :/2: %
(o037 G
b) S S4:5C [3 2’_£;0)
¢l 4 aq./_ —af e [ ] 2 2
| 2
— _a\/_ —(1’2-\/-—
SDka, > J:)ﬂ(SAC)—[SCSD] (2 5 ]




Phdt huy ky thugk dat truc
Gidi nhanh Hinh hoc khéng gian tic A dén Z

Cho hinh chép S.ABCD c6 d4y la hinh vudéng canh béng a. Biét hai

* mit phing (SAB) va (SAD) ciing vuéng géc véi mit phing (ABCD).
Goéc gitia mét bén (SBC) véi day bang 45“ Gm M, N lan ligt la
trung diém cla AB va SB. ; .
a. Tinh thé tich N.MBCD theo a. . :
b. Tinh khodng cach tii M16i mat phang {SBC) § ] oy '

» Loi giai
Ta thiy SA, AB, AD déi mét
vudng goc v6i nhau tai A.

- Chon hé truc toa do Oxyz nhu
hinh vé

- GOc toa do O trung vii A

- Cic tia Ox, Oy, Oz 1an lugt di
qua D, B, S.

Goi SA = x(x>0)

Khi dé: A(0;0;0), S(0;0;%),
B(0;a;0), C(a;a;0), D(a;0;0)
fgfi:(O;a;—x)

SC(a;a;-x) R MsaC) = [EB.’STC':] = (0;-ax;—a”)
AB(0;a;0) m = [EE;E] =(0;0;—a?)
| AD(a;0;0)

A

< »
\{a x“+a \/_ 2
@J_a \}x +a* S x=a. (do x, a>0)

cos ((_ W) =c0s45° &




N

I 4

"';__:__'_)_}__):)'I\?Ie_g:_a‘_bqo

B T P T T T LS B B S e e

NM la dudng trung binh AS4B nén MN= %SA - %
Va MN | (ABCD), hay MN L (MBCD)

a
(MB +CD).BC _ (5 * a]‘“ _ 3¢ (dvdy)

Suscp = ) > 4
a) Thé tich khéi chép N.MBCD
1 1 a 3¢° 4o°

Vv usep =— NM .S ——— =
N.MBCD =3 MBCD=73"75""4 3 (dvdt)
b) Ta cé: M(O;%;G)

di qua S(O;O;a)

Mp (SBC) { c6 phuong trinh: y+z-a=0

VIpt Ngpe, =(0;—a*;—a*)
Véy khoang cach tit M tdi mit phéng (SBC) la:
a
~—a
2 a2
M;(SBC))= =—" {(dvdd
d(M;(SBC)) 5 S d (dvdd)

Cho hinh chép S.MNPQ c6 dudng cao SM. Géc giita mp(SPQ) -
va- mp(MNPQ) bing 60°. Hinh chii nhit- MNPQ c6 MN = 4MQ
=43, . ' i

a) Tinh thé tich khéi chép S.MNH. ¥
b) Tinh khodng cich giita 2 dudng thang SN va MH. £ '

> Loi gidi
Ta thay:

MS, MN, MQ déi mdt vudng goc tai M
nén

- Chon hé truc toa d¢ Oxyz nhu hinh vé.
- Goc toa d9 O trung véi M.

- Céc tia Ox, Oy, Oz lan lugt di qua cic
diém N, Q, S.




. R i Lt TH Lel Wiid ,-- > m
Gidi nhanh Hinh hoc khong gian He A dén Z ‘,?

a) Gid stt SM=x(x>0), S(0;0;x), M(0;0;0), N(4a;0;0), P(4a;3;0), Q(0;3;0),
H(22;3;0)

f.SfP'(tla; a;,—x) o )

1 SQ(0; a;—x) . [SP;SQ] = (0;4ax;42”) = n, ) (0;;0)
MN (44:0;0) [i’f_ﬁ.’; @] = (0;0;42%) = 7 (0;01)
(MQ(0;2;0)

al

B . R 1
Do dé: x =C0s60° & ————=—
Q do COS((SPQ),(MNPQ)) m\h? 2
Sx=a3=>SM=a3.
Vay thé tich khéi chép S.MNH la:

3

S—.M(O;O;—a\ﬁ)
b) ﬁ@a;ﬂ;—a@):ﬁ [ﬁ,ﬁ] = (Jgaz;—Z\/?:az;Mz)

ﬁ(Zu;a;O}
Viy khoang céch giiia 2 dudng thing SN va MH la:
SM | SN; MH N
d(SN;MH)= [ ]1 \ | _4a\93 (dvdd)

l[ﬁ,ﬁ:“ - w/3a4 +12a* +16a* =3l

- :Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuéng canh a. Canh
bén SA vudng gbc v6i dy, SA=2a. Mit phing (a) qua BC hop véi
AC mot géc 30°, cat SA, SD lnlugt tai M vaN.

a) Tinh dién tich thiét dien BCNM

b) Tinh khodng cach gifa 2 duong thing ABvaCN. '

> Loi gii:
AS, AB, AD d6i mot vudng goc nén chon truc toa dé Oxyz nhu hinh vé.




M) Mega book *

- G6c toa do O trung véi A.

- Céc tia Ox, Oy, Oz lan lugt
diqua B, D, S.

b3t AM=h (0<h<2a)

Khi d6: M(0; 0; h), A(0; 0; 0),
B(a; 0; 0), C(a; a; 0), S(0; 0; 2a)

BM (-a;0;h)
B_C;({]; a;0)

= [Eﬁ,ﬁ_@} = (—ah;0;—a%)
= gy = (1;0;a)

AC(a;a;0) = u ¢ = (1;0)

2

mp(ct) hgp véi AC mét géc 30° nén: =5in30°= %

Jh? +a? 12 +12

<:.‘>-~—-k—=l<:> k\ﬁ= W +a? o h=a.

JE.\J h? +q?

—> M la trung diém ctia SA.

MN =(a) " (SAD)
Ta C():{BC][AD

BC 1L(SAB)= BC L BM <> BCNM la hinh thang vudng tai B va M.

= MN || BC|| AD

AABM vudng cén tai A nén BM=a+2 ; ASAD c¢b MN la dudng trung binh
nén MN= g- '
a) Dién tich hinh thang vaéng BCNM la:

(MN + BC)BM _ 324’ :
2 4

SBCNM =

b) ¥ (O;E;a) = a’(—a;;;;a),ﬁ(a;ﬂ; 0); AC(a;a;0)

- [E; C_’N] - (0;—a2;%‘2)

AN 11 PHUNG BHAR DATTRUC TOADD




P e o R

Vay khoéng cach gitia 2 dudng thang AB va CN

2

A_c’_[ffe'f_h'f]| _ <] _2885 vaq)
l[AB;CN] \ja"' + @
4

d(AB;CN)=

Cho hinh chép. S.ABCD c6 déy ABCD Ia hmh vﬁohg cﬁnh a, canh
- bén SA vudng géc véi ddy. Canh SC tao v6i mat phang day 1 goc 4s°.
 a) Tinh thé tich khéi chép S.ABCD -

" b) Tinh khoang cich guia 2 duong thang SBvAAC '

> Loi giai:

AS, AB, AD do6i mdt vudng géc nén

- Chon truc toa ¢ Oxyz nhu hinh vé

- Géc toa do O trung véi A.

- Cactia Ox, Oy, Ozlan lugt diqua B, D, S
bit SA=x (x>0)

Khi dé:
S(0;0;x), A(0;0;0), B(a;0:0), C(a;a;0), ) )\
D(0;a;0). 4 | c

ﬁ(a;a;—x)
E(a;a;(l) =% [R,E] = (0; U;az)
AD(0;a;0)

s . |a.0+a.0+(—x)a2‘ - \5
cos(SC;(ABCD)) =c0s 45° & Fimiads 2
= ﬁmz =v2a® +x*.a*
o2x=\2a% +x* @ x=a2

= 5(0;0; a+/2).

Paimii Fﬂﬂﬂu&?lﬂl‘ okt TRUtﬂlwl} e




\ ) Mega book |

e T D T P T BT e o A S T T <.

a) Thé tich khoi chép S.ABCD la:

1
VS.ABCD = ESASABCD = E.Q\E.az =

i
3

§§(a;0;—axr§)

b) Ta co: E(O; 0;—av2) = [E, E] = (ﬁaz;—ﬁaz;ﬂz)
AC(a;a;0)

Véy khodng céch gifia 2 dudng thang SB va AC la:

‘SA SB }71*6']|

d(SBAC)="T== ‘[sgﬁ]

_ad 0+(xf_a)0+a(a\/_)| N

f“’— (dvdd)
\f gt e 2at ‘E a

Cho hinh chép S.ABCD c6 déy 12 hinh chit nhat. C6 AB=a, AD=b.

Canh SA vudng goc véi day, SA-—2a. Gm M N lan ludt la trung diém
 ctiaSAvVaSD.

a) Tinh khoang cach tti diém A dén mp(BCN)

b) Tim diéu kién ctia a va b d€ cos CMV "/_ K}u do, tinh thé t1ch
kh01 chop S.BCNM theo a.

e

» Loi gidi
Ta thiy:

AS, AB, AD d6i mdt vudng goc nén

- Chon truc toa d¢ Oxyz nhu hinh vé

- G&c toa do O trung véi A. Céc tia
0x, Oy, Ozlan lugt diqua B, D, S

Ta c6: A(0;0;0), B(a;0;0), C(a;b;0),
M(0:052), N(0:25a), 5(0:0:22)




Gidi nhanh Hinh hoc khong gian tic A dén Z ‘,9

BC(0;b; 0);53\7(—:1;%;61)
= [R",ﬁ] = (ab;O;ab) - ;{M) =(1,0,1)

di qua B(a;0;0)

a) Mp(BCN) . c6 phuong trinh: x+z-a=0
vipt necy = (1;0;1)

Viéy khoang cach tii diém A dén mp(BCN)

_al _ aﬁ
Ve 2
b) MC(a;b;—a), MN (0;%;0)
B2
2

Va2 +b* +d* \/7
- (via, b>0)

Phuong trinh mp(BCN) la phtidng trinh mp(BCNM) va ¢é dang: x+2z-a=0

(dvdd)

la: d(A;(BCN))=

J_
@b\/_~\12a +b2 @a=b

—— 3
cosCWré‘C =

]20, a‘
J:T
T gidc BCNM ¢6 MN I BC (vi cling song song vdi AD)
= tl gidc BCNM la hinh thang.

d(S;(BCNM))= (dvdd)

MN=2
2 2
at ot BOLABBCLSA] | ooy S
BM < (SAB)

Suy ra: BM I dudng cao hinh thang BCNM va BM=av/2

a
(MN + BC)BM _ (5 ¥ a] a2 3242

S = = =
= OBCNM I ) %

Vay thé tich khéi chép S.BCNM la:

1
Vs.acvm =— d(S;(BCNM) Spewy =5~ :




e S N

Cho hinh chép S.ABCD ¢6 dédy ABCD la nlia luc gidc déu ndi tiép
dudng tron dudng kinh AB=2a, canh bén SA vuéng goc véi day,
SA=a+/3.

a) Tinh cosin géc gitia mp- (SAD) va mp(SCD) _

b) Tinh khoang cach glﬁa dlidng thang AB va mp(SCD) '

> Loi giai .
Trong mp(ABCD), ké tia Ay L AB), Y
ta dugc Ay, AB, AS d6i mét vudng goc
- Chon hé truc toa d6 nhu hinh vé.

- G6c toa do O trang véi A
- Cac tia Ox, Oz lan lugt diquaBva S
Khi dé: A(0;0;0), B(2a;0;0),

C(3—“ ‘/;" 0), D(“ ‘/_“ :0),5(0;0;a+/3)

AS(0:;0;a+/3)
a 3a

D30

2 342 '0]

=>n(sw} [ASAD] (3;; >

SB(2a;0;—a\3 ) e ‘
- 3
% \/‘a R s [SB SC] {2 & }
2 _

SC(——
—94* + 3a*
cos ((W) = : 2 = V2

\/9::“ 34 J%“ 3t ., 4
+ + +3a
4 4 Va4 4

b) AB//CD = AB // mp(SCD) = d(AB;(SCD))=d(A;(SCD))




Ta cé: 2 [Eéﬁ] = (O;aﬁ;%) —=n

= Phuong trinh mp(SCD) qua S la: y+ %(z —a\3)=0.
1 aJ_

Hay JH‘""Z——Z—:

Vay khodng céch gitia dudng thing AB va mp(SCD) la:

—a~f3

a3
5

2
JHl
4

d(AB;(SCD))=d(A;(SCD))= (dvdd)

Cho hinh chép S:ABCD c6 déy ABCD 1a hinh chit nhat AB=a,
AD=2a. Canh SA vuéng gbc v6i ddy (ABCD), canh SB hop véi day
mét géc 60°. Trén SA ldy diém M sao cho SM = TJ_ Mit phing
(BCM) cit SD tai N. Tinh thé tich khél Chép SBCMN. ' '

» Loi gidi: |
Do SA L (ABCD).
Nén dét truc Axyz nhu hinh vé
Ta c6: A(0;0;0);B(a;0;0);
C(a;Za;O);D(O; 2a;0)
Mit phang (ABCD)
e(Axy)= N(ABCD) = (0;0;1)
Goi S(0;0;h) = SB=(a;0;~h).
Ta cé:
sin 60° =sin[ SB,(ABCD) |




SB.ncascp)
= V3 :>L=§=>h =a«/§:‘>S(0;0;a\/§.)

43
3

a

8l
I

= E(M:NBC) = FWB,I\TC] [— a2;0;2a2].

\

c6 phuong trinh: 43£azx +2a’z— 5 P

/3257 —

(di qua B(a;0;0)
Mp (MNBC){ . _
p (MNBC) vtptn=(4fa2;0;2a2J

43 ,

W3 s
3 1
= a.

d((mc};s] =t ‘/ 43

Ta cé: SD = (0; 2a;

4+44 ﬁ

23

:0.

Do tam gidc SMN déng dang tam giac SAD

o

SN _SM

1

]
SD SA aJ' 3

=—=SN= S
3

Goi N(x; y;z):SN(x;y;z—a\@)

x=0.l
3

¥ y=2a%

Z=-a 3%+a\/§

x=4{

<:>Jy=§a :N[O

2 Z\f_a

3

0; —Zz\g

a,2a;,—

)




' Phat huy ky thuat dat truc
Gidi nhanit Hinh hoc khing gian tir A dén Z

= MN =[G;ga;0]:>|ﬁ| =—
3

BC =(0;2a;0)-

3

Goi I la trung diém BC= I(a,a 0) — Ml = [ —Za\[_}
Ta cd: [ﬁﬁﬂﬁ] (4\/5 2.0:2a }
Thay vao (1) ta c6:

4—\@¥T+4a4 221 ,
d(M;BC)=\j[ : 3 '—‘Ea

2a 2a 3

' Khéi chép S.ABCD c6 ddy 1a hinh vuéng canh a va SA vuéng géc
vGi mit phang ddy. (ABCD) SA=2a. Goi E, F ldn higt 1a hinh chiéu

~clia A trén SB, SD; 114 giao diéni ciia SCva mit phing (AEF). Tinh
thé tich khéi chép S.AEIF va khoang cich tif IE @én AR '

> Loi gidi:
O 14 tam hinh vuéng ABCD.
Ta cé: '
SA L (ABCD)=> SA L AD => ASAD vudng tai A

= SD = v4a® + a? =a\_/§.




A ) Megahook 0§

1 .1 5 1 1 +i
AF?  AS* AD* 4a’

:>AF=23J§:‘>SF=$:;

- Tuong ty: ASAB vudng tai A.

= SB =+/4a® +a* =a\/§.

1 %EAEzzaﬁ

1

AE’ 42 a 5
452 SE 4 —

=—=—=
5 SB 5
Dit truc Axyz nhu hinh vé ta c6:
A(0;0;0);B(a;0;0);C(a;2;0); D(0;a;0);
S(0;0;2a):>§)'=((ha;—2a);§§=(a;0;—2a).
Goi F(x;y;z):> ﬁ*?-:(x;y;z—Za)-

= SE =

x=i0
5
SF 45 . 4
Tacé:—=—r—--a.\f-=—:>SF=—S =D<i{y=—a
. 5 S o190
2 ) ' z—2a=£.—2a
Lam tuong ty E[Ea;O;-s-a] ) L 5

di qua S(0:0;2a
sc{ qua3(0:0,22)

vtep SC = (a;a;-2a)

= phuong trinh sc: X =¥ A,
| g R

DoleSC= I(at;at; —2at+ 2a).

-

AE =[£a;0;ga]
5 5

Mit phing (AEF) di qua A(0;0;0).




: Phat }uzy ky thmzt dat fmc _'
Guu nhanh Hmh hoc khong gian u:A dm Z

T ( 8 7 8 2 16 2 8 8 16
n=f-—a’;——a’;—a’ | pt:——a’x—a’y+—a’z=0.
26 25 25 b

25 25 T as

8v6
—a-

75

16 ,Y (16 ,Y (32 ,Y
—a" | +|—=a" | +|==a" | |=
75 75 75

A 2 2 2
S =M AEF]=L [ B ) o5 )16 206
2 2V\25 25 25 25

8 2. 08,240, 16,
i= K28
N ‘ 25° P02t P a6
(S{AED)) — " (S:AEIF) — 5 2 2 3 8
8 . 8 16 ZJ
—a’ | +|-—a® | +| —a
25 25 25
12 4~&§ R
Taehied Vo = g N 2 g3 =g
aco: = SAEIF 3 3 1 45
SM=SEF=8Jga2+4JgaZ=ﬁaZ
75 25 15
Tacéd
IOAEE__EE_EE__EE_EE
4 (1E; AF) = L5 A5 5 15| 2 _26
[4&] [23. [Za] (Za) [4&1) 3
— |+ == H |+
5 5 15 3 15
Vay Ve -E%a?,d(lﬁﬁziF)==:ifga




Cho hinh chép S.ABCD, c6 d4y ABCD 1 hinh vuéng tam O canh a.
Canh SO vudng géc v6i ddy. Goi M, N l4n hugt Iy trung diém ctia SA
va BC. MN tao véi day 1 goc 60°.

a) Tinh thé tich khéi chép S.ABCD . o

b) Tinh cosin géc gn'i‘a dudng thang MN va mp( SBD) '

» Loi gidi

Goi SO=x (x>0)

Do SO, AC, BD déi mét vudng
goc tai O nén

- Chon hé tryc toa d6 Oxyz nhu
hinh vé.

- Céc tia Ox, Oy, Oz lan lugt &
qua B, G, S.

Khi dé: 0(0;0,0), S(0;0; x),

“‘/_ 0B ‘F :0;0), C(0; \25 0),
D(_a‘/_;; M (0,2 )N(a 2 af
2 4 4
Ta co: ﬁm(—‘f—E i ), B(ﬂ "‘/_ ),AB(_"‘2 2;““26;0)

[2’5; E] = (0;0;+/2a%) = viptnaseny (0;0;1)

MN tao véi ddy 1 gbc 60° nén: cos (MI\I ;(ABCD)) = cos 60°

—x
- 2 =l@x=ﬂ@50=ﬂ_§_
2¢* 24* x* 2 3 3
+ L

— 4+t
16 16 4




Phdt huy ky thudt dat truc
Gidi nhanh Hinh hoc khong gian tix A dén Z

a) Dién tich hinh vuéng ABCD: S 5cp =4a°
Vay thé tich khoi chép S.ABCD la:

1 1av3 , f 3a
Vs anco = 3 308 pep = 373 a 9
b) Ta cé: MN(“ - “‘/_ ""“‘/_
2 7 6
SB[ J_ -aJEJ
2 3 [ J‘a L
- | 3B: .S'Djl + 30 | = s (0:150)

Ma: mp(SBD) c mp(Oxz) nén phuong trinh mp(SBD) cé dang: y=0
Viy cosin gdc gitta dudng thing MN va mp(SBD) la:

a2
— 2 J6
Cos N:(52D) = 27 24 3 2
_+_.+ -
16 16 36

Cho hinh chép déu S. ABCD co tat cﬁ cic canh bing nhau. Thé tich

3
ciand y = 9a J_
a) Tinh canh ctia hinh chép.
b) Goi M, N l4n lugt 1a trung dlém cﬁa SD SB Tmh khoang cach
ti N .dén, mp(OAM) P . : . "
> Loi giai:

Gid sit canh ca hinh chép déu bing t (t50) = AC=BD=t~2
Goi O 12 tAm hinh vuéng ABCD |
= SO L mp(ABCD)

£




R TP TR R R AR RN A T

a) Tacé: SO =+/54* - 04
~ 32{1\/5]2 2

2 2

Dién tich hinh vuéng ABCD la:

S 45cp =
94’2
Do vay: ¥ szep = ;F
3
@,1.@_:2 _2a V2 &t=3a
2 2 2

Vay cic canh ctia chép S.ABCD bang 3a

b) SO, AC, BD d6i mét vuong géc tai O nén chon hé truc toa dé Oxyz nhu
hinh vé.
- Cac tia Ox, Oy, Oz 1an lugt di qua B, C, S.

Khi d6: 0(0;0;0),5(0;0:3a), A(O;j—zﬂ 0),

3J2a 32 V2a  3\2a

NEYE g ey py IN2E, (TNTA,

4 4 4 4
—Saﬁ \/Ea ' Sﬁa
2 4 4

:0),0M (- c ;0; )
—_— —— —9a> 947

:;{OA,OM]—( s =
diqua O(O; O;O)
vipt ﬁ(w} =(1;0;1)
Vay khoang céch ti diém N dén mp(SAM) la:
Sa\/Z_ 2 3a~./§ |

4 4 | 3a

IO 2

OA(0;

Mp(OAM) { nén cé phuong trinh: x+z=0

d(N;(SAM))=




- Phat }uty ky thuar dat tmc y
" Gidi nhanh Hinh hoc khdng gian bt A dén Z (9

L - -

Cho hinh chop déu S.MNPQ 6 mit bén hop véi dy mot géc 45° va
khoang cich tif chan dudng cao H clia chép dén m3t bén bing a,

a) Tinh thé tich hinh chép S. MNPQ

b) Tinh géc gitta mp(SMH) va mp(SKH) - . '

» Loi giai:
Trong ASHK c6:

HE LAMO = MQ 1 IH
SH 1 MQ

(do/H c (SHK))

SK 1L MQ;HK L MQ
(SMQ) " (ABCD) = MQ

= ((SMQ),(4BCD)) = SKH =45°
Lai c6 mp(SMQ):
SK L IH;MQ \ IH
SKNMQO=k

Do dé: d(H;(SMQ))=IH=a

AIKH vuéng tai I: KH=IH.sin45° =a~/2

— Canh clia h‘mh vuéng MNPQ bang 2a2

Trong A SKH vuoéng tai H, c6 SKH = 45° = ASKH vudng cén tai H
= SH=KH=a+2

a) Thé tich hinh chép S.MNPQ

} — IH 1 (SMQ)

VS_WPQ:%.SH.SWQ ~.aV2.2a\2) ——J_(dm)

b) Hinh chép déu S.MNPQ c6 SH, MP, NQ déi mét vubng goc tai H nén

chon hé truc toa d6 Oxyz nhu hinh vé.

- G6¢ toa do O tring véi H
- Céc tia Ox, Oy, Ozlan lugt diqua N, P, S

E




B 2 P P TS SO S I L VAL £

Khi d6: H(0;0;0), K(-a;-2;0), M(0;-22;0), S(0;0;a+/2)
E(O; —2a; —aﬁ), SH (0;0— aﬁ), S_Kq(ﬁa; -a; —aﬁ)
mp(SMH) c6: s =| SM;SH | = (224%0;0)

mp(SKH) ¢6: nscr = [ﬁ,ﬁ] =(2a%;-24%0)
| 2

J8a4.\/2a4+2a4 Tz

Vay goc gilia mp(SMH) va mp(SKH) bing 45°,

Cos ((SMH),(SKH)) =

Cho hinh chép td gidc déu S.ABCD c¢6 canh day bﬁng a, géc guia
canh bén va déy la 30°. Goi M 1 trung dlem chia canh SC, mat
phing (MAB) cdt SD tai N.

a) Xac dinh toa d¢ diém N. | o | y

b) Tinh theo a thé tich hinh chép S.ABMN. i 1 '

> Loi gidi:
GoiHIatamhinhvuéng ABCD, tadugc
SO, AC, BD d6i mdt vudng goc tai O.
Chon hé truc toa 6 Oxyz nhu hinh vé.
- G6c toa do O. ;
- Cac tia Ox, Oy, Oz l4n lugt di qua B,

G, S.
Gié sit SO=h (h>0)
Ta cd: O(0;0;0), S(0;0;h), s
A(0; 2‘/_0)3("!—00)0(0 ‘250) ’
af \/5 ,

mp(ABCD) - mp(Oxy) nén ¢6 vipt neaseny (0;0;1)




S h=

a\/6 a6
2

=>SH=——--:
2

a) X4c dinh toa d9 diém N: N=SD M (ABM)

SD(—a\/_ J_)mvtcpusﬂ(l 0;+/3)
_ x=1
DPudng thing SD qua S ¢6 phuong trinh: < y=0 (teR)
aJE+J§r
2
AM(0; 3‘“5 ;—an)
aN?2 ax/g
M0 = 4) = J‘
AB(“ 2 a
2
" 2 2
[AMAB]: NELS ‘g“ =0
4 ° 4
a2
diqua Al 0,22 f
Mp(AMB){ [ 2 ]céphtidngmnh x=-y+Bz-L2 -0

VAPt D (13-134/3)
Ma N€ mp(AMB).
Nén: 1‘+\/_(i I)_a\/_ "'\/E —ﬁa a«/g

—_—=0t=——a=> N( ;0; )
4 4 4

b) D1_Ia Va0 tc_;a d6 da biét ctia S, D, N chiing minh dugc N 1a trung diém SD
= MN la dudng trung binh ciia ASCD

MN || CD
AB||CD

} — MN || AB = tii gidc ABMN la hinh thang.




a6
2 | 3aV10

Ta ¢6: d(S,(ABM)) ="—F7——==
RSSO e o
Tinh dién tich hinh thang AMNB:

M0: 3a\/- af) B(a 2 a;/_ 0
. —6a*
= d(M;AB)= |[M_AB1’= | B | .pa
P
4 4

a
(MN + AB).d(M; AB) _ C 2PNy o

= SMB

2 2 16
Viy thé tich hinh chép S.ABMN Ila:
_13a410 94° 9f 0a
v, d S;(ABM)).S .
S.AMNB = (S5( ))- 3 10 16 160 (dvtt)

Cho khéi chép déu S. ABCD cécanhdaya va dtif;ng-c;o bﬁ;ﬁg .6.";
a. Tinh sin ctia géc hgp bai canh bén SC va mat bén (SAB).
'b. Tinh dién tich xung quanh ciia khéi chép d cho. Goi K Ia trung

diém ctia SM. Tinh ¥V, .. ?

> Loi giai:

Goi H=AC " BD;AC=BD=a~/2

) 4

Ta thidy SH, AC, BD déi mot vuéng géc tai H, chon hé tryc toa d6 Oxyz

nhu hinh vé.

- G6c toa d¢ O triing véi H.
- Céc tia Ox, Oy, Oz lan lugt di qua B, C, S.
Khi dé: H(0;0;0),




a2

S(o;o;i),A(o;‘T;OJ,
(3‘3/-; :0;0); C(0; 2= ‘5 0),
D(_aﬁ; ;
SC(O f.,‘/__-i)
{ SA(0; “"F =2
2
aN2 . —a
SB(YZ -0,
k ( 5 2)
3[ﬂ’§] \Fa —\/_a a )
4
a) Cosin goc ho‘p bdi canh bén SC va mat bén (SAB):

3 3
—a a

J6

e
Vay siﬁ(?ﬂ@?ﬁ) =1/12 —(?)2 =g

b) Chép déu S.ABCD c6 ASAB=ASBC=ASCD=ASAD=>Dién tich

cos SC (SAB)

xung quanh S.ABCD la:
S =4 Sseun
Taco: S4= m Zz %g_
Trong mp(SAD), ké SM L AD = SM = m T _g = a‘zﬁ
1 1 a«f- \f_ 2a

$: Sy =—SM.AD=—.
Do dé: > 5 2 _dvtt)




Viy dién tich xung quanh S.ABCD la: S =4,

K(—aﬁ‘—a 2 a a\r

2
\Ea =24

] My B HK
8 ' 8 4)_ 3 )
HS(0;0;)
Wy 2
2\5 :[HS;!M:I= V2a :0;0)
m(ﬂ;_a2 ;0)
3 3
Vay V, o = IHK [, HA] él ;;’ =5 (@)

Cho hinh chép t gidc déu S.ABCD ¢6 canh bén tao véi ddy mot -
goc 60° va canh déy bing a. Tinh thé tich khéi chép S.ABCD; qua A
dung mit phing (P) vudng goc v6i SC. Tinh dién tzch thiét dién tao
bdi m3t phing (P) va hinh chép (ABCD) - '

> Loi gii:

Goi I va ] 1an lugt la trung diém
cia ABvACD.

Do tam gic SAB, SCD can tai §
=SILAB,SJ1AB

(Vi AB//CD)= AB 1 (SI).

Goi O 1a tAm hinh vudéng ABCD
= AB LSO

lai c6 SO L I = SO 1 (ABCD).
Tu A ké Az//SO.

Dit truc Axyz nhu hinh vé ta ¢6: o
A(0;0;0);B(a;{);O);C(a;a;O);D(O;a;O):>]T)E =(0;-a;0).




Do1latrung diém AB—= I(%;O;O].

Do O la trung diém AC= O[%;%;OJ.

| ;53:[3;3;[1] o e
Ta c6: 2°2 :»nm=[AS,AB]= O;ah;—n; ,

AB(a;0;0)
0.0+(~a).ah E 5
+(—-a).ah-—
(—a)z. azh2+%
sin60° =sin| DA, (SAB) | = Inwuml \/5.
\ nsma|

1 av/3 3
= VS.ABCD 3 SO SABCD 5 TJ—.az = %33 (tht).

" Gidé nhanh Hinh hoc khing gian tX A dén 7

Cho hinh chép ti gidc dé‘utgABCD c6 canh ddy bing a. Goi G 4
trong tim tam gidc SAC, khoﬁng cich tii G dén mit bén (SCD) bang
J_ . Tinh theo a thé tich khdi chép. S ABCD va khoéng cach tit

6
tam mat déy dé’n mét ben (SCD)

» Loi giai: _
Ta ¢6: SO L ABCD. Ké Az//SO=> Az 1 (ABCD),
Pit truc Axyz nhu hinh vé.

Ta c6: A(0;0;0);B(2;0;0); C(a;a;0); D(0;2;0), 0[%;%;0 :




BB TG & T e o

Do G la trong tam tam giac SAC
(
=>G= E'E'E].

2763
Ta co: 2°2
(53]
- _— az !'b/D ) JJ
=| SC,SD |=| 0;ah;—
i -] ()
(di qua D (0;2;0) :
a
Mp (SCD) ¢ 2\ ¢6 phuong trinh: ahy + —z—a*h =0.
p ( )vtptﬁ=[0;ah;%] phuong Y

N |




Gidi nhanh Hinh hoc khéng gian tx A dén Z

Cho hinh chép S.ABCD c6 ddy ABCD 14 hinh vuéng tim O. Hinh
chi€u § 1én mit ddy trung véi di€m H la trung diém ctia doan AO.
Mit phing (SAD) tao véi ddy mét géc 60°va AB=a. Tinh theo a thé
tich khéi chép S. ABCD va khoang cich glﬁ'a hai dlidng thﬁng AB

vasc. LD TR "

» Loi giai:
Trong (SAC) ké AZ//SH i s
Dit truc Axyz nhu hinh vé ta cé: :
A(0;0;0);B(0;2;0);C(a;a;0); -/ A/SH
D(a;0;0). i’:
Do O la trung di€ém AC - i 4 ¥
Blh,
a a 7 et e e ->C
@) ——,0 N z}l \\\ T -
- [2’2 ] A S PR
H la trung diém AQO ¥ ,,-r'*” “o.
A e’ H - > x
:>H[-— o] S(E;i;h) D
4’4’ 4’4
Do (ABCD) € Axy = nasco = (0;01)
AD =(2;0;0) - 5
::»ﬁsm:[ﬁ,z?é:l: 0;—ah;a—
-(2:5) ;
“.S ABCD
Ta c6: cos60° = cos| (SAD),(ABCD) | = ‘ = |
oo fisaco| 2
az_
o4 1, a3 faaaf3
g 2 4 4’4" 4
a‘h®+—

16




Ta c6: AB=(0;2;0); sc{%— %a;‘a 3]

I 2 2
AEAB:}AS 2. 3;_21 2 > AB;SC]z a \/5;0;3%1
SeSC 44 4 L 4 4

Cho hinh chép S.ABCD c6 déy ABCD Ii hinh vuéng canh a,
tam gidc SAB déu, tam gidc SCD vudng cin tai S. Goi I, J, K lin
ligt 12 trung diém cic canh AB, CD, SA. Ching minh riing
(SI) L (ABCD) va tinh thé tich khéi chép K.IBCD. o '

» Loi giai:
Do ASABdéu = AB L SI (1)
Do ASCD vuéng cin= SJ 1L CD.
Ma CD//ABSJ L AB (2).
Tit (1) va (2)= AB L (SIJ)
Ma AB < (ABCD)
= (ABCD) L (SUJ) (dpcm)
Ké SO 1 (ABCD)= SO 1 (ABCD).
K& AZ//SO= AZ 1 (ABCD).
Dit truc Axyz nhu hinh vé
Ta c6: A(0;0;0);B(a;0;0);C(a;a;0);D(0;a;0)




; Phét huy ky thugt dit bruc. 4 )
 Gidi :man}z Hinh hoc khong ¢ Ju'm tuA dén Z e&

Dollatrungdiém AB= I[%;O; 0] .Goi M trung diém Al = M(E;o; g]
- 4

Do AKAM do6ng dang ASAI = KM = ~—SI—% k{:;o;\fa]
di qua A (0;0;0)
viptn = (0;0;1)

= pt(ABCD):z=0 = d(k;(ABCD)) =

Mit phing (ABCD) {
#: d(k;(IBCD)).

' ; 1 1(a 3
Ta ¢6: Spep =E([B+DC).BC=E.(-5+aJ.a =1-az

3
3_2V3 aun,
4 16

Cho hinh chép SABCD ¢6 ddy ABCD I hinh thang vuéng tai A, B
c6 ddy nho BC. Biét tam gidc SAB déu d¢ dai canh 2a v ndm trong
mit phing vudng goc v6i day, d6 dai SC = a«E va khoéng cach tit
D dén mit phing (SHC) béng Zaﬁ vGi H lﬁ tmng diém cha AB.
Tinh thé tich ctia khéi chép S.ABCD '

» Loi giai:
Do tam gidc SAB déunén SH L AB.
Ma: '
(SAB) L (ABCD)=>SH L (ABCD)
Keé Bz // SH.
Pt truc Bxyz nhu hinh vé
Ta c6: B(0;0;0); A(0;2a;0).
Do H 14 trung diém AB
= H(0;2;0)=SH =a./3




SUETEHSRTENISE TR TL A A T, o

Do: SH L (ABCD) = SH 1 HC = ASHC vuéng tai H
— HC =527 327 =43
Do AHBC vudng tai B —>BC=+2a’—a’ = a = C(a;0;0).
Goi D(h;2a;0);8(0;a;a+/3 );C(a;0;0)
SH :(O;O;—asﬁ)
SC=(a;-a;-a+3

) = Nsuc = [ﬁ, ﬁ] = (—azﬁ;—az'\ﬁ;ﬂ)_

di qua C(a; 0;0).
vtptn = (—-azﬁ;-azﬁ;())

c6 phuong trinh —a?+/3x —a?s/3y+a*\3 =0.

Mit phing (SHC) {

[——az 3h+2a—a’y3 +32\/§|
Y2 B) +(=43)
= h=4a=D(4a;2a;0);AD=4a

= S50 =%AB(BC+AD) =%.2a(4a+a) =5a?,

53

1
= Vaupen :5.5a2.a\f =2 @,
3a ax/_
e

d =2a+2

(i(st0)) =

Do N la trung diém SD= N[Z

—azﬁ.Za—i;.az 3+32J§‘=5\Ea
) ()
53 52

Vay Vsasco __"_as (dvit); d(N {SHC)) -—4—3,

Ta cé: diy ey =




= AB 1 50.

P.Fmt huty ky thugt dat truc
Gidi nharnth Hinh hoc khong gian tir A dén Z

" Cho hmh chop t gléc déu S.ABCD c6 canh bén tao véi day mét

' g6¢ 60°va canh déybing a. Tinh thé tich khéi chép S.ABCD, qua A

.. dung mat_phang (P) vudng géc vdi SC. Tinh dién tich thiét dién tao
béi mit phing (P) va hinhchép (ABCD). . y

» Loi giai:
Goi: I va ] ldn lugt 1a trung s
diém cta AB va CD.

Do tam giac SAB)SCD can tai S
= SI L AB, ST L AB

(Vi AB//CD)= AB L (SIJ).

Goi O 1a tim hinh vuéng ABCD

Laicé SO L U= SO L (ABCD)
Tt A ké Az//SO.

Dit truc Axyz nhu hinh vé ta cé: y
A(0; 0;0);B(a;0;0);C(a;a;0);D(O;a;()).

Do I1a trung diém AB= I(%;(}; 0).

Do O la trung diém AC= 0[% % ]

a
Goi S(— % h] Taco: AS_(E
AB(a;0;

AB(a;

Mim

]:?) ﬁsm =[K§,TB] =(0;ah;—§}

0

e

Ta c6 sin60° =sin [DA, (SAB)] = "Tnml'i — V3

s

a\/_‘g—' z_£a3
T 6

V- i 11! PHUONG PHAP DATTRUCTONDY




B T e S L e e R YU T T :

~ Cho hinh chép S.ABCD c6 diy ABCD la hinh. chit nhit, AB=a,
| __AD-Za, Canh SA vuéng goc véi day (ABCD) c ‘[3 hop vé6i ddy

- mdt géc 60°. ‘Trén SA ldy diém M sao cho; SM =—=. Mit phing
(BCM) cit SD tai N. Tinh thé tich khéi chép 'S.BCMN. | '
> Loi gidi:
Do SA 1 (ABCD). oz,
Nén dit truc Axyz nhu hinh vé s\

Ta c6: A(0;0;0);B(a;0;0);
C(a;2a;0});D(0;22;0)

Mit phing (ABCD)  (Axy)

= Nancp = (0;0;1)

Goi S(0;0;h) = SB =(a;0; ~h).
Ta cé:

sin 60° =sin| SB,(ABCD) ]

S_B..I;ABCD{ J3

58] fien] 2

= th—hz= fzbh=ax/§:>8(0;0;a\/§)
a‘+

Do: MA=¥:> M[a;ﬁ;a—f}ﬂ_ﬁ =[a;0; —a;@]

a3

= MC =[a,2a —-——J

oo <[] - 2 020 J

Do mit phang (MNBC) di qua B(a;0;0).




i lenmy kyt dgtbruc
Gidi nhanh Hinh hoc khong gian tie A dénZ g ”

thtﬁ:[z‘f

a’;0; 232) = phuong triﬁh mit phdng (MNBC):
2J" l

d 3a

((MnC)s) -
\/Ea +4a* 4J§ a’
9
23 , 243

a‘x +2322—Ta3 =0.

Ta c6: SD = (0;23;-3\/?_) )
Do tam gidc SMN ddng dang tam gidc SAD

5 5L «/_
_ SN_SM_ 3 _2_ = 2
~SD SA a3 3 3
Goi N(x;y;z):b:ﬁ(x;y;z—aﬁ)
- 2 r
X=&§ x=0
<y=23,.3 ¢:><y=ia =N O;Ea;ﬁ
3 3 3 3
. Zm-aﬁ.§+a\/§ z=£a
; g 3

= MN =(O;ia;0):> ‘W| =ia-
3 3

BC= (0;2a;0). Goi 11 trung di€m BC=> I(a;a;0) = Mi- [a; & _a?,\@}
Ta c6: [B_C',EJ (ia ;0;2a J
Thay vao (1) ta cé:

J[&az]z+4a4 4~E 2
3 3 4 3

d(M;BC)= > =
(M;BC) - 2a 2a 3 4




Cho hinh chép S.ABCD c6 ddy ABCD 1i hirih vuéng canh 2a,
SA=a va SB=ay/3. Mit phing (SAB) vuéng goc véi mit d4y
(ABCD). Goi M, N l4n lugt I trung diém clia c4c canh AB va BC.
Tinh theo a thé tich khéi chop SBMDN va tmh 0 sin géc tao bdi
DN va SM. '

> Loi giai:
Do (SAB) L (ABCD)=>ké SH L AB.
= SH L (ABCD). |
Ké Az//SH=> Az 1 (ABCD),
bit truc Axyz nhu hinh vé ta cé:
A(0;0;0);B(0;2a;0);
C(2a;2a;0);D(22;0;0)
Ta c6: BD =+/4a® +4a® = 2+/2a%,

DoNlatrung difm BC=>BN=NC=a

I —
Suono = 5 BN;BD J;M(0:3;0)
Ta c6: N(a;2a;0);=> BN =(2;0;0);BC = (2a;0;0); BD = (2a;-2a;0).
NENDM :[ﬁﬁf] =(0; 0;1). '

= == 1
Sipcc :51[]3};,]3])]] = 5'232 =8 = B = 2 = 2%,

Ta cé: SB? +SA? =3a” +a’ = 42’ = AB® = ASAB vuéng tai S.




Phdt huy ky t.'uuz.f d.at truc
Gidi nhanh Hinh hoc khong gian titA dén Z

1 1 1 I 1 av3

=5 = + =—+—=>SH=—"—-
SH® SA? SB®* a’ 3a’° 2
Ta c6 tam gidc SHA vudng tai H=> AH = a2-3g2-2_sg O;E;ﬁ
4 2 2" 2
di qua B(0;2a;0).
Mit phing (BNDM) .
Vipt n=(0;0;1)
= phuong trinh mp(BNDM):z=0
-
d(S,BNDM)=SH=E£:>VSBmN %% 2a® _af (dvtt).

Ta co:

mz(—a;Za;O);gﬁ [0 = ~f-l£}

2
__ . |DNSM 2
:}cos[DN,SM]z a5
DN.SM| JsatAfa? 5
3
VAY Vi =#,GOS(DN,SM) =§.

Cho hinh chop SABCD cé dé.y ABCD 13 hinh tho1 canh a, goc

ABC = 60°,50=2Y> va vut“)ng géc véi mit phing ddy (O la tam
mat day), M la trung diém ctia AD. Goi (P) la‘mit phing qua BM
va song song vGi SA) cit S__C tai K Tuﬂl-the_tlch khéi chop K.ABC['

> Loi gidi:
Goi I 14 giao ctia BM va AC. T I ké IK//SA cat SC tai K.

Do tam gidc IMA d6ng dang tam gidc IBC
A ™M MA 1 JA 1_IC 2

IC IB BC 2 AC 3 AC 3
Do tam gidc IKC dong dang tam gidc ASC




| _-'))):fMega'bqo_k. :

Do tam gidc AOB vuong tai O

= OB = AB.cos30° =§a

=>AO=OC_—_ az—é.a_2 :E
V 4 2

Dit truc Oxyz nhu hinh vé. ’ M

Ta cé:

0(0;0;0);A[a;O;OJ;B(O;ﬁa;ﬂ]:C(—E;O;OJ;
2 2 2
D[O;é;OJ;S(O;O;a}:} CS= {i;o;ﬁJ

2 2 7.

3
2

——m i =

. -
-
. y s | e 7,
M- i S =~
1 1 PO .
- T d
1 "_-__,,-1." . =
g % o

Goi K(x;y;z) = CK =[x+%;y;z).

a 2 a [ a
X+—=—,— X=——
> 2 32 6 3
Do CK=§CS:>‘4Y:O <Z>JY=U :$K["a9093 ]
1 5 wml3 av3
Z=—, Z=
3, 2 L 3

Do (ABCD) € Oxy = nasco = (0;0;1).

di quaA(%;O;O}

Vtpt n=(0;0;1)

= phuong trinh mét phang = pt : (ABCD):z=0.

a3

N DU P i
d[K,(ABCD}]_ \ﬁ = 3 SABm_zAC-Bsza.aJ_— > (dvdt).

Mgt phing ( ABCD)

ﬁvxlm —E.T.—é— g (dvtt).




* Gidi nhanh Hinh hoc khong gian txA dénZ

Cho hinh chép S.ABCD c6 day ABCD 12 hinh vuéng canh a. Mt
phéng (SAC) vudng géc véi day, goc ASC =90° va SA tao véi ddy
- mot gbc 60” Tinh thé tich khéi chop da cho. i '

> Loi giai:

Ké SH L AC= SH 1 (ABCD).
Hinh chiéu cita S Ién (ABCD)

= gdc gitia SA va déy la:

SAC = SAC = 60° = SCA =30°.

Do tam gidc ASC vubng tai S

— SA = AC.tan SCA =aJ§.§

C
aJ_ sc_,}z2 9 2‘/_ y‘/

Ta c6:
1 1 1 1 1
= 7+ = + =>SH=—
SH* SA* SC* 6a° 12 ,
9 9

Cho hinh chép S.ABCD c6 day 12 hinh vuéng canh a, mit bén SAD
1a tam gidc déu va ndm trong mét phang vuodng goc véi ddy. Goi M,
N, Plan lugt 14 trung diém clia-céc canh SB, BC, CD. Tinh khoédng
cach tit A dén mét phing (MP) I '




» Lai giai:

SAD la tam gidc déu vudng goc v6i day nén goi H 1 trung di€ém AD thi

a3

SH1 (ABCD)va SH_T

Nhén thdy SH, HN, DH d6i mét vudng goéc nén chon hé truc toa dé nhu
hinh v&, khi d6 cac tryuc toa d6 Ox, Oy, Oz ldn lugt di qua céc diém D, N, S.

Khi d6: H=O-nén H (0;0;0),
a a a
A(——;0,0),D(=;0,0), B(——;a;
( ; ) (2 ), B( 534 0)

C(g;O; 0), 5(0;0; %)-

M, N, P lin lugt la trung diém cta
SB, BC, CD.

Nén M(_%;%;ﬁ) » N (0;a;0)>

a
5) :

BT

2
a a av3
= (-2
Taco{ 4 2 4

P-4 0)

ol

__ e 2 2 2 3% S
N : 3;aﬁ;3a =qﬁ(1;l;ﬁ)=aﬁ.n

8 8 8 8 8
v6i n=(l;1;\/§),

qua N(0;a;0)

Mit phéng (MNP) - nén c6 phuong trinh:
vipt n=(1;1;\/§)
x+y+\/§z-a=0-
a

12

J1+l+

= d(A4;(MNP)) = ‘F“ ,

fa

Viy d(A4;(MNP)) =2




Gidi nhanh Hinh hoc khong gian tic A dén Z

Cho hinh chép S.ABCD c6 day ABCD 1a hinh vudng, BD = 2a; tam
gidc SAC vudng tai S va nim trong mat phang vudng géc véi ddy,
~ $C= a/3. Tinh theo a thé tich khéi chép S.ABCD vi khodng céch
tit diém B dén mit phang (SAD).

» Loi giai:
Ké SHL AC (HE AC)
Ta ¢ (SAC) 1 (ABCD)
= SH L(ABCD)
SA= J4c*-5C* =g,

iy _ SASC af
AC

AB = AD =24’ =aJ§

Vs ABCD o SH SABCD

la\f \/—\/—_a\/_

_———a
3

Ké Az//SH . Chon hé truc toa d¢ Axyz nhu hinh vé, cé‘c truc Ax, Ay 1an
lugt di qua cac di€ém B, D.

Khi do:

A=0= A(0;0,0), B(av2;0;0), D(0;av2;0), 5(*¥2 ;af ;af)
— —aJ_ —a\?2 »af

SA= e a2

9 = [ S4,8D |= (20,

= —ax/— 3a~/_ —a\/_ [ ] ( 2 2)
5P= ( 4 " 2

2 2 &
=£2-(—\/g;0;1) =%n. Véi n= (—\/5;0;1)

- PuAI PGP PO IRICTOAD)




R e A R R R RS T T RS T L TU T L 1,

qua A(0;0:0)

vipt n=(-/6;0;1)
’—\/g.a\ﬁl _ 2\21a
Joy+1 T

nén c6 phuong trinh —/6x+z=0

Mit phiang (SAD) {

Ta ¢6 d(B;(SAD)) =

BC=av3, H Ia trung diém canh AB. Biét hai mit phing (SHC) va
(SHD) cling vudng goéc véi mit phing (ABCD), duding thing SD
tao vdi mit day goc 60°. Tinh thé tich khéi chép va khodng cach
gitta hai dudng thing ACva SB. '

> Loi gidi:
(SHC) L (ABCD)
Ta ¢é: { (SHD) L (4BCD)
| (SHC) N (SHD) = SH

= SH 1 (4BCD)

Nhan thdy H la hinh chiéu cta S
trén (ABCD)= hinh chiéu ctia SD trén
(ABCD)laHD = gbcgitia SDva (ABCD)
Ia SDH =60° = SH=HD.tan60°

=JAH?+ AD* 3 =2 239

Jiza®
2

1 1
V sasco=3SH-S 1pcp=7-AB-AD.SH =

Ké Az//SH. Chon hé truc toa d¢0 Axyz nhu hinh vé, cdc truc Ax, Ay l4n
lugt di qua céc diém B, D.

Khi d6: 4 = 0 = A(0;0;0), B(a;0;0).

av/39
2

C(a;a+/3;0), S(-g-;o;

)




: Ly Ky |
Gun nhanh Hinh hoL khong Jum tqu den Z_ 4

m

Ta coé:

AC = (a:a4/3;0)

. L 2 2

158 =20, aJE):;»[SB;AC]=(3\/1_3a- ;—@a ;aﬁ)
2 2 2 2 2

ﬂz(a;O;O)

3Wi3d®* | V394% axﬁ)

=| 58 4€ | =( 2 2 2

= d(SB, AC) = |[

| 0
4]

3\/5‘13 ' .
_ 5 _2067a
2 2 2 53
J(Mf“ )2+(—‘/3—;5“ )2+(‘/§2“ y

J2067a
53

Vay d(SB, AC) =

Cho hinh chép S.ABCD cé day la hinh vuong canh a. Mit bén
SAB I tam giéc vudng tai S va ndm trong mit phang vuéng goc
vdi day, hinh chiéa vudng géc clia S trén dudng thing ABla diém
H thudc doan ABsao cho BH=2AH. Goilla giao diém clia HCva
BD. Tinh thé tich khéi chép S.ABCD va khoang cich tit [ dén mit

phing (SCD).
» Loi giai:
Ta cos SH* = HAHB = 2; SH = “‘f
1av2 , d3\/§

Vs/wa) 3SHSABCD g 3 o 9

241




Chon hé truc toa d6 Bx, yz

Nhu hinh vé, cac truc Bx, By' s,
1an lugt di qua cdc diém A, C, Bz//SH

Khi dé: '

B(0;0;0), C(0;4;0), D(a;a;0),

———
-

——

E Bhegzaaac
H(z—a;O;O),S(z—a;O;&)

3 3 3 Y- 3
DPudng thing BD: M
{qua B(0;0;0) / b

vicp BD(a;a;0)
x=at
nén c6 phuong trinh ¥ =& (teR)
z=0

qua C(0;a;0)
Pudng thing HC — :
"8 8 vicp CH(%;-a; 0)

-

2a
x ==t
3

Nén ¢6 phuong trinh { y=a _at' t'eR)

z=0

Tacé: I e BD=> I(at;at;0)

dt =22y =3 2a 2
Xéthéphuongtrinh: {“~ 3 = { > = 1&2;%2;0)
, 3 5's
at=a-—at ' =—
5
— 2a \Ea
CS=(—;—a,— . 2
Ta c6: a3 :>[CS,CD]:(O;ﬁTa;a2)

CD = (a;0;0)




_ : Phat huy ky thugt dgt truc
Gidi nhanh Hinh hoc khong gian tic A dén Z

qua C(0;a;0)

Mit phing (SCD) o .
vipt [CS,CB | = (0; V2 ey
3
Nén c6 phuong trinh: £y+z—£a <
3 3
Q 2 = —Qa:’
35 3
Tacé: d( I;(SCD))= : _ 3afz“
\/(\Ea )y +a’
3
Vay d( I;(SCD)) = 3a;/5§,

Cho hinh chép S.ABCD c6 ddy ABCD la hinh vudng canh a. Mat
bén SAB Ia tam gidc déu va ndm trong mdt phang vudng goc voi
day. Goi M 12 trung diém ctia ABva N la diém di ddng trén canh
BC.Ditx=CNv6i0<x<a(a>0). Tmhkhoangcach tii S dén DN.
Tim x dé khodng cich ndylénnhdt. | r

» Loi gidi:
((SAB) N (ABCD) = AB
SM 1 AB
SM e (SAB)
(S4B) L (ABCD)
= SM L (ABCDY);SM = “‘r

Chon hé truc toa do Mxyz nhu
hinh v&, cdc truc Mx, Mz lan lugt di
qua céc diém B, S. My / / BC.

Khi dé:

Taco 1

M(0;0;0), A(Z50,0),
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* Xétham s6: f(x)=

B(E;O;O), C(E;a;O),

D(——,{I 0)} N(_aa I,O) S(O 0; i)
SD (_ —\Eax —«/3—’1:12 ax
Ta c6: 2 [.S'D DN |=( SR
DNz(a;—x;O) '
3 2 2
I[SD,DN] _ 2 E —2—%-+a—(x -2a)’ =—\/4x2—4ax+7a2

|ﬁ| =var+x?

‘[E@J =g\/4x2 ~4ax+7a*

. d(S,DN)="—
Suy ra: d( ) DNl e

4x* —dax+7d°
2

> v6i0 <x<a(a>0)
x‘+a -

2a(2x* —3ax—2a%)
(x* +a*)?

f'(x)=0<‘:>2x2—3ax-2a2=0<:>x=—_§~ hoic x=2a

J'(x)=

Ta c6 bang bién thién:

a

£(x) /,// 7,
/ 7

Suy ramax f(x)=7tai x=0

a1

Véy max d(S, DN)——kh1 x=0.

f(x)

2a




: - Phdt hu}} kﬁt}m
Guu nhanh Hinh hoc k}wrg qmn

Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh thoi canh béang a.
- SABla tam gidc vudng c4n tai S va nim trong mit phing vudng géc
v6i ddy, goc gitia canh SC vi mit phing (ABCD) bing 60°, canh
- AC=a.Tinh theoa the tich khéi chép S.ABCD va khoang céch tii

A dn mit phing (SBC). ?

» Loi gidi:

Goi H 14 trung diém AB.

= SH L AB

((SAB) L (4ABCD)
(SABYN(ABCD) = 4B
SH 1 AB

|SH < (S4B)

— SH 1 (ABCD)

Ta ¢o: 3

HC1a hinh chiéu ctia SCtrén mat phing (ABCD).
Nén (M) — SCH = 60°

Tam gidc ABC déu
— CH =%:> SH = CH.tan 60° =-3?“1E
2 2
Sm=%.AB.Ac.sm60° 243 2> S-S 4 —-‘-C
i asxg

= Vs.)wca = E'SH'SA‘BCD = 4

Chon hé truc toa d6 Oxyz nhu hinh vé: Oz // SH, cac truc Ox, Oy lan lugt

di qua cac diém B, C.

Khi dé: 0(0;0;0), A(O;m%; 0),3{%5; 0;0} C(O;%; 0).

Hla trung dlem ABnén H (f—\-C —E 0= (% 2. 3_a)




Ta c6: ! 4 4 2
5c- LIS

2 2 - [a,2 2 3
= ;B‘E“ s )=‘E" W3xD="rn

- [58,5¢]- ”

v6i n=(3;31)

qua C (O,— 0]
Mt phing (SBC) 2 .
vipt n= (\/5;3;1)

Nén c6 phuong trinh: \Ex+3(y—-g-)+z:0hay \Ex+3y+z—3?a=0

‘3 —a_3a
zd(A,(SBC))z\/(\/_} 2 =3\{13_34:::.
3) +3%+1
Vay d(4,(SBC)) = 3‘/3_“

Cho hinh chép S.ABCD c6 dy I hinh thang vudng tai A va B
v6i BC la ddy nho. Biét rang tam gidc SAB la tam gidc déu c6 canh
v6i d0 dai bing 2a va nim trong mit phing vuﬁng g6c v6i mit ddy,
SC=av/5 va khoang cich tit D t6i mit phing (SHC) bing 2av2
(H 1a trung diém AB). Tinh theo a thé tich khéi chép S.ABCD. '

> Loi gii:
Tui gid thi€t suy ra SH L (ABCD).

Tam gidc SAB déu canh bing 2a nén dudng trung tuyén

SH =§.2a = af3.




e S

Tam gidc SHC vudng tai H néntacoé HC =/SC* —SH*
= (@8] ~(a3) =av2.

Tam giac HBC vuéng tai B néntacd BC = JHC? ~HB?
= [cwrQ-)z —a* =a.

Chon hé truc toa d6 nhu hinh vé.

Chon 2=1,khi dé A —-%; 0; 0],

4%mo,c@uqummJ@-

Do AD| Hy va thudc mit phing
(ABCD).

Nén D[—%; 33 0] (véi v, >0).
Ta co: _

ﬁ:({); 0; \ﬁ) va H—Cz(i; 1; 0).
suy ra Eé, ﬁ]=(—@; \/3; 0).

La mdt véctd phép tuyén ctia mat phéng (S HC).

Phuong trinh mat phéng (SHC) la: x—y=0.

Theo bai rata co d(D, (SHC)) =202 =22 (do ta chon a=1)

1 7
o Jp _+yD=4 ¥p — 0 7
#‘-%:2«/5@ % & 29 -—ﬁD[-%}E;O]'
P+l —t+yp,=—4 HD:—E(I) '
Ta co:




I TN

Suyra |SA, s_c'} =

SA SC|.sB=3.1 4 —% 0+[—%].(—J§)=«/5
"_,">-
(s ] = 1 3317 (1 2143
hSA,SC.SDﬁJg.[—E] B [2].(—\/§)ﬁ :
r{s—’A,s._c'.s_B’F
= —_— — —h
{SA, sC|.spl= 203|213
4 | 4
Thé tich khéi chép S.ABCD la:
1 \/— 1z1f _ 253
VS.ABC VSACB AC'D 4 24
25./3

V@Y VS.ABCD — Tf (dVl't)

Cho hinh chép S.ABCD ¢6 ddy ABCD 1a hinh vuéng canh , tam
gidc SAB déu va nim trong mit phing. vuﬁng goc v6i ddy. Goi
M, N, B Klin Iuto‘t la trung dlem cha BC, CD, SD, SB. Tinh theo
a khoang cach giita hai dudng thing MK v6i dudng thing AP va

chiing minh mit phing (ANP) vuéng géc v6i mit phing {ABCD). '

> Loi giai:
Goi O la trung diém clia AB.
Chon hé truc toa d¢ Oxyz nhu hinh vé.
0=0(0; 0; 0) Ox=ON, Oy=0B, 0z=0S.
Chon 4=1, khi dé: '

A[U; —%; 0], B[O; %; D], N(l; 0; 0), 5[0; 0; g]




Phat huy ky thugt aw rmc
Gidi nhanh Hinh hoc khong gian tix A dén Z

AT A R R R TR PR

D[l S 0] p[}_,_l £] [_ 2 0] g;l;ﬁ]-

2 4 4 279" 4
Pudng thing MK c6 vécto chi phuong la:
MK — [_l;_l iﬂa(2 1,3}

2 4 4
Pudng thing AP c6 vécta chi phuong 1a: AP = % i —1\/4:-] /! ;5’(2 ;3 )
Ta cb [a, B|=(2V3; —443; 0), "A’E—[a; 3, ﬁ].
' 4 4
:»[&',B].ﬂ:zﬁ.m( 43).> +o§=~3\/§
= [ 8] AK\_|-3J—| 343.
Va_iy khoang cich gifta hai dudng thing MK va AP la:
a _' . AK

4(MK, 4P)= [ ) 33 _35_35

o, 13” J 2\@)2 +(—4=.\/§)2 yp 01
(do tachon a=1).

Mit phing (ANP) c6 cip vécto chi phuong 1a

L-d R (- ) T

2

—

NP =

£}Mﬁ(z 1;+3).

1.2
2'4" 4
Do d6 mdt phﬁhg (ANP) ¢6 vécto phap tuyén 1

&, B|=(2V3; ~443; 0}/ / my(1: ~2,0)..

Mit phing (ABCD) ¢6 vécto phép tuyén Ia 7, = (0; 0; 1).
Do n,.n, =0 nén (ANP) L (ABCD)(dpcm).







- Pht huy ky thugt dgt truc
- Gidi rﬂmnh Hinh hoc khong gian Lt A dén Z

LANG TRU

@ LY THUYET

8 KIEN THUC CO BAN VE HINH LANG TRY

- Pinh nghia: Ling tru la da gidc c6 hai mat (ddy) song song véi nhau, con
cac mit khac (cdc mit bén) déu 1a nhiing hinh binh hanh.

- Céc loai ling tru thudng gip:
+ Lang tru didng: 12 lang tru c6 cic mit bén vudng goc véi ddy.
A
B,
! Ci
Al
B

G

C
ﬁ THIET LAP HE TRUC TQA PO VOI HINH LANG TRU
2.1.Thiét lap hé toa d6 cho hinh léng tru tam giac:

+ V6i liing try diing thi ta chon truc Oz thing diing, gbc toa d6 1a mét dinh
nao d6 clia d4y hoic tAm chia ddy. Céc truc Ox, Oy thi dya vao tinh chét ctia da
gidc ddy ma chon cho phii hop.




e,

\ ) Mega book

L At S S R R 1

+ Véi ling tru nghiéng, ta dya trén dudng cao va tinh chét ctia day dé chon
hé truc toa d6 cho thich hap.

a) Hinh léng try diing ABC.A'B'C’ c6 ddy ]a tam gidc vudng cin tai A,
AB=AC=a, AA'=b

Vi ABC.A'B'C’ 1 ling tru ding c6 ddy la tam gidc vubng cén tai A, nén
dé thay AA’, AC, AB d6i mot vudng goc, nén chon hé truc toa d6 nhu hinh vé:
A(O;O;O),B(a;O;O),C(O;a;O),A‘(O;O;b),B’(a;O;b), C'(0;a;5)

b) Hinh ling try ditng ABC.A’B’C’ ¢6 ddy 13 tam gidc déu canh A, AA'=2a

Vi ABC.A’B'C’ 14 lang tru dling c6 ddy la tam gidc déunéntaké BO L AC,
tlt d6 dé thay BO, AC, AA’ d6i mét vudng géc. Tt O ké Oz // AA’, ta chon dugc
hé toa d6 nhu hinh vé:




A 0;—5;9},4'[0;-3;24 ,B 3—2;0;0 ,B' ﬁ;o;za >
2 2 2 2
C[O;E;OJ,C'[O;E;%}
2 2

¢) Hinh ling try diing ABC.A'B’C’ ¢4 ddy 12 tam gidc cin tai A, AB=AC=a,
4BC =120°, AA'=aV2
g‘\

C!

Vi ddy ABC 1 tam gidc cén tai A, nén ké Ay=AH (AH la dudng cao dong
thoi la dudng trung tuyén tam gidc ABC), ké Ax // BC, khi d6 dé thdy AA’, Ay,
Ax dbéi mot vudng gbc nén ta chon hé truc toa d¢ nhu hinh vé:

A(0;0;0),A'(O;O;aﬁ),B{ﬂf;g;OJ,B'[Q; ;;;a\ﬁ],

{ 2

2.2. Thiét lap hé truc toa dé cho hinh l3ng tru td giac:

aﬁ;—ﬁ;o ,C' —ﬁ;—ﬂ;a 2
2 272

2

Véi hinh hop chil nhét thi viéc thiét lap hé toa d6 kha don gian, thuidng
¢0 hai cach: '

+ Chon mét dinh Jam g6c toa d¢ va ba truc tring v&i ba canh ctia hinh hép.

+ Chon tdm ciia ddy lam g6c toa d6 va ba truc song song véi ba canh clia
hinh hép.

253
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A A L A4

V6i hinh ling tru diing ABCD. A’'B'C'D’ ¢6 day ABCD Ia hinh thoi:
Chon hé truc toa d6 nhu sau:

Ngoai cac truong hgp tfén, trong cic truong hgp khac ta dua vao quan hé
song song, vudng géc va cic tinh chat ctia dudng cao, day,... dé thiét lap hé toa
dé cho thich hop.

iD); BAITAPVIDUY
-3

Cho Iang tru d{mg ABCA'B'C cé déy ABC I tan gidc vuong,
AB = BC =g, canh bén AA'—af Gliatrungdlém ctia canh
AA’, N 14 trung diém BC. Tinh theo a thé tich cha khéi Hing try
ABC.A'B'C" va khodng céch giiia 2 duéfng thang MN, B'C. '

> Lai giai:
Chon hé truc toa d6 Bxyz nhu hinh v&,

cac truc Bx, By; Bz lan lugt di qua céc
diém A, C, B.
Khi d6:

A(a;0;0), B(0;0;0), C(0;a;0),
A'(a; O;aﬁ), B'(0;0; ax/E),
C '(0;&;(1\/5)-




Phat huy ky thudt dat truc
Guu nhanh Hinkh hoc khong gum titAdénZ

M 14 trung diém AA':%M(H;O;@)
§ 2

N 14 trung diém BC = N(O;i;-; 0).

+) Tinh thé tich ling try ABC.4"B'C'
Theo cach thong thudng:

, a2
V swesne=A4'S =L aa =
Theo cich toa do:

' VABC.A'B'C' = AA"SABC =44 I%‘I:Bj’B_C‘.]|

BA =(a;0;0)
Ta cé: {BC = (0;4;0) = [ﬂ,ﬁ'}] = (0;0;—-a%)
Ad'=a2
' | Rt 1 a3-\/§
= VABC.A'B'C‘= AA '5‘[BA,BC:H =~i-.a\/§-|a2| = >

@ Tinh theo phuong phdp théng thudng sé nhanh gon hon, vi viy
trong cdc bai todn thé tich cé thé tinh bing hai cdch ta uu tién ding cich
théng thuong.

Ta co:

= (-a; f’; _i)

B C:(O;a;—a\r) n[ﬁ ] (0;-a*2;—-a%)
B i
NC = (0:5:0)

- [, 5°C] e - -2
|[m.ze|wve| “3;/5 o8

W,'ﬁ] _\/6+(-a2~/—5)2+(—a1)2_ 6
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Cho hinh ling tru ding 4BC.4'B'C’ c6 d4y ABCla mét tam giic

vudng tai B, AB:%,AA‘:a,AC'=2a. Goi M Ia trung diém cia
doan A'C’, N la trung diém CC’. 1 lé_i-giao- diém clia AM va A'C.

Tinh khoang cach tli diém N t6i mit phing (/BC).

> Loi giai:
Chon hé tructoa do Bxyznhu hinh vé,
cdc truc Bx, By, Bz 1an higt di qua cic diém

A,C,B.
Khi d6: 4(a;0;0), B(0;0;0),
C(0;2a;0), 4'(a;0;a~2), B(0;0 2a),
C(0;2a;2a).

M IA trung diém A'C’' = M(-;;; a;2a)
N la trung diém CC’ = N(0;2a;a)
Duong thing AM
qua A(a;0;0)
vtep m=(-%;a;2a)=--;-(1;-2;4)'
x=a+tt
Nén ¢6 phuong trinh: { y = -2¢ (el

z=-4¢
C(0;2a;0
Pudng thing A'C o (_’, -
vicp A'C = (-a;2a;-2a) = -a(1;-2;2)

x=t'
nén cé phuong trinh y=2a-2t'(t'eR)
=2 '
Tacé: [ € AM = I(a+t;-2t;—4t).

4



Phét huy ky thugt dgt tr Uc
Gidi nhanh Hinh hoc khong gian tit A dén Z

Mitkhic =AM N A'C
= Toa d diém 1 la nghiém ctia hé phuong trinh:

a+t=t' ;:_E
—2t=2a-2t"<=> (E fj'_?; ﬂ)
~4¢ =2¢' t':z—
3
qua B(0;0;0)
Mit phéng (IBC) i 8a2  4a?) 4a?
vipt I:BC,BI:|-( 0 )H« T (@0

nén ¢6 phuong trinh 2x +z=0.
o _avs
-

Viy d(N,(IBC)) = “‘/_

= d(N,(IBC)) = 7

- Cho hinh ling try ding ABC.4'B'C' c6-dédy ABCla mdt tam gidc
cin v6i AB=AC=a, gbc BAC =120°, canh bén BB’ = a . Goi /
1a trung diém CC'". Chiing minh tam gidc 4B'/ vadng tai A va tinh
cosin géc gitia hai mit phdng (4BC)va (4B'I). - . '

> Loi gidi:
Goi H 1a trung diém BC = 4H 1 BC

AH = AB.sin30°=2
Ta c6: 2
BH = AB.cos30° = “‘f
= BC =a/3.
Chon hé tryc toa dd Axyz nhu hinh vé,

cdc truc Ay; Azlan lugt di qua cac diém H, A"

AP P A oA




a
Khi do: 4(0;0;0), B(%;%;O), 22,20,

av3 a
AY0;0;a), B'(——;—; ‘a
(0:0:). 5 2 2 ¢ 2 2

E'E[—a 22 J

2 2 iy

Ta co: < J_ — AB'Al =0= AB' L Al
7 s Rt
L 2 222

= tam gidc AB'/vudng tai A.
Mit phéng (4BC)c6 phuong trinh z =06 vipt n, =(0;0;1)
Mit phing (4B'I) c6 vipt

[EE",E] | (_i; 334 : 2\@02)

4 4 4

=_§(1;3¢§;_2J§):_§;

cos((ABC),(AB'I)) = cos(n,;{) -

23 N

:ﬁ.\f1+(3\f§)2;(—2~/§)2 LA

véi E=(1;3J§;—2J§).

Vay cos((ABC),(AB'I)) =




Phat huy ky thugt dat truc
Gidi nhanh Hinh hoc khong gian bt A dén Z

Cho hinh ling tru diing 4BC.4'B'C" c6 diy ABC I3 mét tam
gidc vuong cin tai dinh A) BC =24 . Biét goc gitia h&l mét phing
(4B'C) va (BB'C) c6 s6 do binga .

. D . 2a.cosax
S N e 4
> Loi giai:

Chonhétructoadd Axyznhu hinh vé,

cdc truc Ax, Ay, Azlan lugt di qua cic
diém B, C, A",

Khi d6: B(av/2;0;0), C(0;av/2:0).

Gid sit: 44'=h, khi d6 A4'(0;0;h),
B'(a/2; 0;4), CY(0;a~/2; By % % |

Goi n,n2 theo thi tut Ia véc ta phap \ i

=4 -/ > w 2 & i B ------------------ C
tuyén clia hai mit phing (4B'C) va \Q

(BB 'C) : . A
Ta cé:

= (a\/i;o;h)
AC = (O;a\E; 0)

=(ﬁak;0;—2a2)=a\/§(h;0;"a\5)=a 2.1 véi m =(h;0;—aﬁ)
{EE(O;O;PI)

E(?=(—a 2;a\f§;0)

B’ '

A!’

= [E", A_H']

=5 [B—C' ﬁ:] = (ﬁah;ﬁah;ﬂ)

=ahV2(1;1;0) = abv/2.n2 véin: =(1;1;0)

[

cos((AB‘C),(BB'C)) = COS(;I,EZ)Z l

L +(-ad2)




Cho hinh l_i'mg tru ABC.A'B'C 'cH cac mit bén déu I hinh vudng
canh a. Goi M 14 trung diém céc canh BC. Tinh khodng cich giiia
hai dudng thing 4Bva B'C. | .

> Loi giai:
Ta c6: Céc mit bén chia hinh ling
tru la hinh vuéng
= AABC,A4' B’ C'1a cic tam gidc déu canh a.
= ABC.A'B'C'laling tru déu.
AM la duong cao trong tam gidc déu ABC = AM = 3{—3.
Chon hé truc toa d9 Axyz nhu hinh v&, cdc truc Ay, Az l4n lugt di qua cac
diém M, A’.
: z

Cf

Al

B!




Vay d(4B,B'C) = "‘/_

(dvtt)

Cho hinh ling try tam gidc ABC.4'B'C" cé d6 dai canh bén bing
a2, daYABClatamglacvuongtalA AB=a, AC = a3. Hinh chiéu
vudng goc cha dinh A’ trén mit phing (4BC) 1a trung diém cta
canh BC. Tinh theo a thé tich khéi ling try da cho va khoang cich
gitta AB va NC'. (N 12 trung diém ctia AC). '

» Loi giai:
Goi O, M, ldn gt la trung diém clia BC, AB=> OMAN 14 hinh chii nhat.




Ta co:

BC =~JAB* + AC? =2a,04 =B—2C =a.
2

ON =JO4* - AN* =%,

OA'=~JA4" - 04* = a.
3
3
Tac6: ¥V ypoppc = OA'S spc =a.%.a.a 3=2 j—

OM =04 — AM*?

Chon hé truc toa d6 Oxyz nhu hinh v&, cic truc Ox, Oy, Oz 14n lugt di qua
cacdifm M, N, A'.

a3 a av@ a av3 a
idé: A| — ;=30 |,B| —;——=:;0 ,C'| ——;73a |
Khld"'[zz][z 2][22“]

N 1 trung diém AC= N(D;%; OJ.

fTB.:(O;—a;O) '_'____' . _3a?
a3 [ }_{‘“ 0 ; J

T&C(l):ﬁﬁz{ > ,{];g]:><




Phat huy ky thugt dat truc
Gidi nharnh Hinh hoc khong gian tic A dén Z (P

=d(4B,NC")= ‘[

|5

Vay d(4B,NC") ="~

Cho hinh ling tru ABC.A'B'C’ ¢6 d6 dai canh bén bing 2a, day
ABC 1a tam gi4c vudng tai A, AB=A, av3 vi hinh chiéu vudng géc
ctia dinh A’ trén mit phing (ABC) la trung diém ciia canh BC. Goi
M la trung diém ctia 4'H. Tinh thé tich khéi chép ABCC'B’ va
khodng cich til M dén mit phing (4CC*). . "

» Loi giai:
Goi H Ia trung diém ctia BC = A'H L (ABC)
Ké AZ//A'H. Dit tryc Axyz nhu hinh vé

1l

z

Ta c6: A(0;0;0);B(a; 0;0);(:(0;&\[3-;0).

3
Do H 14 trung diém BC = H{%;%;UJ




S e el

A ))) Mega book “

=2a=h=a3
* Tinh thé tich khéi chép A.BCC'B’
2

Tac6: S, \p5c = 2 2‘6

2 2
= Viapcawc = ay3.2 V3 .

2 2
* Tinh khoang céch tit M dén mit phing (4CC')
Do M la trung diém A'H = M{% %,3—2[1

Ta cé:

=(0;a\/§;0) [AA AC} {3 2\/-} [”CC}_{S;O;}:/ZEJ

diqua A(0;0;0)
vipt Mec) ™ [3 0; J-J

) 3x+%§—z=0

Mit phéng (ACC')

— phuong trinh mit phing ( ce
L3 a3

a
2 2" 2 3JgTéa

JF)+E £y
4

3

=d(M;(4cC))=

Vay d(M;(4cC)) =3—5‘/-?




Cho hinh ling tru déing ABCD.A'B'C'D’ c6 déy ABCD la hinh
thoi, AB =a+/3, BAD = 120°. Biét géc giita dudng thing AC’ va mit
phing (ADD’A’) bang 30°. Tinh thé tich khéi ling tru trén theo a
va khodng cach tli trung diém N cta BB’ dén mit phing (C'MA)

Bi&t M 1a trung diém cha A'D'.

» Loi giai:
Do ABCD 1 hinh thoi ma BAD =120° = OAD = 60°
Do AAOD vuodng tai O:

Phat }my ky mtuzt At bruc. -
Gidi u}mnh Hinh hoc khong gian tir A dén Z.

— OD = AD.sin 60° = a+/3.sin 60° =%a;AO =a+/3.cos60° ==

:>0(0;0;0);A[§a;0;0}]3[0;3 V3

a;O];C[— a;O;O}
2 2
D(O;—Ea;ﬂjﬁ D‘[O;-—?-’-a;h]

2 2

Goi: l
1 '\/3 sl I:
C[——zra;();h = AC =(J§a;0;h) D! \\. : ¢
>0 3
AD = —J-?:—a;—?’a;o :AD' 4:\"‘:'\“‘{ """ e
i 2 ; P ‘._::(;ICS—"'
E’:(—\@a;—za;—h} B ¢
2 2
N ADD'A —[E.E']z[—éah;ﬁ-ah;ﬂ}
2
[ACHiaoon]

Ta c6: sin (AC (ADD 'A‘))




— s 34/3a’
=| ABAD |=| 0;0;~ 4

A8 020
‘Thay vao (1) ta co:

3./3a? 3«/?:&2 \/_

Sascp = ) = Viscoamep = 5 ‘/gz a’ (dvtt).
Ta co: _
A'[—ga;O;a\/EJ;C'[‘g;O;aJEJ;D'[O;w%a;aJE);B‘(O;%a;aJ@]-

V3

DoMlétrungdié’mA’D’zM[—Ta;—%a;a 6}.

Do N Ia trung diém cta BB'= N(O;%a;i\z/—g}

MC' = [3( 3a0}MA {ﬁa 3 g a\/—}
"4 4 4

= g e 2
s e 25

4 7 4

Mit phing (MC'A) di qua A{—?a;ﬂ; OJ

Vi = _3«/832.3\/1_8:12_3\6;12
P 4 7 4 ° 4 |

3J' 3\il_s aly s 3:{5 2, 2 .

= pt(MC'A): -




Phat huy ky thugt dat truc - 4
Gidi nhanh Hinh hoc khong gian titA dén Z

Ea.—?)m a’+ a6 3V3 a’ - 2 2| 452

2 4 4 4 8 v A
d(N,(MC'A)) =" 16 56,
27 o 814 27 NI, 12
8 8 16 4
" N2 5416
Vay Vascoascn = ) d{ (MC'A)) :Ta.

Cho lang tru dt:ing ABC.A,B,C, c6 ddy 1 tam gidc déu. Mt phing
(A,BC) tao v6i mit phﬁng (ABC) mot goc 30° va tam gidc A BC
c6 dién tich bing 8. Tinh thé tich khdi ling try da cho va khoang
cich giila C, va mit phing (4,BC). ” | '

» Loi giai:
Goi do dai canh cia AABC la a. _ 4
Goi H la trung diém AB.

— CH | AB.Tacé: A'A L (ABC).
Keé Hz//A’A. Pit tryc Hxyz nhu hinh vé

Ta c6: H(0;0;,0 AE} 0;0];:

) |
(—— 0; 0] c[o 3—2@;0];(31 [0;3—234-
AB 0
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Ry
B T B P S R R S T D O PO A T,

a’\3 5
Ta ¢é: cos30° = 3 2 = 23
\/—azhg 2 2?43 44
4 4 4

& a3 =+/3.[3a%h? +%a4
2

< 3a* =9a%h? +2a“ < 9a%h? =—3—a4 LT (1).
4 4 12

, 1 I T
Ta c6: S, pe :—w’ A B AC]’ > \f4 a’h? + 3 h2+za2

@-1 3a h2+3a4 =8 (2).
2 4

Thay (1) vao (2) ta co:

2
1\/3a2.a—+§- YR MNES I |
2V 127 4 12 4 3

£ =443 (dvdt).
J_ 2\/_

1
=>Dupe ==
2

VABCAIBiCi =4 =8 (dvtt).
di qua B(-2;0;0)

ﬁ=(1;x/§;-2\/§)

Phuong trinh mit phing (4BC): x+v/3y-23z+2=0

2+o.;+4f - Zf 25

Ta co: d(Cl;(fl]-BC))= \/1+3+12 =1

Mit phing (A BC) {

VAY Vigeagc, =8 (dvtt) d(C3(4,8C))=




 Gidi nhanh:Hinh hoc khong gian tir A dén Z 4

Cho ling try tii gidc déu ABCDAB,C,D; c6 khodng cich giita hai

- dudngthing ABva A,D béng2, 46 dai dudng chéo mét bén bing 5.
Ha AK vuéng géc v6i A,D tai K. Chiing minh riing AK=2 va tinh
thé tichkhdi lingtrudd cho. "

> Loi giai:
Pit truc Dxyz nhu hinh vé 4,
Tacé: D(0;0;0); A, (a;0;h); DD, =h;

A !
D, (0;05h; A (a;0;0); B(a;a;0); C(0;2;0). 5 :
Goi d9 dai AD=A;. ’ L x G
S— ; H W
AD=(-2;0;-h); S B
A—B=(O;O;O);m=(a;0;0).
Ta cé: [E, IB] = —('ﬁlh,(};—:«.l2 ) D iy 4

‘[AD AB | DA[ aah-+0.0+0.4
d =2

T |[A1D,AB]‘ Jath? +a*

2
ah 5 a'h? =4a%h? + 4a* <:>[a“—4a2)h2 —4a*

a’h’ +a*
4a* 4a*
Shi=—— oht=——
az(a2—4) a’—4
4a® a’ =20
Talaicé: vhi+a’ =5 2a4+a2=25:>[ ' _s
d — a =

Véi a2 =20 = a =25 = h=+/5.
Véia?=5=>a=v5=>h=25,
Véi a=2+4/5;h=+/5 (loai vi a<h).

V6i a=5,h=2v5 = Vg, n.cn = 254545 =1045.

11 1 1 1 1
: = + =—4+—=—=AK =2 (dpcm).
Tact Kz~ AAZ "AD’ 2075 4 (dpem)




dién IABC va khoang céch tif A dén mit phing (IBC)

- ..

bt tryuc Bxyz nhu hinh vé ta co:

R S R e e e

A’ M

B(0;0;0);A(a;0;0); A'(a;0;2a).
Ta c6: AC =+/9a% —4a% =a/5

= BC=+5a%-a’=2a Pl

2a : .7

" Chohinh ling try diing ABC.A'B'C’ c6 d4y ABC 14 tam gidc vuéng
- tai B, AB=a,AA'=2a,A'C=3a.Goi M la trung diém cta doan
A'C’ va1la giao diém ctia AM v A'C’. Tinh theo a thé tich khéi t

C!

‘= C(0;2a;0)= C'(0;2a;2a) P v
Do tam giac IMA’ déng dang tam a
giac JAC
M_AM 1ML L
MA 3 3

e
IA°- AC 2
Do M 14 trung diém A'C'= M(%;a;{)]

Goi I(x;y;2) = ﬁ:[x—%;y—a;z-a}m =[%;-a;_a}

1a |
= X=—a
32 3
1 2 2. 202
y-a=—-—a={y=—a=I| —-a;—a;—a |
3 3 4 3D
1 2

Z=—a

3 3

-

Mit phing (ABC) c6 n=(0;0;1).
a

2 12 a2a 2a°
= d(I;ABC) =§a = VIABC 255——2—-‘ =T (d‘-’ﬁ)




1?

FLLE Fity

Gidi nhanh Hinh hoc khong

i f 3 !I
gian tivA dén

)

Tacod mz[—%a;iag—ga]
3 3
NBC #[I_B.,E] =[ia2,{),—ia2]
3 9
4 , -4 5 4
a.—a +0.0+0.—a L8
1 '3 9" |_ 32 :3\110:cl
(A(mBC)) Jls , 16 , 4410 , 10
—a‘+—a a
81 9

3410

A _ 2 3
VE,lY VIABC —*‘9fﬁ ’d[A,{IBC)] —1'6—4:1

Cho ling tru diing ABC.A B,C, c6 AB=a, AC=24,AA, =2aV/5 va
g6éc BAC =120". Goi M 12 trung diém clia canh CC,. Chitng minh
ring MB vudng goc v6i MB, va tinh khodng cich tli A dén mdt

phang (Alm) ) '

> Loi gidi:
Trong tam gidc ABC ké AH L BC. z
Ké Hz/ /BB, s
Pit tryc Hxyz nhu hinh vé ta cé: Of
BC? = AC? + AB” —2c0os CAB.ABAC
& BC> =Ta’ = BC=aV7

G

- =%AC.AB. sin CAB

= l.za.a.sin 120° = ﬁaz
2 2
B o
:AH:?W =2 .
EBC —“.a\ﬁ 7




SRR PR TR R SRRSO LT T e

HC= [4a? - 2Lg2 _5V7, BH_§£
49 7

Ta c6: H(0;0;0); [‘Cl 00} B[—i OUJ [ 5\7/53;0}
Bl(—?-;ﬁa;()ﬂaﬁ];Cl{0;%-111;2:1\/'7];1&1[0;%{1&23\/’7}.

Do M la trung di€ém CC, :>M[ 5;/_ J_]

M_'B1 = (—ﬁa;ﬂ;aﬁ);ﬁ i (—E;O; waﬁ) .

MB.MB, =+/7a/7a+0.0 -av7.a/7 =0 = MB L MB, (dpcm).

R e
T i)

- B . J—

m,MB:[MAMB:I:( a’/3;-12a%; J_a)

Mét phing (A, MB) di qua A ( J—a 2a~/_]

Vipt n =(—.':12 3;—1232;J§a2)
= pt(A,MB): —a*\/3x - 1232y+a2\@z—2g33 =0.

@a —12a’ __2\/_2_1.213
; ' 7 |22t g
= — - = a
L] J3a* +144a* +3a* 562’ 5
J14

VY i (e = 5 -




Phat huy ky thuat dat truc
Gidi nhanh Hinh hoc khong gian LixA dénZ

- Cho lang tru. .dting ABC.A'B'C’. ddy ABC la tam gidc vuong,
- AB=AC=a;AA' =a\2, 2.Goi M, Nlén lugt a trung. diém ctia dogn
A4’ va BC'. Chiing minh MN & ditdng vudng goc chung cila AA
va BC'. Tinh thé tich khéi chép MA'BC’. '

> Loi gidis
Chon hé truc toa d6 Oxyz nhu hinh vé.
A=0(0;0;0), Ox=AB, Oy= AC, Oz=AA
Chon a=1,khi d6 B(L; 0;0), (0;1; 0), 4'(0; 0;2),

2] 112
a0, . 1. o DI e A SR
B(1,0,JE),C(0,1,J§),M[0,0, ===,
Tac6 MN = l 1 0],
2" o z
— ' ] (&
=(0;0;+2); BC'=(-1; 1,2}, 4
MN.AA M «,‘f..:._,i::g / _
@ﬂ = MN L AA' vA MN 1 BC'. Mo/
MN.BC' N S
dfeiedind >
Do d6 MN la dudng vudng goc chung clia
AA' vi BC'.
Ta co MA’:[O;O;% ,ﬁ_{h(};_%] B
mMmcC’ =[0; 1; ﬂ )
2
[MA’,EB": 0; g;a :»HMA’,EB’}.MC’ *%—%'

Vay thé tich khéi chép MA'BC’ 1a:

2

Varse: “MA MB‘ MC' 5 —— 4% (dvtt) (do ta chon a=1).




Cho ling tru diing ABC.A'B'C’ c6 tét ca céc canh déubing a, M Ia
trung diém ctia doan' A4’ Chling minh BM 1 B Cva tinh khoang
céch giifa hai dudng thing BM va B’ c. - | '

» Loi giai:
Goi O la trung diém ctia BC.
Chon hé tryc toa d6 Oxyz nhu hinh vé.
0=0(0; 0; 0), Ox=0A, Oy=0C, Oz|| AA',

Z

Chgnazl,khidéBIO;—%;O], -
1 03 . 1
clo; L. 0], M|¥20, 2
020 0

X

vi B’{o,- ¥ 1].
>

Ta cé6 BC = (O; 1; 0),

; BC=(0; —1;0).

Do ﬁ.s’cz—%+%=o=>m 1 B'C.

Tacé |BM, B'C|= 1;—£;—£ BM, B’C‘.BC_ 0,*1!25;. 0].
Khoéng cach giita hai dudng thing BM va B'C la:
BM, B'C|BC| V3
d BM BC ‘[ _ 2 e @ —= \fé‘_a 3
( -

e

(do tachon a=1).




Chc.': hinh lap phudng ABCD.A'B'C'D’ canh a. Goi M,Nl4n lugt la
~ trung dlém ciia ABva C"D’ Tmh khoang cach ti diém B’ dén mit

phang(A’MCN) wh o mm s ow wmes gV _ V -

» Léi giai:
Chon hé truc toa d6 Oxyz nhu hinh vé.
D=0(0; 0; 0), Ox= DA, Oy=DC, Oz=DD".

Chon a=1. 7.
Khi dé: A(L; 0; 0), B(1; 1; 0), a] D N c
Ay
\
c(0; 1,0 A'(L;0;1) B' (1, 1; 1), 2 . .
| A
C'(0;1;1), D' (0; 0; 1),M[1; -;-: U] : '
1, ' \
va N|0; - ] 'D VC
2 X
Taco A'C=(-11;-1), Al - ar”
a M B
MN =(-1;0;1) X
AC, TN|=(1:2:1).

Phuong trinh mit phing (A'MCN) qua C(0; 1;0).
V6i vécto phap tuyén n= (L, 2;1) I
1(x—0)+2(y—1)+1(z—0)=0& x+2y+2-2=0.

Khodng cich tii diém B'(1; 1;1) dén mat phing (A’MCN )

La:d |1+2+1 2| £ =J6_=\fa (do ta chon a=1).

Jitdt1 6 3




- Cho ling try tam gidc ABC A'BC’ ‘6 cic mt bén I hinh vudng
canh a. Goi D, E, Flin luot 12 trung diém ciia céc doan théng BC,

A'C’, C'B'. Tinh khoéng cich giiia DEva A'F.

> Loi giai:
Chon hé truc toa d6 Oxyz,
C

nhu hinh vé.
A'=0(0; 0;0), Ox||B'C’, | .
OyEA!F, Oz= AA. B ;r
0; ﬁ; OJ, /
2 ;t

Chon g=1,khid6 F

,ﬁ,o]

4

|

D

\/—;1},5

0, —
2

oA
4 4

‘/5,1],

Ta c6:
- J3
77,

—y

ED,A'F|.A'E
B 17

d(DE, A’P) . ‘{ L
e

(do tachon a=1).
Viy khoang cach giita hai dudng thang DE va A'F Ia




Phdt huy ky thudt ddt truc
Gidi nhanh Hinh hoc khong gian tik Adén Z = |

R R i o

Choling trutamgidc ABC.A’B’C’cé ddy ABClatam gidcdéucanh a.
Hinh chiéu vuéng géc clia A’ xudng mit phéng (ABC) triing véi
trong tim G ciia tam gi4c ABC. Biét dudng thing AA hop véi ddy
(ABC) mét goc 60°. ChUngmmh BB'C'C 1A hinh chﬁ nhit va tinh
thetlchkhmlangtruABCA’B’C" N o . '

» Loi giai:

Tac6é A'G L(ABC).

Nén AA'GA vudng tai G.

~ Suyra A'AG Ia gdc nhon.

Nén A'AG=60° = A'G = AG.tan60° =3AG-

Goi AM cét BC tai M thi M 14 trung di€ém ctia BC va AM L BC
A'G LBC=BC 1(A'AG)=> A'A L BC.

Ma A'A//B'B=B'B LBC.

Laic6 B'B//C'C; B'B=C'C nén B'BCC" 12 hinh chii nhat.

Ta c6 AG=§AM=§AC.C0530° -

':/;.

Chon hé truc toa d6 Oxyz nhu hinh vé.

277




278

G=0(0; 0; 0), Ox=GA, Oy||BC, Oz=GA".

Chon a=1.
3 6 2 6" 2
Ta co A_B’= ﬁ;l;U,E= ﬁ:_lzo])ﬂfz(ﬁxﬂtl)

Dién tich tam gidc ABC la:

B, = %'EE‘ = :{4_5 = %az (@vdt) (do ta chon 2=1).

Thé tich khéi ling tru ABC.A'B'C' 1a:

1
Vagease =2Vapca = 2g‘

45, ;;a]ﬂ _

l_ﬁ_igs (dvtt)
372

(do ta chon a=1).










Phat huy ky thudt dat truc
Gidi nhanh Hinh hoc khong gian tit A dén Z

HINH HOP, HINH LAP PHUONG

LY THUYET
D
+) Hinh hép diing Ia hinh Ling try déing cé d4y 1 hinh binh hanh,

D]
Al’

A
B C
@ Trong hinh hdp dling c6 4 mit bén la hinh chi nhat.
Df
A’ |
B’ E C'
N i
B C
+) Hinh hop chii nhat I hinh hdp diing c6 day la hinh chii nhét.
DF
A’ |
Bl’ i Cf
¢ i
P p
b
B & C

281




282

< Tat ca sdu mat ctia hinh hop chit nhat déu la hinh chi¥ nhat.
+) Hinh 1ap phuong la hinh hop chi nhat cd tit ca cac canh bing nhau.

A" D!
B’ E C’
a i
D 2D
a \\\
B C

@ Tat ca sau mat cta hinh 13p phuong déu 1a hinh vuéng.

+ Cach dit truc:

- Hinh hép chit nhat:
z
P
DP
A’ .
B’ E C’
c i
P Loty
b
B 5 C
y

bit truc nhu hinh vé khi dé:
A(0;0;0); B(0:b;0); C(a;b;0); D(3;0;0); A'(0;05c); B'(0:bsc); C'(a;b;c); D'(a;05¢)




i R Phdt huy ky thudt dat truc’ 4
! i,Gu:u n!umh Hmh hoc khdng gian. mA dénZ- 4

- Hinh lap phuong:

A
1
D’
AI
B i C’
4 |
!
A ST T "'-'P ----- % X
a s
B . C
y
Pit truc nhu hinh vé khi do:

A(0;0;0); B(0:a;0); C(a;3;0); D (2;0;0); A(0;0;¢); B'(0;3;3); C'(3;3;a); D'(a;0;a)
- Hinh hop thi ity vao dii kién bai cho ma ta chon cach dét tryc phi hop.

> BAITAP VAN DUNG

Cho hinh hép diing ABCD.A’B'C’D’ ¢6 ddy 1a hinh vudng, tam gidc
A’AC vudng cin, A’C = a. Tinh thé tich khéi tt dién ABB'C'va
khoéng cach tif diém C dén mat phang (BC'D’) theo a. ?

» Loi giai:
Ta cb: AA’ACvudng can tai A

- 2
véA'C=a:>AC=A'A=\/%=aﬁ

— AC? =2 AB? :>A3_i‘£_.-‘;—_3 C'=AD

5

283




| )-)) Mega bookv

1 3(
8

V oy = B 'C'.S wa=38'C" ZBB AB =

Chon hé truc toa d6 Axyz nhu hinh v, cic truc Ox, Oy, Oz l4n lugt di qua
cacdiém B, D, A".
Khi do:

A(o;0;0),3(3';0;0],(:(3;5;0),
2 22 A’ D’
B'[E;O;—a"/;E ,C'[g; _____af) B

2

3 B i \ ,'/ '

gttt ‘ S/,
1Y

D'[O = av2)

MR

2

Ta co: <

Tacéd: d(C,(BC'DY)) = =“‘/g.

Je) 6
aV6
=<5

Vay d(C,(BC'D')




Cho hinh hép dting ABCD.AB'CD.

Co céccanhAB—AD—a,AAE%v‘agéc BAD = 60°. Goi M va

N ln lugt Ia trung. diém cha cic canh AD’va A'B’ Chiing minh

A'Cvudng gbc véi mit phéng (BDMV )-

> Loi gidi:

AB=AD=a
Tachd: § — = AABD 13
BAD =

z

=60° T
tam gidc déu canh a = ABCDla A’ N B'
hinh thoi.

D h
OA = AB.cos30° = %; / 3

e
A3
L]

OB = AB.sinBO":% _ M

{1

Chon hé truc toa d6 Oxyz nhu * S

hinh v&, cc truc Ox, Oy l4n lugt di qua o ek

cacdiém C, D, Oz //AA". D
Khi d6: y

0(0;0;0'),14(—i 0; 0} (0 %;0},
[%_— 0; 0} (0;5;0),1«1'[—i 0; “‘q

2 2 2
el ol
2" 2 2 2 2 2

M va N lan lugt 12 trung diém cta cic canh 4'D'va 4'B’

:»M(—a S.E_a@] N[_‘a\@__g.a\@].

4 47 2 4 " 4 2

Cl‘



Wﬁ[ a\/_ 3a’a~f_)
Ta c6: 4 4 2
§B=(O;a;0)
e — Jgaz az\g z\/' 0
:[BM,BD]—(— 0 ' : (,0,2] o

v6i n = [1;0;%) ; A_',C—[a\/g;(};%]

Tacé A'C=av3n= A'C//n=>A'C L(BDMN).

Cho hinh hop ABCD.A'B'C'D'c6 ddy ABCD!a hinh thoi tim O
«canhbinga, géc A bang 60°, B'O vuong goc véi day (ABCD) cho
BB’ =a :

a. Tinh géc gifia c canh bén va ddy _ |

b. Tlnh khoang cach tlj ‘B, B'd&n mit phﬁ.ng (ACD e '

> Loi gidi:

o,

?

Ta c6: 04 = AB.cos30° =
OB = AB.sn30°=—

Chon hé truc tea do Oxyz nhu
hinh vé, cac truc Ox, Oy, Oz lan lugt di
qua cic diém A, B, B'.

Khi d¢:
0(0;0;0), [“‘r 0; 0]

oz} 2Eac)ao-30)




S Phat huy ky thugt dat truc -
o qu nhanh Hinh hoc khong gian tLA den %

a) GQI o lé géc g1u’a ca.nh bén va canh day.

Ta co: cosar = cos(BB ',BD) = % = % = a =60°

B'O= BB’.sinaz% =4 B'(O;O;E—;],D'(O;—a;a;]-

=(—a\/§;{};(})
b) Tacd _qu_ﬁ‘_ 'ﬂ):

}a’
2 2

\

P — ( 2 -
= [AC, AD'] = 0;~3‘21—;a2\/§] =34’ (0;?;1] =f3a*n

qua A[%;O;OJ

vipt n= [O;if—; 1}

Nén c6 phuong trinh % y+z=0.

Mit phing (4CD") ;

VBa
279 a21
Taco:dB,(ACD'))= = >
2
af
2 av21
d(B'(ACD"))= = :
( ( - )) ﬁﬁ_ 2+1 7
2
Vay d(B,(ACD"))="""d(B"(4CD")) = “‘,/75.




Cho hinh lgp phiiong ABCD.A'B'C'D canh a. M; Nl4n gt 1a trung
diém clia AB va C'D'". Tinh khodng cich tlt B’ dén (A'MCN). '

» Loi giai:
Chon hé truc Dxyz, véi Dx, Dy, Dz "
do6i mdt vudng goc. | | D,]\ N
A(2;0;0) ;B(a;0); C(0;2;0); D(0;00);
A'(@:05a); B'(asasa); C'(Osasa); D'(03050) N

M[a;EpOJ,N(O;E;a)- : by \\\\
2 2 o1

—_ e s -~ ¥
Ta cé: A_'(::('a;a;"a): . v
MN =(-a;0;a) x

C!

S[E;N[N] (a ;2a° a) 2(121) az.ﬁvﬁiﬁz(l;z;l).
di qua C(0;a;0)
vtptr_i=(1;2;1)

< pt mp(A'MCN): x+2y+z-2a=0

Phuong trinh mp (A’MCN){

Khoéng cach d tit B' (a;a;a) dén mit phang (A'MCN):
la+2a+a-2a 2a aV6

Jiv4r1 6 3

Cho hinh 14p phuiong ABCD.A'B'C’ D! canhbangz Goi M, N lin
lugt la trung diém 4B va DD'. P

a) Chiing minh MN / (BDC'"). Tinh jv_w va khoang chch tit MN
dén mat phang (BDC").

b) Goi P 13 trung diém ctia C'D’. Tinh thé nch cta Vg va goc gitia
MN va BD.

c) Tinh bén kinh R ciia dudng tron ngoai tlep A4'BD. | '




cLY

> Loi giai:
Khi d6:
A(0;0;0); B(2;0;0); C(2;2;0); D(0;2;0);
A’(0;0;2); B'(2;0;2); C'(2;2;2); D’(052;2)

Z

A’

M, N, P Idn lugt 12 trung diém AB, DD’,

Phat huy ky thugt dat truc -
Gidi nhanh Hinh hoc khong gian tir A dén Z

CF

B!
= M (1,0;0),N(0;2;1), P(1;2;2).

MV =(-1;,2;1) 4

a) Ta ¢é: <

BD =(-2;2;0): A

bl S

BC'=(0;2;2)

A(ancy = [Eﬁ,ﬁ"} = (4;4;,—4)

:> —
m.n(spcj =0

= MN//(BDC") (do M ¢(BDC"))

Do MN //(BDC"y = d(MN,(BDC"))=d(M,(BDC")).

qua B (2; 0; 0)

Mt phi BDC'")5.. ;
g ) L(BDC'J =(4;4-4)=4.(15-1)

Nén ¢é phuong trinh: x+y—z-2=0

. -2 3
= d(M,(BDC ))=\/12+|12+|(_1)2 =
Vay d(MN,(BDC")) =§.

b) Ta cé:

(MN =(-1;2;1)
MP=(0;2;2) =
MC =(1;,2;0)

[W,EP] =(2;2;-2)

A

[MN, MP]MC’ =6

=V =%.“:MN, MP | .MCi =1




B A P T S e O PR R BT B TS 0 LT S T e

Tinh géc gitta MN va BD
GOi o= (M)¢

‘MNBD MN =(-1;21)
Ta cé: cosa =7 ———o"

|MN|. \BD\ BD = (-2;2;0)

2+4+0) _ 43
JEP 22+ P (2222 2

=1 véa=(Mﬁ)=30°.

= Ccosa = =g =30"

Vay

Veuwe
¢) Goi I, R’ 13 tAm va ban kinh mit cdu (S) ngoai tiép hinh lap phuong.
I(l;l;l)

R'=+3

Ta ¢6: Phuong trinh mét phdng (4" BD) 5 +5+ ; Z =1 hay x+y+z-2=0,

L1+1+1-2] 3
VI+1+1 3
Lai c6 4',B,D e ()= Pudng tron ngoai tiép Ad'BD =(4'BD}N(S).

2«/_

AC'
=114 trung diém AC’ va R'=—2— hay{

= d(I,(A'BD))=

= R=\|R*-d*(I,(4'BD)) =

276
=

Viy R=

Cho hinh 14p phuong A4BCD.4'B'C'D' canha.

1. Chiing minh A’CL(ABD'). Tinh goc @ la goc gnfta (DAC) va
(ABB'A")

2. Trén canh AD’, DB ly &15111 M N $ao cho AM DN =k
(0<k<av2) s e

a) Chiing minh MNN(A D' BC) | S

b) Tim k d& MN,,, . Chingto khl dé MN la doan vuéng géc chung
cta AD',DB.




i hat huy ky thugt dak truc. - 4
Gidi nhanh Hinh hoc Jdmng gian ttA dén Z w

> Loi gii:
Chonhétructoadd Axyznhwhinhvé,

2
cdc truc Ax, Ay, Az l4n lugt di qua céc \
diém B, D, A" 4t D'
Khi dé: -
A(0;0;0); B(a;0;0); C(a;a;0); D(0;2;0); ,/ .: “‘\ c’
A'(0;0;2); B'(2;02); C'(a;22); D'(0s52) O
, o N
Ta co: A t \
-1 -*“""*-"—L-% y

o !

K2 k\/'J 4 S 8 Y
= |

AMDNkM( 5

B C
N[kﬁ;a—kf;()] \l

2

1. Taco:

fﬂf=(a;a;-a) -
— ! 4 L 1 _L t
|35 = (a;050) :{iEAB 0:’{‘4(3 4B

A'C L AD'

i = A'C L(4B'D')
. A'C.AD'=0
AD'=(0;a;a)

< iD - (O;Q;_a) :J; = ;’;(m'c.‘) — [E,Ej] = (0;(12;(12) >
CD = (—a;0;0)

— - nin2 a ﬁ
n, = N(48s'a) = 0;1;0) = cosp= = = p=45°.
: ( ) |n1 n2 azﬁ 2

Viy p=45°.

2. a) Ching minh MN//(4'D'BC)

WL (baE-2hd)
2 nesc) =| BABC |=-a* (1,0;1)

Tacé: { BA'= (-a;0;a) = \/—

= R M

BCZ(O;Q;O) N{4'D'BC)

(k—=k)=0

= MN//{A4'D'BC)(do M &(A'D'BC))

P AN 11: PXOUOHG PHAP DAT TRUCTOABD =
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b) Ta cé: MN2 =%(6k2 —4J5k+2a2)

kK |< 0 a2 a2

%@_@kza_a.@.vai kzaﬁ:ATV:%(l;l;—l)

% 8

=MN_, =

(OM) MN.AD'=0 {MJ.AD'
Ta co o =
BD = ( a;a; 0) MN.BD =0 MN 1 BD

= MN la doan vuéng géc chung cita AD’ va BD.

Cho hinh lap phudng ABCDA B'C' D' canh a. Goi M Ié trung
diém AB, N I tAm cia hinh vuéng ADD'A". -

a) Tinh géc giita hai mit phing (4'BC)va (4' (D).

b) Tinh ban kmh R clia mit cdu (S) di qua 4 diém C, D", M, N. '

» Loi gidi:

Chon hé tryuc toa 40 Axyz nhu hinh vé, H

cdc truc Ax, Ay, Az lan lugt di qua céc diém - D’

B,D, A" \ Zh
Khi dé: .<”?:: J AN
A(0;0;0); B(a;0;0); C(a;2;0); D(0;3;0); ,(Né
A’(0;0;a); B'(a;0;a); C'(a;a;a); D’(0;2;a) i ,x, ..... .L‘E.L% §
M 12 trung diém AB=> M [% o;o) Y B\. -------- &)




' Phit huy k) thugit di i tmc, -
Gidi nhanh Hinh hoc khong gian tit A déh Z

N I3 tim hinh vuéng ADD’A’ = N[O g ;]

a) Taco: A_"C=(a;a;—a)
A'B =(a;0;,-a)
- ;;(A'BC} = [R, ﬂ] = (—az; 0;—a’ )= —a*(1;0;1) = i
v6i m =(10;1). £=(a;a;—a)
A'D =(0;a;—a)

= ;!.(A'cp) g [R, ﬁ] = (0; a’; az) = ag.(U;l; 1) = az.;z

v6i n2 =(0;1;1).

Goi @ =((4'CD),(4'BC)) > a =(ﬁ)
|-1.0+0.1-1.1]

T oS =+ ---—':.:> 60°.

T BT “"

Vay o =((4'CD),(4'BC)) = 60°-

b) Phuong trinh mét cdu (S) di qua 4 diém C, D’,M, N c6 dang:
X +3y? 42" -2ax-2By-2yz+d =0.

Bé6n diém C, D’, M, N €(S)

(24’ —20a-2Ba+d =0 (. _3a
2a* ~2pa-2ya+d=0 5 &
2 a
=12 _aa+d=0 <:><,3:Z
aZ d:a2
——pPa—-ya+d =0
L 2 - _
5 5
=> Phuong trinh mit cdu (S): x*+3* +z -——;-!-x—%y-—?az+a =0
2 2 2
Tacéd: R = Sa #[ 2] o[ 22| g2 =>R=a‘/§.
4 4 4 16 4




Trong khong gian Oxyz cho hinh 1ap phuong ABCD.A'B'C'D’v6i
A(0;0;0), B(2;0;0), D0;2;0)

a) X4c dinh toa d6 céc dinh con lai ctia hinh lap phuong ABCD.
A’B'C'D". Goi M la trung diém BC. Ching minh hai mat phang
(AB’D)) va (AMB’) vuéng goc v6i nhau.

b) Ching minh ring ti s§ khoang cich tli diém N thudc dudng
thing AC'(N # 4) dén hai mit phing (4B'D")va (4MB')khéng
phu thudc vao vj tri ctia diém N. V

> Loi gidi:
Chon hé truc toa 6 Axyz nhu hinh vé, A
céc tryc Ax, Ay, Az ldn lugt di qua cac D'

diém B, D, A"

Khi dé:
A(0;0;0); B(2;0;0); C(2:2;0); D(0;2;0);
A’(0;0;2); B'(2:0;2); C'(2;2;2); D'(0;2;2) %
M 14 trung diém BC = M(2;1;0).

AB'=(2;0;2
a)Tac():{f. (’0’ ) B\ y' ¢

C!

e -

4D'=(0;2;2) x
= N0y = [E, E’] = (—432; —4a2;4a2)
= 44’ (1,1;,-1) = -4a’

voi m =(1;1;-1).

{_. =(21,0) - [Eﬂ,m] =(2a%;—4a%-24")
AB'=(2;0;2)

=20*(1,-2;-1)=2d"n2
Véi ny =(1;,-2;-1).




Fr FIMEPIES, I -

khing gian e A dénZ -

Ta cé:

nny =1.1+1.(-2)-1.(-1)=0< m Ln: = (4B'D") L (AMB").
| qua A(0;0;0)

b) Pudng thing AC' & §omw . ‘

g e vicp u=%AC'=(l;l;1)

x=t
Néncopt: { y=¢ (teR, t#0 do N¢A)
z=t
Theo débai N € AC'= N(1;1;1)
qua A(0;0;0)
Mit phéng (4B'D' 2.
g g( ) vipt n;:(l;l;——l)
néncopt: x+y—z=0
= 3
= d(N,(4B'D"))=4, =£i—2=ﬂ.
P+4(-1) 3

qua A(0;0;0)
Mit phéng (AMB') 3
vipt ny =(1;-2;-1)

néncdpt:x—2y-z=0

. |t—2¢-1| ZJEM
a4t

V3

e
43 V2
Xet ti 50 d, JE: 5 -
3

Suy ra ti s6 khoang cich til diém N thudc dudng thing AC'(N # A)dén
hai mit phing (4B'D")va (AMB') khong phy thudc vio vi trf clia diém N.




Cho hinh l4p phuong ABCD.A'B'C'D'. Céc di€m M, N l4n lugt
thay d6i trén cic doan thing BD va AD’ sao cho DM=AN.

a) Xdc dinh vi tri ctia hai di€ém M, N d€ MN nho nhit. Chiing minh
ring khi d6 MN vuéng géc v6i BD v AD'.

b) Chiing minh ring MN vuéng goc véi mot duding théng c6 dml'

> Loi giai:

Chon hé truc toa d6 Oxyz c6 gbc O 2
tring di€ém A, céc tia Ox, Oy, Oz lan lugt A’T ~
triing cAc tia AB, AD, AA’. / 4
Gia sti canh hinh 14p phuong c6 d¢ BIJ e
dai bang a. : ;,'.z'?ﬁ'r:—vf --------- >y
Pit AN=DM=t(0<t<ay2). Ll

Khi d6 ta cé: /-4:”/ c
A(0;0;0),B(a;0;0), D(o 2;0),

D'(O;a;a),M[ ] (0, t i : ]
2 2

Dodé:ﬁ=( t\/_ a; tJ

2
Ta co: Msz( ] ( e a)zw{——u) =3t —2/2at + 2%

Xét ham s6 f(t) =3t —2+/2at +a°.

Ham s6 nay c6 d6 thi la mét parabol quay bé 16m Ién phia trén. Do d6 f(t)

nho nhat khi va chi khi ¢= g

Vi %e[ a«f} nén MN nho nhat khi t—TJ_@MN thuéc doan

BD.AD' tiong ting sao cho DM = %BD,AN = %AD‘.




Vay MN vuodng géc véi BD va AD'.

b) Trudc hét ta tim phuong o = (x;y;z) # 0 vuéng goc véi véc to MN.
Piéu d6 tuong duong véi o.MN =0Vt e [O;a\&- ]

= x(—%]+y(tﬁ—a)+z[%} =0Vt e[O;aJE]

@(—%+yﬁ+%}t-ya=0‘dte[&aﬁ}
R =z
1 )'a.{o " 2y @{ =

Chon a= (1'0'1)

Vay MN vudng goc v6i mot dudng thing cd d;nh nhin o= (1;0;1) lam
véc to chi phuong.

Chii y: Ta c6 két ludn tuong ty 1a MN ludn song song v6i mdt mét phang
¢6 dinh.







PHAN IV

- PETHICACNAM

Cho hinh chép S.ABCD c6 ddy ABCD la hinh vudng canh 3,
SA vuéng géc mit phing (ABCD), géc gitia dudng thing SC va
mit phing (ABCD) bing 45°. Tinh theo a thé tich clia khéi chép

S.ABCD va khoéng céch giita hai dudng thing SB va AC.

» Loi gidi:
Pit truc nhu hinh veé:
AB=0Ox; AD=0y;SA=0z,
A(0;0;0), B(a;0;0), C(a;4;0)>

D(0;4;0) > S(0;0; a\/—i)-

Ta ¢o: p
sm%"zsm(sc,(ABCD]]js:C”;i_u.)—; #2 ‘
| (aBcD)

=>Sl'ﬂ45o =%=-—g¢}2h:\‘4ﬂz +2h2
a +a +

A =4 L K =20 S h=ay2

2

1 1
+) Vs agcp = E.SA.S aBCD = g.a 24° = =

Cé: SB(a,0,—an2); AC(a,4,0)
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= {S_E,ZE]=(32 2,—a*\2,d%)

[58.2¢] = (2] +(-a*V2) +4* = VBaT a5

E(u,ﬂ,ﬂ)#’ﬁ.[gﬁ,fa] =24 +(-a*2)0+00=—"\2
| AB.[SB, ZE’
)y i = ( ] 3J_ aJi-D_.
‘53 ACN

» Ldi gidi bing hinh hoc thuan tiy:

Ta c6: $A L (ABCD) = (SC,{ABCD) | =5CA = 45°
Xét tam gidc vudng AABC vuéng tai B:
AC*=AB* +BC* =@ + & =20* = AC=a\2

SA L (ABCD)=SA L AC

Xét tam gidc ASAC vudng tai A: tan45° = 34 —
Suyra: SA=AC=a\2

1 1 as‘fi -
VS.ABCD =_'SA'SA3CD ='§'-a 2.‘.‘.22 —

Ké dudng thang d qua B va song song v6i AC. Goi M I3 hinh chi&u vuéng
goc clia A trén d; H 12 hinh chiéu vuéng géc ctia A trén SM

Xét tam gidc AABM vudng tai M do BAC=45°
Ma BM //AC,MA 1| MB= MA 1 AC = MAB = 45°

cos MAB = cos45° = 1 _MA_MA

a
= — = = —
J2 AB a4 J2




- Phdt huy kyj thugt dge truc
Gidi nhanh Hinh hoc khing gian tixA dén Z

Tac6?nén AH | BMsuyra AH 1 (SBM) .
Do d6 d(AC,SB)=d(A,(SBM))= AH
Tam giac SAM vudng géc tai A, c6 dudng cao AH.

. 11 1 ;
Nén—=—+ 12: S 1 2=—52~=>AH2=£=&=>AH:@
A SEAM () (] 2 5 25 5
e
Vay d(AC,SB)= AH=1 510

Chu y : Ta thdy tinh thé tich ta c6 thé giai theo thudn tiy nhung dén tinh
khodng cich nhung em hoc sinh yéu khé tiép can d€ tinh khoéng cch. Khi d6
dit truc Ia bién phdp hitu hiéu d€ gidi quyét .

Cho hinh chép S.ABCD c6 ddy ABCD vuéng canh a, SD=3a/2 ;
hinh chiéu vuéng géc cta § 1én mit phing ABCD 12 trung diém
AB, tinh theo a thé tich khéi ch6p SABCD va khoéng cich tii A dén
mit phing (SBD). _ '

> Léi gidi:
a) Goi H 12 trung diém ctia AB, SH L (ABCD)
Pit truc nhu hinh vé:
AB=ox; Ay =oy; Az=o0z/ /SH;
A(0;0;0) B(a;0;0) C(a;4;0)
D(0;:0) H(;0;0) S5 0h).
Ta cé:

— 2 2
SD|Z;—;h|= sD? =9i=a—-t~a2 +h
B 4 4

=2 _2 p2_q

= h=a=>3[£;0;a]
2




10 Viega book Rt ]

e R R I S A D S TR

1 1 a
Vi apep = E'SH Sapcp = gﬂ-az = 3 (dvtt).

b) Khoang céch tit A &én mit phing (SBD): 44 (ssp)) = ?
Viét phuong trinh mit phing (SBD):

qua B(‘UO}O) qua B(a;U;G)
[SBD) 1 BD = (—a;a;{)) =4,

. i Mogp =
BS = [——;O; a]
i 2

= (SBD):2(x—a)+2y+2z=0.

|20 a)+20+0| 22
i+ 3

4 Loi gidi bing hinh hoc thuan tiy:

BD, BS|= [,a, ];/(221)

(AASBDY)

S Y

Goi H 14 trung diém clia AB, suy ra SH L (ABCD).

Do d6 SH 1L HD.
Ta co:
I
SH =+/SD? — DH? =\/SD2 ——(AHz—%—ADz):\j% —(— +a’)=a
a '
Suy ra V; spep 3'SH‘SABCD Y

Goi K 12 hinh chiéu vudng géc ctia H 1én BD va E Ia hinh chiéu vuéng géc
ctia H lén SK.
BD 1 HK
BD 1 SH

Ta co {

= BH 1 (SHK)suyra BD L HE.




: Phak huy ky thugl deit bruc .
 Gidi nhanh Hink hoc khdng gian it A dénZ 4

Ma HE | SK=> HE 1 (SBD)

Ta ¢6: HK:HB.sinKBH:E._‘@:i‘@
272 4
22
suy ra HE = SobR 4 =2
JHS? + HK? I 3
a2 + E
4

Do dé: d(A,(SBD))= za(H, (SBD))=3.HE = 2—;

Cho ling tru ABC.A'B'C’ ¢6 déy la tam gidc déu canh a. Hinh chi€u
vudng géc chia A’ trén mét-phing. (ABC) 1a trung diém ciia canh
AB, gbc giita dudng thing A'C v mit déy bing 60°. Tinh theo a thé
tich ctia khdi ling tru ABC.A’ B C' va khodng cach tli diém B dén

- mit phing (ACC A ) o '

> Loi gidi:

Goi H la trung diém clia AB, A'H L (ABC)

Do AABC déunén CH 1L AB, CH= Eﬁ , do d6 ta dat truc tai H.
2

Ta thdy: A'H L (ABC)= [A’C,(ABC)] = [A"C‘, CH] =A'CH=60".

Al J_a 3a
tan60° =3 = 3 O =B
= tan J3 e =3 =

it truc nhy hinh vé: HB=Ox; HC =O0y; HA ' =0z;

0; a3 0] A"[O;O;S—a].
2 2

H(0;0;0), B(g,-o;m, A(—g;o;m,

Taco: v

S.ABCD

a2\/§ . ﬂsxﬁ (dV‘tt)
4 8

=§.A’H.SMBC

13a
3°2°




Rt

s Chuyén Gia Sach Luyén Thi

Khoang cach tit B dén mit phing (ACC’A’) 1a: 5 accay =1

Viét phuong trinh mét phdng ( AA'C ) 1a:

z
C""
a A’
qua A[—-—£;O; 0] B2014
I'AC = E;ﬂ’g ] B’ y
2 2 e tiade "
__:=[5 g-%] e
2% 2
B
qua A[——,0,0]

4 " 4

- el 2

ety ACA’):S[er%]—ng{—z:O

a a
Az+7)—v3.0+0
(2 2) V3 l_ 3a 313z

d = — -
(BACAY) 2 Hha
\/32+ 3 41 13 13

%+ Loi gidi bang hinh hoc thuan tiy:

B2014

Af e
\
1
L
[}
3

K

j}l BP

172 . S SO

- Jf,;?- x:__.;-"'"# C

: fe=

H
B

Goi H 1a trung diém clia AB, A'H 1 (ABC)

Do AABC déunén CH 1. AB, CH = g.




- Phat huy ky thudt dat truc
(u,m n.hmz.h Hinh hoc khong gian tit A dén Z

Tathdy A'H L (ABC) = [A’C,(ABC)] —

A’C,CH] = A'CH=60°.

= tan60° =+/3 = =>AH J3CH= \f@“ %

3@&3
8

Do dé thé tich khdi lang tru 1a v i =& S, =

Goi I 1a hinh chiéu vuéng géc ctia H 1én AC; K 1 hinh chiéu vuéng géc
cia Hlén A’L

Suy ra HK =d(H,(ACC'A")).

Ta cé: HI=AH.sme§:%
1 | :
2 12+ 12: 12+ 12=522=>HK-——3JE‘1
HK HI HA' \{Sﬂ 3 9a 26
= 3
Do dé d(B;(ACC’ A'))=24(H;(ACC' A'))=2HK = 3\:{13_3“

Cho hinh chép $.ABC c6 diy ABC 1a tam gidc vudng can tai A,
ASBC 1a tam gidc déu canh @ vi mit phdng (SBC) vudng gbc véi
- mit ddy. Tinh theo a thé tich khéi chép S.ABC va khodng céch

gitta hai dudng thang SA,BC. "
> Loi giai:
SH 1 BC
Goi H la trung diém ciia BC ma ASBC déu SH a\fg
M2 AABC 14 tam gidc vudng can tai A 3
‘f

= BC? = AB* + AC* =2AB’ =a" = AB= AC*—
(SBC) L (ABC)
(SBC)N(ABC) = SH L (ABC).
SH L BC




S _lABAC_li_‘/__zﬁ
e 2 4
1 1 a3 @ _a3J§
Vasne = 350 Sm0e =55 =54
bit truc nhu hinh vé : AB=0x; AC=0y; Az=0z||SH.
A(U;U;O),B &;U;U 31C O;Q;O
2 2 2
a2 a\E a2 a2 a\/§
H|——;——;0|, § ; ; .
4 4 4 4 2

Khodng cich gifia hai dudng thang
SA, BC
;;{_[—ﬂﬁ;—a 2;aJ5]
4 + 2
BC _uﬁ;ﬁ;ﬂ
2 2

azJE,_aZJEi]

EE,B_C']= P 5L ;
= 4 1 2

— a&
]

a2

£=00|= {ﬁ,?c'].ﬁ:-

a*3

|[SA BC|4B| 4 _a@

|SA BC"

@3
4

AB

d(SA,BC)=

% Loi giai bang hinh hoc thuin tiy :
Goi H la trung diém ctia BC.

BC a
AH=2>%_9% SH 1(ABC),SH=—"=
Suy ra 5 =5 ( )

: 2
VA Sy =%.BC.AH:%.Q.%=%.

Thé tich ctia khéi chép la v,

S ABCD —
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Goi K 1a hinh chiéu vuéng géc ctia H
1én SA, suy ra HK L SA.
Ta c6 BC L(SAH)= BC L HK."

Do d6 HK la dudng vudng géc chung
cua BCva SA.

Ta co 1 - 1 £ 1
HK* SH? AH*
a3] (2] %%
2 2
Do d6 d(SA,Bc)=HK=“—f.

Cho hinh chép S.ABC c6 ddy 1 tam gidc vudng tai A, ABC =30".
SBC la tam gidc déu canh a va mit bén SBC vuong véi ddy. Tinh
theo a thé tich ctia khéi chép S.ABC va khoang cach tit C dén mit

phing (SAB). A | "

> Loi giai:
Ta cé: _ azors
(SBC) L(ABC)
ma (SBC) N(ABC)=BC.

Goi H 14 trung diém BC ma tam
gidc SBC déu.

Suy raSH 1 (ABC) SH L BC

ta co: SHzizi;Bc:a;

AC =asin30° = 2. AB = acos30° = —— y
2 2

Chon tryc nhu sau la A =0(0;0;0).
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Keé Az//SH g6c¢ toa d6 AB=Oy; AC =0x; Az=0zkhi d6 toa do cic dinh .

" x/_ a af a av3 a\f_
La: A(0;0;0), [0——0 C[2 00]H4 ST
qua A(O;0,0)
Viét phuong trinh mét phing (SAB):{ E; 0;%; 0]
L z.ﬁ.@]
qua A(O;O;l]) | \4 4 2
b e sy . | '
e =[48, 28] =20, “8‘/5]||(2J§;0;—1):(SAB):zﬁx—z—o
2 ——0
P _ 35 _av3 ra
(c,(SAB)}_
(2\/5) +12 i

*» Loi gidi biang hinh hoc thuén tdy:

Goi H I trung diém ctia BC, suy raSH L BC. Ma (SBC) vuéng géc véi
(ABC) theo giao tuyén BC, nén SH L. (ABC).

Ta c6: ASBC déu canh a nén SH 14 chiéu cao ctia tam gidc déu= SH = a—\zfé
AABC vudng tai A ma ABC =30°nén

a3

AC = BC.sin30° =~2“-;AB = BC.c0s30° =2




Phat }my .icy thugt dat bruc - - y &
Gr:u nhanh Hmh. hoc khong gian HEA dén'Z 2, (?

_1 lux/gaaf a®

Tam gidc ABC vudng tai A va H 1a trung diém ctia BC nén HA=HB.
Ma SH 1 (ABC)suy ra SA=SB=a. Goi I 14 trung diém ctia AB.

2
Suy ra SIJ.AB.DOdé:SI:\/WZ

3V asc 6Vsasc a\/3_9
Spsis SLAB 13 °

Suy ra: d(C,(SAB))=

Cho hinh chép S.ABCD ¢6 déy 1 hinh vuéng canh a, mit bén SAB
1a tam gidc déu'va nam trong mit phing vudng géc véi mit day.
Tinh theo a thé tich ctia khéi chép S.ABCD va khoang céch tit A

dén mit phing (SCD). |

> Li gidi:
Goi H la trung diém cta AB.
Ma tam gidc SAB déu suy ra
SH vuéng AB ma (SAB) vuéng
(ABCD) lai c6 (SAB) N(ABCD)
=AB=SH | AB

Taco Do hinh vuéng nén AD
vuong AB. Do ASAB la tam gidc

23
déu canh a nén S, = ;o m

3
SH 12 chiéu cao ciia tam gidc déu canh a nén SH = “T Dién tich hinh vudng
ABCDcanhala S =a’;

ho ABCD

Ta dat truc tai A trung gbc toa d6 O(0;0;0), tit A ké Az//SH, truc ox
Ox = AB;Oy = AD;Oz = Az khi d6 toa d6 cic dinh nhu sau:




..'__))) Mega bOOk C}myen Gia Sdch Luyen Tht

S e T R T R SR TR RN

A(0;0,:0)...B(a;O;U),C(ﬂ;ﬂio)!D(O :,0); [ 00] [2 2

Viét phuong trinh mét phing (SCD) qua D(0; a; 0).

iy = [CD C3|=0.= ‘f @)/ /(0,2 I 1)
Co: =>(SCD):0(x—0)+§(y—a)-I-O(zD):g(y—a)
5 _
—(0—a)+0
2O
:>d(Af(SCD) = > = 7
B
2
< Loi gidi bing hinh hoc thudn tdy:
Goi H 14 trung diém ctia AB.
a\f

suyraSH | AB vaSH =
Shoasco = a*

Ma (SAB) wvudng goc voi
(ABCD) theo giao tuyén AB) nén

SH L (ABCD).
Do do:
1 a3, _a J3
VS.ABCD SH SAB(‘D 3 3 A 6

Do AB//CD va H thudc AB nén d(A)(SCD))=d(H,(SCD)).
Goi K 13 trung diém ctia CD va I 13 hinh chiéu vudng géc ctia H 1én SK.
™6 HK L CD.Ma SH 1 CD=CD L (SHK) = CD L HI.

"CD)

a3

— i
(scD))=HI=—2E__ 2 _a21

JSH? + HK? J[ w3 2
2




Phdit huy k§j thudt dgit bruc
Gidi nhanh Hinh hoc khing gian tit A dénZ

Cho hinh chép $.ABCD c6 déy ABCD 12 hinh thoi canh a, canh SA
vuong géc véi ddy; gbc BAD =120°. M 14 trung diém clia canh BC
va goc m = 45", Tinh theo a thé tich cta khéi chép S.ABCD va
khoéng cach tii diém D dén mit phéng (SBC). '

> Loi giai:
Do AC la tia phan giac caa BAD s

Suy ra CAB=60", suy ra tam giic
ABC déu.
M la trung diém BC, suy ra

AM vuéng BC =>AM="72, c6 SA Ll .
vuong (ABCD), nén SA chinh Ia / g

chiéu cao =ASMA vubng tal A, ma [,:f o, P
SMA = 45° =ASMA vubng cin tai A B = M =\

=>SA:AM=-‘%

- Néu Jam theo phuong phdp dit truc thi ta chon goc toa d6 tai O (O la giao
diém ctia 2 dudng chéo, trong hinh thoi thi 2 dudng chéo vudng goc véi nhau
nén ta chon O lam goc).

Ké Oz//SA, Ox=0C;0y=0B;0z=0z//SAmudn viy ta phdi di tinh
OA=0C, OB=0D theo a.

Ta ¢6 toa dinh nhu sau
OA = a.cos60° =%=OC;OB —OD = a.5in60° = Eg
0(0;0;0),3[0;5—@;0 D U;—_a—@;{)}

2 2

clZ.0,0[,4 "—“;0;0];;\4
2 2




Co 2 cach:
Cdch 1: Tim h mét dya vao hinh vé va cho géc SMA = 45",
Do SA L (ABCD) = hinh chiéu clia SM xuéng (ABCD) 1a AM.

Suy ra tanSMA =tan45" =1= 8.4
AM

&SA= AM-“I _a¥3
5

Cich 2: Ta ¢6 thé vao hinh hoc gidi tich & tim h do biét géc SMA =45°1a
goc tao bdi 2 véc to MA, MS = tich v6 hudng trén tich d6 dai.

[AMEI'
[E a3 OJ SM[3" a3 ]*—> cos(AM Ms)_cos45° -
4 ]AM‘ ISM
2
3 [aV3
4 4
— > — : - 5
3a)  [aV3] [3a]" (V3
4 4 |\l 4 4
3 2 9 4
_ «/Eﬁ 16 _1.36 36, 2
322 279 4 B,, 2 2 4
16 ' 4
h_—
2 +
1 1 11 a3
S.ABCD = E'ShthoiA!?CD 'd(s,(ABCD}:z=E}) = E'Shwacﬂ'lzs I ~ E'E'a'a‘/g‘T s

Viét phuong trinh m3t phing (SBC)
[

C(5.,0,0) |
2 cZ,0,0)
4§c'{§f“‘/§,0) 3l * i 2\/. B 2\/_
e e {a -"ﬁ a
e 3 ol BC,BS|=(— 3)113,1,2)
| 2 "2

:»(SCB):\@(x—%)+y-I-Zz=O




Phat huy ky thudt dat tuc
- Gidi nhanh Hinh hoc khing gian tit A dén Z

‘f(ﬂ)‘fw

Vay: 4pyspcy) = =

J&B? +1+22
*+ Loi gidi bang hinh hoc thudn tiy:

Do hinh thoi ABCD canh a ma trong hinh thoi cdc dudng chéo 1a céc tia
phan gidc cho géc BAD =120°.

—— ey 3
Do BAD =120° = ABC =60° = AABC déu @AM=§=> S ssco =$
A - ’ o 0 - - ﬂ'\/g
ASAM vudng tai A cOSMA=45" = ASAM vudng tai A: SA=AM=—2
Seicianin T2 jpe = L= 1 AB.AD.sin120° = aa ﬁ_—_az_\'@
2 2 2
1 1 a*V3 a3 &
Do d6: = Vs o =5 Smmcr 54 =353 =4

Do AD song song vdi BC nén d(D,(SBC))=d(A,(SBC)).

Goi H 1a hinh chiéu vudng géc ctia A trén SM.

AM 1 BC

Ta co:
{SA 1 BC

= BC L (SAM)= BC . AH = AH 1 (SBC)= d(A,(SBC))= AH

J‘

Ta c6: AH =

AMﬁ_a\/g
2 4

d(D,(SBC))=

a3




A Chuyen Gr.a Sm:h Luym ﬂu

g T U Y

Cho hinh chép S.ABC c6 déy la tam gidc déu canh a. Hinh chiéu
vudng goc cta S trén mit phing (ABC) 12 diém H thuéc canh AB
sao cho HA= 2HB. Géc giita dudng thdng SC va mit phing (ABC)
bang 60° . Tinh thé tich cta khéi chép S.ABC va tinh khoang cich
gitia hai dudng thing SA va BC theo a. '

> Loi gidi:
Ta cé:
HA+ HB= AB=3HB=a,

5
suy ra I—IBzg. /
Goi D 13 trung diém cta AB do tam
2\/_ ¥
gidc ABC déu S, .. = s nén CD L AB,* XV
D
HD=DB-HB=2_2_%,
2 3 6

Do SH L (ABCD) tai H.
Tam gidc CDH vudng tai D

a3

Suyra CD:T’

2
CH =+HD? +CD? =J{E] +

_+_._=_.
2

6 36 4 <

ﬁ]z 3¢ J7a

Cich 1: Do SH L (ABCD), nén (SC,(ABCD))=S5CH = 60",

Ta cod tanﬁ:tanlﬁﬂ” =J§=S—H=>SH=—@Q.
HC 3
1

Thé tich khéi chép S.ABC l&. - 3'.SMBC SH.

Do tam gidc ABC déu nén CD vudng AB ta dit tryc tai D 1a g6c toa do,
Ox=DB;0Oy=DC;0z=Dz//SH.
a\/_ ] [ m h]

D(O;O;O),B[E;O;O},A[j 0;0[,C
2 2




Phdit huy k' thugt dat truc
 Gidi nhanh Hink hoc khdng gian tic AdénZ

;’ o
Céch 2: Theo hinh hoc 15i giai tich cho goc tao bdi va (ABCD) = 60°, ma
dudng SC va mit (ABCD) khéc tinh chit nén diing sin = tich v6 hudng trén
tich d¢ dai. '

s_ég I k|, (ABCD):2=0=11 4, =(0;0;1)
. h

sin60° = sin (5C, (ABCD)) = | |_ 2 ;:ﬁ::»hz—\/;za-

i \[[a]2+£\§ +H’
Ta c6: AB=(2;0;0) 2
S_A.z —Za;o;_xfﬁa

> ﬁ[ﬂga}_[azﬁ.\/ﬁa#_wé]

E___-_E“?’-o] ; . U

1] (] 5

'D_[a‘?\@].ozasﬁ

6

SA, BC] AB= +[ 2la"
3 2

‘SB SA,BCH o7 3wl

d{SA, BC = : -
( ) “f‘:‘{, E“ 2 \[2_4112 8

<+ Loi gidi bang hinh hoc thuén tdy:
s

Ta c6SCH la géc gitia SC va (ABC), suy ra SCH=60°.
Goi D 1a trung diém ctia canh AB.




Chuyen Gia Sacn Luyen Hu

R GRS RRICTR

HD.«:%,CD— a3 ,HC =+ HD? + CD? = 3‘/—_51{ HC.tan 60° = @
2 3
v ISI—LS | a\/_la\/g_a\/—

S.ABC=§ MBC_E' 3 4 12
Ké Ax//BC. Goi N va K 14n lugt 14 hinh chi€u vuong géc ctia H 1én Ax va
SN. Ta c6 BC//(SAN) va BA = %HA

d(SA,BC)= d(B, (SAN)) = %d(H, (SAN)).

Ta cling c6 Ax L (SHN) nén Ax L HKDo d6 HK L (SAN).

a3

Suy ra d(H,(SAN)) = HK,AH:%“,HN:AH.smeo" =
W o5
HK - SHEAN 3 "\ —amz,*‘d(SA,BC}=a\/Zz-
VSH? + HN? \/[ J—] [ \f} 12 8
| 3

Cho hinh chép tam giéc déu S.ABC véi SA=24, AB=a. Goi H
1a hinh chiéu vudng géc chia A trén canh SC. Chiing minh SC
vuéng goc v6i mdt phang (ABH). Tinh thé tich ctia khéi chép

S.ABH theo a. "

> Loi giai:
Goi O la trong tAm tam gidc ABC. |
Do hinh chép tam gidc S.ABC déu, suy ra SO L (ABC).
Goi D latrung di€m AB ma tam gidc ABC déu, suy CD L AB.
Chon géc toa d6 tai D
Ox=DB;0y=DC;0z=Dz/ /S0




D(0;0;0),B ﬂ;o;e],A[ZE;o;o],
2 2

C O;ﬁ;{l ,0O [];a\@,'ﬂ];
2 6
0,233 4,84 = 20 »
6

ﬂ("—a,iﬁ,—h)#lﬂ‘:

2 6

2 .Jg 2

—a —d 2
‘\][?] + =2 ()
=2a=>h=\/3_é'a #S[O;ﬁ;@ﬂ];

3 6 3
Phuong trinh dudng dudng thang SC qua C|0 J_, ] va ¢6 véc to
x=10
chi phuong SC = av{_ J_SQJH(O 1 \/_) =SC: y—i%-t
z=—\/ﬁt
H 12 hinh chiéu ctia A xuéng SC nén H thuc SC.
Nén H|0; i—kt —\/_lfJ
Do AH vuéng géc SC.
Nén AH[E 2B ] 136 6 AHEC —0
af b, b
~H Oi_i T [as@]]_lo.llax@.a@]
‘ B " 24

2 24 24 24




Gmyen Gia Sdch Luyen 'ﬂu’

e L e

a llwf—a a\/_

l

2" 24 24

———t

Ta c6: "zi_B'z[—a; 0;0) AH=

rLan 13 véc to phap tuyén ctia mat phang (ABH):

nABH —=

— = [ g 33 11434 o —
AB, AH|= [ = S ]//(0,1,—\/1_1)H5C=>SCJ,(ABH)

26 4.2 3’ﬂ\f_]
2" 6 3
. g 5
[AB AH|.AS=Z0 J_}_af [ 11V3.2 ]_aJsTa:7J1_1.a
2 6 24 3 16

1 711.4° 1 7114
6 16

1 et et
Vi = -g“AB, AH .AS| Fl i

< Loi gidi bang hinh hoc thudn tiy:

= AB 1 (SCD). Do d6 AB L SC. Suy ra SC L (ABH)

SO
Suyra AB 1L SC,taco CD _i ,0C —inen so=+sct—oc? = ﬂ\é?g
Ta cé:
2
by SOCD _ Vil 1 N TP

=85 =—_AB.DH =
SC 4 SABIL™ oy

SH =SC - HC =SC —~CD? — DH? =%

3
Do d6: V. 1om. S,., 7‘5""
3 96

S.ABH —

318




Y thug -
 Gidi nhanh Hinh hoc khong gian tr A dén 7

_ Cho hmh hé)p ding ABCD.A'B'C'D’ ¢6 déy I3 hinh vuéng, tam gidc
A’AC vubng can, AC’ = a. Tinh thé tich ctia khéi tit dién ABB'C’ va
khoang céch tit diém A dén mdt phing (BCD') theo a.

14

> Loi gidi
Tam gidc A’ AC vudng can tai A s
5
vAA’C=anén A'A=AC=—. 5
ﬁ_ A’ = _L B
Do dé: AB=B'C' =2 P
- 7 AT =
Ta dat truc nhu hinh vé: :
_ ) 4
Ox=DA;0y = DC;0z=DD’ i}
a a a a ’ H.\fE :
-0:0),C10;,—;0|,A|—;0;0|,B|—;—;0|,D |0;0; —
D(0;0;0) [ > } [2 ] [22 [ 2]
al2o. 2| ple2 a [ 0.8, 2
[2 V2 ] [2 2'2) 1 72'2)
by T ) 3
Vs asc =%‘[AB,AB" AC’ =%.B’C’.SMRB - ”4“5;
5 e 4 2
14 =|BC,D'C|=(0,- ‘F ——)//(0 V2,1)
(BCD')
a
C©,=0
qua C ( 5 )
:»(BCD'):JE(y—E)-!-z:O
B s
Suyra: 4
(A/(BCDY) — J(.J_) +1 6

T p




% Loi gidi bang hinh hpc thuan tiy:

Tam giac A’AC vuong can tai 2012
D 1%
AviA'C=anén A'A=AC=—— | g
V2 ’ H
Do d6 AB=B'C'=2 |
1 (Fall 1’.—" hhhhhhhh : } ::‘:—. C
Vs :§'B C'Saup 4 i o
3
_lpcappp-l2882_dV2 i s
622 2 48
Goi H la chan dudng cao ké tit A ctia tam gidc A’AB.
'B C 1 AH
Tac {414 = BC L (A'AB)— : = AH 1 (A'BC)
AB 1 BC AH L A'B
nghiala AH=d(A,(BCD")
Ta co:
2
% = A2 =2 _ Af- %/_g_
a

Cho hinh chép S.ABC c6 d4y ABC Ia tam gidc vudng can tai B,
AB = BC = 24; hai mit phing (SAB) va (SAC) cung vudng goéc voi
mit phing (ABC). Goi M 1 trung diém ciia AB; mit phing qua
SM va song song vdi BC) cit AC tai N. Biét gbc giita hai mit phéng
(SBC) va (ABC) bing 60°. Tinh thé tich khéi chép S.BCNM va
khodng cdch giiia hai dutng thang AB va SN theo a.

> Loi gidi:
Mét phing (SAB) v mit phing (SAC) ciing vuéng goc mit phing (ABC).
Ma (SAB)N(SAC)=SA=>SA 1 (ABC), AB L BC =SB 1 BC = SBA.
La géc giita (SBC) v (ABC), suy ra SBA=60° = SA = AB.tanSAB = 24\/3
Mt phang qua SM va song song v6i BC, cit AC tai N.




= -

T
S R R

Suy ra MN/IBC va N la trung diém AC.
BC AB

MN =—=gBM=""=a.
2 2

Do tam giac ABC vuong can tai B
nén ta dat & B, ti B ké Bz//SA.

Ox=BA; Oy=BC; Oz//SA
B(0;0;0), A(24;0;0),C(0;24;0),

M(#;0;0),N(8;;0);5(24,0,2a+/3)

VS.ABMN = VS.ABC - Vs.m = ang

 Tacé:
AB(24,0,0)
SN(—a,a,~2a\/3 )=>[AB SN] (0,422/3,242%)
BN(a a,0)
d IAB sN| As\ 403 2l

e’ I 4B, SN" Jaafay rat 13
% Loi gidi bang hinh hoc thuan tiy:
Haimit phdng (SAB) va (SAC), ciing

vudbng goc véi (ABC) suy ra SA
vuéng géc (ABC)  =-SAL(ABC).
ABLBC=SBL1BC=>SBA la géc giiia
hai m3t phang (SBC) va mit phang (ABC)

= 5SBA=60" = SA= AB.tanSBA = 2a\/3 .

Mit phing qua SM va song song véi
BC, cit AC tai N= MN //BC vaN la trung

diém ctia AC A&N=%=u;BM=ATB=a.

BC+MN)BM (2a+a)a 32
Dién tich: Smmc:( # . ) =( “2“)“=3;
Thé tich: V. - SA=a\3

5.BCNM 3 SBCNM




) ) Vega book "  Chuyén Gia Sach Luyén Thi

Ké duéing thing D di qua N, song vdi AB.
Ha AD L A (DeA)=> AB//(SND)= d(AB,SN)=d(AB,(SND))= AH
v6i H 1a hinh chiéu ctia A trén SD.

Tam gidc SAD vudng tai A: [AH LD
AD=MN=a
= d(aB,sN)=—24D0 ___ 2“@’2‘“ — AH= 2“1‘/?
VSA? + AD J(Zu V) +a

Nhan xét: D6i v6i bai todn yéu ciu tinh khodng cich gitta hai duong thing
chéo nhau thi ta nén gidi theo cich dit truc toa d6 va dp dung cong thic dé
tinh vi cich nay khéong phai tim doan vudéng géc chung gitta hai dudng thing
chéo nhau. Cach nay don gian hon cach giai theo hinh hoc thuén tay rit nhiéu.

Cho ling tru ABCD.AB,C,D, c6 d4y ABCD la hinh chit nhat,
AB=a, AD=4\3: Hinh chiéu vuéng géc clia diém A, trén mit
phéing (ABCD) triing véi giao diém .ctia AC vi BD, Géc gitia hai
mit phing (ADDA)) va (ABCD) béng 68 . Tinh thé tich khéi
ling tru da cho va khoang cach tit dlem B dén mat phang (A, BD)

theo a. J BT ke s Fao '

» Loi giai bang truc toa do:
Nén ta ddt gbc toa do & A.
Tt Aké Bz| AO.

Ox=AB; Oy = AD; Az||AO.

A(0; 0; 0),B(g; 0; 0), D(0;2V3 ; 0),
(a ca3; 0),0[3 i 0],

e
Al[ETh




= -

<

Gidi nhanh Hinh hoc khing gian ti A dén Z

AR LR St L RS R SN

E((};a\@;())
Tacd: 1 —., " a\/é #{E,M]—[ah\@;ﬂ;_ﬁaz]//(zh;ﬂ;—ﬂ)
M*[E;T’h ’

Khi d6 ;EADD,A, zlﬁ,mlf / (Zh;O;—a) la véc to phdp tuyén clia mat
phéng (ADD A )

Mit phdng (ABCD): z=0 ¢6 véc to phdp tuyén fLagco = (0;0;1)

Do Goc giiia hai mat phing (ADD A ) va (ABCD) béng 60°nén ta c6
phuong trinh:

—

NADD, A, - ABCD

B |(21).0-0.0—~a1 1
JerY +0 +(af P+ 417 2
V/3a

<=>2£I:x!4h2 “+‘a2 @3&2 i4h2 <=>h=7

cos 60° =

-

=
MADD, 4, | -|11ABCD

Dién tich ddy S,;., = AB.AD =a.a\3 =4a*\/3

2
Thé tich VABCD.A'B'C'D' = SABC’D 'A10 =a \65{“3_ — 3%
Do tit gidc ABA B, 1a hinh binh hanh nén

x —E*y —Q;ZBI —h]

s ety

AB=A B, « AB(4;0;0)= A,B,

a=Xxp —%

olomy, L o p[220,20)
g 802

Lai;zé:

BD (—a:- ax@;ﬂ) . _.}

—'[_E Q ﬂ]innml ":[BD,BAl —

I r

2 2 2

%;\Eﬂz 'O]U(@;l:ﬂ)

BA,

P2 Aniv-of THchCnin. -




| ;"-f';,\_ Chuyen Gia Sdch Luygm Thi

R Ll i s o 3 g s

Phuang trinh mat phang (A,BD) qua B(a;0;0)

va ¢6 véc to phép tuyén 7 = (@;1;0):{(;: — a) +y=0.
Khoang cdch tif d@iém B, dén mit phing (A BD):
@[_32_ _ ] N

d(Bl,(AlBD))=4__2_=_

(Jg)z +1? 2
<% Loi giai bang hinh hoc thudn tiiy:

Goi O 1a giao diém cia AC va BD = 4,0 L (ABCD)
OE L AD

Goi E 14 trung diém cta AD = AELAD

Suy ra 1 goc gitia hai mt phing(ADD, A, ) va (ABCD)= A, EO = 60"

Suyra A,O=0E. tm&EO_ATB ta.nA1£O— 2.tam60° =%

Dién tich day S,,., = AB.AD =a*\3

V3a_3d

Thé tich Vep e =SABCD‘A10=GZ£' 9 5

Tacé: BC//AD=BC//{ABD)=d(B,,(A,BD))=4(C,(ABD))=

Suy ra d(B,,(A,BD))=CH = CDCB__ a3

JCD? +CB? .2

EA=ED, OE=7 L AD, ((ADD,4,), (4BCD)| = AEO=60",




'_ 7 Phdt huy ky tudt dit truc
Gidi nhanh Hinh hoc khong gian A @én7Z ”

Cho hinh chép S.ABC c6 ddy ABC la tam gidc vudng tai B,
BA=3a, BC=4a; mit phing (SBC) vudng géc véi mit phang
(ABC). Biét SB=2v3a va $BC=30". Tinh thé tich khéi chép
S.ABC va khodng cich tit diém B dén mit phing (SAC) theo c_z."

\\\\\
']

Nén ta dit & B, tii B ké Bz || SH =
vuong goc BC tai H; | — A
HB = 3a=2+/3a.cos30° = 3a; |
SH =2+/34.5in30° = /34.
Ox= AB; Oy=BC; Oz|| Bz. e y
B(0; 0; 0), A(34; 0; 0),

C(O; 4q; 0), H(D; 3a; 0), 5(0; 3a; a\/g) 4 x

Ta c6: AB(—34,0,0); AC(—3a,44,0); AS(—3a,3a,a+/3)
lﬁ, AC|=(0,0,124%) = {A_'B, A—(f] AS

=(~34).0 +30.0 + 122’ .23 =12/3.4°

V, e = %"A_'B, AC .Is't = %.12@.::3 =24°\3

Viét phuong trinh (SAC): di qua A(3a)0,0).

Va: nisac) = | AC,SA| = (4*3;34*V3;34) / /(4;3:3)
(SAC]: 4(x — 3a] + 3y -+ V3z=0

Khoang cach tii B dén mét phang (SAC):
_ ‘4[0 ~34)+3.0 +3.0) 112 6af7

ol B a7

d(B,(SAC))




-; , ChuyenGiaSachLuymﬂu
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% Loi giai bang hinh hoc thuan tiy:
Ha SH L BC = (SBC) L (ABC)

S
— SH L BC;SH = SB.sinSBC = /3
1 D2011
Dién tich S, ,,. ==.BA.BC =64’
2
Thé tich:
1 E &
Vs anc = E'SﬁABC'SH =24°V/3 D
Ha:
A
HD 1 AC (D€ AC),HK L SD (K€ SD)
= HK 1 (SAC)= HK =d(H,(SAC)).
BH = SB.cosSBC = 32 = BC = 4HC < d(B,(SAC))=4d(H,(SAC))
Ta cé: AC =+/BA? + BC? =54, HC = BC — BH =a=> HD = BA. i—gz 3;“
3a
K —_ SHHD __ “‘[5'“5‘ _3al7
VSH? + HD* : (3} 14
(a@) ¥|=
5
Vay: d(B,(SAC))=4.HK = 6“;5

Cho hinh chép S.ABCD ¢6 ddy ABCD la hinh vadng canh a. Goi
M va N ldn lugt 12 trung diém cha cic canh AB va AD; H 14 giao
diém cia CN v6i DM. Biét SH vudng goc v6i mit phing (ABCD)
va SH =43 . Tinh thé tich khéi chép S.CDNM va tinh khoéng
cich gifta hai dudng thing DM va SC theoa. '

» Loi giai:

2 2
Tacé: CN L MD, CN=5;,HC=DC _a :2a\f§_




_ Phat huy ky thugt dat truc
Giai nhanh Hinh hoc khdng gian tir A dén Z

4
R PR e 0n

1 1 5

=} — =

HD? ND? DC? @ o
' 4

,DH =

a5
-,

NH:CN—C‘H:‘I 5_2J§a=aJ§;HM=a\/§_a\f§=3g\/§.
2 5 10 s 5 10

Nén ta ddt 6 H, dudng cao SH vudng géc (ABCD) tai H;
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_ Chuyén Gia Sch Luyén Thi
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Céch 2:
Dit truc tai A (ty vé hinh). e
Ox= AB;QOy= AD;0Oz= Az | SH
x Oy Z | Az/SH ,: A2010

H(0;0;0),A(4;0;0),D(0;;0); !

a a :E
N(O; E; 0yM [‘E;O;G];C (ﬂ, H,U)- l?:‘:": '_j’ ________ mmngne

- P S
Phuong trinh f TN
qua D(0,4,0) ATy g T F
DM:{—(g4 y a t
DM[E;—a;O //(1;,-2;0)

x=t
=iy=a—2t.

z ==

qua C‘(a,a,[}) x=a+2
Phlicmg trinh CN : ={y=a+t .
NC|a;2;0 {2:1; 0)
2 z=0

Toa do H 1a giao ctia hai dudng thang CN va DM:

a
t=a—4t=>t=—
5

x=t=a+2¢
3.(:.',1—2:t=a+t"’=>~y=|:1—215=3—‘I #HE;%;O s 3a,ﬂ['
o 5 55
aF= z2=0
1 laa a 1 1a
SABCD =d2;5: AMN =E.AN =E E E_g;S&BCM MB BC_E E
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%+ Loi gidi bing hinh hoc thudn tiy:

s, A2010

~
e.'.'..i
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Thé tich ctia khoi chép S.CDNM:

1 1
Sconu =Saaco — Sary — Ssac = AB* =7 AM.AN — = BC.BM

8 4 8
. 1 534°
Vay Vs conm = E‘SCDNM SH= o4

' Phat huy k§ thugt ddt trac
Gidi nhanh Hinh hoc khong gian tit A dén Z




\ ) Vlega hook

. Chuyén Gia Sdch Luyn Thi

Khoang cach gitia 2 duong thing DM va SC.
AADM = ADCN = ADM = DCN = DM 1 CN

Két hop di€u kién DM | SH = DM L (SHC)
Ha HK | SH (K € SC)= HK la doan vuéng géc chung ctia DM va SC .
d(DM,SC)=HK.

Ta ¢o: 1

pe-S2. 28
CN
V5 = d(DM,5C) = HK = 2V3a_ 2a/57
K SHHC 2( 3a J19 19
\}SHZ + HC2

Nhé.n xét: D6i voi bai todn nay ta ¢6 thé chon hé truc toa d6 khac nhau.
Nén vén dung linh hoat cic cich khic nhau dé Iam cho bai todn ngin gon va
don gian hon.

Cho hinh chop S.ABCD co day ABCD Ia hlnh vubng canh a,
canh bén SA =a; hinh chi€u vuéng géc clia dinh S trén mit phing

(ABCD) la diém H thuéc doan AC, AF — AC .Goi CM 1a dudng

cao ctia tam gidc SAC. Chiing minh M 13 trung di€m cta SA
tinh thé tich khéi i dién SMBC theo a. ’

» Loi gidi: Do ABCD ] hinh vuéng .

Nén ta dé dang xdc dinh dién tich
déy ABCD la a*, AB vubng AD nén ta
ddt truc tai A, ké Az song song véi SH
vi SH L(ABCD), Ox=AB, Oy=AD,

AzzOzHSH,AH:%,CMJ.SA,

SH =+/SA? — “‘/_ y

HC =

3a\r




Phat huy ky thugt dat truc
Gidi nhanh Hinh hoc khong gian tit A dén Z

QRS bl L e

SC =+[SH? + HC? = a2 = AC= ASAC .

La tam gic cAn nén dudng cao CM ddong thaila dudng trung tuyén, trung

tric nén M la trung diém SA.

A(0;0;0), B(a;0;0), D(0;4;0);C(a;4,0)

H[E;E;D],S[“ a a14)
4 4
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L e L — —= 7
MB, MC|=|2 V4 il :-HMB,MC“z ¢ 14 +| 28 =3‘f 2
8 8 8 8 8

iy 2
{MB,MC M§=4V14

0_’_7&2 aﬂzasﬂ

a
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L4
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|1 an— @214
v = “MB MC| T

% Loi gidi bang hinh hoc thudn tdy :

Chitng minh M 14 trung diém ctia SA

2
AH:E‘i—E;SHzx/SA’—AHZ = az—“—=“‘/1_4

8 14

HC= 3af;5(3= VSH? + HC? —a2=5C=AC.
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Do dé tam gidc SAC can tai C, suy ra M 13 trung diém ctia SA .
Tinh thé tich khéi ti dién SBCM .
M la trung diém ctia SA suy ra:

1 1
Sscm =E°Ssca = Vesen = Vssm = 'Z_'VS.ABC :
@14
48

Cho hinh chép S.ABCD ¢6 diy ABCD la hinh thang vuéng tai A
va D; AB=AD=2a, CD=a; géc gitia hai mit phing (SBC) va
mit phing (ABCD) bing 60°. Goi I Ia trung diém ciia canh AD.
Biét hai mit phing (SBI) va (SCI) cling vudng géc v6i mit phing
(ABCD), tinh thé tich khéi chép S.ABCD theo 4. | "

» Ldigiai: Do ABCD lahinhthangvuéng
nén AD L AB; AD 1 DC ta dé dang xéc dinh
dién tich diy ABCD 14 342, .

ABvuéng AD néntadittructai A. /s A

z

Ké Az| SI, (SCI)n(SIB) =4I, e o
= SI L (ABCD).
Ox=AB;0Oy= AD; Az=0z/ /SI
A(0;0;0), B(24;0;0), D(0;24;0);
C(a;24;0),1(0;4;0),5(0;4; h)
Phuong trinh mat phing (ABCD): z=0 c6 véc to phap tuyén Masco = (0;0;1)
BC =(-4;24;0), - A

= nncs =|BC, Bs] = (2ah,ah, 3a)  [(2h; b3 3a)
BS = (~24;4;h)
Khi d6 véc to phap tuyén mit phing (SBC): n= (2h;h;3a)
Do géc gitia hai mit phing (SBC) va mit phing ( ABCD) bing 60°

Ta ¢6:

o

Mges M apep

COS(W) =cos60° =

Mpes|- ”aacnl
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[21.0 + A0+ 3a.1) 1
\/4hz+hz+9a NP2+ 2

2
& 6a=+5h*+9a* ©272* =5h* < W = 1‘?’25: @k:?"/;?ﬁ
Dién tich hinh thang ABCD: S, = [“ +2a ].2a Ty
3V15 3
Thé tich ctia khoi chép S.ABCD: V = %-Sasco = %.3512 E \/5—5a _ 3\/15_5;;

< Loi giai bing hinh hoc thudn tiy :

(SIB) 1 (ABCD)

(s1C) L (4BCD) = SI L(ABCD)

K& IK 1 BC (K € BC)=> BC L (SIK)= SKI = 60°

Dién tich hinh thang ABCD: S ;cp, [a _;261} 20=234"
2

2
Tong dién tich céc tam gidc ABI va CDI bing ™2 suy ra S,pc =2 -

2
BC:J(AB—CD)1+AD2: ’(2;1 a) i rﬂ\lr-#IK— SBQEBC Bfa
=3 G IKtmgﬁ—SJ_a
1 3/154°

Thé tich clta khéi chép S.ABCD: V = E.SABCD Sl=

5




) DYV EL L TN .  Chuyén Gia Sich Luyén Thi

Cho hinh ling tru tam gidc ABC.A'B'C’ ¢6 BB' =a, géc giita dudng
thing BB’ v6i mit phing (ABC) bing 60°. Tam gidc ABC vuong
tai C va gbc BAC =60°. Hinh chiéu vuéng goc cta diém B’ lén
mit phing (ABC) trﬂmg v6i trong tim clia tam gidc ABC . Tlnh thé
tich khéi tidién A'ABC theoa. - -~ . - . '

> Loi giai:
GQi G la tl'QIlg tam tam gléC ABC ) z B . B2009

Cz/# BG

va D la trung di€ém ctua AB.

Tacoé B'G LBD.

BG = BB .cos60° =

B'G = BB .sin60° =22 “‘/_
AB 3

BC? +CD? = BD* = 3"‘/_ ;AC= 313 :BC= ABI 3“‘/_ 3 _ 339
26 2 13 2 26
Do tam gidc ABC vuong tai C.

Ta dit truc tai C 1a gbc toa d6, ké Cz||B'G, AC=0x, BC=0y.

c(0;0;0), B 0; 222 313 | 4f30V13
13 26
cl? 13 a«f_ ol 5|2 13_a\r!1_3_a\f§
26 13| |26 13 2
BC - e 0,218 | - xc.—“‘/ﬁ;yc,—“\/ﬁ;z a3
13 26 137 2

a\/13 Aa@ . a\/g

2 " 13 " 2

i/

/
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Gidi nhanh Hinh hoc khéng gian tit A dén 2

P

3af00 [ a\/_ 4aJ1€_z aﬁ]
oz T,
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) A

26 Ya— 13

A ZaJﬁAm/I_S_a\@}

13 “ 13 2

Dién tich tam gidc ABC:

g i  a— Sm/_ 3&\/— 932
2 2 26 104

Thé tich ctia khdi t& dién A’ABC:
1 _1af3 93¢ 9

—.BG'S :
3 aM8C =3 75 104 208

Vyase = Vaase =

% Loi gidi bang hinh hoc thuan tiy:
Goi D 1a trung diém cta AC

g B2009 -

va G la trong tim tam gidc ABC
ta cé
Tam gidc ABC c6:

B'G L (ABC)= B'BG = 60"

B3

—— g
B'G=BB'.sinB'BG =—— 3a

B =¥
2

Ta lai ¢cé:
3AB? " AB? _9
16 16

3413 9223

- AB="T"1.5 =
.26 CTAC T 104

BC? +CD*=BD* &

Thé tich ctia khdi ti dién A’ABC:
1 94°

Vaase = Vo anc =§'BG"SMBC :ﬁ




- QUGN Chuyén Gia Sdch Luyén Thi

Cho hinh ling tru diing ABC.A'B'C’ c6 d4y ABC la tam gidc vuéng
tai B) AB=a) AA’=2a)A’C=3a. Goi M la trung diém clia doan thing
A'C', 114 giao diém clia AM v A’C . Tinh theo thé tich khéi td dién
IABC v khoéng cdch tii diém A dén mit phing (IBC). '

» Loi giai:
Chon hé truc toa d6 Bxyz. oz
Nhu hinh vé, cac truc Bx, By, Bz1an A M c
lugt di qua céc diém A, C, B'. =
Khi dé: }’ Y B
A(a; 0; 0), B(0;0;0), C(U; Za;O), x S \ y B y
A (a; 0;av2 ), B’ (O;G;Za), C’ (0;2&; 2:1) . A v for

D2009

M 1 trung diém A'C' = M [g; a; Za]
DPudng thing AM:
qua A(a;{J;O)

ﬁ = [—E;a; 2&] = —E(I;—Z;—él) ’
2 2

x=a-+t
Nén c6 phuong trinh: {y=-2f (f€R).
z=—4t

qua C[O;Za; D)
Puodng thing A'C:{— :
A'c= (—a;2a;—2¢z) 4 ~—a(1; -2; 2)

x=#t
Phuong trinh: y=2a—2t’ (t' €R).
z=2¢

Taco € AM = I(a+t-2t;—4t).




Phat huiy ky thugt dat bruc
Giai nhanh Hinh hoc khong gian tit A dén Z

;-

Mit khiac 1= AMNA'C, nén toa d6 diém | 13 nghiém cta hé phuong

A TR R R R R

trinh:

at+t=* ;. B
0t =02a-2¢ & 3_ 724 42 4a
! g_2a 1373°3
—4t =2t 3
EE 02:1, 2
g lBC Bi|= [ o;%}
==t a i1 a
Tacd {Bl=|—;—;— )
3°8"3 S E Sa
BC,BI|.BA ==2—
a,OO

= Vmsc 2%‘ E;ﬁ ﬁ‘ :.:4'{'1—

% Loi gidi bing hinh hoc thudn tiy:
Ha [H 1 AC (H € AC)= IH 1 (ABC); IH la dudng cao cta tif dién IABC

Suyra IH/JAA'=»-B oL _2 .2 a4t

AA CA'3 3 3

AC=+A'C?> — AA™? =a\5;

BC=+vAC*— AB* =2a D2009
A r .7 4 Cr

Dién tich tam gidc ABC: . g

1 “I*, > ‘1 .
SMBC = E-AB-AC = ﬂz G \ ’ Il \\ Tl ‘B r B

I L b a

Thé tich ctia khoi tt dién IABC: /,'_' L ey

1 4a A . H \\\ z O
VSABC = E'SMFC IH = 9 % \‘\
Ha AK L A'B (K€ A'B). B

ViBC 1.(ABB'A') nén AK L BC,
suy ra AK L (IBC)
Khoang cch tif A dén mit phing (IBC) 1a AK

Ak Dows __AAAB a4 _2a5

AB  JaA yAB i a5

it dcain:




Cho lang tru ABC.A'B’' o co dé dai canh bén béng 2a, d&y ABCIla
tam gi4c vudng tai A, AB =a) AC=a 3 va hinh chi€u vuéng géc
clia dinh A’ trén mit phing (ABC) 1a trung diém ctia canh BC.
Tinh theo a thé tich khéi chép A’.ABC va tll‘lh cosin ctia géc gitia
hai dutdngthang AA' va BC,: i ." '

» Loi giai:
Goi H la trung diém cta BC.
z
Suy ra A'HL (ABC) /
Chon h¢ truc toa d9 Axyz nhu
hinh vé, cc truc Ax, Ay; Az lan lugt
di qua cac diém B,C,A’ x
Khi dé: .
B(4;0;0), A(0;0;0), C(o; J5i 0) .

CI

Az A AH

Hinh chiéu vudng goc cta dinh
, a a\/_

A’ trén mit phing (ABC) 1a trung diém H ctia canh BC nén A' i ]

D¢ dai canh bén bing 2a

a3

Nén AA' _2a=>AA
AR

Do M la trung diém BC = H[E fli -0|-
2

al3|
2

+h? =44* -

o =32ch=a3

1 J @23 2@
s Z.A"H.ch=§.as/_ =

Vay v

Géc giita hai dudng thing AA’ va B'C’ //BC.

- Dit¥ 1a géc gitia hai dudng thang AA’ va BC.

PRz ﬂﬁ\/_
AA' [2 ;a3

BC = ( é;a\/g;())




Phat huy ky thudt dat truc
Gidi nhanh Hinh hoc khéng gian titA dén Z -

+ % .Jga + \Ea.o

COSp = cos(AA', BC)=

e

%+ Loi giai bang hinh hoc thudn tiy:

3|

+(a3)' J(a) + (a3 _

Goi H 12 trung diém canh BC.
A'H 1 (ABC)

suy ra
4 AH——BC——\/a +3a* =a

dudng trung tuyén vudng goc véi canh
huyén trong tam gidc vudng.

Do dé:

AH=A'A’— AH?>=44*—-a*=34* AH a
=:>A'H=a\/?:

VYV, ;A'HSMBC 2 (don vi thé tich)

Trong tam gidc vuéng A'B'H ¢6: HB'= JA'B* + A'H? = \/a +3a” =2a

Nén tam giac B'BH cén tai B’
Dit ¢ la goc giita hai duong thang AA' va B'C' thi B'BH=¢
Vay cosp=——= =

T

Cho hinhchépS. ABCD c6 dayABCD la hmh vudngcanh 2a,5A =a,
SB=ay3 vi mit phing (SAB) vuéng géc v6i mat phang day. Goi
M, N l4n luot 14 trung diém cia céc canh AB, BC. Tinh theo a thé
tich ctia khdi chép S. BMDN va tinh cosin clia géc gitta hai dudng

thangSM PNi - e '

> Loi gidi:
Goi H 12 hinh chiéu cta S trén AB.
Suy ra SH L (ABCD).




D Vega book 9

Do d6 SH la dudng cao cta hinh chép S.BMDN.
Tac6 SA® +SB* =4 +3a* = AB*
Nén tam gidc SAB vudng tai S.

SuyraS -
2 2

Do d6 tam giac SAM déu.
a3 |

Suyra gg=2Y2.
2

Dién tich tit giac BMDN la:

1
Spmpn = ESABCD =24’

Thé tich khoi chép S.BMDN la:
1 1 awf_ @ J3
e ;

= —SH S i = 3

D4t truc nhu hinh vé:

Ké SH vudng AB) ta c6: SA” +SB® =a* +3a” = AB?, nén tam gidc SAB

vudng tai A) suy ra SM:%:;;.

J_

Do d6 tam gidc SAM déu, suy ra SH = :

A(0;0;0), B(24;0;0),C(24;24;0); D(0; 2a,0)

M(a,O,U),N(Za,a,l}),H[2,0,0],5[2,0, 5 ]
it ¢ 1a goc giita hai dudng SM va DN. Ta c6 (M)z
SM = [2 a\/_ =(2a;—a;0)
a a3
2 g "
cos(SM,DN)=c05gp= = a =§[_§
i [l e B8 B
[E] 4 wrak (2&) +a




Phdt huy ky thugt ddt truc
Gidi nhanh Hinh hoc khing gian Wt A dén Z

T IR R A A St T

% Loi giai bang hinh hoc thuin tiy:

Goi H 14 hinh chi¢u vudng goc clia S 1én AB, suy raSH 1 (ABCD).
Do d6, SH 1a dudng cao cta hinh chép S.BMDN.

Ta cd: SA? +SB* =a* + 34 = 44* = AB?nén tam giac SAB 13 tam gidc
vuong tai S.

Suyra SM = -9

3 Nz
Do d6 tam gidc SAM la tam giac déu, suy ra SH = %
Dién tich ciia tit gidc BMDN I3 S, = ésm, By

2

BMDN — 3

Thé tich clia khéi chép SBMDN 14 v = %SH.S

- Ké ME song song DN (E€ AD ) suy ra AE:%

bit o la goc gitia hai dudng thdng SM va DN.ta c6 SM, ME = o
Theo dinh ly ba dudng vubéng géc ta c6: SA L AE.

2
Suy ra: SE = JSA® + AE? :1/.@2 +% :“—‘-2/_—5—,

ME=+yAM® + AE? = a+—:——
4 2
SME=a
Tam gidc SME 1a tam gi4c can tai E nén AE a a5 1
coso=——=—1——=
ME 2 2 5
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Cho ling tru diing ABC.A'B'C’ c6 day ABC 14 tam gidc vudng,
AB—=BC —a,canh bén AA’ =av2 . Goi M la trung diém clia canh
BC. Tinh theo a thé tich ctia khéi ling tru ABC.A' B'C va khoang
cich gitia hai dudng thing AM va B C e '

> Loi giai:
Chon hé truc toa dd Bxyz nhu hinh vé, .
cdc tryc Bx, By, Bz lan luot di qua cac EraR08 a
diém A, C, B’. :
Khi dé: P
A(a;0;0), B(0;0;0), C(0;4;0),.
A'(@:0;a\2),B' (0;0;a42), C'(O;z;av2). & N
M 1a trung diém BC= M[O;%;O].

.

y

Theo cach théng thudng:

3
.= ﬂﬁ-—;—.ﬂ.ﬂ' = f f '

!
VABC.A'B‘C' =AA 'S&ABL

‘ A f 1l e
Theo cach toa d0: V 5 4pco = AA S, e = AA E“BA' BC” .

ﬂz(a;O;O)
Ta cé: {BC =(0;a;0) = [ﬂ!g(:ﬁ} = (O;O;az)
AA =a\2
= Ve nne = AA 1‘ BA,BC ’_—.cw’i.laz |= “3”2‘5‘
ﬁ=[— ;E;OJ
2

Ta ¢o: | B_'(:.: = (0;(1;-—11&) = IA_M',B—’C’] =

B = (-—a;O;a\E)

2
- f;azxﬁ;ﬂzz],

A
{




: hat huy ky thugk dat truc
Giai nhanh Hinh hoc khong gian tic A dénZ

5
B o e s

a2
2

i Iﬁ,B’CI.AB’ —

|m§€ AF V2 =

= d[AM,B'C)= g 2 _a7

AM B’ 22

AM,BC (- - % _|._(a2ﬁ)z +(—a?)?
Vay d(AM, B’c):ﬂ_

7
s Loi gidi bang hinh hoc thuén tiy:

] D2008
AI

T gia thiét ta suy ra tam giac ABC 1a tam giac vudng cén tai B
22
, . 2

Goi E la trung diém clia BB'". Khi d6 mit phang (AME) song song vgi B'C
nén khoéng céch gitia hai dudng AM,B’C bing khodng cdnh giita B'C va mit
phéng (AME). ‘

Nhén théy, khodng c4ch tit B dén mit phang (AME) bang khoang cach tir
C dén mit phing (AME).

Goi h 14 khodng céch tit B dén mit phing (AME).

Do d6 ti dién BAME c6 BA)BM, BE d6i m¢t vudng géc véi nhau nén

hii: 31142 N 31\142 " Bjﬁz =aiﬁ+:_2+a%=aiz:'h=¥

Vay: khodng céch giita hai dudng thing B'C va AM bing h= g

Thé tich cita khéi Bing tru B V. poc. = AA"S, e = a\/i.%.az _

C L PHANIDETHICACNAM
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QUL LGN Chuyén Gia Sdch Luyén Thi

AT ST TR TR R TR T (S L 6

Cho hinh chép SABCD ¢6 déy la hinh yudng canh a, mgt bén SAD
la tam gidc déu va nim trong mit phing vudng goc véi ddy. Goi M,
N, P 14n lugt 1a trung di€m ctia cac canh SB,BC,CD. Chiing minh
AM vudng g6c v6i BP va tinh thé tich ctia khéi tit dién CMNP, '

> Loi giai:
SAD la tam giac déu vudng goc
vGi day nén goi H 1a trung diém
AD thi SH L (ABCD) va SH = /3
Nhén thiy SH,HN,DH dbi mot
vudng goéc nén chon hé truc toa do
nhu hinh vé, khi d6 cic truc toa do
Ox, Oy, Oz lan lugt di qua cac diém
D,N,S.
Khi ¢ H=0O nén H(0;0;0),

A—E;U;O,D ;0,0 B|=£;4;0|, c[fa,]sooE
2 2 2
M,N,P ldn lugt 1a trung diém cta SB, BC,CD nén M|-—

N(O;a;O), P[; ; 0].

““‘""{ﬂ a ﬂﬂj_

u:-|m

M|::
\;‘a
s
w
| —

Tacé AM

BP[a,—— 0] via AM.BP=0,nén AM I BP.

Eﬁz{ ?:;—E RI] CN[ ;0],51“5:[0;—%;0]

2 4

@3

= [ﬁa CP= =

— 3 3
I CMCN}CP 1‘”,_ “gf

(dvit).




Phat huy ky thugt dgt truc
Gidi nhanh Hinh hoc khéng gian tit A dén Z

% L¢i gidi bing hinh hoc thudn tiy:

Goi H 1a trung diém cta AD.

Do tam gidc SAD la tam giic déu
nén SH vudng goc véi AD. Do mit phéng
(SAD) vudng goc véi mit phing (ABCD)
nén SH vudng géc véi BP (1)

Xét hinh vuéng ABCD ta c6:
ACDH = ABCP = CH L BP (2)
T (1) va (2) tasuy ra BP L (SHC)

MN [/ /8C
V1AN//cH

K& MK vuéng géc véi mit phing (ABCD), (K thufc vao mit phang
(ABCD)). Ta 6 Vypp =%.M1<.sm,

_SH a\@ 1 a’ Jéa

= (AMN)//(SHC)=> BP L (AMN)= BP 1L AM

Chohinhchéptu gi4c déu S.ABCD ‘¢6 ddy 1a hinh vuéng canh a. Goi

E 12 diém déi xing ctia D qua trung diém clia SA, M 12 trung diém clia
---AE,Nlammgdlé’m ctia BC. ChmlgnunhMNwénggocvaDva
tmhtheo a khomgcachglﬁahalduéngthﬁngmqvaAC o '

> Loi giai:
Goi O Ia tim ctia hinh vuéng ABCD, suy ra SO L (ABCD).
Chon hé truc toa 46 Décac vudng géc Oxyz nhu sau 0(0;0;0), S (0;0;1),

‘?{_ :0; o] C[“—‘C 00/, D[ a2, ] [0,—“{ 0|.
Chiing minh MN vuéng goc v6i BD

— [Saf 5D = (0-av2;0)

MN =




=
5

\ D) Vlega book

Vi MN.BD=0= MN L BD.

Tinh (theo a) khodng cich giita
hai duong thing MN va AC.

Chiing minh MN va AC chéo
nhau .

Stt dung cong thiic tinh khoéang
cach gifia hai dudng thdng chéo nhau

Toa d¢ trung diém P ciia SA:

ot} o5 o5
[i _iﬁ N[E‘;; _“‘E-o]
2" 4 27 4 4 '

— 2L
Vi [MN,ch.AM - ”T =0 = MN vi AC chéo nhau

a’h

’[MN,AC]..AM Lo
d(MN,AC)= S e a2
[MN, AC] e 4

2

¢ Loi gidi bang hinh hoc thudn tiy:

Goi P la trung di€m ctia SA.

Ta c6 MNCP 1a hinh binh hanh
nén MN song song véi mdt phéng
(SAC). Mat khac, BD vudng goc véi
mit phing (SAC) nén BD vudng géc
voi MN

Vi MN song song véi mit phéng
(SAC) nén

d(MN, AC)=d(N,(SAC)) =14

a2

Véy d(MN, AC)= n




PRAL hity Ky tuat dar truc
Gidi nhanh Hinh hoc khing gian teA dén Z

Cho hinh chép S.ABCD c6 day 14 hinh thang, ABC = BAD =90°;
BA=BC=a, AD=2a. Canh bén SA vudng goéc véi ddy va
SA = a+/2. Goi H I hinh chiéu vuéng géc ciia A trén SB. Chiing

minh tam gidc SCD vudng v tinh (theo a) khoang cach ti H dén

mit phéng (scD). | . - V

> Loi giai:

Do SA,AD,AB d6i mét vuong géc

v6i nhau tai A nén ta chon hé truc
toa d Oxyz nhu hinh vé:

- A trung véi goc toa 46 O

- Tia Ox,0y,0z 14n lugt di qua
D,B,S

Khi d6: A(0;0;0), B(0;a;0), C(a;a;0), »
D(22;0,0), S(0;02v2)

a)Ta ¢6 SC(a; a;—aﬁ),C_D‘(a;—a;O) ,SCCD=0=SC LCD.

Vay tam gidc SCD vuéng tai C.
b) Mit phing (SCD) c6 vetpt la: E;C_D'] = (V24 —2a%;-227).
Phuong trinh mp(SCD) la:
(—ﬁaz)(x —0)+ (rsﬁaz )[y ~0)+ (—Zaz)(z - mﬁ) =0
. Hay x-l-y-}-\ﬁz—Za:U.
Ta cé: §§(0; a; —asﬁ.] = u((};l;—\ﬁ) =qail.

x=0
Phuong trinh dt SB qua S va c6 vtcp i 1a: {y =t voi teR

z=a\/§—wﬁt

H € $Bnén goi H(O;t;a\[i - \Ef} = A—H(O;t;aﬁ —\.‘Et)




N Chuyén Gia Sdch Luyén Thi

it EEEEEY

AH 1 SB < AHSB= 0@t——§~a=>H(02 -‘-’;;f"l)
0+ +~f_~£—2
Vay d(H, (CSD))= ")
V1+142 3

<+ Loi giai bang hinh hoc thuan tiy:
Goi I 13 trung diém cta AD. s
Ta ¢6 IA=IC=ID. Mjt khic, AACD '
vudng tai C = CDL1AC = CDL(SAC)

suy ra CD vudng gbc SC nén tam gidc SCD
la tam gidc vudng tai C.

Trong tam gidc SAB ta co: [ 4 \W,
SH_SA*__ sA* 2@ 2 5 ¢

SB SB® SA’+AB® 28 +4 3
Goid,,d, ldn lugt 1a khoe’mg cach ti B va H dén mét phiang (SCD) thi

d, SB 37 % Sscu 5o
1 al
SBCD :_Z'AB.BC — E

5 = %sc.cp 9 %Jsff +AB* + BC* IC? + ID

=22+ B2+ +a? =a?\2

Suyrad, = Vay khodng céch tt H dén mit phing (SCD) L d, =§d1 =

W=

Cho hinhtmco cacdaylahalhmhtrbntmn Ova 0, bénkmh day
bang chiéu cao va bing a. Trén dudng tron day tam O l4y diém A,
trén dudng tron ddy tam O’ ldy di€m B, sao cho AB= 2a. Tinh thé -
tich ciakhéi i diénOO’AB. '




 Phdt huy ky thudgt dét truc
Giai nhanh Hinh hoc khdng gian tit A dén 7

> Loi giai:
Chonhétructoadd Oxyz nhuhinhvé.
0=0(0;0;0), Ox=0A4, Oy| HB,
Oz=00".

Chon a=1,khi d6 A(L 0;0),

[l % 1|, 0'(0; 0;1).

Taco BA=|—

\

143

r

-
r

i

N | a2

5,

BO= 1|, BO' =|=; ==:0

I
)

O;' 1; I
2

1@]

Talgi c6 [BA, BO|=

2
+02=£
2

Nén [ﬂ, %’].Bo’ =|0; %5 ; 0]=> l[ﬁ, R)’].Bo’ lg?l

=\! * -+
Vay thé tich khéi td dién OO’ AB la:
f V3

%5 —a (dvtt) (dotachon a=1).

4

v < [BA Bo] BO'

OOAB

% Loi gidi bang hinh hoc thudn tiy:

Ké duong sinh AA'.

Goi D la diém d6i xiing véi A’ qua O’
va H 1a hinh chiéu cia B 1én dudng thang
A'D.

DoBHIA'DvaBHIAA'.

Nén BH J_(AOO’A’).

1
Suy ra Voo as =“§5A00"BH .
Tacod:

A'B=VAB*—~ A’A* =\[3a= BD=VA'D* - A'B? =a.




\ M) Mega book Chuyén Gia Sdch Luyén Thi

Suy ra ABO'D déunén BH= %

Vi AOO' 14 tam giac vuéng can canh bén bing anén S, 2 a* (dvdt).

la
Thé tich khéi ti dién OO’ AB 1a: Vo 45 =3
Tinh thé tich khéi t& dién OO’ AB.

Cho hinh chép S.ABCD c6 d4y ABCD Ia hinh chii nhat v6i AB =a,
AD=a+/2 , SA=a vi SA vudng goc véi mat phang (ABCD). GoiM
vA N 14n higt 1 trung diém ctia AD va SC; 114 giao diém ctia BM va
AC. Chiing minh ring mjt phing (SAC) vubng goéc v6i mit phin
(SMB). Tinh thé tich ctia khéi ti dién ANIB.

» Loi giai: -
SA, AB, AC d6i mét vudng goc tai A nén chon hé truc toa 46 Oxyz nhu
hinh vé:

- Atring véigoc toa do O(0;0;0).

Tia Ox, Oy, Oz lan higt di qua D,
B,S

Khi dé: A(0;0;0), B(0;a;0),

C(av2;4;0), D(sv2;0;0),5(0;0;0)
[aJ_ \/_%%]

—;0;0p N[—
2

a) Chiing minh 2 mp vudng goc v6i nhau < tich v hudng vipt cia 2mp
d6 bing 0.

E—

Ta co: E(O;D;a), E(a 2;5;0),53 %a;ﬁ;—a ; SB(O;a;—a).

Mit phéng (SAC) c6 vtpt n,_ n

SAC)

[E,R.] = (—a2 2a? ;0) ;




Phak huy ky thudt dat truc
Gidi nhanh Hinh hoc khong gian tit A dénZ

«JE“/_]

,

Mt phing (SMB) c6 Vtpt 1, =|SM, SB|=

ﬂ—ﬂ

Do Ty Mgy =0 mp(SAC) vuéng géc véi mp(SMB) (dpem).

Nhdn xét: Néu Iam theo cdch thong thudng hoc sinh sé mét nhiéu thoi
gian vao viéc xdc dinh dién tich va chiéu cao. Theo cich dit hé truc toa dé hoc
sinh khéng cdn phai suy nghi nhiéu, ma cdn cdn thin xdc dinh toa d6 cic diém
va tinh thé tich theo cong thifc di cd.

Pt

Tam gidc ADB cé I 1a trong tam nén: BI= EﬁM S {Q 2 0]

= L _fn2
Ta c6: AB(0;4;0), A1| X2, 2,0/, AN a2 2.8 [AB;AI _[o0, =02,
2 22 3
AB; 41| AN =052 4.0.2 2| ¢ 2d
2 2| & |2 6
) 1= 1 \/_a \E{P
Vay Vm=g.l AB; Al AN‘ = (v,

% Loi gidi bang hinh hoc thudn tuy:

xét va AABM va ABCA vudng co = = B

= AABM dong dang

——— e e | e

= ABM = BCA= ABM + BAC=BCA + BAC =90°

= AIB=90° = MB . AC (1)
SA 1 (ABCD)=>SA L MB (2)




QUL Chuyén Gia Sach Luyén Thi

MB 1 (SAC)=>(SMB) L (SAC)
Goi H la trung diém AC suy ra NH la dudng trung binh cia ASAC

1
~ NH= 5:‘ =2 va NH/ /SAnénNH L (ABI) do 46 V. =3 NHSsus

1 __1 + 1 = Al = a\/_ ,BI* = ABZ—AF:;-BI:&#S =
AP AB*  AM? 3
AABI T 6
v _1la II?\/_ a2

aNE ~ 379" g 36

Cho hinh chép tam gidc S.ABC cé déy ABC 1a tam ‘gidc déu
canh a , SA =2a va-SA vuéng géc véi mit phing (ABC). Goi M
va N l4n lugt 1a hinh chiéu vuong géc ctia A trén cic dudng thin
SB va SC. Tinh thé tich ciia khi chép A.BCNM.

> Loi gidi :
Goi K la trung diém BC.

H 12 hinh chiéu vudng géc clia A xudng
SK, do nén BC 1. AK,BC LSA=BC 1 AH,

Do AH 1 SK,AH 1 BC= AH 1(SBC).

Tam gidc ABC déu: AK = %

Xét tam giac vuong SAK nén.

1 _ 1 1 e 2B 257

+

AH? SA?  AK? 1o 19
Xét tam giac vudng SAB:

SM _SA* 4
SA* =SM.SB= ==

SB SB? 5

SN _SA* 4

2 _
Xét tam gidc vuéng SAC: SA* =SN.SC= C S35




Guu nhanh Hinh hoc khiong gian WA dén Z

Phat huy ky thudt ddt bruc - -

S 16 9 9y19

Suyra: 2N — _ G =— =——qg* (dvdt).

Y - 25 BCMN 25 ASBC 100 a ( )
Vay thé tich khéi chép A.BCMN la

1 1 1 2434 9419 332
Vs sonm zg'AH'SBCNM =§'AH'SBCNM =§‘ \/179 100 = 50
KB, KA, Kz déi m¢t vudng goc tai K.
Nén chon hé tryuc toa do Oxyz nhu
hinh vé:
- K trling véi gdc toa dd O(0;0;0) s
Tia Ox, Oy, Oz lan lugt di qua B, A,K
Khido:K(0;0;0), B E.;o;o I's ~E;U;D
2 2 e P

0;@;
2

0 ,S[O;%;Za]

Phuong trinh dudng thing SB qua BE :0;0

E[%;lf;—M]H(l;—x@;—ﬁi)— ;;1 =SB

va ¢ véc to chi phuong:

a
x=—+i
2

:-yz—@t.

z=-—4t

Ma M 12 hinh chiéu ciia A xudng SB nén M thuc SB: M[g +4 —J§t}—4fJ

a3

AM 1 SB < AM|= +t~ﬁt~-—~ —at |, (1,—/3;-4)=0
34 —a 2 a3 2a
t+ 3t 16t =0 t=—= M| 2,02 28
wigp s T B g Tl {5 10 5]

Phuong trinh dudng thang SC qua C

~230; o] vA ¢6 véc ta chi phuong;




R M) Mega hoo | Chuyen Gia Sach Luyen Du

a . .
x=——+t
- J3 :
SC{—E — —Za]//(l;x@;4)=(sc)-y= 3t
z=4t'

Ma N Ia hinh chiéu ctia A xuéng SC nén N thudc SC:
N[—%Jr t;/3t ';4f']

AN 1 5C & AN —E+t \/_t—i 4t |, (1,43;4) =0
3a B 22 a3 2a
@—E+t +3t—?+16t =0&t —EﬂN[? W ?]
ﬁz(a'ﬂ'ﬂ)
e e ds
2
= [a o3 ] =|CB,CS|=| 0,24 11(0:4; f)

S = 1|[c3cs‘ J

Phuong trinh mjt phing (SBC) qua B[%;O; o] c6 véc to phép tuyén

23| _\19.82
20 e 4

i =(0:4}-\/§) la D-(x—g) +4y+V3z=04 4y ++3y=0 (SBC)
H 1a hinh chiéu ctia A xu6ng mit phing (SBC).
Suy ra AH 13 khoang cich tif A dén (SBC):

‘f+\/_0
AH =d(A,(SBC))= L 2‘!_
Je o3 V9
) . [MS, NS = [0 324° ,_Bﬂ NE) ]
NG — [2;2}2:1\/_,8&] 25 25
5 D L




: Phat hu; ky thuat dat tmc g
G idi nhanh Hinh hoc khdng gian tix A déh Z

2
11— — 1 (3222) (—8a*\3) 84219
=S =—‘MS NS”z—- 0% + e s S
ASMN'" .5 2 25 25 50

2a u\/_ 2a 3
T M 510; —,Za
¢ [ 510 5 ] [ 2
s _s _g V194 82V19 251947 164°V19 _9v19 ,
BN N 4 50 100 100 100
Vay thé tich khéi chép A.BCMN la
v by e 1 2V3a 919 _ 332 |

5.BCNM =§' BONM — 3 \/E 100 50

Trong khoéng gian véi hé toa d¢ Oxyzcho hinh ling tru ding
ABC.ABC, vbi A(0;—3;0); B(4:0;0); C(0;3;0); B,(4;0;4).Tim
toa d6 cdc dinh A,;C,. Viét phuong trinh mit cdu c6 tim la A va
tiép xtic v6i mit phing (BCC,B,). Goi M 1a trung diém clia A,B,.

Viét phuong trinh mit phing (P) di qua hai diém A, M va song

song v6i BC,. '

> Loi giai:
Chon hé truc toa 4§ Pécac vudng géc Oxyz nhu sau: O(0;0;0);
Véi A(0;—3;0); B(4;0;0); C(0;3;0); B,(4;0;4)
0;-3;4
. {Ai( i—3;4)

C,(0;3;4) A
M o
Toadd trungdifm M cha AB, = # — &
M 2;F—~:—3~;4)J , :
9 LL E B2005
A I
Toa d¢ hai dinh A;C,. PO~ N
xé"—f-—a i - -‘-““‘-» -
Ta co: A,(0;—3;4) € mp(Oyz) C >

C,(0;3;4) € mp(Oyz)




__ Q) Mega ook * N Chuyén Gia Sdch Luyén Thi

EUTR S T B TR L R T

Phuong trinh mét ciu c6 tam la A va tiép xiic v6i mat phing (BCC,B,)
Viét phuong trinh mp (BCC,B,) .

Tim bén kinh ctia mit cdu (S) R=4(A,(BCC,B,)).

Vecta phap tuyén clia mp (BCC,B,) n=[BC,BB]=(12; 16; 0) .
Phuong trinh tng quét ciia mp (BCC,B,):(BCC,B)):3x +4y—12=0,
Bén kinh cfia mat ciu (S): R=22.

Phuong trinh mit cdu () 1 +(y+ 3 +2 =22

Phuong trinh mt phing (P): 222

Tim vectd phép tuyén ctia (P) IB c, ff( (;)) n, =[AM,BC,] .

—_—

3 —_
AM=[2:5}4] ; BC,=(—4;3;4).

Vecto phép tuyén ctia (P): ;; =[m,B_C;]=(—6; —24;12) .
Phuong trinh mit phang (P):x+4y—2z+12=0.

Trong khéng gian vdi hé toa do Oxyz cho hinh chép S.ABCD c6
ddy ABCD Ia hinh thoi. AC cdt BD tai gbc toa d(ﬁ O. Blé’t A(Z 0; 0)
B(0;1,0); S(0:0;242). Goi Ml trung diémciaSC.

1. Tinh goc va khodng cach giita hai dudng thing SAvaBM

2. Gia sit mit phing (ABM) cit duang thing SD tal N.

Tinh, the tlch khm chop S.ABMN. | e '

» Loi giai:
Chon hé truc toa d6 Dé cac vudng géc Oxyz nhu sau:
0(0;0;0), A(2;0;0), B(0;1;0), S(0;0;24/2).
Ta cé:
C(=2;0;0), D(0;=1;0), M(~1,0;42), ﬁ:(z;o;—zﬁ),m=(_1;_;_1;@]




Phat huey ky thugt dat truc
Gidi nhanh Hinh hoc khing gian tix A dén Z

R R

l.a) Tinh géc giiia SA va BM.

Goi @ la goc gilia SA va BM.
St dung cong thic tinh goc gitia hai
dudng thing.

Ta cé: cosa = ‘ms(ﬂ,m)’

SA BM \/5
|§ ]BM| 4~/_
1.b) Tinh khodng cach gilia SA
va BM.

Chiing minh SA va BM chéo nhau St dung c6ng thiic tinh khodng cach
gitta hai duong thing chéo nhau

(54, BM]=(~242;0,-2), AB=(-2:3,0), [SABM AB=42=0.

= a = 30°

I[SAWABI Wi 206

“SA AB“ CJB+4 3

2. Tinh thé tich khéi chép S.ABMN.
Dé dang nhén thdy: MN =(ABM)N(SCD).

d(SA, BM)

Vs.asm = VS.ABM + Vs AMN
Trong d6: Vs s = [ﬁ SMISB|; V, 0 = [ﬁ SM].SN|.

1
MN //AB//CD = Nlatrung diém cta SD. Toadétrungdiem N 0;—E;JE]

SA =(2;0;—2v2); SM(~1;0;—2), SB=(0;1,—2v2), SM(~1;0;—/2)
élﬁ,STﬂ = (0;4\/5;{])-

N
¥ & - 3 wit)

5.ABM

= %Hﬂ,ﬁé .'s_B'| =
502 2

1.—._—.
= SA,SM.SN.Z—ZP—- vit).
A e =5 @

VaY 5.ABMN VS.ABM + VS.AMN - \5 (tht)

L AN VO THIACNAN



Cho hinh td gidc déu S.ABCD c6 canh d4y bing a. Géc gitta canh .
bén va mit ddy bang ¢ (0° < ¢ <90°). Tinh tan chia goc gifia hai
mit phing (SAB) va (ABCD) theo ¢. Tinh thé tich khéi chop
S.ABCD theoava ¢. '

> Loi gidi:
Goi O la giao AC va BD. g
Do hinh chép ti gidc déu nén

SO L (ABCD).
K¢ Az//SO. Do AB,AD,Az déi

mdt vudng géc tai A nén chon hé
truc toa d§ Axyz nhu hinh vé:
- A triing véi g6c toa do.

Tia Ax, Ay, Azl4n lugt di qua =«
B, D, z.

-
——

-

Y
/l}l-(‘:
1
1
]

Khi dé: A(0;0;0), B(a;U;O),D(O;a;O),C(a;a;O),O[g—:-;—;O],S[5;-;—;11],
Ta c6: S_A[E;E;h] |
272
Phuong trinh mit phing (ABCD): =0 ¢ véc to phép tuyén masco = (0;0;1)

Do géc giita canh bén SA va mit ddy (ABCD) bing ¢ (0° < @ <90°).
Nén ta c6:

0.2+0%4+h1
2

o |ﬁmSj| 2%
s = ;;‘{BCD‘ |ﬂ, - 2 2 = a1 +2a°
LIV e (g] +(g~] +i
1 1 1 41 2k
:}taﬂz = —I: —l: —l= _——
4 cos’ 1-sin’ @ - 4K 24° & tang a (1)




Phiit huy ky thugt d@ttruc.. 4
Guu rhanh Hinh hge khing gian ﬂt A den 7 .

Goi la o gdc gitta mit bén (SAB) va mat day (ABCD) .

AB=(a;0; 0) . ,
Taco: {__, [ IAB, AS =[0; %ah;f—]//(o;—zh;a)
skt Bl h] 2

cos((SAB] ,(ABCD)) = cos = Joo- 2h0+a 1 ap &

RN T R TR e

2 2
=tan’ = 12 —1:4h ja —-1:{&] g (2)
COS & a a a

Tit (1) va (2): tan“_ 2:1]

—I: @]=\/§ﬁtana=ﬁtangb
a

Khidé (1)=& = itan
Thé tich khéi chép tii dién déu la

Ve 1nco =%.Sﬂm.so = %.a? -‘-’;‘i_—ztan;a ‘%a{tan@

** Phuong phdp 10i gidi thuin tdy :
Goi giao diém ctia ACva BD 1a O thi S
Suyra S40 = ¢ . Goi trung diém cia AB
laMthi OM | ABvaSM | AB = Gocgiiia

hai mjt phing (SAB) va (ABCD) la SMO.

B2004

=
-

.,
i e i B e

Tam gidc OAB vuéng cén tai O. ‘, 2 Y
nén: OM:E,OA=£; SO Lo o
2 2 B <
= SO0 "itan
Do do:
tan% = ﬂ = \/_ta.nga
1 1 , a2 2
Vs.asco = E-SABCD SO = g—az.Tt&n P = ?.a"'.tanqa

39



Chwen Gaa Sach Luyen Du

A ) Mega book

'I‘rong khong g1an véi hé toa d6 PBé cic vuéng géc Oxyz, cho hinh
hop chit nhat ABCD.A' B:C'D'¢b A trung véi goc clia hé truc toa
do biét B(4;0;0), D(O,a,o),_. (0 0; b) (a>0 b> 0) Goi M la trung
diém egnh.CC',.oov oo T
a) Tinh theo a thé tich khm td dlen BDA'M theo ava b

b) Xéc dinh ti so - de hai mit ph{mg (A BD) (MBD) vuéng géc

véi nhau. v alien '
> LoLoi gidi:
Chon hé truc toa d6 nhu hinh vé.

Khi do: C(a;a;[}],C'(a;a;b) . Py A D’
N 1 b ~ B i
Mlatrungdiém CC'=>M a5 | e
BD =(—;4;0) \“x‘inﬁﬁ_ﬂ_,; M
¥ b AR A Y
a) Tacod: {BM = [0; a;—z-] il "
B S c
E?f' *
BD, BM| = [ﬂ_b. o, _ ]
2
[BD,BM B =2

= BD, BM| Bl =27
=>V soam™ l r : 5 &

BD (—a; a;O)
b) Tacé:{__.

BA'=(-a;0;b)
Mit phing (A'BD)c6 vipt = {ﬁ,ﬁ] = (ab' ab'az)

(
Mat phang (MBD) o vipt 12 —[BD BM] [ﬁ a—b,—az]
(

= B_D',BZ:] = (ab;a_b;az)

Mst phing (A'BD) va (MBD)vudng goc

S 2b2 sz
=mam=0& 5 -+

—a‘*zf)@azbz:a*@a:b@%:l.

2




L 4L L

Gidi nhanh Hinh hoc khong gian e A aén Z

" Cho hinh lap phuong ABCD . o o
Tinh 58 do clia goc nhi dién [B,A'C,D] . N '

> Loi giai:

Do BB’,BC,BA d6i mot vudng géc tai A
Nén chon hé truc toa 49 Bxyz nh | gy Azo0s c

hinh vé: :
- B triing véi goc toa do . -
Tia Bx, By, Bz l4n hugt di qua A,C.B’ RN
Khi d6 e
B(0:0;0), A(a;0;0),C(0;4;0), e
D(a;a;O),B'(U;U;a),A'(a;0;&), 5
Ta co: |

%'(a;o;a)ﬁ ;A'BC =(—a2;-0;a2)/f(1;0;—1)=;1.1'
BC(0;4;0) ‘

]

La véc to phap tuyén cia mit phang (A'BC) .

D_A.'(O;.—a;a) o ;I.A'DC . (0; _az;_az)/[(ﬂ;l} 1) = ;;2
DC(—a;0;0)

Ta cd:

12 véc td phép tuyén ctia mit phang (A'DC) .

S& do goc nhi dién [B,A'C,D] la s6 do goc tao boi 2 mit phédng (A'BC) va
n,.n, 01+1.0-11 ]

= =—=¢=120°
annzl Jl’ 402 +(—1)2 A0 +12 412

Cich 1:Dit AB=a.

GoiHlahinh chiéuvudnggéccliaBtrén A’C,suyrama BH L A'C madodo.
Viy goc phing nhi dién|[B, A'C, D) 1a géc BHD .

(A’CD) : cosp =1

ot




Xét AA' DC vudng tai D. B! 42003 Vol
Cé DH la dudng cao, ta co: l
DH.A'C=CD.A'D: Pl

| T H
CD.A'D aa2 aJ6 , o
R : - - :,"’"’ / \l rﬁ"“‘-.
AC ol 3 P
Tuong tu, vudng tai B c6 BH la dudng P iP*T) B,
A D

cao BH = an
Mit khdc:

i 2 2 2 i
24" = BD* = BH? + DH? — 2BH.DH.cos BHD = 2; + 2; = 2; cos BHD

Do d6 cos BHD = _Tl = BHD =120°

Cdch 2: Tacé BD L AC=>BD 1 A'C (Dinhly ba dudng vudng goc)

Tuong ty: BC' L A'C=(BC'D) L A'C. Goi H I giao diém ciia A'C va
(BC'D) suy ra BHD1a goc phing ctia [B, A'C, D).

Cac tam gidc HA'B,HA'C, HA'C' bang nhau suy ra HB=HC'=HD suy ra
H la tdm cda tam giac déu BC'D nén BHD =120°.

Cho hinh langtrudﬁng ABCD.A'B'C'D' ¢6 day ABCD lahinh thoi
canh a, goc BAD=60°. Goi M 1a trung diém canh AA’ va N 1a
trung diém canh CC’. Ching minh ring bén diém B', M, D, N
ciing thudc mét mit phing. Hay tinh d6 dai canh AA’ theo a dé td
giac B'MDN la hinh vudng. -

» Loi gidi:
Ta c6 AB= AD, BAD = 60"
Suy ra AABD déu= OA—_{ﬁ*OB—‘\/ABZ T

Gid st AA"=h. Goi O la giao diém clia AC va BD. Chon hé truc toa d6
Oxyz nhu hinh v&, céc truc Ox, Oy 14n lugt di qua cic diém D, C, Oz//AA".




a\E ] B2063 zT

Khi do: o(o;o;o),A{o;_T;o

A’ 4 — B’
: ( s B : E \‘\‘ c
B[-£;0;0|,C o;ﬂg-;o ,D|%;0;0[, MK RN
2 2 2 I ! 1 \
' i A
5\5 ) A =:::"""‘"5‘“;:=:~B
Al OE—T}h , B {—%;U}h], ‘“15‘7:' "’“H“\*‘u
_ -2l
D - ¥y
& o;ﬁ;h ,D'|Z.0:n
2 2

a«/g.h

M,N lan lugt la trung di€ém canh AA’,CC’ = M[o;—-—-- —],N[O —~—]

2’2 2 2
Ta ¢6:
v g g
P h o . 2
DN — *E;ﬂ;ﬁ ;\,[DM,DN - _—“h"{‘;’;o;“ V3 :—[DM,DNI.DB':{]
3" 9 "2 2 2
DB'=(-a;0;h)

Bén diém B',M, D, N cung thudc mét mit phing.
Ta co:

2
B'N=DN=DM=MB' =,/ +% = tl gidc B'MDN 14 hinh thoi.
Dé tit gidc B'MDN la hinh vuéng thi:
DM L DN < DMDN =022 83808 (hh_o W 5 4u
39 97§ "732
Vay v6i AA'= a2 thi ttt gidc B'MDN I3 hinh vudng.
% Loi giai bang hinh hoc thuan tiy:
Ta c6 A’'M//=NC
Suy ra A'MCN 1a hinh binh hanh.

363



Do d6 A’C va MN cat nhau tai trung
diém I cia méi dudng. Mit khac ADCB’ 4. B’

12 hinh binh hanh nén I'1a trung diém ctia g 2 g
A’C ciing chinh JA trung diém cta B'D. | s
Viy MN va B'D cidt nhau tai trung diém R NG 24
ctia mébi dudng nén B'MDN la hinh binh 7 PR
hanh. Do d6 B, M, D, N cling thugc mét g\ __| e i
mit phing. ) BN/ S

Mit khdc: / . -»l €

DM? = DA? + AM* = DC? + CN? = DN?
hay DM=DN.

Vay hinh binh B'MDN la hinh thoi.

Do d6 B'MDN la hinh vudng.

& MN=B'D < AC=B'D <« AC? =B'D? = BB+ BD*

CI

&322 =BB%+ 4 & BB =aV2 © AA' = a2

Cho hai mit phang (P) va (Q) vudng géc véi nhau, ¢6 giao tuyén
12 dudng thing A. Trén A ldy hai diém A, B v6i AB = a. Trong mét
phéng (P) ldy diém C, trong mit phing (Q) ldy di€m D sao cho AC,
BD ciing vudng géc v6i A va AB = AC = BD. Tinh ban kinh mit
ciu ngoai tiép td dién ABCD va tinh khoang cach tii A dén mit
phing (BCD) theo a. ST . y

» Loi giai:
Chon hé tryc toa d6 Axyz nhu hinh vé véi cdc truc Ax, Ay, Az ldn lugt di
qua cic diém B, A, C. Khi dé: 4 (O; 0;0) , B(a;0;0),C(0;0;a), D(a;a;0),(a >0).
Goil(x;y;z) vaR1dn lugt 1a tim va ban kinh mdt cdu ngoai tié€p tif dién
ABCD. '
14 =B
Tacod: [A=IB=1IC =1ID <= {14 =IC"
4 =D




AT T T STl

P4y 42 =(a-x)+y +7
<= +y + = +y +(a-z)

1y =(a-x  +(a-y) +7

Gidi nhanh Hinh hoc khong gian LA dén Z

Phdt huy ky thuat dat truc

Z
C
B .
Al NN -
X

a
x:_
2
2 22F 2
a
z=—
. 2
) BC = (a(}a)
Ta cé:
BD=(0;a;0)
véi n=(1;0;-1)

qua B(a;0;0)

Mit phéng (BCD) {vw S0

Nén ¢6 phuong trinh 1(x-a)—-1(z—0)=0.

[Bc BD} (-a%;0;0°) =—-a*(1;0;-1) =a’

a2

~a
Hay x-z—-a=0=>d(4,(BCD))= \flzlﬁ—ﬁ =

Viy d(A4,(BCD)) = f

% Lyi giai thuan tuy

Tacé (P)L(Q)va A=(P)n(Q).

Ma:

ACLA=ACL(Q)=ACLAD,.

Hay : CAD = 90° tuong tu.

Ta ¢6 BDLAnénBDL(P)do dé
CBD =90° . Vay A va B nim trén mit ciu

D2003

dudng kinh CD . L

Va ban kinh cla mdt ciu Ia

=%\/BC2 + BD? =%\/A82 + AC?* +BD* =

a3
=3




Goi H la trung diém ctia BC suy ra AH L BC,
Do nén Viy AH la khoang cach tii A dén mdt phing (BCD) .
1 a2

Vi AH=12BC=2%
a 2 2

Chuyén Gia Sdch Luyén Thi

Cho hinh chép tam giéc déu S.ABC c6 dd dai canh déy 13 a. Goi M,
N Ia trung diém SB,SC. Tinh theo a dién tich A AMN, biét (AMN)
vudng géc véi (SBC) - '

> Loi giai:
Goi O 13 hinh chiéu cta S trén
(ABC), ta suy ra O 13 trong tim
AABC,
Goi I la trung diém ciia BC.
Ta ¢o:

AI:fBC:a;E
Loa=®B a3
3 6

Trong mp(ABC), ta vé tia Oy vudng goc véi OA, dit SO = h,

Chon hé truc toa d6 nhu hinh vé ta dugc: O(0; 0;0), S(0; 0;h), A _ﬂf :0; g} '
a3 a3 a a3  a av3 a h
~22.0:00,B|m——; =:0|, C|-——=;-=; 0|, M]|~——; —; =
2}1[6’0’0] 62JC 6'2’0][1242]
vﬁw_@;_ﬁ;ﬁ,
12 4 2

— — . — 2 — — —
=> H(AMN) =[AM, AN|= Z—h; 0; M]; 1(SBC) =[SB, SC|=|—ah; 0;

24 6

azﬁ]

(AMN) L (SBC) = ;I.[AMN).QSBC} =0.




] Phat huy k thudt dgk truc- -
G:a: nhanh Hinh hoc khong gian Lir A dén 7 i

6

Goi I la trung diém ctia BCva K=SINMN

Tit gia thiét MN — % BC=2,MN//BC= K la trung diém ctia ST v MN,
Ta co ASAB= ASAC = hai dudng trung tuyén tuong ing AM=AN

= ASAI cin tai A=> AK L MN
(SBC) L(AMN)
(SBC)N(AMN)=MN
AK C(AMN)

AK L MN

Miit khéc ] = AK L (SBC)= AK L SI

32 2 2
Suy ra cin tai A= SA = AJ_“_‘[_ SI* =SB? —BI* = i_iu"_

2
= AK=+/SA? _ sxﬁ_JSAZ SI Fi__ N_

1




Ougfen Gia Sdach Luyen ﬂu

Cho hinh t& dién ABCD c6 canh AD viéng géc véi mit phing
(ABC); AC = AD = 4cm; AB = 3cmy; BC 5cm. Tinh khoang
cich tit diém A dén mit phing (BCD). - : '

» Loi giai:
AABC cé: AB*+ AC? = BC* =25 nén vudng tai A Chon hé truc toa do
Décac vudng géc Oxyz nhu sau O = A(0;0;0), B(3;0;0), C(0;4;0), D(0;0;4).
Tinh AH=d(A,(BCD)).
Phuong trinh téng quédt cla mit
phéng:

X 2oy,
(BCD)34 1

&
4
& 4x+3y+32-12=0

St dung cong thic tinh khodng
cich tit mot diém dén mot mit phang

[-12| 12 634

4(4, (bCD))= J16+9+9 34 17

Céch 2:

T gidi thiét suy ra tam gidc

ABC vudng tai A,dod6 AB L AC
lai c6AD L mp(ABC)= AD L AB va
AD | ACnén ABACAC d6i mot
vudng goc voi nhau. Goi Al la dudng
cao cltia tam giac ABC, AH la dudng
cao ctia tam gidc ADI thi AH chinh la

khoang cdch cn tinh.
Dé dang ching minh dugc hé
thic: LI : L

=——+4—+
AH?* AD*  AB*  AC



Phat huy ky thugt dat truc
Gidi nhanh Hinh hoc khong gian tu‘A déenZ

Thay AC-*AD—4cm, AB=3cm vao hé thic trén ta tinh dugc:
1 4 . 4.4 1.1 1 7 . 64

AH* AD* AB* AC* 4 3 4 72 17

Céch 3: Tu gia thi€t suy ra ABC vuodng tai A, do d6 AB_L AC lai c6
AD 1 mp(ABC)= AD 1 AC,vi AB,AC,AD d6i mdt vudng géc v6i nhau .

Goi V 1a thé tich t¢ dién ABCD, tacd v = % AB.AD.AC = %,4_4,3 =8

' 3V 38 12 634
Ap dung cong thic: AH=—""2= =—= véi V=8 va ta
tinh duigc Swco 2034 317

1
SBCD —5\/

Khi biét: BC=yAC? + AB* =43 + 42 =5;

w2

. 5454442

2

545+442|[545+
2 2

B 5+52—+4‘E_4JE]=2J‘31

BD=+AD? + AB? =+/4? + 32 =5;DC=+/4 +42 =42




S

MUC LUC

PHAN I. KIEN THU'C O BAN VE HINH HOC KHONG GIAN
¢ 1. Kién thic co ban vé cic hinh
%+ 2. Phuong phap giai

PHAN II: GIAI THEO HAI PHUGNG PHAP

¢ HINH CHOP
«%* DANG 1. Thé tich hinh chép déu
< DANG 2. Thé tich hinh chép c6 canh bén vuéng goc véi mit ddy
» DANG 3: Thé tich hinh ch6p mit bén vudng goc day
% DANG 4: Thé tich hinh chép ¢6 cdc canh bén bang nhau
% DANG 5: Hinh chép ¢6 cdc mét bén (hodc canh bén)
% DANG 6. Ti s6 thé tich (Simson)
** DANG 7. Thé tich “notrine”
¢ LANGTRU
< DANG 1: Thé tich ling tru déu - diing
< DANG 2: Thé tich ling tru xién

PHAN 111: PHUONG PHAP DAT TRUC TOA D0

¢ TUDIEN
A. Ly thuyét
% 1. Kién thiic cd ban v€ hinh chép tam giac
%+ 2. Thiét lap hé truc toa d6 cho hinh chép tam gidc:
B. Bai tip vi du '

27

27

27
45

107

107
125

139

139
139

139
140

145



Phadt huy ky thudt dak truc -
Gidi nhanh Hinh hoc khing gian tit A- den Z

SO R ETT SENCTT

Thay AC= AD—4cm, AB=3cm vao hé thic trén ta tinh dugc:
1 1 1 1 1.1 .3 17 6v 34
= + + =—+— —=>AH=——H
AH* AD* AB* AC? # 3 4 7 17

Céch 3: Tu gia thiét suy ra ABC vudng tai A, do d6 AB L AC lai c6
AD Lmp(ABC)= AD L AC,va AB,AC,AD déi mdt vudng goc véi nhau .

Goi V 1a thé tich tii dién ABCD, tac6 v = % AB.AD.AC = %,4_4,3 =8

vGi V=8 va ta

%
Ap dung cong thiic: AH=3 apco _ 38 _ 12 =6\/3_4
tinh dugc: Saeco 234 34 17

Sm":%\/ 5+5+4J§_5M51--5;4J§_5 5+5;4‘E—4\E]=2\@

2
Khi biét: BC=+AC? + AB? =\3? + 42 =5;

5454442
2

BD=+AD? + AB* =+/42 + 32 =5, DC =4 + 4% =42




MUC LUC

PHAN I. KIEN THUC €O BAN VE HINH HOC KHONG GIAN

¢ 1. Kién thiic co ban vé cic hinh -
% 2. Phuong phép gidi

PHAN 11: GIAI THEO HAI PHUONG PHAP

¢ HINH CHOP
«» DANG 1. Thé tich hinh chép déu
% DANG 2. Thé tich hinh choép c6 canﬁ bén vudng goc véi mit ddy
> DANG 3: Thé tich hinh chép mét bén vudng goc day
% DANG 4: Thé tich hinh chép c6 cic canh bén bing nhau
“* DANG 5: Hinh chép c6 cidc mit bén (hodc canh bén)
** DANG 6. Ti s6 thé tich (Simson)
* DANG 7. Thé tich “notrino”
¢ LANGTRY
% DANG 1: Thé tich ling tru déu - diing
%* DANG 2: Thé tich ldng tru xién

PHAN 1ii: PHUONG PHAP DAT TRUCTOA DO

¢ TUDIEN
A. Ly thuyét
** 1. Kién thtic co ban vé hinh chép tam gidc
%+ 2. Thiét lap hé tryuc tea do cho hinh chdp tam giac:
B. Bai tip vi du |

27

27
27
45
61
67
77
83
95
107

107
125

139

139
139

139
140
145



Phat huy ky thudt dat truc
Gidi nhanh Hinh hoc khing gian tit A dén 7

Thay AC=AD= 4cm, AB=3cm vao h¢ thiic trén ta tinh dugc:

1 1 1 i 1. 4.4 7 6334
= + + =—+ = AH=——7—-
AH* AD* AB*  AC* 4* 3 4* 72 17

Cdch 3: Tu giad thi€t suy ra ABC vudng tai A, do d6 AB L AC lai ¢
AD L mp(ABC)= AD L AC,va AB,AC,AD d6i mét vudng géc vdi nhau .

Goi V 1 thé tich t dién ABCD, tacé v = % AB.AD.AC = .2_‘4_4_3 =R

Woser 38 12 634

Ap dung céng thic: AH= = = = v6i V=8 vi ta
tinh dugc: Swco 2434 V3¢ 17
m=%‘j[5+5;4\5 5-%5;4\/5_5 55442 5+5;4ﬁ_4\@]=2\@

Khi biét: BC=yAC? + AB? =/3? + 4% =5;

BD=+AD? + AB? =+/4? + 32 =5;DC=+/42 + 42 =42
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MUC LUC

PHAN 1. KIEN THU'C CO BAN VE HINH HOC KHONG GIAN

¢ 1. Kién thic co ban vé cdc hinh
*%+ 2. Phuong phap giai

PHAN 11: GIAI THEO HAI PHUONG PHAP

¢ HINH CHOP
«* DANG 1. Thé tich hinh chép déu
%* DANG 2. Thé tich hinh chép c6 canh bén vudng géc v6i mit day
< DANG 3: Thé tich hinh chép mit bén vudng goc day
*» DANG 4: Thé tich hinh ché6p ¢6 cdc canh bén bing nhau
* DANG 5: Hinh chép cé cac mit bén (hodc canh bén)
% DANG 6. Ti s3 thé tich (Simson)
% DANG 7. Thé tich “notrino”
4 LANGTRU
% DANG I: Thé tich ling try déu - diing
% DANG 2: Thé tich lang tru xién

PHAN 111: PHUONG PHAP DAT TRUCTOA DO

4 TUDIEN
A. Ly thuyét
+* 1. Kién thic co ban vé hinh chép tam gidc
+* 2. Thiét lap hé truc toa d6 cho hinh chép tam giac:
B. Bai tip vi du |

27

27
27
45
61
67
7
83
95
107

107
125

139

139
139

139
140
145



