NGHIEM THUC CUA PA THUC VA UNG DUNG
LUU VAN NGAN
CHUYEN BAC NINH
Chuwong 1. Co sé 1y thuyét
1. Pinh nghia. Ham s6 /:R — R duoc goi la da thirc néu f = const hoic ton tai

* \ , A e
neN va cac s0 thuc  qy,aq,a,,...q, vOi a #0 sao  cho

n

n
_ n n-1 _ k
f(x)=ax"+a, x""+. . +ax+a,= E ax" .
k=0

- Vé1 ay,a,,a,,...,a, la cac h¢ s0; a, lahé s6 clia bac cao nhat va a, lahé s6 tu do.

- Véi a, #0 thi n dugc goi 1a bac cua da thirc f(x), ki hiéula deg f =n.

- Khi a, =1 thi da thuc trén dugc goi la da thirc chuén tic hay da thirc monic bac n.

2. Nghiém cuia da thirc

2.1. Pinh nghia. Cho f € ]R[x] va ¢ € R. Tandi a la nghiém thyc cua f(x) néu
f(a)=0.

2.2. Dinh li Bézout

Cho f eR[x] va @ €R. & 1a nghiém thyc cua f'(x) khi va chi khi f(x)}(x—a)
2.3. Nghiém boi

Cho f € R[x], a <R va ke N . Tagoi @ 1anghiém thuc bdi k cua f(x) néu f(x)

chia hét cho (x—a)k nhung khong chia hét cho (x—a)kH tec la

f(x)z(x—a)k.g(x),‘v’xeR va g(a);tO.
2.4. Nghiém hiru ti, nghiém nguyén

Cho da thic f(x)=ax"+a, x"" +..+ax+a,a,#0,a €Zk=0,n Néu

x=§,(p,q) =1 1a nghiém cua da thirc f(x) thi p|a0, qgla,.

-Néu a, =1 thi cdc nghiém hiru ti néu c6 ctia f (x) déu 1a nghiém nguyén véi f (x)

1a da thtrc hé s6 nguyén.



- V6i moi s6 nguyén m, ta c¢6 f(m)i(p—mq). Pic bie, f(-1)(p+q) va
f(V)i(p~a)-
S() /(1)

Nhin xét. Néu o # +1, € Z 1a nghiém cua f(x)eZ[x] thi | 3 el.
—a l+a

2.5. Tinh chit nghiém cia da thirc

- Cho feR[x] c6 cac nghiém x,,x,,...,x, voi boi tuong Ung la k,k,,....k,, thi ton

tai g €R[x] saocho f(x)=(x—-x )k1 (x—xz)k2 ...(x—xm)k”’ g(x).

-Néu deg f =n va k, 1aboi cia nghiém x,,i =1,m thi k, +k, +...+k <n.

- Moi da thirc bac n>1 déu c6 tdi da n nghiém thuc.
- Néu da thuc f(x) c6 bac < n va co it nhat n + 1 nghiém thuc thi f(x) =0.
-Néudathirc f(x) coblc <n vanhin n+1 gié tri nhw nhau tai 7 +1 diém khac nhau
ctia bién thi f(x) =C.
- Néu hai da thuc f(x) va g(x) c6 bac <n vanhan n+1 gia tri nhu nhau tai n+1
diém khac nhau cia bién thi f(x) = g(x).
3. Dinh li Lagrange va Dinh li Rolle
3.1. Dinh li Lagrange. Giasu f (x) xac dinh va lién tyc trén [a;b] , kha vi trén (a;b)
f(b)-f(a)

b—a
3.2. Pinh li Rolle. Gia st f(x) xdc dinh va lién tyc trén [a;b], kha vi trén (a;b) va

. Khi @6 ton tai c € (a;b) sao cho f'(c) =

f(a)=f(b).Khidé ton tai ¢ €(a;b) sao cho f'(c)=0.
Nhin xét. Ap dung vao da thac f (x) lién tuc trén R va c¢6 dao ham f '(x). Néu
f(a)zf(b) thi ton tai nghiém ¢ cia f'(x) thudc khoang (a;b). Néu f(x) co k

nghiém thi f'(x) c6 k —1 nghiém, f"(x) c6 k —2 nghiém,...

4. Quy tic diu Descarte: f(x) = Zakxk,an #0.
k=0

Goi D 1asd nghi¢m duong (ké canghiém boi), L 1a s6 1an doi dau trong day h¢ s6 khac

0t a, &én a,(bé a, =0).



Khidé D<L va L—D lasdchin. Doddo L—D=2m,meN.
5. Dinh li Viete

- Dinh 1i Viet thuin: Cho da thirc f(x) = Zn:akxk € R[x] cd bac n. Néu f(x) cOn

k=0

nghiém thuc (khong can phan biét) thi Z X X, o0 X, = (—l)k M, Vk= I,_n .

1<y, <x;, <..<x;, <n a
1 k

i n

- Pinh i Viet ddo: Cho 7 sb thuc a,Q,,...,o, . Dit

S=a,+o,+..+a,;

S,=ao,+tao,+...+a, _a;
S, :le.lxl.2...xik;

S =aq,.q,
Khi do a,0,,...,a, la n nghi¢m cua da thurc

g(x)=x"-8Sx"" +85,x" 7 -+ (—1)” S .



Chuong 2. Ung dung trong viéc gidi cac bai toan Pa thirc

1. Nghiém thyc ciia Pa thikc v6i yéu t6 Dai so

Vi DU 1. Cho hai da thirc P(x) =x"+x —1va Q(x) =x°+x*+x’ —x*—1. Ching
minh rang néu @ va b 13 hai nghiém cua P(x) thi ab la nghiém cta Q(x)

Loi giai

. . . . 1 .
bat p=ab+#0 va s=a+b. Khi do tich cua hai nghiém con lai 1a —— va tong cta
p

chung la —(s + 1) :

Do dé P(x)=x"+x"-1 =(x2 —Sx+p)(x2 +(s +1)x—l] . Bién dbi va dong nhat

p
ta duoc:
2 2
s p |
—+(s+1)p=0=>s5=— viap——=s(s+1)=— ) )

Khi @6, p° + p* + p’ — p* —1=0. Vay ab 1a nghiém cuia Q(x)
Vi DU 2. Cho a,b,c 1a cac sb thuc khac 0 sao cho cac da thirc P(x) =ax’ +bx+c va

Q(x) = cx” + ax + b ¢o it nhat mot nghiém thyc chung. Chimg minhrang a +b+c =0

Léi gidi
Cich 1. D3t R(x)=xQ(x)—P(x). Vi P(x) va O(x) c6 nghiém thyc chung x, nén
H(x,)=x0(x,)-P(x,)=0. Mat khic H(x,)=c(x;-1), do do
X —1=0sx,=1.

Vay a+b+c=0.

Cdch 2. Dt H(x)=cP(x)-aQ(x) va K(x)=bP(x)-cQ(x). Goi x, 1a nghiém
thyc chung ciia hai da thirc P(x) va Q(x) thix, 1a cling nghiém thyc chung cua hai
da thirc H (x) va K(x).

Néu be=a’ thi ab=c*,bc=a’,suyra a=b=c.Khidé P(x)=a(x’ +x+1),diéu

nay mau thuan véi P(x) c6 it nhit mot nghiém thuc va a # 0. B6i vay bc # a’.



Vi P(xo)zQ(xO)zH(xO)zK(xo):O nén

2 2
¢ —ab b —ac
= Sa+b +c=3abc =>a+b+c=0.

a*—bc c¢*—ab

Vi DU 3. (RUSSIAN MO 2001) Cho da thirc P(x) =x" +ax’ +bx+c; (a,b,c S R)

c6 3 nghiém thyc phan biét va da thuc Q(x):x2 +x+2019. Ching minh réng

P(2019) > é , biét da thirc P(Q(x)) khong c6 nghiém thuec.

Loi gidai

Gia su P(x)=(x-r)(x—n)(x-n),reR. Khi dé
3

P(Q(x)):H(x2+x+2Ol9—rl.). Vi P(Q(x)) khong c6 nghiém thyc nén

i=l1

1—4(2019—4)<o,v1':1,_3:>%<2019—4,w:1,3.

Mit khac P(2019)=P(Q(0))= f[zow )
i=1

VI DU 4. Cho P(x)=x""" +ax™"” + a,x™"" + ...+ a,y,oX + Gypyc6 2020 nghiém
thuc. Biéta,,,; = 2015;a,,,, = 2017 . Chitng minh |a2016| >2016.

Loi gidi

P(x) c¢6 2020 nghiém thyc nén P'(x) c6 2019 nghiém thuc = P"(x) c6 2018
nghiém thuc = pv) (x) ¢6 2017 nghiém thyc

= PY(x)=2020.2019.2018x*" +2019.201 8.2017a,x™" +...+3.2.1.ay,,
bat O(x) = xz‘m.P(lJ = 60,5 +24a,,,,x"""° +60a,,, X" +...+ bx +b,
x

Khi d6 Q(x) ciing co 2017 nghiém thucx,; x,;...; X, -

ey —4a _10a
Theo dinh i Viéte, ta co: le. =206, Z XX, = —2013

i=1 a2017 1<i<j<2017 612017

2017 )2 0d.. ..
= (inj 22 ) XX, D 220 = g > 2016 (dem).

1<i< j<2017 16

Vay, > 2016.



VI DU 5. (USA TST 2005) Cho céc da thirc f'(x Zakx va g(x 5 kak lxk
=1

, trong d6 n la s0 nguyén duong va q,,a,,...,a, la cac s6 thuc. Chirg minh rang néu

g(x) c6 cac nghiém 1a 1 va 2" thi f (x) ciing c6 nghiém x, théa man 1< x, < 2"

Loi giai
Taco

n

g(Zx)

2kak Zakx +Z k =f(x)+g(x)

Lok
suyra f(x)=g(2x)-g(x).

Thay x lan luot cac gia tri 1,2,2°,...,2" ta dugc
F@)+£(2)+..+1(2")=g(2"")-g(1)=0

Vay tén tai 7, j € {0,1,...,n} saocho f(2')<0< f(2’). Do d6 dathirc f (x) ludn co
nghiém x, €| ;2" |

Vi DU 6 (P& Xuat Duyén Hai Hai Phong). Tim tat ca céc da thiuc P(x) véi hé so thyc
thoa man P(0)=-3.2016 va (x* —4x+3)P(x)=(x"+4x+3)P(x-2)vVxeR.
Loi gidi

(x=1)(x=3)P(x)=(x+1)(x+3)P(x~-2) (1)

= P(x)i(x+1)(x+3)= P(x)=(x+1)(x+3)O(x)

(D= (x-1)(x=3)(x+1)(x+3)0(x)=(x+1)(x+3)(x—1)(x +1) Q(x - 2)

= (x-3)0(x)=(x+1)0(x-2)

Hoan toan tuong tu suy ra

O(x)=(x+1)H (x),(x=3)H(x)=(x-1)H(x-2)
H(x) =(x—1)G(x),G(x) = G(x—2)

Tu gt suy ra G(O) =2016, két hop véi trén ta co G(x) =2016.

Vay P(x) = 2016(x - 1)(x + 1)2 (x + 3). Thtr lai thoa mén dé bai.



Vi DU 7 (TST Phit Tho 2016 — 2017). Tim tat ca cac da thirc P(x) voi hé sb thuc thoa
min (x° —6x +8)P(x) — (x* + 2x)P(x —2) = 6x” —12x,Vx e R.
Loi gidi
Viét phuwong trinh dé cho dué6i dang
(x* —6x+8)[ P(x)+x]=(x"+2x)[ P(x-2)+x-2],VxeR.
bt O(x)=P(x)+x, tacé Q € R[x] théa man
(x* —6x+8)Q(x)=(x" +2x)Q(x~2),VxeR.
Hay (x—2)(x—4)0(x)=x(x+2)0(x-2),VxeR. (¥
Cho x=0,-2,4, tir (*) suy ra 0(0)=0;0(-2)=0,0(2)=0.
Suy ra O(x)=x(x-2)(x+2)R(x). Taco R eR[x] thoa min
(x—4)(x=2) (x)(x+2)R(x)=(x) (x+2)(x—4)(x—=2)R(x-2),VxeR
= (x—2)R(x)=xR(x-2),Vx#0;22;4 = (x—2)R(x)=xR(x—2),VxeR. (*¥)
Cho x=0,(**)= R(0)=0; suy ra R(x)=xS(x). Khido S €R[x] thoa man
(x=2)(x)S(x)=x(x-2)S(x-2),VxeR=S§(x)=S(x-2),vxeR.
Tur day suy ra S(x)=c, véi ¢ 1a hing so.
Do d6 P(x)=cx’(x* —4)-x=c(x* —4x”) - x. Thir lai thoa man.
Vi DU 8. Cho tam thirc bac hai f'(x) = ax’ + bx + ¢ thoa mén diéu kién
|f(=D|<L|£(0)<1;
Loi gidi
f(=D=a-b+c

Taco:s f(0)=c
f(Hh=a+b+c

Do d6 f(x):‘:f(l) +2f(_1) _f(O)j‘xZ +|:f(1) _2f(_1):|x+f(0)

O]
2

f(1)| <1. Tim gia tri 16n nhét cua |f(x)| voi x € [—1;1].

(x* +x)+ (x> =x)+ £(0)(1—x%).

A
2



Suyra|f(x)| ‘x +x‘+ ‘x —x‘ ‘1 x‘——(‘xz+x‘+‘x2—x‘)+‘l—x2‘.

Vi xe[—l;l]nén (x* +x)(x —x):x (x* =1)<0.Vay x* +x va x* — x trai dau.

Do d6

%(‘x2+x‘+‘x2—x‘)+‘1—x2‘=%(x2+x—x2+x)+1—x2 :|)c|+1—x2

2
:_Uq_lj+ig
2) "4
1

Vay |f(x)|<— Suy ra ]\{cﬁc] f( ):% dat dugc khi x:i?

Al

Vi DU 9. Cho f(x)=ax’ +bx+cva g(x)=cx’ +bx+a. Chimg minh ring néu
|/ (x)|<1 khi x| <1 thi |g(x)| <2 khi |x|]<1.

Loi gidai
f(-)=a-b+c

Ta co6: < f(0)=c . Theo gia thiét |f(x)|£l khi |x|£1 nén
f(H=a+b+c

1/ (=D)|< <l.

Do do

B > f(l)—f(—l) SO+ /D
g(x)=f(0)x" + X+ 5

- f(0)

= £(0).(x* 1)+ f()( +1)+f(21)(1—x)
Suy ra

[gCOl< |7 =D+ S+ D]+ 2| 7D =)
<=2+ 1+ 2 -
2 2

Ma |x|£1 nén: ‘1—x2‘+l|x+l|+l|l—x|:1—x2+l(x+1)+l(1—x):2—x232
2 2 2 2

vxe[-L1] ()

Tir (1) va (2) ta c6 diéu phai chimg minh.



Cac bai tap co sitr dung Dinh li Viete

Vi DU 10. Cho da thuc f(x) =x"+ax+b;a,becR. Gia st phuong trinh

f ( f (x)) =0 c6 4 nghiém thyc phan biét va tong cua hai trong bon nghiém d6 bang
, s 1

—1. Chirng minh rang b < T

Loi gidi

Tir gia thiét suy ra phuong trinh f (x) =0 phai c¢6 2 nghiém thuc x,,x,. Phuong trinh

A
f( f(x))zO c6 4 nghiém thyc phén biét khi va chi khi x, Z_Z’ trong do

A=a’—4b. Khi d6 —a=x1+x22—%:>4b3a2—2a (*)

Goi ¥,,¥,,);,, la 4 nghiém cua phuong trinh f(f(x)) =0. Gia st y,,», 1a 2
nghiém ctia phuong trinh x> + ax + b — x, =0 va y,,y, 1a hai nghiém cta phuong trinh

x> +ax+b—x,=0

A |
Tu gia thict, gia st y, +y,=—-1=a=1.Tu (*):>bS—Z.Néu Y, +y,=-1 thi

1
y12+y22—5-
Ta  ¢o yi+ay, +b—x =0 va y;+ay,+b—x,=0, suy ra
2 2
y12+y32+2b:0:b:—%§—%.

VI DU 11. Gia st v6i hai sé duong a,b thi da thic x° —ax” + bx —a c6 cac nghiém

n n

16n hon 1. Xac dinh a,b dé biéu thirc P = dat gia tri nho nhat. Tim gia tri nho

n

a
nhat d6 (7 1a s6 nguyén duong cho trudc).
Loi giadi.
Goi x,x,,x; la cac nghiém cua da thac dda cho. Theo dinh 1i Viet ta co
X +tx,+x,=a
XX, + X%, +x,x,=b.

XX, X, =da



Ap dung BBT AM - GM ta cé x, +x, + x, 233x 0,0, @ a>3a < a>33 (*)

. 2
Talaico b* = (xlx2 + XX, + x3xl) > 3x,%,X, (x1 +x, + x3) &b >3a" < b>3a

b 3" \/37a" ¥ _ Y 3

Suy ra P= 3 ——2>+43" -

a" a" a" (3\/5)"

(do (*)). Do do

>3t
V3
Déng thire xay ra khi va chi khi @ =3+/3,b =/3a =9 . Khi d6 phuong trinh ¢6 3 nghiém

n

! i a=3V3,b=9.

\/37

VI DU 12. Cho neN" va P(x)=ax"+a, x""'+..+ax+a,, a,#0 va ton tai s

tring nhau va bang \/g . Vay gid tri nho nhat cia P 1a

_m

a,

nguyén duong m<n sao cho >C". Ching minh rang P(x) c6 it nhat 1 nghiém

c6 modun khong vugt qua 1.
Loi gidai
Gia su cac nghi¢ém cua P (x) déu c6 mddun 16n hon 1. Do a,#0 nén cac nghiém cua

P(x) déu khac 0.

1 -
Xét Q(x)zx”P(;jzaox” tax"'+.+a, x+a,

1
Gia su x,,i=1,n 1a nghiém cta Q( )thl —,i= 1 n la nghiém cua P :>|x |<1
X.

1

Z Xy Xy X,

1<i <y <.. <1,

. , |a
Theo DL Viet, ta c6 |[—=|=
a,

<C",¥m<n.Mau thuin véi gia thiét.

Vi DU 13 (Rumani 2001). Cho sb nguyén duong chin #. Tim cac s thuc a,b thoa
man diéu kién:
(i) b" =3a+1

(i1) Pa thic P(x) = (x2 + X +1)n — x" — a chiahét cho da thirc Q(x) =X +x"+x+b

Loi gidi



Gid st x,x,,x; 1a cac nghiém cua da thac O (x) thi x,,x,,x; cling la nghiém cua da
thirc P(x).

Néu ton tai it nhat mot nghiém cua P(x) bang 0 thi tir gia thiét suyra b =0,a =1 (mau
thuan diéu kién (i), suy ra b # 0 va x,,x,,x, #0.

Pat R(x)=x"P(x) .Khido R(x)=[O(x)-b] —x"—ax" , dodo

xf” +ax; =b"=0,Vi=1,2,3

Suy ra x;,i=1,2,3 1a nghiém cta phuong trinh x> 4+ ax —b =0 nén trong cac sb x;
¢ it nhat hai s6 bang nhau. Khong mét tinh tong quat gid st x;' = x . Ta xét cac truong
hop sau:

+) x; =x, =x} , khido theo dinh li Viet, ta cé x" =(x,x,x;)" =b" =3a+1. Matkhac

2 3
x"'-1 x"-1

3—x 3

2 A : .
x"+ax =b"=3a+1, suy ra a= nén x; =x, =x; =1 . Khi d6

b"=1,a=0.

+) x! =x) # x; . Ap dung dinh li Viet ta c6

X%, =—b=x"x] =b" =x" +ax! = x{ —x/"+a=0

Mat khac

X, + X, =—a:>x1"(xl" +1)=0:>x;’ =X =—1=>a=1-b"=a=0,0"=1.

Viy ta ludn c6 b" =1,a=0 . Néu b=-1,a=0 thi tat ca cic nghiém cia da thirc
Q(x) =X’ + x> + x —1 la nghiém cua da thirc R(x) =1—x" . Piéunay vo li vi Q(x)
c6 nghiém thyuc khac £1 , ma R(x) chi ¢6 hai nghiém thyc 1la £1 . Vay b=1,a=0.
Vi DU 14 (VMO 2009) Cho ba s6 thuc a,b,c thoa man diéu kién: vdi mdi sé nguyén
duong n,a" +b" + ¢" 1a mot sé nguyén. Ching minh rang ton tai cac sé nguyén p,q,r
sao cho a,b,c 1a 3 nghiém cua phuong trinh x° + px2 +gx+r=0.

Loi gidgi

Cich 1. Véi mdi s6 nguyén duong n, dit T,=a" +b" +c". Theo gia thiét

I eZ,Nn>1

10



Ta chirg minh cic s6 p = —(a +b+ c),q =ab + bc + ca,r = abc thdoa mén diéu kién
cua bai toan.
That vay, do dinh 1i Viet ddo, cac $6 a,b,c 1a nghiém cua phuong trinh

x’+ px’ +qx+r=0.Honnita p=-T 7. Taphai chiing minh ¢, € Z. Ta c6

Iy=-p

T,=p’-2q (1)
T,=—p’ +3pq—3r (2)
T,,=-pl,,—qT,, —rT,,Vn=1 (3)

Do 7,,p € Z nén tr (1):>2qu.

Tu (2):>2pT3=—2p4+6p2q—6pr:>6preZ

Tu (3) cho n=1 taduoc I, =—pI, —qT, —rT :p4—4pzq+4pr+2q2

=37, =3p' —12p’q+12pr+6q° = 6q° € Z=> g € 7. Do 46, két hop voi (2) ta
c6 3reZ,suyra r codang rz?,mez (4).Métkhéctir (3) taco rl € Z,Vn=1
.Kéthop véi (4) tacé mT, =0(mod3),Vn>1 (5).

- Néu ton tai 7 sao cho (7,,3)=1 thit (5) suyra m=0(mod 3)=reZ.

-Néu 7, =0(mod3),Vn>1 thi p=-T =0(mod 3) va 7, =0(mod3) nén tr (2)
suyra v € 2.

Cdich 2. Tiu gia thiét ta ¢6 a+b+c,a” +b* +c*,a*+b'+c*eZ (l), suy ra
2(ab+bc+ca),

2(a2b2+b202+cza2)eZ.

Ap dung hing dang thic:
x3+y3+z3—3xyz:(x+y+z)(x2+y2+22—xy—yz—zx) voi bo sO

(x,y,z):(a,b,c) va (az,bz,cz) ta suy ra 6abceZ va 6a’b’c’e€Z. Dit

2
6abc =k = 64° 202=%622>6|k va abc e (2)

11



Tir dang thirc 2(ab +bc + ca)2 = Z(aZb2 +bc? +cza2)+ 4abc(a +b+ c), ta suy ra
2(ab+bc+ca)2 el.

2
bat 2(ab+bc+ca):q:>2(ab+bc+ca)2:%:2|q va ab+bc+cael (3)

T (1),(2),(3) ta c6 diéu phai chimg minh.

Vi DU 15 (Pé xuat DHBB Hung Yén). Cho P(x) 1a da thic bac 5, ma trén do thi cta
n6 c6 ding ba diém phan biét thang hang va c6 hoanh do 13 nghiém cua da thicc P"(x)
. Chung minh rﬁng hoanh do cua ba diém do 1ap thanh mot céip ) cong.

Léi gidi

Gia str hoanh do ba diém théa man diéu kién dé bai 1a x,, x,, x,. Khong mét tinh tong
quat gia st x, < x, < x;. Do ba diém (xl,P(xl));(xz,P(xz)) va (x3,P(x3)) thang hang
nén ton tai hing s6 «, 8 sao cho P(x,)=ax, + f véimdi i =1,2,3.

Coi hé s cao nhat ctia P(x) bang 1.

Bai toan dua vé ching minh x, + x, = 2x, .

Tir gia thiét ta co P"(x) = 20(x — x,)(x — x,)(x — x;) .

Xét da thue Q(x)=P(x)—ax— [ ,tacod

Ox)=P(x)—ax,— =0 vé6ii=1,2,3.

Q"(x)=P"(x) suyra Q"(x,)=P"(x,) v6imdi i =1,2,3.

Moi nghiém ctua Q"(x) déu 1a nghiém cua Q(x).

Suy ra 20.0(x) = 0"(x)(x* + px+q) (1)

Dafltx:y—g,tfr(l)tacé
2

20-Q(y —g} = Q"(y —gj(yz +q —pT]
P

bit R(y):Q(y—gjzyS+ay4+by3+cy2+dy+e va q—T:s.

Tacéd 20.R(y)=R"(»).(y" +5)

203" +ay* + by’ + ¢y’ +dy +e)
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=(20y° +12ay” + 6by + 2c)(¥* + 5)
Béng nhét hé sb cua y4, y2 va hé s6 tu do ta duge

20a=12a
20c=12as+2c=a=c=e=0
20e =2cs

Suyra R(y)=y’ +by’ +dy 1aham s 1é.

Nén R"(y) =20y’ +6by c6 3 nghiém y,,y,,y, véi y, =0 va y, +y,=0=2y,.
Vi x, = —£su ra x; + x, =2x, (dpcm)
i =i 5 y | T X3 = 2X, (dpem).

Vi DU 16 (D& xuat DHBB - Vinh Phiic). Cho da thitc P(x) bac ba v6i hé s6 nguyén.
Biét ring P(x) c6 ba nghiém vo ty phan biét 1a a,b,¢ théa min a+b+c=0 va ton
tai hai s nguyén p,q sao cho a=b"+pb+q. Ching minh ring
T = p’>—2p—4qg—7 lasd chinh phuong.

Léi gidi

Pit O(x) = x> + px +q thi theo gia thiét, ta c6

P(Q(b)) = P(a)=0.

Suy ra P(Q(x)) c6 nghiém la x =b. Xét phép chia

P(O(x))=P(x)- f(x)+r(x) véi degr(x)<2.

Thay x =b vao, suy ra 7(b) =0. Néu degr > 0 thi lai xét phép chia

P(x)= f,(x)-r(x)+r(x) voi degr,(x)<1.

Chti ¥ riang 7(x) € Z[x] va 7(h) =0 véi bvd ty nén vo 1y, suy ra degr =0 hay
P(Q(x)) = P(x)- f(x)

Tu do suy ra P(Q(a))=P(Q(c))=0,suyra Q(a) € {a,b,c} .

Ta xét cac truong hop:

+Néu Q(a)=a thi a=a’ + pa+qg=a’ + pa+q=b"+ pb+q nén
(a—b)a+b+p)=0= p—c=0= p=c, mau thuin vi p nguyén con c vo ti.
+Néu O(a)=b thi a’ + pa+qg=b; b° + pb+q=a nén

a-b=(b-a)a+b+p)=0=a+b+ p=—-1= p=c—1, miu thuin.
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Do d6, O(a) =c. Tuong tu O(c) =b. Do d6 ta c6 hé diéu kién
a=b>+pb+q
b=c’+pc+q (*)
c=a’+pa+q
Trir ting vé hai phwong trinh dau cia (¥), ta co
a=b=b"~c’+plb-c)=(b-c)b+c+p)=(b-c)p-a).
Tuong tuthi b—c=(c—a)(p—b) vac—a=(a-b)(p—c)
Nhéan ba hé thic trén ta duoc: (p—a)(p—b)(p—c)=1.

Cong céac dang thirc trong (*), ta dugc
2 2 2 3
a +b +c +3q=0:>ab+bc+ca=5q.

Tur (*) ta suy ra ba phuong trinh sau:
a+b+c :(a2b2 +bc? +cza2)+p(a2b +l72c+c2a)+q(a2 +b’ +c2)

ab+bc+ca:a3+b3+c3+p(a2+b2+cz)

p(a2 +b° —kcz):p(ab2 +bc’ +ca2)+p2(ab+bc+ca)

2p’°q-29-¢
4p
Thay tat ca vao dang thircc (p —a)(p —b)(p —c) =1, ta duoc

Cong cac dang thire trén va tim duoc abc =

p3—pz(a+b+c)+p(ab+bc+ca)—abc:l

2p’q-29-q
@p3+3129q_ pq4pq 4 _

<:>q2 +2q(2p2 +1)+4(p4—p):O

q=-2(p*-p)
=
q=-2(p*+p+1)

Néu g =-2(p° — p) thi abc=—(p—1)*(2p +1) nén da thirc
P(x)=x"=3(p> = p)x+(p—1’2p+1) c6 nghiém x=p —1.
Diéu nay khong thé xay ra vi p —1 nguyén.

Do d6 g=-2(p> + p+1) nén
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T=p"-2p+8(p*+p+1)—-7=9p” +6p +1=3p+1)* 1a s6 chinh phuwong.

Vi DU 17 (VMO 2009) Cho ba s6 thuc a,b,c théa man diéu kién: véi mdi sb nguyén
duong n,a" +b" +¢" 1a mot sé nguyén. Ching minh rang ton tai cac sé nguyén p,q,r
sao cho a,b,c 1a 3 nghiém cua phuong trinh x° + px2 +gx+r=0.

Loi gidi

Cich 1. Véi mdi s6 nguyén duong n, dit T,=a" +b" +c". Theo gia thiét
T eZ,Nn=1

Ta chimg minh cac sb p= —(a +b+ c),q = ab + bc + ca,r = abc théa min diéu kién
cua bai toan.

That vay, do dinh 1li Viet ddo, céc s6 a,b,c la nghiém cuia phuong trinh

x*+ px* +qx+r=0.Honnita p=-T, €Z. Ta phai chimg minh ¢,7 € Z. Ta c6

Ii=-p

T,=p’-2q (1)
T,=—p’+3pq—3r (2)
T,s=-pT,, 4T, ~rT,,¥n>1 (3)

Do T,, p € Z nén tx (1):>2qu.

Tu (2):>2pT3:—2p4+6p2q—6pr:>6preZ

Tu (3) cho n=1tadugc T, =—pT, —qT,—rT, = p* —4p°q +4pr+24°

=37, =3p" —12p’q+12pr+6q° = 6q° € Z=> g € 7. Do 46, két hop voi (2) ta
c6 3re’Z ,suyra r codang rzg,meZ (4).Métkhéct1‘r(3) taco r1 e Z,Vn=1
.Kéthop véi (4) tacé mT, =0(mod3),Vn>1 (5).

- Néu ton tai n sao cho (Tn,3)=1 thi tur (5) suy ra mEO(mod 3):>reZ.

-Néu 7, =0(mod3),Vn>1 thi p=-T, =0(mod 3) va 7, =0(mod3) nén tr (2)
suyra r € Z.

Cdich 2. Tu gia thiét ta ¢6 a+b+c,a’+b° +c,a*+b*'+c*eZ (1), suy ra

2(ab +bc+ca),
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Z(aZb2 +b*c + czaz) el.
Ap dung hang dang thuc:

x3+y3+z3_3xyZ:(x+y+z)(x2+y2+22—xy—yz—zx) Vo1 bo sO

(x,y,z):(a,b,c) va (az,bz,cz) ta suy ra 6abceZ va 6a’b’c’ e€Z. Pit
2

6abc =k = 6a*b*c? =%eZ:>6|k va abc e (2)

Tir dang thirc Z(ab +bc + ca)2 = Z(aZb2 +b’c? +cza2)+ 4abc(a +b+ c), ta suy ra

2(ab+bc+ca)2 el.

2

Pt 2(ab +be +ca)=q = 2(ab+bc +ca)’ =%:>2|q va ab+bc+cael (3).
Tu (1),(2),(3) ta c6 di¢u phai ching minh.
ViDU 18 (Arab Saudi TST 2016). Ton tai hay khong hai da thuc P(x),0(x)eZ[x]
c6 bac khong nho hon 2 théa man P(Q(x))=(x-1)(x-2)..(x=9).
Loi gidi
Tur dé bai ta thy tich cac bac cua P(x),0(x) bang 9 va mdi da thirc déu c6 bac khong
nh6 hon 2 nén suy ra ching 14 céc da thirc bac 3.
Dé thay 0(1),0(2).....0(9) 1a cc nghiém ciia P(x), ma P(x) c6 bac 3 nén co toi
da 3 nghiém nguyén. Pong thoi O(x) ¢6 bac 3 nén véi mdi so thye ¢ thi O(x)—7 ciing
c6 t0i da 3 nghiém nguyén. Tl d6 suy ra P(x) c6 3 nghiém nguyén a,b,c va tap
{1;2;...;9} c6 mot phan hoach {a,,a,,a,}U{b.b,,b,} U{c,,c,.c;} sao cho
O(a,)=0(a,)=0(a;)=
O(b)=0(b,)=0(b;)=b .
0(c)=0(c,)=0(c;)
Ap dung DL Viet:

C

{al+az+a3:bl+b2+b3 =c,+c,+¢,

a,a,+a,a,+a,a,=bb, +b,b,+b,b,=c,c, +c,c, +c,¢

Suyra @ +a; +a; =b’>+b; +b}=c’+c; +c; =S
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Suyra 3S=1"4+2>+..49°=285<5=95.

Ta c6 95 chia 4 du 3 nén suy ra a,,a,,a, déu 1&. Tuong ty b,,b,,b, va c,,c,,c, déulé
dan dén tap {1;2;...;9} chtra toan s6 1. Vay khong c6 cip da thire thoa man.

Nhin xét tong qudt: Vi gia tri ndo cua sé nguyén duong 7 thi ton tai cac da thirc

P(x),Q(x)eZ[x] c6 béc it nhat bang 2 thoa man P(Q(x)):(x—l)(x—2)...(x—n)

ViDU 19 (Nam Pinh TST 2018 — 2019 — Ngay 2). Xét a,b 1a cac s6 thuc duong thoa
man P(x):)c3 —3x* +ax—b co 3 nghiém thyc (khong nhat thiét phan biét) la X[y Xy, X,

n n n
x| +x5 +x;

*

neN .

.bat u, =

n+l n+l?

x4+ x
a. Xét tinh don diéu cua day so (un) khi ae(O;—i—oo) \ {3} :

. .1 1 1 .
b. Tim céc s thuc duong a,b dé —+—+...4+—</n°+2018,VneN".
u, U, u

n
Loi gidi
Ta chimg minh v6i a,b>0 thi x,x,,x,>0.
Theo DL Viet:
X, +x,+x,=3
XX, +X,X, + XX, =a
X,X,%, =b

A : . : b

Vi x, +x, +x;=3>0 nén co it nhat mot nghiém duong, gid s 1a x,, khi doé x,x;=—>0
X
1

Néu x,,x,<0. Ta viét x,=—u,x,=—v véi u,v>0.
Uv=x,x,=a+x,(—x,—x;)=a+x (u+v)>x (u+v
s a7 2773 1 2 3 1 1
Khi do: ( ) (uev)>2(u+v)
X, >=X, =X, =u+v>0

2 2
3
Suy ra uv>(u+v)2:>0>u2+uv+v2<:>(u+§j +%<O

Vay x,,x,>0.
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2
n n n n+2 n+2 n+2 n+l n+l n+l
(x1 +X, +X; )(x1 +x,7 74X, )—(x1 +x, +x, )

Xé — =
et u" u”+1 n+1 n+l n+2 n+2 n+2

n+l
(x1 +x5 4 X )(x1 +x0 4 X, )
Tir x,,%,,%,>0 suyra (" +x3 " 435 ) (577 4557 +x077)>0
Ap dung BDT Bunhiacopxki
2
()2 a2 (a0 g )

n n n
ﬂxl _ \[Xz _ \[X3
n+2 n+2 n+2
\/xl \/xz \/x3

Khid6 a=x,+x,+x,=3. Vay ...

Dang thirc xay ra < S x=x,=x,>0.

— 1 1 1
c. Tacokhi a,b>0 thi u,2u, >0,Vk=1,n. Suyra —+—+...+—2£,Vn21

u, u, u, 4
2 2 2 2
, n XO+x,+x; A/n”+2018
Do d6 \/n° +2018>—,Vn>le 223 ¢ ,Vn>1
u, X, X, +X, n
2 2 2 2
: . X +x,+x; . n +2018
Chuyén qua giéi han +—2*—<lim~~————=1
X, + X, +X, n
(x1+x2+x3)2—2(x1x2+x2x3+x3x1) 9-2a
= <l <l<a>3
X, + X, +X,

Mat khac 9:(x]+x2+x3)223(x1x2+x2x3+x3x1):3a:>a£3.Vay a=3.
V6i a=3:x"-3x* +3x—b=0(x—1) =b-1
PT nay c6 3 nghiém thyc (khong nhat thiét phan biét) khi va chi khi b—1=0<b=1.

Thur lai: Khi a=3,b=1:x,=x,=x,=1=u, =1,Vn=1

Khi d6 L+L+...+L<\/n2+2018,VneN*.

u, u, u

n
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2. Nghiém thue ciia Pa thire véi yéu té Giai tich

Vi DU 20 (Nga 2013). Cho P(x),Q(x) 12 hai da thirc monic, ¢ bac 2020, c¢6 hé sb
thuyc thoa man phuong trinh P (x): Q(x) khong c¢6 nghiém thyc. Ching minh rang
phuong trinh P (x+1):Q(x—1) c6 it nhat mot nghiém thuc.

Loi gidi

Do P(x),Q(x) 1a hai da thirc monic nén bac cua P(x)—Q(x) khong vuot qua 2019,
nhung lai khong thé c6 bac 12 2019 vi mdt da thirc bac 1é ludn co it nhat mot nghiém
thuec.

Vay hé s6 cua 2°°" trong P(x),Q(x) bang nhau. Tl d6 suy ra P(x+1)—Q(x—1) co
bac 1a 2019, do d6 phuong trinh P(x+l)=Q(x—l) c6 it nhit mot nghiém thyec.

*) Pinh li vé tinh lién tuc: Véi a<b la cdc sé thwe, néu ham f lién tuc trén [a;b]
vd f(a).f(b)<0 thi ton tai ce(a;b) sao cho f(c):O.

Vi DU 21 (Brazil 2017). Cho da thirc P()c):x2 +2017x+1. Chimg minh rang v6i moi
s6 n nguyén duong, da thirc Pn(x):P(P(...P(x)...)) ludén c6 nghiém thye.

Loi giai

D@ thdy da thirc P, (x) c6 h¢ sb cao nhat duong nén lim P, (x) =+00. Tiép theo, ta

chi ra ton tai mot s6 o dé R1(0()<0 la xong.
That vay, xét da thire Q(x):P(x)—x:x2 +2016x+1.

) L o | xyt+x,=-2016
Da thirc Q(x) c0 hai nghiém phan biét x,,x, thoa man { nén x,,Xx,
XX, =
cung am.
Khi d6, dit x,=a , tacé P(a)=q,...,P,(a)=a<0.

*) Nhgn xét : a duge goi 1a diém bat dong cua P(x). Khi gip nhiing bai toén lién
quan dén P (x) , ta thuong nghi t&i viée sir dung diém bét dong.

VIDU 22. Cho neZ’. Ta goi da thuc P,(x)=a,+ax+...+a,,x*" 1a dep, néu

i) Vi=0,2n:2019<a,<2020;
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i) P (x) c6 nghiém thuec.
Chting minh t6n tai da thirc Po (x) dep va hiy tim »n nho nht dé ton tai P (x)
dep.

Loi gidi

*) Xét Py (x):2019+2020x+2019x2 +..+2019x%"

Taco Py, (—1):2019—2020.2019+2019.201920

Vay ton tai da thiic By, (x) dep.

*) Ta chtimg minh 7=2019 1a gia tri nho nhét can tim.

Gia st phan chimg voi 1<2019 thi tdn tai da thic P (x) dep. Tacod

P (x):ao +a1x+...+a2nx2” 22019(1+x2 +...+xz")—2020(|x|+|x|3 +...+|x

n

2"_1),VxeR

Taco 2019(1+2° +..+2"")>2020( || +|xf +..+x

Zn_l),VxeR

I+x°+..+x 2020 1

—> =1+ ,VxelR
2019 2019

|x|+|x|3+...+|x

1+x2 4. 4+ x> 1
Véi n1<2019, ta b <>—> A L P

3 2n—-1 —
|x|+|x| +...+|x n

119,‘v’xeR (1)

That vay (1)<:>n(1+x2+...+x2”)2(n+1)(|x|+|x|3+...+|x|2"_1),VXeR (2)

Ap dung BBT AM —GM, VxeR tacod

2k+2 2n+1

nx +nx2k2n|x ,Vk=0,n—1 (3)

2n—k

Vk=1,2n—1 (4)

x2"+12|x

+x
Véi (3), cho k chay tir 0 dén n—1; véi (4) cho k chay tir 1 dén 2n—1 rdi cong vé ta
duoc (2).

Vi DU 23. Cho da thuc P(x) =" 4 @y, X7+ Ay X .+ ax +a, c6 hé sh

thye véi P(1)P(2)#0 va 4L (2) Sl 1) +2019. Gia st P(x) c6 2019 nghiém

P(2)  P(1)

thue, ching minh rang trong s6 d6, ¢6 it nhat mot nghiém thudc khoang (l; 2).

Loi gidi

20



Goi x;,X,,...,X,, 1a nghiém cua P(x).

Theo dinh li Bezout ta c6 P(x) = (x - xl)(x - xz)...(x - xn).

KhidéP'(x):(x—xl)(x—xz)...(x—xn)( L by ]

Do do6 P(x):i !

P(x) Fx-x

Chtrng minh phan chimg rang P(x) khong c¢6 nghiém nao thudc khoang (1;2).

Ta c6 4];((22)) - 1;((11)) =2:)i[2fxi B 1—1x,):2-0§£(2 —in_)flxixi)J.

i=l

Do x; >2 hodc x, <1 nén (2—xl.)(1—x[.)>0.

Ngoai ra 2-3x <LVx ¢ (1;2) .

(2-x)(1-x)
Suy ra 41;((22)) — ];'((11)) <2019 (Vo li)

Vay ton tai it nhat mot nghiém thudc khoang (1; 2) )

Nhén xét. Ddy la mét bai toan vé dp dung hé qua cia dinh li Bezout va nhitng kién thirc
vé dai 6, gidi tich hé tro vao viéc xir Iy bat ding thirc trong da thirc. Sau ddy la mét so
bai toan twong tu:

Cac bai tap twong tw

Bai tip 1. Cho da thirc P(x) béc n c6 hé s6 thyc, hé s cao nhat 1a 1 va c6 n
nghiém thyc sao cho P (—1) #0 va ———=< g Chung minh ring P (x) c6 it nhat

mot nghiém x,, voi |x0| >1

Bai tip 2 (Costa Ric - 2009) Gia sa@ da thac
P(x)=ax"+a, x"" +..+ax+1 co thé phan tich thanh

P(x)=(x+n)(x-n).(x-r), vé6i #,p,.,,eR. Ching minh ring

(n— )a:, >2na,,.
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ViDU 24. (VN TST 1994) Cho da thiac P(x)e R|[x], deg P =4 va c6 4 nghiém phéan

biét. Chirmg minh rang phuong trinh sau ciing c6 4 nghiém duong phan biét

SR+ [1-5E - P (=00

Lai gidi.

ROk G (O R
PP () (P ()= () =0 2)

bat Q(x):P(x)—P'(x). Khi do (2)<:> l;ij(x)+Q'(x)=0 (3) . Ta ching

minh néu da thtc bic bén P(x) c6 4 nghiém duong phan biét thi da thuc
Q(x) = P(x) - P’(x) cling c6 4 nghiém duong phan biét. Khong giam tinh tong quat,
gia sur hé sO bac cao nhat cua P (x) la 1. bat
P(x)=x'—ax’+bx’ —cx+d =(x—x)(x—x,)(x—x,)(x—x,) véi x,%,,%,,X,
la cac nghiém duong. Tt d6 theo dinh 1i Viet thi a,b,c,d >0

Taco

P'(x)=(x—x)(x=x)(x=x,)+(x—x)(x—x)(x—x,)+(x—x)(x—x,)(x - x,)
+(x—x)(x—x,)(x—x,)

O(x)=x"+ax’+a,x’ +ax+c+d
O(x)=P(x)=P'(x)=—(x —x,) (3 —x;)(x, = x,);

O(xy) ==, =) (3, —x3)(x, = x,).

Suyra O(x,)0(x,) <0 ,ticlatdntai y, €[x;;x,] langhiém duong ctia O(x). Tuong
tw, O(x) c6 2 nghiém duong y, €[x,;x;],y; €[x;;x,] . Mt khac degQ(x)=4 nén
O(x) con cé nghiém thyc thi tw 14 p,. Theo dinh li Viet ta c6 y,y,y,y, =c+d > 0.

Ma y;,y,,y; >0 nén y,>0.
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bat R(x) = t‘@(%) , dé thay degR(x) =4 va R(x) cling ¢6 4 nghiém duong phan

biét. Theo két qua chimg minh trén phuong trinh R(x) - R'(x) =0 (4) c6 4 nghi¢m

am A A
oAl L2

e (- 4z)PGj +(1+4- tz)P’G - P”GJ =0(5)

Vay phuong trinh (1) c6 4 nghi¢m duong phan biét.
* Dinh Iy Rolle déi véi da thirc:
Cho da thitc P(x) véi h¢ sé thuc va hai sé thuc a,b (a<b). Khi dé, néu
P(a) = P(b) thi ton tai c € (a;b) sao cho P'(c) =0.
* H¢ qud : Cho da thire P(x) véi h¢ s thuc cé n nghiém thwe phén bigt khi va chi
khi da thirc dgo ham cip k tirc da thire P"™)(x) ¢6 n—k nghiém thire phan biét,
VI DU 25. Cho da thuc P(x) =ax" + atnflx”_1 +...+ax+a, véihé s6 thuce, ¢ bac n
va c6 n nghi¢m thyc phan biét.
a) Chimg minh ring da thirc Q(x) =P (x) — P'(x) cling ¢6 n nghiém (khong nhat
thiét phan biét).
b) Véi n>3 ching minh ring (n - l)czj_1 >2na,.a,
Loi giai :
a) bat H(x) = e_x.P(x).
-Do P (x) c6 n nghiém thuc phan biét suy ra H (x) cling ¢c6 n nghiém thyc phan biét
do.
-Tacéd H'(x) = —e‘x.P(x) + e‘x.P'(x) =—e " (P(x) — P'(x)) =—e . (x)
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- Ap dung hé qua cua dinh 1i Rolle d6i v6i da thuc ta suy ra da thirc Q(x) co n—1
nghi¢m thyc phan biét. Ma degQ(x) =n suy ra da thuc Q(x) c6 n nghiém. Ppcm.
* Nhdn xét:
+) Tai sao lai nghi dén H(x) = e*x.P(x) phai chang H'(x) xudt hién
O(x)=P(x)=P'(x).
+) Do do6 day 1a phép dat kha hay va quan trong.
Néu dit H (x)=e".P(x) suy ra H'(x)=e"| P(x)+ P'(x)] khi d6 bai toan
c6 thé tré thanh chimg minh da thic P (x) + P'(x) cd n nghiém.

X
X

Néu dgt H (x)=e“.P(x) suy ra H'(x)=-[P(x)+aP'(x)] khi do bai
a
toan co thé trd thanh ching minh da thirc P(x) + aP'(x) cd n nghiém.

b) Tir dag ham cAp n—2 cua P (x) va diéu kién n >3 nén pi2) (x) la da thirc bac hai

—1)
cythéla P (x)= Z—:.an.xz + ( 1'1)'.an_1.x +(n-2)la,._,.

A A o . , n ! 2 (l’l - 1)!
- Ap dung h¢ qua cua dinh li Rolle ta suy ra E.an X+ a, X+ (n - 2)!an_2 =0

c6 hai nghiém phan bi¢t < A >0 hay (n - l)ail >2na,.a,
* Nhdn xét :
+) Tai sao lai nghi dén liy dao ham cép n—2 phéi ching nhu thé méi triét tiéu hét

a, ;,a, ,,....a, vachiconlai a ,a, ,a

n-1>"n-2"

VI DU 26. Cho P(x) la da thirc v6i hé s6 thyc c6 n nghiém thyc phan biét 16n hon 1.
Xét da thirc Q(x) = (x2 + I)P(x)P’ + x[P2 + P'z( )] . Chtng minh rang da
thure Q(x) c6 2n —1 nghiém thuc phan biét.

Loi gidi.

Tacé Q(x [P +xP( ):H:XP,(X)—FP(X)].
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P'(x)+xP(x)

{ezP(x)]
D@ thay

xP'(x) + P(x)=(xP(x))

I
|

Gid su cac nghiém cua P(x) 1a 1<x, <x, <..<x, . Theo dinh li Rolle, da thic

P'(x)+xP(x) co n—1 nghiém a.,i=1ln-1 thoa man

1

l<x <@ <x,<..<a,,<x, vadathic xP'(x)+P(x) co n nghiém £, j=1,n
thdamin 0< B, <x, < f,<x,<..<fB <x,.

-Néu o, # B;,Vi,j thita co ngay diéu phai chimg minh.

- Gia sir ton tai (i,j) saocho @, =8, =y =y >1.

P(7)

Khi do {P (7)+7/P(7/):g:>< P(y

=
yP'(r)+P(y)=0 | P(y)_ 1
P(y) 7

-7

2 [DN \ A X , .
=y~ =1. Di€u nay mau thuan vai

y>1.

Bai tdp twong tw

Bai 1. Cho P(x) la da thic bac n v6i hé s6 thuc c6 n nghiém thyc phan biét khac 0.
Chting minh rang cac nghiém cta da thirc Q(x) = sz"(x) + 3xP'(x) + P (x) la thuc
va phan biét.

Loi gidgi

Ta co

Q(x) = sz”(x) + 3xP'(x) + P(x) = [x2P'(x)}' + [xP(x)}, = [x(xP'(x) + P(x))}

bat R(x) = x(xP’(x) + P(x)) . Xét ham sb f(x) = eln‘x‘P(x),x e R\ {O} .Giasur n

!

nghiém thyc phan biét cua P(x) la x, <x,<..<x,. Khi do f(x) =0 ciling co n

nghiém thuc x,,i=1n.

() :elnx(P’(x)+MJ

X
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Cac nghiém thuc cua phuong trinh f '(x):O cling 1a nghi€ém cua phuong trinh

P'(x)+M:0. Theo dinh 1i Lagrange, ta co Vie{l,...,n—l},ﬂyl. e(xl.;xM),
X

f(xi+1)_f(xi):(xi+l _’xi)f,(yi)
:Vie{l,...,n—l},ﬂyl. e(xl.;xl.+1),f'(yl.):O.
P(x)

X

=0

Do @6, f'(x) =0 c6 it nhat 7 —1 nghiém thuc phan biét khac 0, nén P'(x) +

c6 it nhat n —1 nghiém thuc phan bi¢t khac 0 1a céc gia tri y,,i=1,n—1.

Mat khac R(x)=x(xP’(x)+P(x)):xz[P'(x)+@] nén R(x) la da thirc bac
X

n+1 c6 it nhat n nghiém thyc 14 0 va Vil :l,n——l. Do do R(x) cd n+1 nghiém
thuc ké ca boi (néu co nghiém boi thi c6 duy nhat nghiém khac 0 boi 2).

Néu R(x) c6 mdt nghiém Y, boi2 thi R(x) = x(x -V )Kn_2 (x) ,trongdo K, (x)
1a da thirc bac 7 — 2 véi hé s thyc.

Q(x) = [x(xP'(x) + P(x))] = (x -V )|:2xKn_2 (x) + (x -V )()cKn_2 (x)),}

Vay Q(x) nhan Vi lam nghiém.

Kihigu 7 nghiém (y, chi tinh mot lan) ciia R(x) theo th tw tang dan 1a u, j =1,n
Theo dinh li Lagrange ta c6

Vi=Ln—131, (uu,, ) R(u,) = R(u;, ) =(u, —u,, )R (u,)

= Vje{l..n-1},3t, e(usu,,):0(t,) =R (t,)=0. Vay O(x) co them n—1

nghigm thuc khac y, nita. Do d6 Q(x) c6 n nghiém thyc phan bigt.

Bai 2. Cho s6 thyc o #0 va da thic P(x) véi hé s6 thuc bac n>1 sao cho P(x)

khong c6 nghiém thyc. Chimg minh da thic Q(x)= P(x)+aP'(x)+..+a"P" (x)

khong c6 nghiém thuc.

Loi gidi
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Khong mat tinh tong quat, ta gia st hé s6 bac cao nhit cia P(x) duong. Vi P(x)
khong ¢6 nghiém thyc nén P(x) >0,VxeR va degP(x) =1 14 s6 chan.

Tacé Q'(x)=P'(x)+aP"(x)+...+ a"'p" (x)

Suyra P(x)=0Q(x)-aQ'(x).Pat R(x)= —e_;Q(x) thi R'(x)= ie;C‘P(x) , suy
a

ra R'(x) khong c6 nghiém thyc nén theo dinh Ii Rolle R(x) ¢6 nhiéu nhét 1 nghiém.
Vi vdy Q(x) 6 nhi¢u nhat 1 nghiém.

Gia st x, la nghiém thyc duy nhét cua Q(x), do degQ(x)=n la s chin nén ton tai
s6 nguyén dwong m va da thuc K(x) v6i hé s6 thyc sao cho
O(x)=(x-x,)" K(x),2<m<n.

Khidé Q'(x)=(x—x,)" [ K(x)+(x=x,)K'(x)] . Vay P(x,)=0 . Diéu nay mau
thuan gid thiét P(x) khong c6 nghiém thuc, suy ra diéu phai chimg minh.

Bai 3. Cho da thirc P(x) hé s6 thyc bac n>1 va c6 m nghiém thyc (ké ca nghiém
boi). Chimg minh ring da thirc O(x)=(x"+1)P(x)+ P'(x) cd it nhat m nghiém

thue (ké ca nghiém boi).
Loi gidgi

P(x) c6 m nghiém thyc nén phuong trinh e?HP(x) =0 cling c6 m nghi¢m thuc.

Theo dinh 1i Rolle thi phuong trinh

{efo(x)} =0 e’ [(x* +1)P(x)+ P(x)]|=0 co it nhit m—1 nghiém thye.
Ta xét cac truong hop sau:

- V6i m chin.Néu n 1¢ thi P(x) la da thirc bac 1¢ c6 s6 nghiém thuc (k& ca boi) 1a 1¢,
suy ra m 1€, mau thuan. Vay n 1a s6 chan. T do Q(x) 1a da thirc bac chan, suy ra $6

nghiém thuc, ké ca boi 1a chén. Theo trén, nd ¢6 it nhat m —1 nghiém thuc, trong khi

m—11¢é. Vay Q(x) c6 it nhat m nghiém thyc.
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- Véi m 1é. Néu n chén thi P (x) 1a da thirc bac chan nén né cé chan nghiém thuc ké
ca boi, tirc m chin, mau thudn. Vay n phai 1¢, suy ra O(x) 1a da thie bac n+2 1a mot
s6 1¢. Do d6 n6 c6 1¢ s6 nghiém. Mat khac Q(x) c6 it nhat m—1(1a s chin) nghiém
thuc. Vay Vay Q(x) c6 it nhdt m nghiém thyec.

Bii 4. Cho da thic P(x) hé s6 thyc bdc n>1 va c6 m nghiém thyc (ké ca nghiém
bdi). Chimg minh rang da thirc Q(x) = (x2 + I)P(x) + P'(x) c6 it nhat m nghiém
thue (ké ca nghiém boi).

Loi gidi

x}

P(x) c6 m nghi¢ém thuc nén phuong trinh e?HP(x) =0 ciling c6 m nghiém thyc.

Theo dinh 1i Rolle thi phuong trinh

!

{efo(x)} =0 e?ﬂ [(x2 + I)P(x) + P'(x)] =0 co it nhat m —1 nghiém thuc.

Ta xét cac truong hop sau:

- V6i m chin.Néu n 1¢ thi P(x) la da thirc bac 1¢ c6 s6 nghiém thuc (k& ca boi) 1a 1¢,
suy ra m 1¢, mau thuan. Vay n 1a s6 chan. T do Q(x) 1a da thirc bac chén, suy ra )
nghiém thyc, ké ca boi 1a chin. Theo trén, nod co it nhat m —1 nghiém thyc, trong khi
m—11é. Vay Q(x) c6 it nhat m nghiém thyc.

- Véi m 1é. Néu n chén thi P (x) 1a da thirc bac chan nén né cé chan nghiém thuc ké
ca boi, tirc m chin, mau thudn. Vay n phai 1, suy ra O(x) 1a da thie bac n+2 1a mot
s6 1¢. Do d6 n6 c6 1¢ s6 nghiém. Mat khac O(x) c6 it nhat m—1(1a s chin) nghiém

thuc. Vay Vay Q(x) c6 it nhat m nghiém thyec.
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BAI TAP PE NGHI

1. Bai tap dé nghi

Bai 1. (VMO 2012) Cho céc cip sb cong (an),(bn) va s6 nguyén m > 2. Xét m tam
thirc bac hai P, (x)=x" +a,x+b k= 1,m . Chimg minh ring néu hai tam thirc B(x)
va P (x) déu khong c6 nghiém thuc thi tat ca cac tam thirc con lai ciing khong c6
nghiém thyec.

Bai 2. Cho da thuc P(x)=x"+a, x"" +..+ax+1 c6 cac h¢ s6 khong am. Ching
minh ré‘mg néu P(x) c6 n nghiém thuc thi P(Z) >3",

Bai 3. (USAMO 1975) Cho P(x) € R[x] c6 bac m nguyén duong sao cho

P(k) =£,Vk =0,n. Tinh P(n+1).

Bai 4. Cho da thirc f(x) =x" +ax+b; a,beR. Gia sit phuong trinh f(f(x)) =0

c6 4 nghiém thuc phan biét va tong cua hai trong bon nghiém d6 bang —1. Chtrng minh
M b < 1
rang b <——.
727y

Bai 5. Cho s6 nguyén duong chin 7, xét cac thirc P(x) v6i hé sb thuc

P(x)=x"+ a,_x""'+. . +ax+1

sao cho P(x) co it nhat mot nghiém thyc. Tim gi4 tri nhé nhat cua biéu thic
A=a’ +a; +.+a .

Bai 6 (ROMANIA MO 2001) Cho s6 nguyén dwong chin n. Tim cac sb thuc a,b
théa man diéu kién:

(i) b" =3a+1

(1) Da thtrc P(x) = (xz +x +1)n — x" — a chia hét cho da thirc Q(x) =X +x"+x+b

Bai 7 (VMO 1988) Cho da thic P(x)=a,x"+ax"" +..+a, x+a,,n>3 c6 n

2
n-—n .
. Xac dinh a,,aq,,...,a,.

nghiém thyc va a, =1,4, =-n,a, =
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Bai 8. Cho P (x) 1a da thtrc voi hé sd thue ¢6 n nghi¢m thyc phan bi¢t 16n hon 1. Xét
da thue Q(x)= (x2 + I)P(x)P'(x) + )C[P2 (x)+P"? (x)] . Chiing minh rang da thirc
Q(x) c6 2n —1 nghiém thuc phan biét.

Bai 9 (THTT 10/2004). Cho da thic P(x) c6 bac 2018 va thoa man

2
X

P(x):x+1 ,Vxe{l,Z,...,2019}. Tinh P(2020).

Bai 10 (Tap chi Pi 5/2018). Cho hai da thuc P(x)zx3 —4x*+39x—46 va
Q()c):x3 +3x° +4x-3.

a. Chimg minh ring cé hai da thirc déu c6 duy nhit mot nghiém thyec.

b. Ki hiéu «,f tuong tmg la nghiém thuc cua P(x),Q(x). Chtrng minh rﬁng

{a}>{ﬂ}2 (voi {x} 1a phan 1& cua s6 thuc x).

Bai 11 (VMO 2002). Cho hai da thic P(x)=4x"-2x"-15x+9 va
Q(x):12x3 +6x7—Tx+1.

a. Chimg minh rang cé hai da thirc déu c6 ba nghiém thyc phan biét.

b. Kihiéu a, f tuong ing la nghiém thyuc lon nhét cua P(x),Q(x). Chung minh
raing o’ +35° =4,

Bai 12 (Ha Tinh TST 2018 — 2019 Ngay 2). Ki hiéu M ={-10;-9,..;9;10} . Xét da

thirc P(x)=x"+ax’+bx+c (a,b,ceM ). Biét

P(2+\/§)‘< 20918 , chimg minh rang

da thic P(x) c6 ba nghiém thuc phan biét.
Bai 13 (VN TST 2015). Goi ¢ la nghiém duong cua phuong trinh x” +x—5=0.Véi
mdi s6 nguyén duong n nao do, goi Cy>Cys---5C, 1a cac s6 nguyén khong am théa méan
¢, tea+..+c,a"=2015.

a. Ching minh ring ¢, +¢, +...+¢,=2(mod3).

b. Tim GTNN ctua S=c¢,+c¢, +...+c,.
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Bai 14. Cho P(x) 13 mot da thirc bac 3 c¢6 hé sb hitu ti. Biét ring P(x) c6 3 nghiém
thuc a, f,7 thoa man k=g 13 mot s6 hitu ti khac 0 va +1. Chting minh rang a, 3,y
hiru ti.

Bai 15 (Tap chi Pi T9/2017). Cho diy sé nguyén duong (an) véi n>0 c6 tinh chat:
V6i mdi sb tu nhién m, da thie P, (x)=a,x" +a,_x""' +ax+a, c6 m nghiém thuc

phan biét. Chimg minh rang a, >n,VneN .

Baii 16, Cho 2n  s6 a<a,<.<a, V6 n>2. Dit

2n
S:ZanAl :Za2ia2j’A2 :Za2i+la2j+l .
iml

i< <
Ching minh rang (n—1)S*>4n(4,+4,).

Bai 17. Cho P(x)eR[x],degP(x)=2017. Chimg minh ring ton tai hai da thic
O(x),R(x)eR[x]; degQ=degR=2017; O(x),R(x) co tat ca cc nghiém déu thuc
sao cho P(x)=0(x)+R(x).

31



2. Loi giai bai tap dé nghi
Bai 1. (VMO 2012) Cho céc cip s6 cong (an),(b ) va s6 nguyén m > 2. Xét m tam

thic bc hai P, (x)=x" +a,x +b,,k =1,m . Chung minh ring néu hai tam thirc 2,(x)
va P (x) déu khong c6 nghiém thuc thi tit ca cac tam thirc con lai ciing khong c6
nghiém thyec.

Loi gidi.

Goi a,b lan luot 1a cong sai ctia cap sb cong (a, ),(b,) va gia st B, (x) c6 nghiém
thuc x =c vdi 1 <k <m nao do6.

Theo tinh chat cua cap so cong ta co

P, (x)-B (x)=(m—-k)(ax+b) va P,(x)—-P(x)=(k—1)(ax+b).

Suy ra P,(c)=(m—k)(ac+b) va B(c)=—(k—1)(ac+b) nén P,(c).R(c)<0.
Nhung P, (c¢)>0,B/(c)> 0 nén diéu suy ra & trén 1a khong thé. Vay khong c6 tam thirc
bac hai nao c6 nghiém thuc.

Bai 2. Cho da thtc P(x)=x"+a, x"" +..+ax+1 cb cac h¢ s6 khong am. Chimng
minh ring néu P(x) c6 n nghiém thyc thi P(2)>3".

Léi gidi

Gia su P(x) c6 n nghiém thuc x,x,,...,x, . T gid thiét ta co x, <0,Vi=1l,n va

P(x) = (x - xl)(x - xz)...(x - xn).

Suy ra

P(2)=T](2-x) 1[1+1+ ]>H3 —x, =3"3 H( x,).

i=1 i=

Theo dinh 1i Viet ta c6 ﬁxl.: - :>H —1 ,suyra P(2)>3".

i=l
Bai 3. (USAMO 1975) Cho P(x)eR[x] c6 bac m nguyén duong sao cho

P(k) =£,Vk =0,n. Tinh P(n+1).

Loi gidi
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Xét da thie O(x)=(x+1)P(x)-x . Theo gia thiét suy ra Q(i)=0,Vi=0,n . Suy
ra ton tai s6 thuc c¢#0 sao cho Q(x)zcx(x—l)...(x—n) . Vi

Q(x) = (x+1)P(x)—x nén Q(—l) =1.

—~
I
[e—
~
3
£
=
—_
=
I
[
~
—_
=
I
S
~
—~~
*
~

Suyra ¢= (_1)”“ va O(x)=(x+1)P(x)-x=

(n+1)! (n+1)!
Tu (*) ta co
(n+2)P(n+1)—n—1:E;?T)!(n+l)n...1:>P(n+1):n+1’:_£;1)n+ .

Bai 4. Cho da thuc f(x) =x>+ax+b; a,b e R. Gia st phuong trinh f(f(x)) =0
¢6 4 nghiém thuc phan biét va tong cua hai trong bon nghiém d6 bang —1. Chtrng minh
rang b < ——.

727y
Loi gidi
Tir gia thiét suy ra phuong trinh f (x) =0 phai c¢6 2 nghiém thuc x,,x,. Phuong trinh

A
f( f(x))zO c6 4 nghiém thyc phén biét khi va chi khi x, Z_Z’ trong do

A=a’—4b. Khi d6 —a=x1+x22—%:>4b3a2—2a (*)

Goi ,,¥,,);,, la 4 nghiém cua phuong trinh f(f(x)) =0. Gia str y,,y, 1a 2
nghiém ctia phuong trinh x> + ax + b — x, =0 va y,,y, 1a hai nghiém cta phuong trinh

x> +ax+b—x,=0

, 1
TU gid thiét, gia st y, +y,=—1=a=1.Tu (*):bS—Z.Néu y, +y, =—1 thi

1
2 2
+y,2—.
YT )
Tacod yi +ay, +b—x,=0 va y; +ay, +b—x,=0,suyra

2 2
yf+y§+2b=0:>b=—¥£—%

Bai 5. Cho s nguyén duong chan 7, xét cac thic P(x) v6i hé s6 thuc
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P(x) =x"+ an_l)c"_1 +...+ax+1 sao cho P(x) c6 it nhit mot nghiém thyc. Tim gia
tri nho nhét cia biéu thic 4=a +a; +...+a__,.
Loi giai
Néu n=2 thi P(x)=x*+ax+1 cb nghiém khi T=al>4.
n—1
Néu n>2 , goi x, la nghiém thyc ctia P(x) thi x, #0 va —Zaixé =x, +1>0.Do
i=1

d6 ton tai cac sb a, (1 <i<n-— 1) khong dong thoi bang 0. Ta c6

2
n-1 )
1
n-1 (Zaixoj (xg n 1)2
_ 2 i=1 _
A= Zai 2 n—1 -l
i=1

IETHD JETY
Xo Xo
im1 '

—2i Y n A A r 1k, a2 ,oa
Do x) +1>x)% +x}',Vi= 1,5 —1 nén cong céc bat dang thic nay, suy ra

n
n 5_1 5 2kl 5
n 1 n 1 n
(x0+1)_2x0 = (x0+1) 2> Xy =X,
i=1 i=1
n 2 & 2i 1 n 2
:>—(x0 +1) > > X, +—(xO —1)
i=1 4
5 n—1 4
:>—(x(')'+1) > xg’:>AZ—

Xét da thue P(x)=x"-

l(x’” +x"7+..+x)+1 co mot nghiém bing 1 va
n p—
4 i A . 4
A= . Vay gia tri nho nhat cia A4 la :
n—1 n—1

Bai 6 (ROMANIA MO 2001) Cho sé nguyén duwong chin n. Tim cac sb thuc a,b

thoa man diéu kién:
() b" =3a+1

(1) Da thtrc P(x) = (xz +x +1)n — x" — a chia hét cho da thirc Q(x) =X +x +x+b

Loi gidi
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Gid st x,x,,x; 1a cac nghiém cua da thac O (x) thi x,,x,,x; cling la nghiém cua da
thirc P(x).

Néu ton tai it nhat mot nghiém cua P(x) bang 0 thi tir gia thiét suyra b =0,a =1 (mau
thuan diéu kién (i), suy ra b # 0 va x,,x,,x, #0.

Pat R(x)=x"P(x) .Khido R(x)=[O(x)-b] —x"—ax" , dodo

xf” +ax; =b"=0,Vi=1,2,3

Suy ra x;,i=1,2,3 1a nghiém cta phuong trinh x> 4+ ax —b =0 nén trong cac sb x;
¢ it nhat hai s6 bang nhau. Khong mét tinh tong quat gid st x;' = x . Ta xét cac truong
hop sau:

+) x; =x, =x} , khido theo dinh li Viet, ta cé x" =(x,x,x;)" =b" =3a+1. Matkhac

2 3
x"=1 x"-1

3—x 3

2 A . 7
x,"+ax; =b"=3a+1, suy ra a= nén x; =x; =x; =1 . Khi do6

b"=1,a=0.

+) x! =x) # x; . Ap dung dinh li Viet ta c6

X%, =—b=x"x} =b" =x" +ax; => x} —x" +a=0

Mat khac

x; +x, =—a:>x1"(xl”+1)=O:>x;’ =x =-1=a=1-0"=a=0,b"=1.

Vay ta luon c¢6 b"=1,a=0 . Néu b=-1,a=0 thi tit ca cac nghiém cua da thirc
Q(x)=x3 +x” + x —1 la nghiém cua da thirc R(x)zl—xzn . DPiéu nay vo li vi Q(x)
c6 nghiém thyc khac 1 , ma R(x) chi c6 hai nghiém thyc 1a £1 . Vay b=1,a=0.
Bai 7 (VMO 1988) Cho da thic P(x)=ax"+ax"" +..+a, x+a,,n>3 c6 n

2
n —n

nghiém thyc va a, =1,q, = —n,a, = . Xac dinh a,,aq,,...,a,.

Loi gidi
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Ki hiéu x,i=Ln 1a »n nghiém thyc cia da thic thi Y x,=n va
i=l

ZZxx _n " NN

i=l j=l1

2
Ta co Zn:xl.z :(Zn:xij —2Zn:Zn:xl.xj =n’—n’+n=n
i=1

i=1 =l j=1

n

va Z(x—l Zx —Zx+n n-2n+n=0=x=Li=Ln . Suy ra

i=1 i=1

P(x)=(x—1)". Vay cic hé 6 ciia da thuc 1a (~1)" C*, k= 0,n.

Bai 8. Cho P(x) la da thirc v6i hé s6 thuc c6 7 nghiém thyc phan biét 16n hon 1. Xét
da thitc O(x) =(x +1) P(x) P'(x)+ x| P*(x)+ P (x) ]. Ching minh ring da thirc
O(x) ¢6 2n—1 nghiém thuc phan biét.

Loi gidi.

Taco O(x)= [P’(x) + xP(x)} :xP'(x) + P(x)} .

!

e % ex;P(x)j
xP'(x) + P(x) = (xP(x)),

Gia su cac nghiém cua P(x) la 1<x,<x,<...<x, . Theo dinh li Rolle, da thirc

P'(x)+xP(x)
D@ thay

P'(x)+xP(x) co n—1 nghiém a.,i=ln-1 thoa man

1

l<x <a <x,<..<a,, <x, vadathic xP'(x)+P(x) c6 n nghiém S, j=1n
thoamén 0< B, <x, < B, <x,<..< [, <Xx,.
-Neu o, # 8 ., Vi, j thi ta 6 ngay diéu phai chirmg minh.

- Gia sir ton tai (i,j) saocho @, =, =y =y >1.
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P,
| {P’(7)+yP(y)=0 P(y) : o
Khi d , , = 7" =1. Piéu nay mau thuan véi
yP(y)+P(y)=0 |P(y)_ 1
P(y) 7
y>1.

Bai 9 (THTT 10/2004). Cho da thic P(x) c6 bac 2018 va théa min

2

P(x):xx+1,Vxe{1,2,...,2019}. Tinh P(2020).

Léi gidi
Xét Q(x)z(x+1)P(x)—x2,‘v’xe]R. Ta co degQ(x)=2019 va Q(x) co 2019
nghiém la 1,2,...,2019. Do d6

Q(x):C(x—l)(x—Z)...(x—2019).

Lai c6 Q(—1)=—1<:>C(—2).(—3)...(—2020)=—1<:>C:20120!.
1
= —1)(x—2)..(x-2019).
SuyraQ(x) 2020!()( )(x )(x 09)
3
Do dé 0(2020)=——— =L _—2021.P(2020)~2020° = P(2020)= 2020
2020 2020 2020.2021

Bai 10 (Tap chi Pi 5/2018). Cho hai da thic P(x)=x’—4x’+39x-46 va
Q(x)zx3 +3x* +4x-3.
c. Chimg minh rang cé hai da thirc déu c¢6 duy nhat mot nghiém thyec.
d. Ki hiéu «a,f tuong tng la nghiém thyc cua P(x),Q(x). Chung minh ré‘mg
{a}>{ﬂ}2 (voi {x} 1a phan 1¢ cua s6 thuc x).
Loi gidi
a. Vi P(x),0(x) 1a cac da thic bac 3 nén déu 6 it nhat mot nghiém thyc. Hon

ntra:
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P'(x)=2x"+23+(x—4)">0,VxeR va Q'(x)=3(x+1)"+1>0,vxeR nén
P(x),0(x) déu la cac ham sb dong bién trén R. Do d6 ca hai da thirc déu c6

duy nhét mot nghi¢m thyc.

b. P(x),0(x) déu la cic ham lién tyc trén R va P(1).P(2)=-10.24<0 va
0(0).0(1)=-3.5<0  nén suy ra ae(1;2),8e(0;1). Do do,
{al=a-1{B}=p.

Ta ching minh a—1> B < a> 7 +1.

Taco 0=0(B)=4"+3B*+4B-3< B> +45=3(1-5*)

(B +4p) =9(1-5) ,(0<p<1)

< BB +3457-9=0.

Taco P(B*+1)=p°- B +345°~10=-1 = P(f*+1).P(2)=-124<0

Suy ra ae(ﬂ2+l;2):>a>ﬂ2+1.
Bai 11 (VMO 2002). Cho hai da thic P(x)=4x’-2x"-15x+9 va
O(x)=12x"+6x" —Tx+1.

c¢. Chtng minh rang ca hai da thirc déu c6 ba nghiém thyc phén biét.

d. Kihiéu a, twong (mg la nghiém thyc 16n nhat ciia P (x),Q(x). Chtrng minh
ring o’ +35° =4,

Bai 12 (Ha Tinh TST 2018 - 2019 Ngay 2). Ki hi¢u M ={-10;-9,...;9;10} . Xét da

P(2+\/§)‘< 0 , chimg minh ring

thire P(x)=x3+ax2+bx+c (a,b,ceM ). Biét
2018

da thirc P(x) c6 ba nghiém thuc phan biét.
Loi gidgi

Ta co
P(2+\/§):(2+\/§)3+a(2+\/§)2+b(2+\/§)+c

:20+6a+2b+c+(14+4a+b)\/§:m+n\/§.
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Do a,b,ce M nén
Ta chirng minh P(2+\/§)=0. Gia sur P(2+\/§)¢0<:>m+n\/§¢0<:>m,n khong
déng thoi béng 0.

Suy ra m—n\/i;tO va ‘m—n\/z‘é|m|+|n|x/§<110+64%:204,tl‘J: day suy ra

m 2n 1 9 . X 4,
‘ 2+\/_‘ ‘m+n\/—‘ Im n\/_| 206 3018 . MAu thuan chirng t6 P(2+\/§):0

Ta co P(2+\/5):m+n 2=0m=n=0 :>m—n\/§=P(2—\/§):0

Do P(x) c6 hai nghiém la 2+4+/2 14 hai nghiém cua O(x)=x’—-4x+2 nén
P(x)=(x*—dx+2)| x+<

(x)=(x* —4x )(x 2)
Tur d6 suy ra P(x) ¢6 3 nghiém thyc phan bigt 1a 242 va —g.

Bai 13 (VN TST 2015). Goi & la nghiém dwong cta phuong trinh x” +x—5=0.Véi
mdi s6 nguyén duong 7 nao do, goi ¢,,¢,,...,c, 1a cic s6 nguyén khong am thoa man
¢, tea+..+ca"=2015.
c. Ching minh rang ¢, +¢, +...+¢,=2(mod3).
d. Tim GTNN cua S=c¢,+¢ +...+c,.
Loi gidi
a. Xétdathic P(x)=c,+cx+..+¢,x".
Xét phép chia P(x)=(x"+x-5)0(x)+R(x). taco degR(x)<l.
Tacé P(a)=R(a)=2015 va P(1)=-30(1)+R(1)=R(1)(mod3)
Do d9, ta chimg minh R(1)=2(mod3).
That vay
+) TH 1: deg R(x)=1=>R(x)=ax+b=R(a)=aa+b=2015.

Do « votinén aa+b vo ti (mau thuan).
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+) TH 2: deg R(x)=0=>R(x)=2015=2(mod3).
b. Tacé P(1)=—30Q(1)+2015. Do dé, dé tim GTNN cta P(1) tatim GTLN cua
o(1).
Gia str Q(x)=b, +bx+...+b,_,x" (bbb, , €Z).
Ta c6
P(x):(x2+x—5)Q(x)+2015:(x2+x—5)(b0+b1x+...+bn_2x”*2)+2015

DPong nhat hé s6
c,=—5b,+2015=0
¢,=b,—5b,20
¢,=b,+b,—-5b,20
¢;=b+b,-5b,20

Cn—Z :bn—4 +bn—3 _Sbn—Z 20
Cn—l :bn—3 +bn—2 20

>0

n-2=—

a,=b

Ta co

bOS2015’b1S4(5)3

5
b, =403,b, =80
Xét day s
et day so bn:{w}nzz

5

RS rang diy nay dén mot lic nao d6 thi bang 0 nén ta tinh duoc

b,=96,b,=35,b,=26,b;=12,b,=7,b,=3,b,=2,b,=1,b,=0,n>10

Suy ra 0(1)<665=>P(1)>-3.665+2015=20
Bai 14. Cho P(x) 1a mot da thirc bac 3 ¢ hé s6 hitu ti. Biét rang P(x) c6 3 nghiém
thuc «, 3,y théa man k=ﬁ 12 mot sb hitu ti khac 0 va +1. Chimg minh rang o, S, 7
hiru ti.

Léi gidi
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Khong mét tong quat, gia so P(x) monic, ta c6 P(x)=x’+mx’+nx+p véi
m,n,peQ.

a+p+y=—m
Theo DL Viet: < aff+ By +ya=n.

affy=—p
Ta s& tim mot da thirc bac 2, hé sd hiru ti nhénj o, hodc ¥y lam nghi¢m.
Ta co
(k2 +k+1)ﬁ2 +m(k+1)B+n=a’+af+p’—(a+p+y)(a+p)+n
=—(af+py+ya)+n=—n+n=0
Vay [ 1a nghiém cua da thirc Q(x)z(k2 +k+1)x2 +m(k+1)x+ne@[x]
Néu goi R(x) la da thirc hé sb hitu i, c6 bac nhd nhét, monic, nhin £ 1am nghiém thi
degR<2.
Néu degR=1, do R(x)eQ[x] nén SeN,suyra a=kfeQ,y=—m-a-LcQ.
Néu degR=2, do deg P=3 nén suy ra ¢ hodc y hitu ti va dan téi «, 3,y hitu ti.
Bai 15 (Tap chi Pi T9/2017). Cho day sb nguyén duong (a, ) véi n>0 c6 tinh chét:
Vé6i mbi s6 tu nhién m, da thic P, (x)=a,x" +a,_x""'+ax+a, c6 m nghiém thuc
phan bigt. Chimg minh rang a,>n,VneN.
Léi gidi
(Bai 11 — trang 49 Chuyén dé BD Pa thirc HSG).

Bai 16. Cho 2n s6 a,<a,<..<a,, véi n>2.
2n
Dat S:Zai’Al :ZaZia2j9A2:Za2i+la2j+l :
i=1 i<j i<j
, : N 2
Chtng minh rang (n—l)S >4n(A1 +4,).
Loi gidi

Bé dé: Cho da thie P(x)=a,x" +a, x"" +...4 a,x + a, v6i hé sb thuc, c6 bac n>2

va c¢6 n nghiém thuc phan biét. Khi do (n—1)a._, > 2na,.a, ,
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That vy, tir dao ham cAp 7 —2 cta P(x) va di¢u kién n>2 nén P")(x)1a da thrc

—1)!
bac hai cuthéla P (x)= Z—:.an X+ ( 1'1)'.an1 x+(n-2)a,.,.

n! (n—1)!

- Ap dung hé qua cua dinh li Rolle ta suy ra 2—;.61” X+ T

a, x+(n-2)la, ,=0

c6 hai nghiém phan biét < A >0 hay (n—1)a._, >2na,.a,_,
Quay lgi bai todn:

Xét P(x)=(x-a,)(x-a;)..(x=a,,_, )+(x~a,)(x-a,)..(x-a,,)

Ta thdy deg P=n, hé sb cao nhat bang 2.

Laic6 P(a,).P(a,)<0,P(a;).P(a,)<O0,... nén P(x) c6 n nghiém thuc phan biét.
Ap dung b dé, ta c6: (n—1)S*>4n(4,+4,).

Bai 17. Cho P(x)eR[x],degP(x)=2017. Chimg minh rang ton tai hai da thirc
O(x),R(x)eR[x]; degQ=deg R=2017; O(x),R(x) cé tit ca cac nghiém déu thuc
sao cho P(x)=0(x)+R(x).

Loi gidi

Khong mat tong quat, gia st P (x) monic.

Xét 2017 6 1,2,..,2017. Cho y,€R,i=1,2017 sao cho y,>max{0;2P(i)} voi

ie{l;3;..;2017} va y,<min{0;2P(i)} v6i ie{2;4;..;2016} .

Theo CT noi suy Lagrange, ton tai da thure
2017 2017 x—j
H(x)=Y y][|—=.deg H<2016,H (x)eR|x]
=1 =1 1=
i

Khi do H (i)=y,,Vi=1,2017.
bit  O(x)=(x—-1)(x-2)..(x-2017)+H(x), khi do6 degQ=2017 wva
Q(i)zyl.,‘v’izl,2017, Q(x) monic

0(1).0(2)=1,.7,<0,0(2).0(3)=1,.; <0,..,0(1)Q(i+1)<0,¥i=1,2016
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Do d6 Q(x) c6 2016 nghiém thyc, nhung do deg9=2017 nén Q(x) c6 2017 nghiém
thue.
bat R(x):2P(x)—Q(x) , khi d6 R(x)eR[x], monic va deg R=2017

Taco R(i)R(i+1)=(2P(i)-0(i))(2P(i+1)-0(i+1))
=(2P(i)-y,)(2P(i+1)-y,,)<0,vi=1,2016

Tuong tu, R(x) c6 2017 nghiém thyc.
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