LUYEN THI DAl HOC MON TOAN — Thiy Huing Béndé Sé phurc

Tai liéu bai gang:
01. MO’ PAU VE SO PHUC - P1

Thay Pang Viét Hung

1. KHAI NI EM SO PHUC

Mot sb phic z 14 mot biéu thirc dangz = a + bi, trongdé a, bla nhiing $ thyc va $ i thoa mani® = 1.
Trongdo:

i ladon vi a0.

a duoc goi la phan thyc aia & phirc

b duoc goi 1 phan 40 aia $ phirc

Tap hop cécdiém biéu dién s phac ki higu 1aC.

= Cha :

¢ S phiczla & thuc iéu b = 0, khid6 z=a.

¢ Sb phac zla 4o (hay $ thuan 40) réua = 0, khidé z = bi.

¢ Hai $ phicz=a+biva z'= a+ b'i néu {E_s‘

P

¢ Véiiladon vidota c6:i? =-1;i®=i% =+ *=( 2)2:11; 551 %

Tir d6 suy rai*" +i*™+ 24 M 3=0

Vidu: Tinh ong S=1+ i+ 2 +i°+ .. +i%?

Vi du 1. Tim phan thyc va phin 40 cia cac $ phirc sau

a)z=2+3i b) z = 4i c)z=-1

d) z=+/2- 2i e)z=(1+if—(1—i} f) 2= (11 - 6i) — (2 — 4i)

Hudng din qgidgi:

Theodinh ngha $ phic ta c6

a)z=2+3i>a=2;b=3

byz=4i=>a=0;b=4

c)z=-1=a=-1, b=0

d) z=v/2-2i=a=/2;b=-2

e)bé tim phin thyc, pHin 4o ta @n bién ddi sd phirc da cho ¢ dang rat @n.

Taco(1+i)’ ~(1-i)"=(1+ 2+4i°)~(1- o4 *)=i2-(-i2) =i4=a = B;= , (dof=-1)
f)z=(11—6i)— (2—4i)=9—2i>a=9:b=—2.

Vi du 2. Tim céc 6 thuc x vay, biét:
a) (X+1L) +(F-2) = (x+2)+f+4)
b) (1-3x)+(y+Di=(x+y)—(2x+ i

Huwdng din gidi:
n . . [a=a'
Ta bét rang hai  phircz=a +biva z'= a'+ b‘inéu{ B
C[2x+1=x+2 x=1
a) Taco =
3y-2=y+4 y=2
3
1-3x=x+ 4x+y=1 ==
b)Tacé{ _ Y e{ y_ =173
y+l=—(2x+1) [2x+y=-2 y=-5
Vi du 3.Cho z=(3a+2)+(b-4) i. Tim cac § a, bdé:
a)zla $ thyc
b) zla & thudn a0
Huwdng din gidgi:

a)zlasf}thug khib—4 =0, hay = 4.
b) zla £ thuan a0 khi 3a + 2 = 0, haya = -2/3
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LUYEN THI DAl HOC MON TOAN — Thiy Huing Béndé Sé phurc

Bai tap ap dung:

Bai 1. Xacdinh pHin thec va phin 40 aia cac é phuac:

1. 2=-3+5] 2.2=-J/2i

3.z=12 4z=0
5.z=(4-i)+(2+3i)—-(5+i). 6.z=(1+iY—(1-if
7.z=2+i-B-1i}. 8.z = (3 - 5i) + (2 + 4i)
9.z=(11 - 6i) — (2 — 4i) 10.z = (2 +i) — (1 + 4i)
Bai 2.Choz=(2a- 9 +(3b+ § v¢i a,b0 R. Tim cac 6 a, bdé:

1.z 1a $ thuc 2.z la $ thudn ao

Bai 3. Tim céc §é thuc x vay, bét:
1. (2x+1)+5i=-4+(3y- 2 i

2. (x-v2)-4i=3-(y+1)i
2. BIEU DIEN HINH H QC CUA SO PHUC

Cho $ phicz=a+bi (a,b0 R) dugc biéu dién bsi diem M(a; b) (hayM(2)) trong niit phing bado Oxy (hay con
goi la mit phéng phic)

Trongdo: i .

- Truc hoanhOx (truc thuc) bieu dién phan thyc a.

- Truc tungOy (truc 40) biéu dien phan 4o b. i T

Vidu. Cho cac 8 phic 2 + 3i; 3; —i; -1 + 2i c6 catiem bieu dien lan lugt la A, B, C, D

a) Chirng minh &Eng ABCD la mot hinh binh hanh

b) Taml cia hinh binh hanABCD biéu dién s phirc nao?

3. MODULE CUA SO PHUC

Khéi niém:

Cho $ phirc z=a + bi, module a $ phic zki hiéu 1a || vaduoc tinh theo liu thic: |4 =+ & + I
Vi du: Tinh module 6a céc & phic sau

1.z=1+3i

2.2=2i

3. z2=+/3-i
4.z=(2+i)" +(1+ 2i)°
Hudng din gidgi:

Ap dyng cong tiic |7 =va + I taco

1. z2=1+3i=|4 =1+ 9=4/1C

2.2=2i=|4=V4=2

3.2=3-i=|4=3+1=2

4.z=(2+1)"+(1+ 21)° =4+ 2i+ P) +(1+ 4i+ 4F) =(3+ 2)+( 4i- = 6> 2= ¢

4. D PHUC LIEN H QP

Khai niém: ~ ~
Cho $ phirc z = a + bi, s phic lién hyp caia $ phic z ki hidu 1a z vaduoc tinh theo Hiu thic: z= a- bi
wChay: B

+ Cacdiém M(a ; b) vaM’ (a ; -b) biéu dién cac é phiac zva z ddi xirng nhau qua tic Ox.

+ Céc $ phirc zva z ¢6 module bng nhauy|Z =ﬁ =Ja+

Vi du: Viét cac 8 phic lién bop aia mji s6 phirc sau va tinh moduleia ching
1.z=2-5i

2.2z=Ti

3.z=6+Ii

4. z:\/:_3—2i
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LUYEN THI P4l HQOC MON TOAN — Thiy Hung

Béndé Sé phurc

Hudng din qgidi:

Ap dung z = a- bi, taduoc :

1.2=2-5i= 2= 2+ 5i=>| 2= 4+ 25=/ 2
2.2=Ti=2=-Ti=|4=149= 7
3.2=6+i=2=6-i=[4=/36+ 1=/ 37
4.z2=~/3-2i= z=/3+ 2i:>ﬁ=\/3+—4=\/_7

LUY EN TAP TONG HQP

Bai 1.Tinhz+z', z— z', z.z voi

1) z=5+2i,z'= 4+ 3i
3)z=-4-7i,z'= 2- 5i

Bai 2. Thuc hién cac phép tinh sau :
1) (1-i)°

3) (1+i)*+3i

Bai 3. Viét cac $ phirc sau dngdai s

1

(2
8- 6i

;= (2+1i)(@2i) N (2i)(1+ 2i)
2i 2+i

V3

11)

Bai 4.Choz=-2+0i Hay tinh:2,2,2 (2 . 2 2.
2 2 Z

X

Bai 5. Tinh modun, tim&phuc lién hyp cia mdi sb phic sau:

1
2+3i
3) 2:4;‘:.3I
2-i

5) z = (2 i)(=3+ 2i)(5- 4i)

1)z=

2+3i
(4+i)(2- 2i)
2+3i 2-3i
, = (3-2i)(4+3i)

1-2i
_(3+2i)(1-3)
13)2_—1+\@i

15) zzi_(i?—%j
2i

7)z=
9) z
11) +5-4j

+(2-1)

2)z=2-3i,2'= 6+ 4i
4)z=1+13, z2'=—/3+ 2|

2)(2+3i)°
4) (1+ i)2010

_ —5+6i
4+ 3i
4.)2:3__4’I
4-1
1
143
2 2
8)2:2_4'-|
5i
1+2i+ 12i
12i 1+ 2i

2)z

6)z=

10)z=

2)2:44_-5I
i

1-2i

2+i

1

(1+2i)(3-1)

5+5i 20

3-4i 4+ 3i

_3+2i+(2-i)(4- 3

- 2+i

12)2:(3—2i) (1— i)

1+i

14) 2+ (1+ 2i): -(1- i)32

3+2i) —(2+1i)

(
16)z= (1—+.ij33 (1= )+ (24 3) (2- 3) + 1

4)z=

6)z=

8)z=

10) z
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LUYEN THI DAl HOC MON TOAN — Thiy Huing Béndé Sé phurc

17) 2= 10 )+ (10 o (10 (34 2= ()

Bai 6. Cho cacé phic z = 1 + 2i, 2= -2 + 3i, 3= 1 — i. Hay tinh va saio tim ptin thyc, phin 4o, maiun, $ phic
doi va $ phac lién hyp cia moi s6 phirc sau:

1) z=z+2z+z 2Fz22,+ 2,2+ 7,7
3) z=277,2 Nz=7+75+7
T 6)2=4"%

22 23 Zl 22+Z3

Bai7.Tinhz,+2,,2-2,2.3 | - 24 , 22 ; bit:
1) z, =-5+6i, z, = 1~ 2i
2)2,=3+2i,z=4 3

1 . 1 1
3)z,=—=+i, z,=——Z+—i
AL
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Béndé Sé phurc

01. MO’ PAU VE SO PHUC — P2

Thay Pang Viét Hung

5. CAC PHEP TOAN VE SO PHUC

5.1 Phép éng, trir hai s phirc

¢ Chohaiéphicz=a+hivaz =a +b'

Khi 36 9 phicw =z + Z'dugc tinh i : w=(a + @) + (b + b)i

¢ Tuong ty, 5 phic u = z — Zdugc tinh Wi : u = (a—a’) + (b—b)i
wChay:

Phép 6ng hai $ phrc cdday du tinh cHit nhe phép éng hai $ thuc Ia tinh giao hoan,é hop.

¢ Tinh chit két hop :(z+ z')+ Z= z+( z+ 2)D z,z,720C

¢ Tinh chit giao hoan z+z =z + Z1z,z0C
¢ Congwi0:z+0=0+z= 21Z41C
¢ V6i mdi sb phirc z=a+ bi(a, IR |, réu ki hisu $ phic—a - bi la —z thi ta c6
z+(-2)=(-2)+z=0
S6 —zduoc goi la 5 ddi cua $ phic z
Vidu. Thuc hien phép éng, tnr cac ® phic sau
1.z:2+3i;z;5—2i
2.2=-5+2i;z=3i
3.2z=2-3i;z=2-1i .
Hudng din giai:
Ap dung congtitc z+z = (a+ al (br b);z-z=(a—a)} (b- b),tacé
1.2+Z=(2+5+ (3- 2)i= *i;z-z=(2-5+ (3+ 2)i=-3+ 5
2.2+7 =-5+(3+ 2)i=-5+ 5i; z-z =-5+ (2- 3)i=-5- i
3.2+2=(2+2- B3+ Di= 4 4;z2-2=(2- 2+ 3+ Di=-2i
5.2 Phép nhan hai & phirc
¢ Chohaiéphicz=a+hivaz =a +bi ’ ' o
Khi d6 $ phic w = z.z dugc tinh king cbng tlec : w = aa — bb + (ab + ab)i
# Nhan xét :

V6i moi sb thyc k va moi sb phic a + bi(a, bR ), ta cok(a + bi) = (k + Oi)(a + bi) = ka + kbi

0z = Ov6i moi sb phic z ) ’ ,

w Chu y: Phép nhan cadphic cdday du tinh chit nha phép nhan cadghyuc
¢ Tinh chit giao hoan z.z = z.zd z,zZ0C

¢ Tinh chit két hop :(zz )z = z(zz ) 2,z ,Z0C

¢Nhanwil:1.z=2z1= z[1ZIC

¢ Tinh chit phan pli cia phép nhandi phép ong

z(z'+z"): zz+ zz 1 z,z,71C

Vi du. Phan tich ra tita s so phirc cac béu thirc sau

1.a8+1 2.2&+3

3.4& + o _ 4.38+ 51
Hudéng din gidi:

Sir dung ¥ = —1 tadwoc

Lal+l=d-F= (& i)a+ i

2. 422+ 96 = 44— 9B%= (2a 3bi)(2a 3t
3.2a + 3= 2&- 3%=( a/_z\/_gi( e(@fy

4.3a+ 5 = 33~ 5B1=(v 3a/ Sh(v 3ay 5
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LUYEN THI DAl HOC MON TOAN — Thiy Huing Béndé Sé phurc

5.3 Phép chia cho&phitc khac 0

¢ S5 nghichdao cia & phic z khac 0 lag z™ :ﬁ z
z

¢ Thuong Z cia phép chiadphic z cho $ phic z khac 0 |a tichi@ z véi sé phac nghich dao cia z, trc la
z

Zo770
z
' ZZ (a—bl)(a+ bl) .
= 5i z £
Vy |z|2 (a2+b2) véi z# 0
# Nhan xét :

) J1 _ _
*V6iz#0,taco==1.7 =71
z

* Thuong — la $ phic w sao cho zw = zCo the n6i phép chia chadsphirc khac 0 1a phép toan ngec aia phép
z

nhan ) ’ ) o ) o

* Thyc chit cua phép chia haisphic 1a nhan @ tir so va miu % véi biéu thic phic lién bop cia miu .

Vi du. Thuc hign phép chia cacaphic sau

_ 1 _ -5+6i
l.z=—F 2.z= :
(1+i)(4-3i) 4+ 3i
3.z= 7;2| 4'2:3—{4
8-06i 4—j
Hudng din gidi:
1 S o N & N QY

T(1+i)(4-3) 7+ ()= ) 742 50 50
_5+6 _(-5+6)(4-8)_-2 39_-2 39
4+3 (4+3)4-8B) 4+3 25 25
3 Tinhz=7"2_(7-2)@-6)_ 68 26_ 17 1
8-6 (8-6)8+6) &+ 6 25 50
7—2} 17,1317 13

8-6 | 25 50 25 50

Vay Z:Q:(

# Nhan xét : , ,

Ta ding co ti¢ giai cAu nay theo cich khacwnbau (& dung tinh clat caa $ phic):
(7-2\_7-2_7+2_ (" R)8i6) 17 13
_[S—GJ_8—6_8+6 §+6 25 50

_(3-4)(4+i)_16- 13_ 16 13

4.z— =_—2_-
4—| (4-i)(4+i) £+1 17 17

6. CAC TINH CH AT CUA SO PHUC

¢ Cho 9 phitc z = x + yi , ba tinh clit sau aia $ phirc dwec xép vao 1 nhom:
Tinh chét 1: S5 phic z 1a é thuc = z=z

Chérng minh:

Tac6:z=z = X+ yi= Xx—Vi = y=0=> z= X. Vay z la $ thuc.

Tinh chét 2: S5 phiczla$ 40 = z=-2

Chirng minh:

Tacd:z=-z< X + yi=—x+ yie x=0= z= y.Vayzla s ao.

Tinh chit 3: Cho $ phic z ¢6 $ phic lién hop z va module 1a2]. Khi d6: zz=| 42
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zz=(x+ Y)(x y)= k- §i= %+ y
4 =(ery) =xry

¢ Cho 2 $ phitc z, = X, + Yii ; Z» = % + Vi, ba tinh chit tiép theo dwoc xép vao nhém lién hp:

Chsng minh: { 00 zz=| ¢

Tinhchit4: z +z,= 2+ 3

Chizng minh:

{E+E=(>g+ VY EOE (Y i oo 5
z+tz=x- Yt %= BpE(xt )-(yt Y i

Tinh chét5: 2,7, = 7, .2,

Chirng minh:

{E_z;(w VO ¥ =00 Y+ Oxgr xY30xs Y- ¥y Yy oo
227007 Y= p)= (5%~ yP=(xyr %Y i
Tinh chit 6: [iJ =4

Z, z,

Chérng minh:

(i}(&wi]:((&v %)~ (% %~ w]: X% Yy, Xy Xy
%) ey oy 0 o [a)E

Z_ %= % O Wt %) X% MY, X% XY 2) &

Z, %= Y0 (%= YD)+ Y,) X%+ ¥y %+ Y

# Nhan xét :

Ngoai cach ciing minh & dién trén thi ta c6 thsir dung ngay nt “thanh qu” da ching minhduoc 1a tinh clat s 5.

That vay, dat zzi: =123
z,

[l |

Theo tinh cht 5tacéiz =2z =_Z_;:>_zé , hay (i} -
2 ) 1,

¢ Cho 2 $ phitc z = X + il ; Zo = % + i, ba tinh chit ti ép theo dugc xép vao nhém module
Tinh chit 7: |z,2,)| =|z/| z)

Chérng minh:

22| =[O+ YO+ wI=|0O0%= ¥+ xyr XY

=22 =00 y W7 +Oxyr x Y =0 XX+ XY+ x¥+( y¥ @

2|z =y F+ f E+ F=J(x92+ (XY ( 3 ¥+ ( ¥y Y2 (2
Tu (1) va (2) ta codpcm)

Tinh chit 8: ‘i _lal
z| |3z
Chérng minh:
‘i: x+ il _[Ogr yI06= w)| (6% y+(xy x3i
| %t wl |(x+ %)%= v)| | %+ ¥,
2

gl (oot ww) L[ ey x| _ (X)) [k §
= + 2 2 2 2 2 (1)

7. X+ Y, (% +¥) (3¢ +y2) X+ Y
# Nhan xét :

Tuong tr nhr nhan xétda néud tinh chit 6, tadat 7=4 z=122
z,
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lz] ‘ |zl

Theo tinh cht 7 ta co:|z| =|z z|=| £ 4= | |z- , hay

Tinh chét 9: |z + z|<| Z]+] ¢

Chérng minh:

z+z|<[Z+ 2 = JOxr 9+ PPy T Y+ 3 3
o (X H(h+ ) S X+ %+ Bt 2 F+ N F+ P
o (%t W) (X072 + (%W H+( XY +( Y Y’

= (%Y, = %¥)°20

Vi du 1. Thuc hién cac phép tinh sau :

b ;_2J 22=|(1+ )3~ 2) 3.2=(2+3)+ (1-1)
4.z=% 5. 2=(5+1)(2-3)
=1
Huwdéng din gidi:
L ,o(772)_7-2_7+2_ (nR)&i6) 17 13
' 8-6) 8-6 8+6 g+ 6 25 50

2. z=|@+i)(3-2) =[1+i[|3- 2=V 1+ 1V 8+ 2=V 2

3.z=(2+3)+(1-i)=2+ 3+ Li= 2 B+ ¥i = 3 iZ

g [ Vi
' |1 i| 1~ || 1+l

3. z=(5+1)(2-3)=5+i .2~ 8= (5 )& i3} 13 ¢

Vi du 2. Tinh module ¢a céac 6 phic sau

1. z(1+ 2()= -1+ 3i 2. % _=3+2]
=1+ 3i
3. —Z_—(1+2i)=5-6i g 2,713
2+3i 1-i 2+i
Huwéng din gidgi:
Ap dung céac &p tinh ctat lién quandén module ta c6:
1. z(1+ 2i)= -1+ 3i= | z(+ 2i)=|-# Ji= | 2| & Ql—\/_(b| —g—\/_
2 2o :3+2i:‘%‘:|3+ 2 - |_|Z| |:¢1—3:| 4= VT3 10-4 13
7 Z _goaim| 2o g A e _
3.5 (14 2)=5-6i~ =6 |:>‘ ‘ |6 |2 3 =V52= 2/135| = 2

g 2%i, _T1#31 |2+|Z‘ | -1+ 3| |2+||M |1+3I| H \/—0 H:iE

1=i°" 2+ =i 2w | T =) |2+ 5

Bai tap ap dung:

Bai 1: Tinh module va&phic lién hyp cia mbi sb phic z sau :

1.z=(2-5i)(3+1) 2(1+i)z+3=2i- 4z
1 3i-7
S _— 4.2=——
(3i+4)(2-1) 10+
5. z(2+ 3i)= 4+ 5i 6.(1+ 2i)z= (- 1+ 3i)(2+ i)
7. (1-3i) z+(4+ 3) = 7- 5 S3rn, 578

T 243 2-3i
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9. 7= (1+ 2i)(2- 4i) 1&:?
—i
N
11, z=% 12.7= (2 )(=3+ 2)(5- 4i)
—i
13, z7=2%51, 20 14.7=872004+3) o
3-4i 4+3i 1-2i
15. z:&
(4+i)(2-2i)
Bai 2. Tim  phic z biét
- (2-iy 3 -
a) z= b) zz+3(z- 3=1-4 c) z'=1-/2i
) 1+ 73 ) (z= 3 )
Bai 3. Tinh mddun aia $ phic z biét
REEINCE V90
z |
b) Cho $ phic z =4-3i+ (1-i) 2, =%.Tinh modun aia $ phic z= 7.2
, (1-va) L
¢) Cho ¢ phirc z=—. Tin médun aia $ phac z+ iz

1-i
Bai 4: Tim pHin thec va plin 2o aia $ phic z = (~1+~/3i%2 + (1+/3 °?
Bai 5: Cho $ phirc z+1= i®°+i*® Tim |z] biét z'= z+ iz

Bai 6. Tim & phirc z thoa man céc &thic sau:

a) =2z b) 22 -|4"+1=0
2 g (2% +i _
c) 2 +|4=0 d)=~ =i
e)%iz_ (zz__zaz‘“ﬁ f) (z+ 2@+ )+ (z- A(2+3)= 4~ i
9) 2+2/2=0 h) 2 +i|4=0 i) iz2 +|4+1=0
Bai 7. Tim & phic z thoa man céc dthic sau:
2
a) 747=1478 b)|z-3i=[1-i7 va 2-2 1a  thuin do.
z b Z
O [ = (z+ D+ )+ 2 d)|z-1=|z2+9 va | + 2 =2
=1
e) 4=+2 f) 2+ zz-2=0
‘z+2i_z‘=\/§
g) 42+ (L+ 3)z= 25+ 21 h) 222+4|2|_5‘z=%5
_ z+3+|z-3=10
) |4'=22(z-5 -l
)| =22(29) ) {|22+3i|=\/—109

Bai 8. Tim & phic zthéa man(1-3 )z 1a & thuc va\E— 2+ Si‘ =1.

Tham gia ton ven kh6aL TPH valLuyén gidi dé dé dat 8 diém Toan te lén! WWW.Mmoon.vn



LUYEN THI DAl HOC MON TOAN — Thiy Huing Béndé Sé phurc

Tai liéu bai gang:
02. CAC DANG QUY TiCH PHUC - P1

Thay Pang Viét Hung

l. CAC DANG QUY TiCH C O BAN

a) Puong thang o o

Qug tich caadiem M bieu dién & phic z =x +yi laduong thang reu nhr M(x ; y) ¢6 bado thoa mén

phuong trinhduong thang : Ax+ By + C = 0.

b) Pwdng tron o ’

Quy tich caaiiém M biéu dien $ phirc z=x +yi laduong tron u nhr M(x ; y) c6 hado thoa mén plrong

trinh dudng tron €) : (x—a)? + (y —b)? = R, trongdd I(a ; b) 14 tamdudng tron vaR 1a ban kinhiuwong

tron.

c) bwong Elip | o ,

Quy tich caaiiém M biéu dién $ phirc z=x +yi laduong elip reu nhr M(x ; y) ¢é bado thoa mén phrong
2 2

trinh duong elip (E) :% +Y

= =1, trongdo a, btuongung la cac bantc lén va ban tic nhd caa elip.
b

2Chuy: 7 .

e Piem M thwc Elip nhin A, B lam cac tiédiem thi theafinh ngha elip ta c6 MA + MB = 2a, vdong
thoi AB = 2c, lado dai tiéu ar cua elip.

* Mdi quan ¥ giza cacdai luong a, b, ¢ ga elip 1a & = b® + ¢

ll. CAC Vi D U DIEN HINH

Vi du 1. Trén miit phing phic, tim #ip hop cacdiém biéu dién cac 8 phic z théa mandiéu kién:
a) Phan thyc caaz bang hai kn phan 4o cia no.

b) Phan thyc aia z thusc doan [-2; 1]

c) Phan thyc ciaz thuoc doan [-2; 1] va phn 40 aia z thudc doan [1; 3].

d) [z <2

e)2< <3

f) 21 + 2i[< 2

o) [2i -2 =|22-1

Huéng din gidi :

Goi z=x +yi vaM(x ; y) ladiém biéu dién s phic z

a) Phan thyc caaz bang hai bn phin 4o aaaz, tic lax = 2y, hayx— 2y = 0.

Vay quy tich caadiém M(2) la duong thingd : x— 2y = 0.

b) Phan thyc aiaz thuoc doan [-2; 1], trc 1a —2< x < 1.

Vay quy tich caadiém M(2) 1a prin mit phing givi han bsi hai duong thingx = —2 vax = 1

c) Phan thee aia z thie doan [-2; 1] va phn 4o caaz thude doan [1; 3], tic 1a —2< x< 1 va
1<y<3

Vay quy tich caadiém M(2) 1a mién trong @a hinh clr nhat ABCD gi¢i han bsi bén duong thing
x==2;x=1;y=1vay=3.

d)|d<2 <= (X +y¥<2= X+ ¥<4

Vay quy tich caadiém M(2) 1a mién trong @a hinh tron tanh(0; 0), ban kintR = 2, (€ ca nhitng diém nim
trénduong tron)

Cach gii khac:

Goi M ladiém biéu dién & phirc z

M, 1adiém biéu dién s phirc z, = 0= M4(0; 0)

Theo bai toan &n dé taduoc z— z| =MMj, hay ¥ | =MM;

Tir d6 tadwoc MM; < 2, (1)
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Do diém M; ¢6 dinh, nént (1) ta thy quy tichM 1a mién trong @a hinh tron tanM;(0; 0), ban kiniR = 2.
X’ +y*<9

e)2<|7<3< 25X+ y <3< 4< X+ y¥< 9= { , yz A
X+ Yy

Vay}?zuy tich caadiém M(2) 1& hinh vanh kin gioi han boi hai hinh trondong tam Ci): x¢ +y* = 4 va Cy):
+y- =9

N [z-1+2]< 2 [(x=D+(y+ Di< 20 J(x= ¥ +(y+ ¥ 2o (x F+(y Ps

Vay quy tich caadiém M(2) 1a mién trong @a hinh tron tan(1; —2), ban klnl’rR =2, (K ca nhing diém
nam tréndudng tron)

Cach gii khac:

Goi M ladiém biéu dién & phirc z

M ladiém biéu dién & phicz, = 1 — 2 = My(1; —2)

Theo bai toan én dé taduoc z—z| =MMy, hay -1 + 2i| =MM;

Tir d6 tadugc MM; < 2, (2)

Do diém M; ¢b dinh, néni (2) ta thy quy tichM |a mién trong @a hinh tron tanMy(1; —2),R = 2.

o) [2i -2 =|22-1

Tacdz= x- yi, tr d6 taduoc:
‘2i—2§‘z|22 @\z A x- yl‘—‘z{x+ yl) - '1<:»‘—2(+ A+ )Zf ‘ 2}4l
oA+ a(y+ ) = (2 )+ 4y o a8+ 4§+ 2 )= ( 4R 4¢ )1+ %

< dX+8 +3=0 i
Vay guy tich caadiem M(2) la duong thangd: 4x + 8y + 3 =0

Vi du 2. Trén miit phing phic, tim #ip hop cacdiém biéu dién cac § phic z thva mandiéu kién:
a)[z+2+3=4 b) |2-z+1- {=2 c) [2+7=|i-7

Hudéng din gidi :

Gia sir sd phic z = x + i, codiém biéu dién lAM(x; y).
x=-1

P =4 o = =4 2 = 4o = 2o B
)+ 2ed=a (0 (e ) rd= 4o e g = e o g 20 |0
Vay quy tich caadiém M(2) la haidudng thingx = —1 vax = -5

b) ‘z—_z+1—‘:2«:» (x+ y)=(x y)+1-|=2< [B(2y-)|= 2= | #( 3~ X =

1443
2
_1-43

2

- 1+(2y—])2 = 4=| 2y~ 1L:\/_3:>

1£+/3

Vay quy tich caadiém M(2) 1a haiduong thing y=="
C) |2+Z|:|i—2| o ‘2+(X+ yi)‘:‘i—(x+ y|)‘ - ‘ X+2 + yﬁ_‘_ X+(1— 9 ‘I

- \/(x+2)2+y2 :\/x2+(1— Y o (R+ax A+ ¥= Z+( y-2y9 = 4x 2y F |
Vay quy tich caadiém M(2) laduong thingd: 4x+ 2y +3=0
Vi du 3. Trén miit phang phirc, tim ip hop cacdiém biéu dién cac § phic z thba mandiéu kién:

a)‘z+_z+]4:3 b) ‘z—_z+2+ (:2\/3 c)|z+3i|:‘_z+2+ i‘
Vi du 4. Trén miit phing phic, tim #ip hop cacdiém biéu dién cac § phic z thva mandiéu kién:
2+(7) =4 b) |2iz+i| = 2)z+1-i c)|2i - 2 =| 22+ 3

Vi du 5. Trén miit phang phirc, tim #ip hop cacdiém biéu dién cac § phic z thba mandiéu kién:
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2

a) la & thuc

zZ-i
b) 27 1a & thue

Z+i
c) (z-2)(z+ i) 1a & thuc
Vi du 6. Cho $ phirc zthéa man & thic |z+2i-1 :‘_z+ i‘ . Tim caadiém M biéu dién s phirc z sao cho
MA ngan nhat, vai A(1; 4).
Vi du 7. Cho $ phic zthéa mén & thic |2z + | :‘2_2— 3i+ 1( Tim caadiém M biéu dién s phirc z sao cho

MA ngin nhit, véi A(l;gj .
b/s: M (—1;—§j.
4

BAI TAP LUYEN TAP
Bai 1. Cho $ phic z = a + bi . Ki a, b phi thoa mandiéu kién gidé

a) Piém biéu dién ching @m trong di gitra 2duong thing x = —2 va x = 2
b) Biém biéu dién ching Bm trong di giita 2duong thing y = -3ivay = 3i
c) biém biéu dién ching &m trong hinh tron tam O, ban kinh 2

Bai 2. Tim quy tich caadiém M(z) biéu dién s phic z thba man:

a) 1<|2 < 2 va phin a0 lon hon haic béng%. b) |z+1<1

c) 1<|z-i<2 dj2iz-1=2z+3

Bai 3. Tim quy tich caadiém M(z) biéu dién s phic z thha man:

a) (2-2) (i+2)la & thuc tay y, (2-2) (i+2z)la S ao ty .

b) |z- (3 4i) = 2 0)2|z-i=|z-2+ 2|

d) |22 - (2] = 4

Bai 4. Tim quy tich caadiém M(z) biéu dién s phirc z thha man:

a) [z-1+i=2 b) 2|z~ 3] =|z+ z- 2|

c) [z-1+|z+1=4 d)|z-1-2{+|z+ 3- 2j= €
Bai 5. Trén mit phing tado, tim ép hop cacdiém biéu dién cac § phic z thhadiéu kién:
a) Phan thyc caa z king 2.

b) Phin 40 cia z thipc khaing (-1;3).

c) Phan thyc va ptin ao ciia zdéu thwc doan [-2;2].

Bai 6. Tim quy tich caadiém M(z) biéu dién s phic z thba man:

a)|4<3 b)1<|4<3

c) |z>4 d)|z+i[<1
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02. CAC DANG QUY TICH PHUC - P2

Thay Pang Viét Hung

.M QT SO DANG TOAN NANG CAO VE QUY TiCH PHUC
Cho hai $ phic z; vaz duoc biéu dién bsi cacdiém tronging 1aM; vaM,. Khi do |z, - z|= M, M,

Chérng minh:
Giasrzy =Xy +Vyil ;1 =%+ Y O - Mi(Xg; V1), Mo(X2; Vo).
T d6 taduoc:

2-2=(x+ y)=(xt w) =0 9+ (w1 |la-al=0x )+ (y- ¥’
MM, =(X2_X1; Y.~ y1) MM, :\/(xl—x2)2+( y,— y2)2
00|z -2/= MM,

Vi du 1. Tim qu tich caadiém M biéu dién & phirc z thoa mén|z-4i +|z+ 4i = 10, (1)
Huwéng din gidi:

Khi d6 {

Goi M ladiém biéu dién 5 phirc z

Aladiém biéu dién & phic z = 4 = A(0; 4)

B ladiém biéu dién & phirc z = -4 = B(0; —4)

Khi d6, (1) = MA +MB = 10,(2)

Hé thirc trén clitng © quy tich caadiém M(2) 1a elip nHin A, B lam céc tiéudiém.
2

2
Goi phuong trinh @a elip |ax—2+% =1,b>a b’ =a+ )
a

2

Tr(2)tacéa =10=>a=>.
AB=2 = 8= =c=4,rd6b’=a’+c* =41
. NG yz
Va v tichM(2) 1a Elip c6 plwong trinh—+-2-=1
ay quy 2 p cO phrong AT
Vi du 2. Xacdinh @ip hop cacdiém M trén miit phing phic biéu dién céac é phic (1+i\/§)z+ 2 trongdd

|z-1<2.

Hudéng din gidgi:
bat W=(1+i\/§)2+ 2 thi Z:1erli_\/2§'
Do d6 theo gh thiét [z-1<2 1VI;J2?3_J‘S2 - ‘w—(3+i\/§)‘s J+iv3 - ‘w—(3+i\ﬁ3)‘s 4.

Vay tap hop cn tim 1a hinh tron c6 tam(s;\/é), ban kinhR = 4 k& ca dudng tron bién.

DO 12 hinh tron c6 pong trinh (x-3)° +(y—ﬁ3)2 <16.

=N (1)

Vi du 3: Gidi h¢ phrong trinh sau éi 4n I $ phirc 2va 1a tham & thuc khac 0| % +22
=1 2

z+ 2|‘

Hudng din gidi:
+ Goi A, B theo thr tu la cacdieém trong ndt phang phrc bicu dien cac & phic 4+2, -2. Khi d6 tap hop
diem M biéu dien © phic z thoa man (1) latwong tronduong kinhAB, trir haidiém A vaB. Buong tron

nay c6 tanE biéu dién 5 phic 1+i va ban kinhR:%|6+ 2 =[3+i|=+10 nén c6 phong trinh 1a

(x-2)*+(y-2)*=10 (1)
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+ Goi C, D theo thir ty 1a cacdiém trong nit phing phrc biéu dién cac é phic 2,—2 . Khi d6 tip hop diém
M biéu dién s phirc z thoa man (2) latuong trung tore ciadoan thing CD. Puong trung trre naydi qua
trungdiém H(L,-1) ciadoan thing CD va nkin CD(-2;-2) lam véct phap tugn nén c6 ptiong trinh |a
-2(x=1)-2(y+)=0= x+y=C (2.

Suy ra giaaliém aiaduong tron vaduong trung trre 1a nghém cia he da cho b6 1a caadiém (xy) thoa
X+y=0 {y =-X

man (1) va (2, trc 1a nghém aia k¢ pheong trinh sau -
( ) ( ) g v g p O g {(X_1)2+(y_1)2=10 (X_1)2+(_X_1)2=10

= - =2 =-2
_Jy=E=x o x haiic X
X=%2 y=-2 y=2

Vay hé da cho c6 hai nghim la z=2-2i va z=-2+ 2i.
|z-1-4i=3 (3

Vi du 4: Giai h¢ pheong trinh sau i z12an &5 <[ 7+ 3+ 2j
—3 |72 @
z+_—i

7 9 ~ Huoéng din gidi: 7 »
+ Goi E ladiém trong ndt phang phrc bieu dien $ phirc 1+ 4i . Khi d6 tap hop diém M biéu dien  phiac z
thoa man (3) latuong tron tanE, ban kinhR = 3.
Phurong trinhdudng tron nay 13(x-1)" +(y-4)"=9 (3)
+ Goi A, Btheo thir tu 14 cacdiém biéu dién cac é phic

32, —g+i . Khi d6 @p hop diém M biéu dién s phic z

thoa man (4) latuong tron (x+1)* +(y-2)°=5 4)
Suy ra nghim caa h¢ da cho 1a giadiém oia hai
duong tron (3') va (4'), tc 1a caadiém (x y) thoa
x-1)"+(y-4)°=9
man ¢ phrong trinh sau ( )2 (v )2
(x+1)"+(y-2)"=5
{x2+y2—2x—8y+8:0 {x+y—2=0

X+ Y2 +2x-4y=0 X2+ y?+2x-4y=0

y=2-X y=2-X = -
+(2-x)"+2x-42-¥=0  [¥+x-2=0 i
x=1 . |x==2 af A
- haic :
y=1 y=4

Vay hé phrong trinhda cho c6 hai nghm la z=1+i va z=-2+ 4i.
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|z-3-i<2 (5

|2z-9-2|25 (6
Huwdng din gidgi:

Goi z=x+ yi (% YOR) la toa vi chiadiém M bat ky trong miit phang phic.

+ Tap hop cacdiém M biéu dién $5 phirc zthéa man (5) 1a hinh tron tam

A(3;1), ban kinhR = 2 (I ca bién).

5
>

Vi du 5: Giai hé bt phrong trinh sau &i an l1a $ phac z: {

¥

+ Taco(6) = z—%—|

Tap hop cécdiem M bicu dién & phac z théa mén
(6) la ptan caa mat phang ram bén ngoai
hinh tron ténB(g;l)  béan kinrRzg

(ké ca bién). ,
Vay nghiém aia k¢ bat pheong trinhda cho
la giao @a hai fip hop trén.bé la “ hinh téng

ludi liém ” khéng b béi den trong hinh &. -
o \ o 25572051 @)
Vi du 6: Giai hé¢ bat phrong trinh sau &i an la $ phic z: z+1
|z-1-2|<2 (8)

Huwdng din gidgi:

Goi z=x+yi(x yOR) latoa Vi cua

diém M bét ky trong miit phing phic.

+ Tap hop cacdiém M c6 ba Vi z thoa

man (7) la &a mit phing khong clradiem A
cO by laduong trung tec aiadoan thang AB
(ké ca dudng trung toc ), Wi A(-3;2) va
B(-10).

+ Tap hop cacdiém M c6 ba vi zthoa

man (8) la hinh tron tam(1;2) , ban kinh
R=2 (K ca bién).

Vay nghiém ciia hg bat phrong trinhdé cho la
giao dia hai éip hop trén.bo la phin hinh tron k ca bién khéng bbdi den trong hinh &.

Vi du 7: Trong céac & phic Z thoa man cac dithire sau khi bit quy tich cia $ phic z tuong tng?

a) z'= (L+i)z+ 2i biét

z+_z+1:2

b) z'= 3z+ iz biét

2+2|=[z2-3+ |

c) z'= (2+i)z+1biét [z+1- i = 4zz+ 1

Vi du 8: Trong cac & phic Z thoa man céc hthac sau khi bit quy tich aia $ phic z twong tng?

a) z'= (L+i)z+ 2i biét

z+_z+1:2

b) z'= 3z+ iz biét

2+ 2| =[z2-3+ |

c) z'= (2+i)z+1biét [z+1- 1 = 4zz+ 1
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Vi du 9: Trong cac & phic z théa man cac hithirc sau, tim & phic ¢ module né nhit ?

a) [z+1-1|=[z+3i-2

b) |z+2i|=|z+1+3j.

Vi du 10: Trong cac & phic z thoa man|z-2+ 2 =1, tim $ phic zcd médun nkd nhat.

Vi du 11: Trong cac & phic z théa mén|z-2- i =+/52, tim $ phirc zsao chdz- 4+ 2i dat max, min?

Bls: max= 3/13= M € 2;7
min =/13= M (6;:-5)
BAI TAP TU LUYEN
Bai 1. Trong céc é phic Z thoa man cac dthirc sau khi bit quy tich aia $ phirc z trong tng?
a) z'= (1-i)z+ 1 biét |z-i| 2 3zz- 1C
b) z'= 2z+ i biét <1
c) z'= (1~ W3)z+ 1biét |2+ 2i-1" 2 9zz+ ¢
d) z'=2z+i-1biét [z-3=2
Bai 2. Trong cac é phic z thoa man cac ithic sau, tim & phic c6 module né nhit ?

z+i

a) |z-2-4i=|z- 2i Pls: z=2+2i
b) |z+1-5i=[z+3-1. pls: z=2+9;

S 9
c) |z|=‘_z—3+4‘

Bai 3. Trong cAc & phic z thoa man cac hthirc sau, tim & phirc c6 module né nhit va ln nhit
z=1+2i=|4 =45
D/s: mn
z=3+6i=|4 _=3/5
z=1+2i=|4_ =5
D/s: mn
z=-3-6i=|4_ =3/5
Z:_2+i:>|z|min :\/g
z=-4+2i=|4 =2/5

a) |z-2-4i=+/5.

b) |z+1+ 2= 4/5.

5

C) z+3—gi‘:—. D/s:{

2
Bai 4. Trong cac & phic zthoéa mén|z—1+ 2{ =+/10, tim & phic z sao chdz+1- 4| max, min?

Bls: max= 3/10= M €2;7
| min =J10=M (0;2)

Bai 5. Trong cac & phic zthoa mén|z+ i/ =+/5, tim $ phic zsao chdz+4+ 3] max, min?

e {max= 3/5=> M (2;0)
min=v5= M (-2;-2)
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03. PHUONG TRINH PHUC

Thay Pang Viét Hung

|. CAN BAC HAI SO PHUC
Cho $ phirc z=a + bi, sb phirc w = x + yi dugc goi 1a cin bic hai @ia $ phic z néu w? = z hay
(x +yi)* =a + bi.

» Chay:
* Khi b= 0 thiz=a, ta c6 2 trong hyp don gian sau :

+TH1:a>0=n=*/a
+TH2:a<0= z= i2|61:>co:ii\/H
* Khi b# 0,dé tim cin bic 2 diazta gii hé pheong trinh & ddng nhit thiee: (x + yi)? = a + bi

2 _ =
hay x* — y* + 2xyi= a+ bi X'~y =a
2xy=Db
Vi du 1. Tim c&c @n bic hai ¢ia cac 8 phic sau

a.z=5 b.z=-7 c.z:—1—2\/?3i
Huéng din gidgi:

a.z=5=0=%/5
b. z=-7=7¢ = 0 =%i7
c. Goi w =X + Vi la cin bac hai @ia $ phic z=-1-2J/6i, ta c6

-6 2
- y? =1 y= » X2 =
(x+yi) =-1-2/6 = X -y’ + 2xyi=- 1 2/ 6 = o 2 = -6
2xy=-2/6 ) (—\/Ej _ y=—2
X - —1 =-1 X
X
Hé phueong trinh trén ¢ 2 ngéin (\/E;—\/é) ;(—\/_2;\/_3)
Vay cO 2 é@n bic hai @ia ~1-2J6 1av2-/3 va-/2+3
Vi du 2. Tinh ¢in bac hai dia cac 8 phic sau :
a. z=-1+4/3i b. z=4+6/5i c.z=-18
d.z=4 e.z=-5-12 f.z=11+4/3
9. 2= -40+ 42 h. z=%+%i i z=-8+@
Vi du 3. Viét cac $ phrc sau @i dang chinh plrong ?
A)Z="21+20= .o
I N
C)z=-15+8= ...,
d) Z==1=2V20= oo,
€)Z=5-12= .,
f) Z=13+ 80 3= oo,
9) Z=22-100 A= oo,
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Béndé Sé phurc

ll. PHUONG TRINH PHUC BAC 2

Xét phrong trinh plirc bic 2 : AZ + Bz+ C = 0coA = B — 4AC.
e TH1: Cac I 5 A, B, Cla cac 6 thuc. Tinh A=B*-4AC
-B++/A

+ Néu A > 0 thi phrong trinh ¢ nghéim thec z= oA

+NeuA<O:A——|2|A|: A= +|\/7:>z— B+I\/7

e TH2: Cac & SO A, B, Cla céac 8 phac.
Tinh A=B*-4AC= a+ bi= (x+ y)°

Khi dé phrong trinh c6 nghléim zzw

Vi du 1. Giai cac phrong trinh sau trérip hop 5 phic

a.z’°+2z+5=0 b? - 4z+ 20= (

c. @+i)(F-2iz-1)=0 d.Z2+(1-3i)z-2(1+i)=0
Huwong din gidi:

a. z2+2z+5=0.
TacOA'=-4=4°=>A=+d=7=-1+ 2
b. TacéA'=-16=16°=>JVA=+t4=z= 2 4

2 _

c. (ZZ+i)(Z-2iz-1)=0<

Z>-2iz-1=0
-,
.\2 == "
1 1-i 2 2
eTH;: 2+ i = 0= ZZ=-i==(-2)==(1-if=| =—
1 (#=g i1~ 1,1
J2 2

e TH,: Z2-2iz-1=0- Z-2iz+ = 0= (z i)z— 0= = i
Vay phaong trinhda cho c6 3 ngéim la z = \/1_ \/5 i z,= \/_2 \/];I z=1

Nhan xét :

Ngoai cac cach gi chuan muc ¢ trén, ching ta co #ygiai tit ma khéng én tinh toam\ hayA’ nhu sau

a. 22+27+5=0e (z+ )+ 4= 0o (2 ) - £i= 0~ (# D= )= =- 2 .

b. 2-42z+20=0- (z 2°+16= 0~ (= A= 16= 4)=> = 2
d.22+1-3)z-2(1+i)=0
TacoA=(1-3if+81+i)=2i=(1+7

3 —1+1+i
2
_8i-1-1-i
2

=2i
Vay cac nghtm aia phrong trinhda cho 13
=i-1

Vi du 2. Giai cac phrong trinh sau trérip hop 5 phic
. 2 .

a) ('”3_) 31273 4=
z-2i z-2i

b) 22-8=0

c) 4z2*-37-1=0

Hudéng din qidgi:

. 2 .
a) ('”3_) 31273 4=
z-2i z—-2I
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[ t=-1
pat 2*3 - ~3-4=0-
z-2i t=4
' —3-§ _(-3-8)(i+4) -a-
e \VGit=4 IZ+3_:4<:»iZ+3:4(z—Z)<:> z(i- 4=-3 8= z= _3 8:( .2 )( ): 4- 3%
z-2i -4 i--16 -17
4 35,
=z=—+—"j
17 17
eVoit=-1 231 iz43=4- zo Zi+)=2- 3>z _2-3_(2 _2)( “)_1-5
z-2i i+1 1--1 -2
1 5.
=z=—-=+=]
2 2

Vay phaong trinhdé cho c6 2 ngiéim phirc la z -i+ 35 iz, = —_1+ 5

17 17" 2 2
b)Z2-8=0- (z2-2)@+2+4)=0
*TH,:z2-2=0- 2=2
¢ THy: Z2+22+4=0- (z+1f=-3=3F= z=-H i/ ¢
Vay phaong trinhdé cho c6 3 ngém phrclaz, =2;z, =-1- iV 3; z=-4 i3
c) 4z' -37-1=0.

t=1

bit Z =t. Phrong trinhda cho trong duong Wi 4t> -3 -1= 0 =

1
4
Giai phuong trinh timdugct = 1 haic t—Zl

eVéit=1taduocZ =1=>z=+1

Vay phrong trinhda cho c6 4 nglém phic la z=+1; z= il—z.

Vi du 3. Goi z;, z21& cAc nghim aia cac phrong trinhZ + 2z+ 5 = 0. Tinh gia frcac béu thrc sau

A=l +|2fs B=| 4°+] 444 #

Hudng dan gidi:
=-1+2i
TacdzZ +2z+5=0« (z+1f =-4= (Zif:{zl _
z,=-1-2i
= asTE e [7]=4
Khi ta co — =9—
|z,|=V1+4= N z=-1+2 |[z|=

. A=|21| +|22| =5+5=10
* B:|Zi|2+|zz|2_4‘_%H_%‘=5+ 5— 4,/ 5/ 5= — 1(

Vay A=10vaB =-10 )
Vi du 4. Giai cac phrong trinh sau trérap hop  phic:

a) 22 +2z+5=C b) 22 - 4z+ 20= C
c) -32+2z-5=0 d)42+9=0
e) 32 -z+2=C )2 -\/3z+ 1= 0

Vi du 5. Giai cac phrong trinh sau trérap hop £ phac:

a) Z2+2(i-2)z+ 3- 2i=C b3 - (i+3)z-2-2i=0
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C) 22— (3+i)z+4+3i=0 dig? -z+3+i=0
e) iz?+2iz-4=0 Y- (3-i)z+4-3i=0
g) 3iz2-2z-4+i=0 h) 22 - 8(1- i)z+ 63- 16F (

Vi du 6. Giai cac phrong trinh sau trérap hop £ phac:

a) 22-8=0 b) 2’ +47 + 62+ 3= (

c) ' -2+ 67 -8z 16 ( d)z*-72-12=0

e)z'-27-8=C gy -37-1=C

g)z'-6Z7+8=C h)z*-16=10

Vi du 7. Giai cac phrong trinh sau trérip hop £ phac:

a) 1+i)z>=-1+7i b) z-i)(Z2+1)(Z+1)=0

c)(2+3)z=z-1 d)(Z2+2) + 47+ 2-12= (

e) (z+3-i)° - 6(z+ 3- ) +13= C f) (iz+3j2—3.iz+3—4=o
z-2i Z 2l

a) (22+1)2+(z+332:C g)(22+9)(22—z+])=c

) (z+3i)(22—22+ @z C

Vi du 8. Giai cac phrong trinh sau trérip hop £ phac:

. 4
a) 7' +16= 0 b)(ZH_j =1
z-2i

C) (z* +3z+ 6f + 2z(Z+ 3z 6y 3%= d) (z+1)* + 2(z+ 1f + (z+ 4§+ E (

Vi du 9. Giai cac phrong trinh sau:

a) 2 -7z+11+ 3= 0 b) Z2 +2(1- 2i)z—- 7- 4= C
D/s:a)z=5-i;z=2+ b) z=1+2i;z=-3+ 2i

c) Z2-2(2-i)z+6-8i=C d) ZZ-(2+i)z+1+i=0
b/s: c) z=3+i;z=1-3i d) z=1z=1+i

Vi du 10.Giai cac phrong trinh sau (fc ba):

a) 2 - (2+1i)Z + (2+ 2i)z- 2i= C biét phwong trinh c6 Mt nghiém laz =1i.
Dls: z=i;z=1+ i

b) 22 +47 + (4+ i) z+ 3+ 3i= C biét phrong trinh c6 Nt nghiém laz = —i.
DPl/s: z=-iiz=-1+iz=-3

C) 2 - Z+(2- 2i)z+ 2+ 4i= C biét phuong trinh c6 mt nghiém laz =1 —i.

b/s: z=3+i:z=1- 3i d) z=1z=1+i
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04. DANG LUONG GIAC CUA SO PHUC

Thay Pang Viét Hung

1. Khai niém vé dang lweng giac dia & phirc

Cho $ phic z = a + bi, § phic trénduoc i 14 dang dai sd caa $ phic
S6 phic z = r(co$ + isind) dugc goi la dang hrong giac da $ phac
Trongdo:

r: lamodule caa $ phic

¢: laargument cia $ phic

2. Cach chuyn d@6i mot sb phirc tir dang dai sé sang kreng giac

Dé chuyen s phirc z = a + bi sangaig lrong gidc z = r(cof + isin) ta phii tim duoc module va
argument ga $ phac.

Bing viéc ddng nHit biéu thrc hai $ phrc ta co:ia=rcogh < { co$ =
b=rsind

a

,(

24

= ,(2)

Jvai+ i
Hé phuong trinh trén cho phép chiing tarthhién viéc chuyén déi dé dang tr dai sb sang rong giac.
=.Chi ¥
¢ Tir cac I¥ thirc (1) va (2), Kt hop Wi kién thirc lirong gidc ¥ cung va gécuong giac ta 8 xacdinh duroc
o
¢ Nhidu s phic cho ding “na n&’luwong giac dt dé 1am ching ta “ém wong” @6 chinh 1a @ng keong
giac. Nheng khong, bng viec chuyn doi linh hogt cac cong thic tr cos sang sin va mgc lai ta s thu
duoc dang keong giac “chinh gc”
¢ Trong cac hiu thizc cho phép xadinh ¢ thi theong co hai gia ti ¢ chip nhin dwroc, tiy thigc vao chéu
quay ma ta chn dé lay ¢ theo chéu drong hay chiu am (vi @ cap gia ti ¢ = —5716 haic ¢ = 776 déu
chap nhin duoc)

i
T
%

sing =

=l = |w

Vi du 1. Tinh modun va argumenaa cac 8 phirc sau

a)z=1+i b) z=+/3+]
c) z=+/3-1i d)z=1+iV/3
Huwéng din gidi:
r=vJa’+
Ap dung céc cong tic cosq):il: 2 taco
rJa’+
sinq):E: b
r }a2+b2
a) z=1+ir=Ja+ P =y 1=V 2
a_1
cosh=—=—
Pong thi ' \/E:Ml):ﬂ
sinp=2=_L 4
ro 2

Tham gia ton ven kh6aL TPH valLuyén gidi dé dé dat 8 diém Toan te lén! WWW.Mmoon.vn




LUYEN THI P4l HQOC MON TOAN — Thiy Hung

Béndé Sé phurc

r=+v3+1=2
r=2
b) z=/3+i= coscb:#:%z ¢_T[
sinq):l':iL °
r 2
r=+3+1=2
r=2
c) z=/3-i=> cosp:@:%: 6= T
6
sinq):—}:——1
2
r=+1+3=2 5
r=
d) z=1+ 3= cosd)::—L:—; =1,
r =—
3
_\3_43
sing =—=—
r 2
Vi du 2. Viét cac $ phirc sau dng luong giac
a) z=-/6-i2 b) z=-2+ 2/3i
c)z=-1-i/3 d) z=-5-5/3i
Hwdng din gidi:
r:\/6+2:2\/_2 I‘ZZ/_Z \/_
=2J2
| ~J6 _-J6 ~J6_-J3_ |
a) z=—J6-W2={cop=—-=—"" o | cop=——=—"—
) @ ro 22 ¢ r 2 ¢:%ﬂ
_ - : -2 -1
sm¢:—2:£ sing=——=—
roo2J2 r 2
T do6 Z=—\/6—i\/§:2\/_2(008%-[+ isin%Tj
r=+4+12=4 4
r=
b) z=-2+ 2/3i= cost):_—:%l = ¢_2n:> z= «E cos—+ is'm—j
E)
. J3_ /3
sing =——=—
r 2
r=+1+3=2 5
r=
c)z=—1—i\/§:> co:d)z_—1=_71 b M= Z= %cos—+ iSiH—j
r =—
3
_~A_-3
sm¢———7
]
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r=+25+75=10 10
r=
d) z=-5-5/3i= co$=_—5=%l = in= = 16 COé;’—T”f iS'*%Tj
r =—
3
. _-5/3_-J3
sing = =
;

Vi du 3. Viét s5 phic sau dng luong giac: z = sind + 2isirf%

Hwéng dan giai:

Bién d6i s6 phac da cho tatugc z= sin(p+2isin2% = Zsin% cos%+ 2isih%: Zsi%( ce(p%+ |s1%2j
Do module éa $ phirc ludn 1a é duong nén ta xét cacudng hyp sau
TH1: sin? > 0= 7= 2sin%| cof + isif
2 2 2 2
TH2: sin? < 0= z=-2sin%| cos2+x |+isin| 2+x
2 2 2 2

Vi du 4. Viét cac $ phirc sau dng lrong giac

1. z=—/3-i 2.7=-1+i/3
3.z=1-iW/3 4.7=5-5/3i
5. z=2-2i 6.z=i

7.z =8i 8.z = —4i

3. Nhan va chia hai 8 phirc dang lweng giac

a) Nhan hai $ phirc dang lwong giac

Cho hai § phic dang hrong giac: 7 = ri(cosh; + isinds1) va 2 = r(cosh, + ising,)

Khi d6 & phic z = 2.2, dwoc cho Ii cong thic z=z,.z, = 1.5 cosg,+¢ , ¥ ising,+¢,)
Tir d6 ta c6 8 phicc z = 2.2, ¢6 module va argumentdh man r =1.r, vVap = 1+ ¢

That vay ta c6:z2=z,.z, = 1( cos,+ isi )] [ 5 cop,+ isid)]=

[ (cosp, .cos,— sit, .sih,)+ (i cay, .sin+ s .apg]= ,Jr aps(d .+ )in(p #¢ )

Vi du 1. Viét cac $ phirc sau dngdai sb
a) z:\/§(c0518+ isinl%)( cos?2 isin ‘?}

b) z:3(c0512®+ isian‘l)( cosis isin3¥

Huéng din gidi:
Ap dung cong titc z=2z,.2, = .;[ cosg,+¢ , } ising,+d,) taco
a)z:\/a(c0518+ isinl%)( cos P2 isin‘?)Z:\/_[Z c(os°118 0)72 (sin°£8 ‘ﬂ:
=\/§(00396+ isin9€))= V2= z4:
b) z:3(c0312€)+ isinlz‘t)( cosis isinﬁ)&- [3 (éos f20 °)ll5 (sm)“_&lso)]

i+i j|:> Z——3+—3
J2 2 J2 2

=3(003138+ isin13‘5)= E},—

Vi du 2. Viét cac $ phirc sau dng lrong giac

a) z=(1+1)(v3- ) b) z=(v2+1W86)(1- W3

Huwdng din gidi:
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¢ Vi bai nay chang ta hoan toan cé e hién phép nhan ngayirchuyén két qua thanh trong giéc,
nhung throng thi do argumenti@ $ phic khé timduoc két qua dep nén ching taéschuyén tirng biu thirc
sang trong giac 6i thuc hién phép nhan sau.

¢ Vi nhitng chng bai toan ni thé nay thi khi chugn sangkong gidc ching ta c6 érthuc hién nhanh ma
khéng phi trinh bay rom ra thao tac chiéy nhr thé ndo (trc 1a phii pro v cach chugn rdi do).

o) Ta 0611+ =V2] cosT+ isin | \3-i=2] cos T+ isin ] |

Khi d6 z=(1+ i)(\/é—i)={x/§(cosg+ isin’ﬂH % co§g+ isiﬁgﬂ: o?(z ce’1§2+ |s+’+132j

b) Ta co:\/§+idé=2\/_2( cosg+ isingj; 1—i\/§=2(cos_?n+ isin%Tj

Khi d6 z=(/2+V6)(1- i«/_s):{zfz( cosg+ isinng % co§§+ isi_ngﬂ: & (2 cos0 isiy

b) Chia hai $ phirc dang lweng giac
Cho hai § phirc dang hrgng giac: 7 = ri(cosh; + isind1) va 2 = r(cosh, + isind,)

Khi d6 s phic z=2L duoc cho i cdng thic z=ﬂ:i[cos¢l—¢2 W ising,~¢,
zZ, T

ZZ 2 2

N A z, R \ ~ n .
T d6 ta c6 6 phic z=—1céd module va argumentda manr =-tvad = ¢1— ¢,
r

Z2
Chirng minh:
Thit vay ta c6z = 2 = r, (cosp, + i.si.nq)l) :[rl(cos¢l+ ising,) ][ 5( co®,— isip,)]
z, r1,(cosp,+ isin,) ?
_ [ (cosp,.cog,+ sit, .sip,)+ (i sip, cos— aps .gif]| 1
) (2 leos, =6, )+ ising, -6, )

Vi du 1. Viét cac $ phirc sau dngdai sb

cos88 + isin88

x/i(co%u isinz—;j

a)z= b) z=
) cos 4@ + isin46 ) 2( T . .nj
cos—+ isin—
2 2
Huwdéng din gidi:
Ap dung cong titc z —1:—1[cos;q>1 o, }+ ising,— ¢, ], taduoc:
Z 2
cos88 + isin8% . 1
a)z= =cod 88— 48)+ isifi 85 40= cosds |S|n915
) cos40 + isin48 S( ) |6 O() J2 \/E

J2 coﬁu isinz—n

_ 3 3 _\/E 2 m) . . (2 T \/_2 ) L 1
b) z= =—|co -— |+ 1is Cos-+ iSiR-
2 2 2 6 6

T . . T
2| cos—+ isin—
( 2 2)

Vi du 2. Viét cac $ phirc sau dng luong giac
a) z= 1—|_ b) 2 —1+\/§|
2+ 2i \/§+|
Huwdéng dén gidi:

a)Ta c():l—i=x/§(cosf+ ISIan 2+2i=2(1+ )= 2\/_2( cosA—f+ |S|ngj
Khi do:
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\/E(CO%T+ isin?j

1-i 1{ { T nj . ’{ T T[H 14 - .—T[j 1
= - = =—|cog -——-— |+ isin ———-—||==] cos—+ isip— |=——
2+ 2i zﬁ(CO%Jr isin%rj 2 4 4 4 4 2 2 2

b) Ta co: ~1+4/3i= (cos§+ ISIH%TJ \/§+i:2(cosg+isingj

21
2| cos—+ isin—
.,_—1+\/§i_( 3”) 2Trn..2rrn_n..n
Khi d6 z= NI =co 3 8 cosr2+ ISIH—2:> z
3+l Z(CO%+ ISII‘F)

Vi du 3. Viét cac $ phic sau dngdai sb

T, . . T T . .T
a) z=5| cos-+ isin- | .3 cos+ isin
6 6 4 4

J2(cos48 + isin 45

b =
)2 J3(cos18+ isin18

4. Cong thic Moiver va ing dung dang lwong giac dia $ phirc

a) Cong thirc Moiver

Cho $ phic z = r(cog + isind), khi do 2" = [r(cosh + isind)]" = r'[cos(mp) + isin(rh)]
Cong thrc 2" = r"[cos(nd) + isin(nd)] dugc goi la cong thirc Moiver.

Vi du:

=(1+i)* (x/icosz+ |S|n—j (\/_% { co% .j+ is@ EAH: (4 cos  ism=-
Bing cac phép tinh toahi s ta ding & dang thutuoc két qua nhu trén!!!

b) Ung dung dang lweng giac
¢ Ung dung 1: Tinh todn céc Bu thrc $ phic voi |y thira Ion

Vi du 1. Tinh module va ¥t cac $ phic lién hyp cia mdi sd phac sau

a) 2=(-1+ iJ?s)G b) z= (1 'jm

1+i

Hwong din gidi:

6
a)Tacé:—1+i\/§:2(c032§n+ isin%Tj: z:(— ¥ 4'/36:{ é cosz—;+ isi%ﬂ

=26(cos%n+ isin%j: 2( costt+ isind)= 2= z ¢
Tir d6 ta c6|7 = 64; z= 64

b) Taco:1-i= \/E(cos%-[+ isin%-[j

I ﬁ(co%u isin?j
1+i:\/§(cosg+ isingj: - =

1+ \/— m . . Tl
2| cos—+ isin-
( 4 4)

-, . .-
= cos—+ isiR—=-
2 2

_(1—ij100_( - —nj“"’_ ~100m — 100t
=>Z7Z=| — =| COS—+ ISIn— = coOs——+ isiA——=
1+i 2 2 2 2

Tur d6 taduoc |2| = 1z=1
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Vi du 2. Tinh module ¢a mdi s phic sau
(1+ iﬁ,)s(sfs- )’ y 2o V(3 ;/5>i)4
(1-1) (1-/3])

a)z=

Huwdéng din gidi:

a) Ta co:

¢ 1+i/3= 2(cos—+ |S|n—j:> Jaw/_:) (cos§+ is'r%sz 8{ ce%} |5+%3Tj

. -6t . . -6 .
¢ J/3-i= COS—+ISI = 2| cos—+ isiA— |= cqsT)+ is{ATt
Va-iz o) (Ve ) = 2 cosdhe isindl]= o cdem)+ s
* 1-i= \/E(COS—'*' |S|n—nj: \/_% ( cos ISIHETJ 4_% cos+ |sﬁqsﬂj
4 4 4 4 4
Tur @6 ta co:
L —\8 \6 o8 2m, . 21 % _ dok -, . . -TC
(1+,@) (\/5_,) 2| cosy+ isinr | [ cob-m)+ isifrm)] g COS i+ isin
= NG = = — = — -
(1-1) 4\/§(co%5n+ isir&:’nj 42 COS—5T[+ isir%sn
4 4 4 4
2" { s(j+5—nj+ isir(i[+@ﬂ 2° (cosl—I[+ isiHEI)2>| |Z:—24
4& 4 3 4 42 12 4l 2
b) Ta cé:
. 1+i=\/§(COSE+ isinEj:(lk )6=(x/_%6( o€+ isigﬂj: ES ot + |S+§1—Tj
4 4 4 4 2 2

¢ 3-V3i=43(1- )= \/B(COSZ+ |s|n—j (\/_3—\/_% (x/—¢4( coéi—n+ |sm%j

= 36( cos—N+ | sin'3”j
2 2

=511 . .=bIt
¢ 1-J3i= cos—+ isin— v 3 cos—+ ISslkh—
V3 ( 3 3 j ( \/_) ( 3 3 j

Tu d6 ta co:
3m . .31 -3t . -3t
\6 )\ + _ +
(i) (3 _8(“’% 'S'r?j 3§ €Sy 'S“C?j_g cosO* isin0
- 5 - _ - _ _
(1—\/§i) 2° (co%+ ISII‘%T) cos%u isin%T

=9(0055—T[+ isin5—njz| 7= ¢
3 3

¢ Ung dung 2 Tim cin bac n aia $ phac

- Kh&i ném can bac n:

Cho $ phirc z, nHt sb phrc w dugc gi 1a cin bic n @ia $ phic z rfu w" = z.

- Céch tim &n bac n aia $ phac z

Giai sir b phirc zda cho 14 z = r(cdls + isind), va $ phrc w la w = r'(co®’ + isind’)
Khi d6 diéu kién w" = z trong duong Wi

[r'(cosh # isinp )" = f cop+ isip) = P] cdsn)+ is(én)]|= (r aps idih
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r'=r =
Tudétasuyr = ,voik=0,1,2...n-1.
’ a{n<|>':<1>+k2rr gr= 22
n
Vay cac én bac n dia $ phac z Iéwﬂ‘/?(cosm+ isinmj k= 0,n
n n
Vi du. Tim céc én bic n theo yéuau
a) Can bac 3 @ia z=+/3-1i
b)Canbic4 aaz =i
Huwéng din gidi:

a) Ta CéZ=\/§—i=2(cos%T+ isin%-[j

Goi sb phirc w = r(cog + isind) & cin bac 3 @ia z, khidé w* = z.

-Tt -Tt
’ —+k2m —+k2m .
Theo cbng thc tinh én bic n dia $ phic ta cow =32 cos6T+ isinBT k= 0,:

L

Vi k = 0 taduoc w, =¥/2| cos8 + isin-& :ﬂ_z( cos "+ isiﬁl[j
3 3 18 18

Teon . e

Véi k = 1 tadugc szﬁ cos® — +isin® — |=¥ co£+ isil%lT
3 3 18 18
-Tt -Tt
——+4mn —+4n
Vi k = 2 taduogc Wgzﬁ COS6T+ isinBT :\f{ cosz%T+ isin%j

Vay sb phirc da cho c6 bain bac ba [a w, wa, ws nhur trén.
b) Tacdéz=i :cosg+ ising

Goi s phirc w = r(co® + ising) la cin bic 4 aia z, khido w' = z.
Theo cbng thc tinh én bic n dia $ phic ta co:

Tiken  Tvkon Mok Tvkm
W:\/i COSZT-'- ISIHZT = C052T+ ISIHZT ,IF 0,
n L
Véi k = 0 tadugc w, = cos2 + isin2 = cog + isiA:
4 4 8 8
Sram oram oTt STt
Véi k = 1 tadugc w, = cos2 + isin2 = COS—+ iSiA—
4 4 8 8
Tan Mo on o
Vi k = 2 tadugc w, = cos2 + isin2 = cos—+ isiA—
4 8 8
Tl T
—+6T —+6m
Véi k = 3 tadugc w, = cos2 + isin2 2 = cos%r[+ isiml%T
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LUYEN THI P4l HQOC MON TOAN — Thiy Hung

Béndé Sé phurc

Vay sb phic da cho c6 Bn cin bac bin & wi, Wy, ws, ws nhu trén.

BAI T AP TONG HQP
Bai 1. Viét cac $ phic sau dngdai sb

a) z=(1+ i)s(l— i\/§)6

_ T .T :
c) z—(cosg |S|n§j 7.1 3i)

Bai 2. Viét cac $ phirc sau dng lrong giac

a)z= (\/é— i)7 (1- i)10

Bai 3. Viét cac $ phirc sau dng lrong giac

a) z=(V3+i) (1- 3] (1+1)°

oz =(1+ ix/:_%]

1-i
Bai 4. Tim cac é&n biac 3 aia:
az=1
c)z=1-i
Bai 5. Tim cac én bic 4 aia:
a) z=+/3-]
c) z=1+iV3
Bai 6. Tinh: 22°1°+ﬁ biét z+% =i

b)z=(2-2/3]

(3v3-3)" (1-)
(6

b) z=(V6-i2) (V3-i

d) z=(1-i)° (1+ V3)

b)z=1+1
d)z=1+/3i

b)z=2-2i
d)z=-i
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