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MO PAU - PAM CUOI CUA KEPLER VA NHUNG THUNG RUQU

Mua thu ndm 1613, nha thién van Johannes Kepler chuan bi d4m cuéi lan tht hai ¢ thanh phé Linz
(Ao) va mua may thung ruou vang dé dii khach. Ong dé y cach ngudi ban rugu tinh tién: chi can
cdm mot cay que qua 13 rét & giita than thing, chéo xudng mép day, doc d6 dai phan que bi uét rdi
tra bang 1a ra thé tich. Moi thung, du béo hay gay, déu duoc tinh theo dung mét con sb ay.

Nha thién vin vén quen tinh quy dao cc hanh tinh thiy cach 1am nay qua voi vang. Liéu hai thung
c6 cung “dd dai que” c6 chura cung mdt lugng rugu? Kepler tudng tugng chia thung rugu thanh vo
s6 lat mong, tinh thé tich timg 1at rdi cong lai. Nam 1615, éng in cudn Nova stereometria doliorum
vinariorum (Phép do thé tich méi cho thung ruou vang). D6 1a mot trong nhiing cudn sach dau tién
ding mot cach co hé thong y tudng ma ngdy nay ta goi 1a tich phan.

que do chéo

Kepler (1615):
chia thuing thanh vé s6
lat mong, cdng thé tich

V = [ S(x) dx

Kepler chia thung rieou thanh v sé lat méng dé tinh thé tich.

Y tuong éy that ra d3 co tir rat sém. Archimedes (thé ki IIT TCN) da tinh dugc dién tich mdt manh
parabol va thé tich hinh cau bang cach “cit nho roi ghép lai”. Phai dén Newton va Leibniz (cudi
thé ki XVII), con nguoi mdi nhan ra rang phép cong vo s6 lat mong Ay lai 1a phép toan nguore ciia
dao ham. Dinh li co ban cua giai tich ra doi, va chi vé1 mdt cong thirc

b
f f () dx = F(b) — F(@)

nhirng bai todn ting lam kho cac nha toan hoc hang nghin nam dugc giai trong vai dong.
Tich phan 13 nghé thuat chia nho dé hiéu cai toan thé.
Trude khi doc tiép, hdy thir stc véi ba cau hoi:

« Mot cong hinh parabol rong 8 m, cao 8 m. Nguoi ta lam mot canh cira hinh chir nhat rong 4
m, cao 4,5 m & giita cong, phan con lai trang tri bang hoa van. Phan trang tri ¢6 dién tich
bao nhiéu mét vuéng?

« Mot 6 t6 dang chay v6i van téc 20 m/s thi phanh, sau d6 chuyén dong cham dan véi van toc
v(t) = 20 — 5t (m/s). Tir lic phanh dén khi dimg han, 6 t6 di thém duogc bao nhiéu mét?
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+  Khong tim nguyén ham, hdy tinh

™/2 dx
.](; 1 + (tanx)V2

Cau tra 101 (khoang 24,67 m?; 40 m; %) s& lan luot xuat hién trong chuyén dé. Cau thir ba 1a mot

bai thi Putnam nam 1980, ki thi Toan danh cho sinh vién Mi va Canada!
I Muc tiéu ciia chuyén dé

« V& Kkién thirc: hiéu khai niém nguyén ham, tich phan va y nghia hinh hoc, vt li cta ching;
nim virng bang nguyén ham, cac tinh chit cia tich phan; thanh thao phwong phap dbi bién
sO va tich phéan timg phéan; biét tmg dung tich phan tinh dién tich hinh phang, thé tich vat
thé, thé tich khéi tron xoay, quang duong va cac dai lugng thuc té.

« V& Ki niing: giai nhanh, chinh x4c cac cau héi tich phan theo dinh dang bai thi danh gia
ning lyc HSA cia PHQG Ha Noi (tric nghiém 4 Iya chon va dién dap an) va bai thi tot
nghiép THPT (tréc nghiém, ding — sai, tra 101 ngén), dac biét cac dang ham 4n, doc dd thi,
bai toan thuc té.

« V& tw duy: nhin moi dai lvong “tich liiy” (quing dudng, luong nudce, dién ning, chi phi)
bang con mat cia tong Riemann: chia nhd, xdp xi, cong lai, ldy gi6i han.

I Poi twong va cach sir dung

Chuyén dé danh cho hoc sinh 16p 12 6n thi HSA va tot nghiép THPT, gido vién day chuong Nguyén
ham va tich phdan (Toan 12, Chuong trinh GDPT 2018), va nhiing ai yéu toan. Hoc sinh mé1 hoc
nén doc lan luot Phan II va Dang 1 -9 cua Phan IIL; hoc sinh 6n thi ¢c6 thé di thfmg té1 cac dang
toan, bai tap va dé luyén tap; gido vién c6 thé dung Phan I, Phan IV lam tu liéu mé dau bai giang
va Phan VII & t6 chtrc budi on tap.

Bang. Ciu triic chuyén dé

I Cau chuyén lich st: Eudoxus, Archimedes, Luu Huy, TH H?mg, Poc hiéu
Kepler, Cavalieri, Newton, Leibniz, Riemann

I Tir tinh hudng dén khai niém: nguyén ham, tich phan, cac phuong Co ban
phap tinh, tng dung hinh hoc va vat li

Il | 17 dang toan, 108 vi du phan tich chi tiét: ciu hoi kiéu HSA va tdt | Co ban — Olympic
nghiép THPT, d¢ thi tuyén sinh Pai hoc, dé thi hoc sinh gidi va

Olympic
v Tich phan quanh ta: kién trac, giao thong, thity dién, dién ning, y M6 rong
hoc, kinh té, xac suat
A% 94 bai tap chia 7 muc do Luyén tap
VI Loi giai chi tiét: trich lai dé, 101 giai ngay sau ting bai Tu kiém tra
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Phin ’ Noi dung Mirc do

VII
(100 cau) c6 dép an va 16i giai chi tit

K& hoach budi day, phiéu hoc tap, 5 dé luyén tap mo6 phong HSA ‘ Day hoc ‘

% V& bai thi HSA va bai thi tot nghiép THPT.

Phan Todn hoc va xit Ii s6 liéu cua bai thi HSA (PHQG Ha Noi) gdbm 50 ciu trong 75 phut:
35 cau tric nghiém 4 lga chon va 15 cau dién dap an, trung binh khoang 1,5 phut mgt cau. Bai
thi tot nghiép THPT mon Toan (tir nim 2025) gdm ba phan: tric nghiém nhiéu lya chon, tric
nghiém dung — sai va tra 1oi ngan. Vi vay chuyén dé chu trong meo gii nhanh, cich loai trir
phwong an, cach kiém tra bang may tinh cam tay (néu duoc phép) va co ca cau héi dung —
sai. Moi dap s6 déu d3 duoc kiém tra lai bﬁng tinh toan.
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PHAN I. CAU CHUYEN LICH SU - HAI NGHIN NAM CHIA NHO VA

CONG LAI

Tich phan 1a mot trong nhiing y tudng ¢b xua nhét cua toan hoc, nhung lai thanh hinh mudn hon
dao ham. Sudt gan hai nghin nam, cac nha toan hoc tinh dién tich va thé tich bang nhitng meo hinh
hoc riéng cho ting bai. Chi khi Newton va Leibniz phat hién mbi lién hé giita dién tich va téc do
thay doi, tich phan m&i tré thanh mot cong cu chung, manh m& dén mirc ngay nay c6 mit trong
moi nganh khoa hoc.

phuong phap xap xi Tt bang thé tich dién tich

vét can da giadc 3072 canh thung rugu dugiy = x" ki hiéu [ va dx téng Riemann

Eudoxus Luu Huy Kepler Fermat Leibniz Riemann

370 TCN 263 1615 1636 1675 1854

250 TCN 500 1635 1666 1823 1902
Archimedes T6 Xung Chi Cavalieri Newton Cauchy Lebesgue
dién tich parabol Toé Hang phuong phap phuaong phap  dinh nghia chat ché tich phan
thé tich cau nguyén i "khéng chia dugc" théng lugng bang gidi han Lebesgue
thé tich

Dong thoi gian hon hai nghin nam cua tich phan.
I 1. Eudoxus va phwong phap vét can (thé ki IV TCN)

Ngudi Hi Lap c6 dai rat “so” vo han: nghich 1i Zeno (Achilles khong bao gior dudi kip con riia) cho
thdy 1ap luan v6i vo s6 phan nho dé& dan t6i mau thudn. Eudoxus xir Cnidus (khoang 408 — 355
TCN) tim ra cach né tranh: phwong phap vét can. Dé ching minh mét hinh c6 dién tich S, 6ng
16ng vao hinh d6 nhiing da giac c6 dién tich ngay cang gan S, r0i chimg minh bang phan ching
rang dién tich khong thé 16n hon, ciing khong thé nhé hon S. Nho phuong phap nay, Eudoxus
chimg minh duoc thé tich khdi chép bang % thé tich khdi lang tru cing day, cung chiéu cao, két qua

duogc ghi lai trong cudn XII bd Co 56 cua Euclid.

| 2. Archimedes — bic thay ciia “cit nhé” (thé ki III TCN)

Archimedes xur Syracuse (khoang 287 — 212 TCN) dua phuong phép vét can 1én dinh cao. Trong
Phép cdu phwong parabol, dng 1dng vao manh parabol mot tam giac ¢ dién tich T, roi hai tam
giac nho c6 tong dién tich E, 16i bdn tam giac nho hon ¢6 tong 1T—6,. .. Téng vo han

T 4T

T
T+Z+E+m_ 3
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A s 2 , S 4 ., s PEIRY A 1N A ~ 2
cho di¢n tich manh parabol: dung bang 3 dién tich tam gidc noi ti€p. Pay la mdt trong nhitng tong
ctia cap s6 nhan 10i vo han dau tién trong lich sir.

T+T/4 T+T/4+T/16+... = 4T/3

A A

Archimedes vét can manh parabol bang cdc tam gidc.

Trong cudn Vé mdt cau va hinh tru, Archimedes chimg minh thé tich hinh cau bang g thé tich hinh
tru ngoai tiép, va dién tich mit cau bang dién tich xung quanh ctia hinh tru 4y. Ong tu hao vé két
qua ndy dén mirc din khac hinh cau ni tiép hinh tru 1én bia mo minh. Nam 75 TCN, Cicero, khi
d6 1am quan & Sicily, ké rang 6ng da tim thiy ngdi mo bi ciy co che 1p nho chinh hinh khéc ay.

—

Vcau=%Vtru
S cau = S xung quanh tru

(Archimedes, V& mat cau va hinh tru)

Hinh khdc trén bia mé Archimedes: hinh cau néi tié}? hinh tru.

« Cuon sach bi viet de.

Niam 1906, nha ngir van hoc Pan Mach J. L. Heiberg phat hién ¢ Constantinople mét cudn sach
kinh cau nguyén thé ki XIII duoc viét dé 1én mot ban chép tay cac tac pham ciia Archimedes da
bi cao chit. Trong d6 c6 cudn Phuwong phdp, tudng da thit truyén, noi Archimedes ké cach ong
tim ra cac két qua: tuong tuong hinh duoc ghép tir vo sb 1at mong rdi “can” chiing trén mot don
bay. D6 chinh 14 tu duy tich phan, di trudc Newton gan hai nghin nam.

I 3. Phuong Pong: Luwu Huy va cha con Té Xung Chi

O Trung Hoa, nim 263, Luu Huy chua giai bd Citu chirong todn thudt va ding da giac déu 3072
canh noi tiép duong tron dé tinh m = 3,1416. Ong viét: “Cdt cang nho thi phan mat di cang it; cdt
mdi dén khong thé cdt dwoc nita thi da gidc trimg véi hinh tron, khéng mat gi ca”, mot mo ta rat
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gan voi khai niém gi6i han. Luu Huy cling nghién ciru khdi “mau hop phuong cai” (phan chung
ctia hai hinh try vudng goc) dé tinh thé tich hinh cau, nhung chua hoan thanh.

Khoéng hai trim ndm sau, T6 Xung Chi (429 — 500), ngudi tinh 7 chinh x4c téi 7 chit s6 thap phan,
cung con trai 1a T6 Hang giai tron bai toan. T6 Hang phat biéu nguyén li: “Néu dién tich cdc thiét
dién & cung mét dé cao luén bang nhau thi thé tich hai khéi khéng thé khdc nhau”. Phuong Tay
chi biét dén nguyén li nay hon mét nghin nam sau, dudi tén nguyén li Cavalieri.

Moi thiét dién ngang
co cung dién tich

= hai khoi c6
cung thé tich

(nguyén i Té Hang —
Cavalieri)

chéng xu thdng chéng xu xé léch
Nguyén li Té Hang — Cavalieri: cdc lat cdt bang nhau thi thé tich bang nhau.
I 4. Kepler, Cavalieri, Fermat: vo cung bé tré lai (the ki XVII)

Sau cudn sach vé thung rugu cia Kepler (1615), Bonaventura Cavalieri, hoc tro cua Galileo, xuét
ban Geometria indivisibilibus (1635), xem hinh phing nhu tap hop v6 s “doan thing khong chia
duoc” va khdi nhu tap hop vo sd “lat phang”. Phuong phap tuy chua chit ché nhung cho két qua

an+1

dung rat nhanh, chang han dién tich dudi duong y = x™ tir 0 dén a 1a

n+1’

Pierre de Fermat (khoang nim 1636) tinh lai két qua nay cho ca s6 mii hitu ti bang mot meo tai
tinh: chia doan [0; a] theo cép s6 nhan thay vi chia déu, dé téng dién tich cac hinh chit nhat tro
thanh tong mot cAp s6 nhan. Nam 1643, Evangelista Torricelli 1am ca chau Au kinh ngac v&i “chiée

kén Gabriel”: khéi tron xoay sinh boi duong y = i (x = 1) dai v6 han nhung thé tich chi bang 7.

I 5. Newton va Leibniz: dinh li co ban cua giai tich

Isaac Barrow, thiy cia Newton & Cambridge, di nhén thdy bang hinh hoc ring bai toan tim tiép
tuyén va bai toan tim dién tich 13 nguoc nhau. Isaac Newton (nhimg nim 1665 — 1666, khi truong
Cambridge dong ctra vi dich hach) va Gottfried Wilhelm Leibniz (khoang 1675, & Paris) doc lap
bién nhan xét iy thanh mot phwong phép tinh toan téng quat: mudn tinh dién tich dudi dudng cong
y = f(x), chi can tim mot ham F c¢6 dao ham bang f. D¢ 1a dinh li co bin ciia giai tich:

b
f Fdx=F(b) —F@),  F(x) = f).
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= S'(x) = f(x): S la m6t nguyén ham cua f
S(x+h) = S(x) = f(x):h

/

S(x)

a X x+h

Vi sao dién tich lai lién quan dén dao ham: phan dién tich tang thém xdap xi f{x)-h.

Ngay 29 thang 10 nam 1675, trong mot ban thao, Leibniz lan dau viét ki hiéu [, mot chir S kéo
dai, viét tit ctia summa (t6ng), cung véi ki hidu dx chi mot “luong vo cing bé” cia x. Ki hiéu
[ f(x) dx vi thé ké lai dtng ¥ nghia: téng ciia vé s6 tich f(x) - dx. Cudc tranh cii ai 13 nguoi phat
minh trudc gitra Newton va Leibniz kéo dai nhiéu thap ki va chia r€ gidi toan hoc Anh véi luc dia
chau Au; nhung chinh céc ki hiéu thong minh ctia Leibniz d4 chién thang va dugc dung dén tan
hom nay.

< Visao goi la “tich phan”?.

T integral do Jacob Bernoulli ding 1an dau nam 1690, gbc Latin integer nghia 1a “nguyén
ven”: tich phan ghép cac phan nho thanh mot thé nguyén ven. Thuat ngit tiéng Viét tich phdn
(F&4y) muon tir Han: tich 13 gom gop, tich liiy; phdn 13 cac phan chia nho. Con nguyén ham
(R B %%) nghia 1a “ham gbc”: ham ma tir @6 1dy dao ham thi dwoc ham d3 cho.

I 6. Cauchy, Riemann, Lebesgue: xdy méng virng chic

Suét thé ki XVIII, tich phan dugc dung rong rai nhung “vo cting bé” van 1a khai niém mo ho; giam
muc Berkeley timg ché giéu ching 1 “béng ma cua nhimg dai lwong dd chét”. Nam 1823,
Augustin-Louis Cauchy dinh nghia tich phan bing gidi han cua tong. Nam 1854, Bernhard
Riemann téng quat hoa dinh nghia dé: chia [a; b] thanh cac doan nho, chon trén mdi doan maot
diém &;, lap tong Riemann Y f (¢,)Ax; va cho d6 dai cac doan dan ti 0.
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Téng dudi (xanh) va téng trén (cam) kep dién tich S; n cang I6n khoang kep cang hep

n=>5: 4812=S=6,610 n=20: 5517 =S = 5,966

a b a

Tong duwéi va tong trén kep dién tich; chia cang min, hai tong cang gan nhau.

Nam 1902, Henri Lebesgue dua ra mdt cach tich phan mai: thay vi chia tryc hoanh, 6ng chia truc
tung, “gidng nhu ngudi dém tién phan loai cic t& bac theo ménh gid rdi mdi cong”. Tich phan
Lebesgue trd thanh nén tang cua Ii thuyét xac suat va vat li lugng tir hién dai.

I 7. Tich phan trong nha trudong Viét Nam

Theo Chuong trinh giao duc phd théng 2018, chu d& Nguyén ham va tich phdn thude Toan 12,
gdém: nguyén ham va bang nguyén ham ciia cac ham s6 so cap thudng gip; tich phan va tinh chat;
mg dung tich phan tinh dién tich hinh phang, thé tich vét thé va thé tich khdi tron xoay; cac bai
toan thuc té (quang duong, lugng tich liy). Pay 1a ndi dung xuat hién déu din trong dé thi tdt
nghiép THPT va dé thi danh gia nang luc HSA, thuong véi cac cau hoi vé ham an, doc do thi va
mé hinh thuc té.
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PHAN II. TU TINH HUONG PEN KHAI NIEM

I Tinh hudng 1. Biét vin toc, tim quing duwong

Pong ho tdc d6 ciia 6 t6 cho biét van toc v(t) tai timg thoi diém. Néu van tdc khong doi, quang
duong bang van téc nhan thoi gian. Nhung néu van tc thay dbi lién tuc thi sao? Ta chia khoang
thoi gian thanh nhiéu khoang nho At, trén mdi khoang coi van téc gan nhu khong ddi, quing duong
xap xi Yw(t;)At. Hinh vé& cho thiy tong nay chinh 13 dién tich dwéi do thi van tdc. Mit khéc,
quing duong s(t) co dao ham s'(t) = v(t). Vay biét dao ham, tim lai ham va tinh dién tich 13 hai
mat ciia cung mot bai toan.

Quéng dudng = dién tich dudi dé thi van toc: 40 + 100 + 30 =170 m
25 7 " .

20 1

15

v (m/s)

10 1 100 m

0 T | T T
0 2 4 6 8

t (giady)

Qudng dwong di dwoc bang dién tich phan nam dwdi do thi van toc.

| Tinh hudng 2. Dién tich dwéi parabol y = x2

s . 2
Chia doan [0; 1] thanh n phan bang nhau, dung cac hinh chit nhat c¢6 chiéu cao (E) )
Tbong dién tich

k21 nn+1)2n+1) n-w 1
— — ﬁ -
n

S =
n 6n3 3

N

n
k=1
, 3
Két qua  cling nhan duoc ngay tir ham F(x) = = (c6 F'(x) = x?): F(1) — F(0) = ~. Tinh todn

bang tong thi vat va, bang nguyén ham thi chi mot dong: d6 1a sirc manh cua dinh 1i Newton —
Leibniz.
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rTinh hudng 3. Lwong nuéc chiy vao bé

Nudc chay vao bé véi toe do r(t) lit/phat thay ddi theo thoi gian. Luong nudc tich lity sau T phut

. T x4z el he A A e LA b At AL N A £, amn. K oiv i E . aa
1a [ r(t) dt. Moi bai toan “biét toc dg, tim téng luwong” (dién ning tir cong suat, dan so tir toc do

0

tang, chi phi tir chi phi bién) déu c6 ciing mo hinh nay.

Ba tinh huéng dan t6i hai khai niém tru cot ciia chuong: nguyén ham (phép toan ngugc cua dao
ham) va tich phén (tong tich liy, dién tich c6 du). Pinh 1i co ban cta giai tich ndi hai khai
niém 4y voi nhau.

I 1. Nguyén ham

m Nguyén ham.

Cho ham s6 f(x) x4c dinh trén khoang K. Ham sb F (x) dugc goi 1a mdt nguyén ham cua f(x)

trén K néu F'(x) = f(x) v6i moi x € K.

m Ho nguyén ham.

Néu F (x) 1a mot nguyén ham cua f(x) trén K thi moi nguyén ham cua f (x) trén K déu c6 dang
F(x) + C voi C 1a hang s6. Ki hiéu [ f(x) dx = F(x) + C. Moi ham s6 lién tuc trén K déu c6

nguyén ham trén K.

Tinh chit. Vi k # 0 1a hang s6:
J G dx = f(x) +C;

J kf () dx = k[ f(x) dx;

Bang. Nguyén ham ciia cic ham s thwong gip

Ham s6 f(x)

JIf(x) £ g(x)]dx
= [ f(x) dx + [ g(x) dx.

Nguyén ham [ f(x) dx

M6 rong véi u = ax + b (a # 0)

x% (a # —1) xott N (ax + b)e+!
0!+1+C f(ax+b) dx—W+C
1 dx 1
Z Hue - & =—Inlax + b| + C
X ax+b a
e* e+ C feax+bdx - leax+b +C
a
a*(0<a#1) a* kx
N C kx =
na + [ a**dx g +C
sinx —cosx + C 1
[ sin(ax + b) dx = —Ecos(ax +b)+C
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Ham s f(x) Nguyén ham [ f(x) dx 7 Mo rong voi u = ax + b (a # 0)
i 1
cosx S [ cos(ax + b) dx = Esin(ax +b)+C
1 tanx + C dx 1
—— =t +b)+C
cos?x I cos?(ax +b) a an(ax +b)
1 —cotx + C dx 1
——— = ——cot b)+C
sin?x I sin?(ax + b) 0 el

% Meo kiém tra nguyén ham.

Moi két qua nguyén ham déu kiém tra dugc bang cach lay dao ham ngworc lai. Véi cau tric
nghiém “ham sb nao 13 mot nguyén ham cua £, hdy dao ham ting phuong an thay vi di tim
nguyén ham. V&i u = ax + b, nhé chia cho a: day 1a 15i sai pho bién nhat cta hoc sinh.

Cac nguyén ham mé rong thuong dung (kiém tra bing dao ham):

dx 1

o Ly

x%2—a? 2a

x—a
x+a|+C' [ tanx dx = —In|cosx| + C, [ Inxdx = xInx —x + C.

I 2. Hai phwong phap tim nguyén ham

m Phuong phap doi bién so.

Néu [ f(uw)du = F(u) + C vau = u(x) c6 dao ham lién tyc thi
[ F(u()) @ () dx = F(u(x)) + C.

Diéu hiéu dit an phu (nhén ra “u’(x) dx” di kém):

Biéu thirc xuit hi¢n Cich dit
fQ™) - xm 7t t=x" [xe**dx
1 t = Inx In?x
Inx) - — —
finx) - J = ax
f (sinx)cosx, f(cosx)sinx t = sinx, t = cosx [ sin3xcosx dx
1 t = tanx tanZx
tanx
f( )Coszx f Coszxdx
f(e*)e* t=e* i e
e*+1
Vax + b t=Nax+b [ xVx +1dx
[22 _ »2 x = asint L
ar—=x f 1—x?dx
0
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Biéu thirc xuit hién Ciach dit
1 x = atant 1 dx
a? + x2 Q 1+ x2

m Phwong phap nguyén ham tirng phan.

Néu u = u(x) va v = v(x) c6 dao ham lién tuc thi
fudv=u - [vdu.

Nhit 16, nhi da, tam lugng, tor mi.
Cau khau quyét trén cho biét thir tw wu tién chon u khi nguyén ham tirng phan: ham légarit trude,
10i da thire, rdi heong gidc, cubi cing mii; phan con lai 1a dv. Chang han [ xInx dx dit u = Inx;

[ xe* dx dat u = x; [ e*sinx dx dit u = sinx (tirng phan hai 1an rdi giai phuong trinh).
I 3. Tich phan

m Tich phan.

Cho f(x) lién tuc trén doan [a; b] va F(x) la mot nguyén ham cta f(x) trén doan d6. Hiéu
F(b) — F(a) dugc goi la tich phén tir a dén b cua f(x):

b
[ 7 dx = 1rG12 = ) - F@.

Tich phan khong phu thudc vao cach chon nguyén ham (hang sb C triét tiéu) va khong phy thudc
vdo tén bién: fff (x) dx = f:f (t) dt.

m Y nghia hinh hoc.

Néu f(x) = 0 va lién tyc trén [a; b] thi f: f (x) dx 1a dién tich hinh thang cong gii han boi
d6 thi y = f(x), truc hoanh va hai duong thang x = a, x = b. Khi f d6i dau, tich phén 1a dién
tich c6 dau: phan trén tryc hoanh mang du cong, phan duéi mang déu trir.

y = x® - 4x: [_,2f(x) dx = O nhung dién tich béng 8

+4

=2 =i 0 1 2
Tich phan la dién tich c6 ddu: phan dwdi truc hoanh mang dau dm.
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Biang. Tinh chit ciia tich phan (f, g lién tuc, k 1 hang s6)

Tinh chit Cong thirc

Céan trung nhau f a F () dx =0

a

Poi can

fabf(x)dx=—fbaf(x)dx

A s b b b

Tuyen tinh [ kreo £ geldx=k [ fedrt | ge0dx
A N b c b

Cong cén f f(x)dx=f f(x)dx+f f (x)dx

So sanh f(x) = g(x) trén [a; b] = f;f (x) dx = ffg (x) dx

Ham chin, ham 1¢ fohdn: [© f=2f"fifle [ f=0

Péi xtmg

b b
f f(x)dx=f f(a+b—x)dx
Pao ham cuia tich phan céan trén x ,

( [r® dt) = ()

A Ba 15i kinh dién. |

(1) Boi bién nhung quén dbi can. (2) Tinh ff| f(x)| dx ma bo dau gia tri tuyét ddi khong xét

dau. (3) Dung cong thirc nguyén ham trén doan c6 diém ham sé khong xac dinh, vi du “tinh”

1 5
_1 1 % = [— i] = —2:v0 li vi ham duong ma tich phan am! (Tich phan nay khong ton tai theo
-1
nghia thong thuong.)

Poi bién va tirng phin cho tich phén:

u(b)

b b b
f f(u@)u'(x) dx = f (W) du, f u dv = [uw)? —f v du.

u(a)
I 4. Ung dung hinh hoc ciia tich phan

m Dién tich hinh phing. ‘

Hinh phang gi6i han boi d6 thi hai ham s6 lién tuc y = f(x), ¥ = g(x) va hai dudng thang

x = a,x = b co dién tich

b
5= f | FGO) = g(0)] dx

TRAM TOAN APLUS TEAM Ceral -Trang 16 - CHIENMATH.COM



CHUYEN PE TICH PHAN VA UNG DUNG — Tir Archimedes dén dé thi HSA TEAM Ceral

Pic biét, hinh phang gidi han boi y = f(x), truc hoanh, x = a, x = b ¢6 dién tich

b
= f F GOl dx

S = [.° [f(x) - g(x)] dx

dai mong: [f(x) = g(x)] dx

/

a b
: —_—y =f(x) | =y =g(x)

Dién tich giita hai dwong cong la “tong”’ ciia cdc dai mong cé chiéu cao |f(x) — g(x)).

% Quy trinh 4 bwéc tinh dién tich.

(1) Giai phuong trinh hoanh d6 giao diém f(x) = g(x) dé tim cac can (néu dé chua cho).

(2) Xét dau f(x) — g(x) trén tig khoang gitra cac nghiém, hodc vé phac do thi.
(3) Tach tich phéan, bo dau gia tri tuyét dbi. (4) Tinh va kiém tra: dién tich luén dwong.
Meo nhanh: néu f — g khong dbi dau trén (a; b) thi

fablf—gl dx = f:(f—g)dx

m Thé tich vat thé.

Cit vat thé boi mat phang vudng goc véi truc Ox tai diém c6 hoanh d6 x (a < x < b), dugc
thiét dién c6 dién tich S(x) lién tuc. Khi d6 thé tich vat thé 1a

szbS(x)dx
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thiét dién S(x)

V =[P S(x) dx

t + t X
a X b

Thé tich vt thé béng tich phan cua dién tich thiét dién.

m Thé tich khdi tron xoay.

Quay hinh phang gi¢i han boi y = f(x), truc hoanh, x = a, x = b quanh truc Ox, mdi thiét
dién 1a hinh tron ban kinh |f (x)|, nén

b
V=7rf f? (x)dx

Néu quay hinh phang gidi han boi y = f(x), y = g(x) vdi 0 < g(x) < f(x) thi thiét dién 1a
hinh vanh khan: V = 7 [ [£2(x) — g%(x)] dx.

Hinh phang (H)

lat cat I1a hinh tron ban kinh f(x): V =t [.” f3(x) dx
/

) -
e e

~

Quay hinh phang quanh truc hodnh: méi ldt cdt la mot hinh tron.

A Vanh khin khong phai hi¢u binh phwong cia hi¢u.

Khi quay mién nam giita hai d6 thi, thé tich 1a w (f? — g*)dx, khéng phai | (f — g)? dx.

Ngoai ra néu hai d6 thi ndm ¢ hai phia truc hoanh, phai ldy d6i xtmg phan duéi 1én rdi xét do
thi “ngoai cung”.
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I 5. Ung dung vt li va thue té

Chuyén dong: v(t) = s'(t), a(t) = v'(t). Quing duong di dugc trong khoang [t,; t,] 12
JZ1w(@] dt; 46 dich chuyén 1a [ v () dt.
Lwong tich lity: néu Q'(t) = r(¢t) thi

t2

Q) — Q(ty) = f r(0) dt

t1

(luong nude, dién ning, dan sb, doanh thu...).
Céng ciia Iye bién thién: A = [ F (x) dx.

Gi4 tri trung binh cta ham s trén [a; b]: f = ﬁ f; f (x)dx.

Bang. Tom tit quy trinh gidi cac bai toan tich phan

Viéc cin 1am Cau héi ty ditra
Nhan dang ham duéi C6 trong bang nguyén ham khong? Co6 “u’ dx” di kém khong? La
dau tich phan tich cua hai loai ham khac nhau khong?
2 | Chon phuong phap Bién d6i dai s, doi bién hay ting phan?
3 Tinh toan Di d6i can chua? Pa xét dau gia tri tuyét ddi chua?
4 Kiém tra Pao ham lai nguyén ham; uéc lugng diu va d6 16n; bam may tinh
ki€ém tra
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PHAN III. CAC DANG TOAN VA Vi DU PHAN TiCH

I Dang 1. Nguyén ham co ban — ding bang va tinh chat

% Phwong phap.

Bién d6i ham s6 thanh tong cac ham cé trong bang (khai trién, chia tach phan thirc, ha bac
luong giac), rdi dung tinh chét tuyén tinh. Vi cau trac nghiém, cach nhanh nhét thuong 14 1ay
dao ham cac phuong an.

Ho nguyén ham ctia ham sb f(x) = 3x2 — % + e* trén khoang (0; +0) la

A.x3 = 2lnx +e* + C. B.x3+xiz+ex+C.

3
C.6x+xz—2+ex+C. D.%—Zlnx+ex+C.

Loi giai. [ 3x%dx = x3, [ % dx = 2Inx (vi x > 0), [ e* dx = e*.

Vay [ f(x) dx = x® — 2Inx + e* + C. Chon A.

A Nham dao ham véi nguyén ham.

Phuong 4n C 13 dao ham cia f; phuong an B nham [ idx véi [ xiz dx. Pay 1a hai phuong an

nhidu kinh dién trong d8 thi.

[ sin (Zx + g) dxbang
T 1 T
A.cos(2x+§)+C. B.—Ecos(2x+§)+C.
C.lcos(2x+z)+C. D.—2cos(2x+£)+C.
2 3 3
Loi gidi.
1
[ sin(ax + b) dx = —Ecos(ax +b)+C
voi a = 2. Chon B.
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Ham s6 F(x) = xe* 1a mot nguyén ham ctia ham s nao sau day?
A. f(x) = e*. B. f(x) = xe*.
C.f(x) =(x+ 1e*. D. f(x) = (x — 1)e*.

Phén tich. Khong can tim nguyén ham: F 1a nguyén ham cta f nghiala F' = f.
Laoi gidi. F'(x) = e* + xe* = (x + 1)e*. Chon C.

Biét

[(x?+1)%dx =ax®> +bx3 +cx+C

Tinh 15(a + b + ¢).

Loi giai. Khai trién (x2 + 1)% = x* + 2x% + 1, nén

x5 3
f(x2+1)2dx=?+T+x+C.

= b=3%c=1va15(a+b+c) =3+ 10+ 15 = 28. Dap sb: 28

Ho nguyén ham ctia ham s6 f(x) = 2% + sin? g 1a

A. 2%In2 + % tC.

B+ 4.
In2 2
X 3 x+1 _qj
.+ D.Z -+
In2 2 x+1 2

QR0 2 n . 0 X 1-cosx . . 92X x—sinx
Loi giai. [ 2% dx = —. Ha bac: sng = ,nén [ sin? ~dx=—-—.

Chon B. (Phuong 4n D nhdm ham mii 2% v6i ham liiy thira x2.)

I Dang 2. Nguyén ham théa mén diéu kién cho truéce

% Phuwong phap.

Tim ho nguyén ham F(x) + C, r6i thay diéu kién F (x,) = y, dé tim C. Trong bai toan chuyén
dong: v(t) = [ a(t) dt, s(t) = [ v(t) dt, hang s6 C xac dinh tir van tdc, vi tri ban dau.
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Biét F(x) 1a mot nguyén ham cia f(x) = 4x% — 6x + 1 va F(1) = 3. Tinh F(2).

Loi gidi. F(x) = x*—3x?+x+C. Tu F(1) = =1 + C = 3 dugc C = 4.
Vay F(2) = 16 — 12 + 2 + 4 = 10. Pép sb: 10

* Meo khéng cén tim C. ‘

F(2) = F(1) = [ f (x) dx, nén

2
F(2)=F(1)+ff(x)dx=3+7=10
1

Céch nay dic biét hiru ich khi bAm mady tinh.

Biét F(x) 1a mot nguyén ham cia f(x) = ﬁ trén khoang G, +00) va F(1) = 2. Gia tri cua
F3) I
A.In5 + 2. B.~In5 + 2. C. 2In5 + 2. D.-In5.

Loi gidi. F(x) = %ln(Zx —1)+C;F(1) =C=2.VayF(3) = %lnS + 2. Chon B.

Mot vat chuyén dong véi gia téc a(t) = 6t (m/s?), van toc ban dau 1a 2 m/s. Van toc cia vat tai
thoi diém t = 3 gidy 1a bao nhiéu m/s?

Loi giai. v(t) = [ 6tdt = 3t? + C; v(0) = € = 2. Vay v(3) = 27 + 2 = 29. Pap sb: 29

Cho ham s6 f(x) ¢6 f'(x) = 3 — 5sinx va £(0) = 10. Ménh dé nao sau day dung?

A. f(x) = 3x + 5cosx + 2. B.f (g) = 3771

C. f() = 3m + 10. D.f(§)=37”+ 5
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Loi giai. f(x) =3x 4+ 5cosx +C, f(0) =54+C=10=C =5.

Véy f(x) = 3x + 5cosx + 5, nén f (%) = 37" + 5va f(m) = 3m. Chon D.

A Quén hing sb C.

Phuong an B {ig véi viéc bo qua hang s6 € (coi f(x) = 3x + 5cosx); phuong an A tinh sai
hang s6 C.

Cho F(x) 1a mdt nguyén ham cua f(x) = e* + 2x thoa man F(0) = 1. Xét tinh dung sai cta

cac ménh dé sau.
M¢énh dé Dung Sai

a)  F(x)=e*+x2

b) |[F(1) =e+1.

¢) | Ham s6 F(x) dong bién trén R.

d) folf (x)dx =e.

Loi gidi. F(x) = e* + x>+ C,F(0) =1+ C=1>C = 0.
a) F(x) = e* + x2: Dung.
b) F(1) = e + 1: Dung.

¢) F'(x) = e* + 2x,taix = —1¢c6 F'(—1) = e~ — 2 < 0 nén F khong dong bién trén R: Sai.
d)

flf(x)dx=F(1)—F(O) =e:
0

Dbiing.

I Dang 3. Phwong phap déi bién s6 tim nguyén ham

% Phuong phap.

Tim trong biéu thirc mot ham u(x) ma dao ham u’(x) ciing xuit hién (sai khic hing s6). Pt
t = u(x), dt = u'(x) dx, dua vé nguyén ham theo t, cudi cing tra lai bién x.
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@ Vidu11. |
[ x(x? + 1)°dxbiang

2 6
“) +C. B.(x1;1)+c.

AL EED)

xz(x +1)
12

+1)

C. +C. D(xz +C.

Loi giai. Dat t = x? + 1, dt = 2x dx:

6

t
[ x(x? +1)5dx——ft5dt—E+C

Chon B.

[ % dxbang

In*x In*x

A—+C B. 3In%x + C. C.?+C. D. In*x + C.

e eoe < dx 3 i
Loi gidi. Pat t = Inx, dt =7:ft dt = :+ C. Chon A.

[ cos3x dxbang

3x

+ C. B. sinx — Sir;

COS X sm X

A.

+ C.

4cosx

Phén tich. Lily thira 1é cta cos: tach mot cosx dé lam d (sinx), phan con lai cos?x = 1 — sin?x.
Loi gii.
3

t
[ cos®xdx = [ (1 —sin®x)cosxdx = [ (1 —t?)dt =t — =% C

voi t = sinx. Chon B.

/=

dxbang

eX+2

A.In(e*+2)+C. B.e

+C. D.x —In(e* +2) + C.
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Loi giai. Tir s6 1a dao ham ciia mau s6: [ u;’ dx = In|u| + C. Chon A.

X

Goi F(x) la nguyén ham cua f(x) = thoa man F(0) = 3. Tinh F(4).

Vx2+9

Loi giai. BDat t = x2 + 9:
dt
F(x)=f2—ﬁ=\/f+C=\/x2+9+C.

T F(0) = 34 C = 3 duge € = 0, nén F(4) = V25 = 5. Pap s6: 5

I Dang 4. Phuong phap nguyén ham tirng phan

% Phuwong phap.

Dung khi ham dudi dau nguyén ham 13 tich ciia hai loai ham khac nhau (da thirc nhan mii, da
thirc nhan lugng giac, da thirc nhan 16garit, mi nhan lugng giac). Chon u theo thu tu “nhat 16,
nhi da, tam luvong, tr mii”, phén con lai 1a dv.

[ xe* dxbang

2
A.xe* + C. B.(x + 1)e* + C. C.(x—1e*+C. D.%ex+C.

Loi gidi. Patu = x, dv = e* dx thi du = dx, v = e*:

[ xe*dx = xe* — [ e*dx = (x — 1)e* + C.

Chon C.

[ xInx dxbang
2, 2 2 2 2 2, 2
AZE_ e BEE-_IZic oxflx-Z4c DEE+Igc
2 4 2 2 4 4

N ca o A dx x2 e,
Laoi gidi. Uu tién “16”: u = Inx, dv = x dx, nén du = U= Khi d6
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x’lnx  x2 nE
2 4 '

x%Inx
2

[ xlnx dx = —fgdxz

Chon A.

[ xcosx dxbang

A. xsinx — cosx + C. B. —xsinx + cosx + C.

2
C. xsinx + cosx + C. D. x?sinx + C.

Loi gidi. u = x, dv = cosx dx:
[ xcosx dx = xsinx — [ sinx dx = xsinx + cosx + C.

Chon C.

Tim I = [ e*sinx dx.

Phén tich. Mii va lugng giac “khong chiu bién mat” khi ldy dao ham hay nguyén ham. Timng
phan hai 1an s& quay vé chinh I, va ta giai phuong trinh an .

Loi giai. Pat u = sinx, dv = e*dx: I = e*sinx — [ e*cosx dx. Lai dat u = cosx, dv =
e*dx:

[ e*cosx dx = e*cosx + [ e*sinx dx = e*cosx + .
Vay I = e*sinx — e*cosx — I, suy ra

e*(sinx — cosx)
I = > + C.

Biét

x2
[ (2x + Dnx dx = (x? + x)Inx — —- bx + C

véi a, b 13 cac s6 nguyén. Tinh a + b.

Loi giai. Dat u = Inx, dv = (2x + 1) dx, chon v = x2 + x:
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2
[@2x+ Dinxdx = (x2+x)lnx — [ (x + 1) dx = (x2+x)lnx—x7—x+C.

Vaya=2,b=1,a+b =3.Papso: 3

vkhéo. O vi du trén, chon v = x2 + x (thay vi x% + x + hang s khac) giup z =x+1 gon

x%2-1 _z 1
dev.-—

gang. Twong tu, v6i [ xIn(x + 1) dx nén chon v = - — ==

I Dang 5. Tich phan: dinh nghia va tinh chat

Gia tri cua [ (3x% + 2x) dx Ia

A. 1. B. 2. C.3. D. 5.

Loi gidi. [x® + x?]3 = 2. Chon B.

Cho fozf (x)dx =3 va fozg (x) dx = —1. Tinh foz[Zf(x) —3g(x) + x] dx.

Loi giai. Theo tinh chét tuyén tinh:

2
2-3—3-(—1)+fxdx=6+3+2=11.

0
Pap so: 11

Cho f lién tuc trén R v6i fff (xX)dx =7va flzf (x) dx = 3. Tinh f; 2 f(x) dx.

Loi gidi. Congcan: [[ f = [ f — [ f = 4,nén [” f (x) dx = 8. Pap s6: 8

Gid tri cua fon/ ?(sinx + cosx) dx 14
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A. 0. B. 1. C.2. D. /2.

Lo gii.
[—cosx + sinx]?* = (0 + 1) — (=1 + 0) = 2.
Chon C.

Cho f lién tuc trén R va [ f (x) dx = 6. Gid trj cua [ f (3x) dx 1a
A.18. B. 6. C.3. D. 2.

Loigidi. Patt = 3x,dt =3dx;x=0=>t=0,x=1=t = 3:

flf(3x)dx=lj3f(t)dt=2.
0 3 0

Chon D.

Cho F(x) = [, vt3 + 1 dt. Gia trj clia F'(2) la

A. 3. B. 9. C.V2. D.3 — /2.

Loi giai. Theo dinh li co ban: F'(x) = vx3 + 1, nén F'(2) = V9 = 3. Chon A. (Khong cin, va
cling khong thé, tim nguyén ham ctia vVt3 + 1 bang cac ham so cap!)

I Dang 6. Tich phan ham phan thirc hiru ti

% Phwong phap. ‘

(1) Néu bac tir > bac miu: chia da thire dé tach phan nguyén.
(2) Mau béc nhit:
[ = ilnlax + b|.

ax+b

A + B

X—x1 X—Xg

(3) Mau bac hai c6 hai nghiém phan biét: tach thanh tong hai phan thirc
(4) Mau bac hai c6 nghiém kép: dit t = x — x,.

(5) Mau bac hai vo nghiém: dua vé [ % va dat u = atant (Dang 8).
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A rlxZ4x+1 L. S 2 RAm a9
Biét fo 0 dx = a + bln2 véi a, b 1a cac so hitu ti. Tinh a + b.
2 N
Loi gidi. Chia da thuc: ad ;:rl =x+ ﬁ Do do tich phan bang

x? |
l7 + In(x + 1)]0 =3 + In2.

N |-

Vaya=-,b=1,a+b =15 Dip sb: 1,5

dx

la

0z Lo o 3
Gid trj cla [, ——

A.ln2. B.lIn3. C.iln2. D. 2In2.
2 2 2 2 3 2

Loi gidi. —— = = (L - ﬁ) nén tich phan bing

x2-1 2 \x—1

1[ x—11° 1<1 1> 1 3

27, " z2\"27 ") Ty
Chon B.
Biét
flﬂdx=aln2+bln3
0o X2 +5x+6

voi a, b nguyén. Tinh a + 2b.

Phén tich. Mau x? + 5x + 6 = (x + 2)(x + 3). Tim 4, B sao cho—2X*t 4 , B

(x+2)(x+3) Ttz | x+3
el _ g, thay

Mego

“che nghiém”: thay x = —2 vao phan con lai sau khi che (x + 2) dugc 4 =
—12+14

=1

x = =3 dugc B = —

Léi giai. Tich phan bang

3 4
[3In(x + 2) + In(x + 3)]§ = 31n§ + ln§ = 2In3 — In2.
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Vaya=—1,b=2,a+2b=3.Papsb: 3

Gid trf cita [ = dx la
A.ln2 -~ B.In2 +-. C.- D.1-In2.
Loi gidi. (xf1)2 = ﬁ - (x+11)2, nén tich phan bang
[ln(x+ 1)+i 1 = In2 +1—1 =ln2—1.
x + 11, 2 2
Chon A.

I Dang 7. Tich phan doi bién sb

% Doi bién nhé doi can.

Khi dat t = u(x), cdn méi 1a u(a) va u(b); tinh xong theo t la xong, khong cén tra lai bién
x. Day 1a vu diém 16n cia tich phan so v6i nguyén ham.

TS B S
Gid tri cua [, xe* dx Ia

Ae—1. B. 97‘1 C. D.2(e — 1).

N | ®

Loi gidi. Pat ¢t = x2, dt = 2x dx, cgn 0 - 1: = ["e® dt == Chon B.

(1+1

2 , N
. dx (lam tron dén hang phan tram).

Tinh [

Loigidi. Patt = 1 +Inx,dt = x=1>t=1x=e=>t=2:

e 8—1 7
ftz dt =——=—-x 2,33
1 3 3

Pap sb: 2,33
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0% 18 2 w/2 . A
Gié tri clia [ /2 sin? xcosx dx 1a

A B.2. C.1. D.
3 3

NE

Loi gidi. Dt ¢ = sinx, can 0 — 1: [ 2 dt =~ Chon A.

X

Vx+1

Biét [

dx = %V(’yi % 1a phan s6 t6i gian. Tinh a + b.

Phén tich. Cin cua biéu thirc bac nhat: dat t bang ca can dé “phd can”.

Loigidgi. Datt =vVx+ 1thix =t>—1,dx =2tdt;x=0>t=1,x=3>t = 2:

f -2tdt=2f(t2—1)dt=2——t =2(_+_)=__
1 t 1 3 1

33
Vay a + b = 11. Pap so: 11

Gid trj cia [7" tan x dx 13

A.In2. B.-In2. C.—2In2. D. 1.
Loi gidi. tanx = SInr (Cosx)', nén tich phan bang
COsXx COsSx

V2 1

/4 _ _
[—Incosx],”” = —ln7 = Ean.

Chon B.

I Dang 8. Poi bién lwgng giac

% Ba phép dit quen thugc.

- . 1 5 1 5 . .. .
va? — x?: dat x = asint; ——: dit x = atant; N dat x = asint. Voi t € [—gg] thi

a?+x?’

va? — a%sin?t = acost (khong can dau gia tri tuyét ddi).
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Gia trj cia [ VI —x2 dx 1a
A2 B.~ C.m. D. 1.
2 4

Lai gidi. Cdch 1 (hinh hoc): y = V1 — x? 1a nlra trén dudng tron don vi; tich phan 1a dién tich
mot phin tw hinh tron ban kinh 1, bang - Cdch 2: dat x = sint, dx = cost dt, can 0 — =
/2

f”/z tht_[t_l_sinZt] m
O cos = |3 7, =7

Chon B.

V3 dx

Gid trj clia [ ——

T V3 V3
A, —.
4

Loi gii. Dat x = V3tant, dx = -2 dt, x? + 3 = ——; can 0 > =
cos“t cos“t 4
f”/“\@dt_\/g m_ m/3
s 3 3 4 127

Chon B.

Tinh | 02 x2 /4 — x2 dx (1am tron dén hang phan trim).

Loi gidi. bat x = 2sint, dx = 2cost dt, can 0 - %z

/2 /2
sin? tcos?t dt = 4f sin?? t dt

T/2
f 4 sin®t - 2cost - 2cost dt = 16f
0 0

0

/2
= 2] (1 — cos4t) dt = m.
0

Pap sb: 3,14
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9% A8 B 1/2 dx |,
Gié tri clia [ =l
T T T 1
Ao ;. Bo Z Co E. D E

Loi gidi. Dat x = sint, dx = cost dt, V1 — x? = cost; can 0 — %z fon/6 dt = %. Chon C.

I Dang 9. Tich phan tirng phan

% Cong thirc.

f:u dv = [uv]} — f:v du. Véi f: P (x)e*dx hay ff P (x)sinx dx (P 1a da thtrc bac cao), c6
thé dung so' d0 dwong chéo: cot trai 1y dao ham lién tiép cia P dén khi bang 0, cot phai lay
nguyén ham lién tiép ctia ham con lai, nhan chéo voi dau +,—, +, ...

e :
Gid tri clia [ x e dx 1a

A. 1. B. e. C.e—1. D. 2e — 1.

Loi gii. [(x — 1)e*]} = 0 — (—1) = 1. Chon A.

Gid trj ctia [ x Inx dx la

e?-1 e2+1 e2+1 e?
4 4 2

A.

Loi gidi. Theo Dang 4:

Chon B.

Tinh | On/ ? x cosx dx (lam tron dén hang phan tram).

TRAM TOAN APLUS TEAM Ceral - Trang 33 - CHIENMATH.COM



CHUYEN PE TICH PHAN VA UNG DUNG - Tir Archimedes dén dé thi HSA TEAM Ceral

Loi gidi.
T
[xsinx + cosx]g/2 = 1~0,57.

Pap so6: 0,57

v il .
Gié tri ctia [ x* e* dx 1a

A.e. B.e — 1. C.e—2. D.2 —e.

Loi giai. So d6 duong chéo: dao ham cua x? 1a x2, 2x,2,0; nguyén ham cia e* 1a e*. Nguyén
ham bang e*(x? — 2x + 2). Tich phan bang e(1 — 2+ 2) — 2 = e — 2. Chon C.

Biét ff In x dx = aln2 + b v6i a, b nguyén. Tinh a — b.

Loi gidi. u = Inx, dv = dx:
2
[xInx]? — j dx =2In2 — 1.
1

Vaya=2,b=-1,a—b =3.Papsb: 3

oz o o T o \
Gid tri clia [ e” sinx dx 14

e™+1 e™-1 1-e™
— B. — C.e™+1. D. —

A.

Loi gidi. Theo Dang 4:

e*(sinx — cosx)|" e 1 -1 e"+1
2 -

Chon A.
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I Dang 10. Tich phan chira dau gia tri tuyét doi, ham so cho tirng khuc

% Phwong phap.

Tim nghiém cua biéu thirc trong dau gia tri tuyét d6i trén [a; b], tach can tai cac nghiém, xét
déu trén tung doan 101 bo dau gia tri tuyét ddi. V&i ham cho tung khuc, tach can tai diém “ndi”.

Tinh []x — 1| dx.

Loi gii.
1 3 1
f (1-x) dx+f (x—1)dx==5+2=25.
0 1 2

(Hinh hoc: tong dién tich hai tam giac vudng can co canh 1 va 2.) Pap so: 2,5

Gid tri cua [} |x? — 3x + 2| dx 1a

A. § B. 1. C. D.

ol
w e

Loi giai. x2 — 3x + 2 = (x — 1)(x — 2) dwong trén (0; 1), am trén (1; 2). Tich phan bang

1 2 5 1
f(x2—3x+2)dx—f(x2—3x+2)dx=—+—=1.
0 1 6 6

Chon B.

@ Vi du 48.

7 2 i 7 2
Cho ham s0 f(x) = {326 1 gi ; i 1 Tinh [ 03 f (x) dx (1am tron dén hang phan tram).

Loi gidi. f lién tuc tai x = 1.

1 3 1 1 19
fxzdx+f(2x—1)dx=—+[x2—x]§=—+6=—z6,33.
. . 3 3 3

Pap so: 6,33
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Gid tri cta [) " VI — cos2x dx la
A. 0. B. 2+/2. C. 4/2. D. 4.

Léi gidi.
V1 — cos2x = +/2sin?x = v/2|sinx|.

Trén [0; 27]:
2T T
j |sinx| dx = 2] sinx dx = 4.
0 0

Vay tich phan bang 4+/2. Chon C.

A Biy “ciin ciia binh phwong”.

VsinZ2x = |sinx|, khéng phai sinx. Ai quén diu gia tri tuyét ddi s& tinh ra v2 fozn sinxdx =0

(phuong 4n A), mot két qua vo 1i vi ham duéi dau tich phan khong am.

I Dang 11. Tich phan ham an va cac tich phan dic biét

% Bon ki thuat then chét.

(1) Pdi bién dé dua vé tich phan da biét. (2) Tirng phan dé chuyén f’ thanh f. (3) Tinh chin
1&, ddi xing x = a + b — x. (4) Véi hé thic chira £ (x) va f(a + b — x): 1y tich phén hai vé
trén [a; b] roi giai phuong trinh an [ f.

Cho f lién tyc trén R va [ f (x) dx = 3. Gid trj cia []"" f (sinx)cosx dx I

A. 3. B. 3 C.6. D. 1.

Loi giai. Dit t = sinx, dt = cosx dx, can 0 — 1: tich phan bang folf (t) dt = 3. Chon A.

Cho f la ham s &, lién tuc trén R va [ f (x) dx = 5. Tinh [ [f (x) + 3x?] dx.

TRAM TOAN APLUS TEAM Ceral - Trang 36 - CHIENMATH.COM



CHUYEN PE TICH PHAN VA UNG DUNG - Tir Archimedes dén dé thi HSA TEAM Ceral

Loi gidi. £ 1énén [°, f (x) dx = 0 (dirkién [J f = 5 1a “mdi nhu™).
23
f x? dx = [x3]?, = 16
=2
Pap so: 16

Gia tri cua

. j.n/z sin2026
sin2026x + cos2026y
la
T T T
A. - B. - C. 1. . —
2 4 2026

Phin tich. S6 mii khong 16 1a dau hiéu khong thé tinh truc tiép. Phép d6i bién x = g — t bién
sin thanh cos va nguoc lai.

Loi gidi. Ditx =~ —¢:

1 jn/z 052026 "
Bl c0s2026t + sin2026¢

Cong véi biéu thire ban dau: 21 = [/

/“1dx =7, nénl =7 ChonB.
2 4

Cho ham sé f lién tyc trén R thoa man f(x) + 2f (1 — x) = 3x? véi moi x. Tinh folf (x) dx

(1am tron dén hang phan tram).

Loi giai. LAy tich phan hai vé trén [0; 1]. Vi
1 1
f f(—x)dx =f f)dt
0 0
(datt = 1 — x), ta dugc
1 13
3f f(x)dx=f x? dx = 1.
0 0

Vay [} f (x) dx == ~ 0,33. Pép sb: 0,33

wr
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Cho ham sb f c6 dao ham lién tuc trén [0; 1], £(0) =1, f(1) =3 va folf (x) dx = 2. Tinh
1 /
fo x f'(x) dx.

Léi giai. Tung phan véiu = x, dv = f'(x) dx:

1 1
j x f'(x)dx = [xf ()]} —j f)dx=3-2=1.
0 0
(Dit kién £(0) = 1 khong can dung.) Pap so: 1

Cho ham sb f(x) > 0 c6 dao ham lién tyc trén R, thoa man f'(x) = 2xf(x) va £(0) = 1. Gia
tri cta [ x f(x) dx 1a

A.e—1. B. 97‘1 C.

N | ®
o
|

Phin tich. Hé thirc f' = 2xf goi y chia hai vé cho f: vé tréi% = (Inf)'.
Loi giai.

40
f(x)

f(0)=1=C=0,nénf(x) = e . Khido [, xe* dx = “— (Dang 7). Chon B.

=2x = Inf(x) =x2+C;

x2

cs s 1 \
Gid tr cta [_, — dx Ia

A2 B.>. C.0. D. —
3 3

Léi gidi. Goi tich phan 1a I. Dt x = —t:

1 tZ 1 2tt2
I = dt = dt.
f_11+2-t f_12t+1

Cong lai: 21 = f_ll x? dx = g, nénl = % Chon B.
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* Tong quat.

Néu g 13 ham chin va a > 0 thi f_cc % dx = | OC g (x) dx. Meo nay xudt hién rat nhiéu trong

dé thi thir va dé hoc sinh gioi.

I Dang 12. Di¢n tich hinh phing

Dién tich hinh phang gi6i han béi parabol y = x? — 2x va tryc hoanh Ia

A2 B.2. c. -2 D.
3 3 3

w | ®

Loi giai. Hoanh d6 giao diém: x? — 2x = 0 & x € {0; 2}. Trén (0; 2) ham s6 am:

2 8 4
fo(x x“)dx 33

Chon A.

Tinh dién tich hinh phang giéi han boi parabol y = x? va duong thang y = x + 2.

Loi gidi. x2 = x + 2 © x € {—1;2}; trén (—1; 2) duong thang nam trén parabol:

5—]2(+2 ome|p 2] ol 7k
—_1x x*)dx = |+ 2x 3. "3t6 7

Pap s6: 4,5

%* Cong thirc “mot phan sau”.

Dién tich giita parabol y = ax? + bx + ¢ va duong thing cat né tai hai diém c6 hoanh d6 x; <
PR 33 .
x,1as = M. Kiém tra: % = 3- bay cling chinh 1a két qua “g tam giac” cuia Archimedes

viet theo ngdn ngir dai so.

Dién tich hinh phang gi6i han boi d6 thi hai ham sé y = x3 vay = 4x 1a
A. 4. B. 8. C.0. D. 16.

TRAM TOAN APLUS TEAM Ceral - Trang 39 - CHIENMATH.COM



CHUYEN PE TICH PHAN VA UNG DUNG — Tir Archimedes dén dé thi HSA TEAM Ceral

Loi gidi. x° = 4x © x € {—2;0;2}. Do tinh d6i xting tim,
2
S=2f (4x —x3)dx =2(8 —4) = 8.
0

Chon B. (Néu tinh f_22(4x — x3) dx s&ra 0: phuong 4n C 1a bay.)

@ Vi du 60. (Dé thi tuyén sinh Dai hoc khdi A nim 2002)

Tinh dién tich hinh phang gi6i han béi cac duong y = [x% —4x + 3| vay = x + 3.

g — y = [x* - 4x + 3|
— i
g
44
5-
o T T T

0 1 3 S)

Mién gidi han béiy = |x? — 4x + 3| vay = x + 3.

Phén tich. D6 thi y = |x? — 4x + 3| duoc ldy tir parabol bang cach 1at phan nam duéi truc
hoanh (trén (1; 3)) lén trén. Phai tach thanh ba doan tai x = 1 va x = 3.
Loi giai. Hoanh d6 giao diém: v6i x < 1 hodcx = 3: x? —4x +3 = x + 3 © x € {0;5}; v6i
1<x<3:
—x?+4x—-3=x+39x*-3x+6=0
(v nghiém). Vay
> 13 26 22 109

1 3
5=f(5x—x2)dx+f(x2—3x+6)dx+j(Sx—xz)dx:—+—+—:__
0 1 3| 6 3 3 6

¢ Vidu6l1. (Dé thi tuyén sinh Pai hoc khdi B nam 2002)

N 2
Tinh dién tich hinh phing gi6i han béi cac duong y = J 4 — % vay = %z
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—_—y =V(4 - X?[4) —y=x%[(4V2)

=2v2 0 2V2

Mién gioi han boi nura elip va parabol.

Loi giai. Hoanh do6 giao diém:
x?  x*

4—Z=§<:)x4+8x2—128=0(:>x2=8<:)x=i2\/§.

Theo tinh ddi ximg,

2VZ 2 g2 242 1 (2v2)
S = j ~S T ax = To—x . (V)
0 4 42 0 V2 3

Dit x = 4sint (can 0 - ):
4

2v2 /4
f 16 — x2 dx=16] cos’tdt = 2m + 4.
0 0

Phﬁnsaub’fmgg. Vay § = 27r+4—§= 27‘[+§.

€ Vidu 62. (Dé thi tuyén sinh Pai hoc khdi D nim 2002)

Tinh dién tich hinh phang giéi han boi dudng cong
—3x—1
v x—1
va hai truc toa do.
Lai giai. Do thi cit truc hoanh tai x = — g, cat truc tung tai y = 1; trén [— é; 0] tacoy = 0. Vi
=3x=1_ o, 4
x-1 x-1

0 4 . 4
S = f—1/3 (—3 — 1) dx = [-3x —4In|x — 1]]Z, 3 = -1 +41n§.
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# Vi du 63. (Dé thi tuyén sinh Dai hoc khdi A nim 2007)

Tinh dién tich hinh phang giéi han béi cac duong y = (e + Dx vay = (1 + e¥)x.

Loi giai.
e+Dx=0+e")x o x(e—e*) =0 x € {0;1}.
Trén (0; 1): x(e — e*) > 0. Vay

1 e e
Szf(ex—xex)dxz——[(x—l)ex](l)=——1.
. 2 2

¢ Vi du 64. (Dé thi tuyén sinh Pai hoc khdi A, Al nim 2014)

Tinh dién tich hinh phang gidi han boi duong cong y = x? — x + 3 va duong thang y = 2x +
1.

Loi gidi.
x*—x+3=2x+1©x*-3x+2=0o x € {1;2}.

\ .13
S = flzlx2 —3x +2|dx = % (theo cong thirc “mot phan sau”: %).

Cho ham s6 y = f(x) lién tuc trén [—1; 3]. P thi ciia nd cung truc hoanh gii han hai mién:

mién nam trén tryc hoanh tng v6i x € [—1; 1] c¢6 dién tich bang 5, mién nam duéi truc hoanh
g véi x € [1; 3] c6 dién tich bang 2. Gia trj cta

fjlf (x) dx

la
A.7. B. 3. C.-3. D. 10.

Loi giai. Tich phan 1a dién tich ¢6 dau: 5 + (—2) = 3.
Chon B. (Dién tich hinh phang m&i bang 7.)

Tim s6 thyc dwong m dé dién tich hinh phang gidi han boi parabol y = x? va duong thing

y = mx bang g.
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Loi giai. Giao diém x = 0, x = m.

Pap sb: 2

I Dang 13. Thé tich vat thé va khdi tron xoay

Cho vit thé nam giita hai mat phang x = 0 va x = 3. Cat vat thé boi mat phang vudng goc véi
truc Ox tai diém c6 hoanh do x (0 < x < 3) dugc thiét dién 1a hinh vudéng canh V9 — x2. Tinh
thé tich vat thé.

thiét dién: hinh vuéng
canh v(9 - x?)

Loi gidi. S(x) = 9 — x%, nén
3
V=f (9 —x?)dx =27-9=18.
0

Pap so: 18

® Vi du 68.

Mot vat thé nim gitra hai mat phéng x = —1, x = 1; thiét dién vuong goc voi Ox tai x 1a tam
giac déu canh 2v/1 — x2. Thé tich vat thé 1a
A. % B. 23£ C.\3. D. .

\ 2
Loi gidi. Tam gidc déu canh a c6 dién tich aTﬁ: S(x) =31 — x2).
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V=\/§f1(1—x2)dx=43£.

Chon A.

Thé tich khéi tron xoay tao thanh khi quay hinh phang giéi han boi y = V/x, truc hoanh va
duong thang x = 4 quanh truc Ox 1a

A. 8m. B. 16m. C.—. D. 47.

Loigiai. V = | 04 x dx = 8m. Chon A. (Phuong an C la | 04 Vx dx: quén binh phuong.)

Tinh thé tich khéi tron xoay sinh ra khi quay hinh phang gi¢i han boi y = sinx, truc hoanh, x =

0, x = 7 quanh tryc Ox (lam tron dén hang phan trim).

Loi giai.

T ™1 — cos2x 2
V=7rf 51n2xdx=7rf—dx=—z4,93.
0 0 2 2

Pap so: 4,93

€ Vidu 71. (Dé thi tuyén sinh Pai hoc khdi B nam 2007)

Cho hinh phang H gidi han boi cac duong y = xlnx, y = 0, x = e. Tinh thé tich khdi tron xoay
tao thanh khi quay hinh H quanh truc Ox.

Loigidi. xlInx =0 & x = 1 (véix > 0).V = nfle x?In?x dx. Tung phan v6i u = Inx, dv =

x? dx:
fe 2 12y dy = x3In2x]° 2]"’ 2 10 d _e3 2 2e3+1
1xnxx— = 31xnxx—3 3 g
1
trong d6
f"’ 2 g d _x3lnx x3 _Ze3+1
1x nxdx = |— 91— 5
Vay
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e3 4e3+2\ mw(Ged-2)
V =TT|— — == .
3 27 27

Thé tich khdi tron xoay sinh ra khi quay hinh phang gi6i han bai y = x va y = x? quanh truc
Ox la

A Z B. ~. C.
15 30

o 13

b4
D.—.
15

Loi gidi. Giao diém x = 0, x = 1; trén (0; 1): 0 < x? < x. Thiét dién 1a hinh vanh khan:

1 1\ 2m
)_15'

1
_ 2 _ .4 —a(Z_Z
%4 n.fo(x x*)dx n(3 3

Chon A. (Phuong én B la fol(x — x2)% dx: sai cong thirc vanh khan.)

Chung minh rang thé tich khdi cau bankinh R 14V = gnR?’.

Laoi giai. Khdi cau sinh ra khi quay ntra hinh tron y = VR2 — x2, —R < x < R quanh truc Ox:

R 2R3 4
V=7rf (Rz—xz)dx=7t(2R3——>=—7rR3.
L 3 )°3

Archimedes mat cd mot cuon sach dé chiing minh, ta chi can mot dong!

2 2 , r N
Quay hinh elip :—6 + y? < 1 quanh truc Ox dugc mot khoi tron xoay (khoi “qua bong bau duc”).

Tinh thé tich khéi d6 (1am tron dén hang phan mudi).
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X?/16 + y?/9 =1
quay quanh Ox
V = 481

——
—fF="<<
—
—
=

St ——
—

B

=5 e

Khéi “qua bong bau duc” sinh ra khi quay elip quanh truc Ox.
N soe 2 x2 A
Loi giai. y© =9 (1 - 1—6), nén

V= fw 1 x dx =9 (8 128)—48 150,8
—n_4 16 x =91 25, = T = ,8.

(Tong quat: V = %nabz.) Pap s6: 150,8

I Dang 14. Bai toian chuyén dong

Mot 6 to dang chay véi van téc 20 m/s thi nguoi lai dap phanh; tir thoi diém d6 6 t6 chuyén
dong cham dan déu véi van toc v(t) = 20 — 5t (m/s). Hoi tir luc dap phanh dén khi dimg han,
0 t0 con di dugc bao nhiéu mét?

v(t) = 20 - 5t: quang dudng phanh la dién tich tam giac

207 b4t dau phanh
v=20m/s
15 7
Q
£ .
-~ 10 dung han
t=4s
s=40m
5 -
O T T T T
0 1 2 3 4

t (giay)
D6 thi vén toc khi phanh: quéng dwong la dién tich tam gidc.
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Loi gidi. Xe dung khi v(t) = 0 © t = 4. Quang duong
4 5 214

s=f (20 = 5¢t) dt = IZOt_T =80—40 =40 m.
0 0

Pap s6: 40

Mot xe dua tang toc déu tir trang thai ding yén, sau 4 gidy dat 20 m/s; chay déu véi van toc do
trong 5 gidy roi giam téc déu va dimg han sau 3 gidy nita. Tong quing duong xe da di 1a

A. 170 m. B. 240 m. C. 140 m. D. 200 m.

Loi giai. Quang duong 14 dién tich hinh thang dudi d6 thi van toc (xem hinh & Phan II): 40 +
100 4+ 30 = 170 m. Chon A.

Mot chit diém chuyén dong thang vai van toc v(t) = 3t — 12t + 9 (m/s). Quing duong chit
diém di duoc trong 4 gidy dau la
A.4m. B. 12 m. C.8m. D. 36 m.

v(t) = 3t - 12t + 9: chat diém déi chiéutait=1vat=3

2 quang du('jng,=4+4+4=12m
dédichchuyén=4-4+4=4m

+4 +4

v (m/s)

t (giay)

Phan dién tich phia dui truc hoanh vmg véi liic chdt diém chay ngwoc chiéu.

Phén tich. Van toc d6i ddu tai t = 1 va t = 3 (chat diém d6i chiéu). Quang duong 1a [ |v| dt,
khac v6i d6 dich chuyén [ v dt.
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Loi giai. Vi s(t) = 3 — 6t2 +9¢t: [ v =4, [ v=—4, ['v = 4. Quing duong bing 4 +

4 + 4 = 12 m (d6 dich chuyén chi bang 4 m). Chon B.

Van tdc ciia mot van dong vién chay 100 m dugc mé hinh hoa bai v(t) = 11(1 — e™%) (m/s).
Quing duong van dong vién chay dugc trong 10 gidy dau 1a bao nhiéu mét (1am tron dén hang

phan mudi)?

Mb hinh van téc chay nudc rat v(t) = 11(1 - e™)

12 7 van téc t6i da 11 m/s

10 1

v (m/s)

s=99,0m

t (giay)

Mo hinh van toc cua van dong vién chay nuoc rut.

Loi gisi.

10
s = f 11(1— e H)dt = 11[t + e~]2° = 11(9 + e~1°) ~ 99,0 m.
0

Pap sb: 99,0

Hai 6 t6 xudt phat cung ltc tir cing mot vi tri, chay cung chiéu trén dudng thang. O t6 A chay
v6i van toc v, (t) = 2t (m/s), 6 t6 B chay vdi van tdc khong d6i 10 m/s. Sau bao nhiéu gidy 6

t6 A dudi kip 6 t6 B?

TRAM TOAN APLUS TEAM Ceral - Trang 48 - CHIENMATH.COM



CHUYEN PE TICH PHAN VA UNG DUNG — Tir Archimedes dén dé thi HSA TEAM Ceral

Quéng dudng Ia nguyén ham ctia van téc

m— Xe AlS = t2
1251 —0 xe B:s =10t
E .l
" 100
o
{ ==
B 751
S
o
,§ 50 7
o A dudi kip B
25 (t=10s,s=100m)
0 - T T T T
0 2 4 6 8 10 12
t (giay)

Do thi quang dwong ciia hai xe theo thoi gian.

Loi gidi. Quing dudng sau T gidy: s, = [, 2t dt = T2, s, = 10T. Pudi kip khi T? = 10T &
T = 10 (gidy). P4p so: 10

I Dang 15. Bai toan thue té

® Vi du 80.

Mot céng hinh parabol rong 8 m, cao 8 m. Ngudi ta lam canh ctra hinh chir nhét rong 4 m, cao
4,5 m & chinh giita cong; phan con lai ciia mat céng dugce trang tri hoa van. Tinh dién tich phan
trang tri (m2, 1am tron dén hang phan tram).

8m

Céng parabol va cdanh cira hinh chi nht.
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Phén tich. Gan hé truc v6i gdc tai trung diém chin cong: parabol di qua (+4; 0) va dinh (0; 8)
2 @ 9

nény =8 — x? Kiém tra ctra lot cong: tai x = +2,y = 6 > 4,5.

L&i giai. Dién tich cong

S f‘* (8 x2>d " 64 128
= —_—— x = _——,— T —.
), 2 3 3

dtng bing 2 - 8 - 8). Dién tich cira S, = 4 - 4,5 = 18. Phan trang tri: — — 18 = 2= ~ 24,67
(ding bang - 2 g tri: — .
m> Pap sb: 24,67

% Cong thirc Archimedes.

Dién tich “vom parabol” ¢ day a, chiéu cao h lu6n bang gah: hai phan ba dién tich hinh chir

nhat bao quanh. Pay 1a két qua hay dung nhat trong cac bai toan cong, cau vom, cira so hinh
parabol.

® Vi du 81.

Mot bé chira 500 lit nwdc. Nguoi ta md van xa, nudce chay ra voi toc do

r(t) = 20 — 0,4t (lit/phat), 0 < t < 50. Sau 30 phat, trong bé con bao nhiéu lit nudc?

Toc do xa nudc r(t) = 20 - 0,4t

20 1

— 157 A
5 ban dau
= 500 lit
= 10 1
= 420 lit

5

O i T T T T T T

0 10 20 30 40 50
t (phut)

Luwong nuoc chay ra la dién tich duoi do thi téc do xa.

Loi gidi. Lugng nude chay ra trong 30 phut:

30
(20 — 0,4t) dt = [20t — 0,2¢2]3° = 600 — 180 = 420 lit.
0

Con lai 500 — 420 = 80 lit. Pap so6: 80
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Cong sudt tiéu thu dién caa mot ho gia dinh trong moét ngay duge mé hinh hoa béi P(t) = 1,5 —

cos ’I—; kW), t 1a s6 gio ké tir 0 gid, 0 < t < 24. Vi gia dién 3000 dong/kWh, tién dién trong

ngdy d6 1a bao nhiéu nghin déng?

P(t) =1,5 - cos(mt/12)

A =36 kWh > 108000 dong

P(t) (kw)

0 4 8 12 16 20 24
gid trong ngay

0 T

Pién ndang tiéu thu trong ngay la dién tich dwdi do thi cong sudt.

Loi gidi. Di¢n nang
A= f“ (1 5 ”t) dt = 36 — 22 ”t]24 — 36 kWh
= )5 = cos = = - SleO_ .

Tién dién 36 - 3000 = 108 000 dong. Pap s6: 108

Mot quan thé vi khuan ban dau c6 5000 con, toc do ting s6 luong sau t ngay 1a N'(t) = 124:)(;)§t

(con/ngay). Sau 4 ngay, quan thé c6 khoang bao nhiéu con (Iam tron dén hang don vi)?
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N(t) = 5000 + 4000 In(1 + 0,5t)

10000 -
9000

8000 1

khuan N(t)

N(4) ~ 9394
7000 7

sO vi

6000

5000 7

t (ngay)

S6 heong vi khudn theo thoi gian.

Loi gisi.
4

N(4) = 5000 + f dt = 5000 + 4000[In(1 + 0,5¢)]* = 5000 + 4000In3

o 1+0,5¢
~ 9394,

Pap so: 9394

® Vi du 84.

Mot manh vuon hinh elip c6 d6 dai truc 16n 16 m, truc nhd 10 m. Nguoi ta tréng hoa trén mot
dai dat d6i xing qua truc nho, gidi han boi hai dudng thang vudéng goc vai truc 16n va cach
nhau 8 m. Tinh dién tich dai trong hoa (m?2, 1am tron dén hang phan tram).

truc I6n 16 m

10 m

Ddi trong hoa giita hai deong thang cach nhau 8 m.
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2 2
Loi gidi. Chon hé truc vai elip ’6‘—4 + Z—S = 1; dai hoa g v6i —4 < x < 4. Dién tich S =

45 x2 o Gy o T,
2/, 1 — =, dx. Dat x = 8sint (can —= - -):

sin2¢1™® 401
] =— + 203 ~ 76,53 m?.
e 3

/6
S=80f cos tdt—80[
-1/6

Pap s6: 76,53

I Dang 16. Tich phan trong dé thi tuyén sinh Pai hoc (2002 — 2015)

Trong ki thi tuyén sinh Pai hoc “ba chung” (2002 — 2014) va ki thi THPT Qudc gia dau tién (2015),
cdu tich phan (1 diém) c6 mit trong moi dé. Py 1a kho bai tap mau myc vé ddi bién va tirng phan,
rat dang dé luyén ki ning trinh bay. Céc cau dién tich, thé tich (A2002, B2002, D2002, A2007,
B2007, A2014) di dwoc gidi thiéu & Dang 12, 13.

* Poc “chir ki” ciia dé. |

Trude khi tinh, hiy hoi: biéu thirc ndo c6 dao ham nam sén trong tich phan? C6 cin can pha
khong? C6 tich cta hai loai ham khac nhau khong? C6 thé tach tich phan thanh tong ciia mot
phan d& va mot phan d6i bién khong (nhu A2010, A2011)?

@ Vi du 85. (D¢ thi tuyén sinh Dai hoc khéi A ndm 2003)

Tinh

Phan tich. Pat t = Vx2 + 4 thi t dt = x dx. Nhan ca ttr va mau voi x dé “tao” ra x dx.
Loi gidi. V6i t = VZ + 4:
dx B x dx B tdt _ dt
xZ+4 x2xZ+4 @EF-Ht -4

can t tir 3 dén 4. Do d6

I_f‘*dt [ 411111_115
= 4~ 4"+ 2, 4(“3 ns)_4n3'
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€ Vi du 86. (Dé thi tuyén sinh Pai hoc khdi B nam 2003)

—2sin2
Tinh I = J-7r/41 2sin“x

0 1+sin2x

Loi giai. T s6 1 — 2sin®x = cos2x, va (1 + sin2x)’ = 2cos2x. Dat t = 1 + sin2x, can 1 —
1 p2dt

2.1 =272,
271 ¢t 2

# Vi du 87. (Pé thi tuyén sinh Dai hoc khdi A nim 2004)

Tinh

2 X
o
11+ x—1

Loigiai. Datt =+vx—1,x =t?>+ 1, dx = 2tdt,can 0 - 1:

L2+ 1)2t 1 2 1 1
1=f-—————dt=2f(ﬂ—t+2———ﬁdt=2@-—+2—zmﬁ
o 1+t 0 t+1 3 2

U 4In2
=3 n2.

# Vi du 88. (Dé thi tuyén sinh Dai hoc khdi B nim 2004)

Tinh [ = [ X220 gy,
2_
Loi gidi. D3t t = v+ 3Inx: t2 = 1+ 3lnx, 2t dt = >, Inx = — can 1 - 2:
2 t2—1 2t 2 (2 2,31 7\ 116
I=1]t¢t- c—dt =— | (t*—t? dt=—(———)=—.
L 3 3 91( ) 9\s 3/ 135

@ Vi du 89. (D¢ thi tuyén sinh Dai hoc khéi A ndm 2005)

Tinh
™/2 sin2x + sinx p
= ———— dx
o V14 3cosx
r 2—
Loi gidi. Tt so = sinx(2cosx + 1). Pit t = /1 + 3cosx: cosx = %, sinx dx = —% dt;
x=0:t=1x=§:t=r
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2_1
Zz(t—)+1 2t

1=L+ —dt == f(2t2+1)dt——(g+1)=—.

Tinh

2.4 QR0 A 2 = e In5 e*d R
Loi giai. Nhan tir va mau véi e*: [ = ————. batt =e*, can3 - 5:
In3 e2X—3eX+2"

I—f —[1t_25—1 Int = In>
L, e-De-2 [Me=-al, T e 2T Y

# Vi du 91. (Dé thi tuyén sinh Dai hoc khdi D nim 2007)

Tinh

e
I=f x3 In?x dx
1

Loi giai. Ting phan hai 1an. Véi u = In?x, dv = x3 dx:

I_x41n2xe lfe 3 g d _e4 1
= 4121xnxx—4 2].

Vi

_fe 3 e d _x41nx x4e_394+1
J= | xlnxdx=\— 16, 16

et 3et+1  5et-1

VayI——— 7 =

# Vi du 92. (Dé thi tuyén sinh Dai hoc khdi A nim 2008)

Tinh

/6 tan*x
I =f dx
o COoS2x

A , < A A £ om d
Phan tich. Viét cos2x = cos?x(1 — tan®x) dé xuat hién ﬁ = d(tanx).
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Loi giai. Dit t = tanx, cén0—>%:
1/V3 t4 1/v3 , 1
szo 1_t2dt=f0 (-2 14 =) e
Do do
3 13
=l_t?_t %lniﬂlo =%ln(2+\/§)—%.

@ Vi du 93. (D¢ thi tuyén sinh Dai hoc khéi B nam 2008)

Tinh

[ fn/4 sin (x = %)
0

dx.
sin2x + 2(1 + sinx + cosx)

A e X 4 . \ . . 5 q Vs
Phan tich. Mau chta sinx + cosx va sin2x = (sinx + cosx)? —1; t& sin (x - Z) =

cosx—sinx P 2 2 2 S X . A 5 :
—— G chinh Ia (sai khac hang s0) vi phan cua sinx + cosx.

Loi giai. Bat t = sinx + cosx, dt = (cosx — sinx) dx, can 1 - V2. Mau bang t2 —1+2 +
2t = (t + 1)2. Vay

V2

1 (V2 at 1<1 1) 1(3
2 241

=G TR 2 V)=

# Vi du 94. (Dé thi tuyén sinh Dai hoc khdi A nim 2009)

Tinh

/2
I = j (cos3x — 1) cos?x dx
0

Loi giai.

/2 /2
I = f cos® x dx — f cos? x dx.
0 0

Véit = sinx:

/2 1 2 1 8
cos5xdx=f 1-t)?dt=1—-=-+=-=—.
fo . 375 15
Con fon/zcoszxdx = %. Vay I = %—%.
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# Vi du 95. (Dé thi tuyén sinh Dai hoc khdi D nim 2009)

Tinh

e ezs s a .
Loi gidi. Dat t = ¥, dx = —, cne > e3:

e3 e3 3
I—f dt —[1 t_l] s ! =In(e?+e+1)—2
) ote-n M |, TMe2e—n T M T '

# Vi du 96. (Dé thi tuyén sinh Dai hoc khdi A nim 2010)

Tinh

dx

. jlxz + e* + 2x2e*
A 1+ 2e*

Phién tich. Nhém x? + 2x2e* = x2(1 + 2e*): tach dugc thanh mot phan da thirc va mot phan
CCu_,”

u

Loi giai.

1—]12d +f1 i d —1+1[1 (1+2x)]1—1+ ]
LT ) T zex T 3T T A e =g o

¢ Vidu 97. (Dé thi tuyén sinh Pai hoc khdi A nam 2011)

Tinh

™/% xsinx + (x + 1)cosx
I = - dx
o xsinx + cosx

Lai gidi. T s6 = (xsinx + cosx) + xcosx, va (xsinx + cosx)’ = xcosx. Vay

/4 XCOSX . . - NP
— — = o /4_ = Ve m
I'= fo (1 + Ysinx + Cosx) dx 2 + [In(xsinx + cosx)], q +1In > (4 + 1) _
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# Vi du 98. (Dé thi tuyén sinh Dai hoc khdi B nim 2011)

Tinh

j”/3 1 + xsinx
1= /g
0

cos?x

Loi giai.

/3 dx 7T/3xsmx
Izj +j dx—\/_+]
0 0

cos?x cos

sinx
cos?x

VéiJ: datu = x, dv = dx,v =

cosx’

1—sin2x 3 2 1 — sinx

[ /3 j”/3 dx 2w j‘"/s cosxdx _2m 1 1+smx]/
cosxdg o Cosx 3 7

= ?—ln(z +\/§)

Vay I =v3+ 2 +1n(2 - V3).

€ Vidu 99. (Dé thi tuyén sinh Pai hoc khdi A, Al nim 2012)

Tinh

31+In(x + 1)
- [Lher D,
1 X

Loi giai. Ditu = 1 + In(x + 1), dv =d—’2‘,v =—=

. 1+1n(x+1) f _2_|_12 212+[l X ]3
- x(+1)_3 nemgmeT Iyl

Tinh

2x2_1
I:j > Inx dx
1
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Loi gidi. Pat u = Inx, dv = (1 — xiz) dx,chonv =x + %:

P=[(e+ Dma] - [ (14 B)ax =Sz -1 =22 -3
_(x x)nx1 1( xZ) rEM TN T2 T

I Dang 17. Tich phén trong dé thi hoc sinh giéi va Olympic

O cac ki thi Olympic, tich phan hiém khi doi hoi tinh toan dai; vé dep nam & phép doi bién ddi
xirng, sw co rit va nhirng bt ding thirc bat ngd. Cac bai dudi day déu c6 thé giai chi bang kién
thire 16p 12.

€ Vidu 101. (Putnam 1968, Bai A1)

Chung minh rang

Tx%(1 — x)* 22
f i =
o 1+x 7

Phin tich. Pay 13 mot trong nhirng bai toan dep nhét vé sé m: vi ham duéi diu tich phan duong,

két qua ching minh rang % (gi4 tri gin dung cta Archimedes) 16m hon 7.

Loi gidi. Chia da thuc:

x*(1 —x)*
— .6 5 4 2
W—X —4X +5X —4X +4—1+x2.
Do d@o6

f1x4(1—x)4d 1 2+1 4+4 A m 22

o 1+xz2 T773 3 s 7 "

Vi tich phan duong nén m < % Danh gia thém

x*(1 —x)* - x*(1 —x)*

2 ST igaz S¥A-o

. il 1 . 22 1 22 1
trén [0; 1] va [~ x* (1 —x)*dx = —,tacondugc = — — < < = — —.
0 630 7 630 7 1260

€ Vidu 102. (Putnam 1980, Bai A3)

Tinh

e dx
I = f >
o 1+ (tanx)V2
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N eos Y 2 vz ~ cq .2 , ,
Loi gidi. bat x = g —t,tanx = cott =—: [ = m/2_(tant) dt. Cong hai biéu thuc cua I:

tant” 0 (tant)V2+1

/2 T A s A ~ 2 R ~ A . X \TT
ZI—f / dx = nenI=Z. S6 mii V2 chi dé “doa”: voi moi sé mi, két qua van laz.

€ Vidu 103. (Putnam 1987, Bai B1)

Tinh

B ] VIn(9 — x) dx
), /in(@ = %) + /In(x + 3)

Laoi giai. Phép d6i bién x = 6 — t (d6i xtmg qua trung diém 3 ctia doan [2; 4]) bién 9 — x thanh
t + 3 vax+ 3thanh 9 — t. Vay

_ j JIn(t + 3)
2 \/In(t +3) +/In(9 — t)

Cong lai: 21 = f:dx =2,nénl = 1.

€ Vidu 104. (Putnam 2005, Bai AS)

Tinh

Mn(x + 1)
 [aerD,
o Xx°+1

Phan tich. Mau x? + 1 goi y dat x = tant; sau d6 1 + tant c6 mot tinh chét dbi xung dep: 1 +
tan (E - t) =2
4 1+tant

Loi gidi. Dat x = tant: [ = f:m In (1 + tant) dt. Pat tiép t = % —u:

/4 2 T
I = In——du=—In2 - 1.
fo 1+ tanu 4

Vay I = %lnz.

Tinh gidi han

L = lim ( A L . )
= lim .
n-w \n? + 12 n? 4 22 n? +n?
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Phin tich. Dua tong vé dang %Z f (%) d6 1a tong Riemann cua f trén [0; 1].

N eae n _l. 1 . ~ o N 1l adx _r
Loi gidi. —— =~ 1+(E)2' Theo dinh nghia tich phin, L = fo =
n.

Pt I, = f;"*sin™x dx (n € N). Chimg minh I, =~ 1,,_, v6in 2 2, i tinh I,.

Léi giai. Tung phan v6i u = sin® 'x, dv = sinx dx:
/2
I, = [—cosxsin"‘lx]g/2 + (n— 1)f sin® 2 xcos?xdx = (n—1)(I,_, — I,).
0

Suyranl, = (n—1)I,_,. Véi [, = g: I = 221 g = 2—721 (Cong thirc nay dan t6i tich Wallis
2,
1

Re 4o K Y
no1 tieng o=

Quay phan d6 thi y = i v6i 1 < x < b quanh tryc Ox. Tinh thé tich V(b) cta khdi tron xoay
va gi6i han cta V(b) khi b — +oo.

Loi giai.
b ax 1
V(b)=7rf1 x—2=7t<1—5)—>7'[

khi b - +00. D6 1a “chiéc kén Gabriel” cta Torricelli ( 1643): dai vo han, di¢n tich mat ngoai
cling vo han (vi [ 1b % = Inb — +00), nhung thé tich chi bang m. Néi vui: c6 thé do ddy son vdo

chiéc ken, nhung khong du son dé son mat ngoai cua no!
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PHAN IV. TiCH PHAN QUANH TA

O dau c6 mot dai luong tich lity dan (quing duong tir van toc, dién nang tir cong suét, luong nude
tir tbe d6 chay, doanh thu tir gia ban tirng san phim) hay mot hinh khong thé do bang thwéc (mit
hd, chiéc binh gbm, mit dap thay dién), & d6 co tich phan. Phan nay gidi thiéu nhitng tng dung
gan giii nhat, kém theo cac con sd cu thé dé thay co c6 thé ding ngay lam tinh hudng mé dau bai
giang.

| 1. Chiéc cong to' dién va héa don tién dién
Cong to dién trong mdi gia dinh thyc chat 1a mot may tinh tich phan: n6 lién tuc do cong sudt tiéu

thu P(t) (kW) va cong don lai thanh dién ning

A= ] Cp(Odt Wh).

1
Mot “sb dién” chinh 1a 1 kWh: lugng dién nang tiéu thu khi dung thiét bi cong suit 1 kW lién tuc
trong 1 gio.

2,5 1
Pién nang = dién tich = 17,8 kWh
§ cao diém toi
= 2] (diéu hoa, bép)
S 15
o
=)
(%]
o 17
C
©
3]
0,5 1
0 1 1 I 1 1 T 1 1
0 3 6 9 12 15 18 21 24

gid trong ngay
Do thi cong sudt dién cia mot gia dinh trong mot ngay: dién nang tiéu thu la dién tich duoi do thi.
D6 thi cho thdy mot diéu thu vi: du chi kéo dai vai gio, “cao diém tdi” (diéu hoa, bép dién, binh
néng lanh cung bat) chiém gan mot ntra dién ning ca ngay. Do 13 1i do nganh dién khuyén khich
dich chuyén bot viée dung dién ra khoéi gio cao diém, va vi sao mot sd nudce tinh gia dién khac nhau
theo gio.
I 2. Giao thong: khoang cach an toan va quang dwong phanh

Khi nguoi lai phat hién chudéng ngai vat, xe con chay thém mot doan trong thoi gian phan xa
(khoang 1 gidy) réi méi bat dau giam téc. Quang duong ding xe 1a dién tich dudi d6 thi van tdc:
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vg/a vg
s = vyt + f (vy — at) dt = vyt + o7
0

Quang dudng diing xe = dién tich dudi db thi van toc (gia toc phanh 7 m/s?)

259 s ; .
HSH ENBFL AN 2 £ == 50 km/h: diing sau 27,7 m
20 = 80 km/h: dUing sau 57,5 m
@ 15 1
£
> 10
5 -
O T 1
0 0,5 1 1.5 2 2:5 3 35 4 4,5

t (gidy)
So sanh quang dwong dung xe o 50 km/h va 80 km/h.

14 2 14 14 14
S6 hang Z—"a cho thay quang duong phanh ti 1€ v6i binh phwong van toc: tang toc tir 50 km/h 1€n 80
km/h (ting 60%) 1am quing dudng ding xe ting hon gip ddi, tir khoang 28 m 1én khoang 57 m.
Day 1a co s¢ khoa hoc cua cac bién bao gidi han téc do trong khu dan cu va quy dinh vé khoang
cach an toan giira hai xe trén dudng cao tdc.

& Vi du 108.

Mot 6 t6 chay v6i van tée 72 km/h thi ngudi l4i phat hién chudng ngai vat. Sau thoi gian phan
xa 1 gidy, xe phanh voi van téc v(t) = 20 — 8t (m/s). Tinh quing dudng xe di dugc tir luc phat
hién chudng ngai vat dén khi dimg han.

Loi gidi. 72 km/h = 20 m/s. Trong 1 gidy phan xa, xe di 20 m. Xe dung khi 20 — 8t = 0 &
t = 2,5; quang duong phanh

2,5

(20 — 8t) dt = 50 — 25 = 25 m.
0

Téng cong 20 + 25 = 45 m. Pap s6: 45

I 3. Thiy dién: vi sao chan dap phai day?

Ap suat nude ting tuyén tinh theo d6 sau: p = pgh. Trén mot dai nAm ngang mong ctia mit dap &
d6 sau h, rong w, cao dh, ap luc 1a pgh - w dh. Cong tt ca cac dai:

TRAM TOAN APLUS TEAM Ceral - Trang 63 - CHIENMATH.COM



CHUYEN DPE TICH PHAN VA UNG DUNG — Tir Archimedes dén dé thi HSA TEAM Ceral

H WHZ
sz pghwdthgT.
0

AplucF=[pgh-wdh (htir0dénH)

mat nudc

10

h (m)

20 1

o,
oy
©

u

«0

S

30 T

«O-
ke}

40 1

Ulln.

&p suat tang theo dd sau: p = pgh 50 -

0 1 2 3 4 5
ap suat (x10° Pa)

Ap sudt nwée tiang theo do sau: phan chan ddap chiu luc I6n nhat.

V61 mat dap hinh chir nhat rong 100 m, myc nude sdu 50 m (p = 1000 kg/m?, g = 9,8 m/s?):
P 1000 -9,8 - 100 - 502
B 2
N, twong duong strc ning cia khoang 125 nghin tdn. Vi luc tip trung & phia dudi, cac dap thay
dién nhu Hoa Binh, Son La déu ¢6 mat cét hinh thang, chan dap day hon nhiéu so véi dinh dap.

~ 1,23 -10°

I 4.Y hoc: do lvu lwong mau bing mot miii tiém

Dé do cung lwgng tim (lwong mau tim bom mdi phut), bac si tiém mot lwgng nhoé A (mg) chat chi
thi vao tinh mach gﬁn tim, r6i do néng do6 c(t) cta né trong dong mach theo thoi gian. Lugng mau
chay qua trong khoang thoi gian chat chi thi di qua théa man A = F [ c(t) dt, nén luu luong mau
la

A

[ c@®dt
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Phuong phap pha lodng chat chi thi do Iuu lugng mau
14 7

12 7

Ly Cung lugng tim = A /[ c(t) dt

(t) (mg/L)

87 A: lugng chat chi thj tiém vao

oc

6_

d

4

nong

2_.

0 T T T T 1 1 1
0 2:5 5 [ 10 12,5 15 17,5 20

t (giay)

Duong cong nong dé chdt chi thi: lieu heong mdu ti 16 nghich véi dién tich dwdi dwong cong.

Chéang han véi A = 5 mg va c(t) = 20te~% (mg/L), dién tich dudi duong cong (lay T du 16n)

xap xi % ~ 55,6 mg-s/L. Luu luong méau khoang % ~ 0,09 L/s, tirc khoang 5,4 lit mdi phut,

ding vé1 gia tri binh thuong ¢ nguoi trudng thanh.

I 5. Kinh té: thing dw ciia nguwoi mua va ngwdi ban
Puong ciu p = D(x) cho biét ngudi mua sin sang tra bao nhiéu cho san pham thtr x; duong cung
p = S(x) cho biét ngudi ban chdp nhén ban véi gia nao. Tai diém cin bang (x,; po), moi nguoi

déu mua ban & gia p,. Ngudi mua sin 10ng tra cao hon da “duoc lgi”: tong phan loi dy 1a thing

du tiéu dung [ Oxo [D(x) — po] dx; tuong tu, thiing dw sin xuit la [ Oxo [po — S(x)] dx.

m— cau: p = 80 - x2/20
80 b=
m—CUNQ: P = 2X 4
thang du
— tiéu dung
o)
B - E— T -
2 thang du
= san xuat
[&)]
£ 40
o
©
()]
20 1
O T T T | T 1

0 5 10 15 20 25 30
san lugng x (nghin san pham)

Théng dir tiéu ding va thang duw san xudt la dién tich gitta cdc dwong cung, cau va dwong gid can bang.
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2 N \ \ 9
VéiD(x) = 80 — ;C—O, S(x) = 2x + 20 (gia tinh bang nghin dong, san lugng bang nghin san pham):
can béng tai x, = 20, py = 60; thang du ti€u dung
800

20 X2 .
jo (20 - %> dx = 3 ~ 266,7 tri¢u dong,

thing du san xuat [ 020(40 — 2x) dx = 400 triéu dong. Cac nha kinh té dung nhirng con s nay dé

danh gia tac dong cua thué, trg gia 1én nguoi tiéu ding va doanh nghiép.

I 6. Xac suit: pho diém va dwong cong chudng

Pho diém ctia mot ki thi dong thi sinh thuong c6 dang gan véi phan phoi chuin, d6 thi hinh chudéng
do Gauss nghién ctru. Véi phan phéi lién tuc, xac suat dé mot dai lugng roi vao khoang [a; b] chinh
la dién tich dudi duong cong mat d¢ trén khoang do:

b +0o0
P(aSXSb)sz(x)dx, f f(x)dx =1.

Pudng cong chudng Gauss: xac suat = dién tich dudi dudng cong

pu-30  p-20 M-0 M M+0 M+20  p+30

Ouy tic 68 — 95— 99,7 ciia phén phéi chuan.

Quy tic “68 — 95 — 99,7” noi rang khoang 68% gi tri nim trong pham vi mot do 1éch chuan quanh
trung binh, 95% trong pham vi hai ¢ 1éch chuén va 99,7% trong pham vi ba d¢ 1éch chuén. Moi
con sd nay déu 1a cac tich phén!

< Gauss trén to tien.

T 10 méc ctia Pc (luu hanh tir nam 1991 dén khi dong euro ra doi) in chan dung Carl Friedrich
(x-p)?

Gauss bén canh dd thi va cong thirc ciia duong cong chudng f(x) = 202 . Ham nay

1 —
—ce
o\2m
khong c¢6 nguyén ham biéu dién dugc bang cac ham so cap, nén cac bang gia tri tich phan cua
n6 da duge tinh sén tir thé ki XIX, va ngdy nay nim trong moi mdy tinh cam tay.
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I 7. Do dién tich mat ho: khi khong cé cong thirc

Mubn tinh dién tich mot mat hd, ngudi ta khong ¢6 ham sb f(x) ndo ca, chi c¢6 cac sé do. Po chiéu
rong ho tai cic mat cat cach déu h rdi ding cong thirc hinh thang
Sah(D 4yt ys bt ya +2)

hoic cong thirc Simpson (v6i n chan) chinh xac hon
h
S~ 3ot 4y + 2y, +4ys 4+ Aypog ).

Udc lugng dién tich mat hé bang cdng thic hinh thang va Simpson

26 m S0 24m

cac mat cat cach déu 20 m
Do chiéu réng ho tai cdc mdt cdt cach déu 20 m.
Vi céac chiéu rong 0; 18; 26; 30; 24; 15; 0 (m) do cach nhau 20 m, cong thirc hinh thang cho § =
20113 = 2260 m?, con cong thirc Simpson cho S = ?- 352 = 2347 m?. Chinh nhitng cong
thirc “tich phan s6” nay chay bén trong mdy tinh cAm tay mdi khi ban bam phim [, va bén trong
cac phan mém do dac, ban do.

I 8. Chiéc binh gom: thé tich khoi tron xoay

Binh gém, lo hoa, chum vai lam trén ban xoay déu 1a khéi tron Xoay. Néu biét ban kinh r(x) cta

“«, L » an 2 s . \ h
mat cat ngang & d cao x, thé tichbinhlaV =n fo r? (x) dx.
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r(x) =10 + 3 sin(nx/20)
15 1
12,57

10 A V =1t [o*° r?(x) dx
=131 lit

7,57

r(x) (cm)

2,57

0 10 20 30 40
x (cm)

o

Chiéc binh c6 mdt cat doc mé ta boi r(x) = 10 + 3 sin(mx/20).

V6i chiée binh cao 40 cm, 7(x) = 10 + 3sin— (cm):
20

40 o mx o TX
V= nj (100 +60sin - + 9sin’ E) dx = (4000 + 0 + 180) = 41807 ~ 13 132 cm’,
0

tirc khoang 13,1 lit. Cac xudng gém Bat Trang ngay nay dung phan mém thiét ké 3D dé tinh trudc
dung tich san pham theo dung nguyén li nay.

I 9. Kién tric: vom parabol va nhirng mai nha cong

Céng, cAu vom, mai vom hinh parabol vira dep vira chiu luc tdt. Khi thi cong, can biét dién tich
mat céng dé tinh vat liéu 6p, hay thé tich phén bé tong cua vom: do la céc bai toan dién tich, thé
tich quen thuéc & Dang 12, 15. Cong thie “hai phan ba” clia Archimedes, dién tich vom parabol

M 2 . A £ X RS \ 2,
bang 3 X day X chiéu cao, dén nay van dugc cac ki su dung dé udc lugng nhanh.

% Hoat dong trai nghiém.

M3di nhom hoc sinh chon mét vat that: mot chiée 14, mot chiée cdc, dd thi luong mua hi‘mg thang
ctia dja phuong. Hay dung sé do thuc té va cong thirc hinh thang dé udc luong dién tich 13, dung
tich cbc (do dudng kinh tai nhidu do cao), hay tong lwong mua ca nam, roi so sanh voi két qua
do tryc tiép (d6 nudc vao coc, dém 6 vudng trén gidy ké li).

TRAM TOAN APLUS TEAM Ceral - Trang 68 - CHIENMATH.COM



CHUYEN PE TICH PHAN VA UNG DUNG - Tir Archimedes dén dé thi HSA TEAM Ceral

PHAN V. HE THONG BAI TAP

Bai tap chia lam 7 muc d6. Céc bai danh dau [TN] 1a cau tric nghiém 4 Iya chon, [PA] 1a cau dién
dap 4n theo dinh dang HSA; Mtic 6 1a cac bai chirg minh danh cho hoc sinh gi6i; Mirc 7 gdm céc
cau tich phan trong dé thi tuyén sinh Pai hoc. Hoc sinh nén tur bAm gio: trung binh 1,5 phat moi
ciu ¢ cac muc 1 — 3.

| Mikc 1 — Nhén biét

Bai 1. [TN] [ (4x3 — 1)dx bang

AL —x+cC. B. 12x% + C. C.x*—1+C. D.x*—x+C.
Bai 2. [TN] [ cos3x dx bang

A. 3sin3x + C. B. —gsian + C. C. %sinSx +C. D. sin3x + C.
Bai 3. [TN] [ e?*dx bang

A. 2e2 + C. B.2e% +C. C.e? +C. D.o—
Bai 4. [TN] Trén khoang (0; +00), [ % bang

A.lnx? + C. B.—-+C. C.=+C. D.—=+C.
Bai 5. [DA] Tinh [ x dx.
Bai 6. [DA] Tinh [ " sin x dx.
Bai 7. [TN] Cho [ f (x) dx = 5. Gia tri cuta [, f (x) dx 1

A.5. B. 0. C.-5. D.-.

Bai 8. [TN] Ham sd F(x) = x? + sinx 1a mot nguyén ham ctia ham s nao sau day?

A. f(x) = 2x — cosx.B. f(x) = 2x + cosx. C. f(x) = § —cosx. D. f(x) = x + cosx.
Bai 9. [PA] Tinh fol e* dx (lam tron dén hang phan tram).
Bai 10. [TN] Dién tich hinh phang gi6i han béi d6 thi ham s lién tuc y = f(x), truc hoanh va hai
duong thingx = a,x = b (a < b) 1a

A. f:f (x) dx. B. f:lf(x)l dx. C. nf: f? (x) dx. D. |fbaf (x) dx|.

Bai 11. [TN] Thé tich khéi tron xoay tao thanh khi quay hinh phang gi6i han boi y = f(x), truc
hoanh, x = a, x = b quanh tryc Ox la

A fP(dx. B.[ fP@dx.  CufIf)ldx. D.m? [ f(x)dx.
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edx

Bai 12. [DA] Tinh fl —

| Mikc 2 — Thong hiéu

2 S
Bii 13. [TN] Trén khoang (0; +0), [ (’”x” dx bing
2 3 2
A.Z+2x +1Inx + C.B. (x;:) + C. C. x? +2x+lnx+C.D.x7+x—xiz+C.
Bai 14. [TN] [ sin?x dx bang
AE L BI+™% 40 ci-TEyc pax-TEgc
3 2 4 2 4
e dx M
Bai 15. [TN] | - bang
A.ln|3x+1]+C. B.3ln3x+1|+C. C.2ln3x+1|+C. D.———+C
3 (3x+1)2

Bai 16. [PA] Biét F(x) 1a mot nguyén ham cua f(x) = e* + 1 va F(0) = 2. Tinh F(1) (Iam tron
dén hang phan tram).

Bai 17. [PA] Tinh
2
f (3x% —4x + 1) dx
0
Bai 18. [PA] Cho [ f (x) dx =9 va [, g (x) dx = 2. Tinh

4
f [F(x) — 29(x) + 1] dx
1

Bai 19. [TN] Gia tri cua

/4 dx
_[0 cos?x
AVZ. B.Z. c.k D.1.
Bai 20. [PA] Tinh
fl dx
0o 2x+1
(1am tron dén hang phan tram).
Bai 21. [TN] Gia tri cua
2
|x| dx
-1
A2 B.2. c.: D. 2
2 2 2
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Bai 22. [PA] Tinh dién tich hinh phang gi6i han bai parabol y = x? va dudng thang y = 4 (lam
tron dén hang phan trim).

Bai 23. [TN] Thé tich khéi tron xoay khi quay hinh phang gi6i han bi y = 2x, truc hoanh, x = 0,
x = 3 quanh tryc Ox la

A. 18m. B. 36m. C. 12m. D. 9rm.
Bai 24. [PA] Mot vat chuyén dong véi van téc v(t) = 3t? (m/s). Tinh quing dudng vat di duoc
trong 2 gidy dau (mét).

Bai 25. [TN] Gié trj cua [ x® cosx dx Ia
A. 2cosl. B. 2sinl. C.1. D. 0.
Bai 26. [DA] Tinh [ e2* dx.
| Miic 3 — Van dung

Bai 27. [TN] J xvVx2 + 1 dx bang

A. ("2+31)3/2 +C. B "’("“Tl)m +C
x2(x2;1)3/2 +C. D.VxZ+1+C.

Bai 28. [TN] [ xsinx dx bang

A. xcosx + sinx + C. B. —xcosx — sinx + C.

C. —xcosx + sinx + C. D. gsinx + C.
Bai 29. [PA] Goi I = [, x (1 — x)%dx. Tinh =~
Bai 30. [PA] Tinh [ 1e 1::—: dx (1am tron dén hang phan tram).
Bai 31. [TN] Gia tri ciia f(}% dx 1a

A. 1+ 2In2. B. 2In2. C.3 + In2. D. 2 + In2.
Bai 32. [DA] Tinh [ 01 xfil dx (1am tron dén hang phan trim).
Bai 3. [TN] Gid trj cua [ =22 dx Ia

A.In2. B. —In2. C.=In2. D. 1.

Bai 34. [PA] Tinh dién tich hinh phang gi6i han boi d6 thi hai ham s6 y = x® vay = x.

Bai 35. [PA] Tinh dién tich hinh phang gi¢i han béi y = e*, y = 1 va x = 2 (lam tron dén hang
phan trim).

Bai 36. [TN] Thé tich khdi tron xoay khi quay hinh phing gii han béi y = e, truc hoanh, x = 0,

x = 1 quanh truc Ox la
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e?-1

-
Bai 37. [PA] Mot chét diém chuyén dong thang voi van toc v(t) = 10 — 2t (m/s). Tinh quing
duong chat diém di duoc trong 8 gidy dau (mét).

A (e —1). B. C.7m(e? —1). p. 7Y

Bai 38. [DA] Tinh [ 01 x e?*dx (1am tron dén hang phan trim).
Bai 39. [TN] Cho f lién tuc va [ f (x) dx = 4. Gid tri cua [ f (g) dx 1a

A. 2. B. 4. C.8. D. 16.

Bai 40. [DA] Tinh [ T2 SO Gy (1am tron dén hang phan tram).

0 sinx+

Bai 41. [TN] Dién tich hinh phang gi¢i han bdi y = Vx vay = x 1a

Al B.-. C.-. D.
6 3 2

o |

Bai 42. [PA] Tim sd thyc a > 0 théa man [ (2x — 1) dx = 6.
I Mirc 4 — Van dung cao

Bai 43. [TN] Cho f lién tuc va [ f (x) dx = 6. Gid tri cua [ x f(x?)dx 1a

A.12. B. 6. C.3. D.2
Bai 44. [PA] Cho f c¢6 dao ham lién tuc trén R, f(2) =16 va fozf(x) dx = 4. Tinh
fole’(Zx) dx.
Bai 45. [PA] Cho f lién tuc trén R théa man f(x) + f(—x) = 2cos?x véi moi x. Tinh
/2

/2 f (x) dx (1am tron dén hang phan tram).

Bai 46. [TN] Gi trj ciia [ x sinx dx 1a

A. . B. 2m. C.0. D.

N

T xsinx

Bai 47. [DA] Tinh [ -

Bai 48. [TN] Dién tich hinh phang gi¢i hanboiy = [x2 — 1| vay =3 1a

dx (1am tron dén hang phan tram).

A2 B. 4. c.z D. 8.
3 3

Bai 49. [PA] Tinh dién tich hinh phang gii han boi parabol y = x2, tiép tuyén cua né tai diém
A(1; 1) va truc hoanh (1am tron dén hang phan tram).

Bai 50. [TN] Thé tich khdi tron xoay khi quay hinh phang gi6i han boi y = x2 va y = 2x quanh

truc Ox la
32w 16m 41T 64
A, —. B.—. C.—. D.—.
5 15 3 15
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Bai 51. [PA] Puong thang x = k chia hinh phang gi6i han bdi y = v/x, truc hoanh va x = 4 thanh
hai phan c6 dién tich bang nhau. Tim k (1am tron dén hang phan tram).

Bai 52. [PA] Cho F(x) = fox(t2 — 4t + 3) dt. Ham s6 F(x) c6 bao nhiéu diém cuc tri?

Bai 53. [TN] Mot vat xudt phat tir trang thai nghi, chuyén dong véi gia tbe a(t) = 6 — 2t (m/s?).
Quing duodng vat di duoc tinh dén thoi diém vén tde dat gia tri 16n nhat 1a

A.9m. B. 18 m. C. 27 m. D. 36 m.

Bai 54. [PA] Nudc chay vao mot bé réng voi toe do r(t) = 3+t (lit/phit). Sau bao nhiéu phut bé
co 128 lit nude?

Bai 55. [TN] Cho ham sé f lién tuc trén [0; 1] thoa man f(x) = x + 2 folf (t) dt. Gia tri cua
f) f () dx 1a
A.=. B.—-. C.1. D. -1.
2 2
Bai 56. [PA] Cho f c6 dao ham lién tuc trén [0; 1] thoa man fol(x + 1) f'(x)dx =10
va2f(1) - £(0) = 2. Tinh [ f (x) dx.

I Mikc 5 — Bai toan thuc té

Bai 57. [PA] Mot cira s6 ¢o dang vom parabol, chan vom réng 2 m, chiéu cao 1,5 m, duoc lép kinh
vé6i gia 1,2 triéu ddng/m2. Tinh chi phi ldp kinh (triéu dong).

S$=24.2:15=2m?

1,5m

2m
Cita s6 hinh vom parabol.

Bai 58. [PA] Mot 6 t6 dang chay véi van tdc 54 km/h thi phanh, sau dé chuyén dong cham dan véi
van téc v(t) = 15 — 3t (m/s). Tinh quing dudng 6 t6 di duoc tir luc phanh dén khi dirng (mét, viét
dudi dang s thap phan).

Bai 59. [PA] Mot bon chia bi 10 ri dau véi toe do r(t) = 100e =1 (lit/gid). Tinh lwong dau ro ri
trong 10 gio dau (lit, lam tron dén hang don vi).
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Bai 60. [PA] Mot bon chira ¢6 dang khéi tron xoay sinh ra khi quay hinh phing gi6i han bai y =

V2x, truc hoanh, x = 3 (don vi: mét) quanh tryc Ox. Tinh thé tich bon (m?, 1am tron dén hang phan
tram).

n(t—6)
12
6 <t < 18 (t 1a gio trong ngay). Tinh dién ndng h¢ thong tao ra trong ngay (kWh, lam tron dén

Bai 61. [PA] Cong suat cia mot hé thong pin mit troi trong ngay 1a P(t) = 5sin (kW) voi

hang phan mudi).

Cong suat pin mat tréi P(t) = 5 sin(r(t - 6)/12)

61 O
5.—
S 4
)
x~ 38,2 kWh
2_
1_
0 1 T T T T T T
6 8 10 12 14 16 18

gid trong ngay
Céng sudt ciia hé thong pin mdt troi trong ngay.

Bai 62. [PA] Luc dan hodi cia mot 16 xo khi bi kéo dan mot doan x (mét) 1a F(x) = 200x (N).
Tinh cong can thuc hién dé kéo dan 10 xo tir d6 dai tw nhién thém 10 cm (jun).

F(x) = 200x
251
20 1
F = 151
— Z
L 10 A
51 A=1J
O._

0 0,02 0,04 0,06 0,08 01 0,12
dd dan x (m)

Cong kéo dan lo xo bdng dién tich dudi do thi luc.

Bai 63. [PA] Nhiét do ngoai trdi duoc mo hinh hoéa boi T(t) = 25 + Ssin ’1’—; (°C), t 1a sb gio ké tir
0 gid. Tinh nhiét d6 trung binh tir 0 gio: dén 12 gio (1am tron dén hang phan muoi).

Bai 64. [DA] Doanh thu bién cia mot doanh nghiép khi ban san pham thir x 1a R'(x) = 100 —
0,4x (nghin d6ng). Doanh thu ting thém bao nhié¢u nghin déng khi san lugng ting tir 100 1én 200
san pham?
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Bai 65. [PA] Mot qua dwa hiu c6 dang khdi elipxoit tron xoay, chiéu dai 30 cm, dudng kinh 16n
nhat 20 cm. Vo day déu 1 cm. Tinh thé tich phan rudt dua (cm?, 1am tron dén hang don vi).

vo day 1cm

. @ -

30cm

Qua dwa hau dang elipxoit va phan ruét bén trong.

Bai 66. [PA] Mot logo c6 dang hinh phiang gi6i han boi hai parabol y = x% — 4 va y = 4 — x?
(don vi: dm). Tinh dién tich logo (dm?, lam tron dén hang phan tram).

4 —y=x>-4
—y =4 - X2

-2 0 2

Logo gioi han boi hai parabol.

Bai 67. [PA] Téc d6 tai dit lidu ciia mot ing dung ting dan theo quy luat v(t) = 4 + 2t (MB/s).
Tinh dung luong tai duoc trong 10 gidy dau (MB).

e 2
Bai 68. [DA] M0t manh dat ven song gidi han boi bo song c6 dang duong y = 20 — ;—0 va con

duong thiang y = 0 (don vi: mét). Tinh dién tich manh dat (m?, 1am tron dén hang phan tram).
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20 m

I
I

S=%-40- 21) = 533,33 m?
I

dudng

40 m

Manh ddt ven séng.

| Miic 6 — Thir thach (hoc sinh gi6i)

Bai 69. Tinh [/ ™%

0  sinx+cosx
e , . Y 1 x™" 1 , . .X v A e o, ., . , ,
Bai 70. Chirng minh rang 0 < fo T dx < — V01 moi 80 tu nhién n, roi tinh gidi han cua tich

phan d6 khi n — oo,

Bai71.Tinhlimnm%<J§+\/%+...+J§>_

Bai 72. Tinh [/ <%

-/2 1+e*X

dx.

f1/2 dx
0 1-x%*

Bai 73. Ching minh rang % <

NE!

Bai 74. Tim ham sd f lién tuc trén R thoa méan f(x) = x + fol xtf(t) dt voi moi x.
Bai 75. Cho f lién tuc trén [0; 1] théa méan

1 1

f f(x)dx=f xf(x)dx = 1.

0 0
Chung minh rang folfz (x)dx = 4.
Bai 76. Cho I, = [ x™ e* dx. Chimg minh I, = e — nl,_; (n > 1) va tinh L.

I Mitc 7 — Dé thi tuyén sinh Pai hoc

Tinh céc tich phan sau.

Bai 77. (Pé thi tuyén sinh Dai hoc khéi D nam 2003)

2
f |x? — x| dx
0

Bai 78. (Pé thi tuyén sinh Dai hoc khéi D nam 2004)
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3
f In (x? — x)dx
2
Bai 79. (Pé thi tuyén sinh Dai hoc khoi B niam 2005)

dx

f”/z sin2xcosx
o 1+ cosx

Bai 80. (Pé thi tuyén sinh Dai hoc khoi D nam 2005)
/2 _
f (e'™* + cosx) cosx dx
0

Bai 81. (Pé thi tuyén sinh Dai hoc khoi A nam 2006)

/2 sin2x

dx

o Vcos2x + 4sin?x
Bai 82. (Pé thi tuyén sinh Pai hoc khoi D nam 2006)

1
f (x — 2) e**dx
0

Bai 83. (Pé thi tuyén sinh Dai hoc khoi D nam 2008)

2lnx
3 dx
L X

Bai 84. (D¢ thi tuyén sinh Dai hoc khoi B niam 2009)
f3 3+ Inx i

, (x+1)2

Bai 85. (Pé thi tuyén sinh Pai hoc khoi B nam 2010)

Je Inx J
; (2 +1nx)? X

Bai 86. (Pé thi tuyén sinh Dai hoc khoi D nam 2010)

e 3
f <2x — —> Inx dx
1 X

Bai 87. (Pé thi tuyén sinh Dai hoc khoi D nam 2011)
* 4x -1

o V2x +1+2
Bai 88. (Pé thi tuyén sinh Pai hoc khoi B nam 2012)

dx

1 X3 ;
——————dx
,l;,x4+3x2+2

Bai 89. (DPé thi tuyén sinh Dai hoc khoi D nam 2012)

TRAM TOAN APLUS TEAM Ceral - Trang 77 - CHIENMATH.COM



CHUYEN PE TICH PHAN VA UNG DUNG — Tir Archimedes dén dé thi HSA

TEAM Ceral

/4
J x (1 + sin2x) dx
0
Bai 90. (Pé thi tuyén sinh Dai hoc khéi B nam 2013)
1
f x+2 —x2%dx
0

Bai 91. (Pé thi tuyén sinh Dai hoc khoi D nam 2013)
Tx 4+ 1)?
f G+
0

x2+1
Bai 92. (Pé thi tuyén sinh Pai hoc khéi B nam 2014)

j‘zx2+3x+1
— dx
1

x%+x

Bai 93. (Pé thi tuyén sinh Pai hoc khoi D nam 2014)
/4
f (x + 1) sin2x dx
0
Bai 94. (Pé thi THPT Quéc gia nam 2015)

fl(x —3)e*dx
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PHAN VI. LOI GIAI CHI TIET

MJi bai duoc trich lai dé trong khung tim, 101 gidi dat ngay sau dé. Vi cau tric nghiém, thur ty cac
phuong 4n gitr nguyén nhu ¢ Phan V.

| Mikc 1 — Nhén biét

[TN] [ (4x3 — 1)dx bang

4
A.xr—x+C. B. 12x% + C. C.x*—1+cC. D.x*—x+C.

Loi giai. [ 4x3dx = x*va [ 1dx = x,nén | (4x® — 1)dx = x* — x + C. Chon D.

[TN] [ cos3x dx bang

A. 3sin3x + C. B. —gsian + C. C. isin3x + C. D.sin3x + C.

Loi giai. Ap dung

1
[ cos(ax + b) dx = Esin(ax +b)+C

v6i a = 3: két qua  sin3x + C. Chon C.

[TN] [ e**dx bang

A. 2e?* + (. B. %ez" +C. C.e?* +C.

[TN] Trén khoang (0; +00), | 5 bing

A.Inx? + C. B.— =+ C. C.l+c. D.— 2 +C.
X pe X
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S 24, _x* _ 1 A 1\ _ 1
Loi giai. [ x dx—_1+C— x+C.K1emtra.( x) —xz.ChQnB.

[DPA] Tinh [ x dx.

Loi gidi. [*x dx = [x?]7 =4 — 1= 3. Dapsb: 3

[DA] Tinh [ sin x dx.

Léi gidi.
s
f sinxdx = [—cosx]f =1+ 1=2.
0

Pap so: 2

[TN] Cho [ f (x) dx = 5. Gid tri cta [* f (x) dx 1a

A. 5. B. 0. C. 5. D.

ul |-

Loi giai. Theo tinh chat doi can:

j:f(x)dxz—jabf(x)dxz—S.

Chon C.

[TN] Ham sb F(x) = x? + sinx 13 mot nguyén ham ctia ham s6 nao sau day?

A. f(x) = 2x — cosx.B. f(x) = 2x + cosx. C. f(x) = ’;—3 —cosx. D. f(x) = x + cosx.

Loi giai. F'(x) = 2x + cosx, nén F 1a mdt nguyén ham cua f(x) = 2x + cosx. Chon B.
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[PA] Tinh [ 01 e* dx (1am tron dén hang phan tram).

Loi giai.
1
f e dx=[e*li=e—1~172.
0
Pap sb: 1,72

[TN] Dién tich hinh phing giéi han boi @b thi ham s6 lién tuc y = f(x), truc hoanh va hai
duong thing x = a,x = b (a < b) 1a

A [ f () dx. B.[[If(0)] dx.  Cmf f2(x)dx. D.|["f(x)dx|.

Loi giai. Dién tich luén khong 4m nén phai ldy gid tri tuyét doi ctia ham sé: S = f;l f(x)]| dx.
Chon B.

[TN] Thé tich khdi tron xoay tao thanh khi quay hinh phang gi6i han bai y = f(x), truc hoanh,
X = a,x = b quanh truc Ox la

Ar[ fP()de. B.f fP(@dx.  Crflf(®)ldx. D.m?[ f(x)dx.

Loi giai. Mdi thiét dién vudng goc v6i Ox 13 hinh tron ban kinh |f (x)|, dién tich m£2(x), nén
V= nfab f? (x)dx. Chon A.

e dx

[PA] Tinh [

1 x°

Loi gii. [~ = [Inx]{ = 1 -0 = 1. Pap s6: 1

| Mikc 2 — Thong hiéu
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2 .
CH” x bang

X

[TN] Trén khoang (0; +o0), [

(x+1)3
3x

2 2
A.x?+2x+lnx+C.B. +C. C.x2+2x+lnx+C.D.x?+x—xiz+C.

Loi giai. Khai trién:
Chon A.

(x+1)? 1 , A s . x2 -
T=x+2+;.Dodonguyenham1a7+2x+lnx+C(V01x> 0).

\. Bai 14.

[TN] [ sin?x dx bang

sin3x x sin2x x sin2x sin2x

+ C. B.-+ + C. C.-— +C. D.x —

‘3 2 4 2 4 2

A

1—-cos2x . . X sin2x
,nén [ sinx dx = ~——, *+C.ChonC.

Loi giai. Ha bac sin’x =

d S
[TN] [ ;- bing

3
(3x+1)2

A.In[3x+ 1|+ C. B.3In|3x+ 1|+ C. C.§1n|3x+1|+C. D. - + C.

Loi giai. [ % = §1n|ax + b| + C véia = 3. Chon C.

[PA] Biét F(x) 1a mot nguyén ham cua f(x) = e* + 1 va F(0) = 2. Tinh F(1) (Iam tron dén
hang phan tram).

Loi gidi. F(x) =e*+x+C; F(0)=1+C=2=C=1.Vay F(1) = e+ 2 = 4,72. Pap
50: 4,72

[DPA] Tinh [ (3x? — 4x + 1) dx.
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Loi giai.
2
f Bx?—4x+1Ddx=[x>—2x>+x]4=8-8+2=
0

Pap so6: 2

N, Bai 18.

[DA] Cho [ f (x)dx = 9va [, g (x) dx = 2. Tinh [ [f(x) — 2g(x) + 1] dx.

L&i gidi. Theo tinh chét tuyén tinh: 9 —2- 2+ [ dx =9 —4+3 = 8. Dip s: 8

e, /4 dx
[TN] Gié tri ctia fo —
AV2. B. 2. c.z. D. 1
Loi giai. | On/ ! ci’;x = [tanx]7’* = 1. Chon D.

[PA] Tinh [ 01 2:% (1am tron dén hang phan tram).

Loi giai.

T dx 1 1
= — 1 = — =~ .
fo Tl 32 [In(2x + D]; 21n3 0,55

Pap sob: 0,55

[TN] Gié trj cua [ |x| dx 1a

AL B.2. C.
2 2

N |-
&
N

Loi giai. Tach can tai O:
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0 2 1 5
f_l(—x) dx+j;xdx=§+2=§.

Chon B.

[PA] Tinh dién tich hinh phang gidi han bai parabol y = x? va dudng thiang y = 4 (lam tron

dén hang phan tram).

Laoi giai. Giao diém x = +2; trén (—2; 2) dudng thang nam trén parabol:

2 , 16 32
S=f(4—x)dx=16——=—z10,67.
> 3 3

Pap s6: 10,67

[TN] Thé tich khi tron xoay khi quay hinh phang gidi han boi y = 2x, truc hoanh, x = 0, x =

3 quanh truc Ox la
A. 18m. B. 36m. C.12m. D. 9.

Loi giai.
3 X3 3
V= n] (2x)?dx = 4r [?l = 36m.
0 0

Chon B.

N Bai 24.

[PA] Mot vat chuyén dong véi van toc v(t) = 3t? (m/s). Tinh quing duong vat di duoc trong
2 gidy dau (mét).

Loi gidi. s = [ ¢? dt = [t*]3 = 8 m. Dap s: 8

[TN] Gia tri ciia f_ll x3 cosx dx 1a

A. 2cosl. B. 2sin1. C.1. D. 0.
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Loi giai. g(x) = x3cosx théa min g(—x) = —g(x) nén 1a ham 1¢; tich phan ctia ham 1& trén
doan ddi xtng bang 0. Chon D.

N Bai 26.

[DA] Tinh [)™ e dx.

Loi giai.

Pap sb: 1,5

I Mirc 3 — Van dung

[TN] [ xvx2 + 1 dx bang
2. \3/2 2. \3/2
X % +C. B2 L -
2 2 3/2
C.%+C. D.VZ+1+C.

Loi giai. Dat t = x2 + 1, dt = 2x dx:
1 1
[ xy/x2 + 1dx =§ft1/2dt =§t3/2+C.

Chon A.

[TN] [ xsinx dx bang

A. xcosx + sinx + C. B. —xcosx — sinx + C. C. —xcosx + sinx +

xZ
C. D.;smx + C.

Loi gidi. Pat u = x, dv = sinx dx thi du = dx, v = —cosx:

[ xsinx dx = —xcosx + | cosx dx = —xcosx + sinx + C.
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Chon C.

[PA] Goi I = [} x (1 — x)°dx. Tinh %

Loi giai. Datt = 1 — x:
1 1 1

I=] A-t)t°dt==-—==—.
jo( ) >

Vay - = 42. Pap sb: 42

N, Bai 30.

[PA] Tinh f — dx (1am tron dén hang phan tram).

Loi giai. Tung phan véiu = Inx, dv ==, v = —1:
¢Inx Inx1® 1 2
nx x_ _ ] j _-+ ——=1-Z=~026.
4 e e

Pap s6: 0,26

e . 12x+3 R
[TN] Gia tri cua [ o oo dxla
A. 1+ 2In2. B. 2In2. C. 3+ In2. D. 2 + In2.

Li gidi. == = 2 + — nén tich phan bing [2x + In(x + 1)]3 = 2 + In2. Chon D.
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= 11(2+1)1—1 112 ~ 0,15
2 2 V¥ 2 S e

Pap sob: 0,15

m/2 sin2x

[TN] Gia tri cua [

0  1+cos?x

A. In2. B. —In2. C. glnz. D. 1.

x la

Loi gidi. Datt = 1 + cos?x,dt = —sin2xdx;x =0=>t=2,x = g = t = 1: tich phan bang

2dt

— = 1In2. Chon A.
1 ¢

[PA] Tinh dién tich hinh phang giéi han boi do thi hai hamsé y = x3 va y = x.

Loi gidi. x3 = x © x € {—1;0; 1}. Theo tinh ddi xtng:

Pap so: 0,5

[PA] Tinh dién tich hinh phang gi6i han boi y = e*, y = 1 va x = 2 (lam tron dén hang phan

tram).

Loi gidi. e* =1 © x = 0; trén (0; 2) cé e* > 1:
2
S=f (e*—1)dx=e?2—1—-2=e? -3~ 4,39.
0

Pap sob: 4,39

[TN] Thé tich khdi tron xoay khi quay hinh phang gi6i han béi y = e, truc hoanh, x = 0, x =
1 quanh tryc Ox la
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2_ 2_
A. (e — 1). B.< C.m(e? —1). p. 1
Loi gidi.
1 2
— 2x — E 2x71 n(e — 1)
v njo e dx 5 [e**T5 5 :
Chon D.

[PA] Mot chat diém chuyén dong thang véi van toc v(t) = 10 — 2t (m/s). Tinh quing dudng
chat diém di duoc trong 8 gidy dau (mét).

Loi giai. v(t) = 0 & t = 5; chat diém ddi chiéu tai t = 5. Quang duong:

5 8
f(lO—Zt) dt + f (10 — 2t) dt| =25+ |-9| = 34 m.
0 5

Pap sb: 34

[PA] Tinh [ 01 x e?*dx (1am tron dén hang phan tram).

e eae x 1
Loi giai. Tung phan u = x, dv = e**dx, v = Eezx:

L x 11! e? e?—1 e?+1
f xeXdx = [_er] ——f e*dx =—— = ~ 2,10.
. 2° 1,72, 2

Pap s6: 2,10

N Bai 39.

. o il _ e . (2 (% .
[TN] Cho f lién tuc va fo f (x) dx = 4. Gia tri cta fo f (E) dx 1a
A. 2. B. 4. C.8. D. 16.

Loi giai. Patt = g dx =2dt,can 0 - 1:

f:f(;)dx=2folf(t)dt=8.
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Chon C.

/2 cosx

[PA] Tinh [

o o3 dx (1am tron dén hang phan tram).

Loi gidi. Bat t = sinx + 3, dt = cosx dx, can 3 - 4: f;% = lng ~ 0,29. Pap so: 0,29

N Bai 41.

[TN] Dién tich hinh phang gi¢i hanbéiy = Vxvay = x 1a
A2 B.-. C.2. D.
6 3 2

0\.|U1

Loi giai. Vr=xoxe {0; 1}; trén (0; 1) co Vx> x:

Chon A.

N Bai 42.

[DA] Tim s6 thyc a > 0 théa man [ (2x — 1) dx = 6.

Loi gidi.
a
f 2x—1)dx=a*’—-a=6<a=3
0

hoic a = —2. Via > 0 nén a = 3. Pap s6: 3

I Mirc 4 — Van dung cao

[TN] Cho f lién tuc va [ f () dx = 6. Gid tr cua [, x f (x?*)dx 1a

A. 12. B. 6. C.3. D.

N | w
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Loi gidi. Dat t = x2, dt = 2x dx, cAn 1 - 4:

2 1 4
f D) =§f F(6)de =3,

Chon C.

[PA] Cho f c6 dao ham lién tyc trén R, f(2) = 16 va [ f (x) dx = 4. Tinh [ x f'(2x) dx.

Loi gidi. Pt ¢ = 2x, dx ===
1 1 2
f xf'2x)dx = —f t f'(t)dt.
0 4Jo
Ting phan:

2 2
jtf’(t)dt=[tf(t)](2,—j f(t)dt =32—4=28.
0 0

Vay két qua bang 7. Pap s6: 7

[PA] Cho f lién tuc trén R théa min f(x) + f(—x) = 2cos?x v&i moi x. Tinh ffﬁz £ (x) dx

(1am tron dén hang phan tram).

Loi giai. Dat x = —t thay

/2 /2

f(—x)dx = f (x) dx.

—1/2 —m/2
Lay tich phan hai vé cua gia thiét:
/2 /2

2 f(x)dx = j 2 cos’x dx = m.

—-1/2 —1/2

Vay tich phan bang g ~ 1,57. Pap sb: 1,57

[TN] Gia tri cua [ 0” x sinx dx 1a
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A. . B. 2m. C.0. D.

e

Loi giai. Tung phan u = x, dv = sinx dx:
V(3
f x sinx dx = [—xcosx + sinx]|§ = 7.
0

Chon A.

T  xsinx

[PA] Tinh f ~ dx (lam tron dén hang phan tram).

Loi gidi. Patx = — t:

T (m — t)sint ™ sintdt
= [
0 0

1 + cos?t 1+ cos?t

Véiu = cost:
f” sint dt _fl du m
o 1+cos?t J 1+uz 2

VayI——~247 Pap sb: 2,47

N, Bai 48.

[TN] Dién tich hinh phang gi¢i hanboiy = |[x2 — 1| vay = 3 1a
A= B. 4. C.— D. 8.

Loi gidi. [x? — 1] = 3 © x = +2. Theo tinh d6i ximng:

_ZU (2+x2)dx+j(4—x2)dxl—2(;+g) 8.

Chon D.

N, Bai 49.

[PA] Tinh dién tich hinh phang gi6i han bdi parabol y = x2, tiép tuyén ciia né tai diém A(1; 1)
va tryc hoanh (lam tron d&én hang phan tram).
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Laoi giai. Tiép tuyén tai A(1;1): y = 2x — 1, cét tryc hoanh tai x = % Dién tich bang dién tich

dusi parabol trén [0; 1] trir dién tich tam gide dudi tiép tuyén: S ==—2.2.1 = = ~ 0,08.

3 2 2 12
Pap so: 0,08

[TN] Thé tich khéi tron xoay khi quay hinh phang gi¢i han boi y = x2 va y = 2x quanh truc
Ox la

321 161 4T 641
A.—. B.—. C.—. D.—.
5 15 3 15

Loi giai. Giao diém x = 0, x = 2; trén (0;2): 0 < x? < 2x. Thiét dién 13 hinh vanh khan:
2 32 32) 641

15
Chon D.

[PA] Puodng thing x = k chia hinh phang giéi han bai y = v/, truc hoanh va x = 4 thanh hai
phan c6 dién tich bang nhau. Tim k (lam tron dén hang phan tram).

Léi gidi. Dién tich ca hinh: [ vx dx = =2 Cén
k 2 8 5
f \/a?dx=§k3/2 =§<:>k3/2 =4 k=116 = 2,52.
0

Pap sob: 2,52

[PA] Cho F(x) = fox(t2 — 4t + 3) dt. Ham s F(x) c6 bao nhiéu diém cyc trj?

Loi gii.
F'(x) =x*—4x+3=(x—-1(x-23)

d6i dau khi quax=1vax=3,nénF c6?2 diém cuc tri. Pap $0: 2
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[TN] Mot vat xuat phat tir trang thai nghi, chuyén dong véi gia tbe a(t) = 6 — 2t (m/s?). Quing
duong vat di dugc tinh dén thoi diém véan téc dat gia tri 16n nhat 13
A.9m. B. 18 m. C. 27 m. D. 36 m.

Loi giai.
v(t) = [ (6 —2t)dt = 6t — t?
(vi v(0) = 0), 16n nhit tai t = 3. Quing dudng: f03(6t —t?)dt = 27 — 9 = 18 m. Chon B.

[PA] Nudc chay vao mot bé réng véi tée do (t) = 3+/t (lit/phut). Sau bao nhiéu phut bé co
128 lit nudce?

Loi gidi. Luong nuéc sau T phat: [] 3+Edt = 2T3/2. Giai 2T = 128 & T3/% = 64 &
T = 16. Pap so: 16

\. Bai 55. |
[TN] Cho ham s f lién tyc trén [0;1] théa méan f(x) = x + 2f01f(t) dt. Gia tri cua
fol f(x)dxla

A= B.—-. C.1. D. —1.

Loi giai. Dat [ = folf (x) dx thi f(x) = x + 2I. Lay tich phan hai vé trén [0; 1]: [ = é + 2 =
I = —%. Chon B.

N Bai 56.

[PA] Cho f c6 dao ham lién tuc trén [0; 1] théa man fol(x +1) f'(x)dx = 10 va 2f (1) —
f(0) = 2. Tinh [ f (x) dx.

Loi giai. Tung phan:
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1 1
f G+ 1) F@) dx = [+ DF@TS - f FO)dx=2f(1) = fQO) —1=2—1.
0 0

T2 —1=10suyral = —8. Pap s6: —8

I Mikc 5 — Bai toan thue té

[PA] Mot cira s c6 dang vom parabol, chan vom rong 2 m, chiéu cao 1,5 m, duoc lép kinh véi
gia 1,2 tridu dong/m?2. Tinh chi phi lip kinh (triéu dong).

$=24.2:15=2m?

1,5m

2m

Cika 56 hinh vom parabol.

Léi giai. Dién tich vom parabol bang § +2+1,5 = 2 m2 Chiphi: 2 - 1,2 = 2,4 triéu dong. Pap
s0: 2.4

N, Bai 58.

[DA] Mot 6 t6 dang chay vdi van tdc 54 km/h thi phanh, sau d6 chuyén dong cham dan véi van
téc v(t) = 15 — 3t (m/s). Tinh quéing dudng 6 t6 di duoc tir lic phanh dén khi dimg (mét, viét
dué6i dang s thap phan).

Loi gidi. 54 km/h = 15 m/s. Xe dung khi 15 — 3t = 0 & t = 5. Quang duodng:

5
f (15-3t) dt =75 —-37,5=37,5m.
0

Pap sb: 37,5
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[PA] Mot bon chira bi ro ri dau voi toe 46 r(t) = 100e =1 (lit/gio). Tinh luong dau 10 1i trong

10 gio dau (lit, 1am tron dén hang don vi).

Loi giai.
10
j 100 et dt = [-1000e~"1¢]2° = 1000(1 — e~1) ~ 632 lit.
0

Pap s6: 632

N, Bai 60.
[PA] Mot bon chira c6 dang khdi tron xoay sinh ra khi quay hinh phang gidi han bai y = +/2x,
tryc hoanh, x = 3 (don vi: mét) quanh tryc Ox. Tinh thé tich bon (m?, lam tron dén hang phan

tram).

Loi giai.
32

3
Vznf (\/Z_x)zdxznf x dx =9m =~ 28,27 m>.
0 0

Pap so: 28,27

N, Bai 61.
[PA] Cong suat cia mot hé thdng pin mat troi trong ngay 1a P(t) = SSinT (kW) voi 6 <

m(t—6)

t < 18 (t la gio trong ngdy). Tinh dién ning hé thong tao ra trong ngay (kWh, lam tron dén

hang phan mudi).
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Cong suat pin mat tréi P(t) = 5 sin(n(t - 6)/12)

61 O
5_
S 4-
<]
= 38,2 kWh
2_
1
0 T T T T T T T
6 8 10 12 14 16 18

gid trong ngay

Céng sudt ciia hé thong pin mdt troi trong ngay.

Loi gii.

6

Pap s6: 38,2

N, Bai 62.

[PA] Luc dan héi ctia mot 10 xo khi bi kéo dan mot doan x (mét) 1a F(x) = 200x (N). Tinh
cong can thyc hién dé kéo dan 16 xo tir 46 dai ty nhién thém 10 cm (jun).

F(x) = 200x
251

20

15 1

F (N)

o=

5 A=1J

0 0,02 0,04 0,06 008 01 012
do dan x (m)

Céng kéo dan 16 xo bang dién tich dwdi do thi lic.

Loi gidi. 10 cm = 0,1 m. Cong:
0,1
A= f 200 x dx = [100x?]3' = 1 1.
0

Pap s6: 1
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[PA] Nhiét d6 ngoai troi dugc mo hinh héa bai T(t) = 25 + 5sin’1’—; (°C), t 1a 86 gio ké tir 0
gi0. Tinh nhiét 6 trung binh tir 0 gid dén 12 gio (1am tron dén hang phan mudi).

Loi gidi. Nhiét do trung binh:
12 120

1 (25+5'nt)dt—1(300+ )—25+10 28.2 °C
12 ), M2 T 12 n ) T T

Pap sb: 28,2

[PA] Doanh thu bién ctia mot doanh nghiép khi ban san pham tha x 1a R'(x) = 100 — 0,4x
(nghin dong). Doanh thu ting thém bao nhiéu nghin dong khi san lugng tang tir 100 1én 200 san

pham?

Loi gidi. Doanh thu tang thém:
200 .
f (100 — 0,4x) dx = [100x — 0,2x2]339 = 10000 — 6000 = 4000 nghin dong.
100

Pap sb: 4000

. Bai 65.

[PA] Mot qua dua hau c6 dang khéi elipxoit tron xoay, chiéu dai 30 cm, dudng kinh 16n nhat
20 cm. Vo day déu 1 cm. Tinh thé tich phan rudt dua (cm?, 1am tron dén hang don vi).

vo day 1cm

. @ -

30 cm

Qud diwa hdu dang elipxoit va phan rudt bén trong.

Loi giai. Phan rudt 1a elipxoit tron xoay ¢6 ban truc 15 — 1 = 14 cm va 10 — 1 = 9 cm. Quay
x2

2
elip T z—z < 1 quanh Ox:
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14 o 4
V= 8l1(1——)dx=-m-14-81 =1512m = 4750 cm>.
nj_m ( 196) X =37 ([ cm

Pap s6: 4750

N, Bai 66.

[PA] Mot logo c6 dang hinh phang gii han boi hai parabol y = x2 — 4 va y = 4 — x? (don
vi: dm). Tinh dién tich logo (dm?, 1am tron dén hang phan trim).

4‘ —y:X2—4
—y =4 - X2

-2 0 2
Logo gioi han boi hai parabol.

Loi gidi. x2 —4 =4 — x> © x = +2.

2 2 32 64
S=f [(4—x2)—(x2—4)]dx=f (8—2x2)dx=32—?=?z21,33dm2.

Pap so: 21,33

[PA] Téc do tai dir liéu cia mot ing dung ting dan theo quy luat v(t) = 4 + 2t (MB/s). Tinh
dung luong tai dugc trong 10 gidy dau (MB).

Loi giai.
10
] (4 + 2t) dt = [4t + t2]3° = 140 MB.
0

Pap s6: 140
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, 2
[PA] Mot manh dat ven song gidi han bdi bo song c6 dang duong y = 20 — JZC—O va con duong

thang y = 0 (don vi: mét). Tinh dién tich manh dit (m2, lam tron dén hang phan tram).

20 m

1
I
I
I
I
I
I
I
S$=%-40- 2? % 533,33 m?
I

dudng

40 m

Manh ddt ven séng.

Loi giai. Bo song cat duong tai x = +20:

5—]20 20— % N = gop — 200 _ 1600 a1
-/, 20) 7 3 g ooweem

(ding béng = - 40 - 20). P4p s6: 533,33

| Mikc 6 — Thir thach (hoc sinh gi6i)

m/2  sinx

Tinh —_—
fO sinx+cosx
ne eme . /2 sinx /2 Ccosx o 4 - K \ A
Loi gidi. Goil = [ / ———dx,] = / ————dx.Patx =——tbiénl thanh J,nén [ =
: 0 sinx+cosx 0  sinx+cosx 2

JMal+]=[""

T vayl ="
0 dx—;.VayI—4.

~. Bai 70.

, . 3 1 x™ 1 28 s A oA A8 g 0 29 2 ag A
Chirng minh rang 0 < 0 e dx < — V01 moi so tu nhién n, r6i tinh gidi han cua tich phan

do khi n » oo.
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Loi giai. Trén [0;1]: 0 < % < x™. Léy tich phan: 0 < I,, < fol x™ dx = ﬁ Theo nguyén li
kep, liml,, = 0. Honntta I, + I,,_; = fol x"ldx = %, tir d6 suy ra cong thic dep In2 =1 —

1 1 1
_+___+...
2 3 4

. Bai 71. ‘
Tinhlimn_ml(\/l.F\/E+...+\/E>.
n n n n

Loi giai. Biéu thuc 13 tong Riemann %Zﬁﬂ f (S) cua f(x) = +/x trén [0; 1]. Giéi han bang
[y Vx dx =2

3

m/2 cosx

Tinh [

-T/2 1+e*

dx.

t 5
Loi gidi. Goi tich phan 1a I. Dat x = —t: [ = [2 <L gt Cong hai biéu thic: 21 =

-m/2 1+et

[™? cosxdx =2,nénl = 1.
—1/2

dx
1—x*

Chung minh rang é < 01/2

o |3

N, Bai 74.

Tim ham s f lién tuc trén R thoa man f(x) = x + fol xtf(t) dt voi moi x.
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Loi gidi. it c = [, ¢ £(¢) dt (hingsd) thi f(x) = (1 + ¢)x. Thay lai: ¢ = (1 +¢) [ t? dt =

e suyrac = Z, Vay f(x) = x.

3 2 2
\. Bai 75. |
Cho f lién tuc trén [0; 1] thoa méan

folf(x)dx= fole(x)dx = 1.

Chtrng minh rang fol f2(x)dx = 4.

Loi gidi. Xét
1
f [F(x) — (6x — 2)]? dx = 0.
0
Khai trién va dung gia thiét:
1 1 1 1
j f? dx—2<6f xfdx—Zf fdx)+f (6x — 2)?dx = 0,
0 0 0 0

tae [ f2 dx —8+4 > 0. Vay [ f? () dx > 4, déu bing khi f(x) = 6x — 2.

N, Bai 76.

Cho I, = [} x™ e* dx. Chimg minh I, = e — nl,_y (n > 1) va tinh .

Loi giai. Tung phan u = x™, dv = e* dx:

1
I, = [x"e*]} — n] x" le¥dx =e—nl,_;.
0

Véily=e—1:,=1,1,=e—2,I3=e—3(e—2) =6 — 2e.

I Mikc 7 — D& thi tuyén sinh Pai hoc

N, Bai 77. (Dé thi tuyén sinh Pai hoc khdi D nim 2003)

Tinh fozlx2 — x| dx.

Loi gidi. x2 — x < 0 trén [0; 1] va = 0 trén [1; 2]:
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1 2 1 5
](x—xz)dx+f(xz—x)dx=—+—=1.
0 1 6 6

\. Bai 78. (Dé thi tuyén sinh Pai hoc khéi D nam 2004)

Tinh f; In (x? — x)dx.

2x—1

Loi giai. Tung phan u = In(x? — x), dv = dx, du = dx, v = x:

xZ—x
32x —1
i dx = 3In6 — 2In2 — [2x + In(x — 1)]3 = 3In3 — 2.

I =[xIn(x* —x)]3 —f

2

N\, Bai 79. (Dé thi tuyén sinh Pai hoc khdi B nam 2005)

, /2 sin2xcosx
Tinh f _

0 1+cosx

v. ... SiN2xcosx  2cos?xsinx
Loi giai. =

= .Patt =1+ cosx,can 2 - 1:
1+cosx 1+cosx

Z(t_l)z £2 2
I=2f ———dt=2|——2t +Int| = 2ln2 - 1.
q t 2 L

\. Bai 80. (Dé thi tuyén sinh Pai hoc khdi D nam 2005)

Tinh foﬂ/ ?(e51"% + cosx) cosx dx.
Loi gidi.
/2 . /2 _ T T
1= f eS'""* cosx dx + f cos? x dx = [e5"*]7/% + 7-¢" 1+ T
0 0

\, Bai 81. (Dé thi tuyén sinh Pai hoc khdi A nim 2006)

, /2 sin2x
Tinh — dx
fO Vcos2x+4sinZx

Loi gidi. cos?x + 4sin’x = 1 + 3sin?x. Dit t = V1 + 3sin?x, tdt = 3sinxcosx dx, nén

sin2xdx=3tdt;can1—>2:I=Ef2dt=3.
3 371 3
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\. Bai 82. (Dé thi tuyén sinh DPai hoc khdi D nam 2006)

Tinh fol(x —2) e**dx.

Loi giai. Ting phan u = x — 2, dv = e?*dx:

I_(x—Z)ele lfl 2x gy ez_l_1 e?—1 5-—3¢?
T 2 2), ¢ T s 4

0

\. Bai 83. (Dé thi tuyén sinh Pai hoc khdi D nam 2008)

2 Inx

Tinh fl x_3 dx.

N eoe < A — 1
Loi giai. Tung phan u = Inx, dv = x3dx, v = —

Inx1* 1 (%*dx  In2 3 3-2In2

c2xa2l, T 2), k2 8 T16 16

N\, Bai 84. (Dé thi tuyén sinh Pai hoc khdi B nam 2009)

, 3 3+Inx

Tinh fl i) dx.

L‘. e T\ h,‘\ _3+1 d _ dx —_ 1.
01 giai. Tung phan u = nx,dv =" e V=T

I—[ 3+lnx]3+j‘3 d« 3 ln3+13_1(3+127)
NS T R "6/

N\, Bai 85. (Dé thi tuyén sinh Pai hoc khdi B nam 2010)

Inx

Tinh [*

1 x(2+Inx)?2

Loi gidi. Pat ¢ = 2 + Inx, dt =<, can 2 > 3:

I—]St_zdt—[lt+2]3—13 !
), e T M, Ty
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\. Bai 86. (Dé thi tuyén sinh Pai hoc khéi D nam 2010)

Tinh fle (Zx = %) Inx dx.

Loi giai.

G €lnx x21° 3 €241 3 g2
I=f 2x1nxdx—3f —dx = |x’Inx ——| —== —_——=—-1.
. L x 2| "2 2

N\, Bai 87. (Dé thi tuyén sinh Pai hoc khdi D nam 201 1)

4 4x-1
Tinh
fO V2x+1+2

2_
L gidi. Dat t = V2x + 1,x = —, dx = tdt,can 1 > 3:

3263 — 3t o 10 34 3
I=j —dt=j <2t —4t+5——)dt=—+101n—.
. 632 . ) 3 5

N\, Bai 88. (Dé thi tuyén sinh Pai hoc khdi B nam 2012)

X3
x*+3x2+2

Tinh | 01

Loi gidi. Dat t = x2, x*dx = -t dt:

1t tdt 1 ;
] =— =—|21 2) —1 DL =1 —_2In2.
2]0 (t + 1)(t +2) 5 [2In(t +2) = In(t + D]o = In3 —5In

\. Bai 89. (Dé thi tuyén sinh Pai hoc khéi D nam 2012)

Tinh f0”/4x (1 + sin2x) dx.

Loi giai.

I—fﬂM . +f”/4 — _n2+[ xc052x+sin2x"/4_n2+1
_Oxx 0xsmxx—32 5 |, T2ty
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\. Bai 90. (Dé thi tuyén sinh Pai hoc khdi B ndm 2013)

Tinh folx\/Z — x2dx.

Léi gidi. DAt ¢ = V2 — 22, tdt = —xdx, cinvZ - 1: [ = [ ¢2 de = 222,

N\, Bai 91. (Dé thi tuyén sinh Pai hoc khdi D nim 2013)

, 1 (x+1)2
Tinh fo — dx.
2
Lo giai. S = 1 + 2= nén
I=[x+In(x?+1)]j =1+ In2.

N\, Bai 92. (Dé thi tuyén sinh Pai hoc khdi B nam 2014)

, 2 x24+3x+1
Tinh fl — dx.
2
Lo gidi. *—" = 1 + -+ —, nén
xX“+x X x+1
I =[x+Inx +In(x +1)]? =1+ In3.

\. Bai 93. (Dé thi tuyén sinh Pai hoc khéi D nam 2014)

Tinh fon/4(x + 1) sin2x dx.

COSZX.
2

Loi giai. Tung phan u = x + 1, dv = sin2x dx, v = —

. [ (x + 1)c052xr/4
= |-

e
I
W

e 1
+ = 2xdx = —
2_[0 cos2x dx 2+
0

\. Bai 94. (Dé thi THPT Quéc gia nim 2015)

Tinh fol(x —3) e* dx.

Loi giai. Ting phan u = x — 3, dv = e*dx:
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1
I=[(x—3)e"](1,—f e*dx=—-2e+3—(e—1)=4-3e.
0
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PHAN VII. THIET KE BUOI DAY VA PE LUYEN TAP THEO PINH

DANG HSA

Phan nay gitip gido vién t6 chirc mdt budi day on thi HSA 120 phut vé cha dé tich phan, kém
phiéu hoc tip va nim dé luyén tap mé phong dinh dang phan Todn hoc va xit Ii s6 liéu cua bai thi
HSA (tréc nghiém 4 lya chon va dién dap an, ti 1¢ Xé.p xi 7 : 3, trung binh 1,5 phat mot cau). Moi
dé gém 20 cau (14 cu trac nghiém, 6 cau dién dap an), 1am trong 30 phut; nim dé ting dan do kho,
khong c¢6 cau nao trung nhau hay tring voi cac vi du, bai tp ¢ cac phan trude. Moi dap an déu da
duogc kiém tra bang tinh toan.

| 1. K& hoach budi day (120 phut)

Tién trinh mét budi day 6n thi HSA 120 phut

Thuc té

Kién thic Vi du mau Luyén dé HSA

nhom

Dang 3-14 dé s6 1

1n2' 120

Tién trinh buéi day én thi HSA 120 phiit.

Muc tiéu. Sau budi hoc, hoc sinh: (1) thudc bang nguyén ham va cac tinh chét caa tich phan; (2)
nhan dang nhanh phuong phap ddi bién hay ting phan; (3) tinh ding dién tich, thé tich va giai bai
todn chuyén dong; (4) 1am D& luyén sé 1 (20 ciu) trong 30 phut véi do chinh xac tir 80% trd 1én.

Chuén bi. Gido vién: may chiéu (dung cac hinh trong chuyén d¢), phiéu hoc tap, Dé luyén sé 1 in
san. Hoc sinh: may tinh cam tay, gidy nhap.

Hoat dong cuia gido vién Hoat djng ciia hoc sinh ‘ Tu liéu trong chuyén dé

0 -10 Ké chuyén Kepler va thung Du doén, thao luan nhanh | M& déu, hinh thung ruou
ruou; néu ba ciu db (céng
parabol, 6 t6 phanh, bai
Putnam)

10° - 30’ Hé théng kién thuc: bang Hoan thanh phiéu hoc tap Phan II, cac bang
nguyén ham, tinh chit tich
phan, cong thirc dién tich, thé
tich

30° - 60’ Chira vi du mau: Dang 3,4, 7, | Lam theo cip, trinh bay Vi du & Phan III
9,11, 12, 13, 14 (mdi dang trén bang
mot vi dy)

60’95’ | Phat P& luyénsd 1, bAm gid | Lam bai ca nhan, chim Dé luyén s6 1
30 phut; chita nhanh 5 phut chéo
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Thoi gian Hoat dong ctia gido vién Hoat dong ctia hoc sinh | Tw li€u trong chuyén deé

95>~ 112’ | Chia 4 nhom bai thuc té: hda | Mo hinh héa, trinh bay 2 Phan 1V, Dang 15
don tién dién, quing dudng phut/nhém
phanh, chiéc binh gém, dién
tich mat ho

112’ — 120’ | Tong két cac bay thuong gap, | Ghi chép, nhan nhiém vu | D& luyén s6 2 — 5; Bai 57
giao bai vé nha —94

% Meo lam bai HSA phin tich phan.

(1) Cdu nguyén ham: dao ham ngugc cac phuong an. (2) Cdu tich phdn ¢é sé: bAm may tinh
kiém tra, roi so sanh voi gia tri gan dung cua ting phuong an. (3) Cdu ham dn: nghi ngay t6i
d6i bién, timg phan, tinh chin 1é hodc phép ddi xing x - a + b — x. (4) Cdu dién tich: ludn

la|(xp—x1)3

kiém tra dau, dién tich phai duong; nhd cong thirc ——. (5) Cau chuyén dgng: phan biét

quing dudng [ |v| v6i @6 dich chuyén [ v.

I 2. Phiéu hoc tap

Noi dung can dién Hoc sinh di€n

3= ;[ a¥dx=......

cos2x

4 | Cong thiic ddi bién: [ f (w())uw'(x) dx = ......

b , n
U dv=...... ; thir tu wu tién chon u: ......

5 | Céng thirc timg phan: [

7 | Diéntichgittay = f(x),y =g(x),x =a,x=b:S=......

8 | Thétichvatthé: V = ...... ; khoi tron xoay quanh Ox: V = ......

9 | Quingdudngtirt; déntyis=...... ; 46 dich chuyén: ......

10 | Dién tich vom parabol day a, cao h: S = ......

| 3. D& luyén tap s6 1 — Nén tang (20 ciu, 30 phiit)

Phin tric nghiém (14 cau)
Cau 1. [ (6x? + 2)dx bang
A.12x + C. B.2x3+2x +C. C.6x3 +2x+C. D.2x3 + C.

Cau 2. [ 5% dx bang
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5X+1

A. 5%In5 + C. B.x-51+C. C. ;—5 +cC. D.

x+1

Ciu 3. Trén khoang (0; +00), [ G - sinx) dx bang

A.lnx —cosx +C. B. —xiz— cosx +C. C.lnx +sinx+C. D.Ilnx + cosx + C.
Cau 4. Ham sb F(x) = e** 1a mot nguyén ham ctia ham sb

A. f(x) = 2xe*". B. f(x) = e*’. C.f(x) = x2e**"1. D.f(x) = e?*.
Cau 5. Trén khoang (—00; 5), | <= bing

LI D.—— +C.

A.In6-x)+C. B.-In(5—-x)+C. C. S T

Cau 6. [ (cosx — @) dx bang

A. —sinx — tanx + C. B. sinx + tanx + C. C.sinx —tanx + C. D. —sinx + cotx + C.
Cau 7. Gid tri cta [, (x + 1) dx Ia

A. 2. B. 3. C.6. D. 4.
Cu8.Cho [ f (x)dx = 4. Gidtrj cua [, f (x) dx 1a

A. —12. B.12. c.-2 D.

3

w e

Cau 9. Gié tri cta []”° cos 3x dx 1a

A1, B. —-. C.:. D. 3.
3 3

Céu 10. Gid trj cia [~ (x° + 1) dx 1a
A. 0. B. 4. C.8. D. 2.
Cau 11. Gid trj cua [, e%* dx 1a

e3-1
T

3
A.e3—1. B.3(e3 —1). C. % D.
Cau 12. Dién tich hinh phang gi¢i han béi y = 3x2, truc hoanh va hai duong thang x = 0, x = 2
la
A. 8. B. 24. C. 4. D. 12.
Ciau 13. Thé tich khdi tron xoay khi quay hinh phang gi6i han béi y = +/x + 1, tryc hoanh, x = 0,
X = 2 quanh tryc Ox la

1671

A. 2m. B. 8. C.4m. D. -

Céu 14. Mot vat chuyén dong v6i van toe v(t) = 2t + 1 (m/s). Quing dudng vat di dugc tir gidy
thir 1 dén giay the 3 1a

A. 8 m. B.10 m. C.12m. D.9 m.
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Phan dién dap 4n (6 ciu)

CAu 15. Tinh [ 14 Vx dx (1am tron dén hang phan trim).

Cau 16. Tinh [*(2sinx + 1) dx (lm tron dén hang phan trm).

Céu 17. Biét F(x) 1a mot nguyén ham cua f(x) = 3x2 — 2x va F(2) = 5. Tinh F(0).

Cau 18. Cho [’ f (x) dx = 5va [, f (x) dx = —2. Tinh [J[f(x) + 2] dx.

Céu 19. Tinh dién tich hinh phing giéi han béi parabol y = x? — 1 va truc hoanh (lam tron dén

hang phan tram).

x2

Céu 20. Tinh J/

X

L dx (1am tron dén hang phan tram).

| 4. Dé luyén tap so6 2 — Phuwong phap d6i bién va tirng phan (20 ciu, 30 phiit)

Phin tric nghiém (14 cau)

A 2x M
Caul. [ ., dx bang
A.2In(x2 +4)+C. B.—+C.
x“+4
Céu 2. [ sinxcos*x dx bang
5 5
A.—C0;x+C. B.COZX+C.
A e\/;c N
Cau3. [ 7 dx bang
A.eV* 4 C. B.-eV* +C.

Cau 4. [ Inx dx bang
A.i+C. B. xInx —x + C.

Céu 5. [ xe™ dx bang

A.—(x+De™*+C. B.(x+ De *+C.

Céu 6. Gia trj cua [ x (x? + 1)3dx Ia

B. 2

15
A.—. .
4 16

" ., . ., re?  dx
Céu 7. Gid tri cua [| gl

A.In2. B. In3.
Ciu 8. Gid trj cta [)7° = dx la
A.2. B.-.

2
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C.In(x>?+4)+C. D.x*In(x?+4)+C.

5 5

c.-=2 4 D. TRy
Ne

c.j—&+c. D.2eV* + C.

C.xInx+x+C. D.%—%C

C.1—-x)e™+C. D.—xe ™+C.

c.B D.?2
8

C.2. D. 2.

3

C.—1. D. 1.
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A cr e 1 4 .
Ciu 9. Gia tri cta [ x* e dx Ia

AL B.e —1. c. D.
4 3

L A

Cau 10. Gid trj cia [ x sinx dx 13
A~ B. 0. C.m. D.1.

Céu 11. Gid trj cia [ x Inx dx 1a

A.2In2 — 1. B. 2In2 — % C.In2 — % D. 4In2 — %

Céu 12. Gid trj cua [, V4 — x2 dx 1a

A. 2m. B.~ C.m D. 4
Cau 13. Gid trj ciia f, ————
A.zIn2. B.In2. C.ZIn2, D. 2In2,
2 2 2 2 3 2
Cau 14, Gid trj cua [)" — dx Ia
AL B.2 C.In2. D.>
2 4 4

Phan dién dap 4n (6 ciu)

4 dx

CAau 15. Tinh fo NSt

Cau 16. Tinh [ 0n/4 tan? x dx (lam tron dén hang phan tram).
CAu 17. Tinh [ f x? Inx dx (1am tron dén hang phan trim).
CAu 18. Tinh [ Ol(Zx + 1) e* dx (lam tron dén hang phan trim).

CAu 19. Tinh [ 03 xx + 1dx (Iam tron dén hang phan tram).

Céu 20. Biét [

xffx = aln2 + bIn3 véi a, b nguyén. Tinh a?® + b2.

| 5. Pé luyén tap s 3 — Dién tich va thé tich (20 ciu, 30 phut)

Phin tric nghiém (14 céu)
Céu 1. Dién tich hinh phang gi6i han boi parabol y = x2 — 4x + 3 va truc hoanh 1a
A2 B.Z. C.2. D. 2.
3 3 3
Céu 2. Dién tich hinh phing gi6i han bai parabol y = x? va dudng thiang y = 3x 1a
A.9. B.3. c.Z D.2.
2 2
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Cau 3. Dién tich hinh phéng gi61 han bdi y = sinx, truc hoanh, x = 0, x = 2rr la
A. 4. B. 0. C.2. D. 2m.
Cau 4. Dién tich hinh phéng gidi han béi y = %, truc hoanh, x = 1, x = e? 1a
A. 1. B. 2. C.2. D.e? — 1.
Céau 5. Dién tich hinh phang gi6i han boi d6 thi y = x3 — 3x? + 2x va truc hoanh 1a
A. 0. B... C.-. D. 1.
Ciu 6. Dién tich hinh phang gidi hanboiy = e*,y = e *vax =11a
Ace+1-2. B.e—- C.e+-. D.e—1-2.
e e e e
Cau 7. Dién tich hinh phang gi6i han boi y = Inx, truc hoanh va x = e 1a
A.e. B.e—1. C.2. D. 1.
Ciau 8. Thé tich khi tron xoay khi quay hinh phang gi¢i han bdi y = x2, truc hoanh, x = 0, x = 1
quanh truc Ox la
AT B.Z. C.:. D.Z.
3 5 2 5
Cau 9. Thé tich khéi tron xoay khi quay hinh phang gi¢i han boi y = cosx, truc hoanh, x = 0, x =
g quanh truc Ox la

2

AL B. c.= D.x=.
4 2 4

NIE

Céu 10. Thé tich khdi tron xoay khi quay hinh phing giéi han béi y = i, truc hoanh, x = 1, x = 2
quanh truc Ox la

A. g B. ln2. C.In2. D. %

Cau 11. Mot vat thé nam gifra hai mat phéng x = 0, x = 2; thiét dién vudng goc vai truc Ox tai x
13 hinh vudng canh x2. Thé tich vat thé 1a

321

Az B.Z. c.z D. =%
Céu 12. Thé tich khi tron xoay khi quay hinh phing gi¢i han bdi y = v/x va y = x quanh truc Ox
la

A.-. B. . C.=. D.—
Cau 13. Quay tam gidc gidi han boi y = g, truc hoanh va x = 6 quanh tryc Ox duoc mot khéi non
c6 thé tich

A. 36rm. B. 6m. C.72m. D. 18m.

Céu 14. Dién tich hinh phing gi6i han boi y = vx, y = 2 — x va truc hoanh 1a

AL B.2. c.2 p.L
6 6 3 2
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Phan dién dap 4n (6 ciu)
Céu 15. Tinh dién tich hinh phing gidi han béi parabol y = 6 — x2 va duong thing y = x (lam
tron dén hang phan trim).

2x
x2+1°

Céu 16. Tinh dién tich hinh phing gi6i han boi y = tryc hoanh, x = 0, x = 2 (lam tron dén

hang phan tram).

Cau 17. Quay nira hinh tron y = V4 — x2 (=2 < x < 2) quanh tryc Ox. Tinh thé tich khdi tron
xoay (lam tron dén hang phan tram).

x/2

Cau 18. Tinh thé tich khdi tron xoay khi quay hinh phang gi6i han boi y = e*/2, tryc hoanh, x =

0, x = 2 quanh truc Ox (lam tron dén hang phan tram).

Cau 19. Tim s6 thyc k > 0 dé dién tich hinh phang giéi han boi parabol y = x? va duong thang
y = k bang 36.

Céu 20. Tinh thé tich khéi tron xoay khi quay hinh phing gi¢i han béi parabol y = x2 va duong
thing y = 4 quanh truc Ox (Iam tron dén hang phan trim).

I 6. Pé luyén tip s6 4 — Ham an va tinh chit tich phan (20 ciu, 30 phiit)

Phin tric nghiém (14 céu)
Cau 1. Cho f 12 ham s6 1é, lién tuc trén R. Gi4 tri cua f_33[f(x) +1]dx la
A. 0. B. 3. C.2 [ f (x)dx. D. 6.
Cau 2. Cho f 1a ham s6 chan, lién tuc trén R va | 02 f (x) dx = 3. Gia tri ciia f_zz f(x)dx1a
A. 0. B. 6. C.3. D. 12.
Céu 3. Cho [ f (x) dx = 4. Gid trj cua [ [f(2x) + x] dx 1a
A2 B.2. c.2. D. 4.
Cau d. Cho [ f (x) dx = 5. Gid trj ciia ff@ dx 1
A. 5. B. 5e. C. i D.e.
Cau 5. Cho F(x) = |, cos (t?)dt. Gia trj ctia F'(v/m) 1a
A 1. B. —1. C.0. D. 2v/r.
Ciiu 6. Cho G(x) = [ et dt. Gid tri cia G'(1) Ia
A.e. B.e—1. C.e2. D. 2e.
Cau 7. Him s f(x) = flx(t — 1) (t — 2) dt nghich bién trén khoang nao sau day?
A. (1;2). B. (0;1). C.(2;3). D. (—;1).
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Cau 8. Cho f c¢6 dao ham lién tuc, f(0) = 2, f(3) = 7. Gia tri cta f03f "(x) dx 1a
A. 9. B. 14. C.5. D.7.
Céu 9. Cho f c6 dao ham lién tuc, £(0) = 0, f(1) = 1. Gid trj cua [, f'(x)e@dx 1a
A.e. B.e—1. C.1. D.e+ 1.
Cau 10. Cho f lién tyc trén [0; 4], f(4 — x) = f(x) véi moi x € [0; 4] va f04f (x)dx = 6. Giatri
clia f04 x f(x)dx la
A. 6. B. 24. C.12. D. 3.
Céu 11. Cho ham sé f lién tuc trén [0; 1] thoa méan f(x) = 3x% — folf (t)dt. Giatricua f(1) 1a
A. 3. B. 2. c. D.2
Céu 12. Cho ham s f ¢6 f(1) = 2 va flgf "(x) dx = 4. Gid tri cia f(3) 1a

A. 6. B. 2. C.4. D. 8.
Céu 13. Cho ham s6 f(x) > 0 c6 dao ham lién tuc, f'(x) = f(x) véi moi x va £(0) = 3. Gia tri
cia [} f (x) dx 1a

A.e—1. B. 3e. C.3(e—1). D. 3e — 1.
Céu 14. Gia trj cia [, max {x; x?}dx I

A2 B.2. C.3. D. 2.
6 3 6

Phan dién dap an (6 cau)

Céu 15. Cho [ f (x) dx = 2. Tinh [, [3f(1 — x) — 2x] dx.

Cau 16. Cho f c6 dao ham lién tuc trén [0;2], f(0) =1, f(2) =3 va fozf (x) dx = 1. Tinh
[+ 1) f'(x) d.

Cau 17. Cho f lién tyc trén R théa man f(x) + f(2 — x) = 2x? véi moi x. Tinh foz f (%) dx (lam
tron dén hang phan tram).

Ciu 18. Cho [ f () dx = 8. Tinh [”* x f(x? + 1)dx.

Cau 19. Cho ham s6 f ¢o f'(x) = 2x + 1 va fol f (x) dx = 2. Tinh f(1) (Iam tron dén hang phan
tram).

Cau 20. Cho F(x) = fox et (t? — 4)dt. Tim gia tri nho nhat caa F(x) trén doan [0; 3] (lam tron

dén hang phan tram).
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I 7. Pé luyén tip s 5 — Thue té, lién mon va ning cao (20 ciu, 30 phut)

Phin tric nghiém (14 cu)
Cau 1. Mot doan tau dang chay véi van tdc 25 m/s thi him phanh, chuyén dong cham dan véi van
téc v(t) = 25 — 5t (m/s). Tir lac hdm phanh dén khi dirng, tau di duoc

A. 62,5 m. B. 125 m. C.50 m. D. 31,25 m.
Céu 2. Mot vat duoc ném thang dimg 18n trén véi van toc v(t) = 30 — 10t (m/s). Do cao 16n nhit
vat dat duoc so voi diém ném la

A.30m. B. 90 m. C.45 m. D. 60 m.

Céu 3. Nudc duge bom vao mot bé véi toe do r(t) = 6t — t? (m*/giv), 0 < t < 6. Lugng nudc
bom dugc trong 6 gio la

A. 18 m3. B. 36 m3. C.72 m3. D. 108 m3.
Cau 4. Mot céng hinh parabol c6 chan céng rong 6 m, chiéu cao 4,5 m. Dién tich mt céng la
A. 27 m? B. 13,5 m2. C.9 m2 D. 18 m2.
4,5m
6m

Céng hinh parabol réng 6 m, cao 4,5 m.

Cau 5. Chi phi bién dé san xuat san pham thir x 1a C’(x) = 3x% — 2x + 10 (nghin dong). Chi phi
tang thém khi san lugng ting tir 10 1én 20 san pham la

A. 680 nghin déng.  B. 7800 nghin déng. C. 6800 nghin dong. D. 8000 nghin dong.
Cau 6. Dan s6 mot thanh phd tang véi toc do P'(t) = 0,3e%93 (triéu ngudi/nam). Trong 10 nam,
dan s ting thém khoang

A. 3,5 triéu nguoi. B. 3 triéu nguoi.

C. 4,5 triéu nguoi. D. 0,35 triéu nguoi.
Cau 7. Mot chiéc bat co dang nira mat cau ban kinh 10 cm. Rét nude vao bat dén do cao 5 cm (tinh
tir ddy). Thé tich nude trong bat xap xi bang

A. 1309 cm?. B. 654,5 cm®. C.523,6 cm®. D. 2094,4 cm?®.
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R=10cm

—

I

I
==

|

|

h=5cm

Bat nira mat cau chira nuwoc cao 5 cm.

Cau 8. Mot lyc c6 d6 1on F(x) = 10 + 2x (N) kéo mdt vat theo phuong cua lyc, x 1a quang duong
dich chuyén (mét). Cong cua lyc khi kéo vt di 5 m la

A.50J. B. 60 J. C.1001J. D.75 1.
Cau 9. Dién tich hinh phang gi6i han boi elip 4x2 + 9y? = 36 1a
A. 6br. B. 36m. C. 3m. D. 12m.

Cau 10. Thoi gian cho X (phat) c6 ham mat d6 f(x) = %xz trén doan [0; 2]. Xac sudt P(X < 1) =
) 01 f (x) dx bang

A2 B.-. C.t D.-.
8 8 2 4
Céu 11. Gi4 tri trung binh ctia ham s f(x) = sinx trén doan [0; 7] 1a
A= B.1. c.2 D.Z
2 s 2
A c . . 1 1 1 N
Cau 12. Gi6i han lim,,_,, (m t—t++ Z) bang
A. 1. B.-. C.In3. D. In2.

Céu 13. Gid trj cua [, /x(1 — x) dx 1a

T T T 1
AL B.Z. c.t D.-.
Céu 14. Gia trj cia f] x (1 — x)° dx 1a
1 1 1 1
A- E. Bo %. C. E. D. E

Phin dién dap an (6 cau)

Cau 15. Mot thung rugu dai 1 m c6 dang khéi tron xoay; ban kinh mit cat ngang cach tim thung
x métlar(x) = 0,3 — 0,4x? (m), —0,5 < x < 0,5. Thung chtra duoc bao nhiéu lit rugu (lam tron
dén hang phan mudi)?
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r(x) =0,3 - 0,4x?

/—\ V = rf r3(x) dx = 226 lit
0,2 1

0
7 \—/
-0,4 -0,2 0 0,2 0,4
x (m)

MGt cdt doc va hinh dang thung ruou.
Céu 16. Mot hat chuyén dong thiang véi van toc v(t) = t? — 4t + 3 (m/s). Tinh quing dudng hat
di duoc trong 4 gidy dau (mét).

Cau 17. Mt dap hinh chir nhat rong 20 m chin mot hd nude sau 10 m. Liy p = 1000 kg/m?, g =
10 m/s2. Tinh 4p luc ctia nudc 1én mit dap (don vi: meganewton, 1 MN = 106 N).

AplucF=[pgh-wdh (hti0dénH)

I 0 1
mat nudc

| 10

> —

£
—' o 20 E

=3 dap =
—_— <g. 30 1

ko]

—_
— 40 A
ap suat ting theo do sau: p = pgh 50
0 1 2 3 4 5

4p suat (x10° Pa)

Ap sudt nuée tang theo dé sdu.

Céu 18. Ham cau ciia mot mit hang 1 p = 100 — 2x (nghin ddng, x nghin san pham). Tai muc

gia can bang p, = 60, tinh thing du tiéu dung | 0x°[100 — 2x — po] dx (triéu ddng).

Cau 19. Do chiéu rong mot mat ho tai cac mat cat cach déu 5 m dugc céc gia tri 0;10;14;12;0
(m). Udc luong dién tich mat hd bang cong thirc Simpson (m?, lam tron dén hang phan tram).

TRAM TOAN APLUS TEAM Ceral - Trang 117 - CHIENMATH.COM



CHUYEN PE TICH PHAN VA UNG DUNG — Tir Archimedes dén dé thi HSA TEAM Ceral

14 m

mat cat cach déu 5 m

Cdic mdt cdt ciia mdt ho.
Cau 20. Goi I = [} x* (1 — x)*dx. Tinh %
| 8. Pap 4n va 10i giai chi tiét

MGdi cau duoc trich lai dé trong khung tim, 101 giai ddt ngay sau d&. Bang dap an phan tric nghiém
dit & ddu mdi dé dé gio vién chdm nhanh.

Pbesol

[ (6x% + 2)dxbang
A.12x + C. B. 2x3 +2x + C. C.6x3+2x+C. D. 2x3 + C.

Loi gidi. [ 6x2dx = 2x3, [ 2dx = 2x. Vay nguyén ham 14 2x° + 2x + C. Chon B.

[ 5% dxbang

A. 5%In5 + C. B.x-5514C. c.Z e D

In5 T ox+1

Loi gidi. [ a*dx = =+ C véi a = 5. Chon C.
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Trén khoang (0; +0), [ (i = sinx) dx bang

A.lnx — cosx + C. B.—xiz—cosx+C. C.Ilnx +sinx +C. D.lnx + cosx + C.

Loi giai. [ % = Inx (vi x > 0) va [ (—sinx) dx = cosx. Chon D.

\ J4 2 0. A ~ \ , \ A
Ham s6 F(x) = e*" 1a mot nguyén ham cua ham s6

A. f(x) = 2xe*". B. f(x) = e*’. C.f(x) = x2e**"1. D. f(x) = e?*.

Loi gidi. F'(x) = (x2)'e** = 2xe*". Chon A.
g

Trén khoang (—o0; 5), [ i—xx bang

1 1
'(S—x)2+C' D'_S—_x+C'

A.In(5 —x) + C. B.-In6—x)+C. C

Loi giai.
dx
5—x

J

1
=_—11n|5—x|+C=—ln(5—x)+C

(vix < 5). Chon B.

N, Ciu 6. \

f (cosx— ! )dxbéng

cos2x

A. —sinx — tanx 4+ C. B. sinx + tanx + C. C.sinx —tanx + C. D. —sinx + cotx +

2Q QR0 - d A A 2 g
Loi gidi. )] cosx dx = sinx, —=_ = tanx. Vay két qua sinx — tanx + C. Chon C.
g cos?x Y !
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Gid tri cua [, (x + 1) dx Ia
A.2. B.3. C.6. D. 4.

Loi giai.
2 32 2
f x+1)dx=|—+x
0 2
0
Chon D.

Cho [ f (x) dx = 4. Gia trj cua [, f (x) dx Ia

A. —12. B. 12. C.—- D.

S

Loi giai.
f f(x)dx = —3f f(x)dx = —12.
3 1

Chon A.

Gia tri cia fon/ ®cos3xdx Ia

A 1. B. —=. C.

3

W |-
&
w

Loi giai.

/6 1 61 w1
fo cos3xdx = [gsin3x]0 = §sin5 = 3

Chon C.

Gia tri cua [~ (x° + 1) dx 1a

A. 0. B. 4. C.8. D. 2.
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Loi gidi. x° 1a ham 1¢ nén [°) x5 dx = 0; con [°, dx = 4. Chon B.

I .
Gid tri clia [ e* dx 1a

3 3_
A.ed—1, B.3(e3 —1). C. % D. < - !
Loi gidi.
1 1 3
f e3*dx = [le3x] i 1.
o 37 |, 3
Chon D.

Dién tich hinh phang gi6i han béi y = 3x?2, tryc hoanh va hai dudng thaing x = 0, x = 2 1a
A. 8. B. 24. C. 4. D. 12.

Loi gidi. 3x2 > 0nén S = [ x? dx = [x*]3 = 8. Chon A.

Thé tich khdi tron xoay khi quay hinh phang giéi han boi y = +/x + 1, truc hoanh, x = 0, x =
2 quanh truc Ox la

A. 2m. B. 8. C. 4m. D.—.

Loi giai.
2 x2 2
V=T[f (x+1)dx=7rl7+xl = 4.
0 0

Chon C.

Mot vat chuyén dong véi van tée v(t) = 2t + 1 (m/s). Quing dudng vat di duoc tir gidy thir 1

dén gidy thu 3 1a
A. 8 m. B. 10 m. C.12 m. D. 9 m.
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Loi giai. v(t) > 0 nén quang duong
3
s=f QRt+1D)dt=[t>?+t]3=12—-2=10m.
1

Chon B.

Tinh [ 14 Vx dx (1am tron dén hang phan tram).

Loi giai.
4

5 2 2 14
d =[— 3/2] =—(8—-1) =— =~ 4,67.
jle?c r=[twr| =Ze-1 ==

1
Pap so0: 4,67

Tinh | 0"/ ?(2sinx + 1) dx (lam tron dén hang phan tram).

Léi gidi.
/2 T
(2sinx + 1) dx = [—2cosx + x]n/2 =2+—==3,57.
0 2
0

Pap so6: 3,57

Biét F(x) 1a mot nguyén ham cia f(x) = 3x? — 2x va F(2) = 5. Tinh F(0).

Loi giagi. F(x) = x3 —x?4+C;F(2Q)=4+C=5=C = 1. Vay F(0) = 1. Pap so: 1

Cho [ f (x) dx = 5va [ f (x) dx = —2. Tinh [[f(x) + 2] dx.

Loi gidi. [T f (x)dx =5+ (-2) = 3; [, dx = 10. Tong bing 13. Pép sé: 13
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Tinh dién tich hinh phang giéi han boi parabol y = x2 — 1 va truc hoanh (lam tron dén hang
phan tram).

Loi gidi. x2 — 1 =0 © x = +1; trén (—1; 1) ham s6 am:

5—]1(1 2)dx =2 2 133
= B x“)dx = 3 =3~ 133

Pap so: 1,33

2 y \
Tinh [°* = dx (1am tron dén hang phan tram).
2 N
Loi giai. x4 i, nén tich phan bang

2 2
x—+lnx —E+ln2~219
2 2 T
1
Pap sob: 2,19

Pé so 2

Cau 1

2\3\456\7891011121314
P4p 4n CADB‘A‘C B‘D‘A‘D B‘C‘A 1)‘

f 2 dxbang

x2+4

1
x2+4

A.2In(x*+4)+ C. B.

+ C. C.In(x?+4)+C. D. =x*In(x*>+4)+

Loi gidi. Tt s6 1a dao ham ctia mau s6 x2 + 4 > 0:
!

u
f;dx=lnu+C=ln(x2+4)+C.

Chon C.
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[ sinxcos*x dxbang

5 5 i 5 . 5

A B. ¢ c.-Tx, ¢ p. IXE ¢

5 5 5 5

Loi gidi. Bat t = cosx, dt = —sinx dx:
+5
[ sinxcos*x dx = — [ t*dt = -T + C.

Chon A.

N, Céu 3. \

Vx 9
f % dxbang

Vx
A.eV* +C. B.2eV* tC. c._+c. D.2eV* + C.
2 2\x
Léi giai. Dit t = Vx, dt = 2%
. D3 , =
e\/’? f \/—
—dx =2 etdt =2eV* 4+ C.
Vx

Chon D.

[ Inx dxbing

In2x

A.§+C. B.xInx —x + C. C.xlnx+x+0C. D'T+C'

Loi giai. Ting phan u = Inx, dv = dx:
flnxdxlenx—fx-;dx=xlnx—x+C.

Chon B.

[ xe™* dxbang
A.—(x+1De™*+C. B.(x+1e™*+C. C.(1—-x)e*+C. D.—xe *+C.
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Loi giai. Tung phan u = x, dv = e ¥dx, v = —e™*:
[xe™dx = —xe™*+ [e*dx = —(x + 1)e™* + C.
Chon A.

Gia tri cua [ x (x? + 1)%dx 1a

15 15 15
B.— 0=

4’ ‘16

Loi giai. Datt = x?2 + 1, dt = 2xdx,can 1 > 2:

1f2t3dt—1(16 1)—15
2), 8 -8’

Chon C.

dx

2
.y o o @
Gid trj cla [ - T 18

A. In2. B. In3. C. 2. D.

w |

Loi gidi. Pat t = 1 + Inx, dt =<, can 1 - 3: [ < = In3. Chon B.

sinx

P, /3
Gié tri ctia [

dx 1a

cos2x

A. 2. B.

N |-
@
I
=
=}
U

Yo _s2e > q A 1
Loi gidi. Pat t = cosx, dt = —sinx dx, can 1 - P

L dt 17t
] _2:[__] = 1+2=1.
172t tly)2

Chon D.

TRAM TOAN APLUS TEAM Ceral - Trang 125 - CHIENMATH.COM



CHUYEN PE TICH PHAN VA UNG DUNG - Tir Archimedes dén dé thi HSA TEAM Ceral

ol 4
Gid tri ctia [ x* e dx 12

AL B.e —1. C. % D.

-P_IN

Loi gidi. Dat ¢ = x*, dt = 4x°dx, can 0 - 1: = "t dt = == Chon A.

9% A8 2 /2 g A
Gia tri cua fo/ x sinx dx 1a

A. g B. 0. C.m. D. 1.

Loi gii. Tung phan u = x, dv = sinx dx: [—xcosx + sinx]g/2 = 1. Chon D.

Gia trj ca [ x Inx dx 1a
A.2In2 — 1. B.2In2 -2 C.In2 -2, D. 4In2 — >,
Loi giai.
fzx Inx dx = [lenx — ﬁr =2ln2 -1+ l = 2In2 — E
) 2 4 4 4
Chon B.

Gia trj cia [, V& —x2 dx 1a

A. 2. B. g C.m. D. 4.

Loi gidi. y = V4 — x? 1a ntra trén duong tron ban kinh 2; trén [0; 2] tich phén 1a dién tich mot
phan tur hinh tron: <7 - 22 = . Chon C.
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dx
la
x2+4x+3

A. 1ln E. B.In-=. C. 1ln E. D. 2ln E.
2 2 2 2 3 2

0z L9 9 1
Gié tri ctia [

Loi giai.

1 1 ( 1 1 )
(x+1Dx+3) 2\x+1 x+3/
nén tich phan bang

w1x+11_1o1 11)_113
21 x+3l, " 2\"2 " "3/ T2y

Chon A.

e, In3
Gié tri clia a

Ag B.2. C. In2. D.

S
-ls.lr—l

4-dt

Loigidi. Datt =1+ e, cn2 - 4: [, =

Loi giai
Y odx
= |vV2x + =2
\/Zx +1 [ ]
Pap so6: 2

Tinh | 0"/ *tan? x dx (1am tron dén hang phan trim).

N 1 .
Loi gidi. tan®x = —-— 1, nén
Cos“Xx
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/4 I
f tan® x dx = [tanx — x]}/* = 1 — vl 0,21.
0

Pap s6: 0,21

Tinh [ x? Inx dx (1am tron dén hang phan tram).

Loi giai. Ting phan u = Inx, dv = x?dx:

x3lnx  x3 3 2e3 +1
3 9

_e e3+1 4,57
~3 9 97 o

e
1

Pap so: 4,57

Tinh | 01(2x + 1) e* dx (lam tron dén hang phan trim).

Loi giai. Tung phan u = 2x + 1, dv = e*dx:

1
[(2x+1)ex](1,—2f e*dx=3e—1—-2(e—1)=e+1~3,72.
0

Pap s6: 3,72

Tinh | 03 xv/x + 1 dx (lam tron dén hang phan tram).

Loigiai. Datt =+vVx+ 1, x =t? —1,dx = 2tdt,can 1 > 2:

fz(t2 1t 2tdt—2t5 t32—116 7,73
L o5 3], 15 T

Pap so: 7,73

9 _ — aln2 + bIn3 véi a, b nguyén. Tinh a? + b2,

2 x2—x

Biét [
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1 1 1 9
Loi giai. = — — —, nén tich phan ban
g x2-x  x-1 x p g

[1x_14—13 s = In> = In3 — In2
nx 2—n4 nz—nz—n n4z.

Viaya=—1,b =1, a% + b% = 2. Pap so6: 2

Péso 3

Pap an B D A C C A D B D A B C D A

N\ Cau 1. \

Dién tich hinh phang gi6i han béi parabol y = x? — 4x + 3 va truc hoanh 1a

A2 B.-. c.2 D. 2.
3 3 3
NS . A e aR Y S |1]-3-1)3 _ 4
Loi gidi. Hoanh d6 giao diém x = 1, x = 3; ham s6 am trén (1;3): S = — =3 Chon B.

Dién tich hinh phang gi6i han béi parabol y = x? va duong thang y = 3x 1a

A. 9. B. 3. c.zZ D.2
2 2

Loi gidi. x2 = 3x © x € {0; 3}:
3 27

Szf Bx—x)dx=—-9 ==
7 2

Chon D.

Dién tich hinh phang gi6i han béi y = sinx, truc hoanh, x = 0, x = 2 1a
A. 4. B. 0. C.2. D. 2m.

Loi giai.

21 bis 21
S=f [sinx| dx=f sinxdx—f sinxdx =2+ 2 =4.
0 0 bis
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Chon A.

Dién tich hinh phfmg gidi han boi y = i, truc hoanh, x = 1, x = e? 1a

A. 1. B. e?. C.2. D.e* — 1.

2
Loi gidi. S = [ < = [Inx]§" = 2. Chon C.

Dién tich hinh phing gi6i han béi db thi y = x3 — 3x2 + 2x va truc hoanh 1a

A. 0. B.>. C.i D. 1.
4 2

Loi gidi.
x3 —3x%+2x = x(x — 1) (x — 2).

1.3 2 —1 (20,3 _ 7,2 = _1vyavco =
fo(x —3x +2x)dx—4,f1(x 3x% + 2x) dx = o VayS=_+

SR
SR

= % Chon C.

Dién tich hinh phang giéi hanboiy = e*, y = e *vax =11a

A.e+§—2. B.e—l. C.e+§. D.e—--—2.

e

Loi gidi. e* = e™ © x = 0; trén (0; 1) coe* > e™:
1 1
S=f (e* —e ™) dx = [e* + e™*]} =e+g—2.
0

Chon A.

Dién tich hinh phang gi6i han béi y = Inx, truc hoanh va x = e 1a
A.e. B.e — 1. C.2. D. 1.

Loigidi. Inx =0 x = 1:
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e
S =f Inx dx = [xIlnx — x]§ = 1.
1

Chon D.

N, Cau 8.

Thé tich khdi tron xoay khi quay hinh phang gii han bai y = x2, truc hoanh, x = 0, x = 1
quanh truc Ox la

A. g B. C.

e

N
=
|

Loi gidi. V = [ x* dx = Z. Chon B.

N Cau 9.

Thé tich khdi tron xoay khi quay hinh phang gi¢i han béi y = cosx, truc hoanh, x = 0, x = g

quanh tryc Ox la

w2 w2
C. PR D.—

AL B. .
4 4

e

Loi giai.
2 , ™/21 4 cos2x 2
Vznj cos xdxznf —dx = —.
0 0

Chon D.

N, Céu 10.

Thé tich khéi tron xoay khi quay hinh phing giéi han boi y = i, truc hoanh, x = 1, x = 2 quanh
truc Ox la

A. g B. ln2. C. In2. D.

SE]

2
Loi giai.V =m [/ S = |- 1]1 = Chon A.

X
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Mot vat thé nim gitta hai mat phéng x = 0, x = 2; thiét dién vuong goc vadi truc Ox tai x la
hinh vuéng canh x2. Thé tich vat thé 1a

AL B.2Z. c.2 p. 2
3 5 5

Loi gidi. S(x) = (¢?)? =x*, nén V = [ x* dx = % Chon B.

Thé tich khéi tron xoay khi quay hinh phang giéi han boi y = vx va y = x quanh tryc Ox 1a
T Y T Y
A. . B.— C. - D.—

30° 15

Loi giai. Giao diém x = 0, x = 1; trén (0;1): x < V/x.
L 1 1\ =
V: —_ 2 d = (———):
nj; (x—x%)dx=m 573

Chon C.

Quay tam giac gidi han bdi y = g, truc hoanh va x = 6 quanh truc Ox dugc mot khdi non ¢co
thé tich
A. 36r. B. 67. C.72m. D. 18m.

2 N 5 r
Loi gidi. V = nfOGdex = %- 72 = 18m, dung bing thé tich khoi nén gn 32.6.Chon D.

Dién tich hinh phang gi6i han béi y = v/x, y = 2 — x va truc hoanh la

AL B.2. c.2 D.
6 6 3

N |-

Loi gidi. VX = 2 — x © x = 1. Hinh gém phéan du6i y = v/x trén [0; 1] va phan dudiy = 2 —
x trén [1;2]:5=§+§=§. Chon A.
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Tinh dién tich hinh phang gidi han boi parabol y = 6 — x? va duong thang y = x (Iam tron dén
hang phan tram).

Loi gidi. 6 — x> = x © x € {-3;2}:
2 53 125
S=j (6—x—x%)dx =—=—=~20,83.
s 6 6

Pap so: 20,83

Tinh dién tich hinh phéng gidi han boi y = %, truc hoanh, x = 0, x = 2 (lam tron dén hang

phan tram).

Loi gidi. y > 0 trén [0; 2]:

2 2x 5 5
S = fo T 1dx = [In(x* + 1)]§ = In5 = 1,61.

Pap s6: 1,61

Quay nura hinh tron y = V4 — x2 (=2 < x < 2) quanh truc Ox. Tinh thé tich khdi tron xoay
(1am tron dén hang phan tram).

Loi giai. Khdi cdu ban kinh 2:
2 32m
V=T[f (4-—.')62)dX=Tz 33,51.
-2

Pap so: 33,51

Tinh thé tich khi tron xoay khi quay hinh phang gi6i han boi y = e*/2, tryc hoanh, x = 0, x =
2 quanh truc Ox (Iam tron dén hang phan tram).

Loi giai.
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2

2
V= nf (eX/?)2dx = n] e*dx =n(e? —1) = 20,07.
0 0

Pap so: 20,07

Tim s6 thuc k > 0 dé dién tich hinh phang giéi han boi parabol y = x? va dudng thang y = k
bang 36.

Loi giai. Giao diém x = +k:
ot 4
5=f (k — x2) dx = = kVk.
VK 3

Gidi = kvk = 36 & kyvk = 27 & k = 9. Pap s6: 9

Tinh thé tich khdi tron xoay khi quay hinh phang gii han bai parabol y = x? va dudng thing

y = 4 quanh truc Ox (lam tron dén hang phan tram).

Loi gidi. Giao diém x = +2; thiét dién 13 hinh vanh khan ban kinh ngoai 4, trong x2:

2 64 256w
V=7rf (16—x4)dx=7r(64—?)= —— ~ 160,85.
-2

Pap so: 160,85

Péso 4

Cau

1| 2|3 |45 |6 /|7 8|9 10|11 |12 13|14
Pipin | D | B | C A‘B‘D A‘C‘B‘C D‘A‘C A‘

Cho f 1a ham sd 1¢, lién tuc trén R. Gid trj cta [° [f (x) + 1] dx Ia

A. 0. B. 3. C.2[ f()dx. D.6.

Loi gidi. £ 1énén [ f (x) dx = 0;con [, dx = 6. Chon D.
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Cho f 1a ham sd chin, lién tyc trén R va [ f (x) dx = 3. Gid trj cta [, f (x) dx 1a
A. 0. B. 6. C.3. D. 12.

Loi giai. f chan nén
2 2
j f(x)dszj f(x)dx =6.
= 0

Chon B.

Cho [ f (x) dx = 4. Gia trj cua [, [f(2x) + x] dx 1a

A2 B. 2. C.2. D. 4.
2 2

Loi giai. Dat ¢ = 2x:

flf(Zx)dx=lf2f(t)dt=2;
0 2 ),

1 1 2 S 5
Jo x dx = - Tong bang . Chon C.

Cho [ f () dx = 5. Gid trj cita [T 252 dx 1a

X

A. 5. B. 5e. C. D. e.

ul |-

Loi giai. Dit t = Inx, dt = %, can 0 - 1: tich phan bang folf (t)dt = 5. Chon A.

Cho F(x) = [ cos (t?)dt. Gié tri cta F'(v/r) Ia
A 1. B. 1. C.0. D. 2Vr.

Loi gidi. Theo dinh 1i co ban: F'(x) = cos(x?), nén F'(v/r) = cosm = —1. Chon B.
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2
Cho G(x) = [, e' dt. Gi4 trj ctia G'(1) 1a
A.e. B.e—1. C. e D. 2e.

Loi gigi. G(x) = e** — 1, nén G'(x) = 2xe** va G'(1) = 2e. Chon D.

Ham s6 f(x) = [ 1x (t — 1) (t — 2) dt nghich bién trén khoang nio sau day?
A. (1;2). B. (0;1). C. (2;3). D. (—o0; 1).

Loi gidi.
ff)=x-1Dx-2)<0e1<x<2.
Ham s6 nghich bién trén (1; 2). Chon A.

Cho f ¢6 dao ham lién tuc, f(0) = 2, f(3) = 7. Gia tri cua fosf "(x) dx 1a
A. 9. B. 14. C.5. D. 7.

Loi gisi.
j Fra)dx=f3) = f(0)=7—2=5.
0

Chon C.

Cho f ¢6 dao ham lién tuc, £(0) = 0, £(1) = 1. Gia tri cia fol f'(x)ef®dx 1a
A. e. B.e —1. C.1. D.e + 1.

Loi gidi. Dt t = f(x), dt = f'(x) dx, cin 0 - 1: [, e dt = e — 1. Chon B.

TRAM TOAN APLUS TEAM Ceral - Trang 136 - CHIENMATH.COM



CHUYEN PE TICH PHAN VA UNG DUNG - Tir Archimedes dén dé thi HSA TEAM Ceral

Cho f lién tuc trén [0; 4], f(4 — x) = f(x) v&i moi x € [0;4] va f:f (x) dx = 6. Gia tri cua
f:xf(x) dx 1a
A. 6. B. 24. C.12. D. 3.

Loi giai. Pat x = 4 — t:
1=] (4—t)f(4—t)dt=f G- FO)dt=4-6—1.
0 0

Suyra [ = 12. Chon C.

Cho ham s6 £ lién tuc trén [0; 1] thoa man f(x) = 3x% — [ f (t) dt. Gid trj ciia £ (1) 1a

A. 3. B. 2. C.

NN

D.>.
2

Loi gidi. Dit] = [ f () de thi f(x) = 3x> — I Ly tichphan hai vé&: I = 1 — [ = | =
fA)=3--= g Chon D.

N |-

. Vay

Cho ham sé f ¢6 f(1) = 2 va [, f'(x) dx = 4. Gid trj ctia £ (3) Ia
A. 6. B. 2. C.4. D. 8.

Loi gii.
[ rrea=r@-rw=4

nén f(3) =2+ 4 = 6. Chon A.

Cho ham sb f(x) > 0 c6 dao ham lién tuc, f'(x) = f(x) v6i moi x va £(0) = 3. Gi4 tri cta
folf (x) dx 1a
A.e—1. B. 3e. C.3(e—1). D.3e — 1.
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Loi gidi. % = 1= Inf(x) = x + C; £(0) = 3 cho f(x) = 3e*. Viy [, e dx = 3(e — 1).

Chon C.

Gia tri cla foz max {x; x?}dx 1a

A2 B.2. C.3. D. 2.
3 6

Loi giai. Trén [0; 1]: max{x; x2} = x; trén [1; 2]: bang x2. Tich phan bang

jl ; +122d 1.7 17
OX X 1X X—z 3—6.

Chon A.

Cho [} f (x) dx = 2. Tinh [, [3f(1 — x) — 2x] dx.

Loi gidgi. batt =1 — x:
1 1
jf(l—x)dxzjf(t)dtzZ.
0 0

Vay tich phan bing 32 — [[“x dx =6 —1=5. Dap s: 5

Cho f c¢6 dao ham lién tuc trén [0;2], f(0) =1, f(2) =3 va fozf(x) dx = 1. Tinh
[+ 1) f'(x) dx.

Loi giai. Tung phan u = x + 1, dv = f'(x) dx:

[(x+1)f(x)]§—ff(x)dx=3-3—1-1—1=7.
0

Pap so: 7
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Cho f lién tuc trén R thoa man f(x) + (2 — x) = 2x* v6i moi x. Tinh [ 02 f (x) dx (lam tron
dén hang phan tram).

Loi gidi. Vi
2 2
]f(z—x>dx=j Flek
0 0

lay tich phén hai vé trén [0; 2]: 21 = fozz x%dx = %, nénl =

w |

~ 2,67. Pap s6: 2,67

Cho [* £ (x) dx = 8. Tinh [ x f(x? + 1)dx.

Loi gidi. Djt t = x2 + 1, dt = 2x dx, can 1 — 4: tich phan bang = [* f (£) dt = 4. Dép sb: 4

Choham sb f ¢o f'(x) = 2x + 1 va fol f (x) dx = 2. Tinh f (1) (1am tron dén hang phan tram).

Loi gigi. f(x) = x2+x + C. Tufolf(x)dx=§+§+6=2duqcC=§. Vay f(1) = 2 +

% = 1_69 ~ 3,17. Pap sb: 3,17

Cho F(x) = foxet (t? — 4)dt. Tim gi4 tri nho nhét ciia F(x) trén doan [0;3] (lam tron dén
hang phan tram).

Loi giai. F'(x) = e*(x? — 4) am trén (0; 2), dwong trén (2; 3), nén minpy 3 F = F(2). Nguyén
ham cua et(t? — 4) la et(t? — 2t — 2), nén

F(2) = —2e? — (=2) = 2 — 2¢% ~ —12,78.
Pap s6: —12,78
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Peéso 5

Mot doan tau dang chay v6i van tée 25 m/s thi ham phanh, chuyén dong cham dan véi van toc
v(t) = 25 — 5t (m/s). Tir lic him phanh dén khi dirng, tau di dugc
A. 62,5 m. B. 125 m. C.50 m. D. 31,25 m.

Loi giai. Tau dung khi 25 — 5t = 0 © t = 5. Quang duong:
5
j (25 —5t) dt = 125 - 62,5 = 62,5 m.
0

Chon A.

Mot vat duoc ném thang ding 1én trén véi van toc v(t) = 30 — 10t (m/s). P cao 16n nhat vat

dat dugc so v6i diém ném 1a
A. 30 m. B. 90 m. C.45m. D. 60 m.

Loi giai. Vat 1én cao nhat khi v = 0 & t = 3. D6 cao:
3
f (30 —10t) dt =90 — 45 = 45 m.
0

Chon C.

Nude duge bom vao mot bé vai toe do r(t) = 6t — t? (m?/gid), 0 < t < 6. Luong nudc bom
duogc trong 6 gio la
A. 18 m’. B. 36 m®. C.72 m’. D. 108 m*.

Loi giai.
6 £3 6
f (6t —t?)dt = [3t2 3| = 108 — 72 = 36 m°.
0 0

Chon B.
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Mot céng hinh parabol c6 chan céng rong 6 m, chiéu cao 4,5 m. Dién tich mt céng la
A. 27 m?. B. 13,5 m2. C.9m2 D. 18 m2.

4,5m

6m

Céng hinh parabol réng 6 m, cao 4,5 m.

Léi giai. Dién tich vom parabol bang § dién tich hinh chir nhat bao quanh: 2 +6-4,5 =18 m~
Chon D.

Chi phi bién dé san xuat san pham thir x 12 €' (x) = 3x? — 2x + 10 (nghin dong). Chi phi ting
thém khi san luong ting tir 10 1én 20 san pham 14
A. 680 nghin ddng.  B. 7800 nghin dong. C. 6800 nghin déng. D. 8000 nghin dong.

Loi giai.
20 .
(3x2 — 2x + 10) dx = [x® — x2 + 10x]2% = 7800 — 1000 = 6800 nghin ddng.

10

Chon C.

Dén s6 mot thanh phd tang véi toe do P'(t) = 0,3e%93 (triéu ngudi/nam). Trong 10 nim, dan

s6 tang thém khoang
A. 3,5 triéu nguoi. B. 3 tri¢u nguoi.
C. 4,5 tri€u nguoi. D. 0,35 tri¢u nguoi.

TRAM TOAN APLUS TEAM Ceral - Trang 141 - CHIENMATH.COM



CHUYEN PE TICH PHAN VA UNG DUNG — Tir Archimedes dén dé thi HSA TEAM Ceral

Loi giai.

10
f 0,3e%03tdt = [10e%93¢]3% = 10(e%3 — 1) = 3,5 triéu nguoi.
0

Chon A.

Mot chiée bat c6 dang nira mit cau ban kinh 10 cm. Rét nude vao bat dén do cao 5 cm (tinh tir
day). Thé tich nudc trong bat xap xi bang
A. 1309 cm?. B. 654,5 cm?. C.523,6 cm®. D. 2094,4 cm®.

R=10cm

—

h=5cm

Bat nira mat cau chira nuwoc cao 5 cm.

Loi gidi. Dat tam mat cAu tai géc, truc Ox théng ding, day bat tai x = —10; mat nudc tai x =
—5. Thiét dién 1a hinh tron ban kinh V100 — x2:

-° 5 6251
Vznj (100—x)dx=Tz654,50m3.
=1

Chon B.

Mot luc ¢6 d6 16n F(x) = 10 + 2x (N) kéo mot vat theo phuong cua luc, x 1a quang dudong
dich chuyén (mét). Cong cta Iyc khi kéo vat di 5 m Ia
A.501J. B. 60 J. C.1001. D.75 1.

Loi giai.
5

A= f (10 + 2x) dx = [10x + x2]3 = 75 J.
0

Chon D.
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Dién tich hinh phang gi¢i han boi elip 4x% + 9y? = 36 1a
A. 6. B. 36m. C. 3m. D. 127.

v .a. X2 Y2 s _ _
nglal.?+7—lcobantruca—S,b—Z.

8 9m
S = 41. \/ —dex_§ T=6

Chon A.

Thoi gian chd X (phut) ¢6 ham mat do f(x) = gxz trén doan [0; 2]. Xac sudt P(X < 1) =
J) f (x) dx bing
A2 B.
8

|-
@)
.

N.Ir—k
=)

FNEE

Loi giagi. P(X < 1) = folgxzdx _ g Chon B.

Gia trj trung binh ctia ham sb f(x) = sinx trén doan [0; 7] 1a

A B. 1. c.2. D.
2 T

SE

Lai gidi. f = — ["sinx dx = =. Chon C.

Gi6i han lim,, o, (—=+ ——+ -+ —) bing

A. 1. B.-. C.In3. D. In2.

Loi giai.
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n n
1 1 1 j’l dx D
= — _— = .
Zn+k nz k), 1+x .

k=1 k=11+ n

Chon D.

Gia tri cua [ \/x(1 —x) dx 1a

R
&
N |-

AL B.Z. C.
4 8

Loi giai.
2

y=m=>(x—%) +y2=%

(y = 0): ntra hinh tron ban kinh %, dién tich %n . % = g. Chon B.

Gia trj ca [ x (1 — x)° dx 1a

1 1
. B.—. C.—. D.—.
110 90 11

Loi gidi. batt = 1 — x:

! 1 1 1
1—Di?dt=——"—=—
jo( ) 10 11 110

Chon A.

Mot thung rugu dai 1 m ¢6 dang khdi tron xoay; ban kinh mit cit ngang cach tam thung x mét
lar(x) = 0,3 — 0,4x% (m), —0,5 < x < 0,5. Thung chtra dugc bao nhiéu lit ruou (lam tron dén

hang phan mudi)?
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r(x) =0,3 - 0,4x*

/——\ V = 1f r3(x) dx = 226 lit
0,2

il
-0,2 1 \/
04 -02 0 02 04
X (m)
MGt cdt doc va hinh dang thung ruou.
Loi gii.
0,5 0,5
V=n| (03-04x?)2dx=n| (0,09—024x?+ 0,16x*)dx
-0,5 -0,5

= (0,09 — 0,02 4+ 0,002) = 0,0727 ~ 0,2262 m?,
tic khoang 226,2 lit. Pap s6: 226,2

Mot hat chuyén dong thang véi van toc v(t) = t? — 4t + 3 (m/s). Tinh quing duong hat di
duoc trong 4 gidy dau (mét).

Loigiai. v(t) = (t — 1)(t —3) ddiddutait = 1,t = 3. [[v = g fv= —g, fiv= § Quing

duong bang g -3 = 4 m. Pap so: 4

Mat dap hinh chir nhat rong 20 m chin mdt ho nude sau 10 m. L'Qiy p = 1000 kg/m?, g = 10
m/s2. Tinh 4p luc ctia nudc 1én mit dap (don vi: meganewton, 1 MN = 106 N).

AplucF=[pgh-wdh (htif0dénH)

P 01
mat nuéc
> 10
> —-
E
— = 201
— dap (g
— (g_ 30 1
kel
—_—
— 40
4p suét tang theo dd sau: p = pgh 50

0 1 2 3 4 5
4p suat (x10° Pa)

Ap sudt nuée tang theo dé sdu.
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Loi giai. 0] d6 sau h ap suét p = pgh.
10 102
F =f 1000-10-h-20dh = 200000-T= 107
0

N = 10 MN. Pap s6: 10

Ham cau ciia mot mat hang 1a p = 100 — 2x (nghin dng, x nghin san pham). Tai mirc gia can
bang p, = 60, tinh thang du tiéu ding [ °[100 — 2x — p] dx (triéu ddng).

Loi gidi. 100 — 2x, = 60 = x, = 20. Thang du tiéu dung:
20
f (40 — 2x) dx = 800 — 400 = 400
0

(triéu dong). Pap sb: 400

Do chiéu rong mot mat hd tai cac mit cit cach déu 5 m duoc cac giad tri 0; 10; 14;12;0 (m).

Udc luong dién tich mat hd bang cong thire Simpson (m2, 1am tron dén hang phén tram).

14 m
m

mat cat cach déu 5 m
Cdic mdt cdt ciia mdt ho.
Loi gidi. Cong thirc Simpson véi h = 5,n = 4:
5 5
Sz§(0+4-10+2-14+4-12+0) =§-116z 193,33 m?.

Pap sb: 193,33
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Goi

1
sz x* (1 —x)*dx
0

Tinh
1
I

Loi giai. Khai trién

x*(1—x)* = x* — 4x° + 6x° — 4x7 + x8:
1 4

[=2-242_242- " vay==630. Pap sb: 630
5 6 7 8 9 630 1
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LOI KET

Ttr nhitng tam giac Archimedes 16ng vao manh parabol, nguyén li 14t cit ciia TS Hang, nhitng thung
ruou cua Kepler, dén ki hiéu [ ma Leibniz viét 1an ddu vao mot ngdy cudi thu ndm 1675, tich phan
da di mot hanh trinh hon hai nghin nam dé tro thanh mot chwong cua Toan 12. Pang sau nhiing
cong thire tudong nhu kho khan 14 mot y tudng gian di ma siu sic: mudn hiéu cdi toan thé, hay chia
né thanh nhitng phan thdt nhé, hiéu tirng phan réi céng lai; va mot phat hién ki diéu: phép cong
V6 $6 phan nhé dy chinh la phép todn nguoc cia dao ham.

Khi gdp mot cau hoi tich phan trong phong thi, hiy nhé bon cau héi: Ham nay c6 trong bdng
khéong? Pao ham cia phan ndo dang nam sdn trong tich phan? Cé phdi tich cia hai loai ham khéc
nhau? Co tinh doi xirng ndo dé khai thac? Va khi nhin héa don tién dién, dong hd téc do hay mot
chiéc binh gém, hay thu héi: dai lwong nao dang duoc tich liy, va no la dién tich dwoi do thi ndao?

Chuc cac em hoc sinh dat két qua cao trong ki thi HSA va ki thi tot nghiép THPT, va chiic quy thay
6 ¢ thém tu liéu dé ké cho hoc trd nghe cdu chuyén dep nay.
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