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Cau 1. (4,0 diém) Cho day so6 (u,) thod man u, = 2027 va u, = E(u"_, + ),Vn >2.

a) Chimg minh ring u, > J2026,vn21.

b) Chimg minh réing déy sb (u,) c6 gi6i han hitu han v tim gi¢i han do.
Céu 2. (4,0 diém) Cho dathirc P(x) c6 céc hé sb nguyén, biét réng ton tai ba s6 nguyén
X, X,, X, sa0 cho P(x)=2025, P(x,)=2026 va P(x,)=2027.

a) Chimg minh ring x, 13 nghiém nguyén duy nhét ciia phuong trinh P(x) = 2026.

b) Chimg minh ring phuong trinh P(x)=2029 c6 khong qui mét nghiém
nguyén.
Céu 3. (4,0 diém) Cho A(n)=10'""- 9” véi neN.

a) Tim mot gid tri ctia »n sao cho A(n) ¢6 hai chit sb tin cling giéng nhau.

b) Chimg minh ring néu 4(n) c6 k chit s6 tan cling gidng nhau thi k < 4.
Cau 4. (4,0 diém) Cho tam giéc nhon 4BC (4B < AC) ngoai tiép dudng tron (I). Goi
D, E, F lin lugt 12 tiép diém cua dudng tron (I) véi BC,CA, AB. Pudng thing AI
cét DE, DF 1an lugt tai P, Q. Pudng tron duong kinh PQ cét BC tai M, N.

a) Chitng minh ring BP song song véi CQ.

b) Chimg minh ring dudng tron ngoai tiép tam gidc AMN tiép xic véi dudng
tron (I )
Cau 5. (4,0 diém) Ban Hai t6 mau n s6 nguyén duong diu tién bdi ding k& mau, mdi
s6 chi t6 diing mt mau (k <»). Tim gid trj nhé nhét clia n sao cho véi moi céch td

luén ton tai hai s6 duoc t6 cling mau ma hiéu cia ching 13 sé chinh phuong trong mdi
truong hop sau:

a) k=2.
b) k=3.
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20L3i giai

(E[TRY (4,0 diém) Cho day s6 (u,) théa man u; = 2027 va u, =
1 2026
5 (Un—1+ ) ,Vn > 2.

Un—1
a) Chiing minh rang u, > 1/2026,Vn > 1.

b) Chiing minh rang day sb (u,) c6 gidi han hitu han va tim gi6i han doé.

@ Loi giai.

a) T cong thitc truy hoi ctia day (u,), ta duge u, > 0,Vn € N*.
Ta c6: u; = 2027 > 4/2026. Vay khang dinh ding v6i n = 1.
V6i n > 1, ap dung bat dang thic AM-GM, ta co:

1 2026 1
Up = = | up_1 + > = .24/2026 = v/2026
2 Up—1 2

Vay khing dinh ding véi moi n € N* hay u,, > v/2026, Vn € N*.

b) V6i moi n > 2, cha ¥ rang u, > /2026, ta co:

1 2026 1 (2026 12026 — u2_,
Up = Up—1 = 5 | Up—1 + —Up-1= 75 —Up1 | =5 —— <0
2 Up—1 2 Up—1 2 Up—1

Vay (u,) 1 day gidm va bi chan dudi bdi v/2026 nén theo tiéu chuan Weierstrass, day
(un) €6 gidi han httu han. Dat limwu, = L. Tu cong thitc truy hoi ctia (u,), ta cho
n — 400, ta dugc:

1 2026 L 1013
L=—-(L+—— —=—%& L=+v202
2( + L)®2 i < 026

Chi § rang u, > v/2026,Vn € N* nén L = 1/2026. Vay lim u,, = v/2026.
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(4,0 diém) Cho da thiic P(z) c6 cac hé sb nguyen, biét ring ton tai
ba s6 nguyén xy, xa, 3 sao cho P(x;) = 2025, P(xq) = 2026 va P(z3) = 2027.

a) Chiing minh rang z, 13 nghiém nguyén duy nhat ctia phuong trinh P(x) = 2026.

b) Chiing minh rang phuong trinh P(z) = 2029 c¢6 khong qua mot nghiém nguyén.

@ Loi giai.

a) Cha y rang a — b|P(a) — P(b) véi moi cap s6 nguyéen a,b va a # b. Khi d6 ta c6
x9 — x1|P(x9) — P(x1) hay xo — z1|1. Tuong tu, ta duge xzo — x3|1.

N ZEQ—fL’lzl I’Q—ZL'lz—]_ R X
Cha y rang x; # r3 nén ta dugc ho#c . Tt ca hai
$2—I3:—1 (L’Q—l’g:l
T+ x
truong hop, ta duge zo = ! 5 3
Gia st ton tai s6 nguyen a 1a nghiém ctia phuong trinh P(z) = 2026. Khi d6 ta dugc

P(a) = 2026. Lap luan tuong ty, ta dugec a = T1t 3

= Iy.
Vay phuong trinh P(x) = 2026 c6 nghiém nguyén duy nhat x,.

b) Xét phuong trinh P(z) = 2029. Khi d6, gid st phuong trinh P(z) = 2029 c¢6 nghiém
nguyén a, ta chiing minh a la nghiém nguyén duy nhat.
Chu y ring a — x1|P(a) — P(x1) nén a — x1|4. Tuong ty, ta duge a — x3|2 va a — xo|3.

Tu cau a), ta dugc 1, T2, x3 1a ba s6 nguyén lien tiép (néu xép tang dan) va a #

X1, L2, X3

Xét truong hop z1 < x9 < w3, ta c6 cac kha nang sau:

e Kha nang 1: a < xy. Khi do, |a — x3] > |z1 — z3| = 2. Vo Iy.

e Kha nang 2: a > x3. Liuc nay ta dudgc a —x; = 4;a — x5 = 3;a — x3 = 2. C6 duy

nhat mot gia tri a nhu vay.
Xét truong hgp x1 > x9 > x3, ta c6 cac kha nang sau:

e Kha nang 1: @ > xy. Khi d6 |a — x3| > |21 — x3] = 2. Diéu nay 1a vo ly.
e Khining 2: a < w3. Khi d6 a — 21 = —4;a — x5 = —3;a — 13 = —2. C6 duy nhat

mot gia tri a nhu vay.

Vay tit tat ca cac truong hgp, phuong trinh P(x) = 2029 c¢6 khong qua mot nghiem

nguyen.
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(4,0 diém) Cho A(n) = 10™" — 9°" v6i n € N*.

a) Tim mot gia tri cia n sao cho A(n) ¢6 hai chit s6 tan cing giéng nhau.

b) Chiing minh ring néu A(n) c6 k chit s6 tan cling giong nhau thi k& < 4.

@ Ldi giai.

a) Chi § 10" =0 (mod 10);9°" =9 (mod 10) véi moi s6 nguyén duong n. Vay ta dugc
A(n) =0—-9 =1 (mod 10). Do d6, néu A(n) c6 nhiéu chit s6 tan cing giéng nhau
thi cac chit s6 d6 phai la 1.

V6i n = 1, ta chitng minh A(1) = 11 (mod 100) hay 9 = —11 (mod 100).
That vay, ta c6 92 = —19 (mod 100);9* = —39 (mod 100);9® = 21 (mod 100);9° =
—11 (mod 100).

Vay A(1) = 11 (mod 100) hay A(1) c¢6 hai chit s6 tan cung giéng nhau.

b) Gia st ton tai s6 nguyen duong n dé A(n) c6 5 chit s6 tan cuing giéng nhau. Chi ¥
rang A(n) = 1 (mod 10) nén 5 chit s6 tan cung ctia A(n) 1a 11111. Ltc nay ta duge
A(n) = 11111 (mod 10%).

Do 10" > 5 nén 10" = 0 (mod 10%). Vay —9%" = 11111 (mod 10%) = 99" =
11111 = 25 (mod 32).

Ta c6: 9 = 9 (mod 32);9% = 17 (mod 32);9% = 25 (mod 32);9* = 1 (mod 32). Vay
dé 9°" = 25 (mod 32) thi 9" = 3 (mod 4). Tuy nhién diéu nay la vo Iy vi 9" = 1
(mod 4).

Vay A(n) khong thé c6 5 chit s6 tan cliing 14 giong nhau hay néi cach khéc, néu k la
s6 chit s tan cling gidng nhau ciia A(n) thi k < 4.
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Bai toan 4
(4,0 diém) Cho tam giac nhon ABC(AB < AC) ngoai tiép duong

tron (I). Goi D, E, F lan lugt 1 tiép diém ctia duong tron (I) v6i BC,CA, AB.
Duong thing Al cit DE, DF lan ludt tai P, Q. Dudong tron dudng kinh PQ cit
BC tai M, N.

a) Chiing minh ring BP song song véi CQ.

b) Chitng minh ring dudng tron ngoai tiép tam giac AM N tiép xtc v6i dudng tron

()-

@ Ldi giai.

a) Xét ti giac IDQC, ta co:

ABC  BAC + ACB  —

QDC = FDB = 90° —

5 5 =QIC

Vay tit gidgc IDQC ndi tiép. Do d6 1QC = IDC = 90°.

Xét ti giac IPDB, ta co:

A(;B _ BACJ;ABC _BIp

PDC = 90° —
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Vay tit gidgc BIPD ndi tiép. Do d6 IPB = IDB = 90°. Cha ¥ 1QC = 90°. Vay
BP//CQ.

Goi K la giao diém ctia AQ va BC, L la trung diém PQ. Lic nay L 1a tam dudng
tron ngoai tiép ti giac PMQN.

Theo dinh 1y Thales va tinh chat duong phan giic, ta co:

KP KB AB _ ABcos BAK AP
KQ KC AC  ACcosCAK AQ

Vay (AKPQ) = —1 = M(AKPQ) = N(AK PQ). Cha § ring do MPLMQ, NPLNQ
nén M P, NP lan lugt la phan gidc trong clia m, m; M@ va NQ lan luot 1a
phan gidc ngoai clia AMN , ANM. Khi do6, P va @ lan luot 13 tam duong tron noi tiép
va tam dudng tron bang tiép tng véi goc A ciia tam giac AMN.

Khi d6 trung diéem L cta PQ la diém chinh gitta cung nhé MN cla dudng tron
(AMN).

Ta ¢6: DQI = DCI = IDP. Do d6 AIDP « IQD = ID* = [P.IQ = IL? — LP>.
Vay duong tron (DEF) va duong tron (M PNQ) truc giao. Khi d6 Pr,per) = LP2.
Chu y réing LM? = LN? = LK.LA. Xét phép nghich ddo Z,p2), ta duge (DEF) —
(DEF),BC = MN ~ (AMN). Do phép nghich d4o béo toan goc va BC' tiép xic véi
(DEF) nén (AMN) tiép xtc véi (DEF).
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(4,0 diém) Ban Hai t6 mau n s6 nguyéen duong dau tien béi ding k
mau, moi s6 chi t6 ding mot mau (k < n). Tim gia tri nho nhat ctia n sao cho véi

moi cach t6 luon ton tai hai sé duge t6 cling mau ma hiéu ctia ching 1a s6 chinh

phuong trong moi truong hop sau:

a) k=2
b) k=3
@ Ldi giai.

a) V6i n = 4, ta phan hoach tap {1;2;3;4} thanh hai nhém, mdi nhém gom cac s6 dugce
t0 cung mau.

Xét phan hoach {1;3},{2;4}, ta nhan thay phan hoach nay khong c6 hai sé ndo duge
t6 cing mau ma hiéu gitta s6 16n va s6 nho 1a s6 chinh phuong.

Vay n > 5. Véi n = 5, ta chitng minh moi cidch t6 mau déu théa man bai toan.

That vay, gid sit ton tai cach to6 mau khong théa man bai toan véi n = 5. Khi do, hai
sO tu nhien lien tiép khong duge to6 ciing mau. Do dé, cac s6 1,3, 5 dugde to ciing mau.
Tuy nhién 5 — 1 = 4 1 s6 chinh phuong nén diéu nay vo 1.

Vay gia tri nho nhat cta n 1a 5 véi k = 2.

b) Nhan xét: v6i s6 tu nhien r bat ki, bo s6 (r, 749, r+25) va (r, r+16,7425) ¢6 ba s6 duge
t6 b6i ba mau khéac nhau. Do d6, véir = 1,2,3,4. Cac bo (10, 17); (11, 18); (12, 19); (13, 20)
c6 hai s6 dude t6 cling mau.

Theo nguyén 1y Dirichlet, trong 4 bo viia liét ke, ton tai hai bo c6 4 s6 dude to6 cling
mau. Tuy nhién, bing cach kiém tra lai timg cdp bo s6, ta nhan thay ring luon ton
tai hai s6 dugc to ciing mau va hiéu gitta s6 16n va sd nhé 1a s6 chinh phuong.

Khi d6, gia tri n» nhé nhat théa man 4 bo s6 trén xuat hién va c6 hai bo gom 4 s6 to
cing mau 1a 4 + 25 = 29. Vay v6i n = 29, luon tim dugdc hai sé cing mau va hiéu gitta

s6 16n va s6 nho 1a sé chinh phuong.

V6i n = 28, ta xét phan hoach sau:

o 1,4,6,9,12, 14,19, 24, 27.
e 2.5 7,10,15,17, 20, 22, 25, 28.
e 3.8 11,13,16, 18, 21, 23, 26.
V6i mdi s6 trong cting mot nhém, ta t6 cing mot mau va moéi nhom khac nhau duge

to bdi mdi mau khac nhau. Cach to nay théa man khong c6 hai sé duge to cling mau

c6 hieu 1a mot s6 chinh phuong. Vay gia tri nho nhat ctia n 1a 29 véi k = 3.
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