SO GIAO DUC VA PAO TAO KY THI OLYMPIC TOAN HQC TOAN TRUONG

TINH AN GIANG VONG LOAI 1 CAP TRUNG HQC PHO THONG
. ‘ NAM HOQC 2025 — 2026
TRUONG THCS VA THPT Ngay thi: 25/12/2025
BINH CHANH (Dé thi gom 01 trang, 07 cdu hoi)
PE THI CHINH THUC

Céu 1. (2,0 diém) Giai phuong trinh sau: sinx + cosx + sin2x + 1 = 2\/§sin(x + g)cosx

Uy + Uip = 23

Cau 2. (1,0 diém) Cho cong thic truy hdi ciia ddy s6 cap s6 cong (un): { " ton =4
27 ~ U3 =

Tim s6 hang dau tién va sd hang tong quét ctia diy so.
Céu 3. (2,0 diém) Cho day s6 (u,) thoa man u, =5 Vi = w2 +u, , Vn€N*

1 1 1
bat S, = + + + ...+ . Tinh giéi han lim S,
u1+1 u2+1 u3+1 un+1 n—-+oo

Cau 4. (2,0 diém) Cho hinh chop S. ABCD c6 day ABCD la hinh thoi canh a, géc ABC = 60°.
Hai mat phang (SAB) va (SAD) cing vudng gbc voi miat phang day (4BCD). Goi M 14 trung diém
ctia canh SC. Biét goc giira duong thang BM va mit phang day (4BCD) bang 45°.

a) Tinh thé tich khbi chop S. ABCD theo a.

b) Tinh khoang cach giita hai duong thang 4B va SD.

Cau 5. (1,0 diém) Ta c6 ba sb a, b, ¢ lan luot 1ap thanh mot cép ) cong lan luot 1a s6 hang thir
nhat, thtr ba va thir nam. Mit khac, ba s6 d6 ciing 1ap thanh mot cap s6 nhan véi a 1a s6 hang thir
nhat, b 14 s6 hang th ndm va ¢ 13 sb hang tha bay. Tinh gia tri ctia biéu thic T=2a+ b + ¢

sin2920"x + 2020

,n € Z . Chimg minh rang f{x) 1a mot ham s6
COSx

Céu 6. (1,5 diém) Cho ham sb f{x) =

chan.

Céu 7. (0,5 diém) Cho ham s f{x) lién tuc trén doan [0;1] va thoa man f{0) = A1). Chimg minh

N /e . K A N A . 1
rang v&i moi sO nguyén duong n = 2, ludn ton tai so thuc m € [0;1 - ;] sao cho:

o= )

------ HE T

Luru y: Thi sinh khong dwoc sir dung may tinh cam tay
Thi sinh phai lam trén gidy thi, gidy nhap do giam thi phat



SO GIAO DUC VA PAO TAO KY THI OLYMPIC TOAN HQC TOAN TRUONG

TINH AN GIANG VONG CHUNG KET 2 CAP TRUNG HQC PHO THONG
‘ ‘ NAM HOQC 2025 — 2026
TRUONG THCS VA THPT _Ngay thi: 30/04/2026
BINH CHANH (Dé thi gom 01 trang, 08 cau hoi)
PE THI CHINH THUC

Céu 1. (1,0 diém) Giai phuong trinh ham s6 mii sau ddy trén tap sb thuc R: 3% + 5% = 2.4%

Céu 2. (2,0 diém) Tim tit ca cac gid tri thuc cia m sao cho phuong trinh sau c6 hé nghiém duy
nhét 13 hé nghiém (x;y)
{logz(x2 +)*+2)< 1 +log,(xy+1)
xty=m

Ciu 3. (1,0 diém) Cho ham s6 fix) = VT =2 . Tinh gid trj biéu thic P =£"(2). f(%) f(?)

x%l+4

Ciu 4. (1,0 diém) Ta c6 day s6 (x,) thoa man x, = . Chtrng minh rang diy sé c6 gidi

han va tim giéi han do.

Ciu 5. (1,0 diém) Cho hinh chép S. ABCD c6 déy ABC 1a tam gidc vudng tai B, canh AB = a va
canh AC = av/5. Canh bén S4 vudng goc voi miat phang day (4BC) va SA = 2a. Goi M 1a trung
diém cua canh AB.

a) Tinh thé tich khoi chop S. ABCD theo a

b) Tinh khoang cach tir diém M dén mit phang (SBC)

Cau 6. (2,0 diém) Mot 16p hoc c¢6 40 hoce sinh. Trong do, c6 22 hoc sinh thich mon Toan, 18 hoc
sinh thich mon Vat 1y, va 15 hoc sinh thich moén Hoéa hoc. Biét rﬁng ¢6 9 hoc sinh thich ca Toan
va Vat ly, 7 hoc sinh thich ca Vat 1y va Hoa hoc, 6 hoc sinh thich ca Héa hoc va Toan. Ngoai ra,
¢6 3 hoc sinh thich ca 3 mén hoc trén.

a) Tinh s6 hoc sinh cta 16p it nhat thich mot trong ba mén hoc (Toan, Ly, Hoa).

b)Nha truong can chon ngau nhién tir 16p hoc d6 mot nhom gdom 3 hec sinh. Tinh s6 cach chon
nhém sao cho c6 it nhat 1 hoc sinh khong thich bat ky mén hoc nao trong ba mén trén.

Céu 7. (1,0 diém) Tim tit ca da thirc P(x) thoa min P(x?) = x> . P(x) v&i moi x sd thuc

Cau 8. (1,0 diém) Cho da thirc A(x) = x° — x° + x* — x> + x> —x + 1. Chtmg minh A(x) bit kha
quy.

—HET—

Luru y: Thi sinh khong dwoc sir dung may tinh cam tay
Thi sinh phai lam trén gidy thi, gidy nhap do giam thi phat



TRUONG THCS VA THPT KY THI OLYMPIC TOAN HQC TOAN TRUONG
BINH CHANH VONG LOAI 1 CAP TRUNG HQC PHO THONG

NAM HOC 2024 — 2025

PAP AN CHINH THUC - Chim dtng theo ¥

- Néu thi sinh 1am céch khac, vAn chidm nhu
binh thuong, ding theo tung y

Cau Noi dung
1 Ta cd: sinx + cosx + sin2x + 1 = 2\/§sin(x + E)cosx
(2,0 4
diém) =0
Pit sinx + cosx = ¢ (|f| < V2) ©& £ —2tcosx +1=0 & {
t=2cosx — 1
+Véit=0 < sinx + cosx = 0 ¢>x=—§+k7r (k € 7)
& _ . T\ _ x:kZTC
+Voit=2cosx—1 & \/Esm(x— Z) =—1& {x: 3771 o (ke Z)
Vay phuong trinh c¢6 nghiém x = — g +kw ; x=K2m;, x= 37” + k27 (k€ Z)
2
(1,0 D 14 cén 38 c6 51 ta ¢6 hé thite truy hoi: 2u; +21d=23
diém) 0 (un) la cap s6 cong nén ta c6 hé thuc truy hoi: { Ad =4
& {bclz’l: 11 . Vay s6 hang dau tién 12 u; = 1 va s6 hang tong quat 13 u, = n
voi Vn € N*
3 Ta €6 unt1 = Uz + ttn & tnt1 = tn(tn + 1) & L
(2,0 n+1 n n ntl n\Un uptl tn g
diém)
. ) 11 11 11 11 1
Vaytaco Sp=——— + ———+ .+ ———=—-—=2—
up up U us Up  Upt+] UL Upt Up+1
1 .
Do 11 =35>0 Vi e = U2 + up >ty , néN u, > 0 va diy s6 (u,) 1a mot day
sO tang nghiém ngit.
+ Gia st (u,) bi chin trén, suyra L=L>+ L < L =0 (vé Ii)
Nén lim u, =+ & lim S,=2
n—+oo n—+oo




0,5d

5

b
//l?\'
A

0,5d

+ Hai mit phang (SAB) va (SAD) cing vudng goc véi day (4BCD). Do do,
giao tuyén ctia chung 1a S4 L (ABCD). Vay SA la dudng cao cta hinh
chop
+ P4y ABCD la hinh thoi canh @, c6 ABC = 60° . Suy ra ABC la tam giac
a*\3
2

déu ,nén Supcp=2. Sapc =

0,25d

Goi H 1a trung diém ctia AC. Vi M 1a trung diém cua SC va SA4 L (ABCD)
=> MH || SA, do d6 MH 1 (ABCD)

Hinh chiéu vuong goc cua M 1én mat phang (ABCD) 1a H, nén hinh chiéu
ctia duong thang BM 1én day 1a BH

Goc giita BM va (ABCD) 1a goc MBH = 45°. Do d6, MBH 1a tam giac
vuong can tai H, nén MH = BH

0,25d

a3
Trong tam giac déu ABC canh a, duong trung tuyén BH =

Nén MH = BH = % . Do MH Ia duong trung binh cua tam gidc SAC nén
SA=2. MH=aV3

. . 1 3
Thé tich khi chop: Vs. asco = 7. SA. Sasco ="

b)

0,25

Ta ¢ AB || CD => AB || (SCD), do d6 d(4B,SD) = d(4B, (SCD))
— d(4, (SCD))
Ké AK L CD tai K. Vi ABCD 14 hinh thoi c6 ABC = 60° => ADC = 60°

\ ’ 3
Tam giac ADC déu canh a, nén K chinh la trung diém cua CD va AK = %_

0,25

Taco CD L AKva CD 1 SA=>CD 1 (S4K)
Ké Al L SK tai I (I thuoc SK). Vi CD L (SAK) nén CD L Al, vay suy ra
rang AI 1 (SCD)
Vay d(4, (SCD)) = Al
Ta c6 hé thirc lugng trong tam gidc SAK vudng tai 4, dudong cao Al
1 1 1 g\/_

— = — 4 —= O A]=
AP SA? AK2

(Két luan)




0,25

Tac()a,b,clécépsécq‘)ngnéna=u1 ,b=u+2dvac=u +4d
Tu do suyra2b=a+ c (*)

Mit khac a, b, ¢ 1a cAp s nhannéna=vi , b=a.q*, c=a.q°
Thay vao (*) ta duoc: 2(aq)* = a + aq®

0,5

Truong hop 1: Néua =0 a=b=c=0&T=0
Truomg hgp 2: Néua # 0 ¢* - 2¢*+1=0 (¢* - D(g*-¢*+1)=0

D@=1®g=+1®a=b=c,nénT=4a
ig*—¢*+1=0.Pitg?=x(x=0) S x>*-x+1=0

e

2

Lx = 1_—\/5 (loai)

1++/5 11+345
+Voéig® = @Tza.( \/_)

2

11+3+5

VéiT=4avaT=a. ( ) thi biéu thirc bi phu thudc vao a va a chay

v6 han va gia tri T thay d6i lién tuc.
Mit khac ta c6 dinh 1i rang néu a, b, ¢ cing 1ap thanh cap s6 cong va cap

sd nhan thi @ =b=c . Hon nita, a, b, ¢ la cac sb hang c6 thu ty nén trudong
hop 1 thbamanlaa=b=c=0.Vaygidtri T=0

Ta ¢6 tap xdc dinh 1a cosx # 0 & x € R\ {Z + &z, k € Z}

Ta ¢ voi moi x € R\ {Z + kz, k € Z} va fix) 1a ham s6 chin khi va chi
i S=x) = fx)
t V() ERV{E +kx, k €z}

sin?*2%"(_x) + 2020

cos(—x)

Xét f(-x) =

Ta ludn c6: sin(—x) = —sinx ; Do 2020 ludn 1a s6 chan véi moi s6 nguyén
sin?2""x + 2020

COSx

2020n

n, nén sin?2%(—x) = sin*®2%x va cos(—x) = cosx & fl—x) =

Vay fl—x) = fix). Suy ra ham s 1a mot ham s6 chin

Xét ham sé g(x) = f(x + %) — fix) x4c dinh va lién tuc trén [O;l — ﬂ

Xét tong sau:
n—1

Suy ra §=f(1)— £0) =0




ca o 3 r . 1
Gia st rang g(x) # 0 vo1 moi x € [0;1 — ;]
Do g(x) lién tuc nén chi c6 thé ludn duong hodc 4m trén doan xac dinh

+ Néu g(x) > 0 thi:

. k=0
Mau thuan vi §=0
+ Néu g(x) <0 thi:
n—1
k
2.¢(z) <
n
k=0

Mau thuin vi S =0

YA A A <y J4 A < R 1
Vi vay ludn ton tai it nhat mot di€ém m € [0;1 - ;] sao cho g(m) =0

& j(m + 1) = fim) (diéu phdi chitng minh)

---HET---




TRUONG THCS VA THPT KY THI OLYMPIC TOAN HQC TOAN TRUONG

BINH CHANH VONG 2 CHUNG KET CAP TRUNG HQC PHO THONG
NAM HOC 2024 — 2025
PAP AN CHINH THUC - Chim dtng theo ¥
- Néu thi sinh 1am cach khac, vAn chim nhu
binh thuong, ding theo tung y
Cau Noi dung
1 T r_3x+5x_2 4x¢>(§)x+(§)x_2d 4X>0 7. .
(1,0 a co: =2. 2 2 (do vG1 moi x)
diém)
. N~ 5\* L2
Xét ham so flx) = (4_1) + (Z) , do day la mgt ham s6 tong cua hai ham
mil co s6 duong nén f(x) 1a mot ham 16i. Do f(x) giao voi duong t}léng
y =2, theo tinh chat ham 161 thi chi giao v&i duong thang ngang toi da 2
nghiém
. 3.5 ,
+Xétx=1 <=>Z+Z=2(dung)
+Xétx=0 < 1+1=2(dang)
Cho nén phuong trinh ¢6 hai nghiémlax=0vax=1
2
(2,0 Ta c6 diéu kién 1a: x> + y* + 2 > 0 (luén diing) vaxy +1>0
diém)

Xét: log, (x¥* +y* +2) < 1 +log, (xy + 1)

& log, (x* +)* +2) < log, (2) + log, (xy + 1)
< log, (2+)y*+2) < log, (2xy + 1)

S x-yP><0

Do (x —y)?> = 0 véi moi x, y nén dang thirc xay ra khi va chi khi x =y
Ta co:
xX=y
{x ty=m

m 2

m N
Suy rax=—;y=> .Xétdiéukiénxy+1>0<i>m7+1>0(d1'mg)

2 b

Vivay dieu kién ctamlam € R




(1,0 Taco: f(x) = (V1-x2) =
diém) - x?

) AN 1Y V3 ) B
Taxet.f(z)———3, f(\/i)_ 1, f(2 =3
w8 ()

tytaco: P=F\J)I\F)N\T) =
(140 Giai phuong trinh dic trung: L? — 5L +4 =10 {é 411
dié’m) Vay ta dé dang chimg minh bang quy nap rang 1 <x, <4:
x% - 5x, +4
Mat khac ta xét: xp+1 —xn = f
Xét biéu thirc P(x,) = x> — 5x,+ 4. Xét tam thirc bac hai thi P(x,) < 0 véi
moi 1 <x, <4, nén suy ra x,+1 < Xn.
Ta két luan rang day s (x,) 1a ddy sb giam lién tuc.
Theo dinh 1i Weiterstrass thi (x,) 1a day s6 giam va bi chan boi 1 <x, <4
v6i n dan tién vé vo cung, do d6 day s s& tién gan dén gidi han hiru han 13
L =1, vay ta dé dang suy ra 11r£1 (x,) =1
5 a)
(1,0
diém)

0,25d




0,25

+ Xét tam gidc vuong tai B: BC = AC*-AB* =2a

1
+ Dién tich day ABC: Supc = > AB. BC = a?

243

, , 1
+ Theé tich khoi chop 1a: Vs.apc SA = 3 Sapc. SA = 3

b . 1
) Vi M 1a trung di€ém cua 4B, nén: d(M, (SBC)) = > d(4, (SBC))
Goi H thudc canh SB sao cho AH 1a duong cao ha xuéng SB, nén ta dé
\ . BC 1 AB
o -
dang suy ra AH L SB tai H. Do {BC |y @ BC L(S4B)=>BC L AH.
0,25
Do d6 AH L (SBC) hay d(A4, (SBC))=AH
Xét tam gidc SAB vudng tai 4, h¢ thuc luong cho duong cao AH:
1 1 2a a5
— = —5+— & AH == dM, (SBC) = —
6 a) | Goi 4 1a tap hop hoc sinh thich Toan => n(4) =22
(2,0 Goi B 1a tap hop hoc sinh thich Vat ly => n(B) = 18
diém) Goi C 1a tap hop hoc sinh thich Héa hoc => n(C) = 15
0,5 | Suy ra:
Thich cd Toan va Ly: n(4 N B)=9
Thich ca Ly va Héa: n(B N C)=7
Thich ca Toan va Héa: n(4 N C) =6
Thich cdbamén: n(ANBNC)=3
S6 hoc sinh thich it nhat mot trong ba mon la:
0,5
nAUB UC)=n(A)+nB)+nC)—nANB)—n(BNC)—nANnC)+
n(4 N BN C)=36 (hoc sinh)
b) | Tir cu a) s hoc sinh khong thich mén nao 1a: 40 — 36 =4
Khoéng gian mau chon ngau nhién 3 ban tir 40 ban: Cio = 9880 (cach)
1,0
Ta ¢6 s cach chon 3 hoc sinh thich it nhat mot mén 1a: Cgé = 7140 (cach)
Vay sb cach chon 3 hoc sinh khong thich it nhat mot mon la: 9880 — 7140
= 2740 (cach)
7 Trudc tién, ta xét P(x) dong nhat véi 0, thay vao ta dugc 0 = 0.0 (luon
(1,0 dung) . )
diém) Xét truong hop P(x) khong dong nhat voi 0, dat degP(x) =n (n = 0)
0,5

Ta xét bac cua hai vé: deg(P(x?)) = 2. degP = 2n

Dit O(x) = x* va degQ = m = 3, vi vay:




deg(x®.P(x)) = deg(Q.P) = degQ + degP =3 +n

Vivaytacoduoc2n=3+n < n=3

Chinh vi vay P(x) 1a mét da thirc bac 3, nén c6 dang tong quat:
P(x)=ax*+bx*+cx+d

S P =ax®+bx*+cx*+d

& X3 P(x)=x>. (ax® + bx* + ex + d) = ax® + bx® + ox* + dx’

Ta can bang hé so6:
So sanh cac hé so cua x°:

(=)}

ax® = ax® (luén ding véi moi a)

0,5 | Sosanh céc hé s cia x*: bx*=bx’ & b=0
So sanh cac hé s cua x*: exl=cxt*®c=0
So sanh cac hé so cua x*: d=d’ & d=0
Vi vay da thtrc thoa man 1a P(x) = ax® (a la s6 thuc tuy )
Thir lai P(x?) = ax® va x>.P(x) = ax® (ding)
8 0,5 TaC(')A(x)=)g6—x5+x4—x3+x2—x+1
(1,0 Ta nhan hai vé v&i mot lugng (x + 1) & A(x) . (x + 1) = (x + 1)(x®* —x° + x*
diém) —X+x-x+ D) (x£E-1)
Ap dung tinh chat: (x + (X" —x"' +x"2- ..+ 1) =x""+(=1)
\ , £ , x7+1
Tur da thue A(x) ta thay n =6, suy ra ta c6 dugc: A(x) = 11 (x#-1)
‘ (y-1)7+1
Ta thay x =y — 1 vao 4A(x) ta dugc: Q(y) =A(y — 1) = ————
0,5 Tu phén ttr thirc, ta khai trién nhj thirc Newton:

7
>y (-1
k=0

Suy rata duoc: (v — 1) + 1 =y" = 1y® + 21y° — 35)* + 35)° — 2132 + 7y

Tir d6 ta rat y cho tir mau, suy ra:
O0) =»° — Ty + 21" =353 +35)2 21y + 7

Chon s6 nguyén td p =7 , ta c6 cac yeu td nhu sau:

(1) Hé s6 cao nhat 1a 1 khong chia hét cho 7

(2) Cac hé sb con lai 7,21,35 déu chia hét cho 7

(3) Hé sb tu do 1a 7 thi chia hét cho 7, nhung khong chia hét cho binh
phuong cua 7 14 49




Vay ton tai s6 nguyén t 1 p = 7 thoa man cac diéu kién trén theo tiéu
chuan Eisenstein nén Q(y) bat kha quy trén Z[x]

Ma da thirc méi O(y) bit kha quy, din dén da thic gde A(x) bit kha quy
trén Z[x] (dpcm)

---HET---
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