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Chuong

UUNG DUNG DAO HAM DE KHAO

SAT VA VE DO THI HAM SO

51. TINH DON BIEU VA CUC TR CUA HAM SO

LY THUVET CAN NHG

1. Tinh don diéu ctia ham sbé

binh nghia 1.1. Gia st K 1a mét khoang, moét doan hodc mot nira khoang va y = f(x) 1a ham
s6 xac dinh trén K.

® Ham s6 y = f(x) dugc goi 1a dong bién trén K néu Vxq, xp € K, x1 < xo = f (x1) < f (x2).

@ Hamsby = f(x) dugc goi la nghich bién trén K néu Vxy, x € K, x1 < xo = f (x1) > f (x2).

A o Nounimsi dong bién trén K thi do thi ctia ham so di lén tir trdi sang phdi (H.1.3a). Néu ham sb
nghich bién trén K thi do thi ciia ham so di xudng tir trdi sang phdi (H.1.3b).

y Y
f(x) | |
| |
| |
| | | |
o | . 0 | .
a b a b
a) Ham s6 dong bién trén (a; b) a) Ham s6 nghich bién trén (a; b)

© Ham s6 dong bién hay nghich bién trén K con duoc goi chung la don diéu trén K. Viéc tim cdc
khodng dong bién, nghich bién ciia ham s6 con dugc goi la tim cdc khodng don diéu(hay xét tinh
don diéu) ciia ham so.

@ Khi xét tinh don diéu ciia ham s6 ma khong chi 1o tdp K thi ta hiéu la xét trén tdp xdc dinh ciia
ham s do.

Dinhly 1.1. Cho ham s6 y = f(x) c6 dao ham trén khoadng K.

@ Néu f'(x) > 0 v6i moi x € K thi ham s6 f(x) dong bién trén khoang K.

@ Néu f'(x) < 0 v6i moi x € K thi ham s6 f(x) nghich bién trén khoang K.
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{30 1. TINH DON DIEU VA CUC TRI CUA HAM SO

2. Cuyc tri cia ham sb

Dinh nghia 1.2. Cho ham s6 y = f(x) xac dinh va lién tuc trén khoang (a;b) (a c6 thé 1a —co, b
c6 thé 1a +c0) va diém x; € (a; b).

® Néu ton tai s6 & > 0 sao cho f(x) < f(xp) v6i moi x € (xo — h,xog +h) C (a;b) va x # xg
thi ta n6i ham s6 f(x) dat cuc dai tai xo.

® Néu ton tai s6 h > 0sao cho f(x) > f (xo) voi moi x € (xg —h,xo+h) C (a;b) va x # xo
thi ta n6i ham so f(x) dat cyc tiéu tai x.

A © Néu ham soy = f(x) dat cuc dai tai xo thi xo duoc goi 1a diém cuc dai ciia ham so f(x). Khi dd,
f (o) duoc goi la gid tri cuc dai cita ham s6 f(x) va ki hiéu la fcp hay ycp. Diém My (xo ; f (x0)
) duge goi la diém cuc dai ciia do thi ham so.

© Néuhamsoy = f(x) dat cuc tiéu tai xo thi xo duoc goi la diém cuec tiéu cita ham so f(x). Khi dé,
f (x0) duoc goi la gid tri cuc tiéu ciia him so f(x) va ki hiéu la for hay yer. Diém My (xo; f (xo))
duoc goi la diém cuc tiéu ciia do thi ham so.

® Cic diém cuc dai va diém cuc tiéu dugc goi chung 1a diém cuc tri. Gid tri cuc dai va gid tri cuc
tiéu dugc goi chung la gid tri cuc tri (hay cuc tri) ciia ham so.

Phuong phap 1.1. Tir dinh Ii trén ta c¢6 cdc budc tim cyc tri ciia ham s6 y = f(x) nhu sau:
a) Tim tap xac dinh ctia ham sé.

b) Tinh dao ham f’(x). Tim cac diém ma tai d6 dao ham f’(x) bang 0 hodc dao ham khéng
ton tai.

c) Lap bang bien thién ctia ham so. Tt bang bién thién suy ra cac cuc tri cia ham so.

vi DU MINH HOA
g Vicu1

Tim cac khoang don diéu va cac diém cuc tri ciia ham s6 sau
a) y = —x>+3x% — 4; b) y = x> —3x%+1; c) y=x3+3x2+3x+2;

d) y = —2x* +4x%; e) y=x*+4x3—1; f) y=—16x*+x—1.

T

Tim cac khodng don diéu va cyc tri cia cdc ham s6 sau:

2) C2x+1 b) C3x+1 0 X420 42

YT ar1 YT a1 L
4

d)y:x—k;; e) y=Vx2—2x; f) y=x—3Va2,
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Chuong 1. UNG DUNG PAO HAM PE KHAO SAT VA VE pd THI HAM SO m

s

Thé tich V (don vi: centimét khodi) ctia 1 kg nudc tai nhiét do T (0°C < T < 30°C) dugc tinh bai
cong thirc
V(T) =999,87 — 0,06426T + 0, 0085043T2 — 0,0000679T°

Hoi thé tich V(T), 0°C < T < 30°C, giam trong khoang nhiét d6 nao?

@ PHAN LOAI VA PHUGNG PHAP GIAI TOAN

Dang @ Tim khodng don diéu va cuc tri clia ham sé cho trudc

@ Tim tap xac dinh & cia ham s6 y = f(x) .

® Tinh dao ham f’(x). Tim cac diém x; (i = 1,2,...,n) thudc 2 ma tai d6 dao ham béng 0
hoac khong xac dinh.

® Sap xép cac diém x; theo thit tu ting dan, xét dau y’ va 1ap bang bién thién. Tir day, néu
cac khoang dong bién, nghich bién va cac diém cyc tri.

PHAN L. Céu tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mot phuong

Cho ham s6 y = 7x® + 5x2 + x — 1. Ham s6 nghich bién trén khoang nao duéi day?

@(—00, +00). (—;,—1—00).
o(at)a(3m)  o(L)

Cho ham s6 y = 3x* — 6x2 + 3. Ham s6 nghich bién trén khoang nao duéi day?

(A)(~1;0) va (1; +o0). (B) (0, +). ©(-11). (D) (—o00; —1) va (0; ).

9[-0

. 2 PN .
Chohamsoy = _x +_ T Ham so dong bien trén khoang nao?
(A)(—00; —1) va (—1; +o0). (—00; +00).
©)(-1, +00). (D) (—00;—1) U (~1; +0).
Cho ham s6 y = —x* + 2x2 — 2. Diém cuc dai ctia do6 thi ham s 1a
B (©;-2). x =0,
(©x = +1. (D)(~1;—1) va (1; -1).
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(5 1. TINH DON DIEU VA CUC TRI CUA HAM SO

| Caus

Tim diém cuc dai ctia d6 thi ham s6 y = x® — 6x% + 9x + 30.

(A)x=1. x=3. (C)A(3;30). (D) B(1;34).

2

LR . 9 X N % X —2x+9

Tim diém cuc tiéu cua d6 thihamsoy = —————.
x_

2
(A)x = —1. x=05. (©)A(-1; —4). (D) B(5;8).

A 3.R 5 o S 4 x+1
SO diém cuc tri chia ham so y = T

A)2. ®1 ’ ©s. D)o.

| Caus

Chohamsby = — %xe’ — x — 3. Ménh dé nao duéi day dung?

@Hém s6 dong bién trén (—oo; 1) va trén (1; +c0).
Ham s6 nghich bién trén R.

(C)Ham s6 déng bién trén (—1;1).

@Hém s6 dong bién trén RR.

Goi x1 1a diém cyc dai x, 1a diém cyc tiéu ctia ham s6 y = —x3 + 3x + 2. Tinh x1 + 2x,.

A)2. ® 1. ©-1. D)o.

Khoang cach gitra hai diém cyc tri ctia d6 thi ham s6 y = x> — 3x? + 4 bang

(A)2/5. 2v/2. (©2. D)4.

Ham s6 y = x* — 2x? + 1 dong bién trén khoang nao dudi day?

(A)(~1;0). (—1; 4o0). (©)(-3;9). (D) (—o0; —1).

| Caut2

) 1 1 . .
Chohamsoy = — Zx4 + —x%—3. Khang dinh nao sau day la khang dinh dung?

2
(A)Ham sb dat cyc tiéu tai x = —3. Ham s6 dat cuc tiéu tai x = 0.
@Hém s6 dat cuc dai tai x = 0. @ Ham sb dat cuc tiéu tai x = —1.
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO m

| Cau13

Chohamsb6y = Sv 1

pmp Ménh dé nao dudi day la ding?
(A)Ham sb nghich bién trén R.

Ham s6 dong bién trén cac khodng (—o0;2) va (2; +00).
@Hém s6 nghich bién trén cac khodng (—o0;2) va (2; +).
(D)Ham sb dong bién trén R \ {2}.

m x—2

Choham sy = 153 Ménh dé nao dudi day ding?

@Hém s6 nghich bién trén khodng (—o0; —3) U (—3; +00).
Ham s6 dong bién trén khodng (—oo; —3) va (—3; +).
(C)Ham sb nghich bién trén khoang (—o0; —3) va (—3; +0).
@Hém s6 dong bién trén khoang (—oo; —3) U (—3; +00).

Cho ham s6 y = x? + 4In(3 — x). Tim gia tri cyc dai ycp ctia ham s da cho.

Ay = 2. ® ycp = 4. ©ycp =1+4In2. Dycp = 1.

Cho ham s6 y = f(x) xac dinh trén R va c6 dao ham y’ = f’(x) = 3x3 — 3x%. Ménh dé nao sau
day sai?
(A) Trén khoang (1; +oc0) ham sb dong bién. Trén khoang (—1; 1) ham s6 nghich bién.
(C)Pb thi ham sb c6 hai diém cuc tri. (D)Db thi ham s6 c6 mot diém cuc tiéu.

Cho ham s6 y = f(x) lién tuc trén R va c6 dao ham f/(x) = x(x — 1)*(x — 2). S6 diém cuc tri
ciaham séy = f(x) la

A1 ®2. (©o. D)3.

PHAN II. Cau tric nghiém diing sai. Trong moéi y a), b), ¢), d) & mdi cau, hoc sinh chon ding
hoac sai.

| Caul

Cho ham s6 y = x® — 3x% + 1. Khi d6
a) Ham s6 dong bién trén khoang (3; +o).
b) Ham sb dat cuc tiéu tai x = —3.
¢) Ham s dat gia tri 16n nhat trén doan [1;3] tai x = 1.
d) D6 thi ham s déi xiing qua diém I(1; —1).
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) 1. TINH DON DIEU VA CUC TRI CUA HAM SO

—x243x+42

a) Ham s6 dong bién trén khoang (—2; —1).

b) Ham sb c6 2 diém cuc tri.

¢) Ham s6 dat gia tri lon nhat trén doan [1;3] taix = 1.
d) Yycp > YCr-

| Caus3

Cho ham s6 y = x® — 3x? + 4 ¢6 d0 thi (C). Goi A, B la hai diém cyc tri cta (C).
a) Tap xac dinh ctia ham s6 1a R.
b) Ham s6 dong bién trén khoang (0; 2).
¢) Phuong trinh dudng thang qua hai diém cuc tri ciia d6 thi ham s61a 2x +y — 4 = 0.
d) Dién tich cta tam gidc OAB b:?mg 4,v6i 0 la géc toa do.

| Caud

Cho ham sy =
cua (C).

a) Tap xac dinh ctia ham s6 1a R.

b) Ham s6 nghich bién trén khoang (—2;0).

¢) Toa do diém A(—2; —2), B(0;2).

d) Khoang cach gitta hai diém cuc tri la AB = 2+/5.

x24+2x+2

1 c6 do thi (C). Goi A, B lan luot 1a diém cuc tiéu va diém cuc dai

| Caus

Cho ham sb y = f(x) = x* — 2x? + x — 5. Trong cac khang dinh sau, khang dinh nao diing
khang dinh nao sai?

1 T £ 1s
a) ff(x) >0 x¢€ (3;1). b) Tap xéac dinh ctia ham so 1a R.
¢ fl(x)=3x*—4x+1. d) Ham sb dat cuc dai tai x = 1.

| Caus

Cho ham s6 y = f(x) = 6x* — 3x? + 4. Trong cac khang dinh sau, khang dinh nao diing, khang
dinh nao sai?

1 1
a) Taco f/(x) >0 x € (— ;_E) U (0;5).
b) Ta c6 f'(x) = 24x3 — 6x.
¢) Tap xéac dinh cia ham s61a 2 = R.

) 1
d) Ham so dat cuc dai tai x = j:E.
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO m

=

’ =1l : 2 .
Chohamsoy = % Trong cac khang dinh sau, khang dinh nao dung? khang dinh nao sai?
Phat biéu b|S
a) Tap xac dinh ciahams61a 2 = R.
b) Bang bién thién ctia ham s6 la
X | —o0 2 —+00
y - -
1 +00 X
y \ \
— 00 1
¢) Daohamy = 1
- ST —o X
d) Ham s6 dong bién trén khodng (—o0;2) va (2; +00). X
PHAN III. Cau tric nghiém tra 16i ngan. Hoc sinh tra 16i vao 6 két qua.
X ' ) >+3x+3
Goi ycp, yer lan luot 1a gia tri cuc dai va gia tri cuc tiéu cia ham so y = % Gia tri

ctia biéu thitc y2p — 2y2 bang

Tim diém cuc tiéu ctia ham s6 f(x) = (x — 3)e”.

Biét do thi ham s6 y = ax® + bx? + cx + d c6 hai diém cuc tri 1a (—1;18) va (3; —16). Tinh t6ng
P=a+b+c+d. KQ: woriiiii

D6 thi ctia ham s6 y = x® — 3x2 — 9x + 1 ¢6 hai diém cuc tri A va B. Biét khoang céach tir goc

toa do O dén duong thang AB = #. Khi d6 30 - a — b bang KQ: .o
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{9 1. TINH DON DIEU VA CUC TRI CUA HAM SO

=D

2
A X ? N A - 4 5
Biet d6 thi (C) cuia ham so y = rodx+o

x—1
cuc tri ctia d6 thi ham s6 (C) tao véi hai truc toa d6 mot tam giac c6 dién tich S bang bao nhiéu?

KQ: i

c6 hai diém cyc tri. Puong thang di qua hai diém

Goi A, B, C 1aba diém cuc tri ctia d6 thi ham s6 y = x* — 2x2 + 4. Ban kinh dudng tron noi tiép
tam gidc ABC gan bang bao nhiéu (lam tron tron dén phan mudai)?

Cho ham s6 y = flx) = x3 +2x2% + x — 3 dat cuc tiéu tai x = 4, cuc dai tai x = b. Khi d6
3-a+ 6-bbang bao nhiéu?

Dang @ Tim khodng don diéu va cuc tri clia ham sé dua vaio bang bién thién

® Nam virng cac khai niém lién quan dén don diéu va cuc tri ctia ham sb.

® Dua vao bang bién thién dé két luan tinh don diéu va cyc tri ctia ham sb.

1. HE THONG BAI TAP

PHAN L. Cau tric nghiém nhiéu phuong an lua chon. Méi cau héi hoc sinh chi chon mot phuong
an.

Cho ham s y = f(x) c6 bang bién thién nhu bén dudi. D6 thi ham sb dat cuc dai tai diém nao
sau day?

1 5
X —00 —5 5 “+00
f(x) - 0 I 0 =
+00 73
f@) T 3 9~
9 —00
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO ¢ 10 )

Cho ham s6 y = f(x) c6 bang bién thién nhu hinh bén dudi. Diém cuc tiéu ctia ham sb 1a

X —00 -1 0 1 +o0

f'(x) + 0 — 0 + 0 -

f(x) _00/6\5/6\_00

@x:5. ®x=0. @x:6. @x:il.

Cho ham s y = f(x) c6 bang bién thién nhu bén duéi. Gia tri cuc dai ctia ham sb da cho bang

1
X —0 —) _5 “+o00
f(x) + 0 — 0 +
10 +00
fo | T T s
—00 27

(A)10. -2, 4 ®-1.

27
Cho ham s6 y = f(x) c6 bang bién thién nhu hinh
bén. Ménh dé nao sau day la ménh dé dung?

(A)Ham sb dong bién trén khoang (—oo; 3).

X | —o0 —2 2 +o0
f/(x) + 0 — 0 +

a £ 3 —+o0
Ham so0 nghich bien trén khoang (—2; +00).
N % q s f(x) / \ /
@Ham soO dat cuc dai tai x = 3.
N 2 ¥ ; —00 0
@Ham so dat cuc tiéu tai x = 2.
Cho ham s6 y = f(x) c6 bang bién thién bén dudi
X |—o -2 0 2 +00
f'(x) + 0 - - 0 +
—4 —+ o0 +o00
O AN N
—00 —00 4
Khang dinh nao sau day la khang dinh sai?
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C11 ) 1. TINH DON PIEU VA CUC TRI CUA HAM SO

(A)Ham sb c6 hai diém cuc tri.

Toa d6 diém cuc dai ctia d6 thi ham so6 1a (—2; —4).
(C)Ham sb nghich bién trén khoang (—2;2).

(D)Ham sb dong bién trén khoang (3; +c0).

| Caus

Cho ham s6 y = f(x) lién tuc trén R va c6 bang xét ddu dao ham nhu hinh bén.
a) Ham s6 dong bién trén khoang (—oo; 1).
b) Ham s6 dong bién trén khoang (1; +).
¢) Ham s6 dat cuc dai tai x = 2. y'
d) Ham s6 c6 mot diém cuc dai va hai diém cuc tiéu.

x |- 0 1 2 oo

+ 0 — | +0 +

PHAN II Cau tric nghiém ding sai. Trong méi ¥ a), b), ¢), d) & mdi cau, hoc sinh chon ding
hoac sai.

Cho ham s6 y = f(x) c6 bang bién thién bén duéi

X | —o0 =7 0 2 400
f'(x) + 0 - - 0 +
—4 +o00 +00
f@ 7N\ N7
—o0 —00 4

Khang dinh nao sau day la khang dinh sai?
a) Ham s6 c6 hai diém cuc tri.
b) Toa dd diém cuc dai ctia do thi ham s 1a (—2; —4).
¢) Ham sd nghich bién trén khoang (—2;2).
d) Ham s6 dong bién trén khoang (3; +0).

PHAN III. Cau tric nghiém tra 16i ngan. Hoc sinh tra 16i vao 6 két qua

@® Nam virng céc khai niém lién quan dén don diéu va cuc tri ciia ham so.

® Dua vao do thi cting kién thitc da hoc dé suy ra tinh don diéu va cyc tri ctia ham s6

2. HE THONG BAI TAP

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Méi cau héi hoc sinh chi chon mét phuong
an.

GV: Nguyén Dan Truong- 0866.783.220




Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO {19 )

=

Cho ham s6 iy = f(x) c6 d6 thi nhu hinh vé bén. Ham s6 y = f(x) nghich y
bién trén khoang nao dudi day? 5

(A)(v/2; +o). (~2;2).
@(—oo; 0). @(0; V2). VAl V2

—2
Cho ham s6 y = f(x) xac dinh va lién tuc trén R. Biét rang ham sb y
f(x) c6 dao ham f'(x) vaham s6 y = f'(x) c6 d6 thi nhu hinh vé. Khi
do6 nhan xét nao sau day dung?
(A)Ham sb f(x) khong c6 cuc tri. )
D0 thi ham s6 f(x) c6 ding 2 diém cyc tiéu.
©56 thi ham s6 f(x) c6 ding mot cuc dai.
> % z . -1 1 e
@Ham sO f(x) c6 3 cuc tri.

| Cau3

Cho ham s6 y = f(x) co dd thi nhu hinh vé bén. Ménh dé nao sau

. Y
day la ménh deé sai? 2
@Hém s6 dat cuc dai tai x = 0. / \ /

Ham s6 c6 gia tri cyc tiéu bang —2.

2
(C)Ham sb ddng bién trén (—oo;2). O\ | X
@Hém s6 nghich bién trén (0; 2). ) 3

| Caud

Ham s6 y = f(x) c6 do thi la dudong cong trong hinh vé bén. Ham y

sO y = f(x) dat cyc tiéu tai diém nao dudi day? I B
@x = 2. x =0. : 4 |
©x=—2. D)x =4 | i
—2| 2
l-vz |0 val *

PHAN II Cau tric nghiém ding sai. Trong méi y a), b), ¢), d) & méi cau, hoc sinh chon ding
hoac sai.
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13 ) 1. TINH DON PIEU VA CUC TRI CUA HAM SO

=

Ham s y = f(x) co do thi la duong cong trong hinh ve bén. Hay y
chon khang dinh dung? khang dinh sai?

a) Ham sé y = f(x) dat cuc tiéu tai diém ++/2.

b) Gia tri nh6 nhét ciia ham s6 bang 0.

¢) Ham sb dong bién trén khoang (0; v/2).

d) Gia tri cuc dai cia ham sb bang ycp = 4. _9

| Cauz

Cho ham s6 y = f(x) = x% + ax? + bx + ¢ ¢6 do thi nhu hinh bén y
a) Ham s6 y = f(x) c6 hai diém cuc trila 0 va 2.

b) Gia tri b bang 0.
¢) Giatric= —-2.
d) f(x)=x3—6x2+2. 2

| Cau3

Cho ham s6 y = f(x) = ax®+ bx? + cx +d c6 d6 thi nhu hinh vé bén. y

Khi do il
a) Ham s6 nghich bién trén khoang (1;2). :
b) Diém cyc tiéu ciahamsdlay = —1. |
¢) Gia tri 16n nhat cia ham sb trén [0; 3] 1a 3. o i 3
d) f'(2) > 0. i

| Caud

Cho ham s6 y = f(x) = ax®+ bx? + cx + d c6 do thi nhu hinh vé bén. y
Khi do
a) Ham s6 c6 hai diém cuc tri.  b) f(x) < 0 trén (—oo;0). -2 0
o f'(x) <0trén (0;1). d) f(-3) < f'(-1). 1 X
—4

PHAN III. Cau tric nghiém tra 16i ngan. Hoc sinh tra 16i vao 6 két qua
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO 14 )

Cho a # 0,b* — 3ac > 0. Ham s6 y = ax® + bx? + cx + d ¢6 tat ca bao nhiéu diém cuc tri?

KQ: i

BAI TAP TU LUYEN

PHAN L. Cau tric nghiém nhiéu phuong an luwa chon. Méi cau héi hoc sinh chi chon mét phuong
an.

Tim tat ca cac gia tri thuc cta tham s6 m dé ham s6 y = x® — 3x% + mx + 1 dat cyc tiéu tai
x=2.

(A0 < m < 4. B)m =0. ©m > 4. Do<m< 4

Cho ham s6 y = x3 + 3(m? — m + 2)x + 3(m? + 1) + 2022m, tim céc gia tri cta tham s6 m dé
ham s6 dat cuc tiéu tai x = —2.

@mzl. B m=2 @m:B. @m:4.

Goi S 1a tap hop tt ca cac gia tri ctia tham sb m dé ham sb y = mx® — (m? + 1)x? 4 2x — 3 dat
cuc tiéu tai x = 1. Khi d6

(A)S = {—g} ®) S = {0} (©)s = {go} D)s = {g}

3

Tim gid tri thuc ctia tham s6 m dé ham s6 y = 1x® — mx? + (m? — m — 1)x dat gia tri cuc dai tai

x=1.

(A)m = 3. B m=2. ©m=1. (D)m = 0.

Cho ham s6 f(x) = —x +2(2m — 1)x? — (m? — 8)x + 2. Tim tat ca cac gia tri ctia tham s6 m dé
ham sb dat gia tri cyc dai tai diém x = —1.

@m:3. m:—9. @mzl. @m:—Z.

Khi ham sé y = —3x — mx? + (m? — 2)x 4 2021 dat cuc dai tai x = 1 thi gia tri ctia tham s6 m

thudc khoang nao sau day?

(A (1;49). (=3;0). (©)(0;3). (D) (-2;0).
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15 ) 1. TINH DON PIEU VA CUC TRI CUA HAM SO

Tim tat ca cac gia tri ciia tham s6 m d€ ham sb y = x3 — (2m + 1)x? — (5m + 4)x + 10 dat cuc dai
tai diém x = —1.

@m:3. ®m=-9. @m:l. @m:—2.

Cho ham s6 y = x3 + (m? — m + 1)x? + (3m? — 4)x + m + 2. C6 bao nhiéu gia tri ctia m dé ham
s6 dat cuc tiéu tai x = —1?

(A)o. ®1. (©2. (D)3.

Cho biét ham s6 y = x3 — 3x2 4+ mx — 1 dat cuc tri tai x1, x; thda man x? + x2 = 3. Khi d¢6:
y il U 2

A)m < —1. B m € (2;3). (©m e (1;2). (D)m € (0;1).

Biét my 1a gia tri ctia tham s6 m dé ham s6 y = x® — 3x? + mx — 1 ¢6 hai diém cuc tri x1, x» sao
cho x1 + x — 3x1x; = 1. Khang dinh nao sau day dung?

(A)my € (—4;—2). my € (2;4). (©my € (0;2). (D)myg € (—2;0).

PHAN II. Cau tric nghiém ding sai. Trong méi y a), b), ¢), d) & mdi cau, hoc sinh chon diing
hoac sai.

| Caul

Cho ham s y = x3 — 3mx? + 3(m? — 1)x — m>, v6i m 1a tham sb.
a) Ham s6 ludn c6 hai diém cuc tri véi moi m.
b) Ham sb dat cuc tiéu tai x = 3 khim = 2.
¢) Khi d6 thi ham s6 c6 hai diém cuc tri thi khoang cach gitra hai diém cuc trj bang 2+/5.
d) Diém cuc tiéu ctia d6 thi ham sb ludn thudc duong thang cé dinh vi hé s6 goc k = 3.

| Cau2

Cho hamsby =

x% —2mx +m+ 2
x—m

a) Tap xac dinh ciahamsola R\ {m}.

b) C6 hai gia tri nguyén ctia tham s m dé ham s6 c6 hai diém curc tri.

, v6i m 1a tham sd.

¢) Ham sb dat cuc daitaix = —1khim = %

d) D06 thi ham s6 c6 tiém can ding di qua hai diém cyc tri thi phuong trinh ctia duong tiém
can dung cta do thi ham so ¢6 phuong trinh y = 2x — m.

PHAN III. Cau tric nghiém tra 16i ngan. Hoc sinh tra 16i vao 6 két qua.
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO ¢ 16 )

Biét d6 thi ctia ham s6 y = x3 + ax? + bx + c(a, b, ¢ € R) c6 mot diém cuc tri la A(—1;29) va di

qua diém B(2;2). Tinh a + b + c. KQ: tiiiiiiiiin,

3 2

. 2 2 .
Hamsoy = gx —mx-—2 (3m2 — 1) x—+ 3 c6 2 diém cuc tri x1, xp saocho x1xp +2 (x1 +x2) =1

khim:%.TinhS:aZerZ. KQ: e

DéE do thi ham s6 y = x* — 2mx? + m — 1 c6 ba diém cuc tri tao thanh mot tam gidc c6 dién tich

bang 4+/2 thi gia tri ctia tham s6 m bang bao nhiéu? KQ: oo

£ . 2 9 ;
Co bao nhiéu gia tri nguyén cua tham so m dé ham so y = Zx—:_m nghich bien trén khoang
(0;4)? KQ: .o
) ) ’ —mx — 2025 _, s
SO cdc gia tri nguyén cua tham so thuc m sao cho ham s6 y = %}1105 dong bien trén
khoang (—2;2) la bao nhiéu? KQ: viiiiiiiieii,

Cho ham s6 y = ax® + bx? + cx + d dat cyc tri tai cac diém x1, x, théa man x; € (—1;0),x, €
(1;2). Biét ham s6 dong bién trén khoang (x1; x7). D6 thi ham s cat truc tung tai diém c6 tung

do6 am. Trong cac s6 a, b, ¢, d c6 bao nhiéu s6 &m? KQ: v,

x2 —4x+5

Biét do thi (C) cia ham s6 y = c6 hai diém cuc tri. Puong thang di qua hai diém

cuc tri ctia d6 thi ham s6 (C) tao véi hai truc toa dd mot tam gidc c6 dién tich S bfémg bao nhiéu?
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1. TINH DON PIEU VA CUC TRI CUA HAM SO

Biét ham s6 y = ax® + bx? + cx + d ¢6 hai diém cyc tri 1a (—1;18) va (3; —16). Tinh gid tri biéu

thtcP=a+b+c+d.

KQ: i
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO 18

52. GIA TRI LON NHAT - NHO NHAT CUA HAM $O

LY THUVET CAN NHG

Dinh nghia 2.1. Cho ham s6 y = f(x) xac dinh trén tap 2. Ta c6

y
p L, < MNVx €9 ]/ma>7<7<
@ M la gia tri 16n nhat ciia ham s néu {]EIC S;)e_@ : f(ico) o f(a)
Kihiéu | max f(x) = M l
XED :
LON % 4
() > nVx e ‘ 4
@ n la gia tri nhé nhat ctia ham s6 néu {j;;; e_gjl’; ;(xo) . flxo)t--- o

Ki hiéu |min f(x) = n
u [ min ()

A ® Khi yéu cau tim max min ctia ham s6 ma khong ndi 16 xét trén tdp nao, thi ta hiéu la tim max
min trén mién xdc dinh ciia ham so do.

@ D¢ tim max min cia ham s0 y = f(x) trén mién 9, ta thuong lgp bing bién thién ciia ham so
y = f(x) trén 9. Tir bang bién thién, ta két ludn:

e Diém & vi tri cao nhit — Két ludn max;
e Diém & vj tri thip nhat — Két lugn min.

® DE tim max min ciia ham sé y = f(x) trén doan [a; b] (f(x) lién tuc trén doan [a; b] va cé dao
ham trén (a; b) (co thé trir mot so hitu han cdc diém) va f'(x) = 0 chi tai mot s6 hitu han cdc
diém trong (a; b)), thi ta cd thé gidi nhu sau:

e Gidi f'(x) = 0 tim cdc nghiém xo € (a; b);
e Tim cdc diém x; € (a;b) ma tai d6 dao ham khong xdc dinh (néu cd).

e Tinh todn f(a), f(xo), f(x;), f(b) (%)

o Goi M, n lan lugt la s6 16n nhat va sé nhd nhat ciia cdc két qud tinh todn & budc (x) thi

M: ; = 1
r{;%f(x) n r[%f(x)

@ Ta cd thé ding cdc bt ding thifc c6 sin dé danh gid biéu thitc cin tim max, min.
e Bt ding thiic Cé-si cho hai s6 khong am a, b:
a+b>2Vab
Déu "=" xdy ra khia = b.
e Bit ding thitc Co-si cho ba s6 khong ém a, b, c:
a+b+c> 3V abc

Dau "=" xdyrakhia = b = c.
e Bit ding thitc Co-si cho n s6 khong dm ay, aa,..., ay:

a1 +ay+..+a, > nYajar...a,

Dau "=" xay rakhia; = ap = ... = ay.
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Vi DU MINH HOA
g Vicu1

Tim gia tri I6n nhat va nho nhat (néu c6) cia ham so sau trén doan da chi ra.

g

a) f(x) = —x®+3x?>+10trén doan [-3;1]. b) f(x) = % —2x? +3x + 1 trén doan
[—3;2].

4 2 A 2x+3
¢) f(x) = —2x* +4x° + 3 trén doan [0; 2] d) f(x) = ] trén doan [0; 4].

4 . . 4
e) f(x)=x+ p trén khoang (0; +o0); f) f(x) =3x+ g trén (0; 4o0).

2

g) f(x) = % trén R. h) f(x) = v/ —x2 + 2x trén mién xac dinh.

T

Tim gia tri 16n nhat va nho nhat ciia ham sb sau trén mién da chi ra.
. A~ 7T _ A
a) y = x — sin2x trén doan [_E ; 7'[] b) y = e¥ —3%+3 tran doan [0;2]

2

c) y = e*(x? — 3) trén doan [—2;2] d)y= In”x trén doan [1;€’]

s

Tim gia tri 16n nhat va nho nhat (néu c6) ciia ham s6 sau trén mién da chi ra.

a) f(x) =

S5sinx +1 us :
§1n + trén doan [0,- _] ) b) y = cos® x + 2sin® x + cos x trén mién xac
sin x + 2 6 dinh

@ PHAN LOAI VA PHUGNG PHAP GIAI TOAN

Dang @ Tim max, min clia ham sé y = f(x) trén mién cho bédi céng thirc

@ Tinh y'. Gidi phuong trinh y’ = 0 tim cdc nghiém x; € Z va tim cc diém x; € Z ma tai
do6 y' khong xac dinh.

@ Lap bang bién thién ctia ham s trén 2.
® Tir bang bién thién, két luan:

e Diém & vi tri cao nhat — Két luadn max;

e Diém & vi tri thip nhat — Két luadn min.
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO 20 )

1. HE THONG BAI TAP

PHAN L. Céu tric nghiém nhiéu phuong an lua chon. Méi cau héi hoc sinh chi chon mot phuong
an.

Gia tri 16n nhat va nhé nhat cia ham s6 y = x® — 12x + 1 trén doan [—2; 3] lan luot 1a

(A)17, —15. (B) 10, —26. (©)-15,17. @6 —26.

Goi M, m 1an lugt 1a gid tri lon nhat va gia tri nhd nhat ctia ham s6 y = x® + 3x? — 9x + 1 trén
[—4;4]. Tinh tong M + m.

(A)12. 98. ©17. (D)73.

Gia tri 16n nhat ciia ham s6 f(x) = —x* 4+ 12x? + 1 trén doan [—1;2] bang

(A)33. 37. ©12. D)1.

Gia tri 16n nhat ciia ham s6 y = x* — 3x2 + 2 trén doan [0; 3] bang

(A)57. 56. (C)54. (D)55.

-1 N
| trén doan [0; 3] 1a

@mmy mmy— @miny: . @miny: —1.

[0;3] [0;3] [0;3] [0;3]

. . 2 A 2 N A X
Gia tri nho nhat cia ham so y =
x

Gia tri nho nhat ctia ham sd y = + 13 trén doan [0; 4] la

(A)2. ® g ©s. %

x2—3x+3

’ ’ 17, .
Gid tri l6n nhat chiaham so y = 1 trén doan [—2,' ﬂ bang

(A)4. g, @—;. —13—3.

=D

Giéa tri 16n nhat cia hams6 y = v4 — x2 1a

(AM = 2. BM=2. ©M =4 DM =
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(o1 ) 2. GIA TRI LON NHAT - NHO NHAT CUA HAM O

Tim gia tri 16n nhat M cdia ham s y = /7 + 6x — x2.

(AM = 4. B M=7. ©M=7. DM =3.

| Caul0

- .z c 17 A 2 N A A 1
Tinh gia tri l6n nhat cia ham so y = x — In x trén {5 ; e] .

@m[allxyzl. mzlaxyze—l.
xXe|5,e

2/ ] xe[é;e]
@max y=e. @max y=1+ln2.
xe[%;e] xe[%;e] 2

PHAN II. Cau tric nghiém ding sai. Trong méi y a), b), ¢), d) & mdi cau, hoc sinh chon diing
hoac sai.

| Caul

Cho ham s6 y = x3 — 3x? + 1. Khi d6
a) Ham s6 dong bién trén khodng (3; +o0).
b) Ham so6 dat cuc tiéu tai x = —3.
¢) Ham s dat gia tri lon nhéit trén doan [1;3] taix = 1.
d) D6 thi ham s6 dbi xiing qua diém I(1; —1).

| Cau2

Cho ham s6 y = x® — 3x? — 9x + 1. Khi d6
a) Ham s6 dong bién trén khodng (—26; +co).
b) Ham sb dat cuc dai tai x = —1.
¢) Gia tri nhdé nhat ctia ham s6 trén (—1; 4+-00) 1a —26 .
d) Khoang cach gitra hai diém cuc tri cia do thi ham s6 da cho la 4+/65.

| Cau3

Goi M, N lan luot 1a gia tri 16n nhat va nho nhat cta ham s6 y = x? — 4In(1 — x) trén doan
[—2;0]. Tinh M — N.

(AIM — N = 4In2. BM-N=-1.

(OM—N=4In2-1. (DM —N =4In3 —4.

Cho ham sb f(x) nghich bién trén R. Gié tri nhd nhat ctia ham s6 g(x) = €32 — f(x) trén
doan [0;1] bf?mg

(Ae — £(1). ® f(1). © (). D)1 - £(0).

PHAN III. Cau tric nghiém tra 16i ngan. Hoc sinh tra 16i vao 6 két qua
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO

(2

Cho ham sb f(x) = 2x3 — 3x? 4 m thoa man r[ro115r]1 f(x) = 5. Khi d6 gia tri ctia m bang

7

Tim m dé gia tri nh6 nhat ctia ham s6 f(x) = 3x> — 4x% + 2(m — 10) trén doan [1;3] bang —5.

KQ: oo
. , A, o 7 x —m?+m N
C6 bao nhiéu gia tri m dé gia tri nho nhat cia ham so f(x) = T trén doan [0; 1] bang
—2.
KQ: oo

Gia tri 16n nhét, gia tri nhé nhat ctiia ham s6 y = sin®

M + m bang

x — 3sin®x + 2 1an lugt 1la M, m. Téng

Gia tri nhd nhat ctia ham s6 f(x) = (x + 1)(x + 2)(x + 3)(x +4) + 2019 1a

KQ: coiiiiiiit.

Dang @ Tim max, min cla haim sé y = f(x) dua vao bang bién thién

@ Duya vao bang bién thién ctia ham s6 trén [a; b].
® T bang bién thién, két luan:

e Diém & vi tri cao nhat — Ket luan max;

e Diém § vi tri thip nhat — Két ludn min.

2. HE THONG BAI TAP
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=

Ham s6 y = f(x) lién tuc trén doan [—1;3] va c6 x| 3
bang bién thién nhu sau. .
Goi M la gia tri 16n nhat cta ham s6 y = f(x) Yy + 0 - 0 +
trén doan [—1;3]. Khéng dinh nao sau day la 5 4
khéng dinh dung? y / \ /
(WM = f(0). M = f(-1). . 1
©Mm= fo. DM=f@.

| Cau2

Cho ham sb y = f(x) c6 bang bién thién trén doan [—2; 3] nhu hinh bén dudi.

X

f'()

f()

Goi M va m 1an lugt 1a gia tri Ion nhat va gia tri nhd nhat ctia ham s6 da cho trén doan [—1;3].
Gi4 tri cua biéu thiac M — m 1a

(A)5. ®7. ©)-1. D)3.

PHAN II. Cau tric nghiém ding sai. Trong méi y a), b), ¢), d) & méi cau, hoc sinh chon diing
hoac sai.

Cho ham s6 y = f(x) 1a ham s lién tuc trén R va c6 bang bién thién nhu hinh vé duéi day.

X | —o0 -1 0 1 +o0
f’(x) + 0 — 0 + 0 -—

4 4
00 3 —

0]

Xét tinh dting, sai ctia cac khang dinh sau:
a) Cuc dai cia ham sb 1a 4. b) Cuc tiéu ctia ham s6 14 3.
) mﬂgxyzél. d) rr]}%ny:&

Cho ham s6 y = f(x) 1a ham s lién tuc trén R va c6 bang bién thién nhu hinh vé dudi day.
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b —00 -1 0 1 ~+00
F/(x) - 0 4+ 0 — 0 +
+00 -3 400
f(x) W e N 7
—4 —4

Xét tinh dting, sai cta cac khang dinh sau:
a) Ham s6 dong bién trén khoang (0; +c0).  b) Gia tri cuc tiéu cia ham s 1a —3.
<) rr]}%ny = —4. d) maxy = -3.

| Cau

Ham s6 y = f(x) lién tuc trén doan [—1; 3] va c6

bang bién thién nhu sau. Khi d6 ta c6 /
a) Trén doan [—1;3] ham s6 c6 gid tri Ién nhat y + 0 - 0 -+

bang 5. 5 4

b) Ham sb nghich bién trén (0; 2). y / \ /
¢) Trén doan [—1;3] ham s6 c6 gia tri nhd

nhat bang 1. 0 1
d f2)=1.

Dang @ Tim max, min clia ham sé y = f(x) dua vao dé thi ham sé

@ Dua vao do thi cia ham s6 trén [a; b].
@ Tir d6 thi, két luan:

e Diém & vi tri cao nhat — Két luan max;

e Diém & vi tri thip nhat — Két luadn min.

3. HE THONG BAI TAP

PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. Mbi cau héi hoc sinh chi chon mét phuong
an.

| Caul

Cho ham s6 f(x) lién tuc trén doan [—1; 5] va c6 d6 thi nhu hinh
vé bén. Goi M va m 1an luot 1a gia tri 16n nhat va nho6 nhéat cta
ham sb da cho trén [—1;5]. Gid tri cia M + m bang

(A)s5. B)6. (©)3. D)1.
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2 \ y

Cho ham so y = f(x) c6 do thi la duong cong & hinh bén. Tim gia tri nho N2

nhat m cta ham s6 y = f(x) trén doan [—1;1]. | /
-\ 01

@m:Z. B)m=-2.

©m=1. Dm=—1. / —1 *
I,
. 7
Cho ham s0 y = f(x) xac dinh va lién tuc trén doan [O; 5| co y
do thi ctia ham s6 y = f/(x) nhu hinh vé. Héi ham s6 y = f(x) |
dat gia tri nho nhat trén doan [O; ;} tai diém xg nao dudi ; |
1 I
day? 0 7 x
Axg=3  ®x=2 ©x=1 Dx=0. :
. ) . \ b
Cho ham s0 vy = f(x), biet ham s06 ¥ = f'(x) c6 do thi nhu hinh vé
dudi day. Ham s6 y = f(x) dat gid tri nho nhat trén doan B ; g} tai  |---------- ‘
diém nao sau day? 3
Ax = 3 B x = L O 1 3 X
2 2 5
@x =1 @x =0.
Cho ham sb f(x) c6 dd thi ctia ham s6 y = f/(x) nhu hinh vé. Biét vy
FO) + f(1) — 2f(2) = f(4) — f(3). Gid tri nhé nhét m, gia tri lon y=f)
nhat M ctia ham s6 f(x) trén doan [0;4] la 4 X
(Am = f(4), M = f(1). m= f(4), M= f(2). O 2\
©m = f(1), M = f(2). D@m= £(0), M = ().

Tim gid tri 16n nhat va gia tri nho nhat ctia ham s6 c6 d6 thi duge cho & Hinh 5.
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(3 )

PHAN II. Cau tric nghiém diing sai. Trong méi y a), b), ¢), d) & mdi cau, hoc sinh chon ding

hoac sai.

| Caul

Hinh bén cho biét sy thay déi ciia nhiét do & mot
thanh phd trong mot ngay. Xét tinh ding, sai ctia
cac khang dinh sau:
a) Nhiét do cao nhat trong ngay la 28°C.
b) Nhiét do thép nhét trong ngay la 20°C.
¢) Thoi diém c6 nhiét dd cao nhat trong ngay la
luc 16 gio.
d) Thoi diém c6 nhiét do thap nhat trong ngay
la luc 4 gio.

t(°C)

25

31 i
w 7
M‘l

34

|
| |

| | |
| | |
| | |
| | |
| | |
! ! !
! ! !
! ! !
| | |
| | |
| | |
| | |

|
|
|
!
!
!
|
|
|
|

4

8

12 16 20 24

x (gio)

| Cau2

Chohamsby = f (x) c6 daohamy = f (x) lién
tuc trén R va d6 thi ctia ham s6 f’ (x) trén doan
[—2; 6] nhu hinh vé bén. Xét tinh dung, sai ctia
cac khang dinh sau:

a) [rggg]f(x) = f(-1).
b) [Iglgg]f (x) = £ (6).

<) [rggg]f (x) = f(=2).
d) [rggg]f(x) =max {f (1), f(6)}.
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9. GIA TRI LON NHAT - NHO NHAT CUA HAM $O

<) Ig(;g]lf (x) = f(0) va r[r(}g?f (x) = f(5).
d) r[g;isr]lf (x) = f(2) va %%?f (x) = f(5).

Cho ham s6 f(x) c6 dao ham la f’(x). P6 thiy = f'(x)

dugc cho nhu hinh vé. Biét rang f(0) + f(3) = f(2) +

f(5). Xét tinh dung, sai ctia cac khzfmg dinh sau:
a) Ham sd nghich bién trén khoang (—oo; 0).
b) Ham s6 nghich bién trén khoang (0; 2).

PHAN III. Cau tric nghiém tra 16i ngan. Hoc sinh tra 16i vao 6 két qua

| Caul

Tir mot tAm bia carton hinh vuéng c6 do
dai canh bang 60 cm, ngudi ta cat bén hinh
vudng bang nhau & bén géc réi gap thanh
mot chiéc hop c6 dang hinh hop chir nhat
khong c6 nap (H.1.14). Tinh canh cta cac
hinh vuéng bi cat sao cho thé tich ctia chiéc
hop la 16n nhat.

/////
/////
/////
/////
/////

/////
/////
/////
/////

s
4 z
3

’

Hinh 1.14

| Cau2

KQ:

Gia st su lay lan ctia mot loai virus & mot dia phuong c6 thé duge mo hinh hoa bang ham s6
N(t) = -3 +12t2,0 < t < 12, trong d6 N la s6 ngudi bi nhiém bénh (tinh bang tram nguoi) va
t 1a thdi gian (tuan). Hay udc tinh s6 ngudi toi da bi nhiém bénh & dia phuong do.

Gia st su lay lan ctia mot loai virus & mot dia phuong c6 thé duge md hinh hoa bang ham s6
N(t) = -3 +12t2,0 < t < 12, trong d6 N 1a s6 ngudi bi nhiém bénh (tinh bang tram ngudi)
va t 1a thdi gian (tuan). Pao ham N'(t) biéu thi téc d6 lay lan ctia virus (con goi 1a toc do truyén
bénh). Hoéi virus sé lay lan nhanh nhét khi nao?

Trong cac hinh chir nhat c6 chu vi la 24 cm, hay tim hinh chtt nhét ¢6 dién tich 16n nhét.

KQ:
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO {98 )

| Caus

Mot nha san xuat mudn thiét ké mot chiéc hop c6 dang hinh hop chir
nhat khong c6 ndp, c6 day 1a hinh vuéng va dién tich bé mat bang J Z.
108 cm? nhu Hinh 1.17. Tim céc kich thudc ctia chiéc hop sao cho thé
tich ctia hop la 16n nhat. .

Hop sita 1 lit duoc thiét ké dang hinh hop chit nhat véi dy 1a hinh vuéng canh x cm. Tim x dé
dién tich toan phan ctia hop nho nhét.

Khi 1am nha kho, bac An mudn ctra s6 ¢ dang hinh chir nhat véi chu vi béng 4 m (Hinh 6).
Tim kich thudc khung ctra s6 sao cho dién tich ctra s6 16n nhat (d€ hitng duoc nhiéu anh sang
nhét)?

BAI TAP TU LUYEN

PHAN L. Cau tric nghiém nhiéu phuong an lwa chon. Méi cau héi hoc sinh chi chon mét phuong
an.

Mot chat diém chuyén dong véi quang dudng s(t) cho bdi cong thirc s(t) = 6t2 — 13, t (gidy) la
thoi gian. Hoi trong khoang thoi gian tir 0 dén 4 gidy, van toc tirc thoi ctia chat diém dat gid tri
16n nhéat tai thoi diém ¢ (gidy) bang bao nhiéu?

®t=35. ®)t=4s. ©t=25. @t=6s.

Trong 3 gidy dau tién, mot chat diém chuyén dong theo phuong trinh s(t) = —#> + 6t2 + t + 5,
trong d6 t tinh bang gidy va s tinh bang mét. Chat diém c6 van toc tirc thoi 16n nhat bang bao
nhiéu trong 3 gidy dau tién d6?

@13m/s. 10m/s. ©9m/s. @12m/s.

Tam gidc vudng c6 canh huyén bang 5 cm c6 thé c6 dién tich 16n nhét bang bao nhiéu?

@25 cm?. % cm?. % cm?. @ 125 cm?.
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Ong Binh dy dinh str dung hét 5,5m? kinh dé lam mot bé ca bang kinh c6 dang hinh hop chix
nhat khong nép, chiéu dai gap déi chiéu rong (cac mdi ghép c6 kich thudc khong déang ké). BE
cé c6 dung tich 16n nhat bang bao nhiéu (lam tron dén hang phan tram)?

(A)1,01m3. 1,17 md. (©)1,51me. (D)1,40m3.

PHAN II. Cau tric nghiém ding sai. Trong méi y a), b), ¢), d) & mdi cau, hoc sinh chon diing
hoac sai.

| Caul

Ngudi ta bom xang vao binh xang ctia mot xe 6 t6. Biét rang thé tich V (lit) cta lugng xang
trong binh xang dugc tinh theo thoi gian bom xang t (phut) dugc cho bdi cong thuc:

V() =300 (2 — ) +4, v6i0<t<0,5

Goi V'(t) 1a tbc do tang thé tich tai thoi dié’m tvoi0<t<0,5
a) Luong xang ban dau trong binh ban dau la 1 lit. .
b) Lugng xang 16n nhat bom vao binh xang la 41,5 lit. .
o V(1) =300 (2t —3t%) +4, voi0<t<0,5..
d) Xang chay vao binh xang vao thoi diém § giay thir 30 c6 toc do tang thé tich 1a 16n nhat. .

PHAN III Cau tric nghiém tra 1oi ngan. Hoc sinh tra 1oi vao 6 két qua.

Mot loai vi khudn dugc tiém mot loai thudc kich thich sy sinh san. Sau ¢ phut, s6 vi khudn duoc
xéac dinh theo cong thire N(t) = 1000 + 30> — 2 (0 < t < 30). Héi sau bao nhiéu gidy thi s6 vi

khuan 16n nhat? KQ: v
T , 16
Tim gia tri nho nhat cia ham so y = x~ + = trén doan [1;4]. KQ: woiiiiiiii

Cho ham s6 y = ¢* (x%? —3), goi M = ;ib(a € N, b € IN) la gia tri l6n nhat ctia ham s6 trén doan

[—5; —2]. Tinh gia tri cta biéu thic P = a + b. KQ: i

Goi gid tri 16n nhét va gia tri nho nhét ctia ham s6 y = sin’ x — 2 cos? x 4 3sin x + 6 trén [0; 77]

lan luogt 1a M, m. Tinh téng M + m. KQ: iiiiiiiiiiiiiannn,
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO {30 )

| Caus

Ngudi ta can lam mot cai bé ca c6 hai ngén, khong c6 nap & phia trén véi thé tich 1,296 m3.
Nguoi ta cat cac tAm kinh ghép lai mot bé ca c6 dang hinh hop chi nhat (hinh vé minh hoa)
véi ba kich thudc 1a 4, b, c. Ngudi ta phai thiét ké cac kich thudc 1a bao nhiéu dé ton kinh nhat
(gid st do day cta kinh khong dang ké). Khi d6 hay tinh gia tri biéu thic T = a+ b +c.

KQ: oo

| Caus

Mot clra hang ban vai Thanh Ha véi gia ban méi kg la 50.000 dong. Véi gia ban nay thi clra
hang chi ban dugc khoang 25 kg. Clra hang nay dy dinh gidm gid ban, udc tinh néu ctra hang
ctt gidm 4.000 dong cho mot kg thi sd vai ban duoc ting thém 1a 50 kg. Xac dinh gia ban (don vi
nghin dong) dé ctra hang thu duoc lgi nhuan 16n nhét, biét rang gia nhap vai méi kg 1a 30.000

dong. KQ: oieiiiiiiiiiiienann,

E»

Mot vat chuyén dong theo quy luat s = —%t3 + 6t vdi t 1a khoang thoi gian tinh tir khi vat
bat dau chuyén dong va s 1a quang duong vat di chuyén dugc trong khoang thai gian dé. Hoi
trong khoang thoi gian 6 gidy, ké tir khi bat dau chuyén dong, van toc 16n nhat cta vat dat dugc

bang bao nhiéu? KQ: i

Su anh hudng khi stt dung mot loai doc t6 v6i vi khuan X dugc mot nha sinh hoc mé ta bai

. £ t+1
ham so P(t) = m,

nhiéu gio thi s6 lugng vi khudn X bat dau giam? | (O

| Caus

Ong Nam can xay dung mot bé nudc mua c6 thé tich V = 8 (m3) dang hinh hop chit nhat véi

trong d6 P(t) 1a s6 luong vi khuan sau t gi sit dung doc t6. Sau bao

chiéu dai gap 3 lan chiéu rong, day va nap do bé tong, cot thép; xung quanh xay bang gach va

xi méng. Biét rang chi phi trung binh la 980.000 dong/m? va & nap d6 bé tong la mot khoang
8 2 5 : p y 5

hinh vudng c6 dién tich bang ) dién tich nap bé. Tinh chi phi thap nhat (triéu dong) ma 6ng

Nam phai chi tra (lam tron dén hang triéu dong). KQ: v
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53. DPUONG TIEM CAN CUA DO THI HAM SO
LY THUYET CAN NHO
1. Dudng tiém cdn ngang (TCN):

binh nghia 3.1. Duong th:fmg y = m dugc goi la mot duong tiém can ngang (hay tiém can
ngang) cua do thi ham s6 y = f(x) néu

lim f(x) =mhodac lim f(x)=m.

X——00 X—r 400

Duong thang y = m la tiém can ngang ctia d6 thi ham sé y = f(x) dugc minh hoa nhu hinh bén

dudi
y y
y = y=i v = f()
— —
m y =m
O 5% O X
a) lim () =m b) lim_f(x)=m

Phuong phap 3.1. Céac budc tim duong tiém can ngang ctia do thi ham sé y = f(x)

® Tinh ngw f(x)va xg@m f(x).

@ Xem & "vi tri" nao ra két qua hiru han thi ta két luan c6 tiém can ngang & "vi tri" dé.

2. Dudng tiém can ding (TCD)
Dinh nghia 3.2. Duong thing x = a dugc goi 1a mot duong tiém can ding (haytiém can ding)

ctia d6 thi ham s6 y = f(x) néu it nhat moét trong cac diéu kién sau thod man:

lim f(x) = 400, lim f(x) = +o0, lim f(x) = —o0, lim f(x) = —c.
x—a~ x—at x—a— x—at

Duong théng x = ala tiém can dung cta do thi ham s6 y = f(x) dugc minh hoa nhu hinh bén
dudi.

b x=a b \yf(x) \y x=a It lx=a
y=f&) / y:f(X)\
/ U a X Oa \x O \a X Oaf/ x

xX=a
a) lim f(x) = +o0 b) lim+ f(x) =400 c) lim f(x) = —o0 d) lim+ f(x) = —o0

X—a

Phuong phap 3.2. Cac budc tim dudng tiém can ding cua do thi ham sb6 y = f(x)
® Tim nghiém ctia mau, gia st nghiém do la x = xo.

® Tinh gi6i han mot bén tai xp. Néu xay ra lim f(x) = co hodc lirn+ f(x) = oo thi ta két luan
X=Xy X=X,
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO (39

x = xp la duong tiém can duang.

3. budng tiém can xién

binh nghia 3.3. Puong thgmg y=ax+b,a # 0, dugc goi la duong tiém can xién (hay tiém can
xién) ctia do thi ham s6 y = f(x) néu

xl_i;gm[f(x) — (ax + b)] = 0 hoac xl_igl@[f(:C) — (ax+Db)] = 0.

Duong thzfmg y = ax + b la tiém can xién ctia d6 thi ham s6 y = f(x) dugc minh hoa nhu hinh

bén dudi:
y Y
A
g o y=f
A) \/
o A —
\/ y=
O X O x
a) lim_[f(x) — (ax +b)] =0 a) lim [f(x)~ (ax+b)] =0
Phuong phap 3.3.

Cac budc tim TCX y = ax + b: Ta xac dinh hé sbctaavab trong 2 truong hop sau:

® Tinha = lim @,bz lim [f(x) — ax].

Xx—+o0 X X——+00

@ Tinha = lim f(x), b= xl_igloo[f(x) — ax].

X——00 X

Vi DU MINH HOA
¥ Vicy 1

Xac dinh tiém can ding va tiém can ngang ctia d6 thi ham s6 cho bdi cong thirc sau:

2x — 1 b) 2x—3 _ x2—5x+4 2x — 1

Yr1’ Y=9">5, )y 21 d)y=

a) y = 1—2x T2 —3x 42

T

Tim céc tiém can dung va tiém can xién cua do thi ham so sau:

x2 42 2x2 —3x —6 2x2 +9x + 11

2x—4' Y x+2 )y 2x+5

o ox =1 o
Chohamsoy = m.Ham 50 ¢6 c6 duong tiém can dung la

Ay =o. B x=2. ©y=2. D)x =0.
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N A 3x— ]- N A s 2 N PN A P N
Chohamsoy = YPEE Ham so c6 c6 duong tiém can dung la
3 3 1 1
@x_i' y—zl- ©x_1 @]/—;L'
. 2 3x —2 2 A s N A A N
Chohamsoy = P Ham s6 ¢6 duong tiém can ngang la
N % 3x—1 S A 2 S 2 A S
Chohamsoy = T Ham s06 ¢6 duong tiém can ngang la
3 3
@x:(). y:() @xzi @yzi
42 — 92y —
Cho hamsb y = 4x_x _i?; >, Puong tiém can xién ctia ham s6 la
(A)y = 4x + 10. (B)y = 4x + 10 (©)y = 4x + 10. (D)y = 4x + 10.
2 _
Cho hamsby = % Puong tiém can xién ctia ham s6 la
3 37 3 37 3 37 3 37
Chohamséy = gx ; 5 c6 bang bién thién bén dudi. Ham s6 c6 tiém can ding la
2
X | —o0 —= 400
3
y s i
400 1
Y 1 / /
-3 e
2 2 2 1
Wy =-3 ®x=-3 ©y=-3 Dx=—3
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()

=

Choham sy = s

1 - 2 o A A A 2 . N A , N A -, N
. c6 bang bien thién bén dudi. Ham so c6 tiém can dung la

5x —2
2
X —00 _
5 oo
v = =
1 +0
vl 5 T~ T~
— 00

£ 4x +3 , .2 A 1a e Ts e A g iA A .
Chohamsoy = #ﬁ_z c6 bang bien thién bén dudi. Ham s6 6 tiém can ngang la

2
X | —oo 3 +00
y < +
+00 4
y | 4 — _— 3
3 —00

N A —X 5 - 2 « A o« A A 2. N A SRS A N
Chohamsoy = 1 . €0 bang bien thién bén dudi. Ham so c6 tiém can ngang la

x+1

1

X — __
1 e

y - -

1 +o00
Yy 4 \ \ 1
— 00

Cho ham sb ¢6 do thi nhu hinh vé bén dudi. Duong tiém can dung cta dd thi ham sb 1a
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9 X

Ay = -2. By=2 @x:—Z. Dx =2

| Coul2 g

Cho ham s6 c6 do thi nhu hinh vé bén dudi. Pudng tiém can ngang ctia do thi ham s6 la

@le. y:—2. @x:—z. @yzl.

Cho ham s6 c¢6 dd thi nhu hinh vé bén duéi. Duong tiém can ngang ctia d6 thi ham s6 la

V.
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO {36 )

| @x:—l. yzl. @y:—l. @le.

@ PHAN LOAI VA PHUGNG PHAP GIAI TOAN

Dang @ Tim tiém cdan dirng va tiém cén ngang ctia dé thi ham sé

Cho ham s6 y = f(x). Dé tim tiém can ding va tiém can ngang, ta lam nhu sau:
a) Cac budc tim tiém can dung:

® Tim nghiém ctia mau, gia st nghiém do la x = xo.
@ Tinh giéi han mot bén tai xo. Néu xay ra lim f(x) =ocohoac lim f(x) = cothita két
X=Xy x—xg
luan x = x( la duong tiém can dung.
b) Cac budc tim tiém can ngang:
® Tinh lim f(x)va Lm f(x).
! xﬁl+oof( )V xﬁlfoof( )

® Xem & "vi tri" nado ra két qua hiru han thi ta két luan c6 tiém can ngang & "vi tri" dé.

ax-+b
cx +d

Iuén c6 TCH x = —g vaTCN: y = a

c) Luuy: Do thi ham s6 y = -

1. HE THONG BAI TAP

PHAN L. Céu tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mot phuong

2x —4 .

Duong tiém can ngang ctia do thi ham séy = la

By =2. ®x=2 ©x=-2 Dy = -2

v A N » X 8 TS % 2x -+ 1
Tim tiém can ngang cua do6 thi ham so y = :

Ay = -2. B x=-2 @yZZ. Dx=1.

Duong thang y = 3 1a tiém can ngang ctia d6 thi ham s6 nao sau day?

1-3 24 3x+2 1+3 3x2 42
By = —— ®y="T2F2 ©Qy=tF Dy=2"=

24 x x—2 1+x° 2—x

Ham s6 nao c6 do thi nhan duong thang x = 2 lam dudng tiém can ding?

i 1
Wy =x-2+ ®y=

x+1 x+1

1
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X £ 1 2
Puong tiém can dung cta do thi ham so y = 3;j— 5 la duong thang
1
®r=-2  ®x=2 ©y=s ©y=-1

5 ’ 1
Puong tiém can diung cta do thi ham so y = ch—gliél% c6 phuong trinh 1a
(A)x=—1. ®y=1Ly=-5  (©x=Lx=-5  ([Dx=5

2
A N PN A 2 X . < A xX- — 3x + 2
Tim s6 duong tiém can cua do thihamso y = ———.

A1 0. 502)2.4 D)3.

£ g U I £ 3
SO duong tiém can cua do thi ham so y = p—

A1 (B®)2. ©o. Ds.

la

Cho ham s6 y = f(x) c6 do thi 1a duong cong (C) va cac gidi han lir?+ flx) =1, lir? flx) =1,
X—r X—2~

lim f(x) =2, 1_i>m f(x) = 2. H6i ménh dé nao sau day dung?
X— —0

X—+00
(A)Pudng thing y = 2 14 tiém can ngang ctia (C).
Duong thang y = 1 1a tiém can ngang cta (C).
@Du’bng thang x = 2 1a tiém can ngang cua (C).
@Du&mg thang x = 2 1a tiém can ding ctia (C).

\/x+9—3lél
X2+ x

A)3. (B®)2. ©o. D1

S6 tiém can dung ctia do thi ham s6 y =

Cho ham s6 y = f(x) xac dinh trén R \ {41} lién tuc trén moi khoang xac dinh va c6 bang bién
thién nhu hinh ve.
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()

X | —o0 -1 1 +o0
y - - 0 + +
-2 +00 400 -2
N NS S
—00 1 —o00

S6 duong tiém can ctia do thi ham s6 la

(A)1. ®)2. (©)3.

thién nhu hinh bén dudi.

X | —o0 0 1 +o0

Chon khang dinh diing.
@DS thi ham sb c6 ding mot tiém can ngang.
D6 thi ham s6 ¢6 hai tiém can ngang.
@DS thi ham s6 ¢ dung mot tiém can dung.
(D)Dd thi ham s6 khong ¢6 tiém ding va tiém can ngang.

Cho ham s6 y = f(x) xac dinh trén R\ {0}, lién tuc trén mdi khodng xac dinh va c6 bang bién

Cho ham s6 y = f(x) c6 bang bién thién nhu hinh bén dudi.

X —o0 -2 0 +o00

77777777777777)

z
7

z

7

7

7

z

7777
1777727777777
7077777777777
1777727777777
177777777777
7 J
A q
7

z

7

z

7

7

7777 777,
7727227777 00

Héi do thi ham s6 da cho c6 bao nhiéu dudng tiém can?

(A)2. 3, (©)4.

D1.

PHAN II Cau tric nghiém ding sai. Trong méi y a), b), ¢), d) & méi cau, hoc sinh chon ding

hoac sai.
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Cho ham s6 y = f(x) c6 bang bién thién nhu hinh bén dudi.

—00 0 2 +00
' — - 0 +
2 +00 +00
N N
— 00 2

Xét tinh diing, sai ctia cac khang dinh sau:
a) f(—5) < f(4). b) Ham sb c6 gia trj nhd nhat bang 2.
¢) D6 thi ham s6 c6 tiém can ding x = 0. d) D6 thi ham s6 khong c6 tiém can ngang.

| Cau2

N A N A _4x + 5 2 X . . - - . 2 2 4 .
Cho ham so ham so y = 2253 © do thi (C). Xét tinh dung sai cua cac khang dinh sau:
a) Ham sb khong c6 cuc tri.
b) Do thi ham sb ¢ tiém can dung x = —3.
¢) D06 thi ham s6 ¢6 tiém can ngang y = —2.
d) Cac duong tiém can cta d0 thi tao véi hai truc toa dd mot hinh chit nhat ¢6 dién tich bféng
6%

| Caus3

. —Xx—2 . . 2
Chohamsoy = —— T Trong cac khang dinh sau, khang dinh nao dung? khang dinh nao
sai?

Phat biéu b | S

a) Bang bién thién ctia ham s6 la

X |—o0 -1 00

y - -

1 +o00 X
y \ \
—00 1
b) Dao ham y’ = !
) a0 ham Yy = m

¢) Tap xac dinh cia ham s61a 7 = R.
d) Duong tiém can ding va tiém can ngang ciahams6lax = —1;y=1. X
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO (40 )

| Caud

2 2x — : . ,
Cho ham so y = _3; +31. Trong cac khang dinh sau, khang dinh nao dung? khang dinh nao
sai?
Phat biéu b|S
a) Béang bién thién ctia ham s6 la
X | —o0 1 —+00
v - -
-2 +00 X
Y \ \
—00 -2
b) Tam dbi xing ctia ham s 1a I (1; —2). X
¢) Duong tiém can ding cta d6 thi ham s6 1a x = —2. X
d) Puong tiém can ngang ciia hamsdlay = 1. X
2
2 —2 2
Chohamsoy = M, v6i m la tham so.
x+2

a) Tap xac dinh ctia ham s6 1a R\ {-2}.
b) D6 thi ham s6 ¢6 tiém can ngang khi m > 0.
¢) D0 thi ham sb ¢6 tiém can ding khi m # 0.

y N 7
d) Tap hop tat ca gia tri caa m dé do thi c6 hai duong tiém cdnla R \ {5}

PHAN IIL Cau tric nghiém tra 16i ngan. Hoc sinh tra 1oi vao 6 két qua

Dan Tim tiém cdn dirng va tiém cén xién cla doé thi ham sb
ang - e S e |

a) Cac budc tim TCX y = ax + b: Ta xac dinh hé sbcliaavab trong 2 truong hop sau:

® Tinha = lim @,b = lim [f(x) — ax].

xX—+4o0 X X——+00

® Tinha = lim 1 p— lim [£(x) - ax].

oo x
b) Luu y:

® Néu a = 0 thi tiém can xién chinh 1a tiém can ngang.
ax’>+bx+c

n , ta c6 thé chia da thuc, bién déi vé
mx +n

@ Dbi véi ham sb phan thic f(x) =

GV: Nguyén Dan Truong- 0866.783.220




(M) 3. DUONG TIEM CAN CUA PO THI HAM SO

dang

f(x)=dax+b + mxe—i—n' vdie #0

Suy ray = a’x + b’ 1a dudng tiém can xién ctia do thi ham sb.

2. HE THONG BAI TAP

PHAN L. Cau tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mét phuwong
an

Dudng tiém can xién ctia d6 thi ham sy = f(x) = 2x — 1 — . _1'_ 1 c6 phuong trinh la
@y:x+1. y:2x—1. @y:x—l. @y:2x+1.
Duong tiém can xién cta do thi hamséy = f(x) = x +3 + le_'_ 1 c6 phuong trinh la
@y:2x+1. y:x—3. @y:x+3. @yzzx—l.

aa A aa > X q TS 3 x2+3x

Tim tiém cén xién ctia do thi ham so y = f(x) = -
@y:2x—5. y:x—2. @y:x+5. @y:x—S.

x24+2x—2 .
—1a
x+2

Ay =-2. By =1 ©y=x+2. Dy = x.

2 _
Tim tiém can xién ctia d6 thi ham s6 f(x) = %
@y:x+1. y:—3x—|—1. @y:x—Z. @y:x—l.
N PN ~ N 2 X PEETEN A 2x2 - 3x . « R N A
Duong tiém can xién ctia do thi ham so y = 15 di qua diém nao sau day?
(A)(5;3). (—4; —5). (©)(6; —1). (D) (2; —10).

Tiém can xién ctia do thi ham s6 y =
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO (49 )

Giao diém cta duong tiém can ding va duong tiém cin xién ctia do thi ham s6 y =

2x2 —3x+2 .
L Y

A (1;2). (1;1). ©a;-1). (D) (1;0).

PHAN II Cau tric nghiém ding sai. Trong méi y a), b), ¢), d) & mbi cau, hoc sinh chon ding
hoac sai.

| Caul

Cho d6 thi cia ham s6 y = f(x) =
2x2
x2—1

dinh sau:
a) Do thi ham s6 c6 3 diém cuc tri.
b) limy o f(x) = 2; lim,_,;- f(x) =

—00.

. Xét tinh ding sai ctia cac khang

¢) Do thi ham sb ¢6 3 duong tiém can
dingx = -1, x=0,x=1. y=2

d) D6 thi ham sb c6 hai duong tiém can
ngangy =2vay = 0.

X
x=-1
Cho ham sb y = f(x) = ax® + bX+C 45 thi nhu hinh bén
J= - dx+e ‘ ' Y

a) Tap xac dinh cta ham so la R.
b) Ham sb c6 hai diém cuc tri.
¢) D6 thi ham s6 c6 duong tiém can ding la x = 0.
d) D6 thi ham s6 ¢ duong tiém can xiénlay = x + 1. —1

ol /4 x

PHAN III. Cau tric nghiém tra 16i ngan. Hoc sinh tra 16i vao 6 két qua
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3. DUONG TIEM CAN CUA PO THI HAM SO

E@

A N e s iea Aoy o 2x+T1 £
Biet rang hai duong tiém can cua do thi ham so y = . +m (v6i m la tham so) tao vdi hai truc

toa do mot hinh chit nhat 6 dién tich bang 2. Hdi ¢6 bao nhiéu gia tri m thoa man diéu kién?

KQ: oo
. ) 2x% —5
C6 bao nhiéu gid tri m nguyén duong thudc [0;2024] dé db thi ham sé y = xT’;jm 6
tiém can dung?
KQ: i

g

2x2 —3x+m

X —m
khong c6 tiém can dung

Cho ham s6 y = c6 do thi (C). C6 tht ca bao nhiéu gia tri cia tham s6 m dé (C)

g

x—2

C6 bao nhiéu gia tri nguyén m € [—4;4] d€ d6 thi ham s6 y = P R———

c6 dung 3 duong

tiém can.

g

ax +1
bx —2 .
thing x = 1 1am tiém can ding va dudng thang y = 5 lam tiém can ngang.

Cho ham s6 y = , khi d6 a + b bang bao nhiéu dé do thi ctia ham sb trén nhan duong

KQ: oo

g

Mot cong ty sadn xuat do gia dung udc tinh chi phi dé san xuat x (san pham) la C(x) = 2x + 50
(triéu dong).

Khi do f(x) = @ 1a chi phi san xuét trung binh cho méi san pham. Chiing té rang ham s6
f(x) gidm va limy_, 1 f(x) = 2. Tinh chat nay néi 1én diéu gi?
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO ¢ 44

=

Dé loai bd p% mot loai tdo ddc khdi mot ho nudc, nguoi ta udc tinh chi phi bo ra la

C(p) (triéu déng), voi 0 < p < 100.

_ p
100 —p

Biét rang tiém can ding ctia do thi ham s6 C(p) c6 dang p = a. Khi d6 a bang bao nhiéu?

KQ: oo

BAI TAP TU LUYEN

PHAN L. Céu tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mot phuong
an.

) 2x% —3x — 1
Chohamséy=%

@y:2x—1. y:2x+1. @y:2x—3. @y:2x+3.

. Tiém can xién ctia d6 thi ham s6 1a duong théng:

f o3 : 2—2x+2
Biétdd thihamsby = =~

(A)4. 2. (C)s. D)3.

c6 tiém can xién la duong thang y = ax + b. Tinh a2 + 2b.

x3 +2 ¢ ~ . e, S ey
2 ox cat truc toa do tai hai diém A va B. Khi d6

Biét tiém can xién ctia d6 thi ham sb y =
dién tich tam giac OAB la:

A)2. 4. (©s. Ds.

| Caud

Duong thang y = x + 1 1a tiém can xién ctia d6 thi ham s6 nao dudi day?
x—1
- - - =Vx2 -2 .
@y x§ 1 y 2x x+3
x-+1 x*+x+1
Cv=17 ©y = 2 +1
Puong tiém can xién ctia d6 thi ham s f(x) =2x — 1 — ] c6 phuong trinh la:

@yzx—l-l. y=2x—1. @yzx—l. @y:Zx—l-l.
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3. DUONG TIEM CAN CUA PO THI HAM SO

R ) 1
Duong tiém can xién cta do thi ham so f(x) = x +3 + 1 c6 phuong trinh la

®y=2x+1. yzx—3. @y:x—l—3. @yzzx_1,

x2 + 3x
—2

@]/:29‘_5- ]/ZX—Z- @y:x+5. @y:x—5.

Tim duong tiém can xién cta do thi ham s6 f(x) =

S 0Q A c A - X g LS % 2_
Tim duong tiém can xién ctia do thi ham so f(x) = %

@y=x+1. By=-3x+1. @y:x—l. @y:x—Z.

2x2 — 3x
+5

X
(A (5;3). (—4; —5). (©)(6;—1). (D) (2; —10).

Duong tiém can xién cta do thi ham s f(x) = di qua diém nao sau day?

SLIELRIEL

S6 céc gia tri nguyén ctia tham sb m thudc [—2025;2025] dé do6 thi ham s6 y = co tiém

can ding nam bén trai truc tung la

(A)2020. 2025. (©)4041. (D)4042.

2m — n)x® + mx + 1

Chodéthihémséyz R R

Giatrim+nla

(A)8. (®)9. (©e. D) 6.

PHAN II. Cau tric nghiém ding sai. Trong méi y a), b), c), d) & mdi cau, hoc sinh chon diing
hoac sai.

3x —1 2x2 —3x —1

Cho ham s6 (Cy) : f(x) = > va (Cy) : g(x) = 1
can dung va tiém can ngang la cac duong thang x = xg,y = yo; (C) c6 tiém can xién la duong
thang A : y = ax + b. Xét tinh dung sai

a) S=x9+2yo+3b=38.

b) D6 thi ham s6 (Cy) c6 tiém can ngang la dudng thang y = 1.

¢) Giao diém ctia hai duong tiém can & dé bai tao thanh tam giac c6 dién tich b::fmg 2.

nhan truc hoanh va truc tung lam hai tiém can.

biét do thi ham sb (Cy) c6 tiém
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO {46 )

| d) Do thi ham s6 (Cy) va (Cp) c6 chung dudng tiém can ding.

| Cauz

Choham s6 (C) : y = f(x) = V4x2 +8x — 12 va diém M € (C) véi xp1 < 0.
a) Do thi ham s6 c6 hai duong tiém can xién déu la cac ham s6 dong bién trén R.
b) Xét Ay :y = ax + b (b > 0) 1a tiém can xién cua (C) diém (1;4) € A;.
o) XétAp:y=ax+b(b<0)latiém can xién cta (C) khi d6 dmax(M, Ap) < 2.
d) Hoanh do giao diém ctia hai dudng tiém can xién b?ang -2

| Cau3

Chohamsé (C) : y = f(x) = %
thang A : y = ax + b. Xét tinh ding sai
a) Giao diém cuia A va truc Ox c6 hoanh 16n hon 2.
b) Giao diém ctia A va tiém can ding cta (C) ¢6 toa do 1a (—3; —9).
c¢) GoiA=ANOx,B=ANO0ythitacé Spag > 3.
d) Gia tri Ion nhat ctia ham s6 y = ax + b trén [0;3] 1a 4.

biét do thi ham s6 ¢6 duong tiém cén xién la duong

| Caud

2
X< —2x + 3 2 o 3 51 2n ng z g
—_—1 do6 thila (C). Xét tinh dung sai
x J—
a) Do thi ham s6 c6 hai duong tiém cén.
b) Duong tiém can xién cta do thi tao vdi hai truc toa do mot tam giac vudng can.
¢) Giao diém ctia hai tiém can nam trén truc hoanh.

Cho ham s6 y =

d) Duong tiém can xién ctia d6 thi song song v6i duong thang x + y = 0.

PHAN IIL Cau tric nghiém tra 16i ngan. Hoc sinh tra 1oi vao 6 két qua.

Cho ham sy = 5 2:;;_2 — Biét voi m = % (a,b € IN,% toi gidn) thi do thi ham s6 ¢6
dung 2 duong tiém can. Tinh a + b. KQ: oo

2 A ~ X . N A 1 ~ - A
Cé6 bao nhiéu gia tri thuc cia tham so m dé do thiham so y = X+ c6 dung mot
x2 +2mx +3m + 4
duong tiém can dung la KQ: i

m —n)x*> +mx + 1
x2+mx+n—=6

Biét d6 thi ham s6 y = (m,n 1a tham s0) nhan truc hoanh va truc trung
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(4T ) 3. DUONG TIEM CAN CUA PO THI HAM SO

lam hai duong tiém can. Tinh m + n. KQ: woiiiiiii
3 2 2mx +m 2 R 92 g » R 2 S ‘A ~ 2
Chohamsoy = ——1 Co bao nhiéu gia tri thuc cua tham s6 m dé duong tiém can dung,
tiém can ngang ctia d6 thi ham s6 cting véi hai truc toa do tao thanh mot hinh chir nhat c6 dién
tich bang 8. KQ: oo
Z 2 1 2 3 A k3 2 ?
Chohamsoy = @m+ Lx” + , m la tham so. Tim gia tri caa m dé duong tiém can ngang cua
Vat+1
d6 thi ham s6 di qua diém A(1; —3). KQ: oo

2
. [N . s . » 2 X . N A mx- — 1 , , N N ~
C6 bao nhiéu gia tri caa m dé d6 thi ham so y = 2 312 c6 dung 2 duong tiém can?
X% —3x

mx* + B3m? — 2)x — 2

Cho hams6 y = 1 3m (1) v6i m 1a tham s6 thuc. Tim tt ca cac gia tri cia m dé

goc gitra hai dudng tiém can ctia do thi ham s6 (1) bang 45°. KQ: iiiiiiiiiiiiannn,
A , 1 p . 2

Goi (Cp) la do thi cda ham so y = mx + p (x), m la tham so. Tim m dé ham so (x)

c6 cuc tri va khodng cach tir diém cuc tiéu cda (Cy) dén duong tiém can xién bang

1
7

P < a P oo 2x2 4+ 3mx —m+2
Biet gia tri cua tham so m = b a,b toi gidn sao cho do thi ham so y = i 1 i

co tiém can xién tao vdi cac truc toa d0 mot tam giac c6 dién tich bf“ang 4, Tinh a+ b

KQ: oo
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO (48 )

A A )2 2 ~ N A N 2 A . N A 2x3 + 5x2 - 1

Tim hé sO goc k cia duong tiém can xién cua do thi ham so y = 2 i1
KQ: v

z 2 % S N ~ 2 N ~ » A 9 L& % x2 + 2x + 3

Tinh tong so duong tiém can dung va tiém can ngang cua do thi ham so y = —Z_1
KQ: oo
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{49 ) 4, KHAO SAT SU BIEN THIEN VA VE DO THI HAM SO

54. KHAO SAT SU’ BIEN THIEN VA VE DO THI HAM O

LY THUVET CAN NHG

1. So d6 khdo sat ham sb y= f(x)

® Budc 1. Tim tap xac dinh ctia ham sb.
® Budc 2. Khao sat su bién thién ctia ham s6

— Tinh dao ham . Tim cac diém ma tai d6 ¥’ bang 0 hodc dao ham khong ton tai.
— Tim cdc gidi han tai vo cuc, gidi han vo cuc va tim tiém can cta dd thi ham sb.

— Lap bang bién thién; xac dinh chiéu bién thién va cuc tri ciia ham sb.

® Budc 3. Cho thém diém va vé do thi ctia ham s6 dua vao bang bién thién.

2. Ham s6 bac bay = ax® + bx? + cx +d

a) TH1. ¥’ = 0 c6 hai nghiém phan biét x; va x,. Khi d6, ham s6 c6 hai diém cyc tri x = x; va
X = Xo.

y a<0 y

¢
Res
>

~——
=
@]
=
@]
&

—
=

b) TH2. y’ = 0 c6 nghiém kép x¢. Khi d6, ham s6 khéng c6 curc tri.

a>0 Y a<0 y

f \L.

/| BN
/o x o\x

c) TH3. v’ = 0 vd nghiém. Khi d6, ham s6 khéng c6 cuc tri.
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO 50

] b
5. Ham so y = :;(id

(c #0,ad — bc #0)
e d
a) Tap xac dinh D = R\ {—E};

ad —cb

N / _
b) Daohamy’ = e

c) Do thi nhan giao diém cta hai duong tiém can lam tam déi xuang.

d) Hinh dang do thi:

/ 1 y y 1 /
y>0 I | y<0
. .
______________ I/———- \I
i [ o x ol \: 4 x
ol c
L s atbxte BT g s
4. Hamsoy = —— (a # 0, m # 0) (da thic td khong chia hét cho da thiic mau)

am-x2+2an-x+b.n—m.c
(mx + n)?

., . n <
a) Tap xac dinh D = R\ {——}; Dao ham y’ =
m
b) Ham s6 2 diém cuc tri khi y’ = 0 ¢6 2 nghiém phan biét; Ham s6 khong c6 cyc tri khiy’ = 0
vO nghiém.
c) Do thi nhan giao diém ctia tiém can ding va tiém can xién lam tam doi xuang.

d) Hinh dang do thi:

a >0,y = 0co2nghiém phan biét a <0,y = 0c62nghiém phan biét
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{510 4, KHAO SAT SU BIEN THIEN VA VE DO THI HAM SO

N \O X

!
!
!
|
|
|
|
|
|
|
|
!
: .
A
|
[
|
|
|
|
|
|
!
!
|
|
|
|

a >0,y =0vonghiém| a <0,y = 0vdnghiém

Vi DU MINH HOA

1.Ham bac y = ax® + bx*> +cx+d, a # 0

o

Khao sat su bien thién va vé do thi cac ham so sau:

a) y=x>—-3x>+1; b) y = x> +3x2 +3x +2;

@ PHAN LOAI VA PHUGNG PHAP GIAI TOAN

Dang @ Khdo sat va vé do thi ham s y = ax® + bx? + cx + d

® Budc 1. Tim tdp xac dinh D = R.
® Budc 2. Khao sat su bién thién ctia ham s6

— Tinh dao ham y’ = 3ax? + 2bx + c.
— Tim céc gidi han tai vo cuc, gi6i han vo cuc va tim tiém can cta do thi ham sb.

— Lap bang bién thién; xac dinh chiéu bién thién va cuc tri ciia ham sb.

® Budc 3. Cho thém diém va vé do thi cia ham s6 dua vao bang bién thién.

PHAN L. Cau tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mét phuwong
an.

=

Béang bién thién & hinh bén la cia mot trong bén ham s6 sau day.

X |—o0 0 2 +o00
f(x) + 0 — 0 +
5 +00
f(x) e TN ) 7

Hoi d6 la ham so nao?
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO

()

Ay = —x3—2x2+5.
(©y = —x3—3x+5.

By =x®—3x2+5.

D)y = x3+3x2 +5.

Bang bién thién & hinh bén 1a ciia mot trong bon ham s6 sau day.

Hoi d6 1a ham sb nao?
Ay = —x3 + 322
©y = x*+222 +1.

—0 0 2 +o0
' - 0 + 0 -
+0oo 5
Yy . ) N
—00

®y=2x-3x2-1.

Dy =—x3+3x2+1.

| Cau3

Bang bién thién & hinh bén la ciia mot trong bon ham s6 sau day.

— 0 1

—+o00

+ 0+

Héi d6 1a ham s6 nao?
Ay =x3—3x2+x+3.
©y=x3—3x2+3x+1.

— "
— 00 /

®y=2x-3x+4

@y:x3+3x2+5.

| Caud

Hoi d6 1a ham s6 nao?
@y: —x3 4+ x% 2.
(©y=x3—3x+2.

Pudng cong bén la dd thi ctia mét trong bon ham sb da cho sau day.

By =x+3x2-2.
Dy =x*—3x—2.
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4. KHAO SAT SU BIEN THIEN VA VE DO THI HAM SO

| Caus

Héi d6 1a ham sb nao?
Ay =x3+3x—2.
©y=—x3+3x+2.

Puong cong bén 1a do thi ciia mot trong bon ham s6 da cho sau day.

By=x>-3x+2.

D)y =—x3—3x—2.

| Cauo

d6 1a ham s6 nao?
@y = —x34+3x2+1.
Oy =x*+222—1.

Dudng cong bén 1a dd thi ctia mot trong bon ham s6 da cho sau day. Hoi y

®y=-x*-3x—1

Dy =x3-3x+1.

—Q
1
<
=

| Cau7

Duong cong bén 1a do thi ciia mot trong bén ham sé da cho sau day. Hoi d6 y
1a ham s6 nao? 1 2
Ay =x3 —3x2 — 4. By=-x*-4 0 ¢
©y=—x3+322-2. Dy = —x*+3x2—4.
—4
Duong cong bén la do thi ciia mot trong bon ham s6 da cho sau day. Hoido

la ham s nao?
Ay =1

By =@x+1)7° 0 1

©y = (x -1 Dy =x3+1. — s
-1
Cho ham s6 y = ax® + bx? + cx + d ¢6 d6 thi nhu hinh vé bén. y

Khang dinh nao sau day la ding?
(A)a>0,b>0,c>0,d>0.
(B)a<0,b<0,c>0,d>0.
©a>0,b<0,c<0,d>0.
(D)a>0,b<0,¢c>0,d>0.
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO

(50

| Cau 10

Cho ham s6 y = ax® + bx? + cx + d c6 do thi nhu hinh vé bén. Ménh
dé nao dudi day ding?
(Aa<0,b>0,c>0d>0. Ba<0b<0,c=0d>0.
(©a<0,b>0,c=0d>0. (Da>0b<0,c>0,d>0.

| x

| CauTl 4

Cho ham s6 y = ax3 + bx? + cx + d c6 bang bién thién nhu hinh bén.

X | —00 —1 2 +o0
f'(x)

NN

Trong cac hé so a, b, c va d c6 bao nhiéu s6 am?

2. 1. ©4 D)3.

PHAN II. Cau tric nghiém diing sai. Trong méi y a), b), ¢), d) & mdi cau, hoc sinh chon ding

hoac sai.

| Caul

Cho ham sb y=f(x)= ax3 4 bx? 4 cx + d c6 d6 thi nhu hinh veé.
a) Ham s6 dat cuc tiéu tai x = 1.
b) Do thi ham sb cat truc Oy tai diém (0;1).
¢) Ham s6 dong bién trén khoang (—oo; —1).
d) 2a+3b+c=09.

o =N =

| Cau2

Cho ham sb bac ba f(x) = ax® + bx? + cx + d c6 dd thi nhu hinh vé.
Tinh tong T =2.
a) Do thi ham s6 cat truc tung tai diém (0; 1).
b) Puong thang di qua dié’m}(O; 1) luén cat do thi tai ba diém phan biét
c6 hoanh d¢ lap thanh 1 cap so cong.
¢) a—b+c+d=-1
d) Do thi ham sb di qua diém (3;18).

W
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4. KHAO SAT SU BIEN THIEN VA VE DO THI HAM SO

| Cau3

Cho ham sby = f(x) = ax® + bx® + cx + d c6 bang P [, ) 0 oo
bien thién nhu hinh bén. ;
a) Ham sb dat gia tri 16n nhat 1a 4.
b) Duong thang y = 2 cat dd thi ham s6 y = f(x)

4
tai 3 diém phan biét. y \ / \
¢) Trong boénhésba, b, c,dcod dung hai s6 am.

d) Do thi ham s6 di qua diém (—4;20).

| Caud

Cho ham s6 y = f(x) = ax® + bx? + cx + d c6 d6 thi nhu hinh vé bén. y

Khi do Bl
a) Ham s6 nghich bién trén khoang (1;2). !
b) Diém cyc tiéu cia hamsdlay = —1. |
¢) Gia tri 16n nhat cia ham sb trén [0; 3] 1a 3. 0 i 3
d) f(2) > 0. i

| Caus

Cho ham s6 y = f(x) = ax®+ bx? + cx +d c6 d6 thi nhu hinh vé bén. y

Khi d6
a) Ham sb c6 hai diém cuc tri.  b) f(x) < 0 trén (—oo;0). -2 0
o) f(x) <0trén (0;1). d) f'(-3) < f'(-1). 1 X

—4
Dang @ Khdo sat va vé do thi ham sé phan thire hiru i y = Z:S

Ta khao sat theo so do

® Budc 1. Tim tap xéac dinh D = R\ {—g}

@ Budc 2. Khao sat su bién thién ctia ham sb
ad — cb
(cx +d)?
— Tim cdc gidi han tai vo cuc, gi6i han vo cuc va tim tiém can cta do thi ham sb.

— Tinh dao ham y' =

— Lap bang bien thién; xac dinh chiéu bién thién va cuc tri cia ham so.

@ Budc 3. Cho thém diém va vé do thi ctia ham s6 dyra vao bang bién thién.
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO ¢ 56 )

1. Vi DU MINH HOA HAM SO NHAT BIEN

)

Khao sat su bién thién va vé dd thi cac ham sb sau:

x—1' b) _2x—|—1. 5+x
x+17 Y¥=%=1’ Y ’

a) y =

PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. Méi cau héi hoc sinh chi chon mot phuong
an.

| Caus

Ham s6 nao trong bén ham s6 dudi day c6 bang bién thién nhu hinh bén dudi?
— o0 2 —+o0
/ _ —
1 +o0
— 00 1
2x —1 4x — 6 3—x x+5
By ="—% ®y=—— ©y=5—. Dy=—.

| Cau7

Ham sb nao trong bén ham s6 dudi day c6 bang bién thién nhu hinh bén dudi?

Pudng cong trong hinh vé bén 1a d6 thi ctia mot trong bén y
ham s6 sau. H?i d6 1a ham sb nao?
x —
Wy =_——. y=x+2.

x—2

=x*—3x2+1. :2x—|—1.
Y Y x—1
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{57 ) 4, KHAO SAT SU BIEN THIEN VA VE DO THI HAM SO

=

Puong cong trong hinh vé bén 1a dd thi ciia mot trong bon ham y
s6 sau. Hoi d6 1a do thi ciia ham s6 nao? E
x—2 x+2 !
®y_x+%' y_x—%' 2|/ |
5% — X+ :
<©y:x—l' @y:x—l' —
1, —x
ol1: /2
. . ax—b L 3A L . <A
Cho ham so y = . (a,b,c € R) ¢6 do thi nhu hinh vé bén. y
Gia trj ctia biéu thitc 2a + b — 3¢ bang |
(A)-3. ®)4. |
©7. D) ->5. -
| Tt
O 1i 2 X
N A ax—b - PN .
Chohamsoy:Cx+2(a,b,cE]R;c#O)codoth;nhu y
hinh vé bén. Gid tri cia biéu thitc a + b + ¢ bang | \
(&) -3. ®)5. (©—4. D)s. 0 ;
4] 12 3 x
slsiuinly [
& :
2 |
~ . . 21 A z_ax 2 X . N
Hay xac dinh a, b dé ham so y = = do thi nhu hinh y o
ve? E
@azl;b:—Z. Ba=b=2 ;
(©a— 10— Da=b=-2. ;!
- o
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO

(58

=

Cho db thi ham sb y = “;__ 1b nhu hinh vé. Tim khing dinh 7,
dung? E
(A)a<0,b<0. Bo<b<a |
©b<0<a (D)a < b <0. |
RERED R
_Q\\ili x
) E
. 2 ax +4 L 1.2 < A PN
Chohamsoy = PRTo (a, b, ¢ € R) c6 bang bien thién nhu sau.
X —00 1 —+o00o
f'(x) + +
+o0 3
3 —00
Trong céac s6a, b, ¢ c6 bao nhiéu sb6 duong?
(A)o. 1. (©2. D)3.
.z ax+b . AR s . o . A s
Chohamsoy = o d vOia > 0 co do thi nhu hinh vé bén. Ménh dé nao y
sau day duang? E L
(Ab<0,c<0,d <0, ®b>0c<0,d<0. . o

(©b<0,c>0,d<0. Db >0,c>0,d<0. ~ x
A gy A a1 g ax+b o A
Hinh vé bén la do thi cita ham so y = . Ménh dé nao sau day y
cx +d |
la dung? !
(Aab > 0,bd < 0. (B)ab < 0,ad > 0. |
(©ab < 0,ad < 0. D)bd > 0,ad >0. Ti--- /,_
o
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{ 59 ) 4, KHAO SAT SU BIEN THIEN VA VE DO THI HAM SO

ax—+b

Hinh vé duéi day 1a do thi ham s6 y = = ac #0,ad —cb # 0. y

+d
Ménh dé nao sau day diing? J
(A)ad > 0vaab < 0. (B)bd < 0vaab > 0.

(Cad < 0vaab < 0. (D)ad > 0va bd > 0.

PHAN II. Cau tric nghiém ding sai. Trong méi y a), b), c), d) & mdi cau, hoc sinh chon diing
hoac sai.

| Caul

Chohér\nséy—b—:_ ,(a,b,c € Z). y
a) D6 thi ham so c6 tiém can dung x = 1. )
b) Do thi ham sb ¢6 tiém can ngang y = 0.

gangy _/1

¢) Ham s6 dong bién trén R.
d) a—3b—2c=-3.

| Cau2

Cho ham sb f(x) = Zx

-1 .
. (a,b,c € R) c6 bang bien thién nhu sau

X —00 3 “+o0
f'(x) — —
1 +o0
f@ | 2 S
—00 2

. ) 1
a) Ham so nghich bien trén khoang (—oo, —) .
1

b) Do thi ham sb ¢ tiém can dung x = >

¢) Do thi giao v6i truc hoanh tai diém c6 hoanh d6 nhé hon 3.
2
d) b> 5hoécb<0.
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO {60 )

| Cau3

< _ax+b . T
Cho ha}m sO f(x) = td vGia,b,c,d € R co do thi y
ham s0 y = f'(x) nhdn x = —1 lam tiém cén dung

nhu hinh vé bén. Biét rang gia tri lon nhat ciia ham s
y = f(x) trén doan [—3; —2] bang 8.
a) f(0)=3. 3
b) Ham sb f(x) nghich bién trén khodng (—1; +oc0).
¢) Gid tri ctia f(—3) bang 8.
d) Gid tri cia f(2) bang 4.

| Caud

Cho ham sb y = Zx_z.Khi do

x+1

a) Ham sb dong ?)—ién trén khoang (—oo; —1) va (1; +o0).
b) D6 thi ham s6 c6 tiém can ding la x = 1.

¢) DO thi ham s6 ¢6 tiém can ngang la x = —1.

d) Tam ddi xing ctia do thi la I(—1;2).

| Caus

Cho ham sby =~ 2 Khi do
2 3
a) Ham s6 c6 daohamlay’ = G

b) D6 thi ham s6 di qua diém A(2;4).
N 2 2 1 2 2
¢) DO thi ham so va duong thang d: y = —3¥ 3 c6 2 diém chung.
d) Phuong trinh tiép tuyén ctia do thi ham s6 tai diém c6 hanh do bé“mg 2lay = —3x +10.

ax? 4+ bx + ¢
mx +n

Dang @ Khdo sdt va vé dé thi ham s phan thire hiru ti y =

@ Budc 1. Tap xdc dinh D = R\ {—%}

@ Budc 2. Khao sat su bién thién ctia ham sb

am-x2+2an-x+bn —m.c
(mx + n)? '

— Gidiy' =0« am - x*>+2an - x + b.n — m.c = 0, tim nghiém.

— Tinh dao ham y' =

— Tim céc gidi han tai vo cuc, gi6i han vo cuc va tim tiém can caa dd thi ham sb.

— Lap bang bién thién; xac dinh chiéu bién thién va cuc tri ciia ham sb.

@ Budc 3. Cho thém diém va vé do thi ctia ham s6 dua vao bang bién thién.
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{61 4, KHAO SAT SU BIEN THIEN VA VE DO THI HAM SO

2. Vi DU MINH HOA

Khao sat su bién thién va vé dd thi cic ham sb sau:

x24+2x—2 1
:—" b = — 2——'
T_1 )y X+

a) y Y

3. HE THONG BAI TAP

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Méi cau héi hoc sinh chi chon mét phuong
an.

| Caus

Bang bién thién sau la ctia mot trong bén ham s6 sau.

—00 —10 —4 2 +o0
y - O &+ + 0 =
+oo +oo 0
y \ Z e \
24 —00 —00

Héi d6 1a ham s6 nao?

Z_3x+4 2 _4x+4 2_5x+4 2 _4x+4
Ay=2"2"% @y=2"2T Q©y=1"2"" @y=1—"2T=

—x—4 —x—4 x+4 x+4
Bang bién thién sau la ctia mot trong bon ham s6 sau.
—00 1 3 5 +00
' - + + 0 -
00 +00 -9
y ~ &7 4 ™~
-1 —00 —00

Hoi do 1a ham so nao?

x2—4x+3 —x2—x+42 —x24+x+2 x2—4x+4
Ay=2"2T2 @y="1"2T° Qy=—1T1T° @@y=1_"""2

x—3 x—3 x—3

Bang bién thién sau la ctia mot trong bén ham s6 sau.
X |—oo —0) —4 1 +0o0
y + 0 - - 0 +
—-20 —+o0 “+o0
vl NN S
—o0 — o0 0
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO

(o)

Hoi d6 1a ham s6 nao?

x2—2x+1 _x?—4x+2 xr—x+2
®y="771— ®v="7rg— Oy="

_ x*—3x+4
 —x—4

Dy

Bang bién thién sau la ctia mot trong bén ham sb sau.
' T T
+o0 +00
Yy / /
—00 —00
Héi d6 la ham s6 nao? , )
X — x-—4x+2 xX°—x
@y_x_z y_ x—2 : @y_ r—2°

| Caut0

D0 thi hinh bén 1a ctia mét trong bon ham s6 sau. Hoi d6 1a ham
sO nao?

2+ x—1 2 —x+1
@y:%, y:%,

x_
2 2
C x-—4x —1 C x-—3x—1
¥y= —x+1 y= —x4+1

1 2 3 4

| Caull

D0 thi hinh bén la ctia mot trong bén ham s6 sau. Héi d6 1a ham y
sonao? , T
Xt —x _x"—3x I
x-+1x+2 —4¢ 1-14
©y="—71 Oy=171 NEA
ille) X
-2
=73

PHAN II. Cau tric nghiém diing sai. Trong méi y a), b), c), d) & mdi cau, hoc sinh chon ding
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{63 ) 4, KHAO SAT SU BIEN THIEN VA VE DO THI HAM SO

hoac sai.

| Caul

) 244
Cho ham sb y = f(x) = % Khi d6

a) Ham sb c6 tap xac dinh: 2 = (—o0; —2) N (—2; +0).
b) Vi lim f(x) = lim (x +2+ —) = +o00 nén ham sb c6 tiém can xién la duong

x——+o00 x—+o0 x+2

thang y = x + 2.
x?+4x +5 . )

¢ Vi lim f(x)= lim ————— = 4o00onén duong thang x = —21a tiém can dung cua

x——27F x——27F x+2

dd thi ham s6 .
d) D6 thi ham s6 nhan I(—2;0) lam tAm dbi xing.

—x243x+2

a) Ham s6 dong bién trén khoang (—2; —1).

b) Ham sb c6 2 diém cuc tri.

¢) Ham s6 dat gia tri lon nhat trén doan [1;3] taix = 1.
d) Do thi ham s6 ¢6 1 tiém can ngang.

2x2 —2x 42

a) Ham sd nghich bién trén khodng (—o0;0) U (2; +00).
b) Ham s6 dat cuc tiéu tai x = 2.

2 A 2 N A A N 19
¢) Gia tri nho nhat caa ham so trén doan [1,5;2,5] la — 3

d) D6 thi ham s6 c6 tiém can xién la 2x +y = 0.

| Caud

. 1
Chohamsoy = x — < Khi dé
a) Ham s dong bién trén khoang (0; +co).
b) Ham s6 dat cuc tiéu tai x = 0.
¢) Ham s6 dat gia tri nho6 nhéat trén doan [1;3] tai x = 2.
d) D6 thi ham s déi xiing qua diém O(0; 0).

x2—x—3

a) Ham sd nghich bién trén khoang (—oo; —1).
b) Ham s6 dat cuc dai tai x = 1.
¢) Ham sb dat gia tri lon nhét trén doan [—3;0] tai x = 0.
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO {64 )

| d) D6 thi ham s6 c6 duong tiém can dung la x = 1.

| Caus

1 — x2

Cho ham sb y = . Khi d6
a) Do thi ham s6 ¢6 tiém can ding la x = 0.
b) D6 thi ham s6 c6 tiém can xiénla y = —x.

¢) Ham s6 dong bién trén mébi khoang (—oo; 0) va (0; +o0).
d) D6 thi ham s6 c6 tam ddi xing la O.

=

2
Z - 2 2 2 2
Chohamsoy = % Trong cac khang dinh sau, khang dinh nao dung? Khang dinh nao
sai?
a) Do thi ham s6 c6 tiém can xiénlay = —x + 1.

b) Do thi ham sb ¢ tiém can dunglax = 1.
¢) Ham s6 dong bién trén mébi khoang (—oo; 1) va (1; +00).
d) Do thi ham s6 c6 tdm ddi xing 1a I(1;1).

=D

Choham sy =

2
X AAXFS 5 b thi (C). Khi dé
x+2

a) Ham sb dong bién trén khoang (—3, —1).

b) Diém cuc tiéu ctia d6 thi ham s6la x = —1.

¢) Do thi (C) nhan I(—2;0) lam tam dbi xing.

d) Do thi (C) c6 tiém can xién di qua diém A(1;2).

=

Cho ham s6 y =

2

ol ias
x—2

a) Do thi ham s6 ¢6 1 tiém can ngang.

b) D6 thi ham sb cat truc Oy tai M. Phuong trinh tiép tuyén ctia do thi ham sb6 tai M la
3x —4y+2=0.

¢) D6 thi ham s6 c6 hai diém cyc tri ndm 2 phia déi véi Oy.

d) D6 thi khong cét truc Ox.

55. NG DUNG DAO HAM VA KHAO SAT HAM sO BE GIAI
QUYET MOT SO BAI TOAN THUC TIEN

LY THUVET CAN NHO
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65 5. UNG DUNG PAO HAM VA KHAO SAT HAM SO PE GIAT QUYET MOT SO BAI TOAN THUC TIEN

1. T6c dd thay ddi ctia mot dai lugng

Ta c6 dao ham f’(a) 1a toc do6 thay ddi tirc thoi ctia dai lugng vy = f(x) ddi v6i x tai diém x = a. Dudi
day, chung ta xem xét mot so ung dung cta y tudng nay doi vdi vat li, hoa hoc, sinh hoc va kinh te:

@ Néu s = s(t) 1a ham vi tri cia mot vat chuyén dong trén mot duong thang thi v = s/(t) biéu
thi van toc tic thoi cta vat (toc do thay d6i cia do dich chuyén theo thdi gian). Toc do thay
do6i tuc thoi cta van toc theo thai gian 1a gia toc tic thai cta vat:

a(t) =o'(t) = s"(t).

® Néu C = C(t) 1a ndng do6 ctia mot chat tham gia phan tng hoa hoc tai thoi diém ¢, thi C'(#) 1a
toc do phan tng tic thai (tic 1a d6 thay d6i nong do) cta chat do tai thoi diém ¢.

® Néu P = P(t) la s6 lugng ca thé trong mot quan thé dong vat hodc thuc vat tai thoi diém ¢, thi
P'(t) biéu thi toc do ting trudng tic thdi ctia quan thé tai thoi diém t.

@ Néu C = C(x) la ham chi phi, ttic 1a tong chi phi khi san xuat x don vi hang ho4, thi téc do
thay déi tic thoi C'(x) ctia chi phi d6i véi s6 lugng don vi hang dugc san xuat dugc goi la chi
phi bién.

@ Ve y nghia kinh té, chi phi bién C’(x) xap xi v6i chi phi dé€ san xuat thém mot don vi hang hoa
tiép theo, tic 1a don vi hang hoa thit x + 1 (xem SGK Toan 11 tap hai, trang 87, bd sach Két
ndi tri thite véi cudc song).

2. Bai todn téi uu hoa

Mot trong nhu’ng tng dung phd bién nhat ctia dao ham la cung cap mot phuong phap tong quat,
hiéu qua dé giai nhung bai toan t6i wru hoa. Trong muc nay, chiing ta sé giai quyet nhiing van dé
thuong gap nhu t6i da hoa dién tich, khdi lugng, loi nhuan, ciing nhu t6i thiéu hoa khodng cach,
thoi gian, chi phi.

Khi giai nhimg bai toan nhu vy, kho khan 16n nhét thuong 1a viéc chuyén doi bai toan thuc té cho
bang 16i thanh bai toan t6i wu hoa toan hoc bang cach thiét 1ap mot ham s phu hop ma ta can tim
gia tri 16n nhat hoac gia tri nho nhét ctia n6, trén mién bién thién phtt hgp cta bién sb.

Quy trinh gidi mot s6 bai toan toi wu hoa don gian:

® Budc 1. Xac dinh dai lugng Q ma ta can lam cho gia trj cta dai lugng 4y 16n nhat hodc nhd
nhat va biéu dién n6 qua cac dai lugng khac trong bai toan.

® Budc 2. Chon mot dai luong thich hgp nao d6, ki hiéu 1a x, va biéu dién cac dai luong khac &
Budc 1 theo x. Khi d6, dai lugng Q sé 1a ham s6 ctia mot bién x. Tim tap xac dinh ctia ham s6

Q = Q).

© Budc 3. Tim gid tri I6n nhat hodc gia tri nhé nhat ctia ham s6 Q = Q(x) bmeg cac phuong phap
da biét va két luan.

PHAN LOAI VA PHUGNG PHAP GIAI TOAN

Dang @ Béii todn vé t6¢ dé thay ddi ctia mét dai lwong
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO {66 )

T

Khi b qua stic can cta khong khi, do cao (mét) ctia mot vat duge phong thzfmg duang 1én trén
tir diém cach mat dat 2 m vdi van tdc ban dau 24,5 m/s 1a h(t) = 2 + 24,5t — 4,9t> (theo Vat li
dai cuong, NXB Giao duc Viét Nam, 2016).

a) Tim van toc clia vat sau 2 giy.
b) Khi nao vat dat do cao 16n nhat va do cao 16n nhat dé la bao nhiéu?

¢) Khi nao thi vat cham dat va van toc cta vat lic cham dat 1a bao nhiéu?

T

Xét phan ting hoa hoc tao ra chat C tir hai chat A va B: A + B — C. Gia stt nong do cta hai
chit A va B bang nhau [A] = [B] = a (mol/l). Khi d6, ndng do ctia chat C theo thoi gian ¢
a?Kt
. - aKt +1 )
(Nguon: Do Dirc Thdi (Chii bién) va cdc dong tdc gid, Gido trinh Phép tinh vi tich phdn ham mot bien,

NXB Dai hoc Su pham, 2023).

(t > 0) duoc cho bdi cong thuc: [C] =

(mol/1), trong d6 K 1a hang s6 duong.

a) Tim toc do phan ing & thai diém ¢ > 0.
b) Ching minh néu x = [C] thi x/(t) = K(a — x)?.
c) Néu hién tugng xay ra vdi nong do cac chat khi t — +oco.

d) Néu hién tugng xay ra véi toc dd phan tng khi t — +oo.

s

Gia st s6 lugng clia mot quan thé nAm men tai moi trudng nudi cly trong phong thi nghiém
dugc mo hinh hoa bf?mg ham s6 P(t) =

a N\
b e 07t trong do thoi gian t duoc tinh bang gio. Tai
e 7

thoi diém ban dau t = 0, quan thé c6 20 té bao va tang vdi toc d 12 té bao/gio. Tim cac gia tri
ctia a va b. Theo md hinh nay, dieu gi xay ra vdi quan thé nam men vé lau dai?

)

Gia st chi phi C(x) (nghin dong) dé san xuat x don vi ctia mét loai hang hoa nao dé dugce cho
bdi ham s C(x) = 30000 + 300x — 2,5x2 + 0,125x>.

a) Tim ham chi phi bién.
b) Tim C’(200) va giai thich y nghia.
c) So sanh C’(200) v6i chi phi sdn xuat don vi hang hoa thi 201.

Dang : ) Bdi todn t6i vu hoa don gidn
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)

Mot nha san xuét can lam nhirng hop dung hinh tru co6 thé tich 11it. Tim ——  — ,,

- , -, k3 A ~ . . A .« A N A 2 A ~ ? O | | A
cac kich thudce cua hop dung dé chi phi vat liéu dung dé san xuat la nho ~— 1
nhat (két qua dugc tinh theo centimét va lam tron dén chu s6 thap phan
thua hai).

)

Mot bac nong dan c6 ba tam ludi B40, méi tAm dai 2 (m) va mudn rao mot manh vuon doc bo
song c6 dang hinh thang can ABCD nhu Hinh 36 (b3 song 1a dudng thang CD khong phai rao).
Hoi bac d6 c6 thé rao dugc manh vudn cé dién tich 16n nhat 1a bao nhiéu mét vudng?

A a(m) B

a(m) a(m)

Hinh 36

T

C6 hai xa A, B cing & mot bén bd song Lam, khoang cach tir hai xa d6 dén bo song lan lugt 1a
AA" =500 m, BB’ = 600 m va nguoi ta do duge A’B’ = 2200 m Hinh 37. Céac ki su mubn xay
mot tram cung cép nudc sach nam bén bo song Lam cho dan hai xa. Dé tiét kiém chi phi, cac ki
st can phai chon vi tri M ctia tram cung cAp nudc sach d6 trén doan A’B’ sao cho tong khoang
cach tir hai xa dén vi tri M 1a nh6 nhat. Hay tim gi tri nho nhat cua tong khoang cach doé.

B

600(m)
500(m) 2200(m)

Hinh 37
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO {68 )

@ BAI TAP TU LUYEN

e

Mot tau d6 bo tiép can Mat Trang theo cach tiép can thang ding va dot chay cac tén lira ham &
do cao 250 km so v6i bé mat ciia Mt Trang.

Trong khoang 50 gidy dau tién ké tir khi d6t chay cac tén Itra ham, do cao h ctia con tau so véi
bé mat ciia Mat Trang dugc tinh (gan ding) boi ham h(t) = —0,01# + 1,1+ — 30t + 250, trong
d6 t 1a thoi gian tinh bang gidy va h 1a do cao tinh bang kilomét.

( Nguén: A. Bigalke et al., Mathematik, Grundkurs ma-1, Cornelsen 2016).

a) Vé do thi ctia ham s6 y = h(t) véi 0 < t+ < 50 (don vi trén truc hoanh la 10 giay, don vi
trén truc tung la 10 km).

b) Goi v(t) 1a van tdc tic thdi ctia con tau & thoi diém ¢ (gidy) ké tir khi dot chay cac tén lira
ham véi (0 < t < 50). Xac dinh ham s6 v(t).

¢) Van toc tic thoi cta con tau lic bat dau ham phanh 1a bao nhiéu? Tai thoi diém t = 25
(giay) la bao nhiéu?

d) Tai thoi diém t = 25 (giy), van toc tic thdi cia con tau van gidm hay dang tang trd lai?

e) Tim thdi diém t (0 < t < 50) sao cho con tau dat khodng cach nho nhét so v6i bé mit cta
Mat Trang. Khoang cach nho nhat nay la bao nhiéu?

Dé loai bd x% chat gay 6 nhiém khong khi tir khi thai cia mot nha may, nguoi ta wdce tinh chi
phi can bo ra la
300x

100 — x
Khéo sat sy bién thién va vé do thi ciia ham s6 y = C(x). Tix d6, hay cho biét:

C(x) = (triéu dong), 0 < x < 100.

a) Chi phi can bo ra sé thay d6i nhu thé nao khi x tang?
b) C6 thé loai bo dugc 100% chét gay 6 nhiém khong khi khong? Vi sao?

Khi mau di chuyén tir tim qua cdc dong mach chinh réi dén cdc mao mach va quay trd lai qua
cac tinh mach, huyet ap tam thu (tac 1a ap luc ctia mdu 1én dong mach khi tim co bop) lién tuc
giam xuong. Gia st mot nguoi c6 huyet ap tam thu P (tinh bang mmHg) dugc cho bdi ham so6

25+2 + 125

P(t) =
® t24+1

,0<t

<10,

trong d6 thoi gian t dugc tinh bang gidy. Tinh tbc do thay déi ctia huyét dp sau 5 giay ké tir khi
mau roi tim.
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Ban Viét muén dung tm bia hinh vuéng canh 6 dm lam mot chiéc hop khong nap, c6 déy la
hinh vuong bang cach cat bd di 4 hinh vuéng nhé & bdn géc cta tam bia (Hinh 11).

=

Hinh 11

Ban Viét muén tim do6 dai canh hinh vudng can cat bo dé chiéc hop dat thé tich 1én nhét.

a) Hay thiét lap ham s6 biéu thi thé tich hop theo x véi x 1a d6 dai canh hinh vudng can cat
di.

b) Khéo sat va vé do thi ham sb tim dugc.
Tir d6, hay tu van cho ban Viét cach gidi quyét van dé va gidi thich vi sao can chon gia tri
nay. (Lam tron ket qua dén hang phan muoi.)

2

Xét phan ting héa hoc tao ra chat C tir hai chat A va B: A + B — C. Gia st nong do ctia hai
chit Ava B bfmg nhau [A] = [B] = a (mol/1). Khi do, n6ng d6 ctia chat C theo thoi gian t
a*Kt
. - aKt +1 )
(Nguon: Do Dutc Thdi (Chii bién) va cdc dong tdc gid, Gido trinh Phép tinh vi tich phin ham mgt bien,

NXB Dai hoc Su pham, 2023).

(t > 0) duoc cho bdi cong thuc: [C] = (mol/1), trong d6 K 1a hang s6 duong.

a) Tim toc d6 phan tng & thoi diém t > 0.
b) Ching minh néu x = [C] thi x'(t) = K(a — x).

c) Néu hién tuong xay ra v6i ndng do cac chat khi t — +oco.

d) Néu hién tugng xdy ra vdi toc dd phan tng khi t — +oco.

((Bai todn thiét ké mé hinh ddnh gid ki ning)) Mot trung tam day nghé can thiét ké mo hinh
danh gia ki nang ctia mot hoc vién theo hoc nghé danh may. Ngudi ta 6 thé lam nhu sau:

@ Dé xay dung mo hinh toan hoc cho bai toan trén, ta sit dung théng ké. Bang cach khao
sat tbc do danh may trung binh S (tinh bang tir trén phtt) ctia hoc vién dé sau t tuan hoc
(5 <t < 30), ta thu thap cac s0 liéu théng ké dugc cho trong bang bén dudi. (Nguon: R.
Larson and B. Edwards, Calculus 10e, Cengage 2014).

t151]10(15(20|25|30
S138|56|79 (90|93 |94

@ Ta can chon ham sb y = f(t) dé biéu dién cac s6 liéu & bang trén, tic 1a & hé truc toa
do Oty, do thi ctia ham s6 d6 trén khoang (0; +00) “gan” véi cac diém A(5;38), B(10; 56),
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Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO (70 )

C(15;79), D(20;90), E(25;93), G(30;94). Ngoai ra, do toc do danh may trung binh ctia hoc
vién tang theo thdi gian f va chi dén mot gii han M nao dé cho du thoi gian t c6 kéo dai
dén vo cung nén ham s6 y = f(t) phai thda man thém hai diéu kién: Ham sb d6 dong
bién trén khoang (0; +0) va tEIJPoo f(t) =M € R, M > 94. Vi cac ham da thuc (v6i bac

16n hon hoac bﬁng 1) khong thoa man hai diéu kién d6 nén ta chon mot ham phan thuc

2 2 o R « X s A 1A 2 2 A 2 ~ S A 2 t b
htru ti dé biéu dién céc so liéu ¢ bang trén. Ta c6 thé chon ham so c6 dang f(t) = jt I 7
. A .z 110t — 280
(ac # 0) cho muc dich d6. Dua vao bang trén, ta chon ham so f(t) = T2 (t > 0).

a) Dya theo m6 hinh d6, du doan toc d6 danh may trung binh ctia hoc vién dé sau 40 tuan
(Iam tron két qua dén hang don vi ctia tir/phuit).

b) Xem y = f(t) 1a mot ham s6 xac dinh trén khoang (0; +00), hay tim tiém cin ngang ctia do
thi ham s6 do.

¢) Néu nhan xét vé tbc do danh may trung binh ctuia hoc vién do6 sau thoi gian t ngay cang
Ion.

Trong Vat li, dién trd tuong duong R4 ctia hai dién trd Ri R, mac song song dugc xac dinh bédi

1 1 PN
—, biet rang Ry = 3(Q)). Pat Ry = x(Q2), x > 0.

cong thirc Ra =R + R

a) Tinh Ry theo x, xem biéu thitc tinh dugc nay la mot ham s6 y = f(x). Khao sat su bién
thién va vé do thi ham sb f(x) véi x > 0.

b) Khi x tang, dién trd R4 thay d6i nhu thé nao? Ryg khong thé vuot qua gia tri bao nhiéu?

Mot cong ty mudn 1am mot dudng 6ng dan tir vi tri A trén bo bién dén vi tri B trén hon déo.
Khoéang céch tir diém B dén by bién la BH = 6 km (Hinh 1.42). Gia tién dé xay dung duong
Ong trén bo 1a 50000 USD méi kilomét va gia tién xay dung duong dng trén bién 1a 130000 USD
mbi kilomét, biét rang AH = 9 km. Xac dinh vi tri diém C trén doan AH dé khi 1ap dng dan
theo duong gap khtic ACB thi chi phi cong ty bo ra la thap nhét.

9 km

Hinh 1.42
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5. UNG DUNG DAO HAM VA KHAO SAT HAM SO PE GIAT QUYET MOT SO BAI TOAN THUC TIEN

Mot ngudi chéo thuyén tir diém A trén b mot con s6ng thang, rong 3 km va mudn dén diém
B, cach bo d6i dién 8 km ve phia ha luu, cang nhanh cang tot nhu Hinh 1.39. N guoi éy c6 thé
chéo thuyén qua song dén diém C rdi chay bd dén B, hodc anh ta c6 thé chéo thang dén B,
hodc c6 thé chéo thuyén dén diém D nao d6 gitta C va B 16i chay bo dén B. Biét rang toc do
chéo thuyén ctia nguoi nay 1a 6 km /h va téc d6 chay bo 1a 8 km /h. Tim thoi gian ngan nhat ma
ngudi nay c6 thé di tir A dén B (b6 qua van tdc ciia nudc va lam tron két qua dén hang phan
tram).

Hinh 1.39

Mot chat diém chuyén dong theo quy luat s(t) = —#> + 22 — ¢, vdi t (don vi: gidy) la khoang
thoi gian tinh tir khi vat bat dau chuyén dong va s (don vi: mét) 1a quang duong chat diém di
chuyén dugc trong khoang thoi gian do.

a) Khao sat su bién thién va vé do thi ciia ham sb s = s(f) trén hé truc toa do tOs.

b) Trong khoang thdi gian 2 gidy ké tir khi bat ddu chuyén dong, chat diém dat dugc van tbc
16n nhét 1a bao nhiéu?

 Bai 11

Ngudi ta can rao mot manh dat hinh chit nhat ABCD c6 dién tich 1a 600 m?. Trén manh dat nay,
ngudi ta chia lam ba miéng dat hinh chi nhat ¢6 dién tich bang nhau (Hinh 1.40). Gid tién dé
xay dung hang rao bén trong va bao bén ngoai la 60000 dong mbi mét, biét rang chiéu dai hinh
cht nhat ABCD khong vuogt qua 60 m. Tim chiéu dai va chiéu rong cua hinh chtt nhat ABCD
sao cho chi phi xay dung hang rao la thap nhat (lam tron két qua dén hang phan tram).

GV: Nguyén Dan Truong- 0866.783.220




Chuong 1. UNG DUNG DAO HAM DE KHAO SAT VA VE DO THI HAM SO

()

A

Hinh 1.40

 Bai12

Nguoi ta can thiét ké mot cai lon c6 dang hinh tru c6 thé tich 1a 1 lit (Hinh 1.41). Tinh ti 1é chiéu
cao va ban kinh ddy hinh tru nay dé téng chi phi lam v lon (bao gdm cé hai déy) 1a nho nhat.
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VECTO VA HE TRUC TOA

DO TRONG KHONG GIAN

§1. VECTO TRONG KHONG GIAN

LY THUYET CAN NHO
1. Tdng cuia hai véc to

binh nghia 1.1.
Trong khong g1an cho ha1 Vectd a vab. Lay ba diém

A
O, A, BsaochoOA = @, AB = 1. Ta goi OB la tong Z 7
ctia hai vécto @ va b, ky h1e_u a+0b. @
Phép lay tong cta hai vécto @ va b dugc goi la phép B
(@)

cOng vécto.

A @ Quy tac ba diém: Véi ba diém A, B, C, ta c6 AB +

BC = AC
® Quy tic hznh binh hanh Cho ABCD la hinh binh
hanh, ta c6 AB + AD = AC B B ¢
® Quy tac hinh hp: Cho hinh hip ABCD. A'B'C'D'. Ta ¢6 AB + A D
AD + AAl = AC' i~
B \
A Hp thiic tuong tw: - BA + BC + BB’ = BD. . |€
A//Y____\\_\____ D/
B, C/

Tinh chét 1.1.
® Tinh chét giao hodn: 7 + b = b +
® Tinh chatkéthop: (7+b) + T =7+ (0 +7);

@ Véi moi vécto @, ta luon co:

@ Téng cta ba vécto @, b,C B+Db4+T= (7+ l_;) NG
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Chuong 2. VECTO VA HE TRUC TOA PO TRONG KHONG GIAN 4

2. Hiéu cua hai véc to

binh nghia 1.2.
a) Vécto doi:
@ Vecto dbictia @ ki hiéula —7.
® Vecto dbi ctia AB la BA, nghia la —AB = BA (diing d¢ lam mat diu trir tridc vecto).

=g A e ? ’ I
® Vecto 0 duoc coi la vecto doi cia chinh no.

b) Binh nghia hiéu cuta hai vécto: Trong khong gian, cho
hai vécto @, b.Ta goi @ + (— b ) la mhiéu ctia hai vécto = =
Zvab, kyhieud —b. /

Phép lay hiéu ctia hai vécto duge goi la mphép trir vécto. @
O

=
S

A o vivadien A, B, Ctaco AB — AC = CB.
® Haivécto @ vi b dbinhauthi @+ b = 0.
3. Tich ctia mot sd6 v8i mot véc-ta
Pinh nghia 1.3. Cho s6 thuc k # 0 va vecto @ # 0. Tich ctia mot sé k véi vecto @ 1a mot vecto,
ki hiéu la k'@, dugc xac dinh nhu sau:
@ Cung hudng vdi vecto @ néu k > 0, ngugc hudng véi vecto @ néu k < 0.
@ Codo dai bing [k| - |Z]-

- o

A 0.7=0wk-0=0.

Tinh chét 1.2.
Hé thuc trung diém, trong tam:
B A
@ I 1a trung diém ctia doan thang AB thi ) M .
° 17{ —+ I_B) = 6;
e JA=—1IB; Al = EAB;...

@ G la trong tam cua tam giac ABC thi
e GA+GB+GC=10;
o GA = ~2AK; GA = ~20K;..
Nhan xét:

R S L. . 4 N ~ z
@ Véi hai vécto @ va b bat ky, véi moi so h va k, ta ludn c6

o k(7+0)=kd+kb; o (h+k)d@=hd+kd; o h(kd)= (k)T
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e 1.7 =7; o (-1)-F=-7; e ki=0<

® Hai vécto 7 va b (b khac 0) ciing phuong khi va chi khi c6 sé k sao cho @ = kb.

® Ba diém phan biét A, B, C thing hang khi va chi khi c6 s6 k # 0 dé AB = kAC.

4. Tich v6 hudng caa hai véc-to

binh nghia 1.4. —
Trong khong gian, cho # va ¥ 1a hai vécto khac 0. Ldy mot diém /

L7
A Dbt ky, goi B va C la hai diém sao cho AB =, AC = 7. Khi do, A B
ta goi BAC la géc gitra hai vécta @ va 7, ky hiéu (i, 7). A
g @
/ 5} II/

A 0° < (Z,7) < 180°.

o Néu i cung hudng véi T thi (i, 7) = 0°; \

o Néu U ngugc hudng v6i T thi (i, 7) = 180°;

o Néu il vuoéng goc véi T thi (i, 7) = 90°.

~ A . . z N 7 -
Dinh nghia 1.5. Trong khong gian, cho hai vécto i/ va ¥ khac 0.
Tich v6 huéng cta hai vécto @/ va U la mot s, ki hiéu u - T, duge xac dinh béi cong thirc

- -

U -7 =|u|-|7]| cos(, D)

A

® Trong truong hop i = 0 hodc ¥ = 0, ta quy wdc i - ¥ = 0.

R

@U-U=u*=ul%; u?>0u’=0&1u=0.
. . ’ ’ _—) e

® Vi hai vécto i, T khdc 0, ta cé cos(i, T) =

. . ’ 7’ q 7’ 9
@ Vi hai vécto U, U khdc 0,taco i L 7 < -7 = 0.

Tinh chat 1.3. Véiba vécto @, b, € va sb thuc k, ta co:

> -

« 7-b=1b 7 ¢« 7 (0+0)=7-b+7-7;

o ki) - b=K7-b)=7- (kD).

PHAN LOAI VA PHUGNG PHAP GIAI TOAN

Dang @ Xéc dinh véc-to, chitng minh ddng thitc véc to,dé dai véc to

T

Cho hinh lap phuong ABCD.A’B'C'D’ canh bang a. Goi G la trong tam tam gidc AB'D’.

a) Timvectdza—é;—l—ﬁ; (—Z_(?’-I—ﬂ—l—D’A’. b) Chfmgminh:ﬁ-l—D—C)—i-mzﬁ.
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¢) Chung minh: B'B+ AD +CD = B'D. d) Ching minh: BB’ — C'B’ — D'C’ = BD'.
e) Ching minh: A’C = 34'C. f) Tinh d6daivécto @ = AB+ A'D + AA’.

T

Cho hinh hép ABCD.A’B/C'D’. Hay xéc dinh cac véc-to (khéc 0) c6
diém dau, diém cubi 1a cac dinh ctia hinh hop ABCD.A’B'C'D’ thda

a) cung phuong véi AB; b) cung phuong AA ;
) béng voi AD ; d) bfing vOi ﬁ ;
e) déivéi CD'; f) dbivéiB'C.

a5

Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi M, N, O lan luot la trung diém
cia AB,CD va AC. Ching minh rang

a) BN va DM déi nhau;
b) SA + SB + SC + SD = 450;

—_— —>

¢) SD — BN — CM = SC.

)

Ba luc f{, 1?;, 1?;; cung tac dong vao moét vat cé phuong doéi mot vudng goc
nhau va c6 d6 16n lan luot 1a 2N, 3N, 4 N. |

a) Tinh d¢ 16n hgp luc cua fg, 1?5 24

b) Tinh do6 16n hop luc cta ba luc da cho.

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Méi cau héi hoc sinh chi chon mot phuong
an.

| Caul

Cho hinh hop ABCD.EFGH. Céc véc-ta c6 diém dau va diém cubi
1a cdc dinh ctia hinh hop va bang véc-to AB 1a céc véc-to nao sau
day? r
(A)CD, HG, EF. () DC, HG, EE.
(©DC, HG, FE. (D)DC, GH, EE.
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| Cau2

Cho hinh hop ABCD.A'B'C'D’. Trong cac khang dinh sau, khang
dinh nao sai?

@AB+BD’—E5.
(©AC + A'C = 2AC.

| Cau3

Cho hinh 1ap phuong ABCD.A’B'C'D’ canh a. Khang dinh nao sau A D’
day la khang dinh sai? |
(A |AC| = av2. ® |AC!| = av/3. B ——1C
(COBD+D'B' =0. (D)BA + BC + BB = BC'. ;
B L ~lt
Cho hinh lap phuong ABCD.A’B'C'D’. Goi O la tam cua hinh lap W D’
phuong. Khang dinh nao duéi day la ding? X
(WAC = ; (B + AD + AA)). B C
A_o’:%(AB + AD + AA). N D
@14_(5:31(1@’4-@4—@) B = 7
(DA = 2 (AB+ AD + 44)).
3
Cho hinh lap phuong ABCD.A'B'C’'D’ canh a. Tinh d6 dai vecto ¥ = AB' + AD’ theo a.
(A)|Z] = av2. ® | 7| = 2av2. (©)|%] = 2av/6. D) |%| = av/6.
Hinh lap phuong ABCD.A’B'C’'D’ canh a. Tinh d¢ dai vécto A D’
X = AA’ + AC' theo a. | |
(Aav/2. (1 + \/5) a. B’ : C
a6 |
©nvs 0t 1.
//A
B C
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=

Trong dién truong déu, lu:c tinh dién 4 (don vi: N) F + + + + + + + +H
tdc dung lén dién tich diém co6 dién tich g (don vi:
C) dugc tinh theo cong thic F = q- E, trong do Y Y ? MY T
T la cuong do dién truong (don vi: N/C). Tinh do r
16n cua luc tinh dién tac dung 1én dién tich diém S F
khi g = 1077 C va do lon dién truong E = 10°
N/C.

(A)10~3 N. 104 N.

(©1074N. (D)1074N.

Y Y Y

| =1
E

| Caus

Cho ti dién ABCD. Ménh dé nao dudi day la ménh dé D
dung?
(WAB—-AD=CD+BC. (B)AC— AD = BD — BC.
(©BC+AB=DA-DC. (D)AB— AC =DB-DC.

| Caud

Cho tua dién ABCD. G01 G la la trong t tam tam glac ABC. Tim k D
thoa dang thic vecto DA + DB+ DC = k- DG.

Ak =1. ®k=3.
©k=2. D)k =3.

=

Cho hinh lang tru ABCA B'C’. Goi G’ la trong tam cta tam giac A C
A'B'C'. Dat @ = AA!, b = AB, T = AC. Véc-to AG/ bang V
1 - 7T >
@§<a+3b+c). (3u+b+c).
1., - —
©§<a+b—l—3c). D
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(9 ) 1. VECTO TRONG KHONG GIAN

| Caull

Cho hmh Chop S. ABCD c6 day ABCD la hinh binh hanh.
c

Dit SA = 7,5B=1,5C=7¢,5D = Zl)Khngdmhnao

dudi day 1a dung’
AWT+T=b+4d. Bd+b+7C+d=0.
©7+d=0+7. D7+t =C+4d.

Mot chiée dén tron duge treo song song v6i mdt phang nam ngang
bdi ba soi day khong dan xuat phat tir diém O trén tran nha va lan
ludt buoc vao ba diém A, B, C trén dén tron sao cho cac lyc cang
F, B, F; 1an luot trén méi day OA, OB, OC do6i moét vuong goc voi

nhau va ‘Pl) = ‘Pz‘ = ‘Pg‘ =15 (N). Tinh trong lugng ctia chiéc den

tron do.
(A)14v/3 (N). 15v/3 (N).
(©)17v3 (N). (D)16v/3 (N).

| Cau1d

Mot chiéc den chum treo ¢é khoi luong m = 5kg duoc thiét ké vdi dia
den dugc gitt boi bdn doan xich SA, SB, SC, SD sao cho S.ABCD la hinh
chép ti gidc déu c6 ASC = 60°. Tim do 16n cta lyc cang cho moi soi
xich. Ldy ¢ = 10m /s”,

@%N. %N. @%N. @MN.

Cho ti dién RYFS. C6 bao nhiéu vecto dugc tao thanh cé diém dau 1a R va diém cudi 1a mot
trong cac dinh con lai ctia t dién.

A4, ® 3. ©:2. D1

Cho hinh lang tru HKY.H'K'Y’. Goi L, L’ 1a trung diém cta KY, K'Y’ tuong ting. Cac vectd khac
vectd khong c6 diém dau va diém cubi la cac dinh ctia lang tru va cing phuong véi KL la
AKY, YK KY, YK.

(OKY, YK, K'Y, Y'K. (D) KYK'Y'.
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Chuong 2. VECTO VA HE TRUC TOA PO TRONG KHONG GIAN {10 )

Cho hinh lang tru PJI.P']'I'. Goi E, E’ 1a trung diém ctia ]I, J' I’ tuong ing. Cac vecto khéc vecto
khong c6 diém dau va diém cubi la cac dinh cta lang tru va cuing huéng véi JE la

WILIT. ®JL1]. ©jLgyrry. Oy

Cho hinh lang tru ZBC.Z'B'C’. Goi R, R’ 1a trung diém cta BC, B'C’ tuong ting. SO vecto bang
RR'la

(A)4. 1. (©2. D)3.

Cho hinh lang tru TSL.T’S’L’. Goi P, P’ 1a trung diém cta SL, S'L’ tuong ting. S6 vecto ddi cta
P'Pla

A2 ®1. (©)4. D)3.

PHAN II. Cau tric nghiém diing sai. Trong méi y a), b), ¢), d) & mdi cau, hoc sinh chon ding
hoac sai.

| Caul

Cho hinh hop chit nhat ABCD.A’B'C'D’ ¢6 canh AB = a; AD = o ~
av/3; AA" = 2a. Xét tinh dung, sai ctia cac khang dinh sau: |
a) AB' +CD' = 0. B c
b) AD+CB = 0.

o) |AB+ AD| = av/5. % ~/D
d) |AE + A'D’ + CC'| = 2/2a. B ‘
Cho hinh lép phuong ABCD.A'B'C'D’ ¢6 canh bang a. Xét tinh dung, A o

sai cua cac khang dinh sau: :
a) B'B— DB = B'D. b) BA + BC + BB = BD. B c
¢) |BA+BC+BB| =ay2. d) |BC—BA+CA| =a. 3
Ab---mmm -—7D
B / @
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1. VECTO TRONG KHONG GIAN

| Cau3

Cho hinh lang tru tam gidc ABC. A'B'C' 6 AA = @, AB = b va

AC =7.Goi M1a trung diém ctia BC. Xét tinh dung, sai cua cac
khang dinh sau:

a) BC=-F-F0+7. b) BC=7—b+¢C
¢ AM=b+7C. d) A’M:—a+§b+§c

A/ C/

| Causd

dmhsau
a) AB CD AC BD. b) AB+CD = AD + CB.
o AB+ DC = 2MN. d) IA+IB+IC+ID=0.

Cho ti dién ABCD. Goi M, N lan luot la trung diém cta cac canh
AD va BC, I la trung diém MN. Xét tinh ding, sai cia cac khang

| Caus

Mot chiéc 6 t6 dugc dat trén mat day dudi cia mot khung
sat co dang hinh hop chit nhat véi ddy trén 1a hinh chir nhat
ABCD, mat phang (ABCD) song song v6i mit phang nam
ngang. Khung sit d6 dugc budc vao méc E cta chiée can cdu
sao cho cac doan day cap EA, EB, EC, ED c6 d6 dai bang nhau
va cling tao v6i mét phang (ABCD) mot goc bang 60°. Chiéc
can ciu kéo khurlg sat len theo phuong thang ding. Biét rang
cac luc cang F, B, F3, F4 déu c6 cuong do la 4700 N va trong
luong ctia khung sat la 3000 N.

a) P1+P2 —P3+P4

b) F1-|-F3 = F2+F4.

o |F + F| = 8141 N (lam tron dén hang don vi).

d) Trong lugng ctia chiéc xe 6 t6 1a 16282 N (lam tron dén

hang don vi).

PHAN IIL. Cau tric nghiém tra 16i ngan. Hoc sinh tra 16i vao 6 két qua

Cho hinh lang tru TAL.T'A’L’ ¢6 ddy 1a tam giac TAL can tai T, canh bén bang 3 va géc & dinh
bang 30°. Goi E la trung diém ctia AL. D¢ dai ctia TE (lam tron dén két qua phan tram) bang

KQ: i
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Chuong 2. VECTO VA HE TRUC TOA PO TRONG KHONG GIAN {12 )

Xdc dinh géc va tinh tich vé hudng cua hai vécto

T

Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang 5.
a) Tim goc gitra cac cap véc-to sau: AC va AB; AC va B'D’; AC va CD; AD' va BD.
b) Tinh cac tich vo huéng AC - AB; AC - B'D'; AD' - BD;

c) Ching minh AC vuong goc voi BD.

T

Cho tit dién déu ABCD c6 canh bang a va M 1a trung diém ctia CD.

a) Tinh cac tich vo huéng AB- AC, AB- AM. b) Tinh géc (AB, CD).

s

Cho biét cong A (don vi: ]) sinh béi luc F tac dung
lén mot vat duge tinh bang cong thic A = E. d
trong do d 1a vecto biéu thi d6 dich chuyén cua vat
(don vi cua ‘Z‘ la m) khi chiu tdc dung cua luc E.

Mot chiéc xe c¢6 khéi lugng 1,5 tan dang di xubng trén mot doan duong dbc c6 géc nghiéng 5°
so vOi phuong ngang. Tinh cong sinh bdi trong luc P khl xe di hét doan duong ddc dal 30 m

(Iam tron két qua dén hang don vi), biét rang trong luc B dugc xac dinh béi cong thuc B=m <,
vdi m (don vi: kg) 1a khdi lugng cia vat va ¢ la gia toc roi ti do c6 do 16n ¢ = 9,8 m/ s2.

Mot chat diém A nam tren mat phang nam ngang (zx) chiu tac =

F
dong bdi ba luc Pl, Fz, F3 Cac luc F1, Fz co gid nam trong («) ;
va (F 1, F 2) = 135°, con Ie F3 ¢6 gia vuong goc voi (a) va huong
lén trén. Xac dinh cuong do hop luc caa cac luc 1_-:1, 1_-:2, fg; biét réng
d6 16n cta ba luc d6 1an luot 14 20 N, 15 N va 10 N.
135° Fy

PHAN L. Céu tric nghiém nhiéu phuong an lwa chon. Méi cau hoi hoc sinh chi chon mét phuong
an.
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| Cau2

Cho hinh lap phuong ABCD.A’B'C'D’. Khang dinh nao sau day la ; o
khang dinh sai? L |
(A)(A'C’, AD) = 45°. (A'C’,B'B) = 90°. Bt N
(©(A’A,CB) = 45°. (D) (AB,CD) = 180°. YN
B s C

| Cau3

Cho tu dién déu ABCD, Goi M, N lén_h)rqt léigung diém cac canh
AB, AC. Hay tinh goc gitra hai vecto MN va BD.

(A)(MN, BD) = 150°. (MN, BD) = 120°.

(© (MN, BD) = 30°. (D) (MN, BD) = 60°.

| Caud

Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh va mat
bén SAB la tam gidc déu. Tinh goc gitta hai vecto DC va BS.
(A)(DC, BS) = 120°. (DC, BS) = 60°.
(©(DC, BS) = 90°. ) (DC, BS) = 150°.

=

Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh. Mat
bén ASB la tam gidc vuong can tai S va c6 canh AB = a. Tinh
DC - AS.
®% -
T o

a a2
_?. @?-
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(1)

| Caus

Cho hinh lap phuong ABCD.EFGH c6 cac canh bang a. Tinh AB - EG.

E H
@az\/i a2, | |
2,/2 F :
@2 OEN F
B \C
Cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh bang a. Tinh A o
AB - A'Cl. |
a? !
@? —612. B : C’
2 “
@az' —% A:)L ----- ::: =D
S ¢
Cho hinh 14p phuong ABCD.A'B'C'D’ ¢6 canh bang a. Tinh , =7
PP g g D
AB - BD. :
@ gz a2 B’ E 4
2 T N -
2 \\ 1
@az' _% A)I'r\ ————— :::: D
B/’,/’ N C

| Caus

Tinh AS - BC.
a2
-2
a2

>

Cho hinh chép ti giac déu S.ABCD c6 do dai tat ca cac canh bé’mg a.

®Z
A
a

OFY

| Cauto

Tinh AS - AC.
(A) —a?.

a2

2

Cho hinh chép tit gidc déu S.ABCD c6 d6 dai tat ca cac canh bang a.

(D)a2.
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| Caull

Cho tu dién ABCD biét AB= AD = BD = a, AC = 2ava CAD = A
120°. Tinh BC - AD. N

B C
D
Cho hinh chép S.ABC c6 SA = SB = SC = = AC = ava S
BC = a+/2. Tinh géc gitta cac vecto SC va AB.
(A)60°. 90°.
(©)120°. (D)150°.
A C
B

Cho tui dién OABC ¢6 cac canh OA, OB, OC d6i mot vudng goc va C
OA = OB = OC = 1. Goi M la trung diém ctia canh AB. Tinh goc
gitta hai vectoc OM va AC.

PHAN II. Cau tric nghiém ding sai. Trong méi y a), b), c), d) & mdi cau, hoc sinh chon diing
hoac sai.

| Caul

Trong khong gian, cho hai véc-to @ va b ciing c6 do dai bang 1. Biét rang géc gitta hai véc-to
do 1a 45°. \/_ /3

a) @ b_) 2 b) (a +3bl-(a—2b>=—5+7.

o |7+0|=2+V2 d) |7 - V25| =o.
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Chuong 2. VECTO VA HE TRUC TOA PO TRONG KHONG GIAN {16 )

| Cau2

Cho ti dién déu ABCD c6 canh bang a va M 1a trung dlem caa CD. A
a) AM-CD =0. b) AB- A_c’:% |
—_—> —> —_— — 2
o AB-CD =0. d) AM-4B = -=.
D
B
M
C
Mot chat diém & vi tri dinh A cda hinh lép _Ehuong AT 5
ABCD.A’B'C'D’. Chat dlem chiu tac dong bdi ba luc @, b, ¢ lan >
luot cung huéng voi AD, AB va AC’ nhu hinh vé. Do 16n cta cac D \ 7
luc @, bvactudngufnglalON 10N va 20 N. | \ c
a) 7+b="7. i |
b) |4+ b| =20 (N). ,A)""\\'\'""B’
o |d+7C|=|b+7C] . \,
d) |7+ b+ C| = 32,59 (N) (lam tron két qua dén hang phan mui) b ¢

@ BAI TAP TU LUYEN

PHAN L. Céu tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mot phuong
an.

| Caul

Cho tir dién ABCD. Dat AB = @, AC = b, AD = €. Goi G la trong tm tam giac BCD. Dang
thic nao sau day duang?

WAC=7+1b+7. A_G’:% T+b0+7
@Xé:%(E’Jr?Jr?). @A_G’:% 7+0b+7)

| Cauz

Cho ti dién ABCD. D3t AB =@, AC = b, AD = 2. Goi M 1a trung diém ctia doan BC. Dang
thitc nao dudi déy dung?

@DM_ (a+b—2?) (B)DM =
DM

;<a—|—b+2c) @

©
U
i
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| Cau3

Cho ta d1 BCD. Goi M va P lan luot 1a trung diém cta cac canh AB va CD. Dt AB = b
AC =7, AD = d.Khéng dinh nao sau day ding?
@MP:%(C—Fd—b) MP:%(d—I-b—c
@MPzE(c—i-b—d) @MPzE(c—l—d—i—b)

Cho ti dién ABCD va diém G théa man GA+GB+GC+GD =0 (G la trong tam cua tu
dién). Goi Gy 1a giao diém ctia GA va mat phang (BCD). Khang dinh nao duéi day diing?

(AGA = —2G,G.  (B) GA = 4G,G. (©)GA = 3G,C. (D) GA = 2G,G.
Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Dat SA = @, SE = b, SC = ,

SD=4d. Khang dinh nao dudi day la dang?
@ﬁ’ T=0b+ d
— _ Z

+ 0.

©®

Q) ®)

SRS

=
Il

+ +
+ -

—
c
—

c

©
Ql
&

- —

Cho hinh lang tru ABC. A'B'C’. Dat AA = 7, AB=1b,AC="7C.GoiG la trong tam cta tam
giac A'B'C’. Vecto AG' bang?

@%(a +3b + 7). %(3E’+?+?). ©

| Cau7

=

(7+%+37). @=(B37+F+7).

Q|+~

Cho hinh ling tru ABC.A’B'C’. Dat AA = 7, AB=1b,AC = ¢. y biéu dién vecto B'C
theo E’,_—b){ c? .

T+b-7¢ ®BC=-7+0b-7.

T+b6+7 D)BC =-3-b+7.

(A)B'C’
(©B'C
| Caus

Cho hinh lang tru ABC.A’B'C’. Goi M la trung diém ctia canh BB'. Dat CA=7,CB=1
AA’" = C. Khang dinh nao sau day diing?

AAM =7 + —%b A_’M:?Jr?—%ﬁ’.
©AM=TF-7+,¢ @AM =7 -7 +5.
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=

dinh nao sau day la dung?

Cho hinh lang tru tam giac ABC.A'B'C’. bt AA = 3, AB =

OLEEEN: ® 7+ E E’+Ti_::6’.
b—c+d=20 a+b+c=d.
@ — == @—> —

s
S
@
Il
ol
s
o

E

sau day la dl’mg?
(A)AO = (AB +AD + AA)).

©0 =

}I(AB+1T5+AA').

Cho hinh lap phuong ABCD.A’B'C'D’. Goi O la tam ctia hinh lap phuong. Khang dinh nao

B) A0 =
(D)AO =

(AB+ 4D + A4)).

DOII\JNIP—‘

(AB + AD + AA’)

| Caull

Cho hinh hop ABCD.A’B'C'D’. Pat AB =7,AD = b, AA’ = 2. Phan tich vecto AC’ theo
@,b,2?

WAC =-F+b+7 BAC' =3+b-7.

©AC =F+b+7 DAC =7-1b+72.

PHAN II Cau tric nghiém ding sai. Trong méi y a), b), ), d) & méi cau, hoc sinh chon diing

hoac sai.

Trong khong gian, cho tit dién ABCD c6 trong tam G.
a) GA+GB+GC+GD=0. b) OGC = }I(OA+OB+OC+OD)
—> — —> —> —> 2
o) BG=GA+GC+GD. d) AG = §<AB—|—AC+AD)

Trong khong glan cho hinh hop ABCD.A'B'C'D’ tam O.
a) AC = AB+AD+AA’ b) AB+BC’+CD+DA'_0
(] AB + A/A” AD + DD/ d) AB + BC + CC' = AD + D’ O +0C'.

Trong khong glan cho hinh chop S. ABCD co day ABCD la hinh binh hanh tam O. Goi G la
diém thoa man GS > + GA 1+ GB &+ GC + GD = 0

a) AB+BC-|—CD—|—DA— so.
o) SB+SD =55C.

b) OA+OB+0C+0D = 0.
d) GS =300C.
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E@

Trong khong gian, cho hinh lap phuong ABCD.A'B'C’'D’ ¢6 canh bang a. Goi I 1a tim hinh
vudng ABCD, goi G la trong tdm cda tam giac AB'C (tham khao hinh vé).

a) AB+ AD+ AA’ = AC'. b) GA + GB' + GC = 2GI.

o) AB+AD = A'C'. d) BD' = 2BG.

Trong khong gian, cho ti dién ABCD. Goi M, N lan lugt 1a trung diém AD, BC.
a) AB,DC, MN dong phang. b) AB, AC, MN khong dong phang.
c¢) AN, m, MN déng phéng. d) Eﬁi AC, MN déng phéng.

LIRS

Trong khong gian, cho tir dién ABCD. Trén canh AD va BC lan luot 14y cac diém M, N sao cho
AM = 3MD va BN = 3NC. Goi P, Q lan lugt 1a trung diém AD va BC.

a) PO = AC + DB. b) MN = MA + AC + CN.

c) MN = MD + DB + BN. d) Eﬁizﬁ,mdémgphé\ng.

=

Cho hinh hop chi nhat ABCD.A’B'C’'D’ ¢6 canh AB = a; AD = aV/3; AA" = 2a. Xét tinh dung,
sai ctia cac khang dinh sau:
a) AB'+CD' = 0. b) AD+CB = 0.
0) ‘Eﬂﬂ)’( — a/5. d) |AB+ A'D +CC

= 2\/§a.
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20

52. TOA DO CUA VEC TO TRONG KHONG GIAN

LY THUVET CAN NHG

1. Hé toa do trong khong gian

binh nghia 2.1.

Trong khong gian, ba truc Ox, Oy, Oz d6i mét vudng goc
vdi nhau tai goc O ctia méi truc. Goi ?, j, k 1an luot 1a cac
véc-to don vi trén cac truc Ox, Oy, Oz.

® Hé ba truc nhu vay dugc goi la hé truc toa do Descartes
vuong goc Oxyz, hay don gian la hé toa d6 Oxyz. Diém
O duoc goi la géc toa do.

@ Cac mat phang (Oxy), (Oyz), (Ozx) d6i mot vudng goc
v6i nhau duoc goi la cadc mat phéng toa do.

@ 2=2=K2=1wai-j=7-kK=k-i=0
Khong gian vdi hé toa d6 Oxyz con dugc goi la khong gian Oxyz.

2. Toa dd cta diém

Phuong phap 2.1.
Trong khong gian v6i hé toa dd Oxyz, cho diém M. Toa d6 z
diém M dugc xac dinh nhu sau:

@ Xac dinh hinh chiéu M; ctia diém M trén mat phang
Oxy. Trong mat phffmg toa do Oxy, tim hoanh do a,
tung do b cua diém M;.

S

@ Xéc dinh hinh chiéu P cta diém M trén truc cao Oz,
diém P ing vdi s6 ¢ trén truc Oz. S6 ¢ 1a cao do cua a
diém M. H

B0 s6 (a; b; c) 1a toa do cta diém M trong khong gian véi
hé toa d6 Oxyz, ki hiéu la M(a; b; c).

3. Toa d§ cua vectd

Phuong phap 2.2.
Trong khong gian Oxyz:

® Toa do cua diém M ciing la toa do cua vects OM.

@ Cho u. Dung diém M(a; b; c) théa OM = 7 thi toa
do ctia diém M 1a toa do ctia . Theo hinh vé thi

7 =0M=0H+OK+O0P=ai +bj +ck.

Suy ra

U = (a;b;¢c) & ﬂ’:a7+b7+c7€.
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A Toa 36 cic véc to don vi lan lugt 1a: T = (1,0;0), | = (0;1;,0), k = (0;0;1).

PHAN LOAI VA PHUGNG PHAP GIAI TOAN

Dang @ Toa do diém, toa dé vec to

Khi x4c dinh toa do diém, toa d6 véc to ta chu y céac két qua sau:
@ U= a7+b7+ck & 10 = (a;b;0).

U =00
@ U (ug;up;uz3) = U (v1;02;03) & { Uy =0y
Uz =03

® OM = (a; b;c) thi M(a; b;c).
@ AB = (XB—XA;YB—YA; 2B —24).

® Chiéu diém M(a; b; c) 1én mat phéng toa do (hoac truc toa dd) thi "thanh phén bi khuyét"
béng 0. Chéng han: M(1;2; 3) chiéu lén (Oxy) thi z = 0. Suy ra hinh chiéu la M1(1;2;0).

® Tt gidc ABCD la hinh binh hanh khi va chi khi AD = BC

T

Trong khong gian Oxyz, cho A(3; —2; —1). Goi Ay, A, A3 lan luot 1a hinh chiéu ctia diém A trén
cac mat phéng toa do (Oxy), (Oyz), (Oxz). Tim toa d6 ctia cac diém Aq, Ay, As.

T

Trong khong gian Oxyz, cho A(—2;3;4). Goi H, K, P 1an lugt 1a hinh chiéu ctia diém A trén cac
truc Ox, Oy, Oz. Tim toa do cta cac diém H, K, P.

s

Trong khong gian Oxyz, cho A(1;1; -2), B(4;3;1) va C(—1; —2;2).

a) Tim toa do cua vécto AB.

b) Tim toa do ctia diém D sao cho ABCD la hinh binh hanh.

)

Trong khong gian Oxyz, cho hinh hép ABCD - A’B'C'D’ ¢6 A(4;6; —5), B(5;7; —4), C(5;6; —4),
D’(2;0;2). Tim toa d6 cdc dinh con lai cia hinh hép ABCD - A’B'C'D’.

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Méi cau héi hoc sinh chi chon mét phuong
an.
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Chuong 2. VECTO VA HE TRUC TQA DO TRONG KHONG GIAN

(2

Trong khong gian Oxyz, cho @ = —27 +3 +5k. Toa d6 ctia véc-to 7 1a

(A)(2;—3;-5). (2;3; =5).

(©)(~2;3;5).

(D) (2;3;5).

Trong khong gian Oxyz, cho véc-to i = 37 +4k — j . Toa do ctia vée-to # 1a

;—1;4). (3;4; —1).

(©4;—1;3).

(D) (4;3; —1).

Trong khong gian Oxyz, diém nao sau day thudc truc Oz?

(A) M(1;0;0). M(1;0;2).

(©)M(1;2;0).

(D) M(0;0; —2).

Trong khong gian Oxyz, cho diém M théa OM =27 + j. Toa d6 diém M la

(A) M(0;2;1). M(1;2;0).

FURLIELIRL

(©)M(2;0;1).

(D) M(2;1;0).

Trong khong gian Oxyz, cho vecto OA = 7 —2%. Toa do diém A la

A@;0;-2). 0;1; —2).

(©©;-1;2).

D) (1;—-2;0).

Trong khong gian Oxyz, xac dinh toa do ctia diém A biét A ndm trén tia Ox va OA = 2.

(A) A(0;0;2). A(2;2;0).

(C)A(0;2;0).

@A(Z; 0;0).

Trong khong gian Oxyz, xac dinh toa do ctia diém A biét A nam trén tia dbi cta tia Oy va

OA = 3.
A(0;3;0).

A(0; —3;0).

EUELIE:

(C)A(0; —9;0).

(D) A(3; —3;0).

Trong khong gian Oxyz, cho hai diém A(1; —1;2) va B(2;1;

(3;0; —2).

i

(A)(~1;-2;6).

(©)(1;0; —6).

—4). Véc-to AB c6 toa do 1a

(D)(1;2; —6).

Trong khong gian Oxyz, cho hai diém A(1;3; —2), B(3; —2;4). Véc-to AB c6 toa do la

(A)(2;5;6). (4;1;2).

i

@ (2, =5;6).

(D) (~2;5;6).
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Cho hai diém A, B théa man OA = (2; —1;3) va OB = (5;2; —1). Tim toa do6 véc-to AB.
(A)AB = (2; —1;3). AB = (3;3;—-4). (©)AB = (7;1;2). (D) AB = (3; —3;4).

1@

Trong khong gian Oxyz, cho hai diém M va N biét M(2;1; —1) va MN = (—1;2 — 3). Toa d6 N

(A)N(1; —3; —4). N(1;3; —4). (CON(=1;3; —4). (D) N(1;3;4).

—
Y%

Hinh chiéu vudng goc ctia diém A(3; —4;5) trén mat phang (Oxz) 1a diém

(A) M(3;0;0). M(0; —4;5). (©)M(0;0;5). (D) M(3;0;5).

i

Hinh chiéu vuong goc ctia diém A(1;2;3) trén mat phang (Oxy) la diém
(A) M(0;0; 3). N(1;2;0). (©)Q(0;2;0). (D) P(1;0;0).

-1

Hinh chiéu vudng goc ctia diém M(2; 1; —3) 1én mat phang (Oyz) c6 toa do 1a

(A)(2;0;0). (2;1;0). (©)(0;1;-3). (D) (2;0; -3).

Hinh chiéu vudng goc cua diém A(3;2;1) trén truc Ox c6 toa do 1a

(A)(0;2;1). (0;2;0). (©)(3;0;0). (D) (0;0; 1).

Hinh chiéu ctia diém M(2; 3; —2) trén truc Oy c6 toa do la

(A)(2;0;0). (0;3;0). (©)(0;0; —2). (D) (2;0; —2).

| Caul7

Trong khong gian Oxyz, cho hinh binh hanh ABCD vé6i A(—2;3;1), B
B(3;0; —1), C(6;5;0). Toa d6 dinh D la C

(A)D(11;2;2). D(1;8;2).
(©)D(11;2; —2). (D) D(1;8; —2). a p
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Trong khong gian Oxyz, cho cac diém  A(1;0;3), B
B(2;3; —4),C(—3;1;2). Tim toa do diém D sao cho tit gidc ABCD la C
hinh binh hanh.
(A)D(4;2;9). D(~2;4; -5). p
(©D(6;2; —3). D) (-4, —2;9). 4

[

Cho hinh hop ABCD.A'B'IC'D' 6 A(1;0;1), B(2;1;2),
D(1; —1;1),C'(4;5; —5). Tim toa d6 dinh C ctia hinh hép.

(A)C(2;0;2). C(2;0;2).
(©)C(2;0;2). (D) C(2;0;2).

| Cau20

Cho hinh hop ABCD.A’B'C'D’ ¢6 A(1;0;1), B(2;1;2), D(1; —1;1),C'(4;5; —5). Tim toa do dinh
A’ ctia hinh hop.
(A) A'(—1;—5;8). Al(—1;—5;8). (C)A(~1;-5;8). (D) A'(~1;—5;8).

| Cau21

Trong hé truc toa d6 Oxyz cho diém B(—4,1, —2). Tim toa dd ctia véc-to OB.

(A)(—4,1,-2). 4,—1,2). (©)(—4,1,0). (D)(—4,0,-2).

| Cauz2

Trong hé truc toa d6 Oxyz cho véc-ta ¢ = (4,3, —1) va diém B. Biét OB = 7. Tim toa do cua
diém B.

(A)(0,3, —1). 4,3, —1). (©)(—4,-3,1). (D) (4,0, —1).

=B

Trong khong gian véi hé truc toa dd Oxyz cho véc-to i = 27 — 37 — k. Toa dd ctia véc-to  1a
bao nhiéu?

(A)@2,-3,-1). (—1,-3,—1). (©)(-1,2,-3). (D)(-3,2,-1).

Trong khong gian véi hé truc toa d6 Oxyz cho hai diém A = (3,—3,3) va B = (4, -1, —1). Toa
do6 cuia vécto AB.

(A)(=7,2, —4). (10, —5,2). (©)(-1,-2,4). D) (1,2, —4).
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Trong khong gian v6i hé truc toa dd Oxyz cho ba diém A = (-3, —4,—4), B = (2,2,0) va diém
C = (3,4, —1). Toa do diém D dé ABCD la hinh binh hanh.

(A)(—8,—10,-3). 2,2, —5). (©)®4,6,3). (D) (-2, -2, —5).

| Cau26 4

Cho hinh hop ABCD.A'B'C'D' 6 A(L;0;1), B(21;2),
D(1; —1;1),C'(4;5; —5). Tim toa d6 dinh D’ cuia hinh hép.

(A)D'(~1;—6;8). D'(—1; —6;8).
(©)D/(~1;—6;8). (D)D'(—1; —6;8).

PHAN II. Cau tric nghiém ding sai. Trong méi y a), b), ¢), d) & mdi cau, hoc sinh chon diing
hoac sai.

| Cau27

Trong khong gian Oxyz, cho @ =
n 1a tham so.
a) Toado @ = (1,3, —4).
b) Dung diém A théa OA = 7 thi A(1; —4;3).
c¢) Ton tai gid trictiam van dé b = 0.
d) Néu@ = b thim+n=9.

| Cou2s 4

Trong khong gian Oxyz, cho

2k.Dung OA = @ va OB =
a) @ = 27 + 2%, s B
b) Toadd b = (0;2;2). ‘
) Toadd AB = (—2;2;0).
d) Géc AOB = 45°,

==
1

—|—3?—47v§1—b): (m—n;4m—6n,'n2—3m+2),véim,
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| Cau29

(o)

Trong khong gian
OABCO'A'BC’ 6  A(L;1-1),
cua tam giac OA’O’ va CB'C'.

a) Toa do diém C’ 1a (2; —3;6).

b) Toa do diém O’ 1a (3; —5;5).

c) Toa do vécto AB' = (—2;3; —6).

d) Toa do véc to HK = (—1;2; —1).

Oxyz, cho hinh hop

B(0;3;0),
BC' = (2,-6;6). Goi H, K lan luot la trong tam

@ Toa do cac diém dac biét:
e M € Ox = M(x;0;0).
e M e Oz = M(0;0;z).

e M € (Oxz) = M(x;0;z).

® Chon mot diém ma tir d6 c6 ba duong doi mot vudng géc nhau lam gbc toa do.

@ Xay dung toa do cac diém trén hinh da cho tuong tng véi hé truc vira chon.

e M e Oy = M(0;y;0).
o M € (Oxy) = M(x;y;0).
o M € (Oyz) = M(0;y;z).

Cho hinh hop chtr nhat ABCD.A'B'C'D’ ¢6 canh
AB = AA’ =2, AD = 4. Goi E la tAm cua hinh chi
nhat ABCD, F la trung diém AC'. Véi hé toa do Oxyz
dugc thiét 1ap nhu hinh bén (gbc toa d6 O trung véi

A), hay xac dinh toa do cac dinh cta hinh hép cht
nhat va toa do hai diém E, F.

B/

Dl
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a2
Mot mdy bay M dang cat canh tir phi truong. Véi hé toa do
Oxyz dugc thiét lap nhu Hinh bén, cho biét M 1a vi tri cta
may bay véi OM = 14, NOB = 32°, MOC = 65°. Tinh toa
do diém M.

PHAN 1. Cau tréc nghiém nhiéu phuong an lya chon. Mdi cau hdi hoc sinh chi chon mét phuong
an.

EED

Hinh bén mo6 td mot san cau long véi kich thudc theo -
tiéu chuan quéc té. V6i hé toa do Oxyz dugc thiét lap
nhu hinh bén (don vi trén moi truc 1a mét), gia st AB
1a mot tru cau 16ng dé cang ludi, hay xac dinh toa do
cua B.

(A)(6,1;6,7;1,55). B)(6,7;6,1;1,55).
(©)(6,1;0;1,55). (D) (0;6,7;1,55).

| Cau3l g

Cho hinh lap phuong ABCD.A’B'C'D’ c6 canh bang 2. V6i hé 2
toa do Oxyz duoc thiét lap nhu hinh bén (gbc toa do O trung Al o
v4i diém A), toa do diém B’ 1a ‘

@B(O; 2;0). B(2;2;2). B | C!

(©)B(2;2,0). (D) B(2;0;2). LI D,

CA y
m
C
X
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Cho hinh lap phuong ABCD.A’B'C'D’ c6 canh bang 2. z
Véi hé toa d6 Oxyz dugce thiét lap nhu hinh bén (gbc
toa d6 O trung vdi diém A), toa do diém C’ 1a

(A)C'(2;2;0). C'(2;2;2).

(©)C'(2;2;0). (D) C'(2;0;2). B

A/ D/

| Cau33

Cho hinh chép ti gidc déu S.ABCD c6 canh day bang
av/2,canh bén bf?mg av/5. Goi O la tam ctia hinh vuong
ABCD. Véi hé toa do Oxyz duoc thiét lap nhu hinh
bén (géc toa d6 O trung voi tdm hinh vuéng ABCD),
toa do SC 1a
@S_C) = (2a;0; —2a). S_C) = (2a; —a; —2a).
@S_C) = (a;0; —2a). @S_C) = (a;0;2a).

=ED

Cho tit dién SABC c6 ABC la tam giac vuong tai B, BC = 3, S .
BA = 2, SA vudng gbc v6i mat phang (ABC) va c¢6 do dai
bang 2. Véi hé toa do Oxyz dugc thiét lap nhu hinh bén (gbc
toa do O tring véi diém B), tim khang dinh sai. y
(W) A@©;20). B(0;0;0). A
(©)C(0;0;3). (D)S(—2;2;2).
Cho hinh chép S.ABC c6 day ABC la tam giac déu canh S 2

bang 2, SA vuong goc véi ddy va SA = 1. V6i hé toa do
Oxyz dugce thiét lap nhu hinh bén (géc toa do O trung
vdi trung diém ctia doan BC), hay tim toa d6 diém S.
(A)S(0;v/3;1). 5(0; V33 1).
©)s(0; V3; 1). D)S©; V3; 1).
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| Cau3s

O mot san bay, vi tri cia may bay dugc xac z
dinh bdi diém M trong khong gian Oxyz nhu .
hinh bén. Goi H la hinh chiéu vuéng goc cua M
M xubng mat phang (Oxy). Cho biét OM = 50, RN
(7,0H) = 64°, (OH,OM) = 48°. Tim toa d¢
cta diém M. 50 M
(A)M(14,7;30,1;37,2). - }
(B) M(14,7;30,1;37,2). 242 . g v
(©)M(14,7;30,1;37,2). ST
(D)M(14,7;30,1;37,2. A ok
A H
X

PHAN 1L Cau tréc nghiém dung sai. Trong moi y a), b), ), d) & moi cau, hoc sinh chon dting hoéc
sai.

| Cau37

Cho hinh ch6p S.ABCD c¢6 ddy ABCD la hinh chir nhat, AB =1,
AD = 2, SA vudng goc v4i mat day va SA = 3. V4i hé toa do
Oxyz dugc thiét lap nhu sau: Gobc toa dd O trung vdi diém A, cac
véc to A—B), E, AS 1an luot cing hudng véi 7, 7 va ? Xét tinh
diing sai ctia cac khang dinh sau

a) Toa do D(0;2;0). b) Toa do C(1;2;3).

¢) Toa dd S(2;0;0). d) Toa do6 I(1;1;0).

| Cau3s

Cho hinh 1ap phuong ABCD.A'B'C'D’ ¢6 canh bang 2. Véi z
hé toa d6 Oxyz dugc thiét 14p nhu hinh bén (gbc toa do O Al T D’
trung v6i tam hinh vuéng ABCD), hay xét tinh dung sai ctua |
cac khang dinh sau: B ! ¢!

a) Toa do A(—1;0;0). b) AC' = (2v/2;0;2). o

o) Toa do D'(0;1/2;2). d) BD' = (0;0;2). SANL D Y

gm0
C
X
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Cho hinh lang tru ABC.A’B'C’ c¢6 ddy ABC la tam gidc déu z
canh bang 2 nhu hinh vé. Hinh chiéu vudéng géc cta A’ 1én
(ABC) trung véi trung diém canh AB, goc A’AO = 60°. Voi
hé toa d6 Oxyz dugce thiét lap nhu hinh bén (géc toa do6 O
trung véi trung diém ctia doan BC), hay xét tinh dung sai B
cta cac khang dinh sau:
a) Toa do diém A(—1;0;0).
b) Toa do diém C(0; /3;0). AT =
¢) Toa do diém A’(0; —1;v/3).
d) Toa d6 diém C’(1; V3; \/§)

A/ CI

PHAN III. Cau tric nghiém tra 16i ngan. Hoc sinh tra 15i vao 6 két qua
@ BAI TAP TU LUYEN

PHAN I. Cau trac nghiém nhiéu phuong an lwa chon. Méi cau hoi hoc sinh chi chon mét phuong
an.

Trong khong gian Oxyz, hinh chiéu vuong géc ctia diém A(1;2;5) 1én truc Ox c6 toa do la

(A)(0;2;0). (0;0; 5). (©)(1;0;0). (D) (0;2;5).

Trong khong gian v6i hé toa dd Oxyz, toa d6 hinh chiéu ctia diém A(—2; —1;3) trén mat phéng
(Oyz) 1a

(A)(0; —1;0). (—2;0;0). (©)(0;—1;3). (D) (-2;-1;0).

Trong khong gian véi hé toa d6 Oxyz, cho diém M(1;2;3). Goi H 1a hinh chiéu vuéng goc cta
M 1én mat phang (Oxy). Toa do ctia H la

(A)H(—1; —2;3). H(0;0;3). (©)H(1;2;0). (D) H(1;2;0).

Trong khong gian Oxyz, cho @ = (2;3;2) va b= (1,1;1). Vecto @ — b6 toa do la

(A)3;4;1). (—1;—-2;3). (©)@3;5;1). (D) (1;2;3).

Trong khong gian Oxyz, cho diém A(1;1;1). Tim toa do hinh chiéu vuéng géc ctia diém A trén
mat phang (Oxz).

(A)(1;0;1). (0;1;0). (©)(1;1;0). (D) (0;1;1).
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Trong khong gian véi hé truc toa dd Oxyz, cho @ = T+ 2? —3%.Toadoctia 7 1a
B®)(~2;~1;-3). (=3;2;-1). ©@ -3 -1). © (1,2 -93).

Trong khong gian vai hé truc toa do Oxyz cho hai vector @ = ({21l =2), b= (—2;1;4). Tim toa
do ctia vector ¥ = @ —2b.

@(5; —1; —10). (0;3;0). @(—3; 3;6). @(5; —1,10).

Cho diém A(1;3; —1). Hinh chiéu vuéng géc ctia diém A trén mat phang (Oyz) 1a diém
(A) M(3;0;0). N(0;3; —1). (©)P(0;1;0). (D) Q(0;0; —1).

Trong khong gian Oxyz, hinh chiéu vuong goc ctia diém A(1;2;5) 1én mat (Oxz) c6 toa do la
(A)(1;2;0). (0;2;5). (©)(;0;5). (D)(0;1;5).

Trong khong gian Oxyz, cho hai diém A(1; —1;2) va B(2;1; —4). Vecto AB c6 toa do
(A)(3;0; -2). (1;2; —6). (©)(1;0; —6). D) (—1; -2;6).

Trong khong gian Oxyz, cho diém A(1; —2;3). Hinh chiéu vuong géc ctia diém A 1én mat phang
(Oyz) c6 toa do la

(A)(1;0;3). (1;0;0). ©(1;-2;0). (D) (0; —2;3).

Trong khong gian v6i hé toa do6 Oxyz, cho hai vecto la ¥ = (2;1; —1) va v = (1;3;1). Toa do
ctia vectd (i +27) tuong ting la

(A)(3;4;0). (1;-2; —-2). ©@&;7;1). (D) (5;5; —1).

Trong khong gian Oxyz, cho diém A(2; —1;0) va diém B(3;1;1). Toa d diém dbi xing véi A
qua B la

(A)(1;—2; —4). (0;3; —1). (©)(4;3;2). (D) (0;1;3).
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- -

Trong khong gian Oxyz, cho biéu didn ctia vecto @ qua cac vectodonvila @ =27 + k —37 .
Toa do ctia vecto @ la

(A (2;-3;1). (1;—3;2). ©(2;1;-3). D) (1;2; -3).

Trong khong gian Oxyz, cho diém M théa man hé thitc OM = 27 + | . Toa do diém M la
(A) M(0;2;1). M(1;2;0). (©)M(2;1;0). (D) M(2;0;1).

Trong khong gian v6i hé toa do Oxyz cho hinh binh hanh ABCD va céc dinh c6 toa d6 lan luot
la A(3;1;2), B(1;0;1), C(2;3;0). Toa d6 dinh D la

@D(4;4;1). D(0;2; —1). @D(1;3;—1). @D(O;Z;l).

- -

Trong khong gian v6i hé toa do (O; i; j; Tc)), cho hai vecto 7 = (1;2;3) va —b) —27 — 47{. Tinh
toadovectol =d — b.

AT = (—1;-2;3). 7= (=1;2;7). ©u =(-1-23). D7 =127

—

Trong khong gian v6i hé toa do (O; i ; ?; ?), cho hai vecto 7 = (1;2;3) va ? = 2? — 4?. Tinh
toaddovecto =a — b.

@ﬂ): (—1,-2;3). ﬂ): (—1,2;7). @ﬂ): (=1, —6;3). @Tt): (1,2;7).

Trong khong gian Oxyz, cho ba diém M(2;0;0), N(0; —3;0), P(0;0;4). Néu MNPQ la hinh binh
hanh thi toa do diém Q la

(A)(-2;-3:4). (-2;-3;-4). (©)(2:3:4). (D) (3:4,2).

Trong khong gian Oxyz, cho ba diém A(—4;1;—5), B(2;3; —7), C(3; —2;9). Toa do diém D dé
ABCD la hinh binh hanh la
(A)(2;3;-3). (-3;-3;-3). (©)(-3;-3,3). (D) (-6;5;-12).

PHAN II. Cau tric nghiém diing sai. Trong méi y a), b), ¢), d) & mdi cau, hoc sinh chon ding
hoac sai.

Trong khong gian Oxyz, cho hai vecto a=(-2,1,-3), I_; = (—1; —3;2) va diém A(4; 6; —3).
a) Toadovecto @ —2b = (0;1; —1). b) Toa do diém B(2;7; —6) thi @ = AB.
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| ¢) Hai vecto @ va b ciing phuong huéng.  d) Géc gitta vecto @ va b bing 120°.

| Cauz

Trong khong gian Oxyz, cho ba vecto @ = (—1;1;0), b= (1;1;0), € = (1;1;1).
a) Do dai vecto @ bang /2.
b) Vecto b vuéng goc véi 7.
o) Vects b vuéng goc véi <.
d) Toa d6 vecto 37 +2b — € bing (—2;4; —1).

| Cau3

Trong khong gian véi hé toa do Oxyz, cho hinh hop ABCD.A’B'C'D’ biét rang cac diém c6 toa
d6 A(2;1;0), C(0;3;0), C'(—1;2;1), D'(0; —2;0).

a) Toa do cac diém A/, B’ 1a A'(1;0;1), B'(0;4;2).

b) Toa do cac diém B, D la B(1 5; 1) D(l —-1;,-1).

) ToadovectdABlaAB =7 +4] + x.

d) Toa do vecto B’ BD 1aBD =1 —5] _3%.

| Caud

Trong khong gian Oxyz, cho @ = T+3%k — 47 vab = (m — n; 4m — 6n;n> — 3m + 2), voi m, n
1a tham sd.
a) Toado @ = (1;3; 4)

b) Dung diém A thoa OA=7 th1 A(l —4; 3).
¢) Ton tai g1a tri ctia m va n dé b = 0
d) Néu 7 = b thim-+n=09.

=

Trong khong gian Oxyz, cho hinh hép OABC.O’A’B'C’ ¢6 A(1;1; —1), B(0; 3;0), B—C7 = (2, —6;6).
Goi H, K lan luot la trong tdm ctia tam giac OA’O’ va CB'C'.

a) Toa do diém C’1a (2; —3;6). b) Toa do diém O’ 1a (3; —5;5).
¢) Toa do vecto AB' = (—2;—3; —6). d) Toa dd vecto HK = (—1;2; —1).

g

Trong khong gian vdi hé toa do Oxyz cho cac vecto i = 27 — 27 I ?, T = (m;2;m+1) véim

1a tham s6 thue. C6 bao nhiéu gia tri caa m dé || = |7)? KQ: toviiiiiiiiiien,

PHAN III. Cau tric nghiém tra 16i ngan. Hoc sinh tra 16i vao 6 két qua.

Trong khong gian Oxyz, cho hai diém A(3;1; —2), B(2; —3;5). Diém M thudc doan AB sao cho
MA = 2MB, toa do6 diém M 1a (a;b;c). Khi d6 a + b + ¢ bang? KQ: wiviiiiiiiiiiiiii
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Trong khong gian véi hé toa d6 Oxyz cho cac vecto ¥ =27 — 27 + k, T = (m;2;m + 1) v6i m

1a tham s6 thuc. C6 bao nhiéu gia tri caa m dé || = |7|? KQ: tiiiiiiiiiiiiin,

Trong khong gian Oxyz, cho hai diém A(4;2;1), B(—2; —1;4). Tim dugc toa do diém M(a; b; c)
thda man dang thic AM =2MB. Khidé a + b+ c? KQ: oo

Trong khong gian vdi hé toa do Oxyz cho ba diém M(2;3; —1), N(—1;1;1) va P(1;m — 1;2). Tim
m dé tam giac MNP vudng tai N. KQ: tiiiiiiiiiiiene,

Mot chiéc xe dang kéo cing sgi day cdp AB trong cong trudng xay dung, trén dé da thiét lap
hé toa d6 Oxyz nhu hinh vé dudi véi do dai don vi trén cac truc toa do bang 1m. Tim duogc toa

do cua vector AB = (a; b; c). Khi d6 tinh a 4 c. KQ: i

Cho biét may bay A dang bay véi vecto van toc @ = (300;200;400) (don vi: km/h). May bay
B bay cting hudng va c6 toc do gap ba lan toc d6 ctia mdy bay A. Tinh toc d6 ctia mdy bay B.

KQ: i

Mot thiét bi thim do day bién nhu hinh vé dugc day bsi mot luc 7 = (5;4; —2) (don vi:
N) gitip thiét bi thyc hién d6 doi @ = (70;20; —40) (don vi: m). Tinh céng sinh bdi luc f.

KQ: v
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53. BIEU THO'C TOA DO CUA CAC PHEP TOAN VECTO

LY THUVYET CAN NHO

1. Biéu thtc toa do ctia phép todn cdng, trif, nhan mot sé6 thuc v8i mot véctd

Dinh nghia 3.1. Trong khong gian Oxyz, cho hai véc-to @ = (aq; ay; az), b= (by; by; b3) vasb k.
Khi do

®@FT+Db= (a1 + by; a2 + by; a3 + bs);
b

® @ — b = (ay — by;ap — by; a3 — by);

@ kd = (kay; kay; kas).

A Cho hai véc-to @ = (a1; a2; a3), = (b1; by; b3), v # 0. Hai véc-to a, v cung phwong khi va chi khi

a = kbl
ton tai mot so thuc k sao cho { a, = kb,
a3z = kbg.

2. Biéu thtdc toa do caa tich vd hudng hai vécto

Dinh nghia 3.2. Trong khong gian Oxyz, tich vd hudng cta hai véc-td @ = (ay;ap; as) va b=
(b1; by; b3) dugc xac dinh boi cong thuc

a- E) = a1by + axby + azbs.

A @® E)J_T?)<=>a1b1+ll2b2+a3b3:0;
@ |d| = /a3 +aj+a5 AB=/(xg— x4+ (yp—ya)+ (zB — 24)>

—

a-b _ a1b1 + arby + azbs
@ |b| VA rai+ad R+

3. Bidu thic toa do ciia tich c6 hudng hai véctd

(06i 7 £ 0vib #£ 0)

® cos (7; 3) =

Dinh nghia 3.3. Cho hai véc-to @ = (ay;az;a3) va b= (b1; bo; b3) khong cung phuong. Khi do6
vec to
w = (ﬂzbs — boas; asby — bzay ; arby — bl”Z)

A s 2. ? . , —> N i
vuong goc voica hai vécto a va b.

5
A @ Véc to w xdc dinh nhu trén con goi a tich c6 hudng ciia hai véc to @, b, ki hiéu @ = [d, @ ).

® Quy udc Y2\ _ 41by — aoby thi
b1 by
s a ds as ag a;  ap
[a i| < bz b3 b3 bl bl bz > az03 ha3, A30q 31 ; A102 12

® 7 khong ciing phitong v6i b < [7, I_ﬂ £ 0.
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4. Biéu thtdc toa do trung diém doan théng, trong tdm tam gidc

binh nghia 3.4.
Trong khong gian Oxyz, toa do trung diém va trong tam
dugc xac dinh nhu sau:

® Toa do trung diém M ctia doan théng ABla

B A
M M N
M(xA—f—xB.yA-l-yB_zA-l—zB) A
2 7 2 7 2 )
A B K C

@ Toa do trong tdm G cua tam gidc ABC la

XA+Xp+Xc Ya+yp+yc za+2zp+2zc
G 3 / 3 ’ 3 ‘

PHAN LOAI VA PHUGNG PHAP GIAI TOAN

Dang @ Toa dd clia céc phép todn vec to, toa dd diém, dé dai doan théng

T

Cho 7@ = (—2;3;2), b= (2;1;—1), € = (1;2;3). Tinh toa do ctia mdi vecto sau:

a) 37 b) 27 — B; 9 a’+z?_§?.

T

- > - 3
Trong khong gian Oxyz, cho cac véc-to u =3i —2j + k, v = —5

—

mj — nk.
a) Ching minh % va U cung phuong.

b) Tim gié tri ctia m va n dé véc-to i va @ cung phuong.

TRy

Trong khong gian v6i hé toa do Oxyz, cho ba diém A(3; —1;2), B(1;2;3), C(4; —2;1).

a) Chiing minh ba diém A, B, C khong thang hang. Xac dinh toa d6 trong tim tam giac ABC.
b) Tim toa d6 diém D biét ABCD la hinh binh hanh.
c) Tim toa do giao diém E cta dudng th:fmg BC v6i mat phéng toa do (Oxz).

)

Trong khong gian Oxyz, cho ba diém A(5; —3;0), B(2;1; —1), C(4;1;2).

a) Tim toa do ctia vecto 1 = 2AB + AC — 5BC.
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b) Tim toa do diém N sao cho 2NA = —NB.

Mot phong hoc c6 thiét ké dang hinh hop chit nhat véi chiéu
dai 1a 8 m, chiéu rong la 6 m va chiéu cao 1a 3 m. Mot chiéc den

dugc treo tai chinh gitta tran nha cta phong hoc. Xét hé truc toa y
do Oxyz c6 gbe O trung véi mot géc phong va mat phang (Oxy) — 3m O)‘ """" em

triing v6i mat san, don vi do dugc lay theo mét (Hinh minh hoa
bén). Hay tim toa do ctia diém treo den. X

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Méi cau héi hoc sinh chi chon mét phuwong
an. C4c cau hdi sau déu xét trong khong gian Oxyz.

—

Cho @ = (1;2;-3), b = (— 4:6

2; —4;6). Khang dinh nao sau day diing?
T =2b. b =247.

©7b = —27. D)7 = —2V.

Cho hai véc-to ¥ = (2;1; -3), ¥ = (1;0; —1). Tim toa d0 cta véc-td @ = ¥ + 2.
@ 7(4;1; -5). 7(4;1;-1). @7(3; 1, —4). 7(0;1; —1).

—

=27 —3b.
—4;,-59). D7 =(1;3-11).

Cho 7 = (1;-1;3), b= (2;0; —1). Tim toa do véc-to il
U = (—4;,-2;9). U = (42;-9). u

Cho hai véc-to 7 = (3;0;1), ¢ = (1;1;0). Tim toa do ctia véc-to b théa man bidu thic b — 7 +
2¢ = 0.
Wb =(-21;-1). b=(-1,2-1. ©Fb =21 @b =@1-21).

Cho vecto @ = (1; —3;4). Vecto nao sau day cung phuong véi @ ?

(AT = (—2;—6;8). T =(-26-8). (©d=(-263). (D) = (2; —6; —8).

Hai véc-to @ = (m;2;3) Vé?:(l;n;2) cung phuong khi
m—1 m—3 m—3 m—2
T2 T2 T2 3
w2 "L o' : e’}
=3 =3 =3 =3
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Cho hai diém A(2;3;1) va B(3;1;5). Tinh do dai doan théng AB.
(A)AB = v21. (B) AB = 24/3. (C)AB =24/5. (D) AB = V/13.

Cho hai diém M(3; —2;1) va N(0; 1; —1). Tinh d6 dai doan théng MN.
(A)MN = /17. (B) MN = 22. (COMN = v22. (D) MN = v/19.

Cho hai diém A(—1;1;2) va B(3; —5;0). Toa do trung diém ctia doan thang AB la

(A)(1;-2;1). (4;—6;2). (©)(2;-3;-1). D) (2; —4;2).

21918 [:0

Cho hai diém A(1;1;0), B(3; —1;2). Toa d6 diém C sao cho B la trung diém ctia doan AC la

(A)C(5; —3;4). C(4; —3;5). (©)C(-1;3;-2). (D) C(2;0;1).

7

Cho tam giac ABC véi A(0; —1;3), B(2;1;1), C(1,0; —1). Toa do trong tam cua tam giac ABC

(A)(1;0;1). (—1;0;1). ©)(0;1;1). (D) (1;1;0).

=

Cho OA = 7 — 27 + 37{, diém B(3; —4;1) va C(2;0; —1). Toa do trong tam cua tam gidc ABC
1a

(A)(1;-2;3). (—1;2; —3). ©(2;-2;1). (D)(—2;2; —1).

Cho tam gidac ABC trong tam G. Biét A(0;2;1), B(1; —1;2), G(1;1;1). Khi d6 diém C c6 toa do

B)(2;2;4). (—2;0;2). @(—2; =85 =1)) D) (2;2;0).

P

Cho bbn diém A(1;0;3), B(2; —1;1), C(—1;3; —4), D(2;6;0) tao thanh mot hinh t dién. Goi M,
N 1an luot 1a trung diém cac doan thang AB, CD. Tim toa d¢ trung diém G ctia doan MN.

(AG (‘35,- g;o). G(2;4;0). (©)G(1;2;0). (D) G(4; 8;0).
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Cho hai diém B(1;2; —3), C(7;4; —2). Néu E 1a diém thda man ding thic CE = 2EB thi toa do
diém E la

AbsY w(al) efal) el

Cho cac diém A(1; —1;0), B(0;2;0), C(2;1;3) va M la diém théa man hé thitc MA — MB + MC =
0. Khi d6 diém M c6 toa do la

(A)(3;2;3). 3;—2;-3). (©)(3;-2;3). (D) (3;2;-3).

Cho toa do cac diém A(—1;3); B(2; —2) va C(m; 1). Tim m dé 3 diém A, B, C thang hang,.

2 1 1 1

T gidc ABCD 1a hinh binh hanh, biét A(1;0;1), B(2;1;2), D(1; —1;1). Tim toa d6 diém C.
(A)(0; —2;0). (2,2;2). ©2:02). @@ -2;2).

=

Cho hinh hép ABCD.A’B'C'D’ ¢6 A(0;0;0), B(a; 0;0), D(0; 24;0),
A’(0;0;2a),a # 0. Tinh do dai doan thang AC'.

(A)la). ®2]a].
(©)3]al. @%.

| Cau20 4

Cho hinh hép ABCD.A'B'C'D’ ¢6 A(0;0; 1), B'(1;0;0), C'(1; 1;0).
Tim toa do ctia diém D.

(A)D(0; —1;1). D(0;1;1).
(©)D(0; 1;0). (D)D(1;1;1).

PHAN II Cau tric nghiém ding sai. Trong méi ¥ a), b), ¢), d) & mdi cau, hoc sinh chon ding
hoac sai.
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(10)

Cho C;&&iié’m A(1;-2;3),B(—2;1;2),C(3; —1,2).

a) AB = (-3;3;—1). b) AC = (—-2; —1;1).
o) AB=3AC. d) Badiém A, B, C khong thing hang.
Cho ba diém A(3;3; —6), B(1;3;2) va C(—1; —3;1). Goi M, A

N, K 1an lugt 1a trung diém ctia AB, BC va CA.
a) Toa do M (2;3;2).
b) V6i G la trong tam tam giac ABC thi GC = 2/5.
o) Trong tam tam giac MNK la E(1;1; —1). & K

d) Véi D(—3;—3;9) thi ta giac ABDC la hinh binh
hanh.
B C

=B

Cho hinh hop ABCD.A'B'C'D’, biét diém A(0;0;0), B(L;0;0),
C(1;2;0), D'(—1;3;5). Goi M, N la tdm cua cac hinh binh
hanh ABB’A’, ADD'A’.

a) Toa do D(0;2;0). B

b) Toa do A'(—1;1;5).

o Toadd MN = (—1;1;0).

d) |AB + AD + CC'| = v/29.

| Cau24

Hai chiéc khinh khi cau bay Ién tir cing mét dia z
diém. Chiéc thit nhét céch diém xuét phat 2 km ()
Tay

cach mat dat 0,5 km. Chiéc thi hai nam céach

vé phia nam va 1 km vé phia dong, dong thoi u
diém xut phat 1 km vé phia bac va 1,5 km vé |

phia tay, déng thoi cach mat dat 0,8 km. ®

Chon hé truc Oxyz véi gbc O dat tai diém xuat SRS -t

phat ctia hai khinh khi cdu, mat phang (Oxy) _Bac .~ NP l Nam
triing v&i mat dat véi truc Ox huéng vé phia 0=~ | x
nam, truc Oy hudng vé phia dong va truc Oz e

_______________

huéng thiang dung 1én tri (Hinh bén dudi),
don vi do lay theo kilomet. Déng
a) Véiheé toa do da chon, toa do khinh khi cau thi nhat 1a (2;1;0,5).

b) Véi hé toa do da chon, toa do khinh khi cau thi hai 1a (—1,5; —1;0,8).

¢) Khoang cach tir diém xuét phat dén khinh khi ciu thit nhat bang /21 km.

d) Khoang cach hai chiéc khinh khi cau 1a 3,92 km (Két qud lam tron dén hang phan trim).
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Tich v6 hudng, tich c6 hudng hai vec to va rng dung

Cho ba véc-to @ = (3;0;1), b= (1;,-1;,-2), ¢ =2;1;,-1), d = (1,7, -3).

!

a) Tinh 7 - b, b-C. b) Tinh | 7|, b , COS (E’, ?) ¢) Chung minh 417

Trong khong gian Oxyz, cho @ = (1;0;1), b= (1;1;0) va C = (—4;3;m).
a) Tinh goc gitta hai vecto 7@ va b.

b) Tim m dé vecto d = 27 + 3D vuong géc véi <.

Trong khong gian Oxyz, cho tam gidc ABC c6 A(—1;0;2), B(0;4;3) va C(—2;1;2).
a) Chi ra toa d6 mot véc to (khac 6) vuong goc voi hai véc to A_B), AC.
b) Tinh chu vi tam giac ABC.
¢) Tinh cos BAC.

d) Tim d¢ dai duong phan giac trong AD ctia tam giac ABC.

Trong khong gian Oxyz, cho 3 diém A (0;1; —2); B (3;0;0) va diém C thudc truc Oz. Biét ABC
1a tam gidc can tai C. Tim toa do diém C.

Trong khong gian Oxyz, cho ba diém M (2;3; —1), N(—1;1;1), P(1; m — 1;2). Véi nhirng gia tri
nao cua rm thi tam giac MNP vudng tai N?

Cho hai diém A (2, —1,1); B (3, —2, —1). Tim diém N trén truc Ox cach déu A va B.
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(1)

a7

Trong Hoa hoc, ciu tao ctia phan tir ammoniac (NH3) ¢6 dang hinh
chép tam giac déu ma dinh la nguyén tir nitrogen (N) va day la tam
giac HyHyH3 v6i Hy, Hp, Hz 1a vi tri cia ba nguyén tir hydrogen (H).
Goc tao bai lién két H — N — H, ¢6 hai canh 1a hai doan thang nbi
N v6i hai trong ba diém H;, H,, H; (chéng han m), goi la goc
lién két ctia phan tir NH3. Géc nay xap xi 107°.

Trong khong gian Oxyz, cho mot phan tir NH; duoc biéu dién bai
hinh chép tam gidc déu N.H; HyHs v6i O la tdm ctia ddy. Nguyén
t nitrogen dugc biéu dién bsi diém N thudc truc Oz, ba nguyén
ta hydrogen & cac vi tri Hy, Hy, H3 trong d6 H;(0; —2;0) va HyH3
song song voi truc Ox (Hinh bén).

a) Tinh khoang cach gitra hai nguyén tir hydrogen.

b) Tinh khoang cach gitta hai nguyén t nitrogen v6i moi nguyén tir hydrogen.

N

s

Mot chau cdy duoc dat trén mot gia d c6 bén chan véi diém z
dat S(0; 0; 20) va cac diém cham mat dat ctia bon chan lan luot la
A(20;0;0), B(0;20;0), C(—20;0;0), D(0; —20;0) (don vi cm). Cho
biét trong luc tdc dung lén chau cay cé do 16n 40(N) va dugc

Hinh 4. Tim toa do ctia cac luc néi trén (mdi centimét biéu dién
1N).

phéan bb thanh bén lyc f{, fg, 1?3), 1?4) c6 do 1on bmeg nhau nhu F, =

PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. Mbi cau héi hoc sinh chi chon mét phuong
an.

Tich v6 hudng ctia hai vecto ' = (3;0;1) va ¥ = (2;1;0) la

Ao. 6. (©)s. D) —s.

Tich v6 hudng ctia hai vecto i = T+ 27 —kvag= (0;1; —2) bang

(A)—4. 0. (©)4. D -2.

Cho céac véc-to @ = (1;2;1) va b = (2;2;1). Tinh tich v6 huéng @ - (E’ — T;)

(A)—1. 2. (©)2. D) 1.

GV: Nguyén Dan Truong- 0866.783.220




(43 ) 3. BIEU THUC TOA DO CUA CAC PHEP TOAN VECTO

Mot thiét bi tham do day bién dugc day boi mot luc 7 = (5;4; —2) (don vi: N) gitip thiét bi thuc
hién do doi @ = (70;20; —40) (don vi: m). Tinh cong sinh béi lyc f.

(A)480 (7). 530 (). (©)510()). (D)500 (J).

Goc gitra hai véc-to Tvat = (—/3;0,;1) bang

(A)60°. 120°. (©)150°. (D)30°.

Cho hai véc-tg @/ = (—1;1;0) va T = (0; —1;0). Géc hop bdi hai véc-to i va T bang

(A)60°. 45°. (©)135°. (D) 120°.

0[:0

Cho hai véc-to @(—2; —3;1) va 3(1; 0;1). Tinh cos(7, ?).
> 7 1 > 7 3
cos(a,b)=———. cos(a,b)=———.
(A)cos(, b) 27 (a,b) 27
cos(7, b)) = ——. cos(7,b) = —>_.
©cos(@, b) = == D)cos(@, b) = =

Cho @ = (3;2;1), b = (—2;2; —4). Gia tri ctia (ﬁ’ - E‘ bing

50. (©)2v5. D)3.

Cho hai véc-to @ = (—1;0;2) va T = (x; —2;1). Biét rang @/ - ¥ = 4. Khi d6 | 7| bang

V2. ®) 2. ©s. (D)s.

ELRL

Tim s6 thuc a dé vec-to ¥ = (a;0; 1) vudng goc vdi vec-to T = (2; —1;4).

@a:—Z. Ba=—4 @a:4. @a=2.

Tim x dé hai véc-to @ = (x;x — 2;2) va T; = (x; 1, —2) vudng goc véi nhau.

A)x = 3. ®x=1 @[xzz ©®|*=

x= -3 X =
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Cho hai véc-to i = (1; —2;1) va T = (2;1; —1). Véc-to nao dudi day vudng goc véi ca hai véc-to
U va Uu?

W w5 = (1;3;5). w3 =(L-47). ©Ow=147). D w: = (1,-3;5).

Tich c6 huéng cta hai véc-to @ = (—1;2;0) va b= (0;4; —3) co toa dd la

(A)(—6;3; —4). (6; —3;4). (©)(6;3;4). (D) (—6; —3; —4).

L

Cho A(2;1;4), B(—2;2; —6), C(6;0; —1). Tinh tich v6 huéng AB - AC.
(WAB-AC=67. (B)AB-AC=-67. (C)AB-AC=33. (D)AB-AC = 6.

Cho A(1; —2;3), B(2; —4; 1), C(2;0;2), khi d6 tich vo huéng AB - AC bing

~1. ©7. (D) 5.

Cho tam gidc ABC véi A(8;9;2), B(3;5;1), C(11;10; 4). S6 do goc A cua tam giac ABC la

150°. (©)30°. (D)120°.

(o))
=S
]

Cho diém A(3; —1;5), B(m;2;7). Tim tat ca cac gia tri cia m dé do dai doan AB = 7.
m = 3 hoacm = —3. m:9hoécm:—3.
@m:—3hoécm:—9. @m:9hoécm:3.

Cho ba diém A(3;2;8), B(0;1;3) va C(2;m;4). Tim m dé tam gidc ABC vudng tai B.

(A)m = 4. B)m = —10. (C)m = 25. D)m = —1.

Cho ba diém M(2;3; —1), N(—1;1;1) va P(1;m — 1;2). Tim m dé tam gidc MNP vudng tai N.

B m = —4. ©m=2. @m=—6.

I
o

+10[:28[:10):100-0

Cho tam gidc ABC c6 A(7;3;3), B(1;2;4), C(2;3;5). Tim toa do diém H 1a chan duong cao ké tu
A ctia tam giac ABC.

@H(3;4;6). H(-3;4;7). @H(2;4;1). @H(Z; —4;3).
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Cho hai diém A(1;1;0), B(2; —1;2). Goi M(0;0;z) l1a diém thudc truc Oz sao cho MA? + MB?
nhé nhat. Khang dinh nao sau day la ding?

(A)z € (0;1]. Bz € (1;2]. (©)z € (—1;0]. D)z € (-2;—1].

PHAN IL Cau tric nghiém diing sai. Trong méi ¥ a), b), ¢), d) & méi cau, hoc sinh chon diing
hoac sai.

Choba vec-to @ = (—1;1;0), b = (1;1,0)va € = (1,1;1).
2 —
a) |7] =2 b) || = 3. o cos(@,¢)=-—%=. d) bL17
|| |c] (a,¢) NG
Cho hai vécto @ = (0;2;3) va ¥ = (m — 1;2m;3).
— — — 3
a) |u|=+13. b)|u|:|v|<:>m:—§.
0 T=Fom=1. O TLTom=.
Cho tam gidc ABC c6 A(1;2;0), B(0;1;1), C(2;1;0).
a) Tam giac ABC vuong tai A.
b) Chu vi tam giac la V7 + 3+ V2.
¢) Dién tich tam giac ABC 1a v/6.
) 1
d) Tam duong tron ngoai tiep tam giac ABC 1a I (1 ;1 E)
Hinh minh hoa so &6 mot ngodi nha trong hé truc toa do 0(2:5;4)
Oxyz, trong d6 nén nha, bén birc tuong va hai mai nha
déu 1a hinh chi nhat. -
a) Toa do ctia cac diém A(5;0;0). L2 G(4;5;3)
b) Toa dd cuia cac diém H(0;5;3). z i P(2;0:4)
¢) Goc nhi dién c6 canh la duong théng FG, hai mat E(0;0,3) » P
lan lugt 1a (FGQP) va (FGHE) goi la goc doc cta " M
méi nha. S6 do clia goc doc ctia mai nha bang Cro--mmmmm- ---7 B(4;5;0)
26,6° (lam tron két qua dén hang phém muoi cua //
do). /
d) Chiéu cao ctia ngo6i nha la 4. 0(0;0;0) A X

@ BAI TAP TU LUYEN

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Méi cau héi hoc sinh chi chon mét phuong
an.
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Chuong 2. VECTO VA HE TRUC TOA PO TRONG KHONG GIAN {46

Cho ti dién ABCD. LAy G la trong tdm cta tam giac ABC. Phat biéu nao sau day 1a sai?
(AWGA+GB+GC=0. (B)GA+GE+GC+GD = 0.
(©GD — GA = AD. (D)DA + DB + DC = 3DG.

-

Trong khong gian Oxyz, cho diém M thoa man OM = 27 + 37 — 4%, Toa do cua diém M

(A)(—4;3;2). (2;3; —4). (©G;—4;2). (D)(—2; —3;4).

—
Q)/

Trong khong gian Oxyz, cho hai vecto ¥ = (3;2; —1), 7 = (5; —4;2). Toa d0 ctia vecto  — U

(A)(—2;6;-3). (2, —6;3). @(—2; g =8). D) (2;2;1).

—
js%)

Trong khong gian Oxyz, cho vects i = (1; —2;3). Toa do ctia vecto —34 1a

(A)(3;—6;9). (—3; —6; —9). @(3; 6;9). (D)(-3;6;-9).

-

Trong khong gian Oxyz, cho tam gidc MNP c6 M(2; —3;4), N(1;2;3) va P(3; —2;2). Trong tam
cta tam giac MNP c¢6 toa do la

(A)(2;-1;3). (6; —3;9). (©)(—2;1;-3). (D)(—6;3; —9).

Trong khong gian Oxyz, tich vo huéng ctia hai vecto @/ = (2;3; —3) va ¥ = (—3; —2;4) bang

(A) V22 — /29. B —v22-v29. (©)24. (D) —24.

i

Trong khong gian Oxyz, khodng céch gitta hai diém I(3;5; —7) va K(—5;5; —1) bang:

(A)100. 20. (©10. (D)17.

=

Trong khong gian Oxyz, cho hai vecto U =(3;1;,-2)va v = (—2;1;5). Toa do ctia vecto [, U]

B (5;7;-11). (=7;11; -5). ©@;-11;5). ©)(-5;-7;11).

—
Q)/
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3. BIEU THUC TOA DO CUA CAC PHEP TOAN VECTO

Trong khong gian Oxyz, cho @ = 2§ —3?, b =47 + ] + k. Tinh d6 daicta ¥ = 24 ~ 5.

® ®2~, Vs OVE

@

Trong khong gian Oxyz, cho ba diém A(2; —1;5), B(5;5;7), M(x; y;1). Khi A, B, M thz?mg hang
thi gia tri cta x,y,z la

Ax=7y=7. Bx=4y="7 ©x=7y=2 Dx=7y=—

E

Trong khong gian voi hé toa do O_xyz cho tu dién ABCD V01 A(1;4;-2), B(2,1;,-3), C(3;0;2)
va D(2;5; —1). Biém G théa man GA + GE+GC+GD = 0 6 toa do la:

(A)G(2; —1; —1). B) G(2; —2; —1). (©G@;1;-1). (D) G(6;3; —2).

E

Trong khong glan Oxyz, cho tam gidc ABC c6 A(1; —1; —2) va trong tam G(2;1; —3). Toa do cta
vecto ## = AB + AC la

(A)(3;6;3). (3;6; —3). (©)(—3;6; -3). D) (3;2;1).

=L

Trong khong gian Oxyz, cho hai diém A(1;2;1), B(2;1;3). Tim toa d6 diém I thdéa man IA +
0

W) e el e()

L

Trong khong gian Oxyz, cho ba diém E(1;3;2), F(0; —1;5), K(2;4; —1) va tam gidc ABC thoda
man AE + BF + CK = 0. Toa d6 trong tdam G cua tam giac ABC la:

(A)G(1;2;2). G(—1; —4;3). (©G©;21). (D) G(1;—3;

Trong hé truc toa d6 Oxyz, cho hai vecto P—Q> =(0;1;,-2), PR = (—2; —1;0) va diém M(1; —2;2)
trung diém cta doan QR. Toa do diém Q la

(A)(-1;1; -2). B) (—2;2; —3). (©)(0;1;3). (D) (@2;—1;1)

Trong khong gian Oxyz, cho bbn diém A(2;0;0), B(0;2;0), C(0;0;2) va D(2;2;2). Goi M va N
lan luot 1a trung diém ctia AB va CD. Toa d6 trung diém I ctia doan thang MN la:

(A)I(1;1;0). 1(%;%;1). (©)1(1;1;1). (D) I(1;1;2).
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Trong khong gian véi hé toa do Oxyz, cho ba diém A(1;2; —1), B(2; —1;3), C(—2;3;3). Diém
M(a; b; ¢) 1a dinh thit tu ctia hinh binh hanh ABCM, khi d6 P = a? + b* — ¢% ¢6 gia tri bé“mg:

(A)42. —50. (©)—48. (D) 44.

Trong khong gian Oxyz, cho diém A(2;1;3) va diém B(4; —3;1). Toa do trung diém I ctia doan
thang AB la:

(A)(6; —2;4). (3;—1;2). ©(1;-2;-1). (D) (2; —4; —2).

Trong khong gian hé toa do6 Oxyz, cho ba vecto @ = (3;4;2), b= (—5;0;3), € = (1;2; —4). Tim
toadd ctavecto ¥ =34 +2b — C.

@1_[ = (2;10;16). i = (1;5;8). @7 = (—2,10;16). @ U = (2;—10;16).

Trong khong gian v6i hé toa d6 Oxyz, cho @ = (—3;5;2), b= (0;-1;3), ¢ = (1; —1;1). Tim toa
ddcia ¥ =27 —3b +57C.

@?f = (—9;2;10). 7 = (-9; -9;10). @?f = (9; —9;10). @ 7 = (9;2;10).

Trong mat phang toa dd Oxy, cho hai diém A(0; —2;1) va B(1; —1;2). Tim toa d6 diém M sao
cho M = 2MB.

®M(§;_§;1)' M(%;—l;Z). @M(2;0;5). @M(l,‘ —3;,—4).

Trong khong gian v6i hé toa do Oxyz, cho hai diém A(2;1;1), B(—1; —2;1). Toa d6 trung diém
ctia doan thang AB 1a?

@1(%;—%;1). (B) I(—3;1;0). @1(%;—1;%). @1(1;2;%).

Trong khong gian v6i hé toa dd Oxyz, cho hai diém A(1;2;3), B(—2; —4;9). Piém M thudc doan
AB sao cho MA = 2MB. D6 dai doan théng OM la:

(A)5. 3. (© V54 ©) V17.

Trong khong gian vai hé toa do Oxyz, cho ba diém A(1;1;1), B(2;3;2), C(3; —1;3). Tim toa do
diém D sao cho b6n diém A, B, C, D lap thanh mdt hinh ch nhét.

@D(4;3;4). D(4; —1;4). @D(Z; —3;2). @D(4; 1;4).
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Trong khong gian Oxyz, cho hai diém A(—4;1;5), B(1;5; —3). Goi C la giao diém cta duong
thang AB va mat phang (Oyz). Trong cac khang dinh sau, khang dinh nao dung?
(AAC = 1 AB. AB = 5BC. (©)AC = 4BC. (D) AC = —4BC.

Trong khong gian Oxyz, cho vects @ = (1;1;-3), b = 2:2—-2), ¢ — 27 + 27 — 6k va
d = (1,1; —1). Cdp vecto nao sau day cung phuong?

ATvab. B Fvad. ©7@va?. Db va?.

Trong khong gian Oxyz, cho ba diém A(0; 1; —1), B(1;2;0), C(m; n;0). Tim m, n sao cho ba diém
A, B, C thang hang.

@mzl;nzl. m:1;n22. @mzZ;nzl. @mzZ;n:Z

Trong khong gian Oxyz, cho 2 vecto @ = (—1;2x — 1;1 — 3z) va b= (2 +3y; —1; —2). Khi
@ = b thitong T = x + 2y + 32> bang:

@)2. (B)5. ©n1 D)4

Trong khong gian vai hé toa do Oxyz, cho ba diém A(1;2; —1), B(2; —1;3), C(—4;7;5). Toa do
chan duong phan giac trong goc B cta tam giac ABC la:

(A)(-2;1;1). (%12;13_1;1)' @(I—f,%,l) D) (13—1, —2;1).

EED

Trong khong gian Oxyz, cho hai diém A(6; —3;4), B(a; b; c). Goi M, N, P lan luot 1a giao diém
cta duong théng AB vdi cac mat phéng toa do (Oxy), (Oxz) va (Oyz). Biét féng M, N, P nam
trén doan AB sao cho AM = MN = NP = PB.Giéd trictatonga+ b+ cla

(A)17. ~17. (©-11. (D) 11.

Trong khong gian Oxyz, cho hai vectd @ = (1; —2;1) va b= (2; —4;—2).Khido @ - _I;bf?mg

(A)8. 8. ©12. (D) —12.

Trong khong gian Oxyz, cho @ = (xo, Yo, 20), b= (x1,y1,21)- Toa do [E’, ﬂ la
(W) (yoz1 — y120; —Xoz1 + X120; Xo¥1 — X1Y0)- (Yoz1 — Y1Z0; — X021 — X120; X0Y1 — X1Y0)-
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@(yoz1 — Y120; —X0Z1 + X1Z0; XoY1 — X1Y0)- @(yoz1 — Y120; —X0Z1 — X1Z0; XoY1 — X1Y0)-

Trong khong glan Oxyz cho i = (1;2;3), ¥ = (0; —1;1). Tim toa d6 cuia vecto tich c6 hudng
ctia hai vecto 1/ va 7.

(A)(5;1; —1). ®) (5;—1; —1). (©)(-1;-1; -1). (D)(1; —1;5).

Trong khong gian Oxyz, cosin ctia goc tao boi hai vecto @ = (—1;2;0) va b =(0;-2;1)1la

4 4 4 4
@5. _5. g -

25 25

Trong khong gian Oxyz, cho hai vecto 71 = (4;3;1) va 1 = (0;0;1). Goi P la vecto cing hudng
v6i [in, 7] va | P| = 15. Toa d6 ctia vecto 7 la

(A)(09;12). (-9;12;0). (©)(0;9;12). (D) (9;-12,0).

Trong khong gian Oxyz, cho @ = (—3;—1;1), b= (4;1;2), ¢ = (1;0; m + 2). Tim m dé ba vecto
7,5,¢ dong phang.

@m——S. ® m=>5. @m:—l. @mzl.

Trong khong gian voi hé toa do Oxyz cho A(1; —2;0); B(1;0; —1); C(0; —1;2) va D(0;3; m). Gia
tri ctia m thuoc khodng nao sau day dé bon diém trén dong phang?

(A (1;2). (= —1l). ©11). D) (5;7).

Trong khong gian vdi hé toa do Oxyz, cho hai vecto 7 = (—1;3;2), b = (=3;—1;2). Tinh

@10 2. (©4. D@s.

Trong khong gian Oxyz, cho hai vecto i = (—3;1; —1) va ¥ = (1;0;5). Tich vd huéng ctia hai
vecto nay bang

(A)-8. 8. ©s. D -3.

Trong khong gian Oxyz, cho @ = (1;2;3), ¥ = (0; —1;1). Tim toa do ctia vecto tich c6 hudng
ctia hai vecto 77 va .
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(A)(5;1; —1). ®) (5;—1; —1). (©)(-1;-1;-1). (D) (1;—1;5).

Trong khong gian véi hé toa do Oxyz, cho tam giac ABC véi A(1;2;3), B(1;0;4) va C(2;3;2).
Tinh dién tich S ctia tam giac ABC.

(A)S = V2. (B)S =2v2. (©)s =4v2. (D)S =3v2.

Trong khong gian véi hé toa do Oxyz, cho hai diém A(1;2;3); B(3;4;5). Dién tich tam giac OAB
bang

N7 V2 Q). D2V,

N
Trong khong gian v6i hé truc toa dd Oxyz, cho hai vecto @ = (3; —2;m), b = (2;m; —1) v6i m
la tham s6 nhan gia tri thuc. Tim gia tri ciia m dé hai vecto @ va b vuong goc véi nhau.

@mzl. m:2. @m:—l. @m:—z.

Trong khong gian Oxyz, cho diém A(—4;6;2). Goi M, N, P 1an lugt 1a hinh chiéu ctia A trén cac
truc Ox, Oy va Oz. Tinh dién tich S cta tam giac MNP.

(A)S = 14. (B)S =28. ©s=v. @52479.

Trong mat phang Oxyz, cho @ = (3; —1;2), b= (4;2; —6). Gia tri ctia ’7 + ?‘ bang

(A)66. \/66. (©)3v14. D)2.

Trong khong gian véi hé truc toa do Oxyz, diém thudc Ox va cach déu hai diém A(4;2; —1) va
B(2;1;0) 1a

@M(—4; 0;0). M(5; 0; 0). @M(4; 0; 0). @M(—S; 0; 0).

Trong khong gian vdi hé toa dd Oxyz, cho hai diém A(1;1;0), B(2; —1;3). Tim toa d6 diém C
trén truc Oy dé tam giac ABC vudng tai A.

@(0;1;%). (B) (0;2;0). @(o;%;o). @(o;%;o).
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Trong khong gian véi hé toa do Oxyz, cho ba diém A(1;0;2), B(1;1;1), C(2; —1;3). Hdi cosin ctia
gbc tao boi hai duong thang AB va BC bang bao nhiéu?

®L ®22 GhA) on

=

Cho hai vecto @ va b tao v6i nhau mot géc 60° va | 7| = 2, ?‘ = 4.Khi dé6 ‘7 + _b)‘ bang

(A)2v/5. 2/7. (©)2. (D) v/5v/3 + 20.

Trong khong gian Oxyz, cho tam giac ABC c6 AB = (—3;0;4), AC = (5, —2;4). Do dai duong
trung tuyén AM la

(A)VE. 5/2. (©)3v2. D)s.

Trong khong gian véi hé toa do Oxyz, cho hai diém A(1;2; —1), B(2;1;2). Diém M trén truc Ox
c6 hoanh d6 duong va théa man MA? + MB? = 23. Khi d6 toa do diém M la

@M(4;O;O). M(3;0;0). @M(2;0;0). @M(l;O;O).

Trong khong gian Oxyz, cho hai vects ¥ = (—2;1;5) va T = (m — 2;3;m + 1), m la tham sb.
Tim m dé ¥ vudng goéc véi T.

@m:—4. ®m=4. @m:—S. @m:3.

Trong khong gian Oxyz, cho hai vectd i/, ¥ thdéa man || = 3, | 7| = 4, (¥, ¥) = 60°. Tinh do
dai vecto i/ +27.

(A)V97. 8. ©7. (D)4/6.

Trong khong gian Oxyz, cho ba diém A(1;4; —5), B(2;3; —6) va C(4;4; —5). Tim toa do truc tam
H ctia tam giac ABC.

@H(;;AL; —5). (B) H(1;4; —5). (C)H(2;3;—6). @H(g; 13—1%)

Trong khong gian voi hé toa do Oxyz, cho bon diém A(1;1;4), B(5;,—1;3),C(3;1,5) va D(2;2; m)
(voi m 1a tham sb). Xac dinh m dé bén diém A, B, C, D tao thanh bén dinh ctia mot ti dién.

@m#& (B)m + 4. @mG]R. @m<0.
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Trong khong gian v6i hé toa do Oxyz, cho hai diém A(1; —2;3), B(—2;2;2). Goi I(a, b, c) 1a tam
duong tron ngoai tiép tam giac OAB. Tinh T = a? + b? + ¢2.

13 29
@T:? BT =6. ©T =2 @T:Z.

PHAN II. Cau tric nghiém ding sai. Trong méi y a), b), c), d) & mdi cau, hoc sinh chon diing
hoac sai.

Cho hinh chép ti gidc déu S.ABCD c6 do dai tAt ca cac canh déu bang a.
a) Tu giac ABCD la hinh vuodng. b) Tam giac SBD vuodng can tai S.
o) (SB,BD) = 45°. d) SB-BD = —a.

B0

Trong khong gian Oxyz, cho cac diém A(1; —2;3), B(—2;1;2),C(3; —1;2).
a) AB=(-3;3;,—-1). b) AC =(-2;,—-1;1).
) AB =3AC. d) Ba diém A, B, C khong thang hang.

g

Trong khong gian Oxyz, cho hinh binh hanh ABCD c¢6 A(2; —1;-2),B(3;1;2), C(1;—1;1) va
D (XD@;ZD) .

a) AB = (1;2;4). b) DC = (1 —xp;—1—yp;1—zp).

o DC = AB. d) Toa do diém D la (0;3;3).

g

Mot thap trung tam kiém soat khong luu & san bay cao 80 m st dung ra da ¢6 pham vi theo
do6i 500 km duogce dat trén dinh thap. Chon hé truc toa do Oxyz c6 g6c O trung voi vi tri chan
thdp, mat phang (Oxy) trung v6i mat dat, sao cho truc Ox hudng vé phia tay, truc Oy huéng
vé phia nam, truc Oz hudng thang ding 1én phia trén (don vi trén méi truc tinh theo kilomét).
Mot may bay tai vi tri A cach mat dat 10 km, cach 300 km vé phia dong va 200 km vé phia bac
so voi thap trung tam kiém soat khong luu.

a) Ra da & vi tri c6 toa do (0;0;0).

b) Vi tri A c6 toa do (300;200; 10).

¢) Khoang céach tir may bay dén ra da la khoang 360, 69 km (lam tron két qua dén hang phan

tram).
d) Ra da cta trung tdm kiém soat khong luu khong phat hién dugc may bay tai vi tri A.

Trong khong gian Oxyz, cho ba diém A(4;2;1), B(2;1;3), C(—1;3; —2).
. 522
a) Toa do trong tam tam gidc ABC bang (§ ; 3 ; 3)
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Chuong 2. VECTO VA HE TRUC TOA PO TRONG KHONG GIAN {54

b) Toa do trung diém doan thang AB bang (3; g ; 2).

¢) T gidc ABCD la hinh binh hanh thi toa d6 diém D = (1;4; —4).
d) Ba diém A, B, C thing hang.

g

Trong khong gian Oxyz, cho ba diém A(3;5; 1), B(7;x;1), C(9;2; ).
a) Ba diém A, B, C thang hang thi x +y = 5.
. (19 8 3
D"‘ e e
b) Diem ( 3733
¢) Tam giac ABC vudng tai A khi va chi khix =13,y = —1.
d) Tich vé huéng ctia AB - AC = —3x + 2y + 41.

) la trong tam tam gidc ABC thix =1,y = 3.

Cho ba vecto 7 = (—1;1;0), b= (1,1;0) va ¢ = (1;1;1). Xét tinh ding sai

0

2 —
a) |7] =2 b) |T| = V3. ¢) cos(@,¢)=—=. d) b L7C.
7| <] (2,7) N
Cho hai vecto @7 = (0;2;3) va ¥ = (m — 1;2m;3).
a) || = I3 w|m:ﬁn@m:%

0 T=Tom=1 dywﬁzz.

Cho tam gidc ABC c6 A(1;2;0), B(0;1;1), C(2;1;0).
a) Tam giac ABC vuong tai A.
b) Chu vi tam giac la V7 4+ /34 /5.
¢) Dién tich tam gidc ABC la v/6.

’ 1
d) Tam duong tron ngoai tiep tam giac ABC la I (1 Y 1).

PHAN III Cau tric nghiém tra 1oi ngan. Hoc sinh tra 15i vao 6 két qua.

Trong khong gian v6i hé toa do Oxyz, cho tit dién ABCD c6 cac dinh A(4,5,7), B(—3, —10, —2),
C(-2,—10,—1), D(0,v,0). Biét ré“mg D thudc truc Oy va thé tich ctia tit dién ABCD béng 8. Tim
tong cac tung do y ctia diém D thda man yéu cau bai todn (lam tron dén chir s6 thap phan thi

nhat). KQ: e
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3. BIEU THUC TOA DO CUA CAC PHEP TOAN VECTO

| Cau2

Hai chiéc may bay khong nguoi lai ciing bay 1én tai mot dia diém. Sau mét thoi gian bay, chiéc
mdy bay thit nhat cadch diém xuat phat vé phia Bac 19 (km) va vé phia Tay 11 (km), dong thoi
cach mat dat 0.8 (km). Chiéc may bay thit hai cach diém xuat phat vé phia Pong 30 (km) va vé
phia Nam 8 (km), dong thoi cach mat dat 1.2 (km). Xac dinh khoang cach gitra hai chiéc may

bay. KQ: i

| Cau3

Ba chiéc may bay khong nguoi lai cting bay 1én tai mot dia diém. Sau mot thoi gian bay, chiéc
mady bay thit nhat cach diém xudt phat vé phia Dong 33 (km) va vé phia Nam 57 (km), dong
thoi cdch mat dat 4,9 (km). Chiéc may bay thit hai cach diém xuét phéat vé phia Bac 55 (km)
va vé phia Tay 46 (km), dong thoi cdch mat dat 4,9 (km). Chiéc mdy bay thit ba nam chinh
gitta hai chiéc mdy bay thtr nhat va thit hai, dong thdi cach mat dat trung binh gitta hai may
bay. Xac dinh khodng cach cta chiéc mdy bay thit ba véi vi trf tai diém xuat phat caa né.

KQ: o

Trong khong gian Oxyz, cho hai vector ¥ = (5;—4;2) va © = (3;4;4). Tinh d¢ dai |4 + 27|.
KQ: i

Cho ba diém A (—1;1;2), B(0;1;—1), C(x + 2;y; —2) thang hang. Tong x + y + ; bang

KQ: i

Cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh bang a. Goi M, N lan lugt 1a trung diém cta
A'D'va C'D’. Tich vo huéng MN - CB = na? (n la s6 thap phan). Gi4 tri ctia n bang bao nhiéu?

KQ: oo

Cho hinh 1ap phuong ABCD.A’B'C'D’. Goi M, N lan lugt 1a trung diém ctia A'D’ va C'D’. Goi
¢ 1a goc gitta hai vectd MN va AB. S6 do ctia géc ¢ bang bao nhiéu do?

KQ: oo

48 w0 =0 8

Trong khong gian Oxyz, cho tam giac ABC c6 A(1;3;5), B(1;3; —1), C(4; —2;3). S6 do ctia goc
ABC béng bao nhiéu do?
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Chuong 2. VECTO VA HE TRUC TOA PO TRONG KHONG GIAN {56 )

‘ KQ: oo

ED

Mot ngudi diéu khién hai flycam dé phuc vu trong mot chuong trinh cta dai truyén hinh.
Flycam I & vi tri A cach vi tri diéu khién 150 m vé phia nam va 200 m vé phia déng, dong thoi
cach mat dat 50 m. Flycam II & vi tri B cach vi tri diéu khién 180 m vé phia bac va 240 m vé phia
tay, dong thoi cach mat dat 60 m. Chon hé truc toa d6 Oxyz véi gbc O 1a vi tri nguoi diéu khién,
mat phang (Oxy) trung véi mat dat, truc Ox ¢ hudng trung véi huéng nam, truc Oy c6 huéng
tring voi hudng dong, truc Oz vudng goc vdi mat dat hudng lén bau trdi, don vi trén moi truc
tinh theo mét. Khodng cach gitra hai flycam d6 bang bao nhiéu mét (lam tron két qua dén hang
don vi)?
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CAC SO DAC TRUNG DO

MUC DO PHAN TAN CUA
MAU SO LIEU GHEP NHOM

51. KHOANG BIEN THIEN VA KHOANG T PHAN VI

TOM TAT Li THUVET

1. Khodng bién thién

Dinh nghia 1.1. Cho miu s6 liéu ghép nhom:

Nhom | [a1;a2) | ... | [a;ai41) | - | [4k; axg1)
Tén 86 mq 000 m; 500
Bing 3.1. Méu s0 liéu ghép nhoém

My

Trong d6 cac tans6 my > 0,...m; > 0van = my + ...+ m la cd mau.
Khoang bién thién ctia mau s6 liéu ghép nhém trén 1a R = aj, — a1. Chi ra rang khoang bién
thién ctia mau s6 liéu ghép nhom trong Bang 3.1 16n hon khoang bién thién ctia mau s6 liéu
goc.
Y nghia.
@ Khoang bién thién ctia mau sb liéu ghép nhém xap xi cho khoang bién thién ctia mau sb
liéu gbe.

@ Khodang bién thién duge dung dé do mic d6 phan tan ctia mau s6 liéu ghép nhom.
@ Khoang bién thién cang 16n thi mau s6 liéu cang phan tan.

T

Théng ké thoi gian sit dung mang xa hoi trong ngay ctia cac ban T6 1, T6 2 16p 124, dugc két
qua nhu sau:

Thoi gian sit dung (phut) | [0; 10) | [10;30) | [30; 60) | [60; 90)
S6 hoc sinh T6 1 2 4 3 1
S6 hoc sinh T6 1 5 1 3 0

Tim khoang bién thién cho thoi gian st dung mang xa hoi ctia hoc sinh méi t6 va gidi thich y
nghia.
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Va2

Thoi gian hoan thanh bai kiém tra moén Toan ctia cac ban trong 16p 12C duoc cho trong bang
sau:

Thai gian (phut) | [25;30) | [30;35) | [35;40) | [40; 45)
S6 hoc sinh T6 1 8 16 4 2

a) Tinh khoang bién thién R cho mau s6 liéu ghép nhom trén.

b) Néu biét hoc sinh hoan thanh bai kiém tra sém nhat méat 27 phat va mudn nhat mat 43
phtit thi khoang bién thién ctia mau s0 liéu goc la bao nhiéu?

2. Khodng t phan vi

r-n
B T—(ml—f-...—f—mp,l)
binh nghia 1.2. Ti phan vithi r1a Q, = a, +

a — a,), trong do
m, ( p+1 p) 8

[ap; ap+1) 1a nhom chua tu phéan vi tha r voir =1, 2,3. Cho mau so liéu ghép nhom:

Nhom | [ay;a0) | ... | [a;;0i41) | ... | [ak axy1)
Tansd| my |.. m;

my

Bdng 3.1. Mdu s0 ligu ghép nhom
Khoang ti phéan vi ctia mau s0 liéu ghép nhom, ki hiéu Ag, 1a hiéu so gitra t phan vi thu ba
Q3 va tir phan vi thi nhat Q; ctia mau so liéu do6, tiucla Ag = Q3 — Q1.

Y nghia.

© Khoang tit phan vi ctia mau s6 liéu ghép nhom xap xi cho khoang tir phan vi ctia mau s6
liéu goc.

® Khoang ti phan vi ciing dugc dung dé do mitc dd phan tan ctia mau sb liéu ghép nhom.
® Khoang ti phan vi cang 16n thi mau s6 liéu cang phan tan.
A Do khodng tit phin vi ciia mau s6 liéu ghép nhom chi phu thudc vao nita gifta ciia mdu so liéu,

nén khong bi dnh hwdng bdi cdc gid tri bat thuomg va cé thé ding dai luong nay dé loai gid tri bat
thuong.

Vi DU MINH HOA
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Thoi gian cho kham bénh ctia cac bénh nhan tai phong kham X dugc cho trong bang sau:

Thoi gian (phut) | [0;5) | [5;10) | [10;15) | [15;20)
S6 bénh nhan 3 12 15 8

a) Tim khoang ti phan vi ctia mau s6 liéu ghép nhom nay.

b) Tir mot s6 liéu ve thoi gian cho kham bénh ctia cac bénh nhan tai phong kham Y nguoi ta
tinh dugc khodng tit phan vi bang 9,23. Héi thoi gian chd ctia bénh nhan tai phong kham
nao phan tan hon?

Mot ngudi ghi lai thoi gian dam thoai ctia mét s6 cude goi cho két qua nhu bang sau:

Thai gian ¢ (phtt) | S6 cudc goi
0<t<1 8
1<t<2 17
2<t<3 25
3<t<4 20
4<t<5b 10

Tinh khoadng ti phan vi ciia mau s6 liéu ghép nhom trén.

Biéu do dudi day thong ké thoi gian tap thé duc budi sang mbi ngay trong thang 9/2022 ctia
bac Binh va bac An.

S6 ngay
G0 oo
25k B Bic Binh

20 M Bac An

15

10

[15;20) [20;25) [25;30) [30;35) [35;40) phut

Hay so sanh khoang tit phan vi ctia mau s6 liéu ghép nhém vé thoi gian tap thé duc budi sang
moi ngay cua bac Binh va bac An.
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1. KHOANG BIEN THIEN VA KHOANG TU PHAN VI

Hang ngay 6ng Thang déu di xe buyt tir nha dén co quan. Du6i day 1a bang thong ké thoi gian
ctia 100 1an 6ng Thang di xe buyt tir nha dén co quan.

Thoi gian (phut)
S6 luot

[15;18)
2

[18;21)
38

[21;24)
27

[24;27)
8

[27;30)
4

[30;33)
1

a) Hay tim khoang ti phan vi cia mau s6 liéu ghép nhém trén.

b) Biét rang trong 100 1an di trén, chi c6 ding mot lan 6ng Thang di hét hon 29 phut. Thoi
gian ctia lan di d6 c6 phai la gia tri ngoai 16 khong?

Hay tim khoadng bién thién va khoang ti phan vi ctia mau s6 liéu ghép nhém & Vi du 4 sau khi
da loai bo cac gia tri ngoai 1é. Em c6 nhan xét gi vé khoang bién thién, khodng tit phan vi vira
tim duogc va khoang bien thién, khoang ti phan vi ban dau?

Ban Trang thong ké lai chiéu cao (don vi: cm) ctia cac ban hoc sinh ni 16p 12C va 16p 12D &
bang sau.

Ch. A
» iéu cao [155;160) | [160;165) | [165;170) | [170;175) | [175; 180) | [180; 185)
1Y
12C 2 7 12 & 0 !
12D 5 9 8 2 ! 0

Hay so sanh d6 phan tan ctia nira gitta hai mau s6 liéu chiéu cao ctia cac hoc sinh ni 16p 12C
va 12D.

Gia st két qua khao sat hai khu vyc A va B vé do tudi két hon ctia mot s6 phu nit vira lap gia
dinh dugc cho & bang sau

Tudi két hon [19;22) | [22;25) | [25;28) | [28;31) | [31;34)
Sé6 phunitkhuvuc A| 10 27 31 25 7
S6 phuntt khuvuc B | 47 40 11 2 0

a) Hay tim khoang bién thién va khoang tit phan vi ctia tirng mau s6 liéu ghép nhém tng
v6i méi khu vuc A va B.

b) Néu so sanh theo khoang ti phan vi thi phu nit & khu vuc nao c6 do tudi két hon dong
déu hon?
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@ PHAN LOAI VA PHUGNG PHAP GIAI TOAN

Dang @ Tim khodng bién thién clia mdu sé liéu ghép nhém

® Xac dinh aq 1a gia tri dau mut trdi cia nhém dau tién va a; 4 1a gia tri dau mut phai cta
nhom cuoi cung c6 chira dit liéu (tan so khac 0).

@ Khoang bién thién ctia mau s6 liéu ghép nhém la

R=ap4 —ar)

1. HE THONG BAI TAP

PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mot phuong
an.

Bdng 3.2 biéu thi két qua diéu tra thoi gian sit dung Internet hang ngay ctia mot sb nguoi.

Bdng 3.2. Thoi gian sit dung Internet hang ngay
Thoi gian (phit) [30; 60) [60; 90) [90;120) | [120;150) | [150;180)
S6 ngudi 2 4 10 5 3

Khoang bién thién ctia mau s6 liéu da cho bang

(A)150. 160.

| Cau2

Bdng 3.3 thong ké thanh tich nhay xa ctia mot s6 hoc sinh 16p 12. Khoang bién thién thanh tich
nhay xa ctia s6 hoc sinh nay.

(©)140. (D) 170.

Bdng 3.3. Thanh tich nhdy xa ciia mot s6 hoc sinh I6p 12
Thanh tich (cm) [150;180) | [180;210) | [210;240) | [240;270) | [270;300)
S6 hoc sinh 3 5 28 14 8

(A)150. 160. (©)140. (D) 170.

| Cau3

Dé chuan bi m& mot trung tam thé duc thé thao, anh Diing da tién hanh diéu tra tudi tho cta
mady chay bd do hai hang X, Y san xuat. Bing 3.4 biéu thi hai mau s6 liéu ma anh thu thap dugc
qua Internet. Goi khoang bién thién ctia tu6i tho may chay bd do hang X va hang Y san xuét
tuong ing la Rx va Ry. Chon phuong an dung?

Bing 3.4. Tudi tho ciia mdy chay bg (don vi: nam)

Tubi tho [2;4) [4;6) [6;8) [8;10) [10;12)

S6 mdy ctia hang X 7 20 36 20 17

S6 mdy ctia hang Y 0 20 35 35 10
(A)Rx > Ry . (B) Ry = Ry . (©ORx < Ry. D)Rx =12.
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1. KHOANG BIEN THIEN VA KHOANG TU PHAN VI

(o)

=D

Khéo sat thoi gian tap thé duc ciia mot s6 hoc sinh khéi 11 thu duge mau s6 liéu ghép nhém
sau:

Thoi gian | [0;20) | [20;40) | [40;60) | [60; 80) | [80;100)
S6hocsinh | 5 9 12 10 6

Tim khodng bién thién ctia mau s6 liéu ghép nhém trén.

(A)80. 60. (©)100. (D) 12.

| Caus

Mutic thudng tét (triéu dong) cho cac nhan vién ciia mot cong ty dugc thong ké trong bang sau:

(A)20.

Mitic thudng tét

[5; 10)

[10;15)

[15;20)

[20; 25)

[25;30)

S0 nhan vién

13

35

47

25

10

25.

Tim khoang bién thién ctia mau so liéu ghép nhom trén.

(©)47.

(D)23.

Cho bang phén bd tan s6 ghép 16p sau

Chiéu cao ctia 40 hoc sinh nam & mét truong THPT

L&p chiéu cao (cm)

[160; 163,5)

[164; 167,5)

[168; 171,5)

[172; 175,5) | Cong

Tan so

9

20

7

4 40

(A)31.

Tim khoang bién thién ctia mau s6 liéu ghép nhom trén.

15, 5.

(©)175,5.

(D)12.

| Cau7

Thai gian truy cap Internet méi budi toi cia mot s6 hoc sinh dugce cho trong bang sau:

Thoi gian (phut)

[9,5;12,5)

[12,5;15,5)

[15,5;18,5)

[18,5;21,5) | [21,5;24,5)

S6 hoc sinh 0

12

15

24 26

(A)26.

14.

Tim khoang bién thién ctia mau s6 liéu ghép nhom trén.

(©)20.

(D)12.

=

sau:

(A)24.

Thoi gian hoan thanh bai kiém tra moén Toan ctia cac ban trong 16p 12C dugc cho trong bang

Thoi gian (phut)

[25; 30)

[30; 35)

[35; 40)

[40;45)

S6 hoc sinh

8

16 12

2

15.

Tim khoang bién thién ctiia mau s6 liéu ghép nhém trén.

(©2.

(D)20.
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| Caus

Cho bang s6 liéu sau day

Nhom | [1,5;2,5) | [2,5;3,5) | [3,5;4,5) | [4,5;5,5) | [5,5;6,5)
Tan sb 2 3 7 2 1

Khoang bién thién ctia mau so liéu cho bdi bang trén 1a

A)2. 3. (©4. Ds.

PHAN IIL Cau tric nghiém tra 16i ngan. Hoc sinh tra 15i vao 6 két qua.

| Caul

Ngudi ta tién hanh phong van hai nhém khan gia vé mot bo phim méi cong chiéu. Nhém A
gdm nhitng khan gia thuoc Itta tudi 20 — 30, nhém B thudc Ita tudi trén 30. Nguoi duoc hoi
y kién phai danh gia bd phim bang cach cho diém theo mot sb tiéu chi néu trong phiéu diéu
tra va sau d6 lay tong s6 diém (thang diém 100). Bang dudi day trinh bay két qua diéu tra hai
nhom khan gia:

Bdng 3.5. Diém ddnh gid ciia khdn gid

Diém [50; 60) [60; 70) [70; 80) [80;90) | [90;100)
S6 ngudi cia nhém A 6 10 14 12 8
S6 ngudi cia nhém B 0 8 14 28 0

Khoang bién thién ctia y kién danh gia ctia hai nhom khan gia A va B tuong tng la

KQ: oo

Dang @ Tim t& phan vi va khodng t& phéan vi cia mdu sé liéu ghép nhém

Vé&i mau s6 liéu ghép nhém

Nhom | [ag;a0) | ... | [a;8i41) | ... | |4k ak41)
Tansdé| my |...| m; i

Cac budc thuc hién:
@ Tim ta phan vi Q; va Q3 theo cong thuc:

g_(m1+...+mp_1)

R — (ap1 =),

trong d6 [ap;a,41) la nhom chita td phan vitha r véir = 1,3;  nla cd mau.

@ Khoang tir phan vi ciia mau s6 liéu ghép nhém 1a Ag = Q3 — Q.

2. HE THONG BAI TAP

PHAN L. Céu tric nghiém nhiéu phuong an lwa chon. Méi cau hoi hoc sinh chi chon mét phuong
an.
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Cho mau sb liéu ghép nhém c¢6 tit phan vi thit nhat, thi hai, thi ba lan luot 1a Qq, Q, Qs.
Khoéng tit phan vi ctia mau s6 liéu ghép nhém do bang

@2Q2~ B Q1 — Qs ©Q3_Ql- D)Qs+ Q1 — Q.

Cho bang s6 liéu sau day

Nhom | [1,5;2,5) | [2,5;3,5) | [3,5;4,5) | [4,5;5,5) | [5,5;6,5)
Tan s6 2 3 7 2 1

Goi Ag 1a khoang it phan vi ctia mau s6 liéu cho bdi bang trén. Khi d6

(W) Ag € [1;2). Ao € [2;3). (©Ag € [3;4). (D)Ag € [4;5).

| Cau3

Khéo sat vé can ndng ctia cac hoc sinh 16p 11D3 nguoi ta duge mot mau dir liéu ghép nhém
nhu sau

Cannang | [30;40) | [40;50) | [50; 60) | [60;70) | [70; 80) | [80;90)
S6hocsinh | 2 10 16 8 2 2

Khoang ti phan vi ctia bang s6 liéu ghép nhém trén la

(A)17. 14,5. (©)14. (D)17,5.

Doanh thu ban hang trong 20 ngay dugc lya chon ngau nhién ctia mot ctia hang dugce ghi lai &
bang sau (don vi: triéu dong)

Doanh thu | [5;7) | [7;9) | [9;11) | [11;13) | [13;15)

Songay | 2 7 7 3 1
Khoang tit phan vi cia mau s6 liéu ghép nhém nay la
25 Y 20 55
7 7 7" 7"

| Caus

Trung tdm ngoai ngl thong ké bang diém mon Tiéng Anh ctia mot khéa hoc trong bang bén
dudi

biém  |[02) [[2:4) | [4:6) | [6:8) | [8;10)
Hocvién| 10 | 30 | 55 | 42 9

Khodng tit phan vi ctia mau s6 liéu ghép nhém nay 1a (lam tron dén hang phan tram)

(A)2,92. 2,93. (©)3,93. (D)3,92.

GV: Nguyén Dan Truong- 0866.783.220




Chuong 3. CAC SO DAC TRUNG DO MUC PO PHAN TAN CUA MAU O LIEU GHEP NHOM

(12)

| Caus

J mot phong diéu tri noi tri cta bénh vién, di liéu théng ké thdi gian ngt hang dém ctia mot
bénh nhan trong suét mot thang dugc tong hgp bdi bang dudi day

Thoi gian (phut) | Tan s6 Tan SO~
tich luy
[180;240) 2 2
[240; 300) 9 11
[300; 360) 12 23
[360; 420) 5 28
[420; 480) 2 30

(A)75,53. 84,83. (C)80,83. (D)72,53.

Biéu do6 dudi day biéu dién sb luot khach hang dat ban qua hinh thic tryc tuyén méi ngay
trong quy 11l ndm 2022 ctia mot nha hang. Cot thit nhat biéu dién s6 ngay c6 tir 1 dén dudi 6
luot dat ban; cot thit hai biéu dién sb ngay c6 tir 6 dén dudi 11 luot dat ban;. . ..

S6 ngay
35 e
30 foeeee
25 e
1 | S
15 14
o+l

5. 8

1 6 11 16 21 26

S6 lugt dat ban

Hay tim khoang ti phan vi ctia mau s liéu ghép nhém cho béi biéu dd trén.

(A)9,5.

8,5.

(©)105.

(D)7,5.

PHAN II. Cau tric nghiém diing sai. Trong mo6i y a), b), ¢), d) & mdi cau, hoc sinh chon ding

hoac sai.

| Caul

Bang sau thong ké can ning ctia 50 qua xoai Thanh Ca dugc lua chon ngau nhién sau khi thu
hoach & mot nong truong

GV: Nguyén Dan Truong- 0866.783.220

Can nang (g) | [250;290) | [290; 330) | [330;370) | [370;410) | [410;450)
S6 qua xoai 3 13 18 11 5
a) C6 mau cta bang s6 liéu 1a n = 50.
41 41
b) Tit phan vi thit nhat bang Q; = 3




{13 1. KHOANG BIEN THIEN VA KHOANG TU PHAN VI

< 421
¢) Tua phén vi tha ba bang Q3 = —0
1 9080
d) Khoang ti phan vi ctia mau s liéu ghép nhém trén Ag = T

Bang sau thong ké tong lugng mua (don vi: mm) do dugc vao thang 7 tir ndm 2002 dén 2021
tai mot tram quan trac dat  Ca Mau.

341,4|187,1|242,2|522,9|251,4|432,2 |200,7 | 388,6 | 258,4 | 288,5
298,1413,5413,5| 332 | 421 | 475 | 400 | 305 | 520 | 147
(Nguon: Tong cuc Thong ké)

a) Khoang bién thién ctia mau s6 liéu trén 1a R = 522,9 — 147 = 375,9.
X5+ X6 251,4 + 258,4
5=
X15+ X16 413,5 + 421

¢) Tt phan vi thit ba ctia mau s6 liéu 16p 12C 1a Q3 = 5 = 5 = 417,25.

d) Hay chia miu s6 liéu trén thanh 4 nhém v6i nhém dau tién 1a [140; 240) va lap bang tan
s6 ghép nhém ta dugc bang sau
Nhom luong mua (mm) | [140; 240) | [240; 340) | [340; 440) | [440; 540)

= 254,9.

b) Tit phan vi thit nhat cia mau s liéu la Q; =

Tan sb 3 7 7 3

Két qua do chiéu cao ctia 100 cay keo 3 nam tudi tai mot nong trudng duge cho & bang sau

Chiéu cao (m) | [8,4;8,6) | [8,6;8,8) | [8,8;9,0) | [9,0;9,2) | [9,2;9,4)
S6 cay 5 12 25 44 14

a) Khoang bién thién ctia mau s6 liéu nay 1a R = 1.

b) Tt phan vi thir nhat ciia mau s6 liéu 1a Q; = 8.

¢) Khoang tit phan vi cia mau s6 liéu 1a AQ = 0,286.

d) Biét rang trong 100 cay keo trén c6 1 cay cao 8,4 m. Chiéu cao ctia cdy keo nay la gia tri
ngoai lé.

| Caud

Bffmg bén bié’u'dié'r} mélu 50 liéu ghép nhom thong ké miic luong ctia mot [ Nhom | Tan s6

cong ty (dfm vi: triéu don%). o [10,15) 15
a) Khoang bien thién cua mau so liéu nay la R = 25. ’

b) Tt phan vi thir nhat cia mau s6 liéu 1a Q; = 15. [15;20)| 18
¢) Tt phan vi thit ba ctia mau s liéu 1a Qs = 27. [20;25) | 10
d) Khoang tir phan vi ctia mau s liéu la AQ = 12. [25;30)| 10
[30;35)| 5
[35:40)| 2

n =60
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| Caus

Diéu tra mot s6 ho gia dinh thu nhap & muc trung binh sinh sdng trén hai dia ban A, B, nguoi
ta thay dién tich nha & cia ho déu nhé hon 100 m?. Hai biéu d6 dudi biéu dién két qua thong
ke.

Tan sb
50+
40
30+
20
10

50 60 70 80 90 100 m?

Hinh 3.3a. Dién tich nha ¢ cua cu dan dia ban A

Tan sb
50+
40
30+
20
10—+

50 60 70 80 90 100 m?2
Hinh 3.3b. Dién tich nha & cua cu din dia ban B

a) Khoang bién thién ctia hai mau sb liéu nay bang nhau.

b) Khoang ti phan vi ghép nhom dién tich can ho ctia dia phuong A 1a 10,9.

¢) Khoang ti phan vi ghép nhém dién tich can hé cta dia phuong Bla 8,5..

d) S6 liéu vé dién tich nha & ctia cu dan thudc dia ban A phan tan hon dia ban B.

Bang tan s6 ghép nhom dudi day thé hién két qua diéu tra ve tudi tho trung binh ctia nam gidi
va nt gioi & 50 quéc gia.
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, - Gidi tinh Nam | Nit
Nhom (Tudi tho)

[50;55) 4 |3

[55; 60) 7 | 4

[60; 65) 4 |5

[65; 70) 6 | 3

[70;75) 15 | 7

[75;80) 12 | 14

[80; 85) 2 |13

[85;90) 0 1
a) Khoang bién thién ctia mau s6 liéu vé do tudi trung binh ctia nam gidi 1a 50.
b) Khoang tit phan vi cia mau s6 liéu vé do tudi trung binh ctia nam gidi 1a 14,75.
¢) Khoang tir phan vi ciia mau s6 liéu vé do tudi trung binh ctia nit gidi 1a 15.
d) Dua vao khoang ti phan vi thi tudi tho trung binh ctia nam gidi déu hon tudi tho trung

binh ctia nir gidi.

PHAN III. Cau tric nghiém tra 16i ngan. Hoc sinh tra 10i vao 6 két qua.

Biéu do dudi day biéu dién sb lugt khach hang dit ban qua hinh thic tryc tuyén méi ngay

trong quy III ndm 2022 ctia mot nha hang. Cot thit nhat biéu dién sb ngay c6 tir 1 dén dudi 6
luot dat ban; cot thit hai biéu dién s6 ngay c6 tir 6 dén dudi 11 luot dat ban;. . ..

S6 ngay

35 e e e i

30

25

20

15

1 6 11 16 21 26 SH lu'qt dét ban

Khoang tit phan vi cia mau s6 liéu ghép nhém cho béi biéu do trén bang

KQ: oo
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| Cau2

Két qua do chiéu cao ctia 100 cay keo 3 ndm tudi tai mot nong truong duge cho & bang sau

Chiéu cao (m) | [8,4;8,6) | [8,6;8,8) | [8,8;9,0) | [9,0;9,2) | [9,2;9,4)
S6 cay 5 12 25 44 14

T phan vi cia mau s6 liéu ghép nhém trén bang

| Cau3

Bang tan s6 ghép nhom dudi day thé hién két qua diéu tra vé tudi tho trung binh ctia nam giGi
va nit gidi & 50 quc gia.

, - Gidi tinh Nam | Nit
Nhom (Tudi tho)

[50; 55) 4 3
[55; 60) 7 4
[60; 65) 4 5
[65;70) 6 3
[70;75) 15 | 7
[75;80) 12 | 14
[80; 85) 2 |13
[85;90) 0 1

Khoang ti phan vi cta tudi tho trung binh ctia nam gidi va ni gidi trong mau sb liéu ghép
nhom trén (lam tron den chit so thap phan thu nhat).

=

Thoi gian luyén tap trong moét ngay (tinh theo gi®) cia mét sO van dong vién duoc ghi lai &
bang sau:

Thoi gian luyén tap (gio) | [0;2) | [2;4) | [4;6) | [6;8) | [8;10)
S6 van dong vién 3 8 | 12 | 12 4

Hay xéac dinh khoang tit phan vi cia mau s6 liéu da cho (Iam tron dén hang phan tram).

KQ: oo
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2. PHUONG SAI VA PO LECH CHUAN

LY THUVET CAN NHG

Khai niém 2.1. Sé trung binh ctia mau s liéu ghép nhom, ki hiéu ¥, dugce tinh béi cong thirc

1
X = E(nlcl + 1oy + ... + ngcy)

Trong do
® ny,ny, ..., nla tan sb tuong ung ctia cac nhém.
@ cy,0,...,¢x) la gia tri dai dién cta cdc nhom tuong ung.

@ n=nmny+ny+...+n;lacomau.

Khai niém 2.2. Phuong sai cia mau s6 liéu ghép nhom, ki hiéu S?, dugc tinh bdi cong thirc
1 _ _ —
S2 = - [nl(cl — %)% +n(c — %)+ ... + e — x)z] .

Trong do

@ n=mny+ny+...+nlacomau.

1 )
@ x= E(nlcl + nycy + ... + nicy) la so trung binh.

A @ Phuong sai ciia mdu s6 ligu ghép nhém cd thé dugc tinh theo cong thitc sau
2_ 1 2 2 2\ _ 2
S% = E<n1c1+n2c2—|—...+nkck) —X°.

© Trong thong ké, nquoi ta con dung dai lugng sau dé do mikc d phan tdn ciia mdu sé liéu ghép
nhom

~ 1 _ B )
2 — — [n1(C1 — %) 4+ n2(co — %) + ... + (e — x)z} .

Khai niém 2.3. Do 1éch chuan ctia mau s6 liéu ghép nhom, ki hiéu S, 1a can bac hai s6 hoc ctia
phuong sai, nghiala S = v/ S2.

Vi DU MINH HOA
S Vidy 1]

Tim can nang trung binh caa hoc sinh 16p 11D cho trong bang sau:

Can nang

[40,5; 45,5)

[45,5;50,5)

[50,5; 55,5)

[55,5; 60,5)

[60,5; 65,5)

[65,5;70,5)

S6 hoc sinh

10

7

16

4

2

3
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Chuong 3. CAC $O DAC TRUNG PO MUC PO PHAN TAN CUA MAU SO LIEU GHEP NHOM

Két qua khao sat can ning ctia 25 qua cam & moéi 16 hang A va B dugc cho 6 bang sau:

Can ning (g) [150; 155) | [155;160) | [160; 165) | [165;170) | [170; 175)
S6 qua cam &'16 hang A 2 6 12 4 1
S6 qua cam &'16 hang B 1 3 7 10 4

a) Hay udc lugng can nang trung binh ctia moi qua cam & 16 hang A va 16 hang B.

b) Néu so sanh theo s6 trung binh thi cam & 16 hang nao nang hon?

Théng ké tong s gid nang trong thang 9 tai mot tram quan trac dit & Ca Mau trong cac ndm
tir 2002 dén 2021 duge théng ké nhu sau

111,6
105,2

134,9
80,8

130,3
80,8

134,2
110

140,9
109

109,3
139

154,4
145

156,3
161

116,1
126

96,7
114

a) Hay tinh phuong sai va do 1éch chuan ctia mau s6 liéu trén.

b) Hay lap bang tan sb ghép nhém véi nhoém dau tién la [80;98) va do dai mdi nhém bang
18. Tinh phuong sai, d6 1éch chuan ctia mau s6 liéu ghép nhom.

c) Hay tinh sai sO tuong dbi ctia do léch chudn ctia mau sb liéu ghép nhom so voi do léch
chuén ctia mau s6 liéu gbc.
(Ket qua cac phép tinh lam tron den hang phan nghin.)

Giéa déng clra cia mot ¢d phiéu 1a gia ctia c6 phiéu d6 cudi mot phién giao dich. Bang sau thong
ké gia dong ctra (don vi: nghin dong) ctia hai ma c6 phiéu A va B trong 50 ngay giao dich lién
tiép.

Ngudi ta c6 thé dung phuong sai va do léch chuan dé so sanh murc d6 rti ro cta cac loai cd
phiéu c6 gia tri trung binh gan bang nhau. C6 phiéu nao c6 phuong sai, d léch chuén cao hon

Gia dong ctra | [120;122) | [122;124) | [124;126) | [126;128) | [128;130)
C6 phiéu A 8 9 12 10 11
C6 phiéu B 16 4 3 6 21

thi dugc coi la ¢6 d6 rai ro 16n hon.
Theo quan diém trén, hay so sanh d¢ rui ro ctia ¢6 phiéu A va cd phiéu B.
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@ PHAN LOAI VA PHUGNG PHAP GIAI TOAN

Dang @ Tinh trung binh céng clia méu sé liéu ghép nhém

Xét mau s6 liéu ghép nhém cho bdi bang sau:

Nhom [u1; u2) | [ug; uz) | ... | [ug tps1)
Gia tri dai dién c1 o3 . Ck
Tan sb m n ... i

S6 trung binh cong ctia mau sb liéu ghép nhém trén dugc tinh bang cong thirc

1
X = (mer +macy + -+ mkcy) -

1. HE THONG BAI TAP

PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mét phuwong
an.

| Caul

Cho bang s6 liéu sau day

Nhom | [1,5;2,5) | [2,5;3,5) | [3,5;4,5) | [4,5;5,5) | [5,5;6,5)
Tan sb 2 3 7 2 1

Phuong sai cia mau s6 liéu la
) 9o (3)
15 15 \15/ -
57) 233 (57)2
2 2 __ ey [ Yo
©s <15 D)5 = 15 \15/ "

| Cau2

Cho mau s liéu v6i cd mau 1 duge cho dudi bang tan s6 ghép nhom

Nhom [u1; u2) | [ug; uz) | ... | [t tgs1)
Gia tri dai dién c1 o3 . Ck
Tan s6 m no ... i

S6 trung binh ¥ ctia mau s6 liéu trén duge tinh bang cong thirc nao sau day
@E_“1+“2+---+”k y_cl+c2+...+ck

n n
_ Ny + noly + ... + N _ n1C1 + NaCy + ... + NyC
©x = MLt mattz Kk D)z = MLt 22 KCk

n n

Khéo sat vé can nang cta cac hoc sinh 16p 11D3 nguoi ta duge mot mau dit liéu ghép nhém
nhu sau:
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Cannang | [30;40) | [40;50) | [50;60) | [60;70) | [70;80) | [80;90)
S6hocsinh | 2 10 16 8 2 2

S6 trung binh ctia mau s6 liéu trén la

(A)56. 50. (©)e60. (D)55.

Théng ké vé thoi lugng méi tran dau bi-a trong vong tir két gidi ddu European Open ngudi ta
dugc mau s liéu ghép nhéom nhu sau

Thai gian | [9,5;12,5) | [12,5;15,5) | [15,5;18,5) | [18,5;21,5) | [21,5;24,5)
S6 tran 3 12 15 24 2

S6 trung binh ctia mau s6 liéu trén gﬁm nhat voi gia tri nao sau day

(A)17. 17,5. (©)18. (D)18,5.

Doanh thu ban hang trong 20 ngay dugc lya chon ngau nhién ctia mot ctia hang dugc ghi lai &
bang sau (don vi: triéu dong)

Doanh thu | [5;7) | [7;9) | [9;11) | [11;13) | [13;15)
Songay | 2 7 7 3 1

S6 trung binh ctia mau s6 liéu trén thudc khoang nao trong cac khoang dudi day?

(A)[7;9). [9;11). (©)[11;13). (D)[13;15).

| Caus

Trung tdm ngoai ngl thong ké bang diém mon Tiéng Anh ctia mot khéa hoc trong bang bén
dudi

biém  [[0,2) | [2:4) | [46) | [6:8) | [8;10)
Hocvién | 10 30 55 42 9

S6 trung binh ctia mau s liéu thudc khoang nao trong cac khoang dudi day?

(A)[8;10). [4;6). (©)[2;4). (D)[6;8).

PHAN II. Cau tric nghiém diing sai. Trong méi y a), b), ¢), d) & mdi cau, hoc sinh chon ding
hoac sai.

Dang @ Tinh phuwong sai va dé léch chudn ctia méu sé liéu ghép nhém

® Xac dinh ¢& ctia mau sb liéu;
@ Tinh s6 trung binh ctia mau s6 liéu;

® Ap dung cong thiic tinh phuong sai va do 1éch chuan.
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2. HE THONG BAI TAP

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Méi cau héi hoc sinh chi chon mét phuong
an.

| Caul

Trong cac khang dinh sau, khang dinh nao sai?

@Phudng sai ludn luén la s6 khong am.

Phuong sai 1a binh phuong cta do 1éch chuan.

@Phuofng sai cang 16n thi d6 phan tan cua cac gia tri quanh sb trung binh cang 16n.
(D)Phuong sai ludn luén I6n hon d6 léch chuén.

| Cau2

S6 dic trung nao khong stt dung thong tin cia nhém s6 liéu dau tién va nhém sb lieu cubi
cung?

@Khoéng bién thién. Khoang tit phan vi.

(C)Phuong sai. (D)DPo léch chudn.

| Caus3

Modi ngay bac Huong déu di bo dé ren luyén stic khoe. Quang dudng di bd moi ngay (don vi
km) ctia bac Huong trong 20 ngay duoc thong keé lai & bang sau

Quang duong (km) | [2,7;3,0) | [3,0;3,3) | [3,3;3,6) | [3,6;3,9) | [3,9;4,2)
S6 ngay 3 6 5 4 2

Phuong sai cia mau s6 liéu ghép nhom 1a

(A)3,39. 11,62. (©)0,1314. (D)0,36.

Ban Chi rat thich nhay hién dai. Thoi gian tap nhay méi ngay trong thoi gian gan day ctia ban
Chi dugc théng ké lai & bang sau

Thoi gian (phut) | [20;25) | [25;30) | [30;35) | [35;40) | [40;45)
S ngay 6 6 4 1 1

Phuong sai cia mau s6 liéu ghép nhom c6 gia tri gan nhat véi gia tri nao dudi day?

(A)31,77. 32. (©)31. (D)31,44.

| Caus

Mobi ngay bac Huong déu di bo dé ren luyén sitc khde. Quang duong di bé méi ngay (don vi
km) ctia bac Huong trong 20 ngay duoc thong keé lai & bang sau

Quang duong (km) | [2,7;3,0) | [3,0;3,3) | [3,3;3,6) | [3,6;3,9) | [3,9;4,2)
S6 ngay 3 6 5 4 2
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D0 léch chuén ctia mau s6 liéu ghép nhom c6 gia tri gan nhat véi gia tri nao dudi day?

(A)3,41. 11,62. (©)0,017. (D)0,36.

Diing 1a hoc sinh rat gidi chdi rubik, ban c6 thé giai nhiéu loai khdi rubik khac nhau. Trong mot
lan tap luyén giai khoi rubik 3 x 3, ban Diing da tu thong ké lai thoi gian giai rubik trong 25

.....

Thoi gian giai rubik (gidy) | [8;10) | [10;12) | [12;14) | [14;16) | [16;18)
S6 ngay 4 6 8 4 3

D0 léch chudn ctia mau s6 lieu ghép nhom c6 gia tri gan nhat véi gia tri nao dudi day?

(A)5,98. 6. (©)2,44. (D)25.

Dé danh gia chat lugng mot loa pin dién thoai méi, ngudi ta ghi lai thai gian nghe nhac lién
tuc ctia dién thoai dugc sac day pin cho dén khi hét pin cho két qua sau

Thoi gian (gio) [5;5,5) | [5,5;6) | [6;6,5) | [6,57) | [7;7,5)
S6 chiéc dién thoai (tan s6) | 2 8 15 10 5

Tinh d6 léch chuan ctia mau s6 liéu ghép nhom trén (lam tron dén 4 chit s6 thap phan).
(A)0,4252. 0,5314. (©)0,6214. (D)0,5268.

PHAN II. Cau tric nghiém diing sai. Trong méi y a), b), ¢), d) & mdi cau, hoc sinh chon ding
hoac sai.

=

Can ning ctia mot s6 qua mit trong mot khu vurdon dugc thong ké & bang sau

Can nang (kg) |[4;6) |[6;8) | [8;10) | [10;12) | [12;14)
S6 qua mit 6 | 12 | 19 9 4

a) C6 mau cta bang thong ké trén 1a n = 50.

b) S6 trung binh ctia mau s liéu ghép nhom trén 1a 6,72.
¢) Phuong sai cia mau s6 liéu ghép nhém 1a 4, 8.

d) D¢ léch chudn ctia mau s6 liéu ghép nhom trén 1a 2,19.

| Cauz

Mot trang trai phan 1000 qua tring thanh 5 loai, tuy theo khdi lugng (da dugc lam tron) cta
chiing dugc thdng ké bdi bang dudi day:

Khéi lugng (gam) | [30;36) | [36;42) | [42;48) | [48; 54) | [54; 60)
Sé trirng 45 190 | 500 | 250 15
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a) Khoang bién thién ctia mau s6 liéu 1a 30.
b) Khoang tit phan vi cia mau s6 liéu 1a 6,48.
¢) Khéi lugng trung binh ctia 100 qua tring 1a 45 gam.
6v17
G

d) Do 1éch chuan ciia mau so liéu la

| Cau3

Két qua 40 lan nhay xa ctia hai van dong vién nam Ding va Huy dugc lan lugt thong ké trong
Bang & bén (don vi: mét).

Nhom Dung | Huy
[6,22;6,46) 3 2
[6,46;6,70) 7 5
[6,70;6,94) 5 8
[6,94;7,18) | 20 19
[7,18;7,42) 5 6

n=40|n =40

a) SO trung binh cong ctia mau sb liéu ghép nhém biéu dién két qua 40 1an nhay xa ctia van
dong vién Diing (Iam tron két qua dén hang phan tram) 1a 6,92 (m).

b) Sb trung binh cong ctia mau s6 liéu ghép nhoém biéu dién két qua 40 1an nhay xa ctia van
dong vién Huy (lam tron két qua dén hang phan tram) la 6,85 (m).

¢) Do léch chudn ctia mau sb liéu ghép nhom biéu dién két qua 40 1an nhay xa ctia van dong
vién Huy (lam tron két qua dén hang phan tram) 1a 0,24 (m).

d) Dua vao do léch chuan thi két qua nhay xa ctia van dong vién Huy dong déu hon két qua
nhdy xa ctia van dong vién Ding.

| Caud

Mot cong ty gidng cay trong da thir nghiém hai phuong phap cham séc khac nhau cho cay
huéng duong. Sau hai tuan, ngudi ta thay cdy dugc cham séc theo ca hai phuong phap déu
thap hon 50 cm.

Tan s6 Tan s6
T RN
10 10
5 5
O 10 20 30 40 50 cm O 10 20 30 40 50 c<m
Chiéu cao ctia cAy cham séc Chiéu cao ctia ciy cham séc
theo phuong phap A theo phuong phép B

a) Khoang bién thién ctia chiéu cao cac cay dugc chdm séc theo méi phuong phap A va B
bang nhau.
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b) Trung binh ctia chiéu cao cac cay dugc cham séc theo méi phuong phap A va B bang
nhau.

¢) Do léch chudn cta chiéu cao cac cdy duge cham séc theo phuong an A 1a 12, 65 (cm).

d) Duya vao do léch chuén thi chiéu cao cta cac loai cdy dugc chadm séc theo phuong an B it
bi chénh léch hon so v6i phuong an A..

PHAN III. Cau tric nghiém tra 16i ngan. Hoc sinh tra 1oi vao 6 két qua.
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53. BAI TAP CUOI CHUONG 3

BAI TAP TRAC NGHIEM THONG THUONG
PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mét phuwong
an. St dung dir kién sau dé tra 1oi cau hoi trong cach bai tap tir 1 dén 5. Mot vuon thi ghi lai tudi
tho (don vi: ndm) ctia 20 con hé va thu dugc két qua nhu sau:

Tuf;ith(_) [14;15) | [15;16) | [16;17) | [17;18) | [18;19)
S6 con hé 1 3 8 6 2

Khoang bién thién ctia mau s6 liéu ghép nhém nay la

A)3. 4. ©s. De.

g

Nhom chita tir phan vi thi nhat la

(A)[14;15). [15;16). (©)116;17). (D)[17;18).

g

Nhom chira t phéan vi tha ba 1a

(A)[15;16). [16;17). (©)17;18). (D)[18;19).

g

S6 dic trung nao khong stt dung thong tin cia nhém s liéu dau tién va nhém s6 lieu cubi
cung?

@Khoéng bién thién. Khoang tit phan vi.

(C)Phuong sai. (D)Po léch chudn.

g

Néu thay tat ca cac tan s6 trong mau s6 liéu ghép nhém trén bang 4 s6 thi sd dic trung nao sau
day khong thay déi?

@Khoéng bién thién. Khoang ta phan vi.

(C)Phuong sai. (D)D9 lech chudn.

g

Mobi ngay bac Huong déu di bo dé ren luyén sitc khde. Quang duong di bé mdi ngay (don vi
km) ctia bac Huong trong 20 ngay duoc thong keé lai & bang sau

Quang duong (km) | [2,7;3,0) | [3,0;3,3) | [3,3;3,6) | [3,6;3,9) | [3,9;4,2)
S6 ngay 3 6 5 4 2
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Khoéang bién thién ctia mau s6 liéu ghép nhom la

(A)1,5. 0,9. (©)o,e. (D)0,3.

=

Mbi ngay bac Huong déu di bo dé rén luyén sitc khoe. Quang duong di b mdi ngay (don vi
km) ctia bac Huong trong 20 ngay dugc thong ké lai & bang sau

Quang duong (km) | [2,7;3,0) | [3,0;3,3) | [3,3;3,6) | [3,6;3,9) | [3,9;4,2)
S6 ngay 3 6 5 4 2

Khoang tit phan vi ctia mau s6 liéu ghép nhom la

(A)09. 0,975. (©)o,5. (D)0,575.

| Caus

Mbi ngay bac Huong déu di bo dé rén luyén sitc khoe. Quang duong di bd méi ngay (don vi
km) ctia bac Huong trong 20 ngay dugc théng ké lai & bang sau

Quang duong (km) | [2,7;3,0) | [3,0;3,3) | [3,3;3,6) | [3,6;3,9) | [3,9;4,2)
S6 ngay 3 6 5 4 2

Phuong sai ciia mau s6 liéu ghép nhom 1a

(A)3,39. 11,62. (©)0,1314. (D)0,36.

ED

Mbi ngay bac Huong déu di bo dé ren luyén sic khoe. Quang duong di bdo mdi ngay (don vi
km) ctia bac Huong trong 20 ngay dugc théng ké lai & bang sau

Quang duong (km) | [2,7;3,0) | [3,0;3,3) | [3,3;3,6) | [3,6;3,9) | [3,9;4,2)
S6 ngay 3 6 5 4 2

D9 léch chuén ctia mau s6 liéu ghép nhom c6 gia tri gan nhat véi gia tri nao dudi day?

(A)3,41. 11,62. (©)0,017. (D)0,36.

Ban Chi rat thich nhay hién dai. Thoi gian tap nhay mdi ngay trong thoi gian gan day ctia ban
Chi dugc thong ké lai & bang sau

Thoi gian (phut) | [20;25) | [25;30) | [30;35) | [35;40) | [40;45)
S6 ngay 6 6 4 1 1

Khoang bién thién ctia mau s6 liéu ghép nhom la

(A)25. 20. (©)15. (D)30.
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| Caull

Ban Chi rét thich nhay hién dai. Thoi gian tip nhay mdi ngay trong thoi gian gan day cta ban
Chi dugc théng ké lai & bang sau

Thoi gian (phut) | [20;25) | [25;30) | [30;35) | [35;40) | [40; 45)
S6 ngay 6 6 4 1 1

Khoang ti phan vi ciia mau s6 liéu ghép nhom 1a

(A)23,75. 27,5. (C)31,88. (D)8,125.

Ban Chi rat thich nhay hién dai. Thdi gian tap nhay méi ngay trong thoi gian gan day ctia ban
Chi dugc théng ké lai & bang sau

Thoi gian (phut) | [20;25) | [25;30) | [30;35) | [35;40) | [40;45)
S6 ngay 6 6 4 1 1

Phuong sai cia mau s6 liéu ghép nhém c6 gia tri gan nhat véi gia tri nao dudi day?

(A)31,77. 32. (©)31. (D)31,44.

Diing 1a hoc sinh rat gidi choi rubik, ban c6 thé gidi nhiéu loai khéi rubik khac nhau. Trong mot
lan tap luyén giai khdi rubik 3 x 3, ban Ding da tu thong ké lai thoi gian giai rubik trong 25

.....

lan gidi lién tiép & bang sau:

Thoi gian giai rubik (gidy) | [8;10) | [10;12) | [12;14) | [14;16) | [16;18)
S6 ngay 4 6 8 4 3

Khoang bién thién ctia mau s6 liéu ghép nhom la

(A6 8. ©1o. D12

Diing la hoc sinh rat gioi choi rubik, ban c6 thé giai nhiéu loai khéi rubik khac nhau. Trong mot
lan tap luyén giai khoi rubik 3 x 3, ban Diing da tu thong ké lai thoi gian giai rubik trong 25

.....

Thoi gian giai rubik (gidy) | [8;10) | [10;12) | [12;14) | [14;16) | [16;18)
S6 ngay 4 6 8 4 3

Khoang ti phan vi ciia mau s6 liéu ghép nhom 1a

(A)10,75. 1,75. (C)3,625. (D)14,38.
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=

Diing la hoc sinh rat gio6i choi rubik, ban c6 thé giai nhiéu loai khéi rubik khac nhau. Trong mot
lan tap luyén giai khéi rubik 3 x 3, ban Diing da tu thong ké lai thdi gian giai rubik trong 25

.....

lan gii lién tiép & bang sau

Thdi gian gidi rubik (gidy) | [8;10) | [10;12) | [12;14) | [14;16) | [16;18)
S6 ngay 4 6 8 4 3

Do léch chuén ctia mau s6 liéu ghép nhom c6 gia tri gan nhat véi gia tri nao dudi day?

(A)5,98. 6. (©)2,44. (D)2,5.

BAI TAP TRAC NGHIEM DUNG SAI

PHAN II. Cau tric nghiém diing sai. Trong méi y a), b), ¢), d) & mdi cau, hoc sinh chon ding
hoac sai.

=

Mot bac tai xé théng ké lai d6 dai quang duong (don vi km) bac da 1ai xe mdi ngay trong mot
thang & bang sau

Do dai quang dudng (km) | [50;100) | [100; 150) | [150; 200) | [200; 250) | [250; 300)

S6 ngay 5 10 9 4 2
a) Khoang bién thién la R = 220. b) T phan vi thi nhat bang Q; = 112,5..
¢) T& phan vi thi ba b?mg Qs = 53—5 . d) Do léch chudn ctia mau s6 liéu S = 55,68.

Két qua khdo sat nang suét (don vi tin/ha) cia mot s6 thita rudng duge minh hoa & biéu do
sau
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Nang suat lua ciia mét so thira rudng

S6 thira rudng
6

5

4

Nang suat (tin/ha)

a) C6 tat ca 6 thita rudng dugc khao sat.
b) Khoang t phan vi thi ctia mau s6 liéu trén bang Ag = 0,4675. .
¢) Bang tan s6 ghép nhom va tan s6 tuong déi ghép nhém tuong ting ctia mau s6 liéu trén

Nang suat (tin/ha) | [5,5;5,7) | [5,7;5,9) | [5,9;6,1) | [6,1;6,3) | [6,3;6,5) | [6,5;6,7)
la| SO thtra rudng 3 4 6 5 5 2
Tan sb tuong dbi 3 4 6 ! ! 2
50 Tohs 90 25 25 25 5 5 25

d) Do léch chuidn ctia mau s6 liéu ghép nhom la S = /0,086656.

| Caus3

Thai gian hoan thanh mot bai viét chinh ta cia mot sd hoc sinh 16p 4 hai truong X va Y duoc
ghi lai 6 bang sau

Thoi gian (phat) |[6;7) | [7;8) | [8;9) | [9;10) | [10;11)
Hoc sinh truong X | 8 10 | 13 10 9
Hoc sinh truong Y | 4 12 | 17 14 3

a) Néu so sanh theo sb trung binh thi hoc sinh trudng nao viét nhanh hon?
b) Néu so sanh theo khoang tit phan vi thi hoc sinh trudng nao c6 toc do viét dong déu hon?

c) Néu so sanh theo do léch chuén thi hoc sinh truong nao c6 toc do viét dong déu hon?

Biéu do sau mo ta két qua diéu tra vé diém trung binh ndm hoc cta hoc sinh hai truong A va
B.
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Diém trung binh nadm hoc ctia hoc sinh hai truong A va B

S6 hoc sinh
7

6

hoc sinh truong A

hoc sinh truong B

[5;6)

[6;7)

[7;8)

[8;9)

biém trung binh

[9;10)

a) Gia tri dai dién cho moi nhom va bang tan s6 ghép nhém cho mau so liéu trén la

biém trung binh | [5;6) | [6;7) | [7;8) | [8;9) | [9; 10)
Gidtridaidién | 55 | 65 | 75 | 85 | 95
Hoc sinh truong A | 4 5 3 4 2
Hoc sinh truong B | 2 5 4 3 1

b) Khoang bién thién ctia trudng A bang Ag = 2,275..

¢) Néu so sanh theo khoang tit phan vi cia mau s6 liéu ghép nhém thi hoc sinh truong B c6

diém trung binh dong déu hon truong A.

d) Néu so sanh theo do léch chuan thi hoc sinh truong A c6 diém trung binh dong déu hon

truong B.

Dé danh gia chat lugng mot loa pin dién thoai mdi, ngudi ta ghi lai thoi gian nghe nhac lién

tuc ctia dién thoai duoc sac day pin cho dén khi hét pin cho két qua sau

Thoi gian (gio)

[5;5,5)

[5,5;6)

[6;6,5)

[6,5;7) | [7;7,5)

S6 chiée dién thoai (tan sb) 2

8

15

10 5

a) Khoang bién thién la R = 2,5.

b) S6 trung binh ctia mau s liéu bang R = 6,35.

¢) Phuong sai ctia mau s6 liéu bang R = 0,2775.
d) Khoang ti phan vi ctia mau s liéu R = 6,5.
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| Caus

Ngudi ta ghi lai tién 1ai (don vi: triéu dong) ctia mot s6 nha dau tu (vdi sb tién dau tu nhu
nhau), khi dau tu vao hai linh vuc A, B cho két qua nhu sau

Tien lai [5;10) [ [10;15) | [15;20) | [20;25) | [25;30)
S6 nha dau tu vao linh vuc A 2 5 8 6 4
S6 nha dau tu vao linh vuc B 8 4 2 5 6

a) Gia tri trung binh cta hai linh vuc A 1a 17,5 triéu déng.
b) Gia tri trung binh ctia hai linh vyc A 1a 16,9 triéu dong.
¢) Do léch chuin cta hai linh vuce B 1a 8,04.

d) Khi dau tu vao linh vuc A rdi ro cao hon linh vuc B.

Thanh tich mén nhay cao ctia cac van dong vién tai mot giai dién kinh danh cho hoc sinh trung

hoc phé thong nhu sau
Mitc xa (cm) [170;172) | [172;174) | [174; 176) | [176; 180)
S6 van dong vién 3 10 6 1

a) Gid tri trung binh ctia mau s6 liéu trén la 185,2.

b) Do léch chudn ctia mau s6 liéu trén 1a 1,8.

¢) D06 phan tan ctia mau s liéu trén 1a CV = 0,0104.

d) Dgf) phép tan ctia mau s6 liéu nhé cho biét cac van dong vién tham gia nhay cao la khong
dong déu.

| Caus

Trong bai thuc hanh do hiéu dién thé ctia mach dién, An va Binh da dung hai von ké khac nhau
dé do, mdi ban tién hanh do 10 1an cho két qua nhu sau

(}ifr‘:) dién the do dugc| 5 go.5 0 ((3,90,3,95) | [3,95;4,00) | [4,00:4,05)
S6 1an An do 1 6 2 1
S6 1an Binh do 1 3 4 2

a) Gia tri trung binh ctia An va Binh lan lugt 1a 3,94, 3, 95.
b) Phuong sai ciia An va Binh lan lugt 1a 5,94; 1, 95.

¢) Do léch chuin ctia An va Binh lan luot 1a 0,04; 0, 334.
d) Von ké ctia ban Binh 6n dinh hon.
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@ BAI TAP TRA LOI NGAN

Cho bang s6 liéu sau day

Nhom | [1,5;2,5) | [2,5;3,5) | [3,5;4,5) | [4,5,5,5) | [5,5;6,5)
Tan s6 2 3 7 2 1

Khoang bién thién ctia mau s liéu cho béi bang trén bang

Cho bang s6 liéu sau day

Nhoém | [1,5;2,5) | [2,5;3,5) | [3,5;4,5) | [4,5;5,5) | [5,5;6,5)
Tan s6 2 3 7 2 1

Goi Ag la khoang tir phan vi cua mau sb liéu cho bdi bang trén. Khi d6 Ag bang bao nhiéu (lam
tron dén hang phan mudi)

Cho bang s6 liéu sau day

Nhom | [1,5;2,5) | [2,5;3,5) | [3,5;4,5) | [4,5,5,5) | [5,5;6,5)
Tan s6 2 3 7 2 1

Gia tri trung binh ctia mau s0 liéu bfing

Cho bang s6 liéu sau day

Nhom | [1,5;2,5) | [2,5;3,5) | [3,5;4,5) | [4,5,5,5) | [5,5;6,5)
Tan s6 2 3 7 2 1

Phuong sai ctia mau s6 liéu la (lam tron dén hang phan muoi)
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| Caus

Chiéu cao ctia 500 hoc sinh ctia mot truong trung hoc cd s& duge thong ké boi bang dudi day

Chiéu cao (cm) | [150; 154) | [154;158) | [158;162) | [162; 166) | [166; 170)
S hoc sinh 25 50 200 175 50

Khoang tit phan vi bang

| Cauos

Chiéu cao ctia 500 hoc sinh ctia mét trudong trung hoc co sd dugc théng ké bdi bang dudi day

Chiéu cao (cm) | [150;154) | [154;158) | [158; 162) | [162; 166) | [166; 170)
Sé hoc sinh 25 50 200 175 50

D9 léch chuén chiéu cao ctia 500 hoc sinh bang bao nhiéu (lam tron dén hang phan muoi)

KQ: o
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NGUYEN HAM VA TIiCH PHAN

§1. NGUYEN HAM
TOM TAT LY THUYET
1. Dinh nghia nguyén ham
Dinh nghia 1.1. Cho ham s6 f(x) dugc xac dinh trén khodng K (hodc mot doan, hay mot nira

khoang). Ham s6 F(x) dugc goi la mot nguyén ham ctia ham s6 f(x) trén K néu F/(x) = f(x) voi
moi x thudc K.

A Truong hop K = [a; b] thi cdc dﬁng thitc F'(a) = f(a) va F'(b) = f(b) duoc hiéu la dao ham bén phdi
tai diém x = a va dao ham bén trdi tai diém x = b ciia ham sb F(x), tirc I

F(x) — F(a)

xl—i>n;11+ xX—a - f(a)
v F(x) — F(b)
. X) —
Jim == F = = f(b).

Cho ham s6 flx) = 58 — 25, Trong cdc ham s6 da cho dudi day, ham s6 nao la mot nguyén ham
caa f(x) trén R?

7 G
a) F(x) = T 5% b) G(x) = a0 5,

T

’ ; 1
Ham s0 nao dudi day la mot nguyén ham cua ham so f(x) = x + p trén khoang (0; +00)?

1, _ x?
a) F(x) = 5x" +Inx; b) G(x) = 5 —Inx.

Dinhly 1.1. Gia st F(x) 1a m6t nguyén ham ctia ham s6 f(x) trén K. Khi dé:
a) V6i mbi hang s6 C, ham s6 F(x) + C cling 1a mot nguyén ham ctia f(x) trén K;

b) Néu ham s6 G(x) 1a mot nguyén ham ctia f(x) trén K thi ton tai mot hfing s6 C sao cho
G(x) = F(x) + C v6i moi x € K.
Nhu vay, néu F(x) 1a mot nguyén ham cda f(x) trén K thi moi nguyén ham ctia f(x) trén K déu
c6 dang F(x) + C (C 1a hang s6). Ta goi F(x) + C (C € R) la ho cac nguyén ham ctia f(x) trén K,
% e b / F(x)dx
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A a) Détim ho cdc nguyén ham (goi tit la tim nguyén ham) ciia ham s6 f(x) trén K, ta chi can tim
mot nguyén ham cua F(x) trén f(x) trén K va khi do

/f(x) dx = F(x) + C, C la hing s.
b) Nguoi ta chitng minh duoc rang, néu ham sé f(x) lién tuc trén khodng K thi f(x) c6 nguyén
ham trén khodng do.

¢) Biéu thitc f(x)dx goi la vi phin ciia nguyén ham F(x), ki hi¢u la dF(x). Viy dF(x) =
F/(x)dx = f(x)dx.

d) Khi tim nguyén ham ciia mot ham s6 ma khong chi 16 tdp K, ta hiéu la tim nguyén ham ciia ham
s6 d6 trén tdp xdc dinh ciia né.

Tim mot nguyén ham ctia ham sb f(x) = x% trén R. tir d6 hay tim / f(x)dx.

Tim/x3 dx.

2. Tinh chét c¢d ban ctia nguyén ham

Tinh chat 1.1.
/kf(x) dxi— k/f(x) dx (k # 0).

Str dung két qua ctia Vi du 3, hay tim:

a) /3x2dx; b) /—;—)xzdx.

Cho ham s f(x) = x" (n € N¥).

n+1

] 1a mot nguyén ham ctia ham s6 f(x). Tir d6 tim

a) Chung minh réng ham sb F (x) =

/x” dx.

b) Tir két qua cau a, tim / kx" dx (k 1a hang s thuc khac 0).

Tinh chét 1.2.

© [1f)+g@ldx = [ fx)de+ [ g dx,
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(7N 1. NGUYEN HAM
© [1f) - gldx = [ fydx— [ glx)dx.
)
Hay tim:
a) / (2 + x)dx; b) / (433 — 3x2) dx.
+Em
Tim:
a) / 322 + 1) dx; b) / @2x — 1Ydx.
3. Nguyén ham ctia mot s6 ham sb thudng gap
3.1. Nguyén ham ctia ham s6 lity thira
Tinh chat 1.3. Ham s liy thita y = x* (¢ € R) c6 dao ham véi moi x > 0 va
(x*) = ax*1
Tinh chét 1.4. Ta c6 mot s6 tinh chat sau
xa+1 / 1
& gy — _ ® [ -dx=1 C.
@/x dx N_H—i—C(zx;é 1). 79X n[x| +
1 ETm
Tim:
a) /\/de (x > 0); b) /ldx- 0 /(2x2+ i) dx.
2 N
== Vi du 10
Tim:
a) [xtdx b) [ xvxde (x> 0) 9 [(3-507)ar @ >
0).

3.2. Nguyén ham clia ham s6 lwgng gidc

Tinh chét 1.5. Ta c6 nguyén ham ctia ham s6 luong giac
@/cosxdxzsinx—l—C; @/ dx =tanx +C;
cos? x
i 1
() /smxdxz—cosx—l—C; O] / ——dx = cotx + C.
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Chuong 4. NGUVEN HAM VA TICH PHAN

HEZT

Tim:

a) / (cos x 4 sin x) dx;

1
cos? x

b) /(2cosx+ ) dx.

o]

Tim:

a) /(3 cos x — 4sin x) dx;

1 1
b) / (coszx B sinzx) dx.

3.3.

Tinh chét 1.6. Nguyén ham ctia ham s6 mu

©® /exdx:ex+C;

X _ax
© [adx=""+CO<a#).

o]
Tim:

. 1 . x_ X
a) /Zx dx; b) /3—xdx, Q) /(Ze 5%) dx.
=S Vidu 14|
Tim:
a /4xdx; b)/ldx- ) /(2-3x—1-7x)dx.
ex 4 3

BAI TAP REN LUYEN

e

tuong ung khong? Vi sao?

b) F(x) = eS"* va f(x) = 5% trén R.

Trong méi truong hgp sau, ham s6 F(x) c6 1a mot nguyén ham ctia ham s6 f(x) trén khoang

a) F(x) = xInx va f(x) = 1+ Inx trén khoang (0; +o0);

Tim nguyén ham ctia cdc ham so sau:

a) f(x) =3x*+2x—1;

b) f(x) = x> —x;

0 flx)=@x+1)%

d) f(x) = (Zx — %)2
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{9 ) 1. NGUYEN HAM

B

Tim:
1 _ (2x + 1)?

a) /(3ﬁ+ %) dx; 0) /dex;

b) /\/E(7x2 —3)dx (x > 0); d) /(zu%) dx.
Tim:

3 . X X2 .
a) /(2cosx — sinzx)dx; C) /(smi — Cos E) dx;
b) / 4sin? > dx; d) / (% + tan? x) dx.

Cho ham s6 y = f(x) xac dinh trén khoang (0; +oc0). Biét ermg, fl(x) = 2x + % vOi moi x €
(0; +o0) va f(1) = 1. Tinh gia tri f(4).

Cho ham sb y = f(x) c6 do thi 1a (C). Xét diém M(x; f(x)) thay d6i trén (C). Biét rang, hé sb géc
clia tiép tuyén ctia do thi (C) tai M la kp = (x — 1)? va diém M tring voi gdc toa d khiné nam
trén truc tung. Tim biéu thirc f(x).

ED

Mot vién dan duge ban théng ding 1én trén tir mat dat. Gia st tai thdi diém ¢ gidy (coit = 01a
thoi diém vién dan dugc ban 1én), van toc ctia né duge cho béi v(t) = 160 — 9,8t (m/s). Tim do
cao cua vién dan (tinh tir mat dat):

a) Khit = 5 giay;

b) Khiné dat do cao 16n nhat (Iam tron két qua dén chir s6 thap phan thit nhat).

@ BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mét phuong
an.

| Caul

Tinh nguyén ham ctia ham s6 y = —4x® + 2x% + x — 4.
g 23 x? g 223 ;
Bt = = dutC ® —x*+ - +22—dx—1+C.
2x%  x? 3xt 2% A
AT T R T S TS
©x+3+2 x—2+C, TS ts a+C
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Chuong 4. NGUVEN HAM VA TICH PHAN

(10)

| Cau2

Tinh / (4x + 2)>dx ta dugc két qua
1623 25x3
@Tx+8x2+4x+C. Tx—l—8x2+4x+C.
1623 1623
©%+8x2+4x+c. @%+8x2+7x+c.

g

(A)F(x) = x; —4x — 4.

(©F(x) = x (x — 8).

Biét F(x) 1a mot nguyén ham ctia ham sO fix)=x—-4vaFQ3) =

—22—3.Tim1-"(x).
(B)F(x) = %2 —4x+4+C.
(D) F(x) = cd o el

2

Nguyén ham ctia ham s6 f(x) = xV5 bang :

7 1 xV5 . xV5+1
Tinh nguyén ham F(x) = [ (sing + cos g)zdx.
@x—cosx—i—C. % (cosg)3—|—C. @(sing)z—i-c. @x—i—cosx-l—C.

Tinh nguyén ham F(x) =
@ x —sinx + C.

-
E
E

i (cos g)z dx.

(sin%)z—FC. @%(cosg)?)—kc. @; 5

1
—x+ =sinx + C.

Nguyén ham ctia ham s6 f(x) = sin x cos x la:

1
@Zsin2x+ C.

T

%LCOSZJH_C' @—sinxcosx.

1
@_Z cos2x + C.

Ho tat ca cac nguyén ham ctia ham sb f(x) = 3x% + 8sin x 1a

@ff(x)dx = 6x —8cosx + C.
@ff(x)dx = 6x +8cosx + C.

e

ff(x)dx:x3—8cosx+C.
@ff(x)dx:x3+8cosx+c.
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1) 1. NGUYEN HAM

=

Ho nguyén ham ctia ham s6 f(x) = cos® x 1a
1 . 3 . 1 . 3 .
@?sm3x+§smx+c. —1Esm3x—;zsmx+c.
©ﬁsin3x—zsinx+c. @EsinSx—FZsian—FC.

Nguyén ham ctia ham s6 y = V/x5 bang

7 7 7
(NE Nl B &2 1 C. @22 e -2 se

NIN

Nguyén ham ctia ham s y = sin x + 2 cos x bang
2sinx —cosx + C. (B) —2sinx + cosx + C.
@—ZSinx—cosx+C. @—25inx—cosx+C.

B[iE

’ 1 5 N
Nguyén ham cia ham so y = — ba
guyén ham cua ham so y o + o2z 028
@—5tanx+cotx+C. (B)5tanx — cotx + C.
©5tanx+cotx+C. @—5tanx—cotx+C.

Nguyén ham ctia ham s6 f(x) = 6 bang

X 5x+2 X
®E sc. (B) 6. LU L 6

In6 5 Inb In6

Nguyén ham ctia ham s6 y = % bang

@lnx+C. B —Inx+C. @—31nx—|—C. @3lnx+C.

[

Ménh dé nao sau day la sai?
(A)Néu / F(x)dx = F(x) + C thi / F(u)du = F(u) +C.
/kf(x) dx = k/f(x) dx (k 12 hing sb va k # 0).
@Néu F(x) va G(x) déu 1a nguyén ham ctia ham s6 f(x) thi F(x) = G(x).
© [ [0+ ] dr = [ Axdx+ [ AEdx.
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Chuong 4. NGUVEN HAM VA TICH PHAN

(10)

[

Nguyénlhéml = / 2x1—|— 1 dx bang
@—§1n|2x+1|+C. B —In|2x+1|+C.
@%1n|2x+1|+c. (D)In|2x+1|+C.

[

Ho nguyén ham ctia ham s6 f(x) = 2x% + x +11a

23
@%—I—xz—l—x—l—c. B 4x+1.

2x3  x2 2x3  x2
©T+?+x. @?—FE—FX—FC.

[

Tim nguyén ham ctia ham s6 f(x) = xz—l—%.
7 2 x3 1
@/f(x)dx:———+c. /f(x)dx:___+c.
33 x 33 x
x> 2 x> 1
©f fwas=Z+1+C © [ fxdx=T+_+C.

[

TP |
Tim ho nguyén ham cia ham so y = AT 07
1 2 1 1
®/(x+1)2dx_(x+1)3+c' /(x+1)2dx__x+1+c‘
1 1 1 2
©/(x+1)2dx_x+1+c‘ @/(x+1)2dx__(x+1)3+c

[

2 _1 2
Cho nguyén ham | = / ;_ 1 dx. Khang dinh nao sau day dung?
_ dx _ ( 1 )
®1_2x+/x_1. I_/ 2- — ) dx.
2x 2x —1
@I—/x_ldx. @I—/ " dx.

Cho hai ham s6 f(x), g(x) lién tuc trén R. Trong cdc ménh dé sau, ménh dé nao sai?

@/[f(X)+g(x)] dx = /f(x)dx—i—/g(x)dx.
Jire)-gendx = [ fodx- [ gtodx
© [lfw - gwdx = [ fwdx— [ g
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(13 1. NGUVEN HAM

‘ @/kf(x)dx=k/f(x)dxvéik750.

Ho nguyén ham ctia ham s f(x) = cosx la

@—sinx+C. cotx+C. @tanx-l—C. @sinx-l—C.

| Cou2s 4

Nguyén ham ctia ham s6 y = 2* la

@/2de:2X+c. /2de:1n2-2’C+c.
¥y, _ 2 /x _
@/de—lanrC. @ 2%dx =

=B

Khang dinh nao sau day sai?

@/exdx:ex—i—C. /sinxdx=—cosx—|—C.
@/cosxdx:sinx—l-C. @/lnxdx:%—i—c.

+C.

ZX
x+1

PHAN II Cau tric nghiém ding sai. Trong méi ¥ a), b), ¢), d) & mdi cau, hoc sinh chon ding
hoac sai.

=

) 4
F(x) la mot én ha 1a ham so =
(x) lamo ngtzyen am ctia ham so f(x) p—
a) F(x) = ——. b) F(x) = 4 tan x.
51141 X f
_ - Z tan3
¢ F(x)= cotxdx' d) F(x) =4x+ 3’cam X.

’ A s X x\2
Tinh nguyén ham F(x) = [ (sm 5 + cos §> dx.
a) f(x) =1+ sin(x). b) f(x)lién tuc trén R.

o [ f(x)dx = [dx+ [(—cosx)dx. d) [ f(x)dx = x+cosx +C.

Nguyén ham ctia ham s f(x) = tan® x
a) [ f(x)dx =tanx —x+C. b) [ f(x)dx = tanx + x + C.

o [flxydx=—][ ! d) [ f(x)dx = [ coizx — xdx.

cos? x + xdx’
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Chuong 4. NGUVEN HAM VA TICH PHAN

(1)

Cho f(x) 1a ham s lién tuc trén R
a) [ f(x)dx = f'(x) +C.
o [ fl(x)dx = f(x).

b) [ f'(x)dx = f(x)+C.
d) [ f"(x)dx = f'(x)+C.

2 X ) X

Cho ham sb F(x) 1a nguyén ham ctia ham s6 f(x) = sin® = — cos? =

a) F(x) = —sinx+C.
c) f(x) =cosx.

2 2
b) f(x) = —cosx.
d) F(x) = —cosx+C.

Gia st v(t) la phuong tinh van toc ciia mot vat chuyén dong theo thoi gian t (gidy), a(t) la
phuong trinh gia toc ctia vat d6 chuyén dong theo thoi gian t (giay).

a) [a(tydt =o(t)+C. b) [o(t)dt =a(t)+ C.

o [o()dt=a(t)+C. d) [J/(t)dt =o(t)+ C.

Xét ham s6 f(x) = (ax +b)" v6ia # 0,n € R\ {0,1} thi

_ n+1
a) /f(x)dx = pl o e
l _ n+1
b)f(x)—a(n+1)(ux+b) + C.
A N A A h\ 3 PN h" =2 b h\ bn+1
¢) Neu F(x) la mét nguyén ham cta f(x) va thoa man F (_E) = 0 thi F(0) = 2t 1)

d) / Fx)dx = (ax + b)" 4 C.

1
(n+1)

=

Biét rang /sinx dx = — cos x + C. Khi dé ta c6

a) /sinudu = —cosu + C. b) /sin2xdx= —cos2x + C.
/sinex de* = —cose* + C.

0 / sin(3x + 1)dx = —3cos@Bx+1)+C.  d)

Cho ham s6 F(x) = x® — 2x + 1, x € R 1a mo6t nguyén ham ctia ham s6 f(x).
a) Néu ham sb G(x) cing la mot nguyén ham ctia ham s f(x) va G(—1) = 3 thi G(x) =

F(x)—1,x e R.
b) Néu ham s6 H(x) cling la mot nguyén ham ctia ham s6 f(x) va H(1) = —3 thi H(x) =
F(x) —3,x € R.

¢) Néu ham sb K(x) ciing 1a mot nguyén ham ctia ham s6 f(x) va K(0) = 0 thi K(x) =
F(x)+1,x e R.
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{15 ) 1. NGUYEN HAM

d) Néu ham sb6 M(x) ciing la mdt nguyén ham ctia ham s f(x) va M(2) = 4 thi M(x) =
F(x)—1,x € R.

Cho F(x) 1a mot nguyén ham ctia ham s6 f(x) = 3x% + 2x — 4.
a) Néu F(1) = 0 thi F(2) = 6. b) Néu F(0) = 0 thi F(—1) = —4.
o F(1)— F(-1) = —é. d) F(1)+ F(2) — 2F(0) = 2.

| Cautl

Cho F(x) 1a mét nguyén ham ctia ham s6 f(x) = x> + 3x — 2.
a) f'(x) =3x>+3.
b) Ham s6 y = f(x) khong c6 cyc tri.
¢) Do thi ham s6 y = F(x) di qua diém M(2;10). Gid tri F(—2) = 6.
d) F(2) — F(0) = —6.

| Caut2

2 _
Cho ham s f(x) = =%+
x—3
9 M) =gl b)/xdx—x—2+C
B x—3 2 , '
o) /xildlen(x—l)—l—c. d) /f(x)dx=%+1n]x—3]—|—c.

Goi F(x) va mét nguyén ham cua f(x). Khi do6
a) / F(x)dx = F(x) + C, v6i C 1a hiing s bat ki.

b) / F(ax + bydx = %F(ax 4+ b)+ C, véia # 0va C la hing sb bat ki.
o) / kf(x)dx = kF(x) + C, vdi k # 0 va C 1a hing sb bat ki.
d) /f(u) du = F(x) + C.

| Caul4

Biét rang y = Inx c6 dao ham i’ = p véi moi x > 0. Khi d6 ta c6

a) /%dx=1n|x|—|—Cvc’ﬁinx7é0.

b)/ L dx = In|x + m| + C véi moi x # —m.

T 3
)] /2xi’_3dlen|2x+3|+CV01mQ1x;é—5.
d) /_x_l_zdx:ln]—x+2]—|—CV01mQ1x752.
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Chuong 4 NGUYEN HAM VA TiCH PHAN 16 )

| Cauts

Biét rang y = e* c6 dao ham y’ = e* vdi moi x. Khi d6 ta c6
a) /exdx:ex—i—C. b) /erdx:ezx—i—C.
. . X
V)] /e51“xdsinx:e51“x+c. d) /Zde: E—H:'

PHAN IIL Cau tric nghiém tra 16i ngan. Hoc sinh tra 15i vao 6 két qua.

Ham s6 F(x) la nguyén ham cta f(x). Khi d6 ham s kF(2x + 2024) 1a nguyén ham ctia ham s6

F(2x +2024). Hay tim k (1am tron két qua t6i hang phan mudi).  KOQ: {

Biét F(x) 1a mot nguyén ham ctia ham sb f(x) = e** va F(0) = 0. Tinh gia tri ctia F(In3).
KQ:

Cho F(x) 1a mot nguyén ham ctia ham s6 f(x) = 2xl——1 ; biét F(1) = 2. Tinh F(2) (lam tron dén

hang phan tram). KQ:

) 1 .
Biét F(x) la mot ho nguyén ham ctia f(x) = ﬁ va F(0) = 5. Khi d6 F(1) + F(2) bing bao
nhiéu? KQ:

Biét / % dx = aln|x + 3| + x2——|l—93 + C v6i a,b 1a cac sd nguyén. Tinh gid tri cta

T = 2a% + b. KQ:

Cho f'(x) = 2 — 1 thoa man f(2) = —1 Biét phuong trinh cé f(x) = =1¢6
T 212 (x—1)p — T3 et pauohe -

nghiém duy nhat x = xq. Tinh T = 2025%. KQ:
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1. NGUVEN HAM

E@

= f(x) xdc dinh trén R\ {1;2} va thoa man f'(x) = |x—1| + |x —

Cho ham sb y
g = 1,f4) = 2. Tinh gid tri caa biéu thuc f(—1) + f(3) —i—f(%)

2|, £(0) +f< )
ol 1

g

Biét F(x) 1a mot nguyén ham ctia ham s6 f(x) = sinx va d6 thi ham s6 y = F(x) di qua diém

M (0;1). Tinh F (%) (Iam tron két qua t6i hang don vi). KQ: {

g

Cho F(x) 1a mét nguyén ham ctia ham s6 f(x) = ax —|—% (x # 0). Biét F(—1) = 1,
F(1) = 4, f(1) = 0. Tinh gid tri chta M = 2a — b (lam tron t6i hang phan muoi).
KQ: {

[

Mot vat chuyén dong véi gia toc duge cho bdi ham sb a(t) = 5 cot t(m/s?). Liic bat dau chuyén
dong vat c6 va toc 2,5 m/s/ Tinh gia tdc ctia vat tai thdi diém van toc dat gia tri 16n nhat trong
n(s) dau tién.

KQ:

[

N . 1 5 .
Mot van dong vién dién kinh chay véi gia téc a(t) = — ﬂte’ + Etz(m /s?), trong d6 t 1a khoang

thoi gian tinh tir ldc xuat phat. Hoi vao thoi diém 5(s) sau khi xuat phat thi van toc cda van
dong vién 1a bao nhiéu? Van toc v chinh la nguyén ham cta gia toc a. Tai thoi diém ban dau thi
van dong vién & tai vi tri xuat phdt nén van toc lic do la:

| J

[

Gia st F(x) 1a mot nguyén ham ctia ham s6 f(x) = e*, biét F(0) = 4. Tim F(1) (lam tron két qua

t6i phan mudi). KQ: {
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Chuong 4 NGUYEN HAM VA TiCH PHAN 18 )

52. TICH PHAN

TOM TAT Li THUVET

1. Dinh nghia tich phan

Dinh nghia 2.1. Cho f(x) la ham s6 lién tuc trén doan [4; b]. Néu F(x) la mot nguyén ham ctia
ham sb f(x) trén doan [a; b] thi hiéu s6 F(b) — F(a) dugc goi la tich phan tit a dén b cia ham s6

b
F(x), ki hiéu Ia / F(x)dx.

A

b
a) Hiéu F(b) — F(a) thuong duwoc ki hiéu la F (x)’ . Nhur vdy
a

b b
/ fydx = Fx)|

b
b) Ta goi / la ddu tich phan, a la cdn dudi, b la cdn trén, f(x)dx la biéu thirc dudi dau tich phan
a
va f(x) la ham s dudi dau tich phan.

¢) Tich phan khéng phu thudc vio cdch ki hiéu bién

/b fl)dx = /b fHdt = /b fu)du.

d) Trong truong hop a = b hodc a > b, ta quy udc:

/af(x)dx = 0;/bf(x)dx = —/af(x)dx
2 p i

Ly
Tinh
3 z T :
a) [ x*dx / [ _du d) [ 2 dx
: b) /costdt. C)/ P '
I cos* u 1
0 0
Ly
Tinh
1 y 1 % %
x -
2) /e dx. b) /xdx' o) /sinxdx. d)/ ar
) f sin” x
g 3
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T Dinh 1i 1 va dinh nghia tich phan, ta c6

Y nghia hinh hoc ctia tich phan:
Néu ham sb f(x) lién tuc va khong am trén doan [a; b], thi tich phan 0

b y=Jjx
/ f(x)dx 1a dién tich S ctia hinh thang cong gi¢i han bgi do thiy = f(x),
a
truc hoanh va hai duong théng x=a,x=>b(H.4.9). Vay

b O a b X
5= /f(x) dx Hinh 4.9
a

oy

Str dung y nghia hinh hoc cua tich phan, tinh

1 1
o / (x + 1)dx. b) / V1—22dx.
0 -1

)

St dung y nghia hinh hoc cta tich phan, tinh

3 2
2) /(2x+ 1)dx. b) /\/4 — 2dx.
1 -2

A o) =5().

2. Tinh chét cua tich phan

Tinh chat 2.1. Cho f(x), g(x) 1a cdc ham s6 lién tuc trén doan [a; b]. Khi d6, ta c6

b b

a) / kf(x)dx = k / f(dx  (kla hing sb);
b b b

b) / [f(x) + g(x)] dx = / Fodx + / 2(x) dx;
b b b

O [1f0) - g@ldx = [ fidx— [ g

b 0 b
d) /f(x)dx:/f(x)dx+/f(x)dx (@ <c<b)
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Chuong 4 NGUYEN HAM VA TiCH PHAN ¢ 20 )

s

Tinh
4 z 3
a) /(x3—|—3\/§) dx; b) /(ex —2cosx) dx; c) /(Zx - ;) dx.
1 0 1
+ETm
Tinh céc tich phan sau
27 2 3 %
a) /(Zx—l—cosx)dx. b) /(3?6—-) dx. ; /( 11 )dx
0 1 g J \cos?x  sin*x/
6

T

3
Tinh / |x — 2|d x.
0

s

3
Tinh/|2x 3| dx.
0

.
Gia trj trung binh ctia ham s6 lién tuc f(x) trén doan [a; b] dugc dinh nghia 1a
b
1
i s
a

Gia stt nhiét d¢ (tinh bang °C ) tai thoi diém t gio trong khoang thdi gian tir 6 gio sang dén 12
gid trra 6 mot dia phuong vao mot ngay nao dé duge mo hinh hoa bdi ham s6

T(t) =20+1,5(t—6),6 <t <12
Tim nhiét do trung binh vao ngay do trong khoang thoi gian tir 6 gio sang dén 12 gid trua.

BAI TAP REN LUYEN

3 3
Cho / Fo)dx =5va / ¢(x)dx = 2. Tinh
0 0
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(o1 ) 9. TICH PHAN

3 3

Q) 1760+ gl ds; o [ 3o
0 0
3 3

b) [1f(x) - g@ldx; d) [2f(0) - 3g(x)ldx.
0 0

Tinh

3 1

a) /(Sx —1)2dx; Q) / (ezx + 3x2) dx;
0 0
z )

b) /(1—|—sinx)dx; d) /|2x—|—1|dx.
0 -1

I

Mot vat chuyén dong doc theo mot dudng théng sao cho van toc ctia né tai thoi diém ¢ (giay)
lav(t) =t> —t — 6 (m/s).
4
a) Tim d9 dich chuyén cua vat trong khoang thoi gian 1 < t < 4, tic la tinh / u(t)dt.
1

4
b) Tim tong quang duong vat di dugc trong khoang thoi gian nay, tic la tinh / lo(t)| dt.
1

Gia st 1gi nhuan bién (tinh bang triéu dong) ciia mot sdn phdm duge md hinh hoa bang cong
thuc

P'(x) = —0,0005x + 12, 2.
@) day P(x) 1a lgi nhuan (tinh bang triéu dong) khi ban dugc x don vi sén pham.
a) Tim sy thay d6i ctia lgi nhuan khi doanh sO tang tr 100 1én 101 don vi san pham.

b) Tim su thay d&i ctia lgi nhuan khi doanh s tang tir 100 1én 110 don vi sdn pham.

S

Gia st van toc v ctia dong mau & khodng cach r tir tim ctia dong mach ban kinh R khéong déi,
6 thé dugc mo hinh hoa bai cong thirc

v:k(Rz—rZ)

trong d6 k la mot hang s6. Tim van téc trung binh (ddi véi r) ctia dong mach trong khoang
0 < r < R. So sanh van toc trung binh véi van toc 16n nhat.
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Chuong 4 NGUYEN HAM VA TiCH PHAN ¢ 22 )

@ BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Méi cau héi hoc sinh chi chon mot phuong
an.

b
Néu F(x) 1a mot nguyén ham ctia ham s6 f(x) trén doan [a; b] thi / f(x)dx bang

(A)E(a) — F(b). F(b) — F(a). (©)F(a) + F(b). (D) —F(b) — F(a).

= 2

2 2
Cho / Fx)dx =2va / ¢(x)dx = —1.Tinh [ = / [x +2f(x) — 3g(x)] dx.
-1 -1

-1
17 5 7 11

2 2 .
Cho /1 [4f(x) — 2x] dx = 1. Khi d6 /1 F(x)dx bing

(A)1. -3 (©s. D) -1.

g

1
Tich phan / (3x + 1) (x +3) dx bing
0

9. (©)s. D)e.

LIE

b
Véi a, b 1a cac tham s6 thuc. Gia tri tich phan / (3x2 —2ax — 1) dx bang
0

(A)b® — b2 —b. (B) b3 + b%a +b. (©)b® — ba® —b. (D)3b? — 2ab — 1.

m
Cho / (3x2 = 7252 7 1) dx = 6. Gid tri cia tham s6 m thudc khoang nao sau day?
0

(A)(-1;2). (—00; 0). (©)(0;4). D) (-3;1).
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{93 ) 9. TICH PHAN

=

Cho ham sb f lién tuc trén khoang K chtta a,b,cvaa < ¢ < b. Khéng dinh nao sau day sai?

@/bf(x)dx= —/uf(u)du- /bf(x)dx;é/bf(t)dt.
a b a a

© /b f(x)dx = / Fx)dx — / F(x)dx. D) / F(x)dx = 0.
a a b a

| Caus

Trong cac khfang dinh sau, khéng dinh nao sai?

b a
® [ f@dv =~ [ f@dx
a b
(B)Néu £ 1a ham chin trén [—a; ] thi / Fodx =2 / F(x)dx.
—a 0

a
(C)Néu f 1a ham 1é trén [—a; a] thi / fx)dx = 0.
—a

b c c
@/f(x)dxz/f(x)dx+/f(x)dxv6ia<c<b.
a a b

| Caud

2
Tich phan / (—4x® — 632 + 6x + 5)dx bing
-1

(A)—9. 10. (©n10. (D)9.

5
Tinh tich phan / %dx két qua bang
1

(A)5In7. (B) —4In5. (©)—3In5. (D)2In5.

T
2

Tinh tich phan (sin x + 2 cos x)dx két qua bang

(A)-8. 4. (©-12. D)s.

NI

BLm

6 2 5 N
Tinh tich phan | ( )d b
Inh tich phan sinZx + o2 x X bang

s
6
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23 23
| @22 ®-2~

223 224/3
e%%.  o-%¢

| Cauls 4

5
Tinh tich phan / <2x3 + 4\/§> dx bang
3

(A)—272 — 8\/_+40\/_.

©-— 40\/_+8\/_ 34272,

(B) —272 — —¥= 40\[ + 8v/3.
D - 8\/_+0—\/_+272

T

Tinh tich phan [ (~2¢* +3cos ) dx bng

2
@—Zeg-l-%—l-ﬁ —26%—64-%.
e2 e2

(D) —6— 2 +2¢%.

e2

(© -2 +6+27%.
e2

| Cauts

4
Tinh tich phan / (3 2% — %) dx bang
3

72
(A)—2In4—2In3+ ol

©-2In4+21n3 + .

—— —2In3+2In4.

48
D - 21n4+21n3—|— 5

In2
3

2 2
3
@ | 2f(x)dx = 10.
/23
© [ 1f0 - gtndx =0

Cho / f(x)dx =5va / ¢(x)dx = 5. Hay chon ménh dé ding?

3

/2 [f(x) + g(x)] dx = 10.
3

@ /2 [2f(x) — 3g(x)]dx = 0.

| Cau17

£(5) bang bao nhiéu?

(A)4. 0.

5

Cho ham s6 f(x) c6 dao ham f'(x) lién tuc trén R, f(4) = 1 va / f'(x)dx = 3. Khi d6 gia tri cua

4

(©)s. D) —6.

Khang dinh nao sau day sai?

®/ " fx)dx = Fb) - ().
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/kf(x)dx - k/f(x)dx,Vk €R.
@/bkf(x)dx = k/bf(x)dx, Vk € R.
© [Ifw+gwldr = [ fdx+ [gdx

m

Neu/f(x)dx— —2va/f(x)dx—1th1/f(x)dxbang
@ 3. ~1. ©1. D)3.

m

Néu / Frydx =1va / Fx)dx = —4 thi / £(x)dx bang
@5 5. ©-3. D)3.

9
Cho / Fx)dx =37 va / ¢(x)dx = 16, khi d6 / [2f(x) + 33(x)] dx bing

@26. 58. (©)143. (D)122.

=B

Cho ham s6 f(x) c6 dao ham trén doan [2;3], f(2) = 2 va f(3) = 5. Khi d6 /f’(x) dx bé“mg

(A)-3. 7. (©10. <D§3.

=B

Cho f la ham s6 lién tuc trén R va la ham chan théa / f(x)dx = 10. Khi do / f(x)dx bang

(A)-s5. 5. @10 @20.

‘ Cho ham s6 y = f(x) c6 bang bién thién
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Chuong 4. NGUVEN HAM VA TICH PHAN

(3 )

X —00

1

2 4 +o0

/ NN

(4)

4
Bidt / |£(x)| dx = 2019. Gi tri ctia f(4) bing

1
(A)2019. 2017.

(©)2021. (D)2020.

| Cau2s 4

4
Cho ham s6 f(x) c6 dao ham lién tuc trén doan [1;4], f(1) = 15, f(4) = 8. Tinh /f'(x) dx
1

4 4 4 4
0 / Flde =7. / fdx=3. (© / fydv=23. D) / Fi)de = —7.
1 1 1 1

| Cau26

2
, n dx S
Tich phan / pors bang

2
1
16 2 4
1
Tich phan / (3x2+1) dx.
0
(A)—é. 2. (©e. (D) -2
1
Tich phan / 22018% gy bang
0
22018 -1 22018 -1
@I ~2018In2° 2018

(©1= (2218 _1)In2.

(D)1 = 2018 (2218 — 1) In2.
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Y

1 A 4 z
J (;i— 22 dx = ln% — 2 véia, b, ¢, d 1a cac so nguyén duong va %, 2 la cac phan so toi
gian. Gid trictia T = a + b + ¢ + d bang

(AT =13. BT = 10. ©T =12 DT =11.

Biét

PHAN II. Cau tric nghiém ding sai. Trong méi y a), b), ¢), d) & méi cau, hoc sinh chon diing
hoac sai.

Cho ham s6 y = f(x) c6 dao ham lién tuc trén R va F(x) 1a nguyén ham cta f(x) trén R. Khi
do ,
a) F(a)— F(b) = / F(x)dx.
a
b c c
b) /f(x)dx - /f(x)dx— /f(x)dxvéia <c<b.
a a b
b b
0) /k~f(x)dx — k. /f(x)dx.
a a

d) / Fx)dx =2 / F(x) dx v6i moi ham s6 y = f(x) 16 trén [—a; al.

Cho ham s6 y = f(x) c6 dao ham lién tuc trén R. Khi d6

b
a) f(b)— fa) = / F(x) dx.
b a
b) /f(x) dx = 0 & f(x) = 0vdi moi x € [4;b], véi moia, b € R,

b
¢) Néu ham s6 y = f(x) dong bién trén [a; b] thi / f'(x)dx > 0.
a

b
d) Néu do thi cia ham s6 y = f(x) cat truc hoanh tai diém c6 hoanh d6 1a a thi / f'(x)dx =

£(b). ’

o 5x —1 néux<1 __
Chohamsoy = f(x) = 5 ) . Khi do6
2x*+x—3 neux >1
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Chuong 4. NGUVEN HAM VA TICH PHAN

(3

0
a) /f(x)dx = —=
-1

2
) /f’(x){x = 18.
)

2
b) /f(x)dx _ 2
21

d) / f'(2x +1)dx = 68.
-2

=D

a) /f(x)dle.
0

1
c) / f"(x)dx = 100.
0

Cho ha1 hams6y = f(x) = x'% + 2024 vay = g(x) = x100 + x% +2023x + 2024. Khi d6

b) / F)dx = ﬁ + 2024,
—-10

1000

& [ [f0)-gw] dx =

—1000

1000

a) / Fx)dx = 0.

—1000
1000

Choham s y = f(x) = x?2° + x vay = g(x) = x22° 4 x2024 4 x 4 2025. Khi d6
1

o) / F(x) dx = 1000225 4+ 1000.

b) / ¢'(x)dx = 3.

2024

O [ g - f)] dx =

—2024
Pod
x
ChoI—1 13
dx 2 dx 2
2) /—;ln\xH—C. b I= [ ==+
o I=In nc. d) Gia tri 5e! = v/35.
P01 1
ChOI:/(x—i—l _x+2) dx =aln2 4 bIn3 vdia, b la cac so nguyeén.
1
1 1 _ o £
2) /x+2dx—2ln|x+2|. b)I—ln|x+2|0

¢) a+3b=-1.

1
d) O/(z—m) dx:2—1n§.
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BiétI:/O
a)/

Lx2_2

x+1

dx

dx =In|x+ 1| +C.

-1 L NP A
— +nln2, v6im,nlacacso nguyen
m

b)/ dx—/

2 /xxl

3
Q) Iz(x—

3
d) a+b=>5.

+x—In|x

x+1
— 1. d) =1
c) m+n ) nm\/é
ChoI—/z( )dx—E—l-lngvéiabeQ
N x+1 b b ’ ‘

dx =In|x+1|+C.

+
2 2 2
4 g) = [ e (5
b)/1<x+x+1 dx 1xdx—i—1 =

1) dx.

2

+11)

1

=

< A 2 x—1 s
ChObletI:/O mdx:ﬂln5+bln3,V01ﬂb€Q | |
x—1 -1 2 2|x+3
= . b I_
e s s e ) +1|‘
o I=In5"-3" d) a +b2—13

| Cautl

Choham sy = f(x) = {

2024 2024

1 1

b) / Fx)dx = /
—2024 —2024
2024 1

o) / Fx)dx = /
—2024 —2024

0

—2024

2% —3khix >1
1—xkhix <1.

a) / Fx)dx = / 2x2 — 3)dx.
1 1

(1 —x)dx.

2024
(1—x)dx+ / 222 — 3)dx.
1

d) / F(x)dx = 2024.
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Cho ham s6 f(x) c6 dao ham lién tuc trén doan [—1;3] théa man f'(x) > 0, Vx € [—1;3] va
3)=—-1.
fG3) . .
a) f(—1) = 3. b) / ()] dx = — / F(x)dx.
3 3 _%% B
o) / F(0)] dx = / F(x)dx. d) / Fx)dx = 4.
—il —il —l

| Cau13

. e khix > 0
Cho ham so f(x) =

24+ x+2khix <0

1
a) Gid tri / Fx)dx = 4.
0
0
e 11
b) Gia tri /f(x)dx =<
5
1
c) Gia tri ctam,m > 0 dé /f(x) dx = 4 bang 1.
m

1
2
d) Biét /f(x) dx =2 + e? voi % toi gian. Gia tri a + b + ¢ bang 9.

=

Goi F(x) 1a mot nguyén ham ctia ham sb f(x) = |2x + 1| + |x — 2|, biét F(1) = g

-1

1 1 1
2) /|2x—|—1|dx=2. b) /|x—2|dx=4. o) /f(x)dx:E. d) Tinh F(—1).
0 -1 -1

2
Cho ham sb y = f(x) c6 dao ham lién tuc trén R. D6 thi chiaham - "

sby = f(x) nhu hinh vé bén. ) -

- — T -

I
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9. TICH PHAN

2
a) /f’(x —2)dx = 8.
0

0
o) /|f’(x)|dx —8.
=5

2
b) / F1@2x)dx = 3.
0

4 2
d) S:/f’(x—Z)dx+/f’(x+2)dx:6.
0 0

PHAN III Cau tric nghiém tra 1oi ngan. Hoc sinh tra 1oi vao 6 két qua.

Cho/f(x)dx:5. Tinh/[f(x)+2sinx} dx.
0 0

KQ:

| Cau2

4
Cho ham s6 f(x) c6 dao ham trén doan [1;4] théa man f(1) = 12 va /f’(x) dx = 17. Tinh gid
1

tri cua f(4). KQ: ‘
Cho ham s6 y = f(x) c6 bang bién thién
X 0 1 2 5 400
f'(x) i 0 - 0 + 0 —

f()

0 i
oo/ \_1/ \oo

)

5

1

Biét / |f'(x)| dx = 5. Gia tri ctia f(5) bang bao nhiéu? KQ: ‘ ’
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| Caud

Biét ham s6 y = f(x) dat cyc tiéu tai x = —1 c6 dd thi nhu y
hinh bén va duong thang A 1a tiép tuyén ctia d6 thi ham sb tai

4
diém c6 hoanh do bang 2. Tich phan I = / f"(x —2)dx c6 gia U
1

tri la bao nhiéu?

KQ:

| Caus

X
Cho bat phuong trinh / (3t> — 8t +4)dt < x, (x > 0). Tinh t6ng cdc nghiém nguyén ctia bat
0

phuong trinh da cho. KQ:

= a+blnc, v6i a,b,c € Z,c < 9. Tinh tong S = a+b +c.

Cho F(x) la mét nguyén ham caa f(x) = xLH Biét F (—1) = 0. Tinh F(2) = alnb véia, b 1a cac

s6 tu nhién. Téng a + b bang bao nhiéu? KQ: ‘

| Caus

a
C6 hai gia tri ctia s6 thyc a la aj, a, (0 < a7 < ap) thdéa man /(Zx —3) dx = 0. Hay tinh

1
T = 3% +3% 4 log, (Z—z) KQ: ‘
1
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1 7
Biét rang ham s6 f(x) = mx + n thdéa man / f(x)dx = 3, / f(x)dx = 8. Tinh téng m + n?
0 0
KQ: ‘

dx
(x+12x+1)

= aln2 + bIn3 + cIln5. Khi d6 gid tri a + b + ¢ bang

, 2
Bit /
1

KQ: ‘

1
S6 thuc m théa man 9 + / @2m?x —6m)dx =0 bang KQ: ‘ ’
0

[x — 2|

il = D A IS A @G e, B @ @ 72 TEhih @b KQ:‘ ’

X
Cho/eiix?):aln2+bln5vc’ﬁa,b€Z.Giétricﬁaa—i—bbéng KQ:‘ ’

<—\/§+ c) vOoi

% la phan sb tbi gidn. Tinh a4 + b + c.

=

+

—_
(SRS

) d )
Biet I = /xz—i—cx =aln2+bIn3 4+ cln5véia, b, c la cac so nguyén. Tinh S = a+ b +c.

KQ: ‘
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()

| Cauté

Mot vat chuyén dong theo mot duong thang sao cho van tdc ctia né tai thoi diém ¢ (giay) la
o(t) = 1 — 3t%, (m/s). D dich chuyén ctia vat trong khoang thoi gian tir 2 dén 3 gidy 1a

KQ:|

| Cau17 g

dén 4 giay la

Mot vat chuyén dong theo mot duong thang sao cho van tdc ctia né tai thoi diém ¢ (giay) la
o(t) = 3t> — 4t — 5, (m/s). Téng quang duong vat di chuyén dugc trong khoang thoi gian tir 3

KQ:

GV: Nguyén Dan Truong- 0866.783.220
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§3. ’NG DUNG HINH HOC CUA TiCH PHAN

TOM TAT LI THUVET

1. Ung dung tich phan dé tinh dién tich hinh phéng
1.1. Hinh phéng giéi han b6i mot do thi ham sb, truc hoanh va hai dudng thing x = 2,x = b

Dién tich S caa hinh ph:fmg gi6i han boi do thi ciia ham sd f(x) lién tuc, truc hoanh va hai duong
théng x =a, x = b (a < b), dugc tinh bang cong thic

b
s— [ 1fe]dx

oy

Tinh dién tich hinh phang gidi han bai parabol y = x> — 4, truc
hoanh va hai dudng thang x = 0, x = 3.

1.2. Hinh phéng giéi han béi hai d6 thi ham s6 va hai duwong thing x = a, x = b

Dién tich S hinh phéng gidi han bdi do thi ctia hai ham s6 y = f(x), y = g(x) lién tuc trén doan
[a; b] va hai duong thang x = a, x = b, dugc tinh bang cong thiic

b
5= [ 1760~ g .

A Néu hidu f(x)-g(x) khong doi diu trén doan [a; b] thi

b
/ Fx) — g(x)dx

b
[ 1660 = g dx =
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Chuong 4 NGUYEN HAM VA TiCH PHAN ¢ %6 )

T

Tinh dién tich hinh phang gidi han béi hai parabol y = 4 — x2, y = x* va
hai dudng thang x = —1, x = 1.

LR
Tinh dién tich hinh phéng gidi han boi do thi hai y
ham s6 y = sinx, y = cosx va hai dudng thang

7T
—0,x=—.
X X 1

2. Ung dung tich phan dé tinh thé tich vat thé
2.1. Tinh thé tich vat thé

binh nghia 3.1.

Cho mot vat thé trong khong gian Oxyz.
Goi B la phan vt thé gigi han bdi hai mat
phang vuéng goc véi truc Ox tai cac diém
c6 hoanh do x = a, x = b. Mot mit phang
vudng goc vai truc Ox tai diém c6 hoanh
do 1a x cat vat thé theo mat cat c6 dién tich
12 S(x). Gia str S(x) la ham sb lién tuc trén
doan [4; b]. Khi d6 thé tich V ctia phan vat
thé B dugc tinh bdi cong thic

b
V:LS&Mx S

)

Tinh thé tich ctia khéi lang tru c6 dién tich ddy bang S va chiéu cao bang .

s

Tinh thé tich ctia khéi chép déu c6 ddy 1a hinh vudng canh L va chiéu cao la h.
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A Bang 1ing dung ciia tich phdn, nguoi ta chitng minh duoc thé tich ciia khdi chép bét ki bang % dién

tich mdt ddy nhan vdi chiéu cao cila no.

s

Tinh thé tich ctia khéi chép cut 2
déu co dién tich hai day la Sp, Sq
va chiéu cao bang i (Hinh 4.24). y

Tir d6 suy ra cong thic tinh thé -
tich khoi chép déu c6 dién tich day So =
bang S va chiéu cao bang h. —— (x)

95
—

S
R

Hinh 4.24

2.2. Tinh thé tich khdi tron xoay

Cong thirc tinh thé tich ctia khéi tron xoay

Dinh nghia 3.2. Cho ham s6 f(x) lién tuc, khong am trén doan [a; b].

Khi quay hinh phang gidi han béi d6 thi ham s6 y = f(x), truc hoanh va hai duong thang x = a,
x = b xung quanh truc hoanh, ta dugc hinh khoi goi la mot khéi tron xoay.

Khi cat khéi tron xoay d6 béi mot mat phang vuong goc véi truc Ox tai diém x € [a;b] dugc
mot hinh tron c6 ban kinh f(x).

Thé tich ctia khéi tron xoay nay la

V:n/bfz(x)dx

T

Tinh thé tich khéi tron xoay sinh ra khi quay quanh truc Ox hinh phéng gidi han boi do6 thi ham
s6 y = /%, truc hoanh va hai duong thang x = 0, x = 1 (Hinh 4.26).

Yy Yy

Hinh 4.26
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s

Tinh thé tich ctia khdi cau ban kinh R.

a) Tinh thé tich cta khdi tron xoay sinh
ra khi quay hinh thang vuéng OABC
trong mat phang Oxy v6i OA = h,
AB = Rva OC = r, quanh truc Ox

(Hinh 4.28).

b) Tir cong thitc thu duge & phan a, hay rut
ra cong thic tinh thé tich ctia khéi nén
c6 ban kinh day bang R va chiéu cao h.

Hinh 4.28

P

Tinh dién tich ctia hinh phang dugc t6 mau
trong Hinh 4.29.

e

Tinh dién tich ctia hinh phang gi6i han bédi cac duong
a)y=¢e,y=x*-1,x=-1,x=1.
b) y=9—-x%y=2x>,x=—/3,x =3

Qy=+vx,y=x%,x=0,x=1.
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B

Céac nha kinh té st dung dudng cong Lorenz dé minh hoa sy phan phdi thu nhap trong mot
qubc gia. Goi x 1a dai dién cho phan tram sd gia dinh trong mot quoc gia va y la phan tram
tong thu nhap, mo6 hinh y = x sé dai dién cho mot qudc gia ma cac gia dinh c¢6 thu nhap nhu
nhau. Puong cong Lorenz y = f(x), biéu thi phan phdi thu nhap thyc té. Dién tich gitra hai
mo hinh nay, véi 0 < x < 100, biéu thi "su bat binh dafmg vé thu nhap" ctia mét qu6c gia. Nam
2005, duong cong Lorenz ctia Hoa Ky ¢6 thé dugec mo hinh hoa bgi ham s

2
y = (0,00061x% + 0,0218x +1723)", 0 < x < 100,
trong d6 x dugc tinh tir cac gia dinh nghéo nhat dén giau c6 nhat (Theo R.Larson, Brief Calcu-

lus: An Applied Approach, 8th edition, Cengage Learning, 2009).
Tim sy bat binh dang thu nhap ctia Hoa Ky vao nam 2005.

Tinh thé tich ctia khéi tron xoay sinh ra khi quay hinh phang gidi han bdi cac duong sau xung
quanh trucOx: y =2x —x?,y =0,x =0, x = 2.

>

Khéi chém cau c6 ban kinh R va chiéu cao h(0 < h < R) sinh ra khi quay hinh phang gidi han
bdi cung tron cé phuong trinh y = v/R2 — x2, truc hoanh va hai duong thang x = R —h, x = R
xung quanh truc Ox (Hinh 4.30). Tinh thé tich ctia khdi chém cau nay.

y

Hinh 4.30

Cho tam giac vuéong OAB c6 canh OA = a nam trén truc Ox va AOB =« (O <a< %) Goi B
1a khéi tron xoay sinh ra khi quay mién tam gidc OAB xung quanh truc Ox (Hinh 4.31).

a) Tinh thé tich V cua B theo a va a.

b) Tim « sao cho thé tich V 16n nhat.
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¥y x

BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mot phuong
an.

| Caul

Cong thiic nao sau day dé tinh dién tich hinh phang S
(ph:?m t6 dam trong hinh veé)

(A)S = /h F(x)dx — /b g(x) dx.

z

b b
S:/f(x)dx+/g(x)dx.

©s-

/b sds| /b Fx) dx

a

@Sz/bg(x)dx—/bf(x)dx.

Dién tich ctia hinh phang gidi han bdi do thi ctia hai ham s6 y = x3,y = x va hai duong thang
x =0,x = 2bing

®)2. g. @Z. @31-

Cho ham s6 y = f(x). D thi ctia dao ham f’(x) 1a dudng cong trong hinh dudi. Biét rang dién
tich ctia cac phan hinh phang A va B lan lugt1a S4 = 2 va Sp = 3. Néu f(0) = 4 thi gid trj cta
£(5) bing

A3 (B)5. (©)9. ©-1.
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)
Dién tich hinh phang gidi han bédi cac duong thang y = 1, y
2
y:xvédéthihémséy:xztrongmiénxzo,ygllé% 3 g(x) = x
(phan s6 t6i gian). Khi d6 b — a bang 5 i) = X_2
(A)2. 4 (©)s. D)1. 4

—_

X
P s e nas Ry 2 s > x? 27
Dién tich hinh phang gi6i han boi cac duong y = x°, y = s Y= bang
%. 27ln2—68—3. (©)271n2. @27ln2—64—3.

=

Oxla

Cong thirc tinh thé tich V ctia khdi tron xoay dugc tao ra khi quay hinh thang cong, gidi han
b&i db thi ham s6 y = f (x), truc Ox va hai duong thang x = a, x = b (a < b), xung quanh truc

b
@v = [If e ax

b
V:n/fz(x) dx.
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b b
@Vz/fz(x) dx. @V:n/f(x) dx.

Cho hinh phang D gi6i han bdi dudng cong y = €7, truc hoanh va cac duong thang x = 0, x = 1.
Khéi tron xoay tao thanh khi quay D quanh truc hoanh c6 thé tich V bang bao nhiéu?

@V_—“) V:(ffz—l). @V:%ez. ®v=" e—1)

2

Cho hinh phéng (H) gi6i han bdi d6 thi y = 2x — x? va truc hoanh. Tinh thé tich V vat thé tron
xoay sinh ra khi cho (H) quay quanh Ox.

4 16 16 4

Cho hinh phang gidi han béi cac duong y = /x — 2,y = 0 va x = 9 quay xung quanh truc Ox.
Tinh thé tich khéi tron xoay tao thanh.

v=" ®v=2" v="7 @V:H—n
6 6 11

Ki hiéu (H) 1a hinh phang gi6i han béi d6 thi ham sb y = 2(x — 1)e*, truc tung va truc hoanh.
Tinh thé tich V ctia khéi tron xoay thu dugce khi quay hinh (H) xung quanh truc Ox

AV=E-51. B®BV=@-291  (©V=e-5 D)V =4—2e.

PHAN II Cau tric nghiém ding sai. Trong méi y a), b), ¢), d) & mbi cau, hoc sinh chon ding
hoac sai.

| Caul

Cho S1, S 1a dién tich cac hinh phang dugc mo ta trong y
hinh bén.
a) Phuong trinh dudng thang d 1a y = x.
b) Phuong trinh (P): y = —x? — 4x.

3
<) 51:/0 (—x% 4 3x)dx.

27
d) —2— 38
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| Cau2

Trén ctra s6 ¢6 dang hinh chit nhat, hoa si
thiét ké logo hinh con ca cho mot doanh D

v
nghiép kinh doanh hai san. Logo 1a hinh B =7
phang gi6i han béi hai parabol véi cac 2dm
kich thuéc dugce cho trong hinh bén (don = ° o \/4

vi trén méi truc toa do 1a dm). E X

3 dm

1dm 4 dm 4 dm

a) Phuong trinh parabol y = f(x) = —%xz +2.

b) Phuong trinh parabol y = g(x) = 13—6x2 + 3.

1
¢) Dién tich cta logo la 4_85 dm?.
d) Néu logo chi cho phép 50% lugng anh sang di qua. Lugng anh sang di qua toan bd ctra s6

sau khi lam logo sé giam 30,1% (két qua dén hang phan mudi).

| Caus3

Cho ham s bacba y = f(x) c6 d6 thi nhu hinh vé. Goi Sy va Sy y

la dién tich ctuia hai hinh phéng dugc gach chéo. Cho S; = 13—6 va
5 ; s
S, = 2. Méi quan h¢ gita [ = / F(3x +1)dx v6i Sy, S duge !
1
néu trong cac phat biéu sau. —2 / ONS2/1 7
’ 16 ; 5
a) Sy — /f(x)dx: 5 b) S, — /f(x)dx: >,
—9) 0
1 ; 9
o) 1=§/2f(x)dx. d 1=

| Caud

Goi S 1a dién tich hinh phéng gidi han bsi do thi ctia ham s6 (P): y = x? — 4x + 3 va céc tiép
tuyén ké tir diém A (% ; —3) dén do thi (P).
a) Co 2 tiép tuyén tir A dén do6 thi (P).

2

« e A A 4 . « R - A 1N 3
b) Hai tiep tuyen cat nhau tai diém c6 toa do la (— ; —3).
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¢) Biéu thic dién tich phan gidi han bdi do thi (P), mot tiép tuyén tir A va dudng thang
3
3
X = g la / x? dx.
9 0
d S=-.
) 5

=

Cho ham s6 y = f(x) = 2x> + ax? + bx (a,b € R). Biétham s6 y = f'(x)

c6 db thi nhu hinh vé. Dién tich cta hinh phing gi¢i han bdi dd thi ham y y=re
sby = f(x) vay = f'(x) bing % (m € Z,n € N*) va % la phan sb ti
gian.
O 4 X
3

a) fl(x)=0e [Z:o'

b) f(x) = f'(x) c6 cdc nghiém lan lugtlax =0, x = 1, x = 4.
o Giatricua f(x) = f/(1) +2f/'(2)la 17.

d) Dién tich ctia hinh phang gidi han bsi d6 thi ham s6 y = f(x) vay = f'(x) bang %1

| Cau

Cho vat thé tron xoay nhu hinh bén dudi.

y

a) Vat thé dugc tao thanh khi cho hinh phang gi6i han béi do thi ham s6 y = f (x) va hai
duong thang x = a, x = b quay quanh truc Ox.

b) Vat thé dugc tao thanh khi cho hinh phéng gidi han boi do thi ham s6 y = f (x), truc
hoanh va hai dudng thang x = 4, x = b quay quanh truc Ox.

b
¢) Thé tich cua vat thé dugc tinh theo cong thic V = 7 / f (x) dx.
a

b
d) Thé tich ctia vat thé dugc tinh theo cong thic V = 7t / [f (x)] % dx.

a
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=

Cho vét thé tron xoay nhu hinh bén dudi.

a) Vat thé dugc tao thanh khi cho hinh phang gi6i han béi db thi hams6y = ¢ (y), truc
hoanh va hai dudng thang x = ¢, x = d quay quanh truc Oy.
b) Vat thé dugc tao thanh khi cho hinh phang gi6i han béi do thi ham sé y = g (v), truc tung
va hai duong thang y = ¢, y = d quay quanh truc Oy.
d
¢) Thé tich cta vat thé dugc tinh theo cong thic V = 7t / g (y) dy.
c

d
d) Thé tich ctia vat thé dugc tinh theo cong thic V = 71 / g (v)] 2 dy.

C

| Caus

Cho vat thé tron xoay nhu hinh bén dudi.

y

a) Vat thé duoc tao thanh khi cho hinh ph:fmg gidi han bdi do thihamséy = f (x), v = g (x)
(ciing ndm mot phia so véi Ox) va hai duong thang x = a, x = b quay quanh truc Ox.
b) Vat thé dugc tao thanh khi cho hinh phang gi6i han bsi d6 thi ham s6 y = f (x), y = g (x)
va hai duong thang x = a, x = b quay quanh truc Ox.
b
¢) Thé tich cta vat thé dugc tinh theo cong thic V = 7 / [f (x) — g (x)] dx.

a
b

d) Thé tich cta vat thé dugc tinh theo cong thic V = 7 / [f(x)—g (x)]2 dx.

a
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| Caud

Cho hinh phéng (H) gidi han bdi cac dudong y = x?, y = 2x, x = 0, x = 2 (nhu hinh vé bén
duéi). Goi V la thé tich khdi tron xoay dugc tao thanh khi quay (H) xung quanh truc Ox.

|
|
|
|
|
|
|
|
:
1
o 2 x

a) Do thi ctia hai ham s6 da cho cat nhau tai cac diém c6 toa do (0;0), (2;4).

2
2, . A R , n , 2
b) Thé tich vat thé duogc tinh theo cong thuc V = 7 / (xz — 2x> dx.
0
¢) Do thi ctia hai ham sb da cho cat nhau tai hai diém.

d) Thé tich vatthélaV = %n.

| Cauto

Cho hinh phéng (H) gi6i han bdi cac duong y = x>+ 3,y = 0, x = 0, x = 2 (nhu hinh vé bén
duéi). Goi V la thé tich khdi tron xoay dugc tao thanh khi quay (H) xung quanh truc Ox.

y=x>+3

a) Goi Vj la thé tich vat thé dugc tao thanh khi quay hinh phang (H) gidi han bai cac duong

y=x>+3,y=0,x =0, x = 1 xung quanh truc Ox. Khi d6 V; =
2
b) Thé tich vat thé dugc tinh theo cong thic V = 7 / (¥ +6x+9) dx.
0
¢) Goi V5 la thé tich vat thé dugc tao thanh khi quay hinh phang (H) gidi han bédi cac duong
y=1x>+3,y=0,x =1, x = 2 xung quanh truc Ox. Khi d6 5V, — 10V} = 34,

; ; 202
d) Theé tich vatthélaV = %n.

g.
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PHAN III Cau tric nghiém tra 1oi ngan. Hoc sinh tra 1oi vao 6 két qua.

| Caul

Cho ham s6 y = f(x) c6 dao ham lién tuc trén [—2;3] va f'(x) nhu y

1
et 8, B / Fi(x)dx = 3 va dién tich S = g Gi tri f(3) —
—)
f(-2) = g. Tich a - b bang bao nhiéu, biét % 1a phan s6 tbi gian? /\ \
5 1
] x
KQ:
Cho hinh phang (H) gidi han béi cic duong y = Y.
X2,y = 0,x = 0,x = 4. DPuong thang y = k(0 < k <
16) chia hinh (H) thanh hai phan c6 dién tich S;, S,
(hinh vé). Tim k dé S = S,.
51
y=k
/ SZ
@) x =4 x
KQ:

| Cau3

Cho ham sb bac hai y = f(x) c6 d6 thi (P) va nita duong tron (C)
cat (P) tai hai diém nhu trong hinh bén. Biét rang hinh phang gidi

1
han bdi (P) va (C) ¢6 dién tich S = % + - (m,n nguyén duong).
Gia tri biéu thitc P = m? + n? bang bao nhiéu?

1-v3 |0 1 112

KQ:
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| Caud

Goi H la hinh phang gii han bsi d6 thi ham s y = —x? + 4x va y
truc hoanh. Hai duong thang y = m va y = n chia (H) thanh ba
phan c6 dién tich bang nhau (tham khéo hinh vé). Gi4 tri ctia biéu
thiuc T = (4 — m)® + (4 — n)® béng bao nhiéu? (Két qua lam tron dén y=m
hang phan muoi) / \(
=n
E \
\ X

| Caus

Cho ham s6 bac ba y = f(x) c6 do thi 1a duong cong trong y
hinh bén dudi Biét ham s6 f(x) dat cuc tri tai cac diém x7, xp
sao cho xp = x1 +2 va f”(2) = 0. Goi S; va S, la dién tich
2 . A S >
hai hinh phang dugc gach trong hinh bén. Ti s6 S_l bang bao
2
nhiéu? (Két qua viét dudi dang sb thap phan lam tron t6i hang
phan tram).

Tinh thé tich ctia vat thé tron xoay dugc tao thanh khi quay hinh (H) quanh Ox véi (H) duoc
gi6i han bsi do thi ham sy = v/4x — x2 va truc hoanh. (két qua lam tron dén hang phan mudi)

KQ:

Ky hiéu (H) la hinh phéng gi¢i han bdi do thi hamsby = f(x) = /x - exz, truc hoanh, duong
thang x = 1. Tinh thé tich V ctia khéi tron xoay thu duge khi quay (H) quanh truc hoanh. (két

qua lam tron dén hang phan tram) KQ:

Cho hinh (H) gidi han bdi d6 thi ham s6 y = \/733@, cung tron ¢6 phuong trinh y = V4 — x2
(v6i 0 < x < 2) va truc hoanh (phan t6 dam trong hinh vé).
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—7

Biét thé tich cua khdi tron xoay tao thanh khi quay (H) quanh truc hoanh la V. =

(—%\/54- %) 7, trong d6 a,b,c,d € N* va %, 2 la cac phan s0 toi gian. Tinh P =a+b+c+d.

KQ:

Cho hinh phang D gi6i han véi dudong cong y = /x2 + 1, truc hoanh va cic duong thang
x = 0,x = 1.Khdi tron xoay tao thanh khi quay D quanh truc hoanh c6 thé tich V bang bao

nhiéu? (két qua lam tron dén hang phan mudi) KQ:

Chohamséy f(x) = ax® +bx*> +cx +d,(a,b,c,d € R,a #0) codéthl(C) Blétréngdéthl
(C) tiép xtc v6i duong thang y = 4 tai diém c6 hoanh d6 &m va do thi ciia ham sb y = f’ (x)
cho bdi hinh vé dudi day. Tinh thé tich vat thé tron xoay dugc tao thanh khi quay hinh phang
H gidi han bdi do thi (C) va truc hoanh khi quay xung quanh truc Ox. (két qua lam tron dén
hang phan muoi) KQ:
y w

&

T

I

K

-1\ O 1 X
-3
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54. BAI TAP ON cUOI CHUONG IV

TRAC NGHIEM

Mot nguyén ham ctia ham s6 f(x) = sin2x la

@F(x) = 2.cos 2x. F(x) = — cos2x. @F(x) = %cos2x. @F(x) = _71c052x.

Ho tht ca cac nguyén ham ctia ham s6 2e* la

(A)2xe* +C. (B) —2e* +C. ©2ex. (D)2e* +C.

o LOi gidi.

Ho nguyén ham ctia ham s6 2e* 1a [ 2e* dx = 2e* + C véi (C € R).
guy!

Nguyén ham F(x) ctia ham sb f(x) = e¥ — 3e~* thda man F(0) = 4 la

@F(x) =e' —3e . F(x) = ¥ +3e %,
(©F(x) = e* +3e ™. (D)F(x) = " + 3e ¥ + 4.
o LOi gidi.

F(x) = /f(x) dx = / (¥ —3e ") dyr =e"+3e "+ Cvdi (C € R).

Tac6 F(0) =4suyrae’ +3e" + C =4 C=0
= F(x) =e*+3e ™.

| Caud

3
Cho ham s6 f(x) c6 dao ham f'(x) lién tuc trén R, f(1) = 16 va /f’(x) dx = 4. Khi d¢ gia tri
1

ctia f(3) bang

(A)20. 16. (©12. (D) 10.

o LOi gidi.

3

Ta 6 / Fi)dx = F3) — F(1).

1
3

Theo dé bai / Fx)dx = 4va f(1) = 16 = f(3) — 16 = 4 & f(3) = 20.
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Dién tich hinh phang gidi han béi do thi ham s6 y = x> — 2x, y = —x? + 4x va hai dudng thang
x=0,x=31a

(A)-9. ®)9. 16, 20

3 3

Cho do thi ham s6 y = f(x) trén doan [—2;2] nhu Hinh 4.32.

y

Hinh 4.32

—1 2 1

Biét / Fx)dx = / Fx)dx = _1—? e / Fx)dx = % Khi d6, dién tich ctia hinh phing dugc
-2 1 -1

to mau la

@ 3. ® 22 32 76

15° 15° 15°

Cho hinh phéng (S) gidi han boi do thi ham s y = /1 — a2, truc hoanh va hai duong thr?mg
x = —1, x = 1. Thé tich ctia khdi tron xoay khi quay (S) quanh Ox la

3 3T 2 47

Mot vat chuyén dong c6 gia tocla a (t) = 31> + t (m/s?). Biét réng van tdc ban dau cta vatl1a 2
m/s. Van toc cta vat do sau 2 giay la

@8m/s. (B)10m/s. @12m/s. @16m/s.
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BAI TAP MINH HOA

Tim ho tat ca cac nguyén ham ctia ham so sau:

1
a) y=2"——; b) y = xy/x+3cosx — —5—.
x sin” x

o Lo gidi.

X
a) /(2"——) dx = 2 —In|x|+CvdiC e R.
In2

2 2
/(x\/E—FScosx— — )dx = /(x§+3cosx— — )dx
sin? x sin® x
5
3

2
= gx +3sinx +2cotx + C

2
= §x2ﬁ+3sinx+2cotx+C voi C € R.

Tim mot nguyén ham F(x) ctia ham s6 f(x) = 2cos x + — >— thda man diéu kién F (g) = —1.
sin” x

o LS gidi.

TacéF(x):/f(x)dx:/(2cosx+ .12 )dx=25inx—cotx+C

sin” x
Theo dé bai co

F(%) :—1<i)251n<%>—cot(%>+C=—1(:>C=—\/§.

Vay F(x) = 2sinx — cotx — V2.

Mot vién dan dugc ban 1én tir mat dat theo phuong thzfmg dung v6i van toc ban dau 1a 30 m/s.
Gia toc trong truong 1a 9,8 m/s?. Tim van toc ctia vién dan & thoi diém 2 giay.

o LOi gidi.

Ta c6 gia toc ctia vién dan 1a a(t) = —9,8t.
Van tdc ctia vién dan 1a o(t) = /u(t)dt = / (—9,8t)dt = —958 2+ C.
Van toc thoi diém ban dau ctia vién dan 1a 30 (m/s) ta ¢6 v(0) = 30 < C = 30.
9,8
=12+ 30.

2
Vay van toc ctia vién dan & thoi diém 2(s) 1a v(2) = 10,4 (m/s).

Suy ra v(t) = —
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(53 ) 4. BAI TAP ON CcUOI CHUONG 1V

Ca hoi Thai Binh Duong dén muia sinh san thuong boi tir bién ngugc dong vao séng vdi van
Z 2t A 2 X N - - g A . N N
toc la v(t) = 5 + 4 (km/h). Neu coi thoi diém ban dau t = 0 1a Idc ca bat dau boi vao dong

song thi khoang cach xa nhat ma con ca c6 thé boi dugc la bao nhiéu?

o LOi gidi.
Ta c6 khoang cach ma con ca boi duogc la
—2t 2
s(t) = /v(t)dt - / = 4)dt= - +4t+C

Thai diém ¢t = 0 ca bat dau boi vao song, ta c65(0) = 0 < C = 0.
2
Ta c6 khoang cach cé boi la s(t) = —5 + 4t.

Vay khoang cach ma ca boi dugc xa nhat 1a 20 (km) véi t = 10 (s).

Tinh céc tich phan sau:
: 1
dx
a) /(x3 —2v/x)dx; Q) / .
1 sin? x
3
5 16
. x—1
b) /(cos X — sinx) dx; d) / dx.
Vx
0 1
o’ LOi gidii.
/ 3 x4 + 653
a) 1/(x —2\/§) dx = (Z—gxﬁ) T
m
b) /(cosx —sinx)dx = (sin x + cos x) 2 _o.
0
0

=N

=-1+V3.

Bai 6

Tinh dién tich hinh phang gi6i han bdi cac duongy = e*, y = x, x = 0va x = 1.
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Chuong 4 NGUYEN HAM VA TiCH PHAN ¢ B4 )

e

Tinh thé tich ctia khdi tron xoay tao thanh khi quay hinh phéng gidi han bdi cac dudong sau
xung quanh truc Ox:

A y=1-x>y=0x=-1,x=1;
b) y=v25—-x%,y=0,x=2,x =4

Bai 8
Nghé thuat lam gdm c0 lich st phét trién 1au doi va van con ton tai cho dén\ ngay nay. Gia st
moét binh gom ¢6 mat trong ctia binh la mét mat tron xoay sinh ra khi cho phan do thi cia ham
sy = 1175x2 + ;—5x +5 (0 < x < 30) (x, y tinh theo cm) quay tron quanh bé gdm c6 truc trung
v6i truc hoanh Ox. Hdi dé hoan thanh binh gbm d6 ta can str dung bao nhiéu cm?® dat sét, biét

rang binh gdm d6 c6 do day khong déila 1 cm.
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PHUGNG PHAP TOA DO

TRONG KHONG GIAN

1. PHUONG TRINH MAT PHANG TRONG KHONG GIAN

TOM TAT Li THUVET

1. Véc-td phap tuyén va cap véc-td chi phuong mat phang

binh nghia 1.1.
Véc-to 7 # 0 dugc goi la véc-to phap tuyén ctia mat phang («) néu gia
ctia 17 vudng goc vGi mat phang ().

=

A ¢ Mt phang hoan toan xdc dinh khi biét mot diém va mot véc-to phdp tuyén ciia né.

@ Néu 1 la véc-to phdp tuyén ciia mét phing («) thi k1t (vdi k # 0) ciing la mot véc-to phdp tuyén
ctia mit phing («).

)

Cho hinh 1ap phuong ABCD.A'B'C'D’. Trong cac khang dinh
sau, nhitng khang dinh nao la ding?

a) AA va 2BB’ déu la vecto phap tuyén ctia mit phang D' ¢

(ABCD).

b) BD la mot vecto phap tuyén ctia mat phang (ACC’A). Ak= _--J B

c) A’C’1a mot vecto phap tuyén ctia mat phang (ABCD). TN

T

Trong khong gian Oxyz, cho cac diém A(1; —2;3), B(—3;0;1). Goi («) la mat phang trung truc
ctia doan AB. Hay chi ra mot véc-td phap tuyén cta ().

Dinh nghia 1.2.
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(7)) 1. PHUONG TRINH MAT PHANG TRONG KHONG GIAN

Trong khong gian Oxyz, cho hai vecto ¥ = (a;b;c) va ¥ = (a’;V'; ).
Khi d6 vecto 7 = (bc’ — b'c;ca’ — c'a;ab’ — a’b) vudng goc véi ca
hai vecto ¥ va v, dugc goi la tich ¢6 hudng ctia @ va 7, ky hiéu la

[u, 7] V

|[ﬂ’, 7]

@ll

A @ [#,T) = 0 khiva chi khi &, T ciing phiong.

@ Vi bon s6 x,y,x',y, ta ky hiéu x/ y/ = xy’ — xy. Khi do, tich c6 hudng ciia ¥ = (a;b;c)
Xy
va U = (a;b;c) Ia
N b c| |c a| |a b
L, vl= v o d|d v

Trong khong gian Oxyz, cho ¥ = (1; —2;0) va ¥ = (3;1; —4). Tinh [, T].

Trong khong gian Oxyz, cho ¥ = (2;3;1) va U = (4;6;2). Tinh [¥, T].

binh nghia 1.3.
[17, 7]
@ Trong khong gian Oxyz, cho hai véc-to i, ¥ dugc goi la cap
véc-to chi phurong ctia mét phang (P) néu ching khong cing ?/ | =

phuong va c6 gia nam trong hoac song song v6i mat phang

(P).

® Néu 1/, U la cap véc-tg chi phuong ctia (P) thi [¢, 7] 1a mot
véc-td phap tuyén cua (P).

Trong khong gian Oxyz, cho cac véc-to i = (2; —1;0), T = (1; —1;2). Goi («) 1a mot mat phang
song song voi cac gid ctia U, U. Hay tim mot véc-to phap tuyén cua («).

Trong khong gian Oxyz, cho ba diém khong th:?mg hang A(1; —2;1), B(—2;1;0), C(-2;3;2). Hay
chi ra mot véc-to chi phuong ctia mét phang (ABC).

2. Phuong trinh téng quat ctia mét phing

Dinh nghia 1.4. Trong khong gian Oxyz, méi mit phang déu c6 phuong trinh dang Ax + By +
Cz+ D = 0, trong d6 A, B, C khong dong thoi bang 0, dugc goi la phuong trinh téng quat ctia
mat phang do.
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Chuong 5. PHUONG PHAP TOA DO TRONG KHONG GIAN m

A Trong khong gian Oxyz, méi phuong trinh Ax + By + Cz + D = 0 (cdc h¢ s6 A, B, C, D khong dong
thoi biang 0) xdc dinh mot mét phang nhin 1 = (A; B; C) lam mot véc-to phdp tuyén.

a7

Trong khong gian Oxyz, phuong trinh nao trong cac phuong trinh sau 1a phuong trinh tong
quat ctia mot mat phang?
2 3

1
a) x+2y—322+1=0; b);+§+2:0; o y+1=0.

s

Trong khong gian Oxyz, phuong trinh nao trong cac phuong trinh sau la phuong trinh tong
quét ctia mot mit phang?

a) X2 +22 322 -1=0; b)g—y—l—g—i—S:O; Q) xy+5=0.

T

Trong khong gian Oxyz, cho mét phang (x): x +2y —z+1 = 0.
a) Hay chi ra mot véc-to phap tuyén cia («).
b) Véc-to i = (2;4; —2) c6 1a véc-ta phap tuyén caa (a) hay khong?
¢) Trong hai diém A(1;3;2), B(1;1;4), diém nao thudc mat phang («)?

a0

Trong khong gian Oxyz, cho méat phang a: x +2 = 0.

a) Diém A(—2;1;0) c6 thudc (a) hay khong?

b) Hay chi ra mét véc-td phap tuyén cta («).

3. Lap phudng trinh téng quét ctia mat phéng

Dinh nghia 1.5. Trong khong gian Oxyz, néu mat phang («) di qua diém My(xo; yo; z0) va c6
véc-to phap tuyén 7 = (A; B; C) thi c6 phuong trinh la

A(x—x0)+Bly—yo) +C(z—20) =0 Ax+By+Cz+D =0,

voi D = —(Axg + Byo + Czp).

Trong khong gian Oxyz, viét phuong trinh mat phang (a) di qua diém M(2; —1;0) va c6 véc-to
phép tuyén 7 = (3; —4;6).
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(9 1. PHUONG TRINH MAT PHANG TRONG KHONG GIAN

Trong khong gian Oxyz, viét phuong trinh mét phang («) di qua diém M(1;2; —4) va vuong
goc voi truc Oz

Dinh nghia 1.6. Trong khong gian Oxyz, bai todn viét phuong trinh mét phang di qua diém M
va biét cap véc-to chi phuong i, T c6 thé thuc hién theo cac budc nhu sau

@ Tim véc-to phap tuyén 7 = [, T].

@ Lap phuong trinh téng quat cia mat phang di qua M va biét véc-to phap tuyén 7.

Trong khong gian Oxyz, cho hinh lang tru ABC.A’B'C’ v6i A(1;2;3), B(4;3;5), C(2;3;2),
A’(1;1;1). Viét phuong trinh mat phang (A’B'C’).

Trong khong gian Oxyz, cho céc diém A(1; —2; —1), B(4;1;2), C(2;3;1). Viét phuong trinh mat
phang («) di qua diém A(1; —2; —1) ddng thoi song song véi truc Oy va duong thang BC.

Dinh nghia 1.7. Trong khong gian Oxyz, bai todn viét phuong trinh mat phang di qua ba diém
khong thang hang A, B, C c6 thé thuc hién theo cac budc sau

® Tim cac cdp véc-to chi phuong AB, AC.
© Tim véc-to phép tuyén 7 = [AB, AC].

@ Lap phuong trinh tdng quét ctia mat phang di qua A va biét véc-to phap tuyén 7.

Trong khong gian Oxyz, cho ba diém A(2;1; —1), B(3;2;1), C(3; 1;4).
a) Ching minh rang A, B, C khong thang hang.
b) Viét phuong trinh mat phzfmg (ABC).

Trong khong gian Oxyz, cho mat phang («) khong di qua gbc toa do va cat ba truc Ox, Oy, Oz
tuong ung tai cac diém A(a;0;0), B(0; b;0), C(0;0;¢c) (a,b,c # 0).

z

B(0; b; 0)
A(a;0;0)
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Chuong 5. PHUONG PHAP TOA PO TRONG KHONG GIAN {10 )

Chiing minh rang mat phéng («) c6 phuong trinh

X
__|_:Z_|_§:1.
a b ¢

Phuong trinh trén duge goi la phuong trinh mit phang theo doan chan.

Mot vat thé chuyén dong trong khong gian Oxyz. Tai moi thoi diém ¢, vat thé § vi tri M(cost —
sint;cost + sin t; cos t). Hoi vat thé c6 chuyén dong trong mot mat phang c6 dinh hay khong?
Hay tra 1oi cau héi nay bang cach thuc hién cac budc sau.

2. £ A 0 . 2 N p fe s <o s R T
a) Xac dinh toa d6 cua vi tri M, My, M3 cta vat tuong ung véi cac thoi diémt =0, t = X

t = .

b) Chung minh ré”\ng M;, M, M3 khong thezmg hang va viét phuong trinh mat phéng
(M1 M3 Ms3).

¢) Vitri M(cost — sint;cost + sint;cost) c6 luoén thudc mat phéng (M M;M3) hay khong?

4. Didu kién dé hai mdat phdng vudng géc véi nhau

binh nghia 1.8.
Trong khong gian Oxyz, cho hai mit phang s
(@): Ax+By+Cz+D =0, (B): Ax+By+Cz+D' =0,
v6i hai véc-to phap tuyén 7 = (4, B, C), n = (A’; B'; C') tuong tng. [ n'

Khi dé6 o
(@) L(B)e7n Lne AA + BB +CC' =0.
5

A\ Néu hai mit phing vuong goc véi nhau thi véc-to phdp tuyén cia mat phang nay co gid song song
hodc nam trong mdt phang kia.

Trong khong gian Oxyz, ching minh hai mit phang sau vuéng géc véi nhau

():x=3y+2z4+1=0, (B):5x+y—z+2=0.

Trong khong gian Oxyz, hai mat phang sau day c6 vuong goc véi nhau hay khong?

():3x+y—2z+1=0, (B):9x+3y—3z2+3=0.
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1. PHUONG TRINH MAT PHANG TRONG KHONG GIAN

Trong khong gian Oxyz, viét phuong trinh mat phang (P) di qua hai diém A(1;2; —2), B(2;4;1)
va vudng goéc vi mat phang (Q): x +3y +z—1=0.

5. Diéu kién dé hai mat phdng song song vdi nhau

Dinh nghia 1.9. Trong khong gian Oxyz, cho hai mit phang (x): Ax + By + Cz + D =
0,(B): A’x + B'y + C'z + D' = 0, v6i cac vecto phap tuyén 17 = A; B;C),n’ = (A’; B’;C’) tuong
ung.

W= kit ,
Khi do6 () // & voi k 1a so thuec.
(@) /1 (B) {D’ £ kD

A @ Néu hai mt phing song song vdi nhau thi véc-to phdp tuyén ciia mdt phing nay ciing la véc-to
phdp tuyen cua mdt phang kia.

© Hai mt phing («) va (B) tring nhau khi va chi khi ton tai sé k khdc 0 sao cho

A =kA
B’ = kB,
C'=kC
D' = kD.

oy 21

Trong khong gian Oxyz, cho hai mat phang (): 3x —y + 2z + v/2 = 0va (8): 3v2x — v2y +
v2z +1 = 0. Héi (a) va (B) c6 song song v6i nhau hay khong?

T

Trong khong gian Oxyz, cho hai mat phang

(@): 5x +2y —4z+6 =0va(B): 10x +4y —2z+ 12 =0.
a) Hoi («) va (B) co song song vdi nhau hay khong?

b) Chung minh ri“mg diém M(1; —3;5) khong thudc mat phéng («) nhung thudc mat phéng
(B)-

c) Viét phuong trinh mat phéng (P) di qua M(1; —3;5) va song song vdi («).

T

Trong mot ki thi tuyén sinh c¢6 ba moén thi Toan, Van, Tiéng Anh. Trong khong gian Oxyz, nguoi
ta biéu dién két qua thi ctia méi thi sinh bdi diém c6 hoanh d9, tung do, cao do tuong ting la
diém Toan, Van, Tiéng Anh cta thi sinh do.

a) Ching minh rang cac diém biéu dién tuong ting véi cac thi sinh c6 téng s6 diém ba méon
thi bang 27 (néu c6) cting thudc mat phang c6 phuong trinh x +y +z — 27 = 0.

b) Ching minh ri?mg ton tai mot s6 mat ph:fmg d6i mot song song v&i nhau sao cho hai diém
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Chuong 5. PHUONG PHAP TOA PO TRONG KHONG GIAN {12 )

biéu dién tng véi hai thi sinh c6 t6ng s6 diém thi bang nhau thi cting thudc mot mat
phang trong so cac mat phang do.

6. Khoang céch tif mot diém dén mot mat phdng

Tir d6 suy ra cong thirc tinh khodng cach tir diém M dén mat phang (P).
Dinh nghia 1.10. Trong khong gian Oxyz, khoang cach tir diém M (xo; yo; zo) dén mit phang
(P): Ax +By+Cz+D =01la

| Axog 4+ Byo + Czp + D|

W Ve

T

Trong khong gian Oxyz, tinh khodng cach tir diém M(1;2; —1) dén mat phang (P): x + 2y —
2z4+5=0.

oy 25

Trong khong gian Oxyz, cho hai mat phang (P): x +3y +z+2=0va (Q): x+3y +z+5 = 0.

a) Chung minh réng (P) va (Q) song song v6i nhau.

b) Liy mot diém thudc (P), tinh khoang cach tir diém d6 dén (Q). Tir d6 tinh khoang cach
gitra hai mat phéng (P) va (Q).

oy 26

Go6c quan sat ngang ciia mot camera la 115°. Trong khong gian Oxyz, camera dugc dat tai diém
C(1;2;4) va chiéu thang vé phia mat phang (P): x + 2y + 2z + 3 = 0. Héi ving quan st dugc
trén mat phang (P) ctia camera 1a hinh tron c6 ban kinh bang bao nhiéu? (Lam tron két qua dén
chit s6 thap phan thir nhat.)

BAI TAP REN LUVYEN

Trong khong gian Oxyz, viét phuong trinh mit phang di qua diém M(1;2; —1) va vuong goc
voi truc Ox.

Trong khong gian Oxyz, cho hinh hép ABCD.A’B'C'D’, véi A(1; —1;3), B(0;2;4), D(2; —1;1),
A'(0;1;2).

a) Tinh toa do cac diém C,B’,D’.

b) Viét phuong trinh mat phang (CB'D’).
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13 ) 1. PHUONG TRINH MAT PHANG TRONG KHONG GIAN

Trong khong gian Oxyz, viét phuong trinh mat phang (P) di qua diém M(1; —1;5) va vuéng
g6c vai hai mat phang (Q): 3x +2y —z=0,(R): x +y —z = 0.

Trong khong gian Oxyz, viét phuong trinh mat phang di qua M(2;3; —1), song song véi truc
Ox va vuodng géc voi mat phang (Q): x +2y —3z+1 =0.

| Trong khong gian Oxyz, tinh khoang cach tir gbc toa d6 dén mat phang (P): 2x +2y —z+1 =
0.

Trong khong gian Oxyz, cho hai mat phéng P):x+y+z+2=0,Q:x+y+z+6 = 0.
Ching minh rang hai mat phang da cho song song v6i nhau va tinh khodng cach gitra hai mat
phang dé.

e

Trong khong gian Oxyz, cho hai mat phang (P): x +3y —z=10,(Q): x —y —2z+1=0.

a) Ching minh rang hai mét phang (P) va (Q) vudng géc véi nhau.
b) Tim diém M thuoc truc Ox va cach déu hai mat phéng (P) va (Q).

Béac An dy dinh lam bén mai ctia ng6i nha sao cho
chung 1a bon mat bén ctia mot hinh chép déu va
cac mai nha ké nhau thi vudng géc véi nhau. Hoi y
tudng trén c6 thuc hién dugc khong?

Trong khong gian Oxyz, mot ngdi nha 6 san nha nhu hinh vé thu6c mat phang Oxy, tran nha
tang 1 thudc mat phang z — 1 = 0, mdi nha ting 2 thudc mat phang x 4+ v+ 50z — 100 = 0. Héi
trong ba mat phang tuong ting chita san nha, trdn tang 1, mai ting 2, hai mat phang nao song
song voi nhau?

Xét mot cbi xay lda trong khong gian Oxyz, véi don vi do la mét. Neu tac do_g vao tai cdi xay
lta (6 vi tri P) mot luc F thi moment luc M dugce tinh bai cong thic M= [OP 1. Trong qua
trinh xay, cac thanh gb AB va PQ luén c6 phuomg nam ngang. Véc-to luc T 6 gid song song

vdi AB. Gidi thich vi sao gia ctia vecto moment luc M c6 phuong thang ding?
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@ BAI TAP TRAC NGHIEM

PHAN L. Céu tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon moét phuong
an.

Cho mat phang (P): x + 2y + 3z — 1 = 0. Vecto nao dudi day la mot vecto phéap tuyén cta
(P)?

W7 =1;3-1). @®m=23-1). ©Oi:=02-1. O7n=1;23)

Phuong trinh nao dudi day 1a phuong trinh ciia mét phang (Oyz)?

@yZO. B x=0. @y—z:O. @z:O.

| Cau3

Phuong trinh nao dudi day 1a phuong trinh mét phang di qua diém M(1;2; —3) va c6 vecto
phép tuyén 7 = (1; —2;3)?
(A)x —2y+3z—12=0. B)x—2y—3z+6=0.
(©x—2y+3z+12=0. (D)x —2y—3z—6=0.

=D

Cho mét phang (P): 3x + 4y + 2z +4 = 0 va diém A(1; —2;3). Khoang cach tir A dén (P)
bang

5 5 V5 5

Cho ba mit phang (x): x +y+2z+1=0,(8): x+y—z+2=0va(y): x —y +5 = 0. Trong
cac ménh dé sau, ménh dé nao sai?

A (@) L (B). (™) L (B). ©w](®) D (@) L (7).

Mat phang (P): 3x — 4y + 5z — 6 = 0 c6 mot vecto phap tuyén la
(A7t = (3;4;5). #=3-45. (©is=(-345. Ois=(34-5)

| Cau7

Cho hai diém A(1;3;0) va B(5;1; —2). Mat ph:fmg trung truc cta doan thzfmg AB c6 phuong
trinh la
®2x—y—z+5:O. 2x—y—z—5:O.
©x+y+2z—-3=0. (D)3x+2y —z—14 =0.
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1. PHUONG TRINH MAT PHANG TRONG KHONG GIAN

Trong khong gian Oxyz, toa do ctia vects @@ = 2k — 3] +47 la:

(A)(2;—3;4). (2;3;4). (©4;3;2). (D)(4; —3;2).

LIELh

Trong khong gian Oxyz, cho hai vecto 11 = (x1;y1;21), U2 = (x2;Y2; 22). Vecto 11 + 15 o toa
do la:

(A)(x1 — x2,y1 — y2;21 — 22)- (x1 + x2; 1 + Y2, 21 + 22).

(©(x1 — X251 + y2;21 — 22)- (D) (x1 + x2 91 — Y221 + 22)-

g

Cho mat phang («) di qua diém M(0;0; —1), c6 cdp véc-to chi phuong 1a @ = (—1;2; —3) va
b= (3;0;5). Phuong trinh ctia mat phang («) 1a

(A)5x —2y — 3z — 21 = 0. (B) —5x +2y +3z+3=0.

(©)10x — 4y — 6z +21 = 0. (D)5x — 2y — 3z 421 =0.

Cho ba diém A(3;0;1), B(0;2;1), C(1;0;0). Phuong trinh cia mat phéng (ABC) la
@2x—3y—4z+2:0. B)2x+3y—4z—-2=0.
(C)dx + 6y —8z+2=0. (D)2x —3y —4z+1=0.

B8

Cho diém M(3; —1; —2) va mat phéng (@): 3x —y +2z+4 = 0. Mat phéng di qua M va song
song vdi (x) c6 phuong trinh la
(A)3x+y—2z—14=0. B)3x—y+2z+6=0.
(©)3x—y+2z—6=0. (D)3x —y—2z+6=0.

[

Cho mit phang (a): 2x +y — 3z + 8 = 0. Mt phang nao sau day vudng goéc véi mit phang
(@)?
(A)x—3y+3z—7=0. B)3x—3y+z—7=0.
©x+2y—z—8:0. @x—2y+z—|—8:0.

[

Trong khong gian v6i hé toa do Oxyz, phuong trinh nao sau day 1a phuong trinh tong quat cua
mat phéng?
B2x+y*+z+1=0. B x2+y+z+2=0.
(©2x+y+z+3=0. (D)2x+y+22+4=0.
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=

Trong khong gian Oxyz, mat phé’mg di qua diém I(xo; Y0;Zo) va nhan 7 = (a;b;¢) lam vecto
phép tuyén c6 phuong trinh la:
(A)c(x — x0) + bly — yo) + az — z9) = 0. b(x — x0) + a(y — yo) + c(z — zo) = 0.
(©a(x — x0) + b(y — yo) + c(z — z0) = 0. D)d(x — x0) + b(y — yo) + c(z — z0) = 0.

PHAN II Cau tric nghiém ding sai. Trong méi y a), b), ¢), d) & méi cau, hoc sinh chon ding
hoac sai.

| Caul

Trong khong gian Oxyz, cho mat phang (P): x — 3y + 2z — 3 = 0. Cac khang dinh sau la ding
hay sai?

a) 17 = (1; —3;2) la mot véc-to phap tuyén cua (P).

b) n; = (—4;12; —8) 1a mot véc-to phap tuyén cua (P).

) 13 = (—2;6; —4) khong phai 1a mot véc-td phap tuyén cta (P).

d) 75 = (1;—2;3) la mot véc-to phap tuyén cta (P).

| Cauz

Trong lfhéng gian Oxyz, cho mat phéng (P) di qua ba diém A(1;0;2), B(—1;2;1), C(2; —3;1).
Cac khang dinh sau la dung hay sai?

a) Mat phang (P) c6 mdt cdp véc-ta chi phuong 1a u7 = (—2;2; —1) va uy = (3; —5;0).

b) Mat phfang (P) c6 mot véc-to phap tuyén la 7 = (—5;-3;4).

¢) Mat phang (P) c6 mot véc-to phap tuyén la 7 = (5;3; 4).

d) Mat phang (P) c6 mot véc-to phap tuyén la 77 = (10;6; —8).

| Caus

Trong khong gian Oxyz, cac khang dinh sau la diing hay sai?
a) Phuong trinh mat phang (P) di qua gbc toa do, cé véc-to phap tuyén 7 = (1; —3;2) la

x—3y+2z=0.
b) Phuong trinh mat phang (P) di qua A(1;2;3), c6 véc-tg phap tuyén 7 = (1;0; —2) la
x—2z—5=0.

¢) Phuong trinh mat phang (Oxz) la y = 0.
d) Phuong trinh mat phang (P) di qua M(1;2; —1) va nhan véc-to j lam véc-to phap tuyén
laz+1=0.

| Caud

Trong khong gian Oxyz, cac khang dinh sau la ding hay sai?
a) Phuong trinh mdt phang (P) chita truc Ox va di qua A(1;2;1) 1a —x 42y = 0.
b) Phuong trinh mét phang (P) di qua A(1;0;0), B(0;2;0) va C(0;0; —4) la4x +2y —z — 4 = 0.
¢) Cho A(2; —4; —6), phuong trinh mit phang trung truc cta doan thang OA 1a x — 2y —

3z —-14 = 0.
d) Phuong trinh mat phéng (P) diqua A2, —-1;2), B(1;3;2) va C(—1;2;1)1a —4x —y +9z +
2=0.

GV: Nguyén Dan Truong- 0866.783.220




AT ) 1. PHUONG TRINH MAT PHANG TRONG KHONG GIAN

| Caus

Trong khong gian Oxzy, cac khéng dinh sau day 1a ding hay sai?
a) Haimat phang (P): 2x —3y +z+1 = 0va (Q): 4x — 6y + 2z + 3 = 0 song song voi nhau.
b) Hai mat phang (P): z —3 = 0va (Q): 3x + 2y — 1 = 0 vuong goc véi nhau.
¢) Hai mat ph:fmg (P): 2x —y+2z+1=0va(Q): 4x + 2y — 4z + 5 = 0 song song voi nhau.
d) Hai mat phang (P): x —2y +z+3 =0va(Q): —3x +6y — 3z — 9 = 0 trung nhau.

Trong khong gian Oxyz, cho hai mat phéng (P):2x—y+3z+1=0va(Q): —4x+by+cz+
5 = 0. Cac khang dinh sau la dung hay sai?

a) (P)/(Q)<b=2,c=—6. b) Ton tai gia tri ctia b va ¢ dé (P) = (Q).
¢) V6ib = 1vac =2 thi(P)cat (Q). d) Véib=1vac=23thi(P)_L(Q).

Trong khong gian véi hé toa do Oxyz cho hai mat phang (P;) va (P2) c6 cac véc to phap tuyén
lan luot la 717, 3. Goi a 1a goc gitra (Pp) va (P,). Xac dinh tinh duing, sai ctia cdic ménh dé sau:

a) a = (n1;13). b) a + (n7;113) = 180°.

¢) cosa = cos(i1q;15). d) cosa = |cos(7; 13)|.

| Caus

Trong khong glan v6i hé toa do Oxyz cho hai mat phang (Py) va (P,) c6 cac véc to phap tuyén
lan luot 1a 717, 115. Goi « 1a goc gitta (Py) va (P2). Xac dinh tinh dung, sai ctia cic ménh dé sau:
a) Goc gitta hai mat phang la goc gitta hai duong thang lan lugt vuong goc véi hai mat
phang do.
b) Goc gitta hai mat phang la goc gitta hai véc to phap tuyén ctia mat phang do.

ni-np
C) COSH = ———

n
d) COS = —S——7.

| Caus

Trong khong gian véi hé toa do Oxyz, goi a 1a khoang cach tir gbc toa do O dén mat phang
(P): x + 2y — 2z — 12 = 0. Xac dinh tinh dting, sai ctia cac ménh dé sau
a) a = OM v6i M la hinh chiéu vudng goc ctia O trén ().

4
b) a=—-.
) a 3
c) a=4.

d) 2 = OM véi M la diém bat ky trén ().

Trong khong gian Oxyz, cho hai mat phang song song (P) va (Q) 1an lugt c6 phuong trinh
2x —y+z =0va2x —y+z—7=0.Xac dinh tinh ding, sai ctia cic ménh dé sau
a) d((P),(Q)) = d(A,(Q)) véi A € (P). b) d((P),(Q) =76
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7

S

‘ o d((P),(Q)) = 6V7. d) 4((P),(Q)) =

| Caull g

Trong khong gian toa do6 Oxyz, cho hai mit phang

(P1):2x4+y+2z2—-1=0;(P) :x—2y—2z—-7=0.

a) Vecto c6 toa do (2,1,2) la mot vecto phap tuyén ctia mat phéng (Py).
b) Vecto c6 toa do (1, —2, —2) 1a mot vecto phap tuyén ctia mat phang (P).

— N > 4
¢) Cosin ctia goc gitra hai vecto 111 = (2,1,2) va n, = (1, -2, —2) bang ~5
d) Goc gitta hai mat phang (P;) va (P,) bang 116°.

PHAN III. Cau tric nghiém tra 16i ngan. Hoc sinh tra 15i vao 6 két qua.
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52. PHUONG TRINH BUONG THANG TRONG KHONG GIAN

TOM TAT Li THUVET

1. Phudng trinh dudng thang

1.1. Vectd chi phuong ctia duong thang

Pinh nghia 2.1.
Vecto i # 0 dugc goi la vecto chi phuong ctia duong thang A néu gia
ctia U song song hodc tring vdi A.

A
/

A © Duing thing hoan toan xdc dinh khi biét mot diém ma né di qua va mot vecto chi phuong.

® Néu i la mot vecto chi phuong ciia A thi kil (v6i k la mét s6 khdc 0 ) ciing la mot vecto chi
phuong cuia A.

)

Cho hinh hép ABCD - A'B'C'D’. Hay chi ra cac vecto chi
phuong ctia dudng thang BC' ma diém dau va diém cubi ctia
vecto d6 déu 1a cac dinh ctia hinh hop ABCD - A’B'C'D’.

B Hir%’l 524
AR
Cho hinh ling tru ABC.A’B'C/(H.5.25). Trong céc vecto ¢6 diém dau c
va diém cubi déu la dinh ctia hinh lang tru, nhitng vecto nao la vecto
chi phuong ctia dudng thang AB? =
B
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1.2. Phuieng trinh tham s clia dung thing

Dinh nghia 2.2. Trong khong gian Oxyz, cho dudng thing A di qua diém A (x;y0;z0) va 6
vecto chi phuong ¥ = (a; b; ¢). Hé phuong trinh:

X = xg+at
y=yo+bt
zZ = zg+ct

dugc goi 1a phuong trinh tham sb ctia duong thang A ( ¢ 1a tham s6, t € R).

A X = xg +at
a) Vi cic s6 a,b, c khong dong thoi bang 0 , hé phuong trinh { y =y + bt (t € R) xdc dinh
z =2zg+ct

mot duomg thing di qua M (xo; yo; zo) v cd vecto chi phuong U = (a; b; c).

b) Tir phuong trinh tham s6 cia duong thang, mdi gid tri ciia tham sb tuong 1ing vdi mét diém
thudc duong thang doé va nguoc lai.

Ly
x=-—-1+3t
Trong khong gian Oxyz, cho duong théng A: ¢ y=1
z = 2t.
a) Hay chi ra mot diém thudc A va mot vecto chi phuong caa A.

b) Viét phuong trinh tham s6 ctia duong thang A’ di qua A(2;1;0) va c6 vecto chi phuong
7 = (3;0;2).

T
x =2+t

Trong khong gian Oxyz, cho dudng thang A : { y = 3¢
z=1+1.

a) Hay chi ra hai diém thudc A va mot vecto chi phuong ctia A.

b) Viét phuong trinh tham sb ctia duong thang di qua gbc toa do O(0;0;0) va c6 vecto chi
phuong 7 = (1;3;1).

1.3. Phuong trinh chinh tic ctia duong thing

Dinh nghia 2.3. Trong khong gian Oxyz, cho dudng thiang A di qua diém A (xo;y0;z0) va 6
vecto chi phuong U = (a;b;¢) v6ia,b,cla cac s6 khac 0. He phuong trinh

x—xo_y—yo_z—zo
a b o

dugc goi 1a phuong trinh chinh tic ctia dudng thang A.
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Vidu5

Trong khong gian Oxyz, cho dudng thang A : *51 = £ = 42 Hay chi ra mot diém thudc A va

mot vecto chi phuong cta A.

Ly
Trong khong gian Oxyz, cho dudng thang A : 1 = yl;l = #22. Hay chi ra mot vecto chi

phuong ctia A va hai diém thudc A.

Vidu7

Trong khong gian Oxyz, viét phuong trinh tham s6 va phuong trinh chinh tac ctia duong thang
A di qua diém M(1; —2;4) va c6 vecto chi phuong ¥ = (3; —5;1).

Vidu 8

Trong khong gian Oxyz, viét phuong trinh tham sé va phuong trinh chinh tac ctia duong thang
A di qua diém A(2; —1;0) va c6 vecto chi phuong ¥ = (—1;2;3).

Vidu9

Trong khong gian Oxyz, viét phuong trinh tham s6 cia dudng thang A di qua diém M(—1;4;5)
va vudng goc v6i mat phang (a) : 3x + 2y = 0.

Nhan xét. Duong thang A trong Vi du 5 khong c6 phuong trinh chinh tac.
== Vi du

—
o

Trong khong gian Oxyz, viét phuong trinh tham sb ctia duong thang A di qua diém M(2; —1;3)
va vudng géc v6i mat phang Oyz.

1.4. Lap phuong trinh dwong thang di qua hai diém

binh nghia 2.4. Trong khong gian Oxyz, cho hai diém phan biét A; (x1;y1;21) va
Ay (x2;2;22). Dudng thang A1 A 6 vecto chi phuong A1A; = (x2 — x1;Y2 — Y1;22 — 21)

x=x1+(x2 —x1)¢
a) Duong théng A1A; c6 phuong trinh tham s6 la y=y1+ (yz — yl) t (t € R).
z=12z1+(zp —z1)t

b) Trong truong hop x1 # x2,y1 # Y2,21 # 2o thi dudng thang A;A; c6 phuong trinh chinh
tac la:
X —X1 _ Y—11n _ Z—Z1
X2—X1 Y2—Y1 22—z

Trong khong gian Oxyz, viét phuong trinh tham s6 va phuong trinh chinh tac ctia duong thang
di qua hai diém A(1;2; —1) va B(2;4;0).
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Trong khong gian Oxyz, viét phuong trinh duong thang di qua hai diém A(2;1;3) va B(2;4;6).

2. Hai dudng thdng vudng goc

Dinh nghia 2.5. Trong khong gian Oxyz, cho hai dudng thang Aj, A, tuong tng c6 vecto chi
phuong u7 = (a1;by; 1), 43 = (az; by; ¢2). Khi do:

A LA & uj-u; =0 ajay +biby +cicp = 0.

Trong khong gian Oxyz, chiing minh rang hai duong thang sau vudng géc véi nhau:

x=1+2¢ x=2+s
Ap:Q y=—-1-3t ; Apy:{ y=1-—2s
z=2—1t z=3+8s

Trong khong gian Oxyz, cho duong thing A : Y71 = ¥ = Z=1. Hoi dudng thang A c¢6 vuong
goc vdi truc Oz hay khong?

3. Vi tri tudng dbi gitta hai dudng thang

Dinh nghia 2.6. Trong khong gian Oxyz, cho hai duong thang Aq, A, 1an lugt di qua cac diém
Aq (xl;yl;zl), As (.‘)Cz; Y2, Zz) va tuong 1’mg co vectd chi phuang 171) = (ay; by; c1), 172) = (ap; by; C2).
Khi do:

@ A1//A; & g cung phuong voi u; va Ay & As.
@ A1 = Ay & uj cing phuong vdi i3 va Ap € Ap.

[wi,ml#0 { [u7,u3] # 0

@AlvéAzcétnhau(i){—> N D N
A1Ay L [uq,uz] A1Ay - [ug,uz] = 0.

@ A1 va Ay chéonhau < A1 A, - [LT{, 1/72)] 7§ 0.

Trong khong gian Oxyz, chiing minh rang hai dudng thang sau vuong géc véi nhau va chéo
nhau:

x=1+t 4 o
. o 3\, X _Yri_ z
Al. y_2 t VaAz. 3 1 1
z=—1+4+2¢
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== Vidu 16
Trong khong gian Oxyz, chiing minh rang hai dudng thang sau song song véi nhau:

— -1 -1 -2
X 3_y_z Vé\Az'x Yy

Z
Mi—g—=535773 "1 T 2 "3

oy 17

Trong khong gian Oxyz, chiing minh rang hai duong thang sau cit nhau:

x=1—t X=—-6+s
Aq : y=2—|—t val, : y=5—|—S
z=-—1+2¢ z=5+2s

oy 1)

Trong khong gian Oxyz, cho hai dudng thang A : 71 = Y2 _ 23 gy Ay xH = v
Ching minh rang:

a) Hai duong thang A; va A, song song v6i nhau;
b) Duong théng A7 va truc Ox chéo nhau;
c) Puong thing A, tring v6i dudng thing Ag : 32 = V12 — 244,

d) Puong thang A, cét truc Oz.

A Dé xeét vi tri tuong doi gita hai duong thing, ta ciing cd thé dua vio cic vecto chi phuong va phuong
trinh ciia hai duong thing dé theo tiéu chudn sau day.
Trong khong gian Oxyz, cho hai duong thing A, Ay tuong g c6 vecto' chi phuong up =
(ay;by; 1), u3 = (ag; bo; c2) va cd phuong trinh tham $0:

X =x1+aqt X = Xp + ass
A7 y:y1+b1t AV y:y2+b2$
zZ =21+ cqt Z = Zy + (28

X1+ ait = xp +aps
Xét hé phwong trinh hai dn t,s:  y1 + byt = yo + bos (*). Khi do:
z1 4+ c1t = zp 4+ ¢ps

@ A1 /| By & ug ciing phuong v6i uy va hé (*) v6 nghiém.
®@ A1 = Ny & HE (%) 6 v6 s6 nghiém.
@ A cit Ay < Hé (*) 6 nghiém duy nhit.

@ Aq va Ay chéo nhau < uq va uy khong cimg phuong va hé (*) v6 nghiém.
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HEZTE

Trong khong gian Oxyz, xét vi tri tuong d6i gitta hai duong thang

x=1+42t X=s
Aq: y=3+t va/i,: y=1—|—25
z=1-—t z=3s

BAI TAP REN LUVYEN

Trong khong gian Oxyz, viét phuong trinh mat phang di qua diém M(1;2; —1) va vuéng goc
voi truc Ox.

Trong khong gian Oxyz, cho hinh hop ABCD.A’B'C'D/, voi
A(1; —1;3), B(0;2;4), D(2; —1;1), A’(0; 1, 2).

a) Tinh toa do cac diém C,B’,D’.

b) Viét phuong trinh mat phang (CB'D’).

Trong khong gian Oxyz, viét phuong trinh mat phang (P) di qua diém M(1; —1;5) va vuong
g6c voi hai mat phang (Q): 3x +2y —z =0,(R): x +y —z = 0.

Trong khong gian Oxyz, viét phuong trinh mat phang di qua M(2;3; —1), song song véi truc
Ox va vudng géc v6i mat phang (Q): x +2y —3z+1 = 0.

Trong khong gian Oxyz, tinh khoang cach tir gbc toa do dén mat phang (P): 2x +2y —z+1 =
0.

Trong khong gian Oxyz, cho hai mat phéng P:x+y+z+2=0,Q):x+y+z+6 = 0.
Ching minh rang hai mat phang da cho song song v6i nhau va tinh khodng cach gitra hai mat
phang do.

Trong khong gian Oxyz, cho hai mat phang (P): x +3y —z=0,(Q): x —y —2z+1=0.

a) Ching minh rang hai mét phang (P) va (Q) vudng géc véi nhau.
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| b) Tim diém M thudc truc Ox va cach déu hai mat phang (P) va (Q).

Béac An dy dinh lam bén mai ctia ng6i nha sao cho
chung la bon mat bén ctia mot hinh chép déu va
cdc mai nha ké nhau thi vuéng géc véi nhau. Hoi y
tudng trén c6 thuc hién dugc khong?

Trong khong gian Oxyz, mot ngdi nha c6 san nha nhu hinh vé thudc mat phang Oxy, tran nha
tang 1 thudc mat phang z — 1 = 0, mdi nha tang 2 thudc mat phang x + y + 50z — 100 = 0. Hoi
trong ba mat phang tuong ting chita san nha, trdn tang 1, mai ting 2, hai mat phang nao song
song voi nhau?

Xét mot cbi xay lda trong khong gian Oxyi voi don vi do la mét. Neu tac do_g vao tai cdi xay
lta (6 vi tri P) mot luc F thi moment luc M dugce tinh bai cong thic M= [OP . Trong qua
trinh xay, cac thanh gb AB va PQ luén c6 phuofng nam ngang. Véc-to luc T 6 gid song song
vdi AB. Gidi thich vi sao gia ctia vecto moment luc M c6 phuong thang ding?

@ BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mét phuwong
an.

Cho duong thang d: x_—12 — U ; 1_z —; 3. Vecto nao dudi day la vecto chi phuong cta
duong thang d

Wi =21-3). ®i=(-2-1;3. ©uwz=(-1,21). OF;=(-12-1).

| Cau2

Phuong trinh nao dudi day la phuong trinh chinh tic cta dudng thang
x=1+2t
d: Sy =3t ?
z=-2+t
x+1 z—2 x—1 z+2
®= :%: 1 2 _%: 1
©x—|—1:z:z—2. @x—lzz:z+2.
2 3 =2 1 3 =7
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(3 )

x=—-1+2t
Cho duong thang d: { y = —t . Trong cac dudng thang sau, duong thang nao vuoéng goc
7= ==
vGi d?
@dll y:1—|—tl. dz: y:2+t/.
z = 5¢' z=1+"¢
x—=2 'y z-—1 x—|—2 y z+1
(©)ds: = =" (D)dy: =
: -2 - -1
Duong thang d: a 3 y > _*Z 9 c6 mot vecto chi phuong la
A = 2:3;1). uz—(639) ©is=39%6. Dy =(1,23)

| Caus

Cho duong thang A di qua diém M(2;0; —1) va c6 vecto chi phuong @ =
trinh tham s6 ctia duong thang A 1a
(x = —2+4t (e =P 0
Ay=—-6t (t€R). y=-3t (teR).
(z=1+2¢ (z=—-1+¢
(=242t (x=2+2t
©{y=-3 (teR). D){y=-3t (teR).
(z=—-1+¢ lz=1+1

(2, =3;1). Phuong

=

2 y-2_

z+3

Cho hai diém A(1; —2; —3), B(—1;4;1) va duong théng d: 23

-1

. Phuong trinh

nao dudi day 1a phuong trinh dudng thang di qua trung diém ctia doan thang AB va song song

void?

,_E_y—l_z—l—l /f y—2 Z—|—2
W' 7= . ®)d 1_1 1=
X _y-1_z+ o x-1 _y—-1_z+
©d'1_—1_2' <D>d'l_—l_2'
Cho hai diém M(1; —1; —1) va N(5;5; 1). Duong thang MN c6 phuong trinh la
x =542t x=>5+t
(Ay=5+3t (teR). y=5+2t(t€R).
z=—-1+1t z=1+3t
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©<{y=-1+3t(t€R). D{y=-1+t (teR).

/;\ 9. PHUONG TRINH DUONG TH]f\NG TRONG KHONG GIAN
| z=—1+t z=—1+3t

g

x=1+2¢ x =344t
Cho hai duong thang dy: {y=2+3t (t € R)vady: { y=5+6t (' € R). Trong cdc ménh
z=3+4 z=7+38t
dé sau, ménh dé nao ding?
(A)d; va d, cit nhau. dy | do.
©d1 = ds. @d1 va dp chéo nhau.
Trong khong gian Oxyz, dudng thang x—1_y+2_z-3 c6 mot vecto chi phuong la:

2 3 4
B = (1;,-2;3). iy = (2;3;4). (©3 = (1,2;3). D)y = (-1;2;,-3).

| Caut0

Trong khong gian véi hé toa do Oxyz, phuong trinh nao sau day 1a phuong trinh chinh tic cda
duong thang?

x—2 y—1 z-5 x—9 y—8 z-—6
® 36_ 23_ 45' 71_ —12_ —23’

x—6 y—-3 z-— x—1 y—-2 z-—
©3_4_z' @y_5_4’

PHAN II Cau tric nghiém ding sai. Trong méi ¥ a), b), ¢), d) & mdi cau, hoc sinh chon ding
hoac sai.

| Caul

Trong khong gian Oxyz, cho hai dudng thang A; :
z—4
-1 , 7
a) PBuong thang A; di qua diém M;(0,3, —3) va c6 11 = (1, —1,2) 1a mot vecto chi phuong.
b) Duong thang A, di qua diém My(—4, —2,4) va c6 i, = (2,1, —1) 1a mot vecto chi phuong.
o [uy, 2] =(1,-5-3).
d) Hai duong thang A; va A, chéo nhau.

E_y—3_z—|—3A.x—|—4_y—|—2_
1 -1 2’72 T 1

. Xét cac vecto 1, = (1, —1,2) va i, = (2,1, —1).

x—1  y+2 z-3
3 -1 2
. Xét cac vecto 11 = (3, —1,2) va i, = (1,2,1).

Trong khong gian Oxyz, cho hai duong thang A; :
y—1 z+1
2 1
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a) Duong thang A; di qua diém M;(1, —2,3) va c6 @1 = (3, —1,2) 1a mét vecto chi phuong,.
b) Duong thang A, di qua diém My(—2,1, —1) va c6 ¥, = (1,2,1) 1a mot vecto chi phuong.
o [y, 2] = (~1,7,-5).

d) Hai duong thang A; va A, chéo nhau.

| Cau3

Trong khong gian toa d6 Oxyz, cho hai dudng thang:

x—1 -2 z-3 . x—4 -5 z-—-6
A1: 2 :yl = ) va Az: :y —

—1 -2 2

a) Vecto co toa do (1;2;3) la mot vecto chi phuong cta A;.

b) Vecto c6 toa do (4;5; 6) la mot vecto chi phuong cta A;.

¢) Cosin ctia goc gitra hai vecto i1 = (2;1; —2) va i, = (—1; —2;2) bang —g.

d) Goc gitrta hai dudng thang A; va A, (Iam tron két qua dén hang don vi ctia do) bang 132°.

. — 1
Trong khong gian Oxyz, cho duong thang d: z 7 = =0 Véc-to nao dudi day la

mot véc-to chi phuong cta d?
a) Uz =(46;-2). b) ir=(1;2,-1). o u1=(23-1). d) uyg=(-1;-2;1).

| Caus

x=1+2t
Trong khong gian Oxyz, cho dudng thang d: { y = 3 — 4t. Véc-to nao dudi day 1a mot véc-to
z=6-—>5t

chi phuong cta d?
a) i =(—24;-5). b)) =(2;45). o uz = (1;3;6). d) g = (2; —4; -5).

| Caut

Trong khong gian Oxyz, biét duong thang d di qua hai diém A(2;3; —1); B(1;2;4). Xac dinh tinh
dung, sai ctia cdc ménh dé sau:

x=1+4+1¢ x =2+t x=2—1t x=1+1t¢
a) d:y=2+t. b)d:qy=3+t . o d:qy=3+t . d)d:y=2+t.
z =4 —5t¢ z=—1-—5¢t z=—1-—>5t z =4+ 5t

| Cau7

Trong khong gian Oxyz, biét duong thang d di qua M(1;2; —3) va nhan @ = (2;—1;1) lam
véc-td chi phuong. Xac dinh tinh duing, sai ctia cdc ménh dé sau:

x+1 y—-2 z-3 x+2 y—1 z+1
a) d: 22— _11— 11. b) d: 11— 22— _33.
L x=2_y+1l_z- x-1_y-2 z+
c)d.l—z—_3. d)d.z—_l—l.
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| Caus

: —4
Trong khong gian Oxyz, cho duong thang d: xT = —ll = Zj—23. Xét tinh dung, sai cua cac
ménh deé sau:
s : x _y—-1_ =z N
a) Duong thang d; : 1= -7 = 1 vuonggocvai d.
: 2 -1 1 . .
b) Pudng thing da: x_+2 _Y — = ZZ e
; -1 -1 1
¢) Duong thang ds: x_ T = }/_ T = 241_ song song voi d.
. 1 -1
d) Dudng thing d,: ler =Y = Z chéovsid.
x=1+t
. . . . . x y+1 z-1 _ .
Trong khong gian Oxyz, cho duong thang d;: ¢y = —t vady: 5="1 = _1- Xét tinh
z=1-t

ding, sai cia cic ménh dé sau:
a) dj, dy cat nhau. b) dq,d> chéonhau. ¢) d; =d,. d) d, / dy.

=

Trong khong gian Oxyz, cho mat phang (P): x — 2y — z — 5 = 0. Xét tinh dting, sai cta cac
ménh dé sau:

2 - 1 - 2
a) Duong thang d; : * = y_ > = Zj—13 vuong goc voi (P).

: 1 -2 -1 ;
b) Puong thang d,: a _1'_ =Y 7 = Z_ 3 cat (P) tai mot diém.

¢) Truc Ox khong song song vo6i (P).
x+1 y+2 z-3
1 2 1

d) Puong thang d3: nam trén (P).

| Cautll

T1:ong khong gian Oxyz, cho mat phéng (P) : x + 2y + 3 = 0. Xét tinh dung, sai ctia cac ménh
deé sau:
(x = 2t
a) Duong thangd;: {y =1 —t nam trén (P).
(z=05
(x =2+t
b) Duong théng dy: { y =4+t cat(P) tai mot diém.
(z=1—1t
¢) Truc Oz song song vdi (P).
d) Truc Oy cat (P).
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-1 _y+1 _ z

Trong khéong gian Oxyz cho diém B(2; —1;8) va duong thang d: * s =1 — 7% Goi H 1a

hinh chiéu cta B 1én d. Xac dinh tinh dung, sai ctia cic ménh dé sau:
a) BH vuong goc voi d.
b) Diém H c6 toa do 1la H(—2;1;3).
¢) Diém H c6 toa do la H(5; —3;4).
d) Diém B'(8; —7;0) la diém dbi xtiing véi B qua d.

m x=—t

Trong khong gian Oxyz cho duong thang d: <y =2t  vadiém M(1;1;1). Goi H 1a hinh chiéu
z=2+t

vuong goc cia M 1én d va M’ 1a diém débi xing v6i M qua d. Xét tinh dung, sai cia cac ménh

dé sau:

a) Toa do diém H(1;0; —2). b) M la trung diém ctia M'H.
¢) Toa do diém M’'(—1;0;6). d) Toa do diém M’'(—1; —1;3).

PHAN III. Cau tric nghiém tra 16i ngan. Hoc sinh tra 16i vao 6 két qua.
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3. CONG THU'C TINH GOC TRONG KHONG GIAN

TOM TAT Li THUVET

1. Cong thuc tinh goc gitta hai dudng thang
Dinh nghia 3.1. Trong khong gian Oxyz, cho hai dudng thang A va A’ tuong ting c6 vecto chi
phuong i = (a;b;¢), @’ = (a’;b'; ). Khi do:

B laa’ + bb' + c’|
V2252 \Va?+ b2+ o2

cos (A, A") = )cos (ﬁ’, 17)

o,

Trong khong gian Oxyz, tinh géc gitta hai duong thang

x=1+t¢ x=1+4+2s
A:{y=—-1+t vaA:{y=-2+42s
z=23 z=4+s.

a2

Trong khong gian Oxyz, tinh géc gitta truc Oz va duong thang

x—=3 y+1 =z-1
A 1 2 =27

2. Cdng thuc tinh goéc gitta dudng thdang va mat phing

Dinh nghia 3.2. Trong khong gian Oxyz, cho dudng thang A c6 vectd chi phuwong @ = (a; b; c)
va mit phang (P) c6 vectd phap tuyén 7 = (4; B; C). Khi d6

|aA + bB + cC|
Va2 + 02+ 2 /AT + B2+ CZ

sin(A, (P)) = | cos(iZ, )| =

oy

Trong khong gian Oxyz, tinh goc tao béi truc Ox va mat phang (P): v/2x —y +z +2 = 0.

)

Trong khong gian Oxyz, tinh géc gitta dudng thang A va mat phang (P), véi

x+2 y—4 z+1

: ; (P): x — —1=0.
A_1 > 1,()x y+z 0
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3. Cdng thdc tinh goéc gitta hai mat phdng

binh nghia 3.3. Trong khong gian Oxyz, cho hai mat phfmg (P), (Q) tuong ung co cac vecto

phép tuyén la 7 = (4;B;C), n’' = (A’; B’; C’). Khi do, goc gitra (P) va (Q), ki hiéu 1a ((P), (Q)),

duoc tinh theo cong thuc

_ |AA"+ BB’ + CC/|
\/A2+B2+C2~\/A’2+B’2+C’2'

cos((P), (Q)) = ‘cos (ﬁ’, n )

T

Trong khong gian Oxyz, tinh goc gitta hai mat phéng (P):x+2y+2z—1=0va(Q): x+y—
z+1=0.

Vidu 6

Trong khong gian Oxyz, tinh géc gitta hai mat phang (P): x — v2y 42z —2 = 0va (Oxz): y = 0.

T

Trong khong gian Oxyz, cho A(0;0;4), B(0; —3;0), C(0;3;0), D(3;0;0). Tinh goc gitra hai mat
phang (ABD) va (ACD).

BAI TAP REN LUYEN

Trong khong gian Oxyz, tinh géc gitta hai duong thang

x=1+2¢ 5 1 5
X — X zZ —
AVE: =1- aAy: = = .
1 Yy 1-—t VaAz 1 1 5
z=2+43t

Trong khong gian Oxyz, tinh goc giita truc Oz va mat phang (P): x +2y —z — 1 = 0.

+1 y-3 z+
-1 2 3

. 2 :
Tinh goc gitrta duong thang A: a va mat phang (P): x +y+z+3 = 0.
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Bdi 4
Kim tu thap Kheops ¢ Ai Cap c6 dang hinh
chop S.ABCD, c6 day 1a hinh vuéng véi canh
dai 230 m, cac canh bén bang nhau va dai 219
m (theo britan nica.com) (H.5.38). Tinh goc
gitta hai mat phfmg (SAB) va (SBQ).

(H.5.39) Trong mot bé hinh lap phuong canh 1 m ¢6 chira mét it nu6e. Nguoi ta dat day bé
nghiéng so v6i mit phang nam ngang. Biét rang, lic d6 mat nudc c6 dang hinh binh hanh
ABCD va khoang cach tir cac diém A, B, C dén day bé tuong ting la 40 cm, 44 cm, 48 cm.

a) Khoang cach tir diém D dén day bé bang bao nhiéu centimét? (Tinh gan dung, lay gia tri
nguyén.)

b) Déy bé nghiéng so v6i mat phang nam ngang mot géc bao nhiéu do?

Im

@ BAI TAP TRAC NGHIEM

PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mét phuwong
an.

Cho hai mat ph:?mg (P):2x—y—z—-3=0va(Q): x —z—2 = 0. Goc gitra hai mat phrfmg (P)
va (Q) bang

(A)30°. 45°. (©)60°. (D)90°.

Goc gitta hai mat phang (a) : x +2y +2z — 1 =0va (f) : 7x — 8y — 15z + 3 = 0 bang

(A)135°. 45°. (©)60°. (D)120°.
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Goc giita duong thang d : % = ‘1/2;1 = % va mit phang («) : 4x + 3y + 5z — 4 = 0 bang

(A)30°. 120°. (©)60°. (D) 150°.

Trong khong gian Oxyz, khodng cach tir diém M(x; yo; zo) dén mat phang (P) : ax + by + cz +
d = 0 bang:

|axo+byo+c| |axo+byo+czo+d| Va2 +bh24c2 |axo+byo+czo+d|
@ ’ ’ @ laxo+byo+czo+d|* @ 24+

112+b (12-|—b2 +C

x=1-2¢
, _2 3 z2-6
Cho hai dudng thing d : = = 7= = -2 vad': {y =23t (+ € R). Khi d6 cos (d,)
z=2—6t
bang
20 4 4 20
o ® 5 ot T

PHAN II Cau tric nghiém ding sai. Trong méi y a), b), ¢), d) & méi cau, hoc sinh chon ding
hoac sai.

| Caul

Trong khong gian Oxyz, cho hai mat phéng (P):y=0,(Q): V3x — y — 2024 = 0. Xét cac vecto

11 =(0,1,0), 7> = (v/3,—1,0).
a) 771 1a mot vecto phap tuyén ctia mét phang (P).

b) 77, khong la vecto phap tuyén ctia mat phang (Q).
<) 71)1 : 71)2 =—1.
d) Goc gitrta hai mat phang (P) va (Q) bang 30°.

x—2  y+1 z+42

Trong khong gian Oxyz, cho dudng thang A : =T T 3 va mit phang (P) :
2x +2y —z+1=0.Xétcac vecto ¥ = (2,1,-2), 7 = (2,2, —1).

a) 1 1a mot vecto chi phuong ctia dudng thang A.

b) 7 la mot vecto phap tuyén ctia mat phang (P).
¢) cos(A,(P)) = g

d) Goc gitta dudong thang A va mat phang (P) bang khodng 63° (Iam tron dén hang don vi
cua do)..
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V=9  #& x+4 y+2

Trong khong gian Oxyz, cho hai dudng thang A; : % =T =75 Ay : > 1

—4 — N
z . Xétcacvecto u1 = (1,—1,2)va up, = (2,1, —-1).

a) Duong thang A; di qua diém M;(0,3, —3) va c6 1 = (1, —1,2) 1a mot vecto chi phuong.
b) Puong thang A, di qua diém My(—4, —2,4) va c6 i, = (2,1, —1) la mot vecto chi phuong,.
o [uy, 1] =(1,-5-3).

d) Hai dudng thang A; va A, chéo nhau.

| Caud

Trong khong gian Oxyz, cho hai mat ph:fmg (P):x=0,(Q) : 2x — \/gy +5z —1 = 0. Xét cac
vecto 111 = (1,0,0), 7 = (2, —/3,5).

a) 711 1a mot vecto phap tuyén ciia mat phang (P).

b) 77, khong la vecto phap tuyén ctia mat phang (Q).

C) 71)1 . 71)2 = 2

d) Goc gitta hai mat phang (P) va (Q) bang khoang 60°.

+1 _ y-3  z+4

Trong khong gian Oxyz, cho duong thang A : a > 3 1

2x —y+4z+2=0.Xétcac vecto = (2,3,—-1), 1 = (2,—1,4).
a) 1 1a mot vecto chi phuong ctia dudng thang A.

va mat phang (P) :

b) 7 1a mot vecto phéap tuyén ctia mat phang (P).
c) cos(A,(P)) = g

d) Goc gitta dudng thang A va mit phang (P) bang khoang 47° (lam tron dén hang don vi
cua do)..

=

Trong khong gian véi hé toa do Oxyz, cho hai duong thang d va d’ ¢6 véc-to chi phuong lan
luot1a ¥ = (ag;by : c1) va i’ = (az; by : o). Goi ¢ la goc gitta hai duong thang d va d’. Méi
khang dinh dudi day dung hay sai?
|a1a2 + blbz + 01C2‘
VB A+ +G B3+ +]
a1a; + biby + c1co
VBB +G B3+ 0+

a) cos @ = b)dld < aia; + biby + cicp = 0.

a1ay + biby + c1co
VBB +G B3+ +3

Q) cosg = d) sing =

| Cau7

Trong khong gian v6i hé toa do Oxyz, cho mat phang (P): x — y + 2z + 1 = 0 va duong thang
x—1 vy z+1

d: —— =5 = - Xdc dinh tinh dting sai ctia mbi ménh dé sau
a) Goc gitra (P) va (d) la mot géc nhon. b) (d) L (P).
o) (d) /| (P). d) (d;(P)) = 30°.
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PHAN IIL Cau tric nghiém tra 16i ngan. Hoc sinh tra 1oi vao 6 két qua.

g

Trong khong gian Oxyz, cho hai mat phang (P) : 3x +y + 4z = 2024 = 0va (Q) : x + 3y — 4z =
2025 = 0. Goc gitta hai mat phzaang (P) va (Q) béng bao nhiéu do (Ilam tron két qua dén hang
don vi)?

KQ: oo
: 24 - 25 —26
Trong khong gian Oxyz, cho hai duong thang A; : x—; — 1= g va Ay : * 5 =
2 -5 : : A o mA s
/ Z — = 5 Goc gitra hai duong thang A, Ay bang bao nhiéu do (Iam tron ket qua dén hang
don vi)? KQ: o

g

x—1|—7 = y;5 = gvémétphéng (P) : 12y +
5z + 1 = 0. Géc gitta duong thang A va mat phang (P) bang bao nhiéu do (lam tron két qua

Trong khong gian Oxyz, cho duong thang A :

dén hang don vi)? KQ: oo

g

Trong khong gian Oxyz, cho hai mat phéng (P):2x+3y+2z=1000=0va (Q) : 4x+y —2z =
2023 = 0. Géc giita hai mat phang (P) va (Q) bang bao nhiéu do (lam tron két qua dén hang
don vi)?

g

x—1 y+3 z+4 x+2

Trong khong gian Oxyz, cho hai dudng thang A; : va Ay :

2 5 3 3
— 1 5 : = A 2 A N
y =2 J6r . Goc gitra hai duong thang A1, A, bang bao nhiéu do (Iam tron ket qua den hang

don vi)?

g

x—4 y+2 z-3

2 3 2 B 1 N B 2 4
4x — 2y +z = 7. Goc gitra duong thang A va mdt phang (P) bang bao nhiéu d6 (lam tron ket
qua dén hang don vi)?

Trong khong gian Oxyz, cho duong thang A : va mat phang (P) :
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=

Khi gan hé toa do6 Oxyz (don vi trén méi truc tinh theo mét) vao mot can nha sao cho nén nha
thuoc mat phang (Oxy), ngudi ta coi mbi méi nha 1la mot phan ctia mét phang va théy ba vi tri
A, B, C & mai nha bén phai lan luot c6 toa do (2;0;4), (4;0;3) va (4;3;4). Goc gitta mai nha bén
phéai va nén nha bang bao nhiéu do (lam tron két qua dén hang don vi)?

KQ: i

| Caus

Khi gén hé toa do Oxyz (don vi trén moi truc tinh theo kilomét) vao mot san bay, mat phfmg
(Oxy) trung voi mat san bay. Mot may bay 6 vi tri A(3; —2;3) sé ha canh téi vi tri B(8; 8;0). Goc
gitta duong bay (mot phan ctia duong thang AB) va san bay (mat phang (Oxy)) bang bao nhiéu
do (lam tron két qua dén hang don vi)?

=

Khi gén hé toa do Oxyz (don vi trén moi truc tinh theo kilomét) vao mot san bay, mat ph:fmg
(Oxy) tring véi mat san bay. Mot may bay bay theo duong thang tir vi tri A(5;0;5) dén vi tri
B(10;10;3) va ha canh tai vi tri M(a;b;0). Gid tri ctia a + b bang bao nhiéu (viét két qua dudi
dang sb thap phan)?

=

Khi gan hé toa do6 Oxyz (don vi trén méi truc tinh theo mét) vao mot can nha sao cho nén nha
thuoc mat phang (Oxy), ngudi ta coi mbi mai nha la mot phan ctia mat phang va thay ba vi tri
A, B, C 8 mai nha bén trai lan luot c6 toa do (1;2;3), (2;2;4) va (2;4;3). Géc gitta mai nha bén
trai va nén nha bang bao nhiéu d6 (Iam tron két qua dén hang don vi)?

KQ: oo

| Cautl

Khi gén hé toa d6 Oxyz (don vi trén moi truc tinh theo kilomét) vao mot san bay, mat phéng
(Oxy) trung voi mat san bay. Mot may bay & vi tri A(6; —3;4) sé ha canh téi vi tri B(9;6;1). Goc
gitta dudng bay (mot phan ctia dudng thang AB) va san bay (mit phang (Oxy)) bang bao nhiéu
do (lam tron két qua dén hang don vi)?

Khi gén hé toa do Oxyz (don vi trén moi truc tinh theo kilomét) vao mot san bay, mat phfmg
(Oxy) tring v6i mat san bay. Mot may bay bay theo duong thang tir vi tri A(2; —1;5) dén vi tri
B(7;3;2) va ha canh tai vi tri M(a; b;0). Gia tricaaa + b bf?mg bao nhiéu (viét két qua dudi dang
s6 thap phan)?
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54. PHUONG TRINH MAT CAU

TOM TAT Li THUVET

1. Phuong trinh mat cau

Khai niém 4.1.

© Mat cau tam I ban kinh R (R > 0) la tap cac diém trong khong gian cach I mot khoang
bang R.

® Mot diém M dugce goi 1a nam trong mat ciu tim I ban kinh R néu IM < R va dugce goi la
nam ngoai mat cau d6 néu IM > R.

@ MBbi duong thang di qua tim mat cau déu cat mat cau tai hai diém phan biét, doan thang
nbi hai diém d6 duoc goi la mot duong kinh ctia mat cau.

® Moi duong kinh ctia mat cau déu c6 trung diém la tim mat cau va c6 do dai bang hai lan
ban kinh mat cau.

A\ Trong khong gian Oxyz, mét cdu (S) tdm 1(a; b; c) ban kinh R ¢ phuong trinh
(x —a)> + (y — b)* 4+ (z — ¢)*> = R%.
® Diém M(x;y;z) nam trong mat cau (S) néu
(x —a)®> + (y — b)® + (z — ¢)* < R
@ Diém M(x;y; z) ndm ngoai mit cau (S) néu

(x —a)’> + (y —b)* 4+ (z — c)*> > R%.

o
Trong khong gian Oxyz, cho mét cau (S) c6 phuong trinh (x — 1)2 + (y + 3)> + 2% = 5.
a) Xac dinh tdm va ban kinh cua (S).

b) Hoi gbc toa do O(0; 0;0) nam trong, nam ngoai hay thudc mat cau (S) ?

e

Trong khong gian Oxyz, cho mat cau (S) c6 phuong trinh

x4+ 2 2 2 > 1 2 S
a) Xac dll’lh tdm va ban kinh ctia (S)

b) Hoéi diém M(2;0;1) ndm trong, ndm ngoai hay thudc mait cau (S)?
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Trong khong gian Oxyz, viét phuong trinh mét cau (S) trong cac truong hgp sau:
a) Xac dinh tdm va ban kinh cua (S).
b) Duong kinh AB, véi A(1;2;1) va B(3;1;5).

Trong khong gian Oxyz, viét phuong trinh mat cau (S) trong cac trudng hop sau:

a) Tam la goc toa do, ban kinh R = 1.
b) Pudng kinh AB, véi A(L; —1;2), B(2; —3; —1).

Trong khong gian Oxyz, cho (S) 1a tap hop cac diém M(x; y; z) 6 toa do thod man phuong trinh

X +y? 422 —2x+4y—6z—2=0.
Chung minh r?ang (S) 1a mot mat cau. Xac dinh tdm va tinh ban kinh ctia mat cau dé.

Trong khong gian Oxyz, cho (S) 1a tap hop cac diém M(x; y; z) c6 toa do thod man phuong trinh:

(S): x* 4+ y* + 2% —4x + 6y — 12 = 0.

Chung minh rfang (S) 1a mot mat cau. Xac dinh tdm va tinh ban kinh ctia mat cau dé.

A Véia, b,c, dlacic hing s6, phuong trinh x> + y? + z> — 2ax — 2by — 2cz +d = 0 c6 thé viét lai
thanh (x — a)? + (y — b)?> + (z — ¢)*> = a? + b* + ¢* — d va la phuong trinh clia mot mét cau (S) khi
va chi khi a*> + b> + > —d > 0.
Khi dé, (S) cé tam 1(a; b; c) va ban kinh R = /a2 + b2 + c2 — d.

Trong khong gian Oxyz, phuong trinh nao trong cac phuong trinh sau la phuong trinh ctia moét
mat cau? Xac dinh tdm va tinh ban kinh ctia mat cau dé.

a) x2+y?+z%> —2x +3y — 8z +100 = 0.
b) x2+y2+22—4x+5y—22—?1:0.
o) ¥ +y?+22—2xy+6y—9z+10 = 0.

Trong khong gian Oxyz, cho mét cau (S) c6 phuong trinh

2
x2+y2+zz+4x—5y+6z+25:0.
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Xac dinh tam, tinh ban kinh cuaa (S).

2. Mot sd tng dung ctia mat cau

Trong mo hinh toan hoc, bé mat Trai Dat 1a mat cau vé6i ban kinh 6371 km (theo: science.nasa.
gov/earth/facts/). Mbi kinh tuyén la mot nita duong tron c6 dudong kinh la truc cta Trai DAt
(doan thang néi cuc Bac N va cuc Nam S ). Kinh tuyén gbc 1a kinh tuyén di qua Dai Thién vin
Greenwich & London. Mt phang chita kinh tuyén géc chia Trai DAt lam hai nira 1a ban cau Dong
va ban cau Ty, nudc ta ndm & ban cau Dong. Kinh do ctia mot diém P trén bé mat Trai Dat 1a s6 do
ctia géc nhi dién c6 hai mat tuong ung chita kinh tuyén gdc va kinh tuyén di qua P (canh cta géc
nhi dién nay la duong th;fmg chita truc Trai Dat). Kinh do nhan gid tri trong doan tir 0° dén 180°.
Vi d¢ ctia diém P 1a s6 do ctia goc gitta mat phang chita duong xich dao va duong thang di qua P
va tam O cua Trai Dat. Vi d6 nhan gia tri trong doan tu 0° dén 90°. Mdi diém trén bé mit Trai Dat
thudc moét trong hai ban cau Bac hodc Nam va thudc mot trong hai ban cau Dong hoac Tay. Vi vay,
di kém vdi vi d6, con c6 chit E hodc W néu vi tri d6 tuong ting thudc ban cau Dong hay ban cau
Tay va c6 chit N, S néu vi tri d6 twong ting & ban cau Bac hay ban cau Nam (Hinh 5.42). Chang han,
ho6 Hoan Kiém (Ha Noi) & vi tri: 21°01’51” N, 105°51’09"E (theo: maps.google.com). Vi tri trén mat
dat hoan toan xac dinh khi biét vi d6 va kinh d6 (bao g6m ca cac ki hiéu N, S, E, W ). Trong bai
hoc nay, ta xét Trai Dat trong khong gian Oxyz, v6i O la tam Trai Dat, tia Ox chira giao diém ctia
kinh tuyén gbc va xich dao, tia Oz chira diém cyc Bac N, tia Oy giao xich dao tai diém thudc ban
cau Pong, 1 don vi dai trong khong gian Oxyz tuong ing véi 6371 km trén thuc té. Nhu vay, trong
khong gian Oxyz, bé mat Trai Dat c6 phuong trinh: x? + y? + 22 = 1.

Néu biét vi d6 va kinh do6 ctia mot vi tri trén mat dat thi toa d6 ctia né trong khong gian cting dé
dang duoc xac dinh va nguoc lai. Chéng han, vi tri P ¢6 vi d9, kinh d¢ tuong ung la a°N, B°E(0 <
x < 90,0 < B < 180) c6 toa do P (cos a® cos B°; cos a® sin B°; sina®), vi tri Q ¢6 vi do, kinh do tuong
ung la a®N, BPW(0 < « < 90,0 < B < 180) thi c6 toa d6 Q (cos a® cos B°, — cos a° sin B°, sina®).
Ung dung Google Maps cho phép xac dinh khoang cach gitra hai vi tri trén bé mat Trai Dat khi biét
vi d6 va kinh do ctia ching. Khoang cach gitra hai vi tri P va Q trén bé mat Trai Dat la d6 dai cung
nho6 PQ ctia dudng tron ¢6 tdam O va di qua hai diém P, Q. Cung tron ndi trén la duong di ngan
nhat trén bé mat Trai Dat tir P dén Q. Trong vi du sau day, ta sé tinh khoang cach gitra hai vi tri da
dugc néu ra trong md dau bai hoc.

I

Biét réng néu vi tri M c6 vi do va kinh do tuong ung la a°N, B°E(0 < a« < 90,0 < B < 90)
thi c6 toa d6 M (cos «° cos B°; cos a® sin B°; sin zxo). Tinh khoang cach trén mat dattu vitri P :
10°N, 15°E dén vi tri Q : 80°N, 70°E.

BAI TAP REN LUYEN

\ 1)
Trong khong gian Oxyz, cho mat cau (S) c6 phuong trinh (x — 5) +(y + 1) + 22 = 9. Xac

dinh tam va ban kinh cua (S).

Trong khong gian Oxyz, viét phuong trinh ctia mat cau (S) c6 tam I(—2;0;5) vaban kinh R = 2.
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Trong khong gian Oxyz, viét phuong trinh ctia mat cau (S) c6 tam 1(0;3; —1) va c6 ban kinh
bang khoang cach tir I dén mat phang (P) : 3x +2y —z = 0.

Trong khong gian Oxyz, cho mat cau (S) : x? + y? + z2 + 2x — 2y + 8z — 18 = 0. Xac dinh tam,
tinh ban kinh cua (S).

Trong khong gian Oxyz, phuong trinh nao trong cac phuong trinh sau la phuong trinh mat
cau? Xac dinh tam va tinh ban kinh cia mat cau do.

a) x>2+y?+2z?>—2x—52+30=0;

b) x> +y? +2z% —4dx+2y —2z=0;

o ¥+ +2°—2x+6y—9z—10=0;
d) ¥ +y>*+22+5=0.

Trong khong gian Oxyz, mot thiét bi phat song dat tai vi tri A(2;0;0). Ving phti séng ctia thiét
bi ¢6 ban kinh bang 1. Héi vi tri M(2;1;1) ¢6 thudc viing phti séng ctia thiét bi néi trén hay
khong?

@ BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Méi cau héi hoc sinh chi chon mot phuong
an.

Trong khong gian Oxyz, mét cau tdm I(xo; yo; zo) ban kinh R ¢6 phuong trinh la:
(A)(x — x0? + (y — y0)* + (z — 20)* = R2. (x — x0)* + (y — ¥0)* — (z — z0)*> = R%.
O — %02 — (y — yo? + (z — 20 = R2. (D) —(x — x0)* + (¥ — ¥0)* + (z — z0)*> = R2.

| Cau2

Trong khong gian Oxyz, phuong trinh nao sau day la phuong trinh ctia mit cau c6 tim
I(7;6; —5) va ban kinh 9?

(A)(x+ 772+ (y + 6 + (z — 5)* = 81. ® (x+7P+(y +6) +(z— 57 =9.

©@x =72+ (y — 6>+ (z+5)? = 81. D) (x =72+ (y— 6>+ (z+5?%=9.

Trong khong gian Oxyz, mat cau c6 tam [(2;1; —3) va ban kinh 9 c6 phuong trinh la:
A (x =22+ (y— 1)+ (z+3)? = 81. B) (x+22+ (y+ 12 + (z — 3)2 = 81.
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©Gx—22+@y—1)2+(z+3?%=09. D@E+22+y+1)2+(z—-32=09.

Cho mat cau (S): (x + 1) + (y — 2)?> + (z — 1)> = 9. Toa tdm I va ban kinh R ctia (S) 1a
(A)I(-1;2;1) vaR = 3. (B)I(1;—2;—-1)vaR = 3.
(©I(-1;2;1)vaR = 9. (D)I(1;—2;—1)vaR = 9.

Mt cau tam I(—3;0;4) va di qua diém A(—3;0;0) c6 phuong trinh 1a
A (x =32+ 12+ (z + 4?2 = 4. B)(x— 32—y + (z + 472 = 16.
©(x+32 + 1>+ (z— 472 = 16. D +32+y2+(z—4> =4

Mat cau (S): (x — 11)? + (y — 12)2 + (z — 13)?> = 100 c6 ban kinh la

(A)10. 11. ©12. (D) 13.

Toa do tdm ctia mat cau (S): (x —5)*> + (y +6)*> + (z — 7)> = 81a

(A)(=5;6;7). (5:6; 7). ©G;-67). ©(-5;6;-7).

Khoang cach tir diém M(a; b; c) dén mat phang x —a —b —c =01a

|b+ |
(A)]a+b). ® |b+c|. ©c+a. @m

Phuong trinh mat cau tam [ (2,1, —-1),bankinh R =2 1a
@(x+2)2+(y+1)2+(z—1)2 =4, B @x+22+y+1)2+Ez—-1)2=2
O -2+ @y —12+@E+1)2 =2 Dx—-22+y—12+E+1)2=4

Cho mét cau (S): x? + (y — 2)*> + (z + 1)*> = 6. Duong kinh ctia (S) bang

(A)3. V6. (©)2v6. D) 12.

Trong khong gian vdi hé toa dd Oxyz, phuong trinh nao sau day 1a phuong trinh mat cau?
(A)(x% — 8% + (y — 12)? + (z — 24)> = 92, (x =92+ (y — 10)*> + (z — 11)2 = 122.
©(x —13)* + (y — 24 + (z — 36)* = 72, (D) (x — 12+ (y — 2)* + (z — 32 = 52

GV: Nguyén Dan Truong- 0866.783.220




Chuong 5. PHUONG PHAP TOA PO TRONG KHONG GIAN (as

Khoang cach tir tim I ctia mit cau (S) : x2 + y? + z2 — 2x — 2y — 2z — 22 = 0 dén mit phang
(x): 3x — 2y + 6z + 14 = 0 bang

(A)1. B)2. (©s3. (D)4.

PHAN II. Cau tric nghiém diing sai. Trong méi y a), b), ¢), d) & mdi cau, hoc sinh chon ding
hoac sai.

=

Trong khong gian véi hé toa d6 Oxyz, cho mat cau c6 dang x? + y? + z2 — 2ax — 2by —2cz +d =
0. Mdi khang dinh sau day dung hay sai?

a) a>+b*+c>—d>0.

b) Tam I(a;b;c) vaban kinh R = a% + b? + ¢2 — d.

¢) Tam I(a; b;c) vaban kinh R = /a2 + b2 + 2 — d2.

d) Tam I(a; b;c) vaban kinh R = v/a2 + b2 +c2 — d.

| Cau2

Trong khong gian v6i hé toa do Oxyz, cho mat cau (S) c6 tam I(a; b; c) va ban kinh R. Mbi khang
dinh sau day dung hay sai?
a) Phuong trinh mat cau la (S): (x — a)> + (y — b)*> + (z — ¢)> = R2.
b) Phuong trinh mat caula (S): (x —a)® + (v — b2+ (z—c)> =R.
¢) Phuong trinh mat cau 1a (S): (x +a)® + (y + b)*> + (z + ¢)*> = R>.
d) chu’dnzg trinh mat cau 1a (S): x> + y? + 2% — 2ax —2by —2cz+d = Ovdid = a® + b* +
- — R,

Trong khong gian véi hé toa d6 Oxyz, cho mat cau (S) ¢ phuong trinh (x — 2)% + (y — 3)% +
(z +4)*> = 16. Méi két qué sau day dung hay sai?

a) (S)cotam I(—2; —3;4). b) (S) c6tam I(2;3; —4).

o (S)cOR =4. d) (S)co R = 16.

Trong khong gian véi hé toa dd Oxyz, cho mét cau (S) c6 phuong trinh x? + y? + z2 — 4x — 2y —
10z 4 2 = 0. Mdi két qua sau day dting hay sai?

a) (S)cotam I(2;1;5). b) (S)cotam I(—2; —1;-5).
¢) (S)c6 R = v/28. d) (S)c6 R = /32

Trong khong gian voi hé toa do Oxyz, cho mat cau (S) tim I(—5; —2;3) ban kinh R = 4. Xac
dinh tinh dung, sai ctia mdi ménh dé sau

a) (S): x®>+y>+22+10x +4y — 62 +22 = 0.

b) (S): (x —5)% + (y — 2)> + (z + 3)* = 16.
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) (S): (x+5%+y+2?>+(z—-3)>%=4.
d) (S): (x+5)2+ (y+2)°+(z—3)> = 16.

Trong khong gie}n vdi hé toa do Oxyz, cho mat cau (S) ¢6 tam I(—1;4; —5) va di qua diém
M(3;1;2). Moi ket qua sau day dung hay sai?
a) (S): (x+12+y—4>2+z+52=74  b) (S): (x+1)2+(y—4)>+ (z+5)% =74
0 R=74 d) R =74
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§5. ON TAP CHUONG V

BAI TAP TRAC NGHIEM

Trong khong gian Oxy, cho mat phang (P) : x — 2y — 3z + 1 = 0. Mot vecto phap tuyén cda
mat phang (P) ¢ toa do la

(A)(1;2;3). (1, -2;3). ©1;2;-3). D) (1;—2; -3).

| Cau2

Trong khong gian Oxyz, phuong trinh mat phang (P) di qua diém I(1; —1;2) va nhan vecto
7 = (2;1; —1) lam mot vecto phap tuyén la

Ax—y+2z+1=0. B x—y+2z2-6=0.
©2x+y—z—1=0. D2x+y—z+1=0.

Trong khong gian Oxyz, cho duong thang d : z ; 1_Y I 2 _ 2:23. Mot vecto chi phuong

ctia dudng thang d c6 toa do la

(A)(1;-2;3). 2;1;—-2). ©21;2). (D)(1;2;3).

| Caud

x=1+2¢
Trong khéong gian Oxyz, cho duong thang d : { y = —2 + t. Mot vecto chi phuong ctia duong
z=3—1t

théng d co toa do la

(A)(1;-2;3). (2;0;0). ©@2;1;-1). © 2 1;1).

| Caus

Trong khong gian Oxyz, phuong trinh dudng thang d di qua I(2; —1;1) va nhan vecto i =
(1;2; —3) 1am mot vecto chi phuong la
x—1 y—-2 z+3 x—2 y—-1 z-1
. 2y g1 =it LoyZe s
©x— _y+1l z-— ®x— _y—2 z+

1 2 -3 2 1 1

Trong khong gian Oxyz, cho hai diém A(—1;0; —1), B(2;1;1). Phuong trinh duong théng AB

x=1+3t x=-1+41t x =2+t x=-—1+4+3t
@ y=t . y=t . @ y:1+t. @ y=t
z=1+2t z=-—1+2¢ z=1+2t z=—1+2¢
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=

Trong khong gian Oxyz, phuong trinh dudng thang d di qua 1(2;1; —3) va vuong géc v6i mat
phéng(P): x—2y+z—-3=01a

x—2 y—1 z+3 x—2 y—1 z-3
® 12_ —21_ 13' 12_ 21_ 13’
x—2 y—1 z-— x—2 y—-1 z+
©1_—2_1' @1_2_1'

Trong khong gian Oxyz, cho mat cau (S) : (x + 1)> + y? + (z — 3)> = 4. Toa d6 tdm I va ban kinh
R ctia (S) 1an luot 1a

(A)I(1;0;3), R = 4. I(1;0;3,R=2.  (©)I(-1;0;3),R=2. (D)I(~1;0;3),R = 4.

| Caus

Trong khong gian Oxyz, cho mét cau (S) : x2 + y? + 2% — 2x + 4y + 2z — 3 = 0. Toa do tam I va
ban kinh R cta (S) lan luot 1a

(A)I(1;—2; —1), R = 3. 1(1;2;1), R = 9.

(©)1(1;2;1),R = 3. (D)I(1;—2;—-1),R =9.

BAI TAP TU LUAN

(e

Trong khong gian Oxyz, cho ba diém A(1;0; —1), B(0;1;2), C(—1; —2;3).
a) Viét phuong trinh mat phang (ABC).
b) Viét phuong trinh duong thang AC.
c) Viét phuong trinh mat cau duong kinh AC.

d) Viét phuong trinh mat cau c6 tam A va di qua B.

R

x=1+t
Trong khong gian Oxyz, cho duong thangd : { y = —2 +¢.
z=4-2t

Viét phuong trinh mat phang (P) chita duong thang d va gbc toa do O.

=D

Trong khong gian Oxyz, cho mat phang (P) : x — 2y +2z — 1 = 0 va hai diém A(1; —1;2),
B(—1;1;0).

a) Tinh khoang céch tir A dén mat phang (P).

b) Viét phuong trinh mét phang (Q) di qua A va song song v6i mat phang (P).
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| c) Viét phuong trinh mit phang (R) chita A, B va vudng géc voi mat phang (P).

Trong khéong gian Oxyz, cho diém A(1;0;2) va hai duong thang d : L= U =
x+1 y+2 z-3
2 2 -1

d .

a) Xét vi tri twrong ddi ctia hai duong thang d va d'.
b) Viét phuong trinh dudng thang A di qua A va song song vdi duong thang d.
c) Viét phuong trinh mat phang (P) chia A va d.

d) Tim giao diém ctia duong thang d véi mat phang (Oxz).

Trong khong gian Oxyz, cho mat phang (P) : x — 2y — 2z = 0 va duong thang d : -

ylj = _i Viét phuong trinh mat phang (Q) chita d va vuéng goc v6i mat phang (P).

Bai 6
Trong khong gian Oxyz, cho hai duong thang:

x+1:y_1—ivéd" x—1 _y—2:z+1.

48 = R e I 2

Viét phuong trinh mét phang (P) chita dudng thang d va song song v6i duong thang d’.

Trong khong gian Oxyz, cho hai mit phang (P): x —y—z—1=0,(Q): 2x+y—z—2=0va
diém A(—1;2;0). Viét phuong trinh mat phang (R) di qua diém A dong thai vudng goc véi ca
hai mat phang (P) va (Q).

x=1-t
: 2 -
Trong khong gian Oxyz, cho hai duong thang 4 : X—ll— = y—;—3 = 2_23 vad' @ qy=-2+4t.
z=2t

a) Xac dinh vi tri tuong d6i ctia hia duong thang d va d'.

b) Tinh goc gittad vad'.
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o6 £ s 2 3 -2 1 o e
Trong khong gian Oxyz, tinh goc tao bdi duong thang d : XSy —Z le va mdt phang

2 -2
(P):x+y—2z4+3=0.

Bai 10

Trong khong gian Oxyz, tinh goc gitta mat phang (P) : x +y +z — 1 = 0 va mat phang Oxy.

Tir mat nude trong mot bé nudc, tai ba vi tri d6i mot cach nhau 2 m, ngudi ta lan luot tha day
doi dé qua doi cham day bé. Phan day doi (thang) nam trong nudc tai ba vi tri d6 lan lugt c6 do
dai 4 m; 4,4 m; 4,8 m. Biét day bé la phéng. Hoi day bé nghiéng so voi mat phéng nam ngang
mot goc bao nhiéu do?

Ban vé thiét ké cia mot cong trinh dugc vé trong mot hé truc toa dd Oxyz. San nha cta cong
trinh thudc mat phang Oxy, dudng 6ng thoat nudc thang va di qua hai diém A(1;2;—1) va
B(5;6; —2). Tinh goc tao bdi duong ong thoat nude va mat san.

| Bai13

Néu ding trude bién va nhin ra xa, ngudi ta sé thly mot duong giao gitta mat bién va bau
troi, d6 1a duong chan troi ddi voi nguoi quan sat (H.5.45a). Vé mat Vat li, duong chan trai 1a
dudng gidi han phan Trai Dat ma ngudi quan sat c6 thé nhin thay dugc (phan con lai bi chinh
Trai Dat che khuét). Ta c6 thé hinh dung rang, néu ngudi quan sat § tai dinh cia mot chiée
nén va Trai DAt duge "thd" vao trong chiéc non do, thi duong chan trai trong trudng hgp nay
la dudng cham gitta Trai Dat va chiéc nén (H.5.45b). Trong mo hinh toan hoc, dudng chéan troi
débi voi ngudi quan sat tai vi tri B 1a tdp hop nhing diém A nam trén bé mat Trai Dat sao cho
BAO = 90°, v&i O la tam Trai Dét (H.5.45¢). Trong khong gian Oxyz, gia st bé mat Trai Dét (S)
c6 phuong trinh x% 4+ y? + z2 = 1 va ngudi quan sat & vi tri B(1;1; —1).

Goi A 1a mot vi tri bat ki trén dudng chan trdi d6i v6i ngudi quan sat & vi tri B. Tinh khoang
cach AB.
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Bai 14
Cho bdn diém A(1;0;0), B(0;1;0), C(0;0;1), D(—2;1; —1).
a) Chung minh A, B, C, D la bdn dinh ctia mot hinh chop.
b) Tim géc gitta hai duong thang AB va CD.
¢) Tinh d¢ dai duong cao ctia hinh chép A.BCD.

Cho bén diém A(—2;6;3), B(1;0;6), C(0;2; —1), D(1;4;0).
a) Viét phuong trinh mat phang (BCD). Suy ra ABCD la mot t dién.
b) Tinh chiéu cao AH cta tit dién ABCD.

c) Viét phuong trinh mat phang («) chira AB va song song v&i CD.

Cho hai mat phzfmg (P): x —y — 6 = 0 va (Q). Biét rf?mg diém H(2; —1; —2) 1a hinh chiéu vudng
géc ctia goc toa do O(0;0;0) xubng mat phang (Q). Tinh géc gitrta mat phang (P) va mét phang
(Q)-

Cho hinh hop chit nhat OABC.O’ A’B'C’, v6i O 1a gbc toa do, A(2;0;0), C(0;6;0), O'(0;0;4). Viét
phuong trinh

a) mat phang (O’AC);
b) duodng thang CO’;

c) mat cau di qua cac dinh ctia hinh hop.

Cho ba diém A(1;0;0), B(0;2;0) va C(0;0;3). Ching minh rang néu diém M(x;y; z) thod man
MA? = MB? + MC? thi M thudc mot mat cau (S). Tim tdm va ban kinh cta (S).
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51. XAC SUAT CO PIEU KIEN

TOM TAT LI THUVET

1. Xac suét c6 didu kién

Dinh nghia 1.1. Cho hai bién c6 A va B. Xac suét ctia bién cd A, tinh trong diéu kién biét rang
bién co B da xay ra, dugc goi la xac suat caa A véi dieu kién B va ki hiéu la P(A | B).

Xac suét c6 diéu kién c6 thé dugc tinh theo cong thirc sau:
DPinh nghia 1.2. Cho hai bién c6 A va B bat ki, véi P(B) > 0. Khi d6

P(AB)

Mot hop c6 20 vién bi trang va 10 vién bi den, cac vién bi ¢6 cting kich thude va khéi lugng.
Ban Binh ldy ngdu nhién mot vién bi trong hop, khong tra lai. Sau d6 ban An lay ngau nhién
mot vién bi trong hop do.

Goi A 1a bién c6: “An lay dugc vién bi trang”; B 1a bién cd: “Binh lay dugc vién bi trang”.

Tinh P(A | B) bang dinh nghia va bang cong thiic tinh P(A | B) & trén.

Mot hop c6 20 vién bi trang va 10 vién bi den, cac vién bi ¢6 cting kich thude va khéi luong.
Ban Binh 1y ngdu nhién mot vién bi trong hop, khong tra lai. Sau d6 ban An lay ngau nhién
mot vién bi trong hop do.

Goi A 1a bién c6: “An lay dugc vién bi trang”; B 1a bién cd: “Binh lay dugc vién bi trang”.

Tinh P(A | B) bang dinh nghia va bang cong thtic.

a) Tir cong thirc tinh P(A | B) & trén, chitng minh rang néu A va B 1a hai bién ¢ doc lap véi
P(A) > 0, P(B) > 0thi P(A | B)= P(A)va P(B | A) = P(B).

b) Tir dinh nghia xac suat c6 diéu kién va dinh nghia vé tinh doc 1ap cta hai bién cd, hay
chiing t6 rang néu A va B 1a hai bién c6 doc 1ap thi P(A | B) = P(A) va P(B | A) = P(B).
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Ching t6 rang néu A va B la hai bién cd doc lap thi

P(A | B) = P(A) va P(A | B) = P(A).

(Bang dir liéu thong ké 2 x 2) Mot vién nghién ctru vé an toan giao thong mudn tim hiéu ve
mdi quan hé gitra viéc that day an toan khi ldi xe va nguy co tr vong ctia nguoi lai xe khi xay
ra tai nan giao thong. Gié st vién da xem xét 577 006 vu tai nan giao thong 6 t6 va viéc that day
an toan ctia nguoi 1ai xe khi xdy ra tai nan giao thong. Két qua cho thay:

— Trong s6 nhitng ngudi lai xe c6 that day an toan, ¢6 510 ngudi tir vong va 412 368 ngudi
song sot;

— Trong s nhitng nguoi lai xe khong that day an toan, ¢6 1601 ngudi tir vong va 162 527
ngudi song sot.

Két qua trén dugc trinh bay duédi dang bang gom 2 dong va 2 cot nhu dudi day, duogc goi la
bang d liéu thong ké 2 x 2:

Két qua )
e i : I Ty vong | Song sot
That day an toan
Khoéng 1601 | 162527
Co 510 412368

Chon ngau nhién mot nguoi 1ai xe trong s6 577 006 ngudi bi tai nan giao thong

a) Tinh xac suat dé nguoi lai xe d6 tir vong khi xay ra tai nan giao thong trong truong hop
khong that day an toan.

b) Tinh xac suat dé ngudi lai xe d6 tir vong khi xay ra tai nan giao thong trong truong hop
c6 that day an toan.

¢) So sanh hai xac suat & cau a va cau b roi rut ra ket luan.

Mot cong ty dugc phdm muén so sanh tac dung diéu tri bénh X ctia hai loai thuéc M va N.
Cong ty da tién hanh thir nghiém véi 4000 bénh nhan méac bénh X trong dé 2400 bénh nhan
dung thube M, 1600 bénh nhan con lai dung thudc N. Két qua duge cho trong bang di liéu
thong ké 2 x 2 nhu sau:

Thud

) 7 uoc | N

Ket qua
Khoi bénh 1600 | 1200

Khong khoi bénh | 800 | 400

Chon ngau nhién mot bénh nhan trong s6 4000 bénh nhan thu nghiém sau khi uéng thudc.
Tinh xac suat dé bénh nhan do.
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a) udng thudec M, biét réng bénh nhan dé khoi bénh;
b) udng thudc N, biét rang bénh nhan d6 khong khéi bénh.

2.

Cong thdc nhan xac sudt
Dinh nghia 1.3. Véi hai bién c¢6 A va B bat ki, ta c6
P(AB) = P(B) - P(A | B).
Vi AB = BA nén vé6i hai bién cb A va B bat ki, ta ciing c6 P(AB) = P(A) - P(B | A).

Cong thuc trén duoc goi 1a cong thirc nhan xdc sudt. Néu A va B 1a hai bién c6 doc lap thi
P(AB) = P(A) - P(B).

T

Trong mot hop kin c6 7 chiéc but bi xanh va 5 chiéc buit bi den, cac chiéc buit c6 cung kich thudc
va khdi lugng. Ban Son lay ngau nhién mot chiéc but bi tir trong hop, khong tra lai. Sau d6 ban
Tung 1y ngau nhién mot trong 11 chiéc but con lai. Tinh xéac suat dé Son lay duoc but bi den
va Tung 14y dugc but bi xanh.

L

Trong mot hop kin c6 7 chiéc but bi xanh va 5 chiéc buit bi den, cac chiéc biit c6 cung kich thudc
va khéi lugng. Ban Son lay ngdu nhién mot chiéc but bi tir trong hop, khong tra lai. Sau d6 ban
Tung 14y ngau nhién mot trong 11 chiéc bt con lai. Tinh xac suat dé:

a) Son léy duogc but bi xanh va Tang léy duogc but bi den;

b) Hai chiéc but lay ra c6 ciing mau.

TR

O ctra bi mat (Let’s Make a Deal) 1a mot tro choi trén truyén hinh néi tiéng & My, da dugc mua

ban quyén va phat séng ¢ nhiéu nudc trén thé gigi. Noi dung tro chai nhu sau:

e Ngudi choi dugc moi lén san khau va dung trudc ba canh ctta déng kin. Sau mot canh
ctra ¢6 chiéc 6 t0, sau moi canh ctra con lai la mét con Itra. Nguoi choi dugce yéu cau chon
ngau nhién mot canh ctra, nhung khong dugc mé ra.

e Tiép d6 ngudi quan trd tuyén bd sé md ngdu nhién mot trong hai canh ctra ngudi choi
khong chon ma sau ctra d6 1a con ltra. Nguoi quan tro héi nguoi choi muon gitt nguyén
su lya chon ban dau ctia minh hay mu6n chuyén sang ctra chua md con lai.

Gia stt nguoi choi chon ctra s6 1 va ngudi quan tro md ctra s6 3. Ki hiéu Eq; Ep; E5 twong tng la
cac bién co: “Sau G ctta so 1 co 0 t0”; “Sau & clta sO 2 cO 0 t0”; “Sau & ctrta so6 3 co 6 t6” va H 1a

bién c6: “Ngudi quan tro md & clra s6 3 thay con lira”. Sau khi ngudi quan trd md canh ctra sb
3 thay con lira, tic 1a khi H xay ra. D€ quyét dinh thay déi lua chon hay khong, ngudi chai can

so sanh hai xac suat c6 diéu kién: P (E; | H) va P (E | H)

a) Ching minh rang:

o P(Ey) = P(Ex) = P(Es) = 3/
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1
e P(H|E) =§VéP(H|E2) il
b) St dung cong thitc tinh xac suat c6 diéu kién va cong thirc nhan xac suat, chitng minh
rang:

P(E))-P(H|E)
P(H) ’

o P (E1 | H) =
c) Tir cac két qua trén hay suy ra:
P (E, | H) = 2P (E; | H)

Tir d6 hay dua ra 1oi khuyén cho ngudi choi: Nén gitt nguyén sy lia chon ban dau hay
chuyén sang ctta chua md con lai?

r ( T6m 14t kién thire )

@ Cho hai bién c6 A va B bét ki, véi P(B) > 0. Khi d6 P(A | B) = %Bf).
@ Néu A va B I3 hai bién cb doc 1ap thi P(A | B) = P(A) va P(A | B) = P(A).
© Vi hai bién cb A va B bat ki, ta c6 P(AB) = P(B) - P(A | B). Céng thifc nhan xac suét

® Né&u A va B 13 hai bién cb déc 1ap thi P(AB) = P(A) - P(B).

Q i

BAI TAP REN LUVYEN

g

Z

Mot hop kin dung 20 tdm thé gidong hét nhau danh s6 tir 1 dén 20. Mot ngudi rit ngau nhién
ra mot tam thé tir trong hop. Ngudi dé duge thong bao rang thé rit ra mang s6 chan. Tinh xac
suat dé nguoi d6 rut dugc thé s6 10.

B

Cho P(A) = 0,2; P(B) = 0,51; P(B | A) = 0,8. Tinh P(A | B).

B

2

Gieo hai con xtic xac can d6i, dong chat. Tinh xac suat dé:

a) Tong s6 chAm xuat hién trén hai con xtic xac bang 7 néu biét rang it nhat c6 mot con xtic
xac xuat hién mat 5 cham;

b) C6 it nhat c6 mot con xtic xac xuat hién mat 5 chAm néu biét rfing t6ng s6 chdm xuét hién
trén hai con xuc xac bang 7.

Gieo hai con xtic xac can déi, dong chét. Tinh xac suat dé téng sb chAm xuét hién trén hai con
xuc xac d6 khong nhé hon 10 neu biet rang c6 it nhat mot con xdc xac xuat hién mat 5 cham.
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B

Ban An phai thuc hién hai thi nghiém lién tiép. Thi nghiém thir nhat c6 xac suat thanh cong la
0,7. Néu thi nghiém thi nhat thanh cong thi xac suat thanh cong ctia thi nghiém thi hai la 0,9.
Néu thi nghiém thir nhat khong thanh cong thi xac suat thanh cong cta thi nghiém thit hai chi
1a 0,4. Tinh xac suat dé:

a) Ca hai thi nghiém déu thanh cong;
b) Ca hai thi nghiém déu khong thanh cong;
c) Thi nghiém thi nhat thanh cong va thi nghiém thit hai khong thanh cong.

Trong mot tui c6 mot s6 chiéc keo cung loai, chi khac mau, trong doé c6 6 cai keo mau cam, con
lai Ia keo mau vang. Ha lay ngau nhién mot cai keo tir trong tii, khong tra lai. Sau d6 Ha lai lay
ngau nhién thém mot cai keo khac tur trong tui. Biet rang xac suat Ha lay dugc ca hai céi keo

mau cam la 3 Héi ban dau trong tdi c6 bao nhiéu cai keo?

Mot thu vién c6 35% tong s6 sach 1a sach khoa hoc, 14% tong s6 sach 1a sach khoa hoc tu nhién.
Chon ngau nhién modt quyén sach ctia thu vién. Tinh xéc suat dé quyén sach duoc chon la sach
khoa hoc tu nhién, biét rang d6 1a quyén sach vé khoa hoc.

Bdi 8
Cho hai bién cb A va B ¢6 P(A) = 0.4; P(B) = 0.8 va P(A|B) = 0.5. Tinh P(AB) va P(A|B).

Bai 9

MJi ban hoc sinh trong 16p ctia Minh lya chon mot trong hai ngoai ngtt 1a tiéng Anh hoac tiéng
Nhat. Xac suat chon tiéng Anh ctia méi ban hoc sinh nit 1a 0.6 va cia méi ban hoc sinh nam 1a
0.7. L&p ctia Minh ¢6 25 ban ntt va 20 ban nam. Chon ra ngau nhién mot ban trong 16p. St dung
so do hinh cdy, tinh xac suat ctia cac bién c6 A:“Ban dugc chon 1a nam va hoc tiéng Nhat”.
B:”Ban duogc chon la ntr va hoc tiéng Anh”.

@ BAI TAP TRAC NGHIEM

Gieo lan luot hai con xtc xac can doi va dong chat. Tinh xac suat dé tong so cham xuat hién
trén hai con xtc xac bang 6. Biet rang con xtc xac tht nhat xuat hién mat 4 cham.

2 1 1 5
Op ® 5. ©:. ©:.
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g

Cho hai bién c¢6 A va B 1a hai bién c6 doc lap, véi P(A) = 0.2024, P(B) = 0.2025. Tinh P(A|B).

(A)0.7976. 0.7975. (©)0.2025. (D)0.2024.

Cho hai bién c¢6 A va B 1a hai bién c6 doc lap, véi P(A) = 0.2024, P(B) = 0.2025. Tinh P(B| A).
(A)0.7976. 0.7975. (©)0.2025. (D)0.2024.

Cho hai bién c6 A va B, vé6i P(A) = 0.6, P(B) = 0.7, P(A N B) = 0.3. Tinh P(A|B).

3 1 6 1
O ® . ©-. @

Cho hai bién cb A va B, véi P(A) = 0.6, P(B) = 0.7, P(A N B) = 0.3. Tinh P(B|A).

®5 ©5 of

229[-8):10

Cho hai bién ¢b A va B, véi P(A) = 0.6, P(B) = 0.7, P(A N B) = 0.3. Tinh P(A N B).

®, ©3. ©7.

Cho hai bién cb A va B, v6i P(A) = 0.8, P(B) = 0.65, P(A N B) = 0.55. Tinh P(A N B).

(A)0.25. 0.1. (©)0.15. (D)0.35.

Cho hai bién cb A va B, véi P(A) = 0.8, P(B) = 0.65, P(A N B) = 0.55. Tinh P(A N B).

(A)0.25. 0.4. (©)0.3. (D)0.35.

LIFL LI

Trong hop c6 3 vién bi mau trang va 7 vién bi mau dé. Lay 1an lugt méi lan mot vién theo cach
lay khong tra lai. Xac suat dé vién bi lay lan thit hai 1a mau dé néu biét rang vién bi 1y lan thu
nhét cing 1a mau do la

A o] ol 0!

Trong hop c6 3 vién bi mau tréng va 7 vién bi mau dé. Ly lan lugt méi 1an mot vién theo cach
lay khong tra lai. Xdc suat dé vién bi lay lan thit hai la mau dé néu biét rang vién bi lay lan tha
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nhat 1a mau trang la

oF ®3

2
LA

Mot cong ty xay dung dau thau 2 dy an doc 1ap. Kha nang thang thau ctia cac dy an 112 0.6 va
du an 21 0.7. Tim x4c suat cong ty thang thau ding 1 du an.

(A)0.28. 0.7. (©)0.46. (D)0.18.

| Caul2

Mot cong ty xay dung dau thau 2 du an doc 1ap. Kha nang thang thau ctia cac dy an 112 0.6 va
dy 4n 21a 0.7. Biét cong ty thang thau du &n 1, tim xac suat cong ty thang thau dy an 2.

(A)0.6. 0.7. (©)0.46. (D)0.3.

[

Mot cong ty xay dung dau thau 2 du an doc 1ap. Kha nang thang thau ctia cac dy an 112 0.6 va
du 4n 2 1a 0.7. Biét cong ty khong thang thau dy an 1, tim xac suat cong ty thang thau du an
2.

(A)0.4. 0.7. (©)0.28. (D)o.6.

Cho mét hop kin c6 6 thé ATM caa BIDV va 4 thé ATM caa Vietcombank. Léy ngau nhién lan
luot 2 thé (lay khong hoan lai). Tim xac suat dé lan thi hai 14y dugc thé ATM cta Vietcombank
néu biét 1an thir nhat da lay dugce thé ATM ctia BIDV.

Ay er o ep o

Mot binh dung 9 vién bi xanh va 7 vién bi d6. Lan lugt ldy ngdu nhién ra 2 bi, méi 1an 14y 1 bi
khong hoan lai. Tinh xac suat dé bi thtr 2 mau xanh néu biét bi thit nhat mau do6?

3 9 9 21
O ®

17° 80°

Trong hop c6 20 nap khoen bia Tiger, trong d6 c6 2 nap ghi “Chic mirng ban da tring thudng
xe Camry”. Ban Minh Hién dugc chon 1én rat thadm lan lugt hai nap khoen, xac suat dé ca hai
nap déu tring thudng la:

!

E.

i 1 L
19° 190° 10°

Ao so mi An Phudc trudce khi xudt khau sang My phéi qua 2 1an kiém tra, néu ca hai lan déu
dat thi chiéc do d6 m&i du tiéu chuén xuat khau. Biét rang binh quan 98% san pham lam ra qua
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duge lan kiém tra thi nhat, va 95% san phdm qua dugc lan kiém tra dau sé tiép tuc qua dugc
lan kiém tra thit hai. Tim xdc suat d€ 1 chiéc 40 so mi du tiéu chuan xuat khau?

931
®

98" 1000 1000 100°

=

Lép Toan Su Pham c6 95 Sinh vién, trong d6 c6 40 nam va 55 nit. Trong ky thi mén Xac suat
théng ké c6 23 sinh vién dat diém gidi (trong d6 ¢6 12 nam va 11 nit). Goi tén ngau nhién mot
sinh vién trong danh sach 16p. Tim xac suat goi dugc sinh vién dat diém gidi moén Xac suat
théng ke, biét rang sinh vién d6 la nir?

1 11 12 11
®! ®

23 23° 19°

Cho hai bién c6 A va B c6 P(A) = 0,8; P(B) = 0,5 va P(AB) = 0,2. Xac suat ctia bién c6 A véi
diéu kién B 1a

(A)0,4. 0,5. (©)0,25. (D)0,625.

Cho hai bién cb A va B ¢6 P(A) = 0,8; P(B) = 0,5 va P(AB) = 0,2. Xac suat bién c6 B khong xay
ra véi diéu kién bién cd A xay ra la

(A)0,6. 0,5. (©)0,75. (D)0,25.

Cho hai bién ¢ A va B ¢6 P(A) = 0,8; P(B) = 0,5 va P(AB) = 0,2. Gia tri ctia biéu thtc
P(A|B) P(B|A) o
P(A) P(B)

(A)—0,5. 0. (©)o,5. D1

| Cau22 4

Mot nha may thuyc hién khao sat toan bd cong nhan vé sy hai long ctia ho vé diéu kién lam viéc
tai phan xudng. Ket qua khao sat nhu sau:

K;’\t 2 kh 2 /t
= ¢ qua KN30 S| Hai long | Khong hai long
Khao sat cong nhan

S6 cong nhan phan xudng I 37 13
S6 cong nhan phan xudng I 63 27

Géap ngau nhién mot cong nhan ctia nha may. Goi A la bién c6 “Cong nhan d6 lam viéc tai phan
xudng I ”. Xac suat ctia bien co A la

37 37 5 1
i} OF T OF
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| Cou2s 4

Mot nha may thuc hién khao sat toan bo cong nhan vé su hai long ctia ho vé diéu kién lam viéc
tai phan xuong. Ket qua khao sat nhu sau:

Két qua khao sat
. N €L QUa KRAOSAL | g long | Khong hai long
Khao sat cong nhan
S6 cong nhan phan xudng I 37 13
S6 cong nhan phan xudng I 63 27

G&p ngau nhién mot cong nhan ctia nha may. Goi A 1a bién ¢ “Coéng nhan d6 1am viéc tai phan
xudng I 7 va B la bien co “Cong nhan dé hai long véi dieu kién lam viéc tai phan xudng”. Xac
suat cua bién co6 A vdi dieu kién B la

(A)0,37. 0,5. 57 >

50° 14

Mot nha may thuyc hién khao sat toan bo cong nhan vé sy hai long ctia ho vé diéu kién lam viéc
tai phan xuong. Ket qua khao sat nhu sau:

Két qua khao sat
. N A KR0S long | Khong hai long
Khao sat cong nhan
S6 cong nhan phan xudng I 37 13
S6 cong nhan phan xudng II 63 27

Gap ngau nhién mot cong nhan ctia nha may. Goi A 1a bién cd “Céng nhan d6 1am viéc tai phan
xudng I ” va B la bien co “Coéng nhan dé hai long véi dieu kién lam viéc tai phan xudng”. Xac
suat cua bien c0 B vdi dieu kién A khong xay ra la

E.

Cho hai bién ¢6 A va B 1a hai bién c6 doc lap, v6i P(A) = 0.7, P(B) = 0.6. L
a) P(A|B) = 0.6. b) P(B|A) = 0.4. ¢) P(B|A) =0.4. d) P(B|A) = 0.6.

| Cau26 4

Cho hai bién ¢b A va B, véi P(A) = 0.4, P(B) = 0.8, P(AN B) = 0.4.

a) P(A) = 0.6va P(B) = 0.2. b) P(A|B) = %
o) P(B|A) = % d) P(ANB) = g

Mot cong ty truyén thong dau thau 2 dy an. Kha nang thang thau ctia dy an 11a 0.5 va dy an
212 0.6. Kha nang thang thau cta ca 2 du én 1a 0.4. Goi A, B 1an luot 1a bién cb thang thau du
an1vaduan 2.

a) A va Blahaibién c6 doc lap.
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b) Xac sudt cong ty thang thau dung 1 du 4n 1a 0.3.
¢) Biét cong ty thang thau du an 1, xac suat cong ty thang thau du an 2 1a 0.4.
d) Biét cong ty khong thang thau du an 1, xac suat cong ty thang thau dy an 214 0.8.

L&p 12A c6 30 hoc sinh, trong d6 c6 17 ban nit con lai la nam. C6 3 ban tén Hién, trong do co 1
ban ni va 2 ban nam. Thay gido goi ngau nhién 1 ban 1én bang.

a) Xac suat dé c6 tén Hién la T
- A ~ s 4 A o X 2. « X PN - ~ 1 3
b) Xéc suat dé co tén Hién, nhung véi dieu kién ban d6 nir 1a 7

) Xdc suat dé c6 tén Hién, nhung véi diéu kién ban d6 nam la T

4 N A ; S d AL 2R L 1s _ .3
d) Neu thay giao goi 1 ban c6 tén la Hién lén bang thi xac suat dé ban doé 1a ban ntr 1a 7
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52. CONG THU'C XAC SUAT TOAN PHAN VA CONG THU'C

BAYES
TOM TAT LI THUVET

1. Cong thic xdc suét toan phan

Dinh nghia 2.1. Cho hai bién ¢4 A va B. Khi d6, ta c6 cong thitc sau:
P(B) = P(A)-P(B | A)+ P(A) - P(B | A).

Cong thirc trén dugc goi 1a cong thirc xac suat toan phan.

T

Ong An hang ngay di lam bang xe may hodc xe buyt. Néu hom nay ong di 1am bang xe buyt
thi xac suat dé€ hom sau 6ng di lam bang xe may 1a 0,4. Néu hom nay 6ng di lam bang xe may
thi xac suat dé hom sau 6ng di 1am bang xe buyt 1a 0,7. Xét mot tuan ma thi Hai 6ng An di lam
bang xe buyt. Tinh xac suat dé thit Tu trong tudn d6, 6ng An di lam bang xe may.

A Mot phuong phdp mé té tricc quan cong thitc xdc sudt toan phan la diing so do hinh cdy.
Tré lai Vi du 1. Ki hiéu A la bién cb: “Thit Ba, ong An di lam biang xe mdy”; B la bién cb: “Thit Tu,
ong An di lam bang xe mdy”.
Ta vé so do hinh cdy nhu sau:

Géc O

0,6

Trén nhdnh ciy OA va OA tuong iing ghi P(A) va P(A);

Trén nhdnh cdy AB va AB tuong ting ¢hi P(B | A) va P(B | A);
Trén nhdnh cdy AB va AB tuong iing ghi P(B | A) va P(B | A).
C6 hai nhdnh cdy di téi B la OAB va OAB. Viy:

P(B)=04-034+0,6-04 = 0,36.

T

Trd lai Vi du 1. St dung so d6 hinh cay, hay mo ta cach tinh xac suat dé thit Tu, 6ng An di lam
bang xe buyt.

Goi A 1a bién cb: “Thu Ba, 6ng An di lam bang xe may”; B 1a bién c6: “Thit Tu, 6ng An di lam
bang xe mdy”. Ta can tinh P(B). Xét so do hinh cy & trén, ta c6 hai nhanh cay di t6i B 1a OAB
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va OAB. Khi d6
P(B)=0,4-0,7+0,6-0,6 = 0,64.

V6i gia thiét nhu van dung trén.
a) Hay udc luong ti 1é cay con c6 kiéu gene BB.

b) St dung két qua ctia van dung trén va cau a, hay udc lugng ti 1é cay con c6 kiéu gene Bb.

2. Cong thic Bayes

Dinh nghia 2.2. Cho A va B 1a hai bién c6, v6i P(B) > 0.
Khi dé, ta c6 cong thirc sau:

P(A | B) = P(A)-P(B | A)
P(A)-P(B | A) + P(A)-P(B | A)

Cong thirc trén 6 tén la cong thirc Bayes.

A Theo cong thirc xdc sudt toan phdn, ta cd:
P(B) = P(A)- P(B | A)+ P(A)- P(B | A).

Do dé, cong thitc Bayes con cd thé viét dudi dang:

P(A)- P(B | A)
P(A|B)= =T
Y nghia ctia cong thitc Bayes: Mot nha nghién citu quan tam dén xdc sudt xdy ra ciia bién c6 A. Theo
tinh todn ban ddu A c6 xdc sudt la P(A) = p. Sau dd, nha nghién citu c6 dugc thong tin ring: “Bién
cb B di xdy ra”. V&i thong tin mdi nay, nha nghién citu sé cdp nhdt lai hiéu biét ciia minh vé khd ning
xdy ra bién c6 A, bing cdch tinh P(A | B), xdc sudt ciia A khi biét B da xdy ra. Cong thiic Bayes cho
ta tinh P(A | B).

Trong mot ki thi tot nghiép trung hoc phd thong, mot tinh X c6 80% hoc sinh lua chon t6 hop
A00 (gdm cac mon Toan, Vat 1, Hoa hoc). Biét r?mg, néu mot hoc sinh chon t6 hgp A00 thi xac
suat dé hoc sinh d6 d6 dai hoc 1a 0,6; con néu mot hoc sinh khéng chon t6 hgp A00 thi xac suat
dé hoc sinh d6 d6 dai hoc 1a 0,7. Chon ngdu nhién mot hoc sinh ctia tinh X da tot nghiép trung
hoc ph6 thong trong ki thi trén. Biét rf!mg hoc sinh nay da d6 dai hoc. Tinh xac suat dé hoc sinh
d6 chon t6 hgp A0O.

Trong mdt kho rugu c6 30% 1a rugu loai I. Chon ngau nhién mot chai rugu dua cho 6ng Tung,
mot ngudi sanh rugu, dé ném thur. Biét réng, mdt chai rugu loai I 6 xac suat 0,9 dé ong Tung
xac nhan 1a loai I; moét chai rugu khong phai loai I ¢6 xac suat 0,95 dé ong Tung xac nhan day
khong phai la loai I. Sau khi ném, ong Tung xac nhan day la rugu loai I. Tinh xac suat dé chai
ruou dung la rugu loai L.
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s

Tré lai tinh huéng mé dau Muc 2. Tinh xac sut dé dng M mac bénh hiém ngheéo X néu két qua
xét nghiém cho két qua duong tinh.

a7

Trd lai tinh huéng mé& dau Muc 2. Théng ké cho thay ti 1é dan s6 mac bénh hiém ngheo X 1a
0,2%.

a) Trudc khi tién hanh xét nghiém, xac sudt mac bénh hiém nghéo X ctia 6ng M 1a bao nhiéu?

b) Sau khi xét nghiém cho két qua duong tinh, xac sudt mac bénh hiém nghéo X ctia 6ng M
la bao nhiéu?

s

Mot thong ké cho thay ti 1é dan s6 mac bénh hiém ngheo Y 1a 0,5%. Ba N di xét nghiém bénh
hiém nghéo Y va nhan dugc két qua 1a &m tinh. Biét rang, néu mac bénh hiém ngheo Y thi véi
xéac suat 0,94 xét nghiém la duong tinh; néu khong bi bénh hiém ngheéo Y thi véi xac suat 0,97

xét nghiém la am tinh.
a) Trude khi tién hanh xét nghiém xdc suat khong mac bénh hiém nghéo Y cta ba N 1a bao
nhiéu?

b) Sau khi xét nghiém cho két qua 4m tinh, xac suat khong mac bénh hiém nghéo Y ctia ba N
la bao nhiéu?

( Tém tat kién thirc )
© Cbng thiic x4c sult toan phan P(B) = P(A) - P(B | A) + P(A) - P(B | A).

. . _ P(A)-P(B | A)
@ Cbéng thiic Bayes P(A | B) = P(A) P8 | A) 1 PGA) PB4 (1)
@ Céng thiic Bayes P(A | B) = P(4) Pz(gs | A) )

. J

BAI TAP REN LUYEN

ED

Trong quan sy, mdt mdy bay chién dau ctia d6i phuong c6 thé xuat hién & vi tri X vdi xac suat
0,55. Néu may bay d6 khong xut hién & vi tri X thi né xuat hién & vi tri Y. Dé phong thu, cac
bé phong tén Itta dugc bo tri tai cac vi tri X va Y. Khi may bay ddi phuong xuat hién & vi tri X
hodc Y thi tén lita sé dugc phong dé ha may bay do.

Xét phuong an tac chién sau: Néu may bay xuat hién tai X thi ban 2 qua tén Itra va néu may bay
xuat hién tai Y thi ban 1 qua tén lira.

Biét rang, xac suat ban tring may bay ctia méi qua tén Iira 1a 0,8 va cac bé phéng tén lira hoat
dong doc 1ap. May bay bi ban ha néu né tring it nhat 1 qua tén ltra. Tinh xac suat ban ha may
bay dbi phuong trong phuong an tac chién néu trén.
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C6 hai chudng thé. Chudng Ic6 5 con tho den va 10 con thé trang. Chudng I ¢6 7 con thé den
va 3 con tho trang. Trudc tién, tir chudng II 1ay ra ngdu nhién 1 con thé rdi cho vao chudng 1.
Sau d6, tir chudng I 1ay ra ngdu nhién 1 con tho. Tinh xéac suat dé con thé dugce lay ra la con thd
tréng.

EE

Tai nha mdy X san xuat linh kién dién t ti 1é san phdm dat tiéu chudn la 80%. Trudc khi xuat
xudng ra thi truong, cac linh kién dién tir déu phai qua khau kiém tra chat lugng dé déng dau
OTK. Vi sy kiém tra khong tuyét d6i hoan hdo nén néu mot linh kién dién tr dat tiéu chuan thi
n6 c6 xac suat 0,99 duge déng dau OTK; néu mot linh kién dién tir khong dat tiéu chuan thi né
c6 xac suat 0,95 khong duge dong ddu OTK. Chon ngau nhién mot linh kién dién tir ctia nha
may X trén thi truong.

a) Tinh x4c suat dé linh kién dién tir d6 duge dong dau OTK.

b) Duing so d6 hinh cay, hay m6 ta cach tinh xac suat dé linh kién dién tir dugc chon khong
dugc déng dau OTK.

Bdi 4

C6 hai d6i thi ddu mon Ban sting. Doi I c6 5 van dong vién, doi Il c6 7 van dong vién. Xac suat
dat huy chuong vang ctiia mdi van dong vién doi I va doi Il tuong tng la 0,65 va 0,55. Chon
ngau nhién mot van dong vién.

a) Tinh xac suat dé van dong vién nay dat huy chuong vang;

b) Gia st van dong vién dugce chon dat huy chuong vang. Tinh xac suat dé van dong vién
nay thudc doi L.

Mot bo loc duge stt dung dé chan thu rac trong céc tai khoan thu dién ti. Tuy nhién, vi bo loc
khong tuyét doi hoan hao nén mot thu rac bi chan vdi xac suat 0,95 va mot thu dang (khong
phai la thu rdc) bi chan véi xac suat 0,01. Thong ké cho thay ti 1¢ thu rac la 3%.

a) Chon ngau nhién mot thu bi chan. Tinh xac suat dé d6 1a thu rac.
b) Chon ngau nhién mot thu khong bi chdn. Tinh xac suat dé d6 la thu dung.

c) Trong s cac thu bi chdn, ¢6 bao nhiéu phan tram la thu ding? Trong s6 cac thu khong bi
chan, c6 bao nhiéu phan tram la thu rac?

@ BAI TAP TRAC NGHIEM

PHAN L. Céu tric nghiém nhiéu phuong an lwa chon. Méi cau hoi hoc sinh chi chon mét phuong
an.
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=

Cho hai bién cb A va B, véi P(B) = 0,8, P(A|B) = 0,7, P(A|B) = 0,45.

(A)0,25. 0, 65. (©)o, 55. D)o,5.

Cho hai bién 6 A va B, v6i P(B) = 0,8, P(A|B) = 0,7, P(A|B) = 0, 45.

(A)0,25. 0,65. %. (D)0,5.

Gia st ti 1é nguoi dan cda tinh Khanh Hoa nghién thubc 14 1a 20%; ti 1é ngudi bi bénh phéi
trong s6 ngudi nghién thudc 14 1a 70%, trong s6 ngudi khong nghién thube 14 1a 15%.

(A)15%. 29%. (©)31%. (D)26%.

| Caud

Cho so do hinh cay nhu hinh bén. Xac suat ctia bién cb B la
(A)0,42. 0,62. (©)0,28. (D)0,48.
0,2
0,8
Cho so do6 hinh cdy nhu hinh bén. Xac suét diéu kién P(A | B)
la ; ;
—. 7. —. 48.
31 0, 50 @ 048 0.2
0,8
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(o)

Tinh x4c sudt ma ngudi d6 la nghién thudc 14 khi biét bi bénh phdi.

7 6 4
® &

13° 13°

=

Cho so do hinh cay nhu hinh bén. Xac suat ctia bién cd B la
(A)0,42. 0,62. (©)0,28. (D)0,48.
0,2
0,8
Cho so do6 hinh cay nhu hinh bén. Xac suat diéu kién P(A | B)
la . .
—, 7. —. 48.
31 0, 50 @ 048 02
0,8

| Caus

Cho so d6 hinh cay nhu hinh bén. Gia tri ctia biéu thuc
P(B)P(A | B) B
P(A)

(A)0,48. 0,3. (©)05. D)0s. 0,2
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| Caul0

Cho so d6 hinh cay nhu hinh bén. Xac sut ctia bién c6 ca A va B
déu khong xay ra la

(A)0,32. 0,4. (©)03. (D)0,92.

0,8

B

PHAN II. Cau tric nghiém ding sai. Trong méi y a), b), ¢), d) & mdi cau, hoc sinh chon diing
hoac sai.

| Caul

Mot 16 hang c6 80 chinh phdm va 20 phé pham. Trong qud trinh van chuyén vé kho thi bi mat
1 sdn pham. Vé dén kho, nguoi ta chon ngau nhién mot san phdm dé kiém tra chat luong.

a) Xdac suét dé san pham bi mat 1a chinh pham 1a 0,8.

b) Xac sudt sdn phdm dugc kiém tra la phé phdm néu biét rang san pham bi mét 1a chinh

phim 12 0,2.
¢) Xac sudt san phdm dugc kiém tra la phé pham néu biét rang san pham bi mat 1a phé pham
1a 0,2.

d) Xac suat san phdm dugc kiém tra 1a phé pham 1a 0,2.

| Cau2

Ngudi ta danh gia tinh hiéu qua ctia mot quy trinh sang loc bang cach tinh xac suat xay ra am
tinh gia hodc duong tinh gia. Xét cac ki hiéu sau day

@ T*:Két qua xét nghiém duong tinh (va cho thay ngudi d6 mac bénh nay).
@ T~ :Két qua xét nghiém am tinh (va cho thiy ngudi d6 khong mac bénh nay).
® D¢: Nguoi do thuc sy khong o bénh.
@ D: Ngudi thuc sy mac bénh.
Ngudi ta thdy rang do nhay ctia phép kiém tra c6 xac suat c6 diéu kién nhu sau
P(T*|D) =098 va P(T"|D) =0,99.
Biét rang ti 1é nhiém bénh ctia cong dong 1a 2 trén 1 triéu ngudi, hay cho biét méi khang dinh
dudi day dung hay sai?
a) Xdc suat nhan dugc két qua xét nghiém duong tinh biét rang nguoi dé thuc su khong c6
bénh 1a 0,02.
b) Xac sudt nhan dugc két qua xét nghiém am tinh biét rang ngudi d6 thuc sy mac bénh la
0,02.
¢) Xdac suat nhan dugc két qua xét nghiém am tinh 1a 0,98999806.
d) Xac sut nhan dugc két qua xét nghiém duong tinh la 0,02000192.
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| Cau3

Mot théng ké cho that ti 1é dan s mac bénh hiém nghéo Y 1a 0,5%. Ba N di xét nghiém bénh
hiém nghéo Y va nhan dugc két qua am tinh. Biét rang, néu mac bénh hiém ngheéo Y thi véi
xéc suat 0,94 xét nghiém duong tinh; néu khong bi bénh hiém ngheo Y thi véi xac suat 0,97 xét
nghiém 1a 4m tinh. Khang dinh nao sau day ding?

a) Trudc khi tién hanh xét nghiém, xac suat khong mac bénh hiém ngheo Y ctiaba N 1a 0,995.

b) Xac suat dé ba N c6 xét nghiém 1a am tinh néu ba N bi bénh Y 1a 0,03.

¢) Xdac suat dé ba N c6 xét nghiém am tinh 1a 0,9 .

d) Sau khi xét nghiém cho két qua 4&m tinh, xac suat khong mac bénh hiém ngheo Y ctia ba

N 1a 99,97%.

Két qua khdo sat tai mot xa cho thay c6 20% cu dan hiit thudc 14. Ti 1é cu dan thudng xuyén gap
cac van dé sttc khde vé duong ho hap trong nhitng nguoi hut thudc 14 va khong hut thude 14 1a
70% va 15%. Gid st ta gap mot cu dan ctia xa, xét tinh diing sai ctia cac khang dinh sau?
a) Néu ta gdp mot cu dan clia xa khong gdp cac van dé stic khoe vé duong ho hap thi xéac
suat nguoi d6 khong hut thudc 14 1a 80%.
b) Néu ta gdp mot cu dan ctia xa khong gap cac van dé stic khoe vé dudng hé hap thi xac
suat nguoi d6 c6 hut thude 14 1a 20%.
¢) Xdc sudt ngudi d6 thuong xuyén gap cac van dé strc khoe vé duong ho hap 1a 26%.
d) Néu ta gdp mot cu dan ctia xa thuong xuyén gap cac van deé sic khde vé duong hd hap
thi xac suat ngudi d6 c6 hut thudc 14 1a 54%.

| Caus

Mot chiéc hop c6 80 vién bi, trong d6 c6 50 vién bi mau dé va 30 vién bi mau vang; cac vién bi
c6 kich thude va khdi lugng nhu nhau. Sau khi kiém tra, ngudi ta thay c6 60% sb vién bi mau
do danh sb va 50% sb vién bi mau vang c6 danh sd, nhitng vién bi con lai khong danh sb.

a) S6 vién bi mau dé c6 danh sb 1a 30.

b) Sb vién bi mau vang khong danh s6 la 15.

A X PN A PN . A s A ~ [N . A - s A 1 3
¢) Lay ra ngau nhién mot vién bi trong hop. Xac suat dé vién bi dugc lay ra cé danh so la 5
d) LAy ra ngiu nhién mot vién bi trong hop. Xac suat dé vién bi dugc lay ra khong c6 danh

51a —.
sola -

PHAN III Cu tric nghiém tra 16i ngan. Hoc sinh tra 1oi vao 6 két qua.
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53. BAI TAP ON CHUONG VI

©

TRAC NGHIEM

1
ChoP(A)=Z;P(B|A) = 3 Gia tri ctia P(AB) la

2 3 1 4
e ® ©5 OF

Q1N

i

ChoP(A) = ;P (B|4A) = ! Gis tri ctia P (BA) la

4

4 4 3
® 5 T OF

Q1N

Cho P(A) = Z;P(B| A) = %;P (B|4) = }L.Gié tri ctia P(B) la

19 17 9 7
® D=

60 60 20°

Q1N

B.20/-28

An c6 mot tiGi gom mot sd chiée keo cting loai, chi khac mau, trong dé c6 6 chiéc keo so-co-la
den, con lai 1a 4 chiéc keo s6-cod-la trang. An ldy ngau nhién 1 chiéc keo trong tii dé cho Binh,
r6i lai 1y ngau nhién tiép 1 chiéc keo nira trong tui va cting dua cho Binh. Xac suat dé Binh
nhan duoc 2 chiéc keo s6-cod-la den 1a

®:. ® ©: ©:.

g

An c6 mot tii gom mot s6 chiée keo cung loai, chi khac mau, trong d6 c6 6 chiéc keo s6-co-la
den, con lai 1 4 chiéc keo sd-co-la trang. An lay ngau nhién 1 chiéc keo trong tdi dé cho Binh,
r6i lai 1ay ngAu nhién tiép 1 chiéc keo nira trong tudi va cting dua cho Binh. Xac suat dé Binh
nhan duoc 2 chiéc keo s6-co-la tréng la

1 2 3 4
W3 ® o .

g

An c6 mot tii gom mot s6 chiée keo cung loai, chi khac mau, trong d6 c6 6 chiéc keo s6-co-la
den, con lai 1 4 chiéc keo s6-co-la trang. An lay ngau nhién 1 chiéc keo trong tdi dé cho Binh,
r6i lai 1ay ngAu nhién tiép 1 chiéc keo nira trong tudi va cting dua cho Binh. Xac suat dé Binh
nhan duoc chiéc keo s6-co-la den § 1an thit nhat va chiéc keo s6-co-la tréng &1an thi hai la

1 3 1 4
W3 ® 3% ©7 7
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Chuong 6. XAC SUAT CO PIEU KIEN 2 )

TU LUAN

Dé thir nghiém tac dung diéu tri bénh mat ngti ctia hai loai thudc X va Y, ngudi ta tién hanh
thit nghiém trén 4000 nguoi bénh tinh nguyén. Ket qua duoc cho trong bang thong ké sau:

o Dung thuoc x %
Ket qua
Khoi bénh 1600 | 1200
Khong khoi bénh 800 | 400

Chon ngau nhién 1 nguoi bénh tham gia tinh nguyén thir nghiém thudc.
a) Tinh xéac sudt dé ngudi d6 khoi bénh néu biét ngudi d6 udng thudc X.

b) Tinh x4c sut dé ngudi bénh d6 udng thube Y, biét rang ngudi d6 khéi bénh.

Mot nhom c6 25 hoc sinh, trong d6 14 hoc sinh hoc kha mén Toan, 16 hoc sinh hoc kha moén
Vit Ii, 1 em khong hoc kha ca hai mon Toan va Vat li. Chon ngfm nhién mot hoc sinh trong sO
dé, tinh xac suat dé hoc sinh do

a) Hoc kha mon Toan, déng thoi hoc kha mon Vat 1i.

b) Hoc kha mon Toan, nhung khong hoc kha mén Vat 1i.

¢) Hoc kha mén Toan, biét rang hoc sinh d6 hoc kha mon Vat 1.

Chuong I c6 5 con ga mai, 2 con ga trong. Chuong 11 ¢6 3 con ga mai, 5 con ga trong. Bac Mai
bat mot con ga trong s6 d6 theo cach sau: Bac tung mot con xtic xac can déi, dong chat. Néu
s6 chAm chia hét cho 3 thi bac chon chudng I, néu s6 chdm khong chia hét cho 3 thi bac chon
chudng II. Sau do, tit chuéng da chon bac bat ngau nhién mot con ga. Tinh xac suat dé bac Mai
bat dugc con ga mai.

Mot loai vaccine dugc tiém & dia phuong X. Ngudi c6 bénh nén thi vdi xac suat 0,35 c6 phan
tng phu sau tiém, ngudi khong c6 bénh nén thi chi c6 phan tng phu sau tiém véi xac suat 0,16.
Chon ngiu nhién mot ngudi dugce tiém vaccine va ngudi nay c6 phan ting phu. Tinh xac suat
dé nguodi nay c6 bénh nén, biét rang ti 16 ngudi c6 bénh nén & dia phuong X 1a 18%.
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