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LO1 NOI DAU

7-iuf}'p theo B6 sach Gidi todn danh cho hoc sinh 1ép chuyén, nhém tac gia
trudng THPT chuyén Lé Hong Phong bién soan B sach Tai liéu chuyén todn
THPT theo chuyén dé nham gitp cidc em hoc sinh tu hoc dé nam dugc trong
tam kién thiic va luyén tap giai toan, qua dé gitp hoc sinh tu 6n thi vao dai
hoc dat két qua tét.

Cudn sdch Tai liéu chuyén Todn THPT chuyén dé : Hinh hoc khéng gian
goém 2 phan chinh :

Phan mét: LI THUYET VA PHUONG PHAP GIAI TOAN
Gom 8 chuong :

Chuong 1. HINH LANG TRU

Chuong 2. HINH HOP

Chuaong 3. HINH CHOP

Chuong 4. HINH CAU

Chuong 5. HINH TRU

Chuong 6. HINH NON

Chuong 7. CAC BAI TOAN VE KHOANG CACH

Chuong 8. CAC BAI TOAN VE GOC

Phén hai : UNG DUNG DE GIAI CAC BE THI TUYEN SINH DAI HOC

Phan nay gém mét s6 dé thi tuyén sinh dai hoc nhiing ndm gén day, mét sé
dé thi mau chon loc va nhling bai toan hinh hoc khéng gian thudng gap trong
giai toan.

Rat mong cudn sach nay gitp ich cho cac em hoc sinh tu hoc va tu én thi
vao dai hoc thanh cong.

Mac du rat c6 gang trong qua trinh bién soan nhung nhing khiém khuyét
la khéng thé tranh khoi, ching téi rat mong nhéan dugc cac y kién déng gop
cla cac quy thay ¢ va cac em hoc sinh yéu toan dé cac lan tai ban sau, cudn
sach dugc hoan chinh hon.

Moi y kién dong gop xin gui vé theo dia chi:

Ban Bién tap Toan - Tin, Céng ty CP Dich vu xuat ban gido duc Gia Pinh — Nha
xudat ban Gido duc Viét Nam — 231 Nguyén Van Cu, quan 5, TP, H6 Chi Minh.

NHOM TAC GIA






‘ Ll THUYET
VA PﬂﬁﬁHG PHAP GIAI TOAN

A.TOM TAT Li THUYET

I. PINH NGHIA
Cho hai mat phang (o) va (o))
song song voi nhau. Trén (a) cho
da giac 16i A/A,..A, . Qua cac dinh
A A, ...,A, tavecac dudong thing

song song véi nhau va cit mp (a')
lan luot tai A", A',....,A" .

Hinh gom hai da giac AA,..A, va
A''A',..A', va cac hinh binh hanh
AALALA . AR ALK
A A' A'A, duge goi la hinh lang
tru va dugc ki hiéu la
A A ALAY AT

Hai da giac A/A,..A, va A A',...A', goi la hai mat day, cac hinh binh hanh
AAYAL A, ALALAL A, ., A A" A A, duoc got la cac mit bén, cac canh
khong thudc hai day déu song song véi nhau va duoc goi la canh bén.

Khoang céach giira hai ddy goi la chiéu cao cua lang tru.

IL. TINH CHAT
— Hai day 1 hai da giac bang nhau, c6 canh d6i mdt song song va bang nhau.
— Céc canh bén song song va bang nhau.
— Cac mat bén la hinh binh hanh.



I1I. PHAN LOAI
— Hinh ldng try dirng 1a hinh lang tru c6 canh bén vudng goc voi mat day.
— Hinh ling tru xién la hinh lang tru c6 canh bén khong vuéng gbc val mat day.
— Hinh lidng tru déu 13 hinh lang tru dimg c6 day 1a da gidc déu.

Lang tru ding Lang tru xién

<

Lang tru déu

IV. CONG THUC
— Thé tich cua khdi ling tru bang

tich so cua dién tich day va chiéu A
cao cua khoi lang tru do
V=B.h
— Dién tich xung quanh bing téng h
dién tich cac mat bén

qu = Zsmat bén
— Dién tich toan phan bang tong cua
dién tich xung quanh va dién tich
hai day
S. =8 +IB,
N

i
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B. CAC BAI TOAN VA PHUONG PHAP GIAI

H Tinh thé tich khéi ling tru

I. PHUONG PHAP
Pé tinh thé tich cac khdi lang tru ta thwe hién cac bude :
— Xac dinh chan duong cao
— Vé duong cao
— Tinh duong cao h
— Tinh dién tich day B
— Tinh thé tich ling tru theo cong thirc V = Bh.

II. CAC BAI TOAN

®Bai todn 1. Tinh thé tich khéi lang tru luc gidc déu c6 canh day bing a va
duong cao 3a.

Gidi

[ ————

3a

\--
I
I
I
I
]
]
i
I
I
]

o

-

Ta ¢6 chiéu cao ling tru la : h = 3a.

a3

Dién tich day cua lang trula : B = 6. i

a’y3 9a°/3
4 % -

Thé tich cua lang tru la : V = B.h = 3a.6.



®Bai todn 2. Cho ling tru tam giac déu ABC.A’B’C’ c6 canh day bing a,
khoang cach tir tam O ciia tam giac ABC dén mit phing (A’BC) bang %.
Tinh thé tich cta khoi lang tru da cho.

Gidi
Goi I 1a trung diém cua BC, O la tAm cua tam

giéc ABC nén O thudc Al va OI = %AI.

Dung OH L A’ltai H, taco:

BC 1 Al
BC L AA’

= BC L (A'AI) > BC L OH..

Lai c6 OH L A’I nén OH L ( A’BC).

Vay OH = d(0, (A’BC)) = %.

Dat AA” =x (x> 0), xét tam giac vudng A’Al ta co : B

A'T=+VAA %4 AT?

2
= \/szr(ﬁ]z =1'x2+3i.
2 4

Hai tam giac vuéng OHI va A’Al dong dang, suy ra :

OF - O o OHA'I=0LAA
AA A'l
2
S (3 e ad o 1, a3
6 4 6 6
3&2 2
o 22 i x® =3x o2 | x?=3x?
» Saf a6
= ox=""C
8 4

Thé tich cua khéi lang tru ABC.A’B’C” :

_ a®\/3 a\/g _ 3V2a°
4 T4 '

16

V=8, AA"



N a2

H Tinh dién tich hinh lang tru

I. PHUONG PHAP

Cac mat bén cua hinh lang tru la cac hinh binh hanh. Hai day cua hinh lang tru

la hai da giac bang nhau.

Dé tinh dién tich hinh lang tru ta thuc hién cac budc :

— Xac dinh hinh tinh cac mat

— Tinh dién tich tirng mat

— Tinh dién tich lang tru theo céc cong thirc :

a) Dién tich xung quanh bang tong dién tich cac mit bén

qu - ZSmfn:bén
b) Dién tich toan phan bang tong cuia dién tich xung quanh va dién tich hai day
S =S +2B.
tp Xq

II. CAC BAI TOAN

®Bdi todn 3. Tinh dién tich xung quanh va dién tich toan phan cta hinh ling tru

luc giac déu c6 canh day bang a va duong cao 3a.

Gidi

Ta ¢6 chiéu cao liang tru 1a : h = 3a (xem hinh bai toan 1).

31\/3 _ 3a’ \@
4 2

Moi mit bén ctia lang tru 1a hinh chit nhat c6 dién tich S = 3a’

=S =6.3a°=18a’
xq

Dién tich day cua lang tru la : B=6.

=§,, =S, +2B=18a"+2 =3a%(6+3).

3”3
2
Bai todn 4. Cho ling tru tam gidc déu ABC.A’B’C’ ¢6 canh ddy bing a,
khoang céch tir tim O cua tam giac ABC dén mit phang (A’BC) bang %+

Tinh dién tich toan phan cua hinh lang tru.



a6

Theo ching minh & bai toan 2, ta da ¢6 chiéu cao cua ling tru la: AA'= 7

a6

Cac mat bén cua lang tru la cac hinh chir nhat co kich thuoc a va
Hai day 1a hai tam giac déu co canh bang a.
Vay dién tich toan phan cia lang tru ABC.A’B’C’ 1a:

Sip "Oxg T4y = P apna T Pane
2’3

2

2 2
=332\E+a V3 _a’V33V2+2)

2 4
O

H Phan loai hinh lang tru theo dudng cao

=3AA" AB+

pé giai cac bai toan vé hinh lang tru, diéu quan trong nhat 13 xac dinh dugc
duong cao. Nguoi ta phan loai lang tru theo cac kiéu duong cao nhu sau :

Logi 1 : PUONG CAO LA CANH BEN
(Tat ca cac ling tru déu thi c¢6 duong cao la canh bén).

10



®Bai todn 5. Cho ling tru tam gidc déu ABC.A’B’C’ ¢6 canh day bang a va
canh bén bang a+/3 . Tinh thé tich va dién tich toan phan cia ling tru.

Gidi

A &

B!

a3

Do ABC.A’B’C’ 1a lang try tam gidc déu nén ddy ABC la tam giac déu va
duong cao la canh bén : h= AA” = a3 .
a’\3

Dién tichday B=S, . = .

2 3
q
a \/{j'a\/_:33 '

Thé tich V=B.h =8, po-AA'= 7

V3
=

®Badi todn 6. Cho lang tru ding ABC.A'B’C’ ¢6 day la tam giac ABC vuodng
tai B. AB = a, BC = ay/3, AA’= 2a. Tinh thé tich va dién tich toan phan cia

2
% - 3 .
Dién tich toan phn : S_ =S, _+2B= 3223 +2.° ;/_ e

ldng tru. B'
Giai
Do ABC.A’B’C’ la lang tru ding nén A
duong cao la canh bén : h= AA’ = 2a. ; C
2 |

Dién tich day B=S, . = 1 appo=2Y3, = A

2 2 _.“" i

a- Navs3
2 =g “\
Thé tich VzB.thABC.AA'zd \@.Za:a'z\/g. A
2 C

Tam giac ABC vudng tai Bnéntaco: AC= \/Bf’{2 +BC? =2a.
11
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a’\/3

Dién tich toan phﬁn ; Stp C qu +2B=2a(a+2a+ a\/g) + 2. ' =

=223 +3)+a%3 =3a%(2+3).

Loai 2 : PUONG CAO NAM BEN TRONG LANG TRU

Bai todn 7. Cho ling tru tam gidac ABC.A’B’C’ ¢6 day la tam giac déu canh
bing a, A’A=A'B=A’C = av3.

a) Chirng minh tt giac BB'C’C Ia hinh chit nhét.

b) Tinh thé tich cua lang tru.

a) Goi G la trong tam tam giac déu ABC va goi M 1a trung diém BC, ta o :
A’A=A"B=A’C, suy ra A’G vuong goc vo1 mp(ABC).

BCLA'G
= BC L AA".

BC L AG
Ma BB’ // AA’= BC 1 BB'.
Tu giac BB'C’C 1a hinh binh hanh va c6 mot goc vuong nén la hinh chir nhat.
b) ABC la tam giac déunén: AM = i -AG —_‘/_

2

Chiéu cao lang tru: h=A'G = \/AA % AG” / 3a _3i 4a 23\/_

d 3

Dién tich day B = S e



a°\3 2av6 B a’\2

4 3 2
®di todn 8. Cho ling truy ABCD.A’B’C’D’ ¢6 day la hinh thoi canh bang a.
Goc BAD=60°, A’A = A’B = A’D = a. Tinh thé tich cua ling tru.

Gidi

Tam giac ABD can c6 mot goc
bang 60° nén 1 tam gidc déu. Goi
G la trong tam tam giac déu ABD
va go1 O la trung diém BD, ta ¢o
A’A = A'B=ADsuy ra A'G
vuong goc vol mp(ABCD).

Thé tich ling tru: V=Bh=S, .A'G=

ABD la tam giac déu nén :

E 3;AG=£.
P 3

Chiéu cao lang tru :

AO =

332 \/ 6&2 a\/g

h=A'G=vA'A2-AG> =\/32_T

28, .. = 2’3
ABD 2, )

Diéntichday S, =

2’ 3 axfg B 33\5
2 3 2
Loai 3 : PUONG CAO NAM TRONG MOT MAT BEN

Bai todn 9. Cho lang tru tam giac

ABC.A’B’C’ ¢o day ABC la tam giac 1
vuong can tai B, AB = a. Mat bén A
AA’C’C 1a hinh thoi va vudng goc véi

mat day. Canh bén AA” hop voi mat day

mat goc 60°. Tinh thé tich cua lang tru.

Thé tich ling tru: V=Bh=S,  A'G=

Gidi
Got H la hinh chiéu vuéng goc cua A’
xuong canh AC. Do mat bén AA'C’C 4 C
vuong goc volr mat day nén ta co A’H F
vuong goc vor mp (ABC), suy ra B

A'AH =60°.
13
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Tam giac A’AC cin c6 mot goc bang 60° nén la tam giac déu.

ACJE _ ax@ﬁ _ a\/g
5 ;

2 2

Chiéu cao ling tru: h=A'H=

2
a

Dién tichday B=S, . = 5

a’ a6 B 2’6
2 2 4
Bai todn 10. Cho ling tru ABC.A’B’C” ¢6 day la tam giac ABC vuong tai B,

AB =a, BC = a\{g, AA’= 2a. Hinh chiéu vuong goc cua A’ xut::-ng mat day
trung voi trung diém H cua canh AC. Tinh thé tich cua lang tru.

Thé tich ling tru : V=B.h = S, pc-A'H=

Tac6 AC=vBC?+BA? =2a.
Ta c6 H la hinh chiéu vudng goc cua A’ xuéng mit day nén ta co6 A’H vuéng
goc vol mp (ABC), suy ra chiéu cao lang tru la :

h=A'H=vA'A?— AH?
=vV4a® -a” =aV3.

Dién tichday B=S, . =

a’\3

2

Thé tich lang tru: V=Bh=S,_ A'H=22 452



HUONG 2. HINH HOP

L L RN ili'lll-.'!li'"‘"."i""""ii"

A. TOM TAT Li THUYET

I. PINH NGHIA

Hinh hop 14 hinh ling tru ¢6 d4y 1a hinh binh hanh.
Khoang cach giira hai day goi 1a chiéu cao cta hinh hop.

II. TINH CHAT
— Ca 6 mat cta hinh hop déu 1a hinh binh hanh.
— Hinh hop 1a hinh ldng tru ma moi mat déu co thé 1y lam mat day.
— Poan nbi hai dinh khéng thudéc mot mit goi la dudng chéo cuia hinh hop.

— Ba dudng chéo cua hinh hop dong quy tai mot diém, diém dé la tim doi
xt{rng cua hinh hop.

III. PHAN LOAI
Hinh h¢p dirng la hinh hop cé canh bén vudng goc vai day.
Hinh hp chir nhat 1a hinh hép dimg cé day la hinh chir nhat.
Hinh 1ap phwong la hinh hop co tit ca cac ;

A
mat la hinh vuong. /? /‘
e Hinh hop chit nhét c6 ba kich thuéc a, b, ¢ B : ¢

thi duong chéo c¢o6 do dai :

d= \/az +b2+C2

e D
e Hinh lap phuong c6 canh a thid = a3. o /




IV. CONG THUC
— Thé tich cua khéi hop duoc tinh theo thé tich cta khoi lang tru :

V =Bh
— Dic biét thé tich cua khoi hop chir nhat b‘ﬁng tich cua ba kich thudc
V=abc

va thé tich cua khdi 1ap phuong bang lap phuong s6 do cua canh
V=a’
— Dién tich xung quanh bang tong dién tich cac mit bén
qu - zsmat bén
— Dién tich toan phan bing tong cua dién tich xung quanh va dién tich hai day
N = qu +2B.

tp

B. CAC BAI TOAN VA PHUONG PHAP GIAI

H Tinh thé tich khéi hop

I. PHUONG PHAP
Dé tinh thé tich cac khéi hop ta thuc hién cac bude :
— Xac dinh chan duong cao
— Ve duong cao
— Tinh duong cao h
— Tinh dién tich day B
— Tinh thé tich khéi hop theo cong thire V =B.h

II. CAC BAI TOAN
®di todn 1. Cho hinh hop dimg ABCD.A'B’C’D’ ¢6 day ABCD la hinh thoi

va BAD = 60°. bBuong chéo BD hop véoi day mot goc 60°. Goi E 1a trung
diém cua AD. Mat phang BED’ cit hinh hop theo mot thiét dién co dién tich

bang 4 V39 cm’. Tinh thé tich ciia khéi hdp da cho.

16



Gidi
(ABCD)// (A'B'C'D")
(BED')N(ABCD)=BE = (BED")N(A'B'C'D")=D'F // BE (FeB'C".
D'e(BED")YN(A'B'C'D")

Nbi BF, thiét dién la t&r gidc BED’F. D' C'
(ADD'A") //(BCC'B") 15 vy, K
(BED")N(ADD'A")=D'E A
(BED")N(BCC'B") = BF /

= BF// D'E.

Tam gidc BAD c¢6 AB = AD, § o I— - s

BAD = 60° nén la tam giéc déu, E Ei”" s N

la trung diém cua AD, suy ra /2 S g

BE L AD, mat khac cling c¢é

BE1l AA’ (vi AA’ L(ABCD)),
do do

BE | (ADD’A’) = BE L D’E.
T giac BED'F ¢6 D’F//BE, BF//D’E, BE L D’E nén 1a hinh chir nhat.
Hinh chiéu vuéng goc cua BD’ trén (ABCD) 1a BD do dé goc giira BD va
mit phing (ABCD) la D'BD, theo gia thiét ta c6 D'BD = 60°.

(

Pit canh hinh thoi 1a x, thi BE= 2>~ BD = x. DD’ = BD tan 60° = x+/3 .
Xeét tam giac vuong D’DE, ta ¢c6 :
2 2
D’E? = DD’2+ DE? = 3x%+ ‘: =13: :>D'E=W;E.

Dién tich thiét dién BEDF la :

2
S=BEDE=2> ”/_ = 4/39 = x = 4 (cm).
Dién tich mat day ABCD la :
Sascp = AB.AD sin60° = x> £ =83 (cm?).

Thé tich khéi hop la: V=S, . .DD'=83.443 =96 (cm”).

17



@Bai todn 2. Cho hinh hop ABCD.A’B’C’D’
c6O day ABCD la hinh thoi canh a,
BAD=160“ va A’A=AB=AD = a
Tinh thé tich khoi hop ABCD.A’B’C’D’.
Gidi

A’A=A'B=AD =a nén A’ thudc truc
dudng tron nggai tiép tam giac ABD, goi
H 1a hinh chiéu vudng goc cua A’ trén
mat phang (ABCD) thi A’H vudng goc
vo1 (ABCD) va H la tam duong tron
ngoai tiép tam giac ABD. Vi tam giac
ABD c6 AB = AD = a va BAD = 60" nén
ABD la tam giac déu, suy ra

0 N L a3 _aV3 (vi O 1a giao diém cia AC va BD).
3 3 2 3
Xeét tam giac vuong A’HA (vuong tai H), ta co :

, (a3

3 2 2 .
A’H?=AA? - AH® =a° _(T} =32_3i.=.6i aV/6

=A'H=——.
9 3
Thé tich hinh hop ABCD.A’B’C’D’ 1a :
VABCD.A'B‘C'D' = SABCD A'H

= AB.AD.sin60°. A'H =

32 3 aJEHaS\/E
2 3 '

2

4

W8 chiae 2

H Tinh dién tich hinh hop

I. PHUONG PHAP
— Hinh hop ¢6 6 mat la hinh binh hanh.
— Hinh hop dirng c6 4 mat la hinh chir nhat, hai day la hinh binh hanh.
— Hinh hop chir nhat ¢6 6 mat 1a hinh chir nhat.
— Hinh lap phuong ¢6 6 mat la hinh vuong.

18



II CAC BAI TOAN
®ai todn 3. Cho hinh hop ABCD.A’B’C’D’ ¢6 day ABCD la hinh thoi canh a,

BAD =60"va A’A = A’B = A’D = a. Tinh dién tich toan phﬁn cua hinh hop
ABCD.A’B’C’D’.
Gidi
Taco A’A=AB= AD=3 nén A’ thudc
truc duong tron ngoai tiép tam giac ABD,
goi H 14 hinh chiéu vuéng géc cua A’ trén
mit phang (ABCD) thi A’H vubng goc
voi (ABCD) va H la tam dudng tron ngoai
tiép tam giac ABD. Vi tam giac ABD co
AB = AD = a va BAD =60°nén ABD la
tam giac déu, suy ra
2 a\/_ a3

AH= —AO—— (vo1 0 la
3 3 2 3

giao diém cua AC va BD).

Xét tam giac vuong A’HA (vuodng tai H), ta co :

3,2
A’H?=AA? - AH? _J—(if 3—%;% =S A H_ﬁ.

Dién tich toan phan cua hinh hop ABCD.A’B’C’D” :
Stp = 2(Sasp’a’ T+ Sapp'a’ + Sarcp).
Tam giac A’AB c6 A’A = A’B = AB = a nén la tam giac déu va

a’\3

4

SA’AB =

a’\3 a’\3

SU}’ Ia SABB'A” = 2SA'AB = T 4 TLI'Uﬁg tur SADD'A” = 5

2
Viy Sy = 6. 2\/_ 323

Bdi todn 4. Cho hinh lap phuong ABCD.A'B'C'D' canh a.

Tim diém M trén canh AA' sao cho mat phiang (MBD') cat hinh lap phuong
theo mot thiét dién co dién tich nho nhat.

19
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Gidi
Goi N 1a diém & trén CC' sao cho AM = NC' = x.
Ta ¢c6 : MD' // BN va MD' = BN.

Viay BMD'N la thiét dién cua (MBD') véi
hinh 1ap phuong.

Dién tich S cua thiét dién BMD'N béng 2 lan
dién tich tam giac MBD'.

Tam giac MBD” ¢6 canh day D’B khong doi nén :
Dién tich tam giac MBD' nho nhat

& dudng cao MH ngan nhéat

<> MH la doan vudng goc chung cua A’AvaD’ B

< M la trung diém AA' va H 1a trung diém cua D’B.

Vay khi M la trung diém AA' thi Sgmpw dat gia tri nho nhét.

Bai todn 5. Cho hinh hop dirng ABCD.A'B'C'D' ¢6 day la hinh vudng canh day

3
a

bang a, thé tich khdi hop bang 2. Tinh dién tich thiét dién A’BD.

Gidi
Goi I 1a giao diém AC va BD, ta c6 :
BD 1 TA'. Viy tam giac A’DB can va A’l la duong cao.

bat AA'=x.
3
Tacé:V=az.x=a\E:>x=?—2.
2 2
B =2
MﬁA'IE=XE+AIE=*2i'+2—d’ZHE
4 4
= A’'l=a
| - a.avE ::12\/5
:SH'EDZEA IBD: 2 = 2 A




), CHUONG 3. HINH CHOP

LR R R R R R R R R S R R R R R R RN NN EEE RN R R R RN R R

A. TOM TAT Li THUYET

I. PINH NGHIA

B
C

Hinh\chr&p la khdi da di¢én co mot mat la da giac duge goi la day, cac mat con
lai déu la tam giac c6 chung mét dinh va duge goi 1a mat bén (hinh chop
S.ABCD).

Khoang céch tir dinh dén mit day goi la chiéu cao cua hinh chop.

IL. TINH CHAT
— Cac mit bén déu 1a hinh tam gic ¢6 chung mot dinh
— Mat day la da giac bat ki

w

fl
I
I
I
I
I
I
1
I
I
[
I
i
'
I
1
1
i
1
r
T

pe




— S6 canh day dwoc ding dé goi hinh chop, vi du :
Hinh chop tir gidc co day la tir giac, hinh chop ngt giac co day 1a ngt gidce ...
— Hinh chép déu 1a hinh chop c6 day la da gidc déu va c6 cac canh bén bing

nhau. Do d6 hinh chiéu vuéng goc cua dinh xudng day tring véi tim duong
tron ngoai tiép day.

— Hinh chop tam giac con goi la tir dién.
I1I. CONG THUC
— Thé tich ctia khdi chop bang ;]; tich
sO cua dién tich day va chiéu cao

V:lBh
3

— Dién tich xung quanh bang téng dién
tich cac mat bén

qu - zsmat bén

— Dién tich toan phan bang tong cua dién tich xung quanh va dién tich day
S =S +B.
P xq

B. CAC BAI TOAN VA PHUONG PHAP GIAI

H Tinh thé tich khéi chép

I. PHUONG PHAP
Pé tinh thé tich cac khoi choép ta thuc hién cac budc :
— Xac dinh chan duong cao
— V& duong cao
— Tinh duong cao h
— Tinh dién tich day B

— Tinh thé tich khdi chép theo cong thic : V = %Bh ;
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II. CAC BAI TOAN
®Bdi todn 1. Tinh thé tich khéi chop tir gide déu co tat ca cac canh déu bang a.
Gidi
Tam giac ASC vudng tai S vi ¢6 ba canh thoa man
SA? +5C? =AC?.
Goi O la tam cua hinh vudng
ABCD. Do S.ABCD Ila hinh chop

déuﬁ nén ta ¢6 SO L (ABCD), suy ra
chiéu cao cua khoi chop 1a :

a2

h=8S0=——-.
2

Dién tich ddy khdi chop : Sagcp = a°.

Vay thé tich khdi chop 14 : Vs ancp = l S 4y SO _% 2 a;"_ ;/_

Bai todn 2. Cho hinh chop S.ABCD c6 day 1a hinh thang vudng tai A va B,

AB = BC = a, AD = 2a, SA vudng goc vo1 mat phing (ABCD). Cho biét goc
gitra SD va mat day bang 60°. Tinh thé tich khoi chop.

Giai

Ta c6é SA L (ABCD), suy ra gbc gitra SD véi mit day 1a .
SDA =60°.

Chiéu cao cua khéi chop 1a

h=SA = AD.tan60° =2a.\/3 .
Dién tich day khoi chop :
(AD+BC).AB (2a+a)a

2 2

SABCD =

Vay thé tich khoi chop 1a :

1
VS.AHCD — ESABCD Sz"fk

23



B i 2

H Tinh dién tich hinh chép

I. PHUONG PHAP
Dé tinh dién tich hinh chop ta thuc hién cac buoc :
— Xac dinh hinh tinh cac mat
— Tinh dién tich tirng mat
— Tinh dién tich hinh chop theo cong thirc :
a) Dién tich xung quanh bang tong dién tich cac mit bén

qu - Zsmét bén
b) Dién tich toan phan bang dién tich xung quanh cong cho dién tich day

S =S _+B.
P Xq

t

II. CAC BAI TOAN

®Bdi todn 3. Tinh dién tich xung quanh va dién tich toan phan hinh chop ti giac
déu c6 tat ca cac canh déu bang a.

Giai

Dién tich day cua hinh chop 1a : B = a’.

M&i mit bén ctia hinh chép 1a tam gidc déu canh bang a nén ¢6 dién tich

2 .
IR RE b RN

4 a4
:Slp =qu+B:az+aE\/§:az(l+x/§).

S= =4,

24



Bai todn 4. Cho hinh chop S.ABCD co6 day la hinh thang vudng tai A va B,

AB = BC = a, AD = 2a, SA L (ABCD). Cho biét goc gilra SD va mat day
bang 60°. Tinh dién tich xung quanh va dién tich toan phan hinh chép.

Gidi

Ta co SA L (ABCD), suy ra goc gitra SD v&i mat day la :
SDA =60° .

Chiéu cao cua hinh chop 1a :
h=SA = AD.tan 60° = 2a/3 .

Dién tich day hinh chop :

(AD+BC).AB _(2a+a)a _3a°
2 2 2

SABCD =

SBz\/SAzhﬂkB2 =\(1232+32 =a~fﬁ

SC=VSAZ + AC? =12a% +22% =aV14.
Ta co

BC L AB

BC L SA
Tacling c6 CD 1L AC nén

CD L SA

CD L AC

}:‘} BC L SB.

}:}CDLSC

vAaAC=CD= a2 .

Cac mat bén hinh chop déu la cac tam giac vuong, do do

25



Dién tich cac mat bén ;

1

Squp =~ SAAB=22ay3.2 =23
SAR 5 2

Seap, == SAAD = =223 22 = 24°3
2 2

2

1 | a~\13
S. . =—SBBC=—-a+l13a=

SBC 9 % s

SA

32\&—8:32\5

2

1 1
Sqep = ESC.CD = Ea\/ﬁ.av{_ -

3
:}qu =a‘j‘\/§+232 3+d jﬁ+azﬁ=az(3\/§+g+ﬁ)

2 \/E 3
:}Stp —qu+B—a {3\/§+T+\E+E).
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H Phan loai hinh chép theo dudng cao

Pé giai nhiéu bai toan vé hinh chdp, diéu quan trong nhét 1a xac dinh dugc
duong cao. Nguoi ta phan loai hinh choép theo cac kiéu dudng cao nhu sau :
Loai I : PUONG CAO LA MOT CANH BEN

®adi todn 5. Cho hinh chép S.ABCD ¢6 day 1a hinh vudng canh bing a, SA = 2a
va SA L (ABCD). Tinh thé tich va dién tich toan phan cua hinh chép.

Giai




Dién tichday B=S,, ., =a".

: [ 1 1 >, _2a
Thé tich V=—Bh==S,  SA=—a“2a="—
3 P 3 3
BC L AB
= BC L SB
BC L SA
CD L AD
=CD LSD
CD L SA

Vay cac mit bén hinh chop déu la cac tam giac vuong.

SB=+SA2 + AB? =+4a? +a2 =a\/5 , tuong tu

SD =vSA2 + AD? =4a® +a% =a\5 .
Dién tich cac mat bén :

1 1

Soap = SA-AB =242 =

2

| bt

2

1 1 a

SSFLD = ESAAD 2523.3 :7
1 | a’J5
8. =—SBBC==#:54=
SBC 9 2 2
7
1 1 aZ\/5
SSCD‘ :"Z-SDCD — -2'3 5.& = 5 .

Dién tich toan phan :
2 2 -
- ‘/§+'5l Vg—}—d +'£l +32=a1(2+~/§}+
P 2 2 2
@Bai todn 6. Cho hinh chop S.ABC c6 day la tam giac ABC vudng tai B, AB =a,

BC= a\g, SA vuong goc volr mp (ABC) va SA = 2a. Tinh thé tich va dién
tich toan phan cua hinh chop.

Gidi
a’\3
—

Sl : 1
Dién tichday B=S,,. = 2 BA.BC =
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2a

Thé tich V =lB.h =ls
3 3

_BC.LAB

Taco
BC L SA

}:bBCJ_SB

Vay cac mit bén hinh chop déu la cac tam gidc vudng, do do :

SB-:\/SAZ +AB® =\/4az +a° =a\/!§ , tuong tu

AC=+vBAZ2+BC? =3a% +a% =2a.
Dién tich cac mat bén :

2
1 1 a

SSAB = ESAAB = 523.&1 = ?

S, =tsaac=12a2a=2a2
2 2

SAC

1 | a°15
§. =—SBBC=—ay5a/3= .
SBC "~ 9 2 2

Dién tich toan phan :

2 2 2 2
a 7 a“v15 a \/5 a
S =—+2a" + + =Z_ (5415 +3).
P 2 2 2 2 : )
®Bai todn 7. Cho hinh chop S.ABCD c6 day la hinh chir nhat ABCD voi AB = 2a,
AD = 4a, SA vudng goc véi mit phing (ABCD) ; goc gitra SC va mp(ABCD)
la 60°,
a) Tinh thé tich ciia hinh chép S.ABCD.




b) Goi H, M Iﬁq lugt la trung diém cua AB, BC ; N & trén canh AD sao cho
DN = a. Tinh thé tich cua khoi chép S.AHMN.

Gidi

a) Sapcp = AB.AD = 8a’.
SA L (ABCD)
= SC ¢6 hinh chiéu trén (ABCD) 1a AC

— (SC,(ABCD)) = (SC,AC) = SCA = 60°.

Tam giac ABC vuodng tai B co AC = \/‘?-“L.B2 +BC? =2a5.
Tam giac SAC vuong tai A c6 SA = ACtan60" = 2a+/15 .
Thé tich cua khéi chop S.ABCD la :

3
1 :%.832.23\/1_:—16:‘5.

Vsascp = ESABCD'SA

b} SAHMI\C . SABCD — SB]"'.-[I[ — SMCDN
» (a+2a).2a
3
= 7a’ — 3a° = 4a°.
Thé tich cta khéi chop S.AHMN la :

2
=8a" —a

I

1
| L
Vs AHMN = ESAHMN'SA = 5.432.23\[]—5 = o ;/E

Loai 2 : PUONG CAO NAM BEN TRONG HINH CHOP
®Bai todn 8. Cho hinh chop tam giac déu S.ABC cé canh day bing a va canh
bén bing a+/3 . Tinh thé tich va dién tich toan phan cua hinh chop.
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M
B

Goi G la trong tim tam gidc déu ABC va goi M I trung diém BC. Do hinh
chop S.ABC la hinh chop déu nén ta co SG vudng goc vol mp(ABC).

av/3 aV3

AG =
3

ABC la tam giac déu nén : AM =

Chiéu cao khéi chop :

Il

9 3

B i
h:SG:\/SAZ—AGzzJSaE—3; \/24"‘ —Zd‘/g.
a3

Diéntichday B=S, . = 7

2 3
Thé tich khéi chép: V=—Bh=15,  SG=1.2 V3 2aV6 _a'V2.
3 3 ABC 3 4 3 6
Bai todn 9. Cho hinh chop S.ABCD c¢o6 day la hinh thoi canh bﬁng a. Goc
BAD =60, SA = SB = SD = a. Tinh thé tich khéi chop.
Gidi
Tam giac ABD can co mét goc bang 60° nén la tam giac déu. Goi G la trong
tam tam giac déu ABD va goi O Ia trung diém BD, ta ¢c6 SA = SB = SD, suy
ra SG vudng goc véi mp(ABCD).

o,y a8

ABD la tam giac déu nén : AO=——; AG=——

Chiéu cao hinh chdép : h=SG = \/SA ~AG’ = 1/& —3i .,/




-

h\=)
- ]
I
|
|
i
Q

B
5 2
L a i3 4553
Dién tich day B—SjﬂkH,'CEj —ZSABD =2, T
2 3
: . ] | 1 a3 av6 a2
Thé tich khoichop : V=—Bh=—-.8 SG=-. : = :
P 3 3 ABCD 32 3 6

Logi 3 : PUONG CAO NAM TRONG MOQT MAT BEN

Bai todn 10. Cho hinh chop S.ABC c6 day ABC la tam gidc vudng can tai B
voi AB = a. Mat bén (SAC) la tam giac d‘éu va vuong goc voi mat day. Tinh
thé tich cua khoi chop va dién tich toan phan cua hinh chép S.ABC.

Trong tam giac vuéng can ABC ta co :

AC—a\/_

Goi M la trung diém ctia canh AC. Do mit bén (SAC) vudng goc voi mit day
va tam giac SAC déu nén ta ¢c6 SM vuong goc voi mp (ABC), suy ra chiéu cao

hinh chop la :
AC\/E _ a\/%
2 3

h=SM =
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1 2

Dién tich déy B=S,;. =~ BABC="",

Thé tich khéi chép : V=—Bh=—+8, . SM=~. : 'a\/E _aVe .
3 3. AR 372 2 12
Goi H va K 1an luot 1a trung diém cua BA va BC, ta co
MH // BC= MH L BA = SH | BA
MK // BA= MK L BC= SK L BC

2 2
SH=+sm2+MH? =,[22_ ;2 =3‘E.
4 4 2

i

Ma SH = SK nén SK =

-
5
Dién tich cac mat cua hinh chop 1a ;

, 3
S =lSH.AB:l.dﬁ.a=d ‘ﬁ.
SBA 9 7 . 4

a’\7
T
_AC*3 _a*\3
SAC 4 N 2
Dién tich toan phan cta hinh chép S.ABC la :
S

Ta Cfﬁl Ss[;,a\ = Ssnc =

S

o = Osa T Ospe HOsac HSanc

zvf— EJ_ 2\/— 2 2
a~v7 a“<J7 a'v3 a a
= + + + = NT+HA3+1D.
4 4 2 2 2( )

Bai todn 11. Cho hinh chop S.ABCD c¢6 day la hinh vuong canh a. Mat bén
SAB la tam gidc déu canh bang a va mp(SAB) vuong goc voi mat day. Tinh
thé tich kho1 chop va dién tich toan phan hinh chop S.ABCD.

Gidi
Goi H la trung diém cua canh AB. Do mat bén (SAB) vudng goc vo1 mat day
nén ta co SH vudng goc voi mp (ABCD), suy ra chiéu cao hinh chop 1a :

:AB@ZH\/E‘

2 2

h =SH



Dién tich day
5
B=S ABCD =2
Thé tich khéi chop :

1

1 1
V :§Bh ZE'SABCD'SHZE'E‘

, a3 a3
® 2 e s

6
Goi K 1a trung diém ctia CD, ta c6
HK /BC = HK LCD=SK LCD

2
SK = VKH? + SH> :1/a3+33 _ “‘f.

Dién tich cac mat cua hinh chop la :

1 | a
S =—SB.CB=—aa=—
SBC 2 2 2
2
| | a
SSAD-ESA'AD:E‘L&:?
2
| 1 av7 d_ﬁ
SSDC——SK.CDz— = 2
S a’\3
SAB™ 4

Dién tich toan phan cua hinh chop S.ABCD la :

v S 2 2
S s \E+El ﬁ+azzﬂ—[ﬁ+\/§+8).
w2 2 -+ 4 4
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I. MAT CAU

ll'

"ﬂuul\\\k\\\\\ki"_W// }llﬂmn '
\J

Mt cau (S) la tap hop céc diém M trong khong gian luén cach diém I ¢6 dinh
mot khoang bang R khong doi.

I goi la tam, R la ban kinh cua mat cau (S).

SI:R)={MeR> | IM=R}.
Cho hai diém A, B trén mét cau (S) sao cho tdm I 1a trung diém cuia AB, ta goi
doan AB la duong kinh cua mat cau (S).

II. KHOI CAU

Cho mot diém c6 dinh T va mot do dai khong d6i R. Khéi cau (B) la tap hop
cac diém M trong khong gian luon cach diém I mot khoang nho hon hoac
bang R.

B(I1;R)={MeR’ IM<R).
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III. THIET DIEN CUA MAT PHANG VOI MAT CAU

Cho mit cau S(I ; R) va mit phing (P) sao cho khoang cach d tir I dén (P) nho
hon R. Mit phang (P) luén cat mat cau (S) theo mot duong tron C(J ; ) voi :

— I 1a hinh chiéu ctia I xudng (P)

— 1 dugc tinh theo cong thire : 1= )

IV. CONG THUC
Dién tich mit cau c6 ban kinh R dugc tinh theo cong thuec :

S=4nR?
Thé tich khoi cau ¢ ban kinh R duoc tinh theo cong thirc :

V:%ER3.

| B. CAC BAI TOAN VA PHUONG PHAP GIAI

H Xac dinh tdm va tinh ban kinh mét cau ngoai tiép hinh chép

I. PHUONG PHAP
— Mot hinh chép ¢6 mit cau ngoai tiép néu day ciia no co duong tron ngoai tiép.

— Tam cua mat g:ﬁu ngoai tiép hinh chop la giao cua truc dudng tron ngoai tiép
day véi mat phang trung truc cia mot canh bén, hoac la giao cua truc duong
tron ngoai tiép day voi truc duong tron ngoai tiép mot mat bén.
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— Ban kinh mit cau ngoai tiép hinh chop 1a d6 dai cuia doan ndi tir tim mit cau
dén mot dinh cua hinh chop.

(75}

-

II. CAC BAI TOAN

@Bdi todn 1. Cho hinh chép S.ABC co6 SA, SB, SC do1 mdt vudéng goc va
SA =SB = a, SC = 2a. X4c dinh tdm va tinh ban kinh mét cau ngoai tiép hinh chop.

Goi O va M lan luot 12 trung diém cua SC va AB.

Do tam giac ASB vuodng tai S nén O la tam duong tron ngoai tiép tam glac
ASB. V§ truc d vuong goc voi mp(SAB) tai O, ta co d la truc cua dudong tron
ngoai tiép tam giac ASB.

Pudng thing d song song véi SC nén d va SC xac dinh mat phing (P). Trong
mp(P) duong trung truc cua SC cat d tai L.

Ta ¢6 JIA = IB = IC = IS = R. Vay mai cau S(I ; R) ngoai tiép hinh chop
S.ABC.
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Ta co tam gidc SAB vudng can tai S, suyra: AB = a2 .

AB a2

Mat khac, SO = > =

Bén kinh mit cau ngoai tiép hinh chop S.ABC la :

R = IS = V10? + OS> =\/ (i)'

4 2

Bai todn 2. Cho hinh chﬁp S.ABCD c¢6 ABCD la hinh vuéng canh bang a, tam

giac SAB 13 tam giac déu va mp (SAB) vuang goc voi mat day (ABCD). Xac
dinh tdm va tinh ban kinh mit cau ngoai tiép hinh chop.

Gidi
% h*"n..
{ | -
I‘\ “‘"ﬁ.‘
- -
PN o ey
]
: A
Gt ':'F t
== NE— - -
i 1 I|
| % i
| ‘ :
I B.:“!: """"""""" = C
| ol . | -
I . I e e P
) [ R, I st
-
J'” -l"'d-i-- 5 0\‘\
- -__,-"" "..‘
A e=="" 3

Goi O la tdm cia hinh vuéng ABCD, M la trung diém doan AB va G la trong
tam tam giac SAB.

Ve truc d va truc t cua cac duong tron ngoai tlep hinh vuéng ABCD va tam
giac déu SAB. Ta c6 d va t vudng goc va cuing nam trong mp(SMO) do d6 d
cit t tai diém 1.

Tac6IS=IA=IB=IC=ID=R.
Vay mai cau S(I ; R) ngoai tiép hinh chop S.ABCD.
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Ta c6 tam giac SAB la tam giac déu c6 canh bang a, suy ra ;

QM=EE_
2
se:-smza‘@.
3 3
Ta co:
G[:MOZA_ =33
2 2

Ban kinh mit cau ngoai tiép hinh chép S.ABCD la :

R DA€

3
:;12 ?:a2 axfi

NEf (oo >

H Tinh dién tich va thé tich khéi cau

I. PHUONG PHAP
Dé tinh dién tich, thé tich khdi cau ta thuc hién cac budc :
Xac dinh tam
Tinh ban kinh R
Tinh dién tich khdi cau theo cong thirc :

S=4nR?.
— Tinh thé tich khdi cau theo cong thic :
4 3
=—7R".
3

II. CAC BAI TOAN

®Bai todn 3. Cho hinh chop S.ABC c6 SA, SB, SC déi mdt vudng goc va
SA =SB = a, SC = 2a. Tinh dién tich va thé tich khoi cau ngoai tiép hinh chop.
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Theo chirg minh ¢ bai toan 1, ta dugc ban kinh mit cau ngoai tiép hinh chop
S.ABC la:

R=IS=——
i

Suy ra dién tich mat cau ngoai tiép hinh chép S.ABC la :

d\/_ 2 6.12

)Y = 4T~ —6ma’.

S=4nR? = 4n(

Suy ra thé tich khoi cau ngnai tiép hinh chép S.ABC la :

-4
V—%ﬂRj =— (a‘/— e gn.ﬁdg\/g’ = na’/6 .

Bai todn 4. Cho hinh ch{ilp S.ABCD ¢6 ABCD la hinh vudng canh bang a, tam

giac SAB 1a tam giac déu va mp (SAB) vuodng goc voi mat day (ABCD). Tinh
dién tich va thé tich khdi cau ngoai tiép hinh chép.

Gidi
Theo chitng minh & bai toan 2, ta dugc ban kinh mét cau ngoai tiép hinh chép

av21
—

SABCDIa: R=IS=

Suy ra dién tich mat cau ngoai tiép hinh chop S.ABCD la :
2 2

S=4nR% =an (E“'/_2 4n.2;2 =Zlga
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Suy ra thé tich khdi cau ngoai tiép hinh chép S.ABCD la :

4

V-§WR3 _A. (aJ_ 3

4 zla3ﬂ ) ?a-‘ﬁ
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I. PINH NGHIA

Xét hinh chir nhat AA’O’O. Khi quay hinh d6 xung quanh duong thing chira
mot canh, ching han canh OO’, thi duong gap khiic OAA’O’ tao thanh mot
hinh duoc goi 1a hinh tru.

h=00" goi la chiéu cao ctia hinh try.

r = AO goi la ban kinh day cua hinh tru.

AA’ goi la dudng sinh cua hinh try.

0O’ goi la truc cua hinh tru.

Phan khong gian bén trong hinh tru ké ca hinh tru goi 1a khoi tru.

II. CONG THUC

oy
-

— Thé tich cta khéi tru bing tich s cua dién tich day va chiéu cao cua khoi
tru do

V = Bh =TEI‘2h
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— Dién tich xung quanh bang chu vi day nhan véi chiéu cao
qu = ph =2narh
— Dién tich toan phan bang tong cua dién tich xung quanh va dién tich hai day

S =S +2B=2mrh+2mr’ =2nr(h+r).
ip |

B. CAC BAI TOAN VA PHUONG PHAP GIAI
Crvn
H Tinh thé tich khéi tru

I. PHUONG PHAP

— Tinh duong cao h
— Tinh ban kinh day r

— Tinh dién tich day B =’
— Tinh thé tich khéi tru theo cong thirc V =Bh =nrrh.

II. CAC BAI TOAN
®di todn 1. Cho hinh tru ‘T co6 béan kinh day bang a, chiéu cao 3a.
a) Tinh thé tich cua khéi tru T
b) Tinh thé tich khéi lang tru tir gidc déu nodi tiép hinh tru T,

Gidi

D'
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a) Chiéu cao cua hinh tru :
h=3a
Thé tich cua khéi tru :
V=Bh=nah=ma’.3a=3ma".
b) Khdi liang tru tir giac déu noi tiép hinh tru c6 day la hinh vuéng ABCD
canh bﬁng av/2 va chiéu cao bﬁng 3a, vay thé tich cua khbi lang tru la :
V=Bh=2a’3a=6a".
Bai todn 2. Mot hinh tru T ¢6 ban kinh R va chiéu cao Rv/3.
a) Tinh thé tich cua khoi tru gi61 han boi hinh tru'C.

b) Cho hai diém A va B Iﬁ\n lwot nam trén hai duong tron day sao cho goc gitra
AB va truc cua hinh try bang 30°. Tinh khoang cach gitra AB va truc cua hinh
tru ' C.

-a

v/

[

a) Chiéu cao ctia hinh try :

h=R+3.

Thé tich cua khoi tru :

V=Bh=nmR*h=nR*R\3 =mR*/3.
b) Vé duong sinh BB’ cua hinh tru, ta co BB’ // O0’, suy ra :

—

(AB,00")=(AB,BB') = ABB'=30°

— AB'=BB'tan30° = Rﬁ.g =R.
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Do d6 tam giac AOB’ la tam giac déu.
V& OH vudng goc vai AB’, ta c6 OH vudng goc véi mit phing (ABB).
Mat khac, OO’ // mp(ABB’) suy ra :

d(OO’, AB)=d(0O, (ABB"))=0H = RT\E

-
W chiae 2

H Tinh dién tich hinh tru

I. PHUONG PHAP
— Tinh duong cao h
— Tinh ban kinh day r
— Tinh dién tich day B = mur’
— Tinh dién tich hinh tru theo c¢ong thirc
qu =ph =2nrh

Sp = Syq +2B=2mrh+ 2mr? =2mr(h+r1).

II. CAC BAI TOAN
®ai todn 3. Cho hinh tru T ¢6 ban kinh day bang R. Mot mit phing di qua
truc cua hinh try, cat hinh tru theo thiét dién la hinh vuong canh 2R.
a) Tinh dién tich xung quanh va dién tich toan phﬁn cua hinh tru C.
b) Tinh dién tich xung quanh hinh lang tru t gidc déu noi tiép hinh tru T
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a) Chiéu cao cua hinh tru :
h=2R
Dién tich xung quanh cua hinh tru :

S,q =Ph=27Rh=27R2R = 4nR? .
Dién tich toan phan cua hinh tru :

S_=S_ +2B==4nR" +2nR* = 6nR".

ip Xq

b) Hinh lang tru t&r giac déu ndi tiép hinh tru c6 day la hinh vuéng ABCD
canh bang R+/2 va chiéu cao bang 2R, vay dién tich xung quanh cua hinh
lang tru la :

S, =4RV22R=8R*V2.
®ai todn 4. Cho hinh tru c6 ban kinh r va c6 chiéu cao ciing bang r. Mét hinh

vudéng ABCD c¢6 hai canh AB va CD lan luot 13 cic day cung cua hai duong
tron day, con canh BC va AD khong phai la duong sinh cua hinh tru.

a) Tinh dién tich toan ph.’iin hinh tru va dién tich hinh vuéng ABCD.
b) Tinh sin ctia gbc giira mit phing chira hinh vudng va mit phing day.

a) S, =S, +2B=2mr" +2nr” = dmr”.

GoitHvaH’ lan lwot 1a trung diém cua hai day cung AB va CD, ta co
OH L AB
O'H'LCD

HH’ ¢it 00’ tai I, ta cé OH = O'H’ suyra IH=1H’va IO =10’,
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Goi x la canh cua hinh vuéng, khi do :

OH=,r’ -2
4
Ol=—.
2
Trong tam giac vuong OHI ta c6 :
2 2 2
[H =10°+OH’ & Z——=—+1" -2
4 4 4
2 2
X r
S —=—+r
2 4
x> 512
& —=—
2 4
> 10r?
S =—
4
/10
& X =
2

/10

Vay canh cua hinh vudng la suy ra dién tich cua hinh vudng la :

;=%
2
b) Goi ¢ la goc gilra mat phﬁng chira hinh vuong va mat phﬁng day. Ta co:

¢=1THO

sin ¢ = sin HO = il
IH
r
2 2 410

0 5

§|

r

I~



'CHUONG 6. HINH NON

LA R R R R R R R R R R R Rl R R NN NN

A. TOM TAT Li THUYET

I. PINH NGHIA

S —— m

o o,

Cho tam giac SAO vufmg ta1 O. Khi quay tam giac d6 xung quanh canh goc
vuong SO thi duong gip khic SAO tao thanh mot hinh dugce goi 1a hinh non.

S goi la dinh ctua hinh nén

h =S80 goi la chiéu cao cta hinh nén

r= AO goi la ban kinh day cua hinh non

[ = SA goi la duong sinh cua hinh nén

SO goi la truc cua hinh noén.

Phan khong gian bén trong hinh nén ké ca hinh nén goi 1a khéi non.

II. TINH CHAT

— Thiét dién qua dinh la nhitng tam giac can ¢6 hai canh bén 1a hai dudng sinh
ctua hinh non.

— Thiét dién vudng goc véi truc la nhimg dudng tron ¢6 tim nam trén truc cia
hinh non.

I11. CONG THUC

— Thé tich ctia khoi nén bang mot phan ba tich s6 cua dién tich day va chiéu cao
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VLT R
3 3

— Dién tich xung quanh cua hinh non
S. =mnrl
Xq

— Dién tich toan phan bang dién tich xung quanh cong cho dién tich day

S =S +B=ﬂ:rl+nr2=1rr(l+r).
P Txq

B. CAC BAI TOAN VA PHUONG PHAP GIAI

Chadé 1
H Tinh thé tich kh&i nén

I. PHUONG PHAP

— Tinh duong cao h

— Tinh ban kinh day r

— Tinh dién tich day
B = nr’

— Tinh thé tich khéi nén theo cong thirc
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Vs Bl Lo
3 3

II. CAC BAI TOAN
(Bd: todn 1. Cho tam giac ABC vuong tai A, AB = ¢, AC = b. Tinh thé tich cua
khoi tron xoay sinh boi tam giac do khi quay quanh
a) duong thing AC
b) duong thang BC.

Gidi

a) Khi quay quanh canh goc vuong AC, tam giac vuong ABC tao thanh hinh
non ¢o6 chiéu cao h = AC =b, ban kinh day r= AB =c.
Thé tich khéi non la :

Y N
3 3 3

b) Khi quay quanh canh huyén BC, tam
giac vuong ABC tao thanh hai hinh non
¢6 tong hai chiéu cao 1a h; + h, = BC, va
cung co ban kinh day la r = AH.

Tacod:

BC = VAB® + AC? =V +b”.
Xét tam giac vuong ABC vuodng tai A, taco:
1 1 1
2 S
AH® AB~ AC
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»  AB*AC*  b%?
AB*+AC* b+
Thé tich khéi tron xoay sinh ra 1a :

V=1B(h, +h,)=~nAH?BC
3 3

= AH

22 2 9
| b ¢ 2 2 1 b ¢
=—1 b +¢" =—n

b:2 + CE 3 4/ bz + Cz

®Bai todn 2. Ciat mot hinh non bﬁng mot mat phﬁng qua truc cua né ta dugce
thiét dién la mot tam giac déu canh 2a. Tinh dién tich day cua hinh nén va thé
tich cua khoit non do.

Hinh nén ¢6 duong sinh :

/=8SA =2a.
Chiéu cao :
h=S0= a\/3.
Béan kinh day :
r=A0=a.
Dién tich day cua hinh non :
B=S=ma’.

Thé tich cua khoi nén :

V =%Bh =%na2.ax/§=%na3\/§



WE/ criac >

H Tinh dién tich hinh nén

I. PHUONG PHAP
— Tinh duong cao h
— Tinh ban kinh day r
— Tinh duong sinh /
— Tinh chu viday p=2nr

— Tinh dién tich hinh nén theo cong thirc

I
qu = Eph = 1urd.

II. CAC BAI TOAN
®Bai todn 3. Cit hinh non dinh S bdi mot mat phang di qua truc ta dugc mot

tam gidc vudng can co canh goc vudng bang a~/2 . Tinh dién tich xung quanh,
dién tich day va thé tich cua khoi nén tuong tng.

a) Hinh non co
Chiéucao:h=SO=a

Bén kinh ddy : r=0B =a
Pudng sinh : /=SB = ay/2.

Dién tich xung quanh cua hinh non :

qu =mrl = :rta.awﬁ = «E:rraz.
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Dién tich day :
B = naz.
Thé tich cua khdi non :

\Y =lBh =11"EH.2..':1 =l:n:a3.
3 3

®Bai todn 4. MOt mit cau goli la ngoai tiép hinh nén néu mat cau do di qua dinh
cua hinh non va di qua duong tron day cua hinh non. Hinh non nhu vay goi la
noi tiép mat cau do.

a) Mot hinh nén c6 chiéu cao h va ban kinh day bang r. Tim ban kinh mat cau
ngoai ti€p hinh nén do.

b) Cho hinh nén néi tiép mét cau ban kinh R. Néu hinh non d6 c6 chicu cao
bang h thi ban kinh day cua no bang bao nhiéu ? Tinh dién tich xung quanh
cua hinh non do.

gi .?'i

S

a) Goi I 1a tam cua duodng tron ddy va SAB la mot thiét dién qua truc cua hinh
non. Tam O cua duong tron ngoai tiép tam giac SAB chinh la tim mat cau
ngoai tiép hinh non.

Trong tam gidc vudéng AOI ta co :
AO” = AI” + O = R® =1r° +(h-R)°

—R?=r*+h? -2Rh+R"

r2 +h2

2h

=R =




b) Theo cau a) ta co :
__ r? +h?
2h

— r? =2Rh-h?

— r=v2Rh-h? = Jh(2R - h).

DPuodng sinh cua hinh nén la :

I=SA=vr*+h®> =\2Rh.

Dién tich xung quanh cua hinh noén :

Syq =Tl = nh(2R —h)v/2Rh

R

= 1th\/2R(2R — h).
®Bai todn 5. Mot mit cau goi 1a ndi tiép hinh noén néu né tiép xic véi mat day
cua hinh non va tiép xtc voi moi duong sinh cua hinh non. Khi do hinh non
duoc goi 1a ngoai tiép mat cau. Cho biét hinh non ¢6 chiéu cao h va ban kinh
day bang R. Hay tinh ban kinh mat cau nd1 tiép.

Gidi
S

Go1 SAB la mot thiét dién qua truc cua hinh non. Tam I cua duong tron ni tiép
tam giac SAB chinh la tam mat cau ndi tiép hinh non, va ban kinh r cua dudng
tron nd1 tiep tam giac SAB cling chinh la ban mat cau no1 tiép hinh non.

Taco:
fo_ Ssap _ 2hR |
SA+SB+ AB 9 ;h2+R2 +9R
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®ai todn 6. Cho hinh hinh tru ¢6 ban kinh day bang R va c6 chiéu cao h = 2R.
Tinh thé tich khdi nén va dién tich toan phﬁn hinh nén nd1 tiép hinh tru.

Gidi

*Q

LY
-
-

2R /;

=
e ———
.

Chiéu dai duong sinh cua hinh nén :
l=V4R* +R* =RY5.
Dién tich toan phan hinh nén :

S —27R.1+7R? =27R.RVS + nR?

|
=2J57R? + tR? =nR*(1+25).
Thé tich khéi nén :

3
v=lpn=lir2or =2
3 3 3

Bdi todn 7. Mot hinh tru co hai day la hai hinh tron (O ; R) va (O’ ; R).

Khoang cach gitra hai day la OO’ = R3. Mot hinh non co dinh la O’ va co
day la hinh tron (O ; R). Goi S; la dién tich xung quanh cua hinh tru va S, la

5 2
dién tich xung quanh cua hinh non, hay tinh ti s6 S
2

Gidi
Hinh tru co chiéu cao h = Rv@, duong sinh cua hinh nén /= 2R.

Dién tich xung quanh cua hinh truy :

S, =27Rh=27R.RV3 = 2R3 .



S, =nRl=nR.2R = 27R?

S

-
-

%

.
!
-
-

Dién tich xung quanh cta hinh nén :

et ekt
|
I
I
I
I
1
-
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A. TOM TAT LI THUYET

I. CAC PINH NGHIA

1. Khodang cach tiv mot diém dén mot dicong tkc%ng

a

e

Do dai doan vudéng goc MH vé tr M dén duong thing a dugc goi 1a khoang
cach tir diém M toi duong thang a. Ki hiéu d(M ; a).

2. Khodng cdch tic mét diem dén mét mdt phing
Mi

Do dai doan thing MH v& tir M dén mat phang (P) dugc goi 1a khoang cach tir
diem M t&i mp(P). Ki hiéu d(M ; (P)).

3. Khodng céch giiva dwong thing va mdt phing song song
M a

(#4

Cho dudng thang a song song véi mit phing (o). Khoang cach tir _diém M bit
ki cua dudng thang a td1 mp(a) khong phu thude vao vi tri cua diém M, duoc
goi 1a khoang cach tir duong thang a t61 mp(a). Ki hiéu d(a ; ().
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4. Khodng cach giiva hai mdt phéing song song

M

vl
il

Cho hai mit phang song song (o)) va (B).

g

Khoang cach tir mot diém M bét ki cia mp(a) ti mp(B) khong phy thudc
vao vi tri ctia diém M, duoc goi la khoang cach gitra hai mat phiang song song

(o) va (B). Kihicu d((a) ; (B)).
5. Doan vuong goc chung cua hai duong thing chéo nhau

a

e

/’/,/E
\E

By
Poan thang AB 1a doan thang vuéng goéc chung cua hai duong thang chéo
Aea, Beb
nhauavab < {AB L a
AB1lb

I1. CAC PINH LI

1. Dinh Ii 1. Hai duong thing chéo nhau c6 mét va chi mot doan vudng goc
chung.

2. Dinh Ii 2. Doan vuong goc chung cua hai duong than;:, chéo nhau la doan
ngan nhat n6i hai diém lan lwgt nim trén hai duong thing do.
3. Khodng cdch giva hai dwong thang chéo nhau

Khoang cach giira hai duong thang chéo nhau a, b 1a do dai doan vudng goc
chung cua hai duong thang a va b.

ol



B. CAC BAI TOAN VA PHUONG PHAP GIAI

I. PHUONG PHAP

H Tinh khoang cach tir diém M dén mat phang (a)
1. Dung MH 1 (a), H € (o)
Cach 1: Néu da c6 duong thiang d L (o) thi tir M ta dung duong thang A // d.
Pudng thang nay cat (o) tai H. Ta c6 MH = d(M ; (a)).

d “M

Cach 2 :
— Qua M, xéc dinh (hogc dung) mit phang (P) L (o), mit phang (P) cat ()
theo giao tuyeén a.

— Trong mat phang (P) dung MH vudng gbc véi giao tuyén a tai H
— Taco: MH L (a).

M

Cédch 3 : Néu co ba doan xién MA = MB = MC (A, B, C thudc mp(a)) thi H
chinh la tam dudng tron ngoai tiép tam giac ABC.
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M
A
/ C
B

2. Tinh khoang cach tir M dén mp(a)
Cach I : Duyng MH L (o) va tinh MH.
Cdach 2 : Néu biét khoang cach tir mot diém A dén (o) thi ta c6 thé tinh
khoang cach tir M dén (o) dua vao cac két qua sau :
Néu MA // (o) thi d(M ; (o)) = d(A ; (a0 )).
d(M,(a)) IM

Néu MA ciét (o) tai I thi .o
G MAGt )l i o IR

H Dung doan vudéng goéc chung cuta hai dudng thang chéo nhau

Cach 1 (Ap dung cho trieong hop hai dwong thang vuéng géc nhau a va b) :

Dung, hoac tim mdt mat phﬁng (o) chira b va
vudng goc voi a tai A.

Trong (o), dung doan AB L b tai B.
Doan AB la doan vuéng goc chung cua a va b.

a

b
A B
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Cach 2 :

— Dung mit phang (o) chita b va song song véi a.

— Dung hinh chiéu a’ cua a 1én (o) bang cach tir mot diém M tuy ¥ trén a,
dung doan MH L (o) tai H. Trong mat phang (a), tr H dung duong thang
a’ //a,a’ catbtai B.

— Trong mit phing (a, a’), tir B dung duodng thing song song véi MH cit a tai
A va chirng minh doan AB la doan vudng goc chung cua a va b.

Cach 3 :

— Dung, hodc tim mot mit phang (o) vuéng goc vdi a tai O, cat b tai I.

— Dung hinh chiéu b’ ctia b 1én () bing céch tir M trén b, ha MM L («) thi
IM’lab’.

— Trong (o) dung OH L b tai H.

— Trong mit phing (b, b"), dung tir H mét dudng thing song song véi MM”,
cdt b tai B= HB / MM’ // a.

— Trong mit phing (a, BH), tir B dung duong thing song song véi OH, cit a
tai A.

— AB chinh la doan vuéng goc chung cua a va b.
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H Tinh khoang cach gitta hai dudng thang chéo nhau

— Khoang cach gitra hai duong thﬁpg chéo nhau a, b1b5ng khoang cach tur
duong thang thr nhat dén mét phang chira duong thang thir hai song song
voi duong thir nhat.

— Khoang cach d6 ciing bing khoang cach giira hai mit phing song song lan
luot chira a va b.

_.-a'*.
-l
II. CAC BAI TOAN

®Bai todn 1. Cho hinh chép S.ABC c6 day la tam giac déu canh a. Hinh chiéu
vuong goc cua S trén mat phang (ABC) la diém H thudc canh AB sao cho
HA = 2HB. Géc giita duong thang SC va mat phing (ABC) bang 60°.

a) Tinh khoang cach tur diém S dén mat phang (ABC).

b) Tinh khoang cach giira hai duong thang SA va BC.
Gidi

a) Ta co SH vudng goc voi1 mp(ABC), do

do SH chinh la khoang cach tu diem S

dén mat phang (ABC).

Ta cé SCH la gbe gitta SC va mp(ABC),

suy ra SCH = 60°.

Goi D la trung diém cua canh AB.

ay/3

TacoHD =2, cD=2Y2
6 2
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a\7

HC = VHD? + CD? = =

SH = HC tan 60° = @
Vay d(S ; (ABC)) = SH = a‘/si .

b) Ké Ax // BC. Goi N, K lan lugt 14 hinh chiéu vuéng goc cua H trén Ax va
SN. Ta c6 BC // (SAN) va BA = %HA nén

d(SA ; BC) =d(B ; (SAN)) = %d(H . (SAN)).

Ta cling ¢6 Ax L (SHN) nén Ax L HK.
Do do d6 HK L (SAN).
Suy rad(H ; (SAN)) = HK.

2a a\fg

AH = =, HN = AH.sin60"=——
3 3

___SHHN =av@
JSH? + NHZ 12

Viy d (SA; BC)=S.8V42 _ 242
212 8

Bai todn 2. Cho hinh chép tam gidc déu S.ABC voi SA =2a, AB=a. Goi H1a
hinh chiéu vuong goc cua A trén canh SC.
a) Tinh khoang cach tur diém S dén mat phﬁng (ABC).
b) Tinh khoang cach giira hai duong thiang SC va AB.
Gidi

a) Goi D la trung diém cta canh AB va O 1a tim cta tam gidc ABC.
Do S.ABC la hinh chop déu nén ta ¢c6 SO L (ABC) do do :

d(S ; (ABC)) =S0O.
Tinh SO ;
Taco AB L CD va AB 1L SO nén AB L (SCD),dodo AB 1L SC.
Mat khac SC L AH suyra SC L (ABH).

HK
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Ta cb CD = # oC
nén SO =SC*—0C? = 2 333 .
Vay d(S ; (ABC)) = SO = 2 333 .
b) Tinh khoang cach giira hai dudng thiang SC va AB.
Ta co

DH LABL _( 4s5C: AB)=DH.

DH 1 SC
i i iy SOED av11 |

SC 4

Do d6 d(SC : AB) = DH = a‘iﬁ .

Bai todn 3. Cho hinh hop ding ABCD.A’B’C’D’ ¢o day la hinh vuong. Tam
giac A’AC vuong can, A’C=a.

a) Tinh khoang céch giira hai duong thing AB va CC’.

b) Tinh khoang cach tir diém A dén mit phing (BCD’).
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Gidi
3] Tago: DrraB | o B 00 =B0.
BC 1 CC'

Tam giac A’AC vudng can tai A vi A’'C =anén:

A’A=AC=-2 Dodé AB=BC= %

72

D'

Vay d(AB ; CC’)=BC = 3

b) Tinh khoang cach tir diém A dén mit phing (BCD’) .

Goi H la chan duong cao ké tir A cua tam gidc A’AB. Ta co :
AH L A'B
AH L BC

Do d6 AH =d(A ; (BCD?)).

Taco: 1 1 1 6 .Dodo:

AH® AB’ AA a

a\/6
5
Bai todn 4. Cho hinh chop S.ABC c¢6 day ABC la tam giac vudng can tai B,

}:}»AH 1 (A'BC)= AH 1 (BCD').

d(A ; (BCD")) = AH =

AB = BC = 2a ; hai mat phang (SAB) va (SAC) cung vuong gnc vOol mat
phing (ABC). Goi M 1a trung diém cua AB ; mit phing qua SM va song song
v4i BC cit AC tai N. Biét goc gitra hai mat phang (SBC) va (ABC) bang 60°.

a) Tinh khoang cach tu S dén mat phang (ABC).
b) Tinh khoang cach gitra hai duong thﬁng AB va SN.



a) Mat phang (SAB) va (SAC) cung vuéng goc véi mp(ABC) suy ra SA
vuong goc voi (ABC). Vay d(S ; (ABC)) = SA.

AB vudéng goc vai BC suy ra SB vuong gbc véi BC, suy ra goc gitta mp(SBC)
va mp(ABC) la goc SBA..
Taco: SBA = 60° = SA = ABtan 60° = 2a+/3.

Suy ra d(S ; (ABC)) = SA = 2av3.
b) Mat phéng qua SM song song voi BC, cat AC tai N, do do
MN // BC va NA = NC.

MN=— =a.
2

Ké duong thang d di qua N va song song véi AB. Ha AD vuéng goc véi d tai D.
Ta co AB // (SND).

d(AB ; SN) =d( AB ; (SND)) = d(A ; (SND)).

Ha AH vudng goc voi SD tai H.

Ta co6 AH vudng goc vai (SND) suy ra d(A ; (SND)) = AH.

SA.AD 2a+/39

AH - _
VSA? +AD? 13
Viy : d(AB ; SN) = 231‘25 |
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@Bai todn 5. Cho lang try ABCD.A B,C, D, c6 day ABCD la hinh chit nhat,

AB = a, AD = a+/3. Hinh chiéu vuéng goc cua diém A, trén mat phing
(ABCD) tring véi giao diém cia AC va BD. Géc giita hai mit phing
(ADD,A,) va (ABCD) bang 60°.

a) Tinh khoang cach gitta hai duong thang AD va AB.;
b) Tinh khoang cach tir diém B, dén mit phing ((A,BD) theo a.

a) Goi O la giao diém cua AC va BD. Ta c6 A 0 1 (ABCD).
Ma d(AD ; A B,)=d((ABCD); ((A,B,CD,))=A0.
Go1 E la trung diém cua AD ta co :

AD L EA,

— OEA, = 60°
AD 1L EO

=AO0= %tan 60° =2

3
2
aV3

Y,

= d(AO; AB)=A0=

b) Tinh khoang céch tir diém B, dén mat phing ((A,BD) theo a.
Tacé B,C//A,D = B,C//(ABD).

Ha CH vudng goc vai BD, ta ¢c6 CH vuong goc voi (A BD). Vay :
d(B; ; (A;BD)) =d(C; (A|BD)) = CH.



Taco CH = CDCE = a\'@.

JcD? +CB2 2

Suy ra d(B; ; (A;BD)) = %

Bai todn 6. Cho hinh chop S.ABC c¢6 day ABC la tam giac vuong tai B,
BA = 3a, BC = 4a ; mat phang (SBC) vuéng goc véi mat phang (ABC). Biét
SB = 2a+3 va SBC =30°. Tinh khoing cich tr diém B dén mat phing
(SAC) theo a.
Giai

Ha SH vudng goc véi BC tai H. Do hai
mat phang (SBC) va (ABC) vudng goc
nén SH vudng goc vol (ABC). Ta ¢6 :

SH = SB.sinSBC = a+/3

BH = SB.cosSBC = 3a.
Taco AC=3a, HC=BC-BH=a.
Vé HD vudng goc voi AQ tai D, ta co hai
tam giac CHD va CAB dong dang do do :

HD CH 1 3a A

—=——===HD=—.

AB CA 5 5
Trong tam giac SHD, vé HK vudng goc voi SD tai K. Taco :

K . HSHD =3a\E‘

JHS? +HD? 14

Ga\ﬁ

Do BC=4HC néntaco: d(B ; (SAC)) = 4d(H ; (SAC)) = 4HK =

7
Bai todn 7. Cho hinh chop S.ABCD co6 day la hinh chtr nhit ABCD co
AB =2a, AD = 4a, SA L (ABCD) va (SC, (ABCD)) = 60°. Goi H, M lan luot
la trung diém cua AB, BC ; N la diém trén canh AD sao cho DN = a. Tinh
khoang cach gitra hai duong thang MN va SB.
gi:ff
SA 1 (ABCD) = SC ¢6 hinh chiéu trén (ABCD) 1a AC
= (SC,(ABCD)) = (SC, AC) = SCA = 60°.

67



68

ABAC vuong tai B c6 AC = JAB? + BC? = 2a\/5

= SA = ACtan60° = 2a+/15 .

Lﬁy diém L trén canh AD sao cho AL = a.

Ta ¢6 MBLN la hinh binh hanh nén MN // BL = MN // (SBL)
= d(MN ; SB) =d(MN ; (SBL)) =d(N ; (SBL)).

5. dON;(SBL) LN
" d(A:(SBL)) LA

Ta c6 : MH> + MN® = MB* + BH* + BL> =4a” + a° + 5a° = 10a° = NH*
— AHMN vuodng tai M.
Lai c6 HM // AC = AC L MN tai ] ma MN / BL = BL L AC tai K.
Dung AE L SK tai E. Taco AE L (SBL) = AE = d(A : (SBL)).

1 1 1 1 1 1 176

=2 = d(N ; (SBL)) = 2d(A ; (SBL)).

Ta co - + + = +— + =
AE* SA? AI? AB? 60a® a* 4a® 60a’
— AE= 3”12985 — d(A: (SBL)) = 3“12;85 |

Vay d(MN ; SB) = 2d(A ; (SBL)) =

2a+/285
19



A. TOM TAT Li THUYET

I. GOC GIUA HAI PUONG THANG

Goc gita hai dudng thang a, b 1a goc gilta hai duong thang a’ va b’ cung di
qua mot diém va lan lugt song song hodc trung véia va b,

Ki hiéu géc giita hai duong thing a va b 1a (a : b) :

II. GOC GIUA PUONG THANG VA MAT PHANG
* Néu duong thang a vudng goc voi mp(P) thi ta noi goc gitra a va (P) bang 90°.
* Néu duong thing a khong vudng goc vai (P) thi goc gitra a va hinh chiéu a’
cua no 1én (P) goi la goc gitra a va (P).
a

Ki hi¢u: (a, (P))
(E‘T-(‘I;-) ) = {5,‘;’) trong d6 a’ 1a hinh chiéu cua a trén (P).
Chit y : Goc gitra dudng thiang va mit phang khong vuot qué 90°.

0° <(a,(P)) <90°.

I1I. GOC GIUA HAI MAT PHANG

Géc giita hai mit phang 1a goc gilta hai duong thing lan luot vudng géc véi
hai mat phang do.

69



Ki hiéu : ((P), (Q)).

Pinh li vé di¢n tich hinh chiéu

Goi S 1a di¢n tich cua da gidc (H) trong mat phiang (P) va S’ 1a dién tich hinh
chiéu (H’ ) cua (H) trén mat phang (P”) thi :

S’ =8S.coso
trong do ¢ la goc gitra har mat phﬁng (P) va (P).

B. CAC BAI TOAN VA PHUONG PHAP GIAI

I. PHUONG PHAP

1. Céch xdc dinh géc giiva dwong thing va mdt phang

ol

Pé tinh goc giira duong th‘éng a va mat phﬁng (P) ta thuc hién cac budc sau :

Buée 1 : Tim giao diém A cia a va (P)
Buée 2 - Ly diém M trén a, vé MH vuéng goc véi (P) tai H.

Buoc 3 : Tinh goc (a,(P)) = MAH.
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2. Cich xdc dinh géc giiva hai mdt phing

g S —————

Dé tinh goc ¢ gitra hai mat phang (P) va (Q), ta thuc hién mét trong hai cach
sau day :

Cach 1 : Xac dinh mot mat phiang (R) vudng goc voi giao tuyén A cua (P) va
(Q) thi

¢ = (p,q) trong d6 p, q 13n luot 12 giao tuyén cia (R) véi (P), (Q).

Cach 2 : Xac dinh goc cua hai duong thing 1an luot vuéng goc voi hai mit phing.

Cdch 3 : Dung cong thire dién tich hinh chiéu: S’ = S.cos tacd : cos = % .

Cach 4 :

ey

Buoce 1: Tim glao tuyén d cua hai mat phﬁng (P) va (Q).

Buoe 2 . Lﬁy diém M thudc mp (Q), vé MH vuoéng goc voi (P) tai diém H.
Buoce 3 : Vé HO vudng goc véi d tai diém O.

Buwoc 4 : Tinh goc ((P),(Q)) = MOH .

II. CAC BAI TOAN

®di todn 1. Cho hinh chép S.ABC c6 day 1a tam giac déu canh a. Hinh chiéu vudng
gbc cua S trén mit phang (ABC) 1a diém H thuéc canh AB sao cho HA = 2HB va
av21

3

SH = . Tinh géc gitra dudong thang SC va mit phing (ABC).
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Ta c6 SH vudng goc véi mit phang (ABC), do d6 SCH 1a goc giira SC va (ABC).

Goi D la trung diém ctia canh AB. Ta ¢6 HD = % ;O = %,
HC = VHD? + CD? a\/_
an_1
tan SCH = =>— = /3 = SCH = 60".
HC .7
3

®ai todn 2. Cho hinh chop tam giac déu S.ABC vdi SA =2a, AB = a. Goi H 1a
hinh chiéu vuéng goc ctia A trén canh SC.
a) Tinh goc giira hai dudng thang SC va AB.
b) Goi D 1a trung diém ctia AB, tinh césin ctia goc gifta duong thing DC va
mat phang (ABH).
Giai
a) Goi O la tdm cua tam giac déu ABC. Ta ¢6 :
AB L CD va AB 1L SO nén AB 1 (SCD), dodo AB L SC.

Viy (SC, AB) =90".
b) Tacé SC L AH suyra SC L (ABH).

Goi ¢ la gbc gitra dudng thiang DC va mat phang (ABH), ta co ¢ = CDH.



a\/g av3

Ta co CD:TH oC

3
nén SO = SC? —-0C? = 2 333
s g s SO0 A Bl |
SC 4
a11

DH 4 11 2 433

Suyra: cosop= = = ; = .
2 *"DC B 4 3 6
2

@Bai todn 3. Cho hinh chop S.ABC ¢6 day ABC la tam giac vudng can tai B,
AB = BC = 2a ; hai mit phing (SAB) va (SAC) cing vubng goc voi mit

phang (ABC) va SA = 23@. Goi M la trung diém cua AB; mat phang qua
SM va song song vdi BC, cat AC tai N.
a) Tinh goc giira hai mit phing (SBC) va (ABC) .
b) Tinh tan cta goc giira hai dudong thing SN va BC.

Giai
a) Mat phﬁng (SAB) va (SAC) cung vudong goc voi1 (ABC) suy ra SA vuong
gbce vol (ABC).
AB vudng goc vol BC suy ra SB vuong goce vor BC suy ra goc gitta (SBC) va
(ABC) la goc SBA .
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Tach: tanSBA =0 . 2aV/3 — /3 = SBA = 60".
AB  2a

b) Tinh tan cua goc giita hai duong thang SN va BC.
Mt phiang qua SM song song véi BC, cit AC tai N, do d6 MN // BC va NA = NC.

(SN,BC)=(SN,NM )= SNM.

Taco: SM = JSA® + AM® = y12a® +a* = a /13
v SM _a/13
tan SNM = =+/13.
. TR
Bdi todn 4. Cho lang tru ABCD.A’B’C’D’ ¢6 day ABCD la hinh chir nhat, AB = a,
AD = ay3. Hinh chiéu vuéng goc cua diém A' trén mat phang (ABCD)

\/‘

tring véi giao diém O ctia AC va BD. Cho biét A’O =

a) Tinh goc giira hai mit phing (ADD'A") va (ABCD).
b) Tinh tan cua goc giira hai dudng thing BB’ va AC.
Gidi
a) Goi ¢ la goc gitra hai mat phang (ADD'A") va (ABCD). Ta ¢6 hinh chiéu

vudng goc cua diém A' trén mit phang (ABCD) tring vai giao diém O cua
AC va BD, do d6 A’O vuong goc vo1 (ABCD). Vé OE vuong goc voi1 AD, suy
ra A’E vudong gbéc vl AD. Vay goc gitra hai mat phang (ADD'A’') va

(ABCD) la goc A'EO =¢.




- -

—— e e

A'O
tane = =

OE

=3 = ¢ =60°

b) Pat a=(BB', AC). Taco BB’ // AA’ suyra:

a=(BB', AC)=(AA', AC)= A'AO.

_BD _VAB*+BD* __

AO
2 2
a3
= tana = 2 =\/§.
a 2

@Bai todn 5. Cho hinh chop S.ABC c6 day ABC la tam giac vuéng tai B,
BA = 3a, BC = 4a ; mit phing (SBC) vudng goc véi mit phing (ABC). Biét
SB = 2ay/3 va SBC =30°. Tinh tan cta goc gitra hai mat phﬁng (SAC) va
(ABC).
Gidi

Ha SH vuong goéc voi BC tai H. Do hai mat phéng (SBC) va (ABC) vuong
goc nén SH vudng gbc voi (ABC). Ta co :

SH = SB.sing-ﬁE = a\@

BH = SB.cosSBC = 3a.
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A
Taco AC=5a; HC=BC-BH=a.

Vé HD vudng goc v6i AC tai D, ta c6 hai tam gide CHD va CAB dong dang
do do :

HD _CH
AB CA

3 sup-2,
5 5

Ta co

((SAC),(ABC)) = SDH

tangﬁ—l:i: SH 23@25\/5.
HD 3a 3

3]



' UNG DUNG DE GIAI
CAC DE THI TUYEN SINH BAI nnc

Bai 1. (Trich dé thi Pai hoc khoi A —2012)
Cho hinh chép S.ABC c¢6 day la tam giac déu canh a. Hinh chiéu vuéng goc
cua S trén mat phang (ABC) la diém H thudc canh AB sao cho HA = 2HB.

Goc gitra dudong thang SC va mit phang (ABC) bang 60°. Tinh thé tich cua
khéi chop S.ABC va tinh khoang cach giira hai dudng thing SA va BC theo a.

* Tinh thé tich khéi chop S.ABC
Ta ¢6 SCH la goc gitra SC va mp(ABC), suy ra SCH = 60°.

Goi D la trung diém ctia canh AB, ta ¢c6 HD = % W ain e %,

TF



a7

HC = VHD? + CD? = -

av21
—

SH = HC tan 60° =

1 1 a\/ﬁ az\[.‘i aa\E
VS_AHL‘=§SH‘SAB{J:_§' 3 . 4 = 12 u

* Tinh khoang cach giira hai duong thang SA va BC
Ké Ax // BC. Goi N, K 1an luot 14 hinh chiéu vuong goc cua H trén Ax va SN.

Ta c6 BC // (SAN) va BA = gm idn

d(SA : BC) = d(B ; (SAN)) = gd(H . (SAN)).

Ta cling c6 Ax 1 (SHN) nén Ax | HK. Do dé
HK 1 (SAN). Suy ra d(SA ; (SAN)) = HK.

ay/3

AH = %a HN = AHsin60" = 235

SHHN  ay42

HK = _
JSH? + NHZ 12
Viy d (SA ; BC) =2 342 |

Bai 2. (Trich dé thi Pai hoc khéi B — 2012)

Cho hinh chép tam giac déu S.ABC vé6i SA = 2a ; AB = a. Goi H 12 hinh hliéru
vudng goc cua A trén canh SC. Chung minh SC vudng goc voi mdt phang
(ABH). Tinh thé tich cua khoi chop S.ABH theo a.

Giai
Goi D la trung diém cia canh AB va O la tim cua tam giac déu ABC. Ta ¢6 :
AB 1L CD va AB 1 SO nén AB 1 (SCD), do dé6 AB L SC.
Mat khac SC L AH suyra SC L (ABH).

Ta cb CDz%, 0C = a33 nén SO = \/SC? — OC? =a‘/33_3.
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SOCD _av1l
SC 4

1 a%J11
—

Suyra S, = EAB.DH =

Do do DH =

Tacé SH = SC - HC = SC - JCD? - DH? =

1 Ta\/_

Do do V“HH_:BSHS %6

Bai 3. (Trich deé thi Pai hoc khoi D — 2012)

Cho hinh hop dung ABCD.A’B’C’D’ ¢o day la hinh vuong. Tam giac A’AC
vuong can, A’C = a. Tinh thé tich ciia khoi tir dién ABB’C’ va khoang cach tir
diém A dén mat phang (BCD’) theo a.

Gidi
* Tinh thé tich khoi t&r dién ABB’C’

Tam giac A’AC vuéng cantai Ava A’C=anén:

Ta
4

AA=AC=-2 Dods AB=B'C’= %

J2
a\/_

V,_BCS

ABR'C’
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* Tinh khoang cach tir A dén mp(BCD”)
Goi H la chan duong cao ke tir A cua tam giac A’AB. Taco:

ARLA'BL ., a5 | (A'BO) = AH L (BEDY.
AH | BC

Do d6 AH = d(A : (BCD")).

Tacéd: 1 = . + 1 =i.DDdf}:
AH® AB? AA? a°
d(A;(BCD'}):AH:%.

Bai 4. (Trich de thi Pai hoc khoi A —2011)

80

Cho hinh chop S.ABC c¢6 day ABC la tam gidc vudng cén tai B, AB = BC = 2a;

hai mat phang (SAB) va (SAC) cung vudng goc voi mat phang (ABC). Goi M
la trung diém cua AB ; mit phing qua SM va song song vdi BC, cit AC tai N,
Biét goc gitta hai mat phang (SBC) va (ABC) lgang 60°. Tinh thé tich khoi

chop S.BCNM va khoang céach gitra hai duong thang AB va SN theo a.
Giai
* Tinh thé tich khoi chop S.BCNM
Hai mit phang (SAB) va (SAC) cing vuéng goc véi (ABC) = SA L (ABC).

AB L BC = SB L BC = SBA la goc giita (SBC) va (ABC) = SBA =60

= SA=ABtanSBA =2a+/3.
Mit phing qua SM va song song véi BC cit AC tai N
= MN // BC va N la trung diém ctia AC.



BC B

MN=—=a.BM=— =a.
2 2
(BC+MN).MB 3a°
SB{TNM = ’ = 5 .

_ 1 3
Vspenm = ESBCNM'SA =a \E

* Tinh khoang cach giira hai duong thing AB va SN

Ké duong thing A di qua N va song song véi AB. Ha AD 1 A (DeA)
= AB//(SND)

= d(AB ; SN) = d(AB ; (SND)) = d(A ; (SND)).

Ha AH L SD (He SD) = AH L (SND) = d(A ; (SND)) = AH.

Tam giac SAD vudng tat Aco AH L SDvaAD=MN =a

=5 AR TSN = A= et 2aV39

JSA? +AD? 13

Bai 5. (Trich dé thi Pai hoc khoi B —2011)
Cho ling try ABCD.A B,C,D, c6 ddy ABCD la hinh chit nhit, AB = a,
AD = ay3. Hinh chiéu vuéng goc cua diém A, trén mit phing (ABCD)
tring véi giao diém cia AC va BD. Goc giita hai mit phing (ADD,A ) va
(ABCD) bang 60°. Tinh thé tich khoi ling tru da cho va khoang cach tir diém
B, dén mat phang ((A,BD) theo a.
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5
- -

o
e o === -

=)

* Tinh thé tich khoi ling tru ABCD.A B,C,D,
Goi O la giao diém cua AC va BD = A O L (ABCD).
Goi E 1a trung diém AD = OE L ADva A E L AD

= A EO la goc gitra hai mat phang (ADD,A)) va (ABCD)
= A EO =60°
= A, O=0EtanA EO = %taHAIEO = %.

Sascp = AB.AD = a%/3.

V =9 AO= Biﬁ.
ABCD.A,B,C,D, ABCD- £, .

2
* Tinh khoang cach tir B, dém mp(A D B)

Taco BC/ AD = BC //(ADB)

= d(B, ; (A,DB))=d(C; (A,DB)).
HaCH 1L BD (H € BD) = CH 1 (A DB)
= d(C; (A ,DB))=CH.

Suyrad(B, ; (A,DB))=CH= 2B _ a3

JCD? +CB® 2




Bai 6. (Trich dé thi Pai hoc khoi D — 2011)
Cho hinh chop S.ABC c6 day ABC la tam gidc vuong tai B, BA = 3a, BC = 4a;
mit phing (SBC) vuéng goc véi mit phing (ABC). Biét SB = 2a/3 va

SBC =30°. Tinh thé tich khéi chép S.ABC va khoang cich tir diém B dén mat
phang (SAC) theo a.

Gidi

A
* Tinh thé tich khdi chop S.ABC
Ha SH L BC (H € BC), (SBC) L (ABC) = SH L (ABC)
SH = SB.sinSBC = av/3.
SAH{* = %BA.BC = 632 :

1 ;
Vs.aBc = gSABC .SH = 2&‘*\@.

* Tinh khoang cach tir B dén mit phang (SAC)
HaHD L AC (D e AC),HK L SD (K e SD)
= HK L (SAC) = HK =d(H ; (SAC)).

BH = SBcos SBC = 3a = BC =4HC = d(B ; (SAC)) = 4d(H ; (SAQ)).
Tacé AC = VBA2 + BC? =5a

HL =B(C—~BH=a = HD=B}"LE = 3—3.
AC 5

ik~ SHHD  _ 3aJ7
JSH? + HD* 14
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Vay d(B ; (SAC)) = 4HK = Gaf .

Bai 7. (Trich dé thi Pai hoc khéi A — 2010)
Cho hinh chép S.ABCD co6 day ABCD la hinh vuung canh a. Goi M va N lan
lwot 1a trung diém cua cac canh AB va AD ; H 1a giao diém cua CN véi DM.

Biét SH vudng gbéc vai mit phiang (ABCD) va SH = ay/3 . Tinh thé tich khéi
chép S.CDNM va tinh khoang cach gitra hai dudmg thang DM va SC theo a.

* Tinh thé tich khéi chép S.CDNM
Sernn = Sraen = Seapy =8

CDNM ABCD AMN BCM

= AB? - % AM.AN - %BC.BM

1 5./3a°

=B SH= "%

Vv

S.CDNM

* Tinh khoang cach giira hai duong thang DM va SC

AADM = ADCN = ADM = DCN = DM L CN, két hop vo1 DM L SH
suy ra DM L (SHO).

Ha HK 1 SC (K € SC), suy ra HK 1la doan vudng goc chung cua DM va SC,
do d6 d(DM ; SC) =
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a5

Ta c6 : CN = JCD? + ND? -

¥ ® F - # L CDZ 2a
Xeét tam giac vuéng NDC co6 duong cao DH, HC = =—=.
CN 5

SHHC _ 2ay3
JSHZ +HC® 19

Xeét tam giac vuong SHC c6 duong cao HK, HK =

Za\f'g
JE :

Do d6 d(DM ; SC) =

Bai 8. (Trich dé thi Pai hoc khéi B — 2010)

Cho hinh ling tru tam giac déu ABC.A’B’C’ ¢6 AB = a, goc gitra hai mat
phang (A’B C) va (ABC) bing 60°. Goi G la trong tim tam giac A’BC. Tinh
thé tich khéi lang tru da cho va tinh ban kinh mit cau ngoai tiép tr dién
GABC theo a.

* Tinh thé tich khéi lang tru ABC.A’B’C’
Goi D la trung diém BC, ta c6 : BC L AD = BC L A’D, suyra ADA ' = 60°.

e — 2
TacoAA’=AD tanADA' =22 ;§, = a'V3.
& ' 4
, . 3a%yJ3
Dodo V, o apc =Supe-AA' = g
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* Tinh ban kinh mat cau ngoai tiép t dién GABC

Goi H 1a trong tam tam giac ABC, suyra:

GH//A’A = GH L (ABC).

Goi I 1a tim mt cau ngoai tiép t&r dién GABC, ta ¢6 I Ia giao diém cua GH
vO1 trung truc cua AG trong mat phang (AGH).

Goi E 1a trung diém cta AG, ta c6 :

2
R=gI= 8E6GA _GA'
GH 2GH
' 2
Ta co E}:["I:ﬁzE ;AH: _a\/g : GAE :GH}. AHE 73—
3 2 3 TR
2
DodhB=ot . B B
212°a 12

Bai 9. (Trich dé thi Pai hoc khéi D — 2010)
Cho hinh chop S.ABCD c6 day ABCD la hinh vudng canh a, canh bén SA =a ;
hinh chiéu vudng goc cua dinh S trén mit phing (ABCD) la diém H thuuc

doan AC, AH = % Goi CM la duong cao cua tam giac SAC. Chirng minh

M la trung diém cua SA va tinh thé tich khéi tir dién SMBC theo a.

aV2 JSA? — AH? = aV14 .
4

*AH—— SH =

HC = 33( . SC= VSH? + HC? = aV2 = SC=AC.

Do d6 tam giac SAC can tai C, suy ra M 1a trung diém SA.
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* Tinh thé tich khéi tir dién SBCM

1

M 1 trung diém SA = Sqo == Sgc,

1 1

=V =V V ==V,

SBCM ~ VBSCM ~ 5 YBSCA ~ 5 'SABC
v —IS SH-]aE am_aj’\/l_él
= VsBeM T gPABC N T e T 4 T T ag

Bai 10. (Trich dé thi Pai hoc khoi A — 2009)

Cho hinh chéop S.ABCD co6 day ABCD la hinh thang vuéng tai A va D,
AB = AD = 2a ; CD = a, goc gira hai mat phang (SBC) va (ABCD) bang 60°.
Goi I la trung diém cua canh AD. Biét hai mat phang (SBI) va (SCI) cung
vubng goc voi mit phang (ABCD). Tinh thé tich khdi chop S.ABCD theo a.

Gidi
Ta c¢6 SI L(ABCD) vi hai mait

phing (SBI) va (SCI) cung
vuong goc voi1 mp(ABCD).

Taco
IC=a+2,IB=ay5,BC= a\5.
Ké IH L BC tai H, IH = 335‘/3.

Trong tam giac vudng SIH,

Sa\flg
T

SI=IH.tan60° =

Vi E 1a trung diém AB nén

SABL‘D = SADCE "'SE,H(:

2 2
=2a +az=3a :

" 1 .
Vay VSABCD=§S!&BCD.SI=§.33 = e
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Bai 11. (Trich dé thi Pai hoc khoi B — 2009)

Cho hinh lang tru tam giac ABC.A’B’C’ ¢6 BB’ = a, g{}c gitra ducmg thing
BB’ va mat phang (ABC) bang 60° ; tam giac ABC vuong tai C va goc BAC
bang 60°. Hinh chiéu vudng goc cua diém B’ 1én mit phing (ABC) trung voi
trong tim cuia tam giac ABC. Tinh thé tich khoi tir dién A’ABC theo a.

Go1 D la trung diemcia ACvaGla trong tam tam giac ABC, taco B'G L (ABC)
= B'BG = 60°

— B’G=B’B.sinB'BG = ﬂvé BG = Z 5 B = %ﬁ
Tam giac ABC ¢6 Bc—ﬂ AC—% CD—i—B
2 2 9
BC? + CD? = BD? — 3AB M AB _ 9a
16 16
2
:,}Aﬁzsa\/ﬁ  AC 3a\13 s, -0 JE_
13 26 104
Thé tich khéi tr dién A’ABC la :
1., 9a*
Vaase = Veasc = EB GS,p = 208"

Bai 12. (Trich dé thi Pai hoc khéi D — 2009)

Cho hinh lang tru dimg ABC.A’B’C” ¢o day ABC la tam giac vudng tai B,
AB =a, AA’ =2a, A’C =3a. Goi M la trung diém cua doan thing A’C’, | !é
giao dlem ctia AM va A’C. Tinh theo a thé tich khoi tir dién IABC va khoang
cach tir diém A dén mat phang (IBC).
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* Tinh thé tich khéi tir dién IABC
HalH LAC (H € AC) = IH L (ABC), IH la duong cao cua to dién IABC

IH CI 2
= TH /f AR = " o
AA' CA' 3
= TH = S KA - R,
3 3

AC=VA'C2—A'A% =a\5 ;

BC = JAC? - AB? = 2a.
1 9
Sy =5 ABBC =2

3
VIAEG = %IH'Sch = % :
* Tinh khoang cach tir A dén mat phang (IBC)
Ha AK L A’B(K € A’B). ViBC L (ABB’A’)nén AK L BC = AK L (IBC).
Khoang cach tir A dén mit phing (IBC) 1a AK.

25, ___AA'AB __2aJ5

AK = .
A'B  JA'A?2+AB? 5
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Bai 13. (Trich dé thi Pai hoc khoi A — 2008)

90

Cho ling tru ABC.A'B'C’ ¢6 @6 dai canh bén bang 2a, ddy ABC la tam giac
vuong tai A, AB=a, AC=a J3 va hinh chiéu vuong goc cua dinh A' trén mat
phiang (ABC) la trung diém cua canh BC. Tinh theo a thé tich khéi chop
A'.ABC va tinh cdsin cua goc gitra hai duong thang AA', B'C".

Gidi

* Tinh thé tich khoi chép A'.ABC
Goi H la trung diém ctia BC. Suy ra

A'H L (ABC)va AH = %BC :%Jaﬂ B e

Dodd A'H? = A'A2—AH? =3a’ = A'H =aV3.

a"*\/g

Sune = %.ABAC = %.a.a\/_ i
A 1. . 58
Vay Vy anc = §A HS, .= 5

* Tinh cosin cta goc giira hai duong thang AA', B'C'

Trong tam gidc vuong A’B’H ¢6 : HB'= VA 'B?+A'H? = 2a nén tam gidc
B’BH can tai B’.

Pit ¢ 1a goc giira hai duong thang AA’ va B’C’ thi ¢ = B'BH.

W | =

Vé}f'ﬂﬂﬁiﬂ‘:%:
~&d



Bai 14. (Trich dé thi Pai hoc khoi B — 2008)
Cho hinh chop S.ABCD co6 day ABCD la hinh vudéng canh 2a, SA = a,
SB = ay3 va mit phang (SAB) vudng goc v4i mit phang day. Goi M, N lan
lugt la trung diém cua cac canh AB, BC. Tinh ti]ecr a thé tich cua kho1 chop
S.BMDN va tinh c¢6sin cua goc gilra hai duong thing SM, DN.

* Tinh thé tich cua khéi chop S.BMDN

Goi H 1a hinh chiéu cta S trén AB, suy ra SH L (ABCD). Do d6 SH la duong
cao cua hinh chop S.BMDN.

Taco: SA? + SB? = a” + 3a® = AB® nén tam giac SAB vuéng tai S, suy ra

sM=22 -5
2

Do tam gidc SAM déu, suy ra SH =

a3
Z

Dién tich tit gisc BMDN 1 S, = %smn - 2a?.

a®y3
5

Thé tich khéi chop S.BMDN la : V = %SH.SBMDN .
* Tinh cosin cua goc gita hai duong thﬁng SM, DN

Ké ME // DN (E EAD}suyraAE=%.

Dat ¢ la goc giira hai dudng thang SM va DN. Taco : (SM,ME) = ¢.
Theo dinh li ba dudong vudng goc ta co SA L AE.
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‘f - ME = VAM? + AE? = \2/5

Suy ra SE = {SA? + AE? =

V5

5

Tam giac SME can tai E nén SME = ¢ va cos¢ =

o]
M‘&_lbﬂ m

Bai 15. (Trich de thi Pai hoc khoi D — 2008)
Cho lang tru dimg ABC.A'B'C' ¢6 day ABC la tam giac vuong, AB = BC = a,

canh b@n AA'= av2. Goi M la trung diém cua canh BC. Tinh ‘Eheu a thé tich
cua khoi lang tru ABC.A'B'C' va khoang cach giira hai duong thang AM, B'C.

* Tinh thé tich cua khdi lang tru ABC.A'B'C'

Tur gia thiét suy ra tam gidc ABC vudng cin tai B.

Thé tich khoi lang tru la : =AA'S,  =ay2.—a? =228

ABLAHC ABC 2

* Tinh khoang cach giira hai duong thing AM, B'C

Goi E 1a trung diém cua BB’. Khi d6 mit phang (AME) song song véi B’C
nén khoang cach gitra hai duong thing AM va B’C bang khoang cach giira
B’C va mit phang (AME).

Ma khoang cach tu B dén mit phing (AME) bang khoang cach tir C dén mat
phang (AME).
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Goi h 1a khoang cach tir B dén mat phang (AME). Do tir dién BAME c6 BA,
BM, BE d6i m{t vudng goc nén
11 1 1 1 1 4 2 1 a7
=>h=——7m0m.

= + + = = e + ==
h? BA? BM? BE? h? a? a’ a? a°

a7

Khoang cach gitra hai duong thang B’C va AM bing

Bai 16. (Trich dé thi Pai hoc khoi A — 2007)
Cho hinh Lhﬂp S.ABCD c¢ day la hinh vudng canh a, mat bén SAD la tam

giac déu va nam tmng mat phing vudng goc véi day. Goi M, N, P lan luot 1a
trung diém ctia cac canh SB, BC, CD. Ching minh AM vuéng goc v6i BP va

tinh thé tich cua khéi tir dién CMNP.

* Chirng minh AM vudng goc vl BP

Goi H 1a trung diém ctia AD. Do tam gidc SAD déu nén SH L AD.
Do (SAD) L (ABCD)

— SH L BP (1)

X¢ét hinh vuong ABCD ta ¢6 ACDH = A BCP

= CH L BP (2)

Tu (1) va(2) suy ra BP L (SHC).

Vi MN // SC va AN // CH nén (AMN) // (SHC).

Suy ra BP L(AMN) = BP L AM,

03



* Tinh thé tich cua khoi tir dién CMNP
Ké MK L (ABCD) véi K e (ABCD).

Tacé: Vo = = - MK Sy,

2 3
V3 .8 =1CNCP=2 nénV =a‘/§

CNP ~ o 8 CMNP W .

Vi MK = %SH—a

Bai 17. (Trich dé thi Pai hoc khéi B — 2007)
Cho hit}h chop tr giac déu S.ABCD c6 day la hinh vudng canh a. Goi E la
diém do1 xung cua D qua trung diém cua SA, M la trung diém cua AE, N la
trung diém cua BC. Ching minh MN vudng goc voi BD va tinh (theo a)
khoang cach gitra hai duong thaing MN va AC.

* Chimg minh MN vuong goc vé1 BD

Goi P 1a trung diém ctia SA. Ta c6 MNCP 1a hinh binh hanh nén MN // (SAC).
Mait khac, BD L (SAC) nén BD 1L MN.

* Tinh khoang cach giira hai duong thing MN va AC

Vi MN // (SAC) nén

d(MN ; AC)=d(N ; (SAC)) = %d{B . (SAC))

a2
i3,

BD =

a\f

Vay d(MN ; AC) = V2

W |

94



Bai 18. (Trich dé thi Pai hoc khoi D — 2007)

Cho hinh chép S.ABCD ¢6 day 1a hinh thang, ABC = BAD =90°, BA=BC=
a, {\D = 2a. Canh bén SA vudng goc vaoi day va SA = av2. Goi H 1a hinh
chiéu vuong goc cua A trén SB. Chung minh tam gidc SCD vudng va tinh
(theo a) khoang cach tir H dén mat phang (SCD).

Gidi

* Chirng minh tam giac SCD vuong

Goi I 1a trung diém cua AD. Taco: IA=ID=IC=a = CD L AC.

Mat khac, CD L SA, suy ra CD L SC nén tam giac SCD vuong tai C.

* Tinh khoang cach tir H dén mit phing (SCD)

SH SA? SA*  2a®

SB SB’ SA’+AB’ 2a’+a’
Goi d, va d, 1an luot 1a khoang cach tir B va H dén mat phiang (SCD) thi :

Trong tam giac vudong SAB ta ¢o : %

d, SH 2 2
S 2 apg, 554
d, SB 3 ‘2z 3"

Vi d, la khoang cach tr B dén mp(SCD) nén :

d = 3VH.SG]J = SA'SBCH .
' SSGI’J SE-E]’.‘II
Ma S, = %AB.BC - _%az

- - %SC.CD - %\/SAE + AB? + BC2 AJIC? + ID? = a\2.

sCD
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Suy ra dlzg.

Vay khoang cach tir H dén mit phang (SCD) la: d, = %dl =

co |

Bai 19. (Trich de thi Pai hoc khoi A — 2006)
Cho hinh tru c6 cac day la hai hinh tron tam O va O', ban kinh day bang chiéu
cao va bang a. Trén duong tron day tam O lay diém A, trén duong tron day
tam O ' lay diém B sao cho AB = 2a. Tinh thé tich cua khoi tir dién OO'AB.

gq?f
Arm
-
P |
# 1
#
# I
' B
# o
s ] -
. -
" 1 - i
s, - .
E e - e o
A e i ’ -
L= i ’ S
-, - # Gk S
',.,.l" - ] - n
{,'__...-"' 1 » %
N T B e s e

o

Ké duong sinh AA”. Goi D la diém doi ximg v6i A’ qua O’ va H 1a hinh chiéu
cua B trén duong thang A’D.
DoBH L A’'DvaBH 1L AA’nén BH L (AOO’A’).

Suyra V., = ~BHS,_, .

00'AB — 3

Taco: A'B=JAB2 - AA"? =[3a

—BD=+vA'D*-A'B? =a

— ABO'D du :::BH:%.

Vi AOO’ 1a tam giac vudng can canh bén bang a nén : S.io0 = %az ;
Vay thé tich khéi tir dién OO’AB la :

A J3a 32_33\/5

Ve ——.—=
3 2 2 12
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Bai 20. (Trich dé thi Pai hoc khoi B — 2006)

Cho hinh chép S.ABCD c¢6 day ABCD la hinh chtr nhat vo1 AB =a, AD = a\/_
SA = a va SA vudng goc v mat phang (ABCD). Goi M va N lan luot la
trung diém cua AD va SC; I 1a giao diém cia BM va AC. Chung minh rang

mit phing (SAC) vuéng goc v6i mat phang (SMB). Tinh thé tich ctua khéi tr
dién ANIB,

* Chimg minh mp(SAC) vudéng goc vai mp(SMB)

Xét AABM va ABCA déu vudng va co il;[ = \/15 = E‘é — AABM dong

dang vo1 A BCA

= ABM = BCA

— m——— e

= ABM + BAC = BCA + BAC =90°

— AIB = 90°

=MB L AC (1)

Ta ciling c0 SA L (ABCD) = SA L MB (2)

T (1) va(2) > MB L (SAC) = (SMB) L (SAC).

* Tinh thé tich khoi tr dién ANIB

Goi H la trung diém ciia AC = NH la dudng trung binh ctia A SAC

= NH = % :% vaNH //SAnén NH L (ABI),dod6é V,; = %NH.SM
Ta co S + 2 = Al = ﬂ
AT®* AB* AM’ 3
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ZABz—AIZ:?BIZT :}SMﬂZ

laa\/_ \/_

ANIB “ 39" g 36

Bai 21. (Trich dé thi Bai hoc khoi D — 2006)
Cho hinh chép tam gidc S.ABC c¢6 day ABC la tam gidc. déu canh a, SA = 2a
va SA vuong goc voi mat phang (ABC) Goi M va N lan luot 1a hinh chiéu

vubng goc cua A trén cac dudong thang SB va SC. Tinh thé tich cua khéi chop
A.BCNM.

Vv

Gidi

Goi K 1a trung diém ctia BC, H 13 hinh chiéu vudng goc ctia A trén SK.
Do BC L AK,BC L SAnén BC L AH.
Do AH L SK, AH 1 BC nén AH 1 (SBC).

Xét tam gide vuong SAK : mlz{ﬂ - siﬂ + A}lgﬂ = AH = Z‘%ﬂ .
Xét tam giac vuong SAB : SA® = SM.SB = E;I;[ = 2‘; = %
Xét tam gidc vudng SAC : SA® = SN.SC = gg y 2‘;2 < %.
Suy ra ismw = ég =55 B % - E}'{E—?E.

SBC
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Vay thé tich cua khoi chop A.BCNM la

3
¥ AR i‘é%i.

Bai 22. Cho hinh chop S.ABCD c¢6 SA vudng gbéc mat phﬁng (ABCD) day
ABCD la hinh thang vuong ta1 A va B co6 AB = BC = a, AD = 2a, goc gilra hal
mat (SAD) va (SCD) la 60°. Goi V., V, lan luot la thé tich khoi cau ngoai tlEp
tir dién SABC va SACD. Tinh ti so gitra V| va Vo,

Gidi

Ta c6 : BC L AB va BC L SA nén BC L (SAB).

Suy ra BC L SB (1)

Mait khac AS L AC (2)

Tu (1) va (2) suyra S, A, B va C nim trén mit ciu c6 dudng kinh SC.

Goi E 1a trung diém AD, ta c¢6 AE // BC va AE = BC nén AECB la hinh binh
hanh = EC=AE =ED

= A ACD vudng tai C

— CD L AC, ma CD L SA

— CD L (SAC)

= CD L SC (3)
Lai c6 SA L AD 4)

Tir (3) va (4) = S, A, C, D nam trén mit cau duong kinh SD.
Dung EH L SD tai H ta co:

CE L AD va CE L SA nén CE L SD

EH L SD

Do d6 SD L (CEH) = [(SAD), (SCD}) = (EH,HC) = CHE = 60°
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ay/3

Trong tam giac vuong CEH ( vudng tai E), ta co : EH = CE.cot 60° = =

Hai tam giac vuéng SAD va EHD c6 chung géc nhon D nén ching dong dang,

suy ra
SD AD ED.AD a.2a 2a”
_— SD = = = — 6 ;
ED HD HD  JED’_ R \jgazz a6
3

A SAD vuéng tai A = SA = SD? - AD? = V/6a® - 4a® = a\/2
A SAC vuong tar A c6 SA = AC nén SC = 2a,

g .
. V. 3™ (RY (sc) (2a) 8 26
Dodé: —L=3 =|2L| =|=| =| == = - :
V, 4 p:s (R, SD aJ6) 6J6 9
3 2

Bai 23. Cho tir dién SABC co6 tam giac ABC can tai A, SA vuong goc voi
mp(ABC), SA = a, dién tich tam gidc SBC gip hai lan dién tich tam giac
ABC. Tinh khoang cach tir A dén mp(SBC) va tinh ban kinh mit cau ngoai
tiép tr dién SABC.

* Tinh khoang cach tir A dén mp(SBCQ)
Ta c6 : Vsanc = %sm SA = %.sm dIA;(SBC)]

— d[A:(SBO)] - SS—SA =

SEC

i
o
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* Tinh ban kinh mit cau ngoai tiép tir dién SABC
Goi I la trung diém BC, J Ia trung diém SA. V& hinh chir nhiat AIKJ. Ta ¢o : 1
la tdm cua dwong tron ngoai tiép tam giac ABC va KI L (ABC) nén KI la truc
cua tam giac ABC, suy ra KA = KB = KC.
Mat khac : KJ | SA tai J] = KIJ [a trung truc cua SA = KA =KS.
Do do tacod: KS = KA =KB = KC.
Vay K 1a tim mt cau ngoai tiép tur dién SABC.
Taco:
AI SABC

cnséfh&:—z—:l
Bl Ous 4

a3

= Al = SAcot60° = —.

3
2 2
Suyra R=KA=1J= VA + AJ® = ,/%ﬁ; =&‘?.

Bai 24. Cho hinh chop tir giac déu S.ABCD c6 tat ca cac canh bang a. Tinh dién
tich toan phan va the tich hinh chép S.ABCD. Tinh tang cua goc gitra hai mat
phang (SBC) va (SCD).

— SIA = 60°

* Tinh dién tich toan phan va thé tich hinh chép S.ABCD

2
Ta c6 : ASAB la tam giac déu canh a nén Sgap = 2 f :

3.

2
a;/E:az\/_
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Suy ra : Sy = Syq + Sa=a%(\/3 + 1).

VS.AB(‘D = 4.\-’5,[}{‘0 = 4, 1 0S8.0C.0D

3
:.2_.0(_}3 _(i - \E
3 a 2 6

* Tinh tang cua goc gilra hai mit phang (SBC) va (SCD)
Vé OH L SC tai H, vi B\D 1 SC nén SC L {DHBﬁ). Do dé goc gitra hai mat
phang (SBC) va (SCD) bang goc gitra hai duong thang HB va HD.

Gt TR 2 2
Taco: BH=DH= ?\E nén cos BHD = 2BH” -BD

2HB*
3a’ 9
Brg s 1
2
2.2 :
4
= BHD tu
:tanBHD=—\/;,.__,—l =_— /9 - =—2\E,
cos” BHD

Bai 25. Cho hinh chép S.ABC c¢6 ABC la tam gidc déu canh a, mp(SAB) vudng
goc vo1 mp(ABC), goc gitra hai mat bén (SBC) va (SAC) voi mp(ABC) cung
ban;:, 60°. Tinh thé tich hinh chop S.ABC, xac dinh tim va ban kinh cua mat

cau ngoai tiép hinh chép S.ABC.

Gidi
S
S
| \P
E J
«
j I
S, o
Aks=q=oH Y- = - C
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* Tinh thé tich hinh chop S.ABC
Vi (SAB) L (ABC) theo giao tuyén AB nén vé SH L AB tai H thi SH L (ABC).
Goi M la trung diém BC va E 1a trung diém BM

— BC L (SHE) => SEH = 60° = SH = HE tan60° = 34“3 A3 = %.
. 1 1 a*y3 3a a’y3

Viy Vsasc= =8, SH==. 2R .
Y VaHpe 38*'”3“ & 3 4 4 16

* Xac dinh tAm va ban kinh ctia mét cau ngoai tiép hinh chép S.ABC
V& HF L AC tai F ta c6 AC vudng goc mp(SHF) nén SFH = 60°.

Do d6 ASHE = ASHF = HE = HF

ma AABC déu = CH la phén giac va trung truc ctia AABC.

Goi K = AM n CH thi K 13 tam dudng tron ngoai tiép A ABC. Dung dudong
thang d qua K va song song SH thi d la truc cuia AABC, d < (SHC), d cat SC
tai P.

Trong mp(SHC) v trung truc cua SC cat d tai I va SC tai J. Ta ¢6 I la tim mat
cau ngoai tiép tur dién SABC.

Ta co SP_,5P 2
SJ "sC 3
Lot o Pl 60
JS 3 SC 6 6
TR
— 17 = 1PtanP = SC cotc = SC HC _SC g _ SCv3
6 6 SH 6 3a 9
4
2 2 o
spfolaplagcd= B B B0
27 4 108
2 2 ]
Ma SC? =SH? +HC? = 22_, %2 _2%a
16 4 16

ge . 81 2la* _217a’
108 16  36.16

_ av217

= R :
24

103



Bai 26. Cho hinh tru ban kinh day R no1 tiép trong ling tru tir giac déu co6 duong
chéo hop véi ddy mot goc a. Tinh thé tich va dién tich xung quanh cua hinh
tru va tinh thé tich cua lang tru ngoai tiép.

» Fu
Giai
A D
A RO
PN
D :
1 \‘ I
' 1
1
B e C
i i b
I : "“r
b !
1 : RY
i
1A . \
: fk;::‘—-t--&=:::-- B D
] e \'\ L "-H.."'
w7 A - \
fr R o L A
Ll gL - 7 i
% - £
P
F - - 5
B C

Hinh vudéng ABCD ngoai tiép dudng tron day hinh tru ban kinh R nén ¢6 canh
AB=2R = AC = 2Rv2.

—

Duong chéo A’C cua lang try hgp véi day mot goc oo = ACA'=a.
Tam giac AA’C vudng tat A ¢o :

tan a = % — AA'= AC.tana =2J§Rtanu =00'.

Vi = tR2.00" = nR* 2J2R tan o = 227R? tan o ;
Syghin = 27R.00" = 27R.2V2R tan o = 4y/27R? tan o.;

Vi = AB*.AA" = 4R2.2\/2R tan o = 8V2R* tan o..

Bai 27. Cho hinh chép S.ABC c¢6 day ABC la tam giac déu c6 canh bang 2a ; hai
mit phing (SAB) va (SAC) cung vudng gbc mat phing (ABC), goi I 1a trung

diém canh BC. Mat phing (P) qua A vudng gbéc voi SI cat SB, SC lan luot tai
M, N. Biét rang Vsamn = iVS.ABCa hay tinh Vs apc ( Vsamn » Vsasc lan luot

la thé tich cac khoi chép S.AMN va S.ABC).

104



Hai mat phijing (SAB) va (SAC) cung vudng goc vo1 mat phﬁng (ABC) suy ra
giao tuyén SA cua chung vudng goc vo1 mat phiang (ABC).

Ta co :
BCL8A o e .1 (@AD=sBO LS.
BC 1 Al
BCLEL o IBE.
(P) L SI
. = . SM _ SN
Vi (P)N(SBC) = MN nén MN // BC, suy ra SB - SC

2
Taco: Vo 54 .SM ; B [SMJ . (gia thiét)
Vase SA SB SC [ SB 4
_ SM_1
SB 2

Do d6 M la trung diém cua canh SB va N la trung diém cua canh SC.

Goi E 14 giao diém cua MN va SI thi E 1a trung diém cua SI va vi AE chira
trong (P) nén AE vuéng goc vaoi SIL

Tam giac SAI ¢6 AE la trung tuyén va ciing 1a dudng cao nén tam giac SAI
cintal A, suyraSA=Al= a\/g !

|

2
Vﬁ)" Vs aBc :§ Sjmc-SA = % - {Qal \/5 .a\/E_} =a’.
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Bai 28. Cho hinh chop S.ABCD c6 day la hinh thang vuong tai A va B, AB=BC =a,
AD = 2a, SA L (ABCD). Cho biét gic gitra (SAD) va (SCD) bang 60°. Tinh
thé tich hinh chop.

Gidi

S

(AD+BC).AB _(2a+a)a _3a’
R 2 2
Goi H la trung diém AD va K la hinh chiéu cua H trén SD. Ta c6 :

CH L (SAD) = el SD} = SD 1 (CHK)

Taco: SﬂB{‘D =

SD 1 HK
= CKH la gbc gitra (SAD) va (SCD)

= CKH = 60° = HK = CH.cot60° = J—

2
Mit khac, KD = Jaz -["“EJ _av6

3 3
To o6z ASAD 6 AHKD =S8 _AD L ox AD e 28 .a‘@ = ay2.
HK KD KD a6 3
3
A 1 1 3a® .J2
Vay Vs.ascen = 58, SA = 5.5 - a2 =af.

Bai 29. Cho hinh chép A.BCD c¢6 AB = x (x > 0), céc canh con lai déu bing v/3 .

Tinh d¢ dai doan vuong goc chung cua AB va CD. Tinh thé tich cua hinh
chop, tim diéu kién cua x dé bai toan c6 nghia.

Gidi

* Tinh thé tich ctia hinh chop
Goi E 1a trung diém cta CD.
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Ta ¢6 : AACD va ABCD déu
— CD | AE va CD | BE = CD 1 (ABE)

ma EA = EB = CD\'F J_ZJ_ -g nén goi F la trung diém cua AB thi EF

chinh l1a doan vuon& goc chung cua AB va CD.

2 2
Mt khéc, EF? = AE2 - AF?= 2 _ X _9-X

4 4
= EF = —-w‘9 X
Thé tich hinh chop 1a :

1 1
V= gSAEB'CD - E

%ABEFCD*l Lo f_£xd9—x2.

* Diéu kién dé bai toan c6 nghiala 0 <x < 3.

Bai 30. Cho ling tru dimg ABC.A'B'C' ¢6 ddy 1a tam gidc vudng tai A. Biét AB =
AC =AA'=a. M la diém di dong trén AC', N la diém di dong trén BC sao cho
M= A va AM = BN.

a) Chung minh MN // (ABB'A').
b) Xac dinh vi tri viia MN sao cho d6 dai MN ngan nhét.
Giai
Xét hé truc toa d¢ Oxyz sao cho :
Otrung A,B(a;0;0),C(0;a;:0)vaA'(0;0:;a).
Taco:C'(0;a;a).
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B N C
a) Hai tam giac AA’C’ va BAC vudng can nén AC'= BC = av2.
bat AM =BN =x.

Tacé:ﬁ=iﬁ= >

e aﬁ(—a;a;ﬂ)
— N(a - 7_2—; 7%;0).
T:i_c":ﬁm;a;a] = M(0; %; %)
:M“'N[ \25_";0;-%}
min, . =k=(0;1;0)

— MNm,_,,. =0vaM g (ABB'A') = MN // (ABB'A").

b) Ta c6 MN? = é[{a\@-x)g+xﬂ] = x* - ax2 + &’

& 2 2
=g e | 8 B
2 | T2 "2

ay2

Dau"="xayra<>x= S & M la trung diém AC' va N la trung diém BC.

Vay khi M 1a trung diém AC' va N 13 trung diém BC thi MN nho nhat va

a2

minMN bang =
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Bai 31. Cho hinh chop S.ABC c6 day la tam giac vuong can tai B, BC = a, SA
vuong goc voi mp(ABC) va SA = 2a. Goi I 1a trung diém cua SC va M la
diém bat ki trén canh SB. Tinh dién tich tam giac AIM khi (AIM) L (SBC).

Taco: BC L ABva BC L SA
= BC L (SAB)
= (SAB) L (SBC) ma (AMI) L (SBC)
= AM L (SBC)
= AM 1L Ml va AM L SB.
X¢ét tam giac vudong SAB ta ¢o :
1 1 1 1 1 5

AM? SAZ AB? 4a’ a? 4a’

s A= 2R

J5
C = \JSA? + AC? = a6 :>AI-—\/_

Jﬁaz 4a®>  ay14

— MI = VAIZ - AM?

4 5 a0
2
Vay Saa = LaMMI= L 22 aVld _ a'Vid
2 2 J5 20 10
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Bai 32. Cho hinh chop tir giac déu S.ABCD c6 canh bén bang a, goc hop boi mat
bén va day 12 o (0 < a < %}.
a) Tinh thé tich ctia khéi chop di cho theo a va «.
b) Gia sur a khong d6i va o bién thién trong (O : g). X4c dinh o dé thé tich

trén dat gia tri lon nhat.

gi ?i
S

a) O la tam cua day ABCD va I l1a trung diém ciia BC. Theo tinh chat cua hinh
chop deéu, ta co SO vuodng goc vol (ABCD) va SI, OI cung vuodng goc voi BC,

suy ra goc hop boi mit bén (SBC) va day 1a SIO = a..
Go1 canh cua hinh vuong ABCD la x (x > 0).
Xet tam giac vuong SOC (vuong tai1 O) ta co :

s 2
X‘f} a’-Z. (D

sol=scz—ocl=aﬂ-[ 3

Xét tam gidc vuong SOI (vudng tai O), ta co :

K2

SO =Oltana = %tan a = SO0* = I*c:zm2 . (2)

Tua(l)va(2)suyra:

2 2 2
X

1512—K—=—1;an*‘ar.:r.--~:::a}{—(2+tﬂngt:t]'=a2
7] 4 4
; 4a”
& X = —.
2+tan” o
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Thé tich khéi chop S.ABCD la :

1 1, x 1 5 4 a’.tana
V==8 SO==x*"tana==-x*tana = —. .
B 3 2 6 3 (V2 +tan?a)?
G 2 1] 2
b) Ta cé V2= 16a | tan® o - 16a . tan t;t | 1 ‘ 1 '
9 (2+tan®a) 9 2+tano 2+tana 2+tan’a
Ap dung bat ding thirc Co-si cho ba s6 duong
2
£ {‘I . 1 —, 1 — ta duoc :
2+tan‘a 2+tan‘a 2+tan‘a
16a°|1 tan®a 1 1 i
Vi< — + + )
9 |83 2+tan®a 2+tan’ac 2+tan’a

16a°[1 tan’a+2| 1 16a°
3 tan’a + 2 ' -

9 27 9
3
SuyraV£4a\/§.
277
4a°\3 tan” a 1
V= -~ B 2
29 2+tan"a 2+tan” a
Stan*fa=1<tana=1.
T
& o= —,
4
3
Vé‘inaxV=432_;E dat duge khi va chi khi o = 7.

Bai 33.} Cho hinh lang tru ABC.A’B'C’ _Ic{’:n day ABC la tam giac déu canh a. hinh
chiu vuong goc cua A’ 1én mat phang (ABC) trung voi tam O cua tam giac
ABC. Mot mat phang (P) chira BC va vudng goc voi AA’, cat hinh lang tru

5.2

S Tinh thé tich ciia

ABC.A’B’C’ theo mdt thiét dién c6 dién tich bing
khoi lang tru ABC.A’B’C”.

Gidi
O 1a hinh chiéu vuéng goc cia A’ 1én mat phing (ABC) nén A’O L (ABC).
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A
Goi K la trung diém ctia BC. Dung KH 1L AA’ tai H.
Ta co ;
{BC 1 AK -
BC L A'O(vi A'O L (ABC))
— BC 1L AA".

Lai c6 AA' L KH, do d6 AA' L (HBC) .suy ra (P) = (HBC) va thiét dién
cua (P) voi lang tru da cho 1a tam giac HBC, theo gia thiét thi

BC 1L (KAA")

| a'*’\/??
SHB{'. - EBCHK = 8
L HK = &Y3
4
Tam giac KHA vudng tai H va c6 HK = a\/_ = %AK nén la tam gidc vuong
nua déu, suyra A'AK = 30°.
Xét tam giac vuong A’OA, ta ¢o :
A'0=AO.tan30° = 2AR. V3 _2V3 V3 _a
3 3 3 3
. . a’J3 a  a’J3
Vay Vipoane =Supe-A'0 = 4 '8 = 19

Bai 34. Cho hinh chop S.ABCD c6 SA vudng géc véi mit phang (ABCD), day
ABCD la hinh thang vuong tai A va B c6 AB=BC = a, AD = 2a, goc gitra hai
mit (SAD) va (SCD) la 60°. Tinh dién tich hinh cdu ngoai tiép hinh chop
S.ACD.
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Goi I la trung diém cua AD. T giac ABCD c6 Al song song voi BC,
Al =BC = AB = a, AB L BC nén ABCI I hinh vuéng.

Goi H 1a hinh chiéu vuéng géc cua I trén SD thi :

CILAD | | (sAD)

CI L SA
— CI 1L SD (1)
Laico IH L SD (2)

Tu (1) va (2} ta co SD L (CHI), suy ra gb6c gitra hai mat phang (SAD) va
(SDC) la CHI . Theo gia thiét, ta co CHI = 60°.

Tam giac ACD c6 trung tuyén CI =a = éAD do do tam giac ACD vuong tai C.

BPGa0 = CD 1 (SAC)
CD L SA
= CD 1 SC = SCD =90° (3)

SA L (ABCD) = SA L AD = SAD=90" (4)
Tir (3) va (4) suy ra mit cau ngoai tiép hinh chép S.ACD la mit cau duong
kinh SD.
Trong tam giac vuong CIH (vuodng tai I), ta c6 :

J‘

IH = CIL cot 60° =
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Hai tam giac vuéng SAD va IHD c6 chung goc nhon D nén chiing dong dang,
suy ra

SD AD

ID.AD a.2a 2a”
O il - 6.
ID HD = J_

= = = =9
HD  JIp*-1H* [2a°
3

SD

Dién tich mat cau ngoai tiép hinh chép S.ACD 4 :
2
S = 41‘:[%} = 6ma’.

Bai 35. Cho hinh tru ¢6 ddy la hai hinh tron tim O va O’. Goi A, B la hai diém lan
lugt thude hai dudng tron day (0), (O’). Biét thé tich cua khéi tru 1a na’;

I

AB = a2 ; khoang cach gitra OO’ va AB la %. Tinh ban kinh day va

duong cao cua hinh tru da cho.

U

\ v Et \
R

Dung duong sinh BB'. Goi R va h lan luot 1a ban kinh day va chiéu cao cua
hinh tru thi thé tich cua khoi tru

a3
V = nR’h < na® = 1R*h < R*h = a° @h:%.
Xeét tam giac vuong BB'A, ta co :
AB?= AB?-BB*?= 2a% - h? (1)
Ta co OO’// BB’, suy ra OO’ // (ABB’) ma AB< (ABB') do do

d(00’, AB) =d(O, (ABB")).
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Goi I a trung diém caa AB’ thi O1 L AB’ va Ol L BB’ suy ra OI L (ABB’).
Do d6 OI = d(O,(ABB*)) = d(00’ ; AB) = af .

2
X¢ét tam giac vudng OIB’, taco : IB> = 0B -0’ =R* — Ja

AB?=4IB? =4R? - 3&2=T~332 )

X . 2 2 4a’ 2 3 9
Ta(l)va(2)suyra: 2a“ -h ——h——Ba < h® -5a’h+4a® =0
< (h-a)h? +ah-4a%)=0

h.=#
s h=a(\/ﬁ-1)
2
Voih=athiR=a,
Véin= 217D oo [ 2
2 V17 -1

Bai 36. Cho hinh non dinh S ¢6 goc ¢ dinh bang 60° : SA, SB la hai duong sinh
cua hinh non, biét dién tich cua tam giac SAB c6 gia tri 16n nhat bang
4+/3 cm”. Tinh thé tich cua khéi nén da cho va thé tich cua khdi chop tam giac
déu noi tlep trong hinh non (hinh chop tam giac déu nm tlep hmh non khi co

chung dinh v6i hinh nén va c6 day 1a mét tam giac déu néi tiép trong day cua
hinh non).

Giai
Trudc hét ta chitng minh goc ¢ dinh cua hinh nén 1a goc Ién nhat trong cac
gdc tao boi hat dudng sinh cua hinh nén.
Xem hinh 1, goi goc ¢ dinh cua hinh néon la 2 a thi ASO = a, go1 gdc cua hai
duong sinh SA, SB cua hinh non 1a 23 va E la trung diém cua AB, ta co
SELABva ASE=p.
AE

Xét tam giac vuong SEA, taco : sinP = SA (1)

Xét tam giac vuong SOA ,tacd : sina = g% (2)
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Hnhh 2

Trong tam giac vuong OEA, OA 1a canh huyén nén AE < OA.
Tu(l)va(2)suyra simB<sinae=p=<a(via,p lacic goc nhon ) (dpcm).
* Tinh thé tich khbi nén

Ssm — ; SA.SB.sin ASB , Vi goc & dinh cua hinh non la 60° va theo trén thi

0<ASB<60° = 0<sin ASB<sin60°. Viy Ssap dat gia tri 16n nhit khi

ASB la goc ¢ dinh cua hinh non, khi d6 tam giac SAB la thiét dién qua truc
cua hinh non va tam giac SAB la tam giac déu.

e AB*\3 AB\3
4

S =4J§<::>AB=4:>SO=T=2\/§.

443

SAB
Goi V, 1a thé tich khéi nén da cho thi

2
% :l-n[-AB) s0=807
37 2 3

* Tinh thé tich khdi chop tam giac déu noi tiép trong hinh non (hinh 2)
Tam gidc déu MNP ndi tiép trong day cua hinh nén nén ta co :

(cm3).

2
MN*3
MN=0OM3=23=8 ., = 3 =343.

Goi V; 1a thé tich khoi chop tam gidc déu S.MNP thi ta ¢6 :

1 1 3
V3 =5 Synp SO =5 3V3.243 = 6 cm’).



Bai 37. Cho hinh chép S.ABC c6 ASB =90°, ASC =BSC = 60", SA= 3dm,
SB = 4dm, SC = 5dm. Tinh thé tich cua khoi chop S.ABC.

A

G{_}i’ H 1a hinh chiéu cua C trén mat phﬁng (SAB). Go1 E, F lan luot la hinh
chiéu cua H trén SA, SB ; theo dinh li ba duong vubng goc, ta co CE LSA,
CF L SB.

Hai tam giac vuong SEC va SFC c¢6 SC chung, ASC = BSC = 60°nén chung
bang nhau, suy ra SE = SF.

Hai tam giac vuéng SHE va SHF c6 SH chung, SE = SF nén ching bing
nhau, suy ra HSE = HSF do do SH la phan giac cua goc ASB.

Xeét tam giac vuong CES, ta co :

SE = CS.cos60° = g .
Xét tam giac vuong SHE, ta ¢6 :
SH=SEV2 = # .
Trong tam giac vuéng SHC
CH? = C?— S = 2 cH = B2
2 2
Thé tich khoi chop S.ABC la :

s CH——34i_5\/§ (dm’).

SAB” '6
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Bai

118

38. Cho hinh chép tir giac déu S.ABCD. Goi O la giao di_ém cua AC va BD,
SO = h. Goc gitra hai mat bén ké nhau bang 120°. Mat phang (P) qua O, song
song vo1 SA va SB.

a) Xac dinh thiét dién gitta mp(P) va hinh chop. Thiét dién la hinh gi ?

b) Tinh thé tich va dién tich xung quanh cua hinh chép theo h.

Gidi

a) (P)// SA, SB = (P)// (SAB) = (P) // AB
= (P) n (ABCD) = MN // AB, MN qua O.
Tuong tu :
(P) n (SBC)=MQ // SB
(P) N (SAD)=NP // SA
(P) n (SCD)=PQ // CD.
T giac MNPQ la thiét dién cua (P) v6i hinh chop.
Taco: MN//PQ (1)

————

QMN = SBA = SAB = PNM (2)
(1) va (2) = MNPQ la hinh thang can.
b) Gia su CD = x.
V& CH L SD, vi S.ABCD la hinh chép déu = AH L SD

— AHC = [{SAD),{SCD}) = 120°

— _xJ2 V3 _x/6
2.3— 3

= OH = 0OCtanOCH = =




2, 2x*  \4h* + 2x°

SD = v/SO? +OD? =,|h

4 2
2 2
ma OH.SD = SO.0D < "f. v4h 2‘“ 2K _ h.g

& VJ4h? + 2x* =243 h
< 4h° +2x% = 12h°

<> x* = 4h?

< x = 2h,

. i
Vay Vs.ascp = 3 S

3
SO - %(Zhﬁh _4h

ABCD

SM = y/SO? + OM? = hy/2 => Scpc = %BC.SM = h%J2

= Syq = 4h*2.

Bai 39. Mot mit phing (P) qua dinh mét hinh nén dinh S, cit duong tron day cua
hinh nén theo mot day cung BC ¢6 s do cung BC la a. Biét (P) hop voi mit
day mot goc B va khoang cach tir tim O cua day dén (P) bing a. Tinh thé tich
hinh non theo a, a va p.

Gidi

Ta c6 mp(P) cat duong tron day theo day cung BC ¢6 sd BC = a.
Goi M la trung diém BC thi ta co6 SM L BC va OM L BC

— SMO = ((P}, déy] = B.
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V& OH L SM tai H thi OH L BC nén OH L (P)
— OH = d[O, (P)] = a.

AOHM vudng tai H = OM = OH = _ﬂ 3
sinf3 sinf

a

ASOM vuodng tai O = SO = OMtanM =

smﬁtanﬁ: cosf

AOMC vubng aiM > R=0C=—00% . 8

cosMOC B cos %

a’ a a’

Vﬂ}’ Vnun 1 th - l. 7.
3 3 , o cosp
sin” B cos )

g g OL
sin” B cos” 3 cos

Bai 40. Cho hinh chop S.ABCD ¢6 ABCD la hinh vuéng tam O, SA vudng goc
vol mp(ABCD), SA = a, goc gitra SC va mp(ABCD) bang 60°. Tinh thé tich
khéi chop S.ABCD va tinh khoang cach tir A va tir trung diém M cua BC dén
mp(SBD).

* Tinh thé tich khoi chop
Ta c6 ASAC vudng tai A c6 C = 60°

a\/"

= AC = SAcot60° = —

ACx&:a\@
2 6

= AB=
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Dﬂdﬁ'VSﬁB(_‘D:lS SA:lABEa:a_S
F X g AT g AR T g
* V& AH L SO thi AH L (SBD) = d(A : (SBD)) = AH.

1,1 1,36 13

Ta co = + -
AH? SA? A0O* a* 3a’ a?
a a
— AH= -2 = d(A;(SBD))= =,
J13 J13

* Ta c6 d(M : (SBD)) = %d(C;(SBD)) . %d{A; (SBD)) = j‘_ |
2J13

Bai 41. Cho hinh chép S.ABC c6 tam giac ABC déu canh a, SA vudng goc véi

aV6

mp(ABC), SA = = Tinh khoang cach tor A dén mp(SBC).

Gidi

Goi M la trung diém BC. Ta ¢ BC L. AM va BC L SA nén BC L (SAM)
— (SAM) L (SBC) theo giao tuyén SM.

Vé AH 1 SM thi AH 1 (SBC) = d(A, (SBC)) = AH.

Trong A SAM vuong tai M, AH la duong cao ta co:

1 1 1 4 4 2 a2
— = + — = + = — =>AH= —.
AH?> AS* AM? 6a*? 3a* a? 2
3 av2
Vay d(A ; (SBC)) = T
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Bai 42. Cho hinh chép S.ABC co6 SA, SB, SC d61 mot vuong goc nhau. Goi a, B,
Y lan lugt la goc gitra mat phang (ABC) va61 cac mat phang (SAB), (SBC),

(SCA). Chirng minh cos oo + cos f +cos y < J3.
gia’i

A

Xét hé truc toa do Oxyz sao cho :
0=50:;0;0),A(a;0;0),BO;:b;0)vaC(0;0;c)(a,b,c>0).

; A X .Y . T = _ o
Tacophuﬂ’ngtrmhmp{ABC}.E+E+E-1:>nmﬂcj (bc ; ca; ab)

mp(SAB) ¢6 phap vecto 1a nsap) =k =(0;0; 1)

mp(SBC) ¢6 phap vecto la H{SBH =_i. =(1:;0;0)

mp(SCA) ¢6 phap vecto la nscay=j =(0; 1 ;0)

Dodo:cosa=

. E] B \/:a"‘l::-2 + b?c? + c%a®

‘I’lmﬁm

N(ABC).1 -
cos 3= ‘_,

‘—-—r —

NABC) | . -l-‘ \/f:lzb2 + b%? +c¢%a’

n
Cos Yy = ‘“

‘ (ABC) *J ca

EI \/321}2 + b%c? + ¢?a’

NiABC) | .
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~ 2
nén cos o + cos P + cos’y = 1

=>coso+cos+cosy< m"1+1+1.Jc052a+c052[3+m52y =g,

Bai 43. Cho hinh chop S.ABCD, déy la hinh chir nhat c6 dién tich bing /3, goc
nho gilta hai dudng chéo cua ddy 1a 60°. Cic canh bén nghiéng déu véi day
mot goc 45°. Tinh thé tich hinh chop.

Goi H 1a hinh chiéu cua S trén (ABCD), O la giao diém cia AC va BD. Ta ¢ :

— m—

SAH = SBH = SCH = SDH =45°
ma ASAH, ASBH, ASCH va ASDH vuodng tai H c6 SH chung
nén ASAH = ASBH = ASCH = ASDH
— HA=HB=HC=HD
— H trung véi O la giao diém hai duong chéo AC va BD.

Ta ¢6 AOCD déu = BC = CDtan60° = CD /3 .

Ta ¢6 Sapcp =BC.CD=CD%.y3 = Y3 =>CD=1=30C=1.
Mit khac, tam giac SOC vudng can tai O = SO = 0OC = 1.

Vay Vs.ascp = %.SABCD.SO = %\/51 = g
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Bai 44. Cho hinh chop S.ABC co tam giac ABC vuong can tai A, AB =a, SA =
SB = 8C = 3\'6. Goi H 14 hinh chiéu vudng goc cua S trén (ABC) va K 1a
hinh chiéu vuéng goc cta H trén (SAB).

a) Hay xac dinh vi tri cua diém H }rz‘l noi cach dyng doan HK. Tinh d$ dai
doan HK, tinh khoang cach tr C dén mat phang (SAB) va goc gitra duong
thang AC v&1 mp(SAB).

b) Chirng minh SA 1 (KBC) va thiét dién do mp(KCB) cit hinh chop 1a mot
tam giac can. Tinh dién tich thiét dién noi trén theo a.

Giai

S

a) Taco SA=SB=SC

= HA=HB=HC

— H la tam dudng tron ngoai tiép tam giac ABC

ma AABC vuéng can tai A nén H chinh la trung diém cta BC.

* Goi F la trung diém AB.

Dung HK L SF tai K, HK 1a doan can dung. That viy :
FH//ACva ACL AB= AB .1FH (1)
SH L (ABC)= AB L SH (2)

Tu (1) va (2) = AB L (SHF), HK < (SHF)

— HK L AB ma HK L SF

= HK 1 (SAB).
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a’ _3a" _ o a6
2 g -

*TacéFH=%,SH2=SC2_HC2=232_E=

h HII{2=H;‘2+HISE=:“+322=;:EﬁHK:aJ‘E'
av42
7
* AC // HF = (AC, (SAB)) = (HF, (SAB)) = HFS .
SH =
TacétanHFS=HF= ; =\/E.
2

Vay (M) = o, v&i tana = V6 .

b) Taco BC L SH va AH = BC L (SHA) = SA L BC (3)
HK L (SAB) = SA L HK (4)

Tur (3) va (4) = SA L (KBCQ).

* Goi E la giao diém cua BK va SA. Ta c6 thiét dién cta hinh chop voi mat
phang (KBC) la tam glac EBC. Vi EH la durcmg cao va 1a trung tuyén cua tam
giac EBC nén tam giac EBC la tam gidc cén tai E.

* SEBC = %BCHE = HC.HE,

ayb6 a&
mam:--i qe— SHAH 5 " 9 _aV6

SA a2 4
a\/E a6  a*\3

=Sesc 2 4 4

Bai 45. Cho hinh chop S.ABC c6 tam giac SAB vuéng can tai S, SA = SB = a, hai

tam giac SAC va ABC cung vudng goc tai A voi AC = avV2. Goi H, I lan lugt
la trung diém cua AB, BC.

a) Chimg minh : SB 1 (SAC) va SH L (ABC).
b) Tinh goc tao boi Al va (SAC). Tinh khoang cach tir H dén (SBC).
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a) Ta co :

AC 1 AB|

= AC 1 (SAB) =SB L AC (1)
AC LSA|

A SAB vuong tai S = SB L SA (2)
Tu (1) va (2) = SB L (SAC).
Tam giac ABS vudng can tai S, SH 1a trung tuyén

SH | AB

— — SH L (ABC).
SH | AC

b) Goi E 1a trung diém SC
— EI// SB ma SB L (SAC) = EI L (SAC)

— (AL (SAC)) = IAE

da

Tac6 AB=AC= ay2 = Al=avaEl = :

— TAE =30°. Vay (AL (SAC)) = 30°.
* Goi Q 1a trung diém BI = HQ // Al ma Al L BC
— HQ 1 BC, BC L SH = BC L (SHQ).

V& HK L SQ tai K thi HK L BC.
Véay HK L (SBC) = HK = d(H ; (SBQ)).



Tacd:SH= i ,HQ = %,.&SHQ vuong tai H

1 1 1 2
)

4 6
= = + i
HK?* HS* HQ* a* a* a

a6

HK——

aV6
T

Bai 46. Cho hinh lép phuong ABCD.A'B'C'D' canh a. Tim diém M trén canh AA'
sao cho mit phang (MBD') cat hinh 1ap phuong theo mot thiét dién cé dién

tich nho nhat. Khi d6 tinh s6 do nhi dién [(BMD"), (A'B'D")].

A D
X X
I° [
M
X
A D

* Goi N 1a diém & trén CC' sao cho AM = NC' = x.
Tacé : MD'// BN va MD' = BN
Vay BMD'N la thiét dién cia (MBD') véi hinh 1ap phuong.
Taco:
= \/m; BN = ya?+(a—x).
* Tinh MN
Taco: MN* = MI* + IN?.
Ma MI? = II*#+1'M?, trong d6 II' = a, MI’ = a — 2x.

Viy MI? = 2a® — 4ax + 4x°
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— MN? = MI® + IN? = 2a% — 4ax + 4x® + a? = 3a? — 4ax + 4x>

— MN =+/3a? — 4ax + 4x? .
— 2 § 2
cos MBN - BM*® + BN - MN
2BM.BN

_ (a? + x%) + (2a% — 2ax + x%) - (3a® — 4ax + 4x?)

2.J(a? + x?)(2a? - 2ax + x?)

ax =x"

J@? + x?)(2a? — 2ax + x%)

— sin MBN = ‘/(az +x2)(2a% - 2ax + x?) - (ax — x?)?
J(@® + x*)(2a% — 2ax + x?)

Vay Sgmpn = BM.BN.sin MBN = \/(az +x%)(2a? - 2ax + x?) - (ax - x?)?
= §?=2a+ 2a’%x* — 2a’x — 2ax’ + a’x* + x* — a’x* + 2ax’ — x*
=2a* + 2a’x” — 2a’x =2a’ [a’ — ax + x’]

a’\/6

2

—

Dau"="xdyra < x= % < M la trung diém AA".

Viy khi M 12 trung diém AA' thi Sgypn dat gid tri nhd nhét.
* Goi B la s6 do cua nhi dién [(BMD"), (A'B'D")] thi ta co B < 90° va

cosf} = Sapen _ 2 _ V6

SBMD ‘W '\/E 3
J6

:Blégécnhgncécnsﬁ=?.

Bai 47. Cho hinh lap phuong ABCD.A'B'C'D’ canh a. Goi M, N lan luot 1a trung
diém cua BC, DD".

a) Chirng minh MN // (A'BD).
b) Tinh khoang cach gitra BD va MN theo a.
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)
&

D C
I
1
I
: 1
A =
: B
N
% L
~ ! b
LN 1 n
. 1 Sy
b [ Ny
LY L
LY I \\
\\ Y
=]
b ~
A g e s C
b
- D“a. “
- b N
L L4
- -
af > M
-
A“~

a) Xet hé truc toa do Oxyz sao cho A trung O, B(a; 0;0), D(0;a;0), A(0;0; a).
KhidtﬁC(a;a;D)vﬁD'(ﬂ;a;a):}M{a;% :0)vaN(0;a; %}.

Ta c6 : Phuong trinh mp(A'BD) : =42 g2
a a

a
= (ABD):x+y+z—a=0,

i A He oo H
— MN =(-a; E;E)va naA'BD) =(1:1:1).

Taco: xytymtzu—a=-az0=M ¢ (A'BD)

—y

ﬁmlgm.hﬂm =—a.1+%.l+%.1=0 —- E[A'Bm va MN vuong goc nhau.
Vay MN // (A'BD).
b) Ta co ﬁj =(-a;a;0)

T
2 2

VPP 9 9 9 R
:[BD,MN]z LI N
2792 '3 2

|
=
—

3
‘[BD, MN] .BM‘ a
— d(BD ; MN) = =_4

ww
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Bai 48. Cho hinh chop S.ABCD co day la hinh vuong canh a, SA vudng goc voi
mp (ABCD) va SA = a. Lay diém M thudc canh SD sao cho mp(MAC) vudng
goc voi mp(SCD). Tinh dién tich tam giac MAC theo a.

Gidi

S

-
I
|
L
i
I
I
1
[}

I

|

I
o

-
-
-
o =

-
-
-
-
-
-

Taco CD L ADvaCD L SA = CD L (SAD)
= (ASD) L (SCD)
ma (MAC) L (SCD) = AM L (SCD)
(ASD) L (SCD) va (ASD) n (SCD) = SD
= AM 1 SD va AM 1 MC.

a2

Tam giac SAC vudng céan tai A nén AM = —

a6

Tam gidgc AMC vudng tai M nén MC = YAC? - AM? = =

V12 aty3
! |

4

Vf‘ly SMAC = %AM.MC =

1
-

Bai 49. Cho hinh chop S.ABCD c6 day ABCD Ia hinh vuong canh a, SA vuong
goc voi mp(ABCD). Goi M, N lan luot la trung diém cua SB va SD. Biét
(ACM) L (CAN), tinh SA.

Gidi
bat SA =x (x = 0). Xét hé truc Oxyz sao cho
O=A(0;0:;0),B(a;0;0),D(0;a;0),C(a;a;0)vaS(0;0;x).

130



’ a X a X
T . M(=;0;=),N(O; =; =
aco (2 2) ( 5 2}

?

E={a;a;0)
AM =(2.0; %
2 2
e a X
AN =(0; =; =
( 5 2)

2
= n{MAc}=[AC, AM]=[E; oA @ ]

2
N(NAC) :[AC, AN]:{E‘; ;_ax ) a ]

(MAC) L (NAC) <> nouaoynaacy =0

a’x* a’x* at
4 4 4

2% —at=0

=< X
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Bai 50. Cho hinh lang tru tr giac déu ABCD.A'B'C'D' canh day a, thé tich hinh

3

lang tru bing 2 2 . Tinh sé do nhi dién [A", BD, C'].

Gidi
D’
L
|
- | z(,l"
L]
A : B' .~
L]
1 #
I # .r’
% 1 !’ ;
ey ) s | 4
A I /-"" I
VN = i
L ’
LY 's !
L ’ 4
Vg -4 f
g ‘)u.‘ ,f
\"; % !
i S T
.l'f \“‘ 3 |= -—== C
”’ oy -
” QJ:-
o ___.-.-"' e
P

Goi I 1a giao diém ctia AC va BD, ta ¢6 :

BD L IA'va BD L IC'= BD L (IA'C')

—

= A'IC' la goc phang cua nhi dién [A', BD, C'].
Dit AA'=x.

a\/_ _aJ_

Taco:V=a’x=

2a* 2a*

S AR=CP=x2+AP= 42 , 28 _.
T
——— AL O ACE 9929452
A'IC = = -0
s 9A'1C'T 9.2

— sd[A', BD, C'] = 90°.

Bai 51. Trong mp(P) cho nira dudng tron (C), duong kinh AC. B la diém bat ki
trén nura duong tron (C) sao cho BC = x. Trén nua duong ‘rhang Ax vudng goc
véi (P) tai A lay diém S sao cho SA = AC = a. Goi H, K lan luot 1 chan
dudng vudng goc ké tir A dén SB, SC.

a) Ching minh: tam giac SBC va tam giac AHK vuong.
b) Tinh HK theo a va x.
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Gidi

2) | BCLAB _ BC | (SAB) = BC L SB = A SBC vudng tai B.
BC L SA
BCJ.(SAB}::-BCJ_AH — AH L (SBC) = AH L HK
AH | SB
— A AHK vudng tai H.
b) Tinh HK theo a va x
TacéAKslsC=ﬁ.
2 2
2 2
s S T S R SR i
AH* SA* AB a’ a’-x* a%(a®-x%)
S A= 80 -F)
g gt
2a” - a’(a®-x*)  a’x’

HK? = AK?>-AH? =

2a? — x> 28" —x%)
ax

= HK = ;
J2(2a% — x?)

Bai 52. Cho hinh chop S.ABCD co6 day l1a hinh thang vuong tai A va B, AB = BC
=a, AD = 2a, SA L (ABCD). Cho biét nhi dién [A, SD, C] ¢6 6 do la 60°.
Tinh thé tich hinh chop.
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S
; K
: H,/
/A % M
B C
(AD+BC).AB (2a+a)a 3a”
2 2

Taco S =
a4 CO SABCD 2
Goi H 14 trung diém AD va K la hinh chiéu cua H trén SD. Ta c6

CH L (SAD) = “H1L5P1 L on | (cHK)
SD | HK

= CKH la goc phang ctia nhj dién [A, SD, C]
a\f

:‘.:-CKH = 60° = HK = CH.cot60° = ——

Tacb ASAD 0 AHKC = =2 . 5D 58D
HK HC HD

SD avh a\@ _ a\fﬁ

=3

—SA=—HK = .
HD a
1 3a? a\/_ a’\15

]
Vav Vs apep = — S SA = :
a}' S.ABCD 3 ARCD 3 2 3 6
Bai 53. Trong mp(P), Chﬂ tam gmc déu ABC canh a. Trén du'cmg thang vudng goc

voi1 (P) ta1 B va C, lan luot Iay hai diém D va E cung phia doi voi (P) sao cho

af a3,

BD=——vaCE=

a) Tinh AD, AE, DE theo a.
b) Xac dinh tdm va tinh ban kinh mat cau ngoai tiép tir dién ABCE.
¢) Goi M la giao diém cua DE va BC. Chung minh AM L (ACE) va tinh s6 do

goc gitra hai mit phang (ADE) va (ABC).
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a) Tinh AD, AE, DE theo a
* AABD vuong tai B

2
— AD*= AB2+BD?*=a%+ 3%;‘3

!

af

= AD= —

* AACE vuong tai C
= AE?=AC?*+ CE*=2a’+3a’=4a’= AE =2a.
* Goi N 1a trung diém CE. Ta c6 ADNE vudng tai N

2 2
:ED2=ND2+NE2=33+3%=E

4
a\7

= ED = =
b) Goi G la tim duong tron ngoai tiép AABC. Dung dudng thang d L (ABC)
va qua G, ta co d la truc cua AABC.
Trong mét phang mp(d, CE) dung dudng trung truc ctia CE, cat d tai L.
Taco:led=1A=IB=IC.
[ € trung truc cua CE = IC = E.
Do do IA =1B =1C =IE = I la tam duong tron ngoati tiép tir dien ABCE.

3a* N 3a® _ a@

9 4 6

Tacd:R=IC = JGC? + NC? =
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¢) Ta cé BD la dudng trung binh cia AMCE = B la trung diém MC
= BM = BA = BC = AMAC vudng tai A

=AM L AC (1)

ma CE 1L (ABC) = AM L CE (2)

T (1) va(2) = AM L (ACE).

Vi AM = (ADE) N (ABC) ma (ACE) L AM = [{ADE}, (ABC)) - EAC.

5 —— {E a
£ 5 - tanEAC = =
a co : tan CA

V3 _ 3 = ((ADE), (ABC)) = 60°.
|

Bai 54. Cho hinh chop S.ABCD c¢6 ABCD la hinh chit nhat, bi¢t AB =4a ; AD = 5a.
Goi M la diém nam trén canh AD sao cho AM = 2a. Biét rang hinh chiéu
vuong goc cua S trén (ABCD) trung voi trung diém H cua BM va goc gitra SA
vo1 (ABCD) bang 60°.

a) Tinh thé tich cua khéi chop S.ABCD.

b) Tinh thé tich cua khéi chop S.MHCD.

¢) Tinh khoang cach tir H dén (SMC).

d) Tinh khoang cach gitra hai duong thﬁng BM va SD.

3} Tinh VS.AH(‘D-
SH L (ABCD) = (SA, (ABCD)) = SAH = 60°

AH = %BM = a5 = SH = AHtan60° = a\/15 .
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Sapcp = AB.AD = 20a>.

4 20a’*\15
Vay Vsagcp = _:ag_\/_ :

b) Tinh Vs mucp.
CM?*=CD*+DM?*=25a>=CM =5a=CB

= ACMB can taiC = CH .. MB

— CH2 = CB?-BH?=20a2 = CH = 2a+5 .

Smicp = Sascp — Sasm — Spuc = 20a” — 4a” — 5a° = 11a’.

3
Vay Vsmucep = %_1132_3\/1— = % :

¢) Tinh d(H ; (SMC)).
Dung HK | CM tai K va HE L SK tai E.
Ta ¢6 HE L (SCM) = d(H ; SCM) = HE.
1 1 1 1 1

Taco : = o = + +
HE? HS® HK? HS? HM? HC?
_ 1 " 1 i 1 19
15a® 5a® 20a® 60a’
~avye0
= HE = .
V19

d) Tinh d(BM ; SD).

Goi N 1a diém trén BC sao cho BN = 3a = BM // DN = BM // (SND)
= d(BM ; SD) = d(BM ; (SDM)) = d(H ; (SDM)).

Goi P =ND m HC. Dung HI L SP. Chirng minh dugc HI 1 (SMD)

= d(H ; (SMD)) = HL.

Bai 55. Cho hinh chop S.ABCD ¢6 ABCD la hinh binh hanh, biét AB =2a ; AD =
a\/3. SA ﬁfuﬁng goc voi (ABCD), ASBC vuong tai B va goc gitra (SCD) va
(ABCD) bang 60°.

a) Tinh thé tich khdi chép S.ABCD.

b) Goi E la trung diém cua CD. Xéc dinh tam va tinh dién tich cua mit cau
ngoai tiép hinh chop S.ABE.
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a) Tinh thé tich khéi chép S.ABCD.
BC 1 SB; BC L SA = BC 1 (SAB) = BC L AB
— ABCD la hinh chir nhat
= Sapcp = AB.AD =2a%3.
CD L ADvaCD L SA = CD L (SAD)= SD L CD ma AD L CD

= ((SCD), (ABCD)) =(SD, AD) = SDA = 60",
Do d6 SA = AD.tan 60° = 3a.

lg  SA- %.232 3.3a = 2a°V3 .

Vay Vsascp = 3 Sanc
b) Xac dinh tam va tinh dién tich cua mat cau ngoai tiép hinh chép S.ABE .
Ta c6 AE = BE = 2a nén ABE la tam giac déu.

Goi O la tim duong tron ngoai tiép AABE.

Dung d la duong théng qua O va song song vo1 SA = d L (ABE) tai O

= d la truc AABE.

Trong mp(SA, d) dung trung tryc cua SA, cit d tai I va SA tai K 1a trung
diém SA.

Khido:l e d= 1A =1IB=IE.
I € trung truc cua SA = IS =1A.

Suy ra IS =IA = IB = IE = I 1a tim cua mit ciu ngoai tiép hinh chop S.ABE.



AB 2a
*Taco OA= = = 22
5%
pope 22 22,

2 2

2
Do d6 : R = IA = VIO? + OA? =\f93- 4a’ a\/_
4 2\}{_
4n 43a’ B 43na’

Dién tich mat cau la S = ; =
a 12 9

Bai 56. Cho hinh chop tr giac déu S.ABCD c¢6 canh day bﬁng a. Go1 O la giao

diém cua AC va BD. Goc gitra canh bén va day bang 60°.
a) Tinh thé tich cua hinh chép S.ABCD.
b) Tinh khoang cach tir A dén mp(SBC).
¢) Trén cac canh SA, SB va SO lan luot 1ay cac diém M, N, P sao cho

SM 2 SP 1 SN 1

SA 350 3 SB 2
Mat phang (MNP) chia hinh chép S.ABCD thanh hai khéi da dién. Tim mét ti
sO giira thé tich cua hai khoi da dién do.

a) Vi S.ABCD la hinh chép déu nén SO L (ABCD)
—> SA ¢6 hinh chiéu trén mp(ABCD) 1a OA.
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Do d6 (SA, [ABCD}) ~ SAO = 60°.

A SOA vuong tai O = SO = AOtan60° = a\/_
R 1 1 . a\/g a:"\@
Vay Vs asep = gSﬁHCD.SO = 5.32. 5 = 5

b) Ta c6 SA = AC = a2
Goi E la trung diém BC thi

E= VBB “BE = J2at - 2 - 2V7
4 2
2
. Ssn(_‘ = lBCSE = l.ﬂ. Elﬁ = g ﬁ :
b 2 2 4
Ta co Vsp,m‘ = %SSBC d(ﬁ ,(SBC};‘
a®\/6
3.
— d(A, (SBC)) = SVeame 7 12 _ aV6 _ aV42 _
S a7 J7 7
4

¢) Goi I =MP n SC vaJ=NP n SD. Khi d6 (MNP) chia hinh chop S.ABCD
thanh hai khoéi da dién 1a SMNIJ va ABCD.MNIJ.

Goi G la trong tam A SBD, F 1a trung diém SD.
SJ_1_8J_1
SF 2 SD 4

Qua A ké duong than;, song song vo1 MI, cit SO va SC lan luot tai Q va K.
Qua O ké duodng thiang song song MI, cat SC tai H.

Ta c6 : H 1a trung diém cta CK.

SQ 3 SQ*_Sp_ﬁg_H@
SP 2 2 3 2

= Q la trung diém ctia SO = K 1a trung diém SH

:}SK=lSC:>SI SI SK 21 2
3 SC SK'SC 33 9’

Ta ¢6 : P la trung diém SG nén BF // NJ =
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Goi V; V; lan luot la thé tich cuia hai khoi da dién trén.
Taco: Vi =Vguni + Vsmir.

Vl -~ VSMNI = VSMJI -, l[VSMN[ + VSMJI]
VSABGD VHABGD VS&BGD 2 VSABC VSADC

SM SN SI SM SJ  SI
SA "SB sc” SA 'SD SC

.Y _1(212 212) 1(2 1) 1
Voo 2032973 279) 2027 27) 18
Vv
Sl B
V. 17

2

Bai 57. Cho hinh chép S.ABCD ¢6 ABCD Ia hinh binh hanh tam O, AB = 2a,
AD = 23«./5, cac canh bén bﬁ‘ing nhau va bfing 3a, go1 M la trung diém cua
OC. Tinh thé tich khoi chép S.ABMD va dién tich cta hinh cau ngoai tiép tir
dién SOCD.

-

—
-
-

-
p—
I
I
-

- —
i —
i

* Ta ¢ SA = SB = SC = SD nén SO L (ABCD).
ASOA = ASOD nén OA = OB = OC = OD = ABCD 14 hinh chit nhat.

— SABCD =ABAD= 4&2\{5 .
Ta c6 BD = VAB? + AD? = \/4a® +12a” = 4a
— SO = SB? —OB? =+/9a% —4a? =a/5.
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Bai

142

1 4a°\15

Vay Vsascp = =S SO =

3 ABCD 3

: 3
Do do VS.ABMD o Z VS.ABCD - &EJE ’
* Go1 G la trong tdm tam giac OCD, vi AOCD déu nén G ciing 1a tim duong
tron ngoai tiep AOCD.

Dung duong thing d qua G va song song véi SO thi d L (ABCD) nén d 1a truc
cua A OCD.

Trong mp(SOG) dung dudng trung truc cua SO, cat d tai K cat SO tai I.

Ta co: IK 1a trung tryc cua SO = KO = KS ma KO =KC =KD nén K la tam
mat cau ngoai tiép tir dién SOCD.

CD 2a

N

R = KO =OI? + OG? =\/

Taco: GO =

ba’  4a® _ a\/31
4 3 12
31a* _ 31na’
12 3

Do 46 Sei,= 4nR* = 4.

58. Cho hinh lang tru tam giac ABC.A’B’C” co6 mdt day la tam giac ABC
vuong tai B, AB = a, BC = a\/g. Hinh chiéu cia A® trén mit (ABC) Ia trung
diém H cua AC. Goc giita A’B véi mp(ABC) bang 60°.

a) Tinh thé tich ctia khoi tir dién A’ABC va thé tich cua khéi chop A’.BB’C’C.
b) Tinh dién tich xung quanh cua lang tru ABC.A’B’C".
c¢) Tinh khoang cach gitra AA” va mp(BB'C’C).

d) Mit phang () qua C va vuong g0c voi AA” chia tr dign A’ABC thanh hai
khéi da dién. Hay tim ti sd gitra thé tich cua hai khéi da dién do.

Gidi
a) * Ta co : A’H vudng goc mp(ABC)
— BH la hinh chiéu ctia BA’ trén (ABC)
= (BA',(ABC)) = (BA',BH) = HBA ' = 60°

= A’H = BHtan60° = HCtan60° = A’H = a\/g :



-
-

— -

P mm—m—m e D

—
-
| -

#

e

B
AL A oL A . ca 1 ' — 1 1 ;
Thé tich khoi tir dién 1a Vaoape = gsm.A H = g.E.AB.BC.A H
3
= %.aa 3.a\/_=a—

* VAB(‘.A'B‘C' = S,\B(_‘.A,H o= %ABBCA 'H= % :
Do d6 : Vasecc = Vascasc — Vaase =a’.

b) Tinh dién tich xung quanh cua lang tru ABC.A’B’C".
A A’AC la tam giac déu canh 2a

2
e _ g

= Sa'ac =

= Sancc= 2a%/3.

Goi I 1a trung diém cua BC. Ta ¢6 :

HI// ABma AB L BC

— BC L HIma BC L A'TH= BC L(A'HIB") = BC L Bl

2
2
= B'I’ =B’B* - B’ = (23)’ - [%] i I?:f —~B=2

Do do : S;;};'(;'(; =BC.B’l =

2

2
Goi K 1a trung diém AB = A’K L AB.

13
G -
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2
Taco A'K = VA'B? - BK?® = J(zaf ‘(%] = a\/zg
2
= Sapp'ar = A’K.AB = 2 \Z/E _

2 9 5
Va}’ Sxplﬁngtm= 232\/54_ a \20{5 + a ;/E _ a £{4+P+J§)

c¢) Tinh khoang cach gitta AA’ va mp(BB’C’C).
Ta co: AA’ // (BB’C’C) nén
d(AA’, (BB'C’C))=d(A’ ; (BB’C’C))
8V, e _ 82°2  2(3a

Sppicre a®J39 V13
d) Goi1 M la trung diém AA’. Ta co :
AA’AC déunén CM L AA’ = (a) qua CM.
Goi N=A’B n (o) thi MN L A’A tai M.
mp(a) chia khoi tir dién A’ABC thanh hai khéi da dién : A’CMN va CMNBA.

"AZ ‘RZ _ ARZ g =0
.&A’AB{:(’}CQEAA'B:AA +A'B°-AB :2.43. a :E

2A'AA'B 2.2a.2a 8
ma cosAA'B = % — A'N= SA7M - 873.
Taco : Varouy =A‘M‘A’N:ll8_a*i=g
g AAAB 27 2 7T
— Vo =E_
VC_MNBA 5

Bai 59. Cho hinh chép S.ABCD c6 day la hinh thang ABCD v6i canh déy lon 13 AD,
tam giac ABC déu canh 3a va tam giac ACD vuéng tai C. Tam giac SAC déu va
nam trong mat phang vudéng goc vol (ABCD). Goi H 1a trung diém cua AC.

a) Tinh thé tich kho6i chép S.ABCD theo a.
b) Xac dinh tdm va tinh dién tich mat cau ngoai tiép tir dién SHCD.
¢) Xac dinh tAm va tinh thé tich khoi ciu ngoai tiép hinh chop S.ACD.
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a) ASAC déu co H 1a trung diém AC = SH L AC.

(SAC) L (ABCD)
SH — (SAC) — SH L (ABCD).
SH L AC

_ACY3 33

2 2

Taco SH

AACD vuodng tai C va CAD =60° = AD = 2AC = 6a.

33\/5
—:
9a 3av3 27a’3

AD +BC
aBcp =———d(A ;BC)=—= -

Ve Zlg o 1272°43 323 812’
S.ABCD 3 ABCD® 3 4 . 5 2 -

b) CD L HC va CD L SH = CD L (SHC)

D¢ dai duong cao hinh thang la d(A ; BC) =

S

= SC L CD = SCD =90°.

Lai c6 SH 1L HD = SHD = 90°.
Vay tim cua mit cau ngoai tiép SHCD chinh 1a trung diém I cua SD.
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Ta c6 : CD = AC tan60° = 3a+/3

93 ll?a

+27a% =

= HD?* = HC*+ DC*=

27a% 117a°
+

SD? = SH? + HD? = —36a°

= SD =6a = Rgg[_[(:[)] = 3a.
Vay mit cau ngoai tiép tir dién SHCD c¢6 dién tich la
S =47R>= 41‘[.(33)2 = 36ma’.

¢) Goi K 1a trung diém AD thi K 1a tim cua dudng tron ngoai tiép A ACD.
Dung d // SH va qua K thi d la truc cia A ACD.

Vi AK //BC va AK = BC = AB = AKCB la hinh thoi = BK L AC nén BK // CD.
Goi G 1a tam dudng tron ngoai tiép A SAC.

Dung A qua G va song song voi BK = A L (SAC) tai G

= A la truc A SAC.

Ta co A cat d tai J. Khi d6 J 1a tam mat cau ngoai tiép hinh chop S.ACD.

R{Sh{‘D]\/CK2+KJ2\j(3 a)? [ ‘/_} ""‘@.

2

= VC:’IU 3 2

411(3\/_] 13?133@.

Bai 60. Cho hinh chop S.ABC c6 day ABC la tam giac vudng tai B va AB = a.
Hai mat phang (SAB) va (SAC) cung vuong goc voi mét phang (ABC). Goc
hop boi SC va mit phing (SAB) bang 60° ; M la trung diém cua AC. Biét

khoang cach giita SM va AB bing g Tinh thé tich khdi chép S.ABC theo a.

Giai
Ta co (SAB) va (SAC) cung vudng goc voi (ABC) suy ra SA vuong goc voi (ABC).
BC 1 AB
= BC L (SAB)
BC 1L SA
BSC = 60°
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Goi E la trung diém cua BC. V& hinh chit nhat ADEB. Ta c6 :
{DE 1L AD

— DE L (SAD).
DE L SA

V& duong cao AH cua tam giac vudng SAD, ta co6 :
{AH 18D

= AH 1 (SDE).
AH 1 DE

a6

Do AB // (SDE) nén : d(AB ; SM)=d(A; (SME))=AH = 5

bat BC=x,tac6 AD=BE = %‘ SB = BC.cot 60°= —xf

2
SAZ=SB?- AB?= %—az(xz 382y,

Trong tam gidc vudng SAD ta co :

1 _ .t 1 .2 __3 . 4
AH? SA? AD? 3a%? x?-3a* x?

= 2xt —27a%%% +36a% =0

:!;2:]2&2
i 2
xz :31{332
2

::::-rx“—*Za\/g*
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Bai
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Suy ra SA = a3
Vay, thé tich khoi chop S.ABC 1a :

1 1

I 3
Vsapc =3 SapcSA = ABBCSA=-a2a Vai=a’.

61. Cho hinh chop S.ABC c6 day la tam giac ABC vuédng tai B, AC = 2a,
BC = a. Canh SA vuong goc voi (ABC). Goc gitra (SBC) va (ABC) bang 60°.
a) Tinh thé tich ctuia hinh chép S.ABC.

b) Tinh dién tich mit cAu ngoai tiép va thé tich khéi cau ngoai tiép cua hinh
chop S.ABC.

¢) Goi (T) 1a hinh tru ¢6 day la hinh tron ngoai tié{p tam giac ABC va c6 mot
duong sinh 1a SA. Tinh dién tich xung quanh va thé tich cua hinh tru (T).

d) Mit phiang (P) qua B va vudng goc voi SC chia hinh chop SABC thanh hai
khéi da dién. Hay tinh ti sO gitra thé tich cua hai khéi da dién do.

Giai

a) Tacé: AB= VAC> —BC? =a+/3.

3
2

Sasc = EAB BC=
ViBC L AB va BC L SA nén BC L (SAB)
— SB L BC, md AB L BC = SBA = ({'m')) - 60°.
Trong ASAB vudng tai A, ta ¢6 : SA = AB tan60° = a\34/3 =3a.

| a3 a’\3
3= ;

. 1
Do do : VS_AB(_‘ = ESABLSA = g B ; = 5




b) Tacd: SBC=90°: SAC =90°.
Do d6 hinh chop S.ABC ndi tiép mat cau duong kinh 1a SC.

avl13
5

2
] =13ma’.

[a\h_ﬁi ]3 _ 13v13na’ ‘

2 6

Tacéd: SC=+/SAZ+AC? =a+fI3 =>R=

Do d6 : Sy = 4'-"ER2 = 41‘;(3 213

4 4
Veiu= —nR’=—n
3 3

¢) Vi AABC vudng tai B nén ban kinh day hinh tru la Ry, = — = a.

Puodng sinh la /= SA = 3a.

Sxqiu = MR/ =ma.3a = 3ma’.

Viu = nR’h =na’.3a =3na’.
d) V& BH L AC tai H, HK L SC tai K.
Ta c6 (BHK) L SC = (P) chinh Ia (BHK).
ViCH.CA=CB?= —2 = CBz 2L
CA CA° 4a° 4

CK CB* a° |

CS C§° 3

13a> 13
L — VLIBIIK :i_
52 \J”.""I.B]:[KS 51

ASBC vuong tai B =

Do d6 : Ve ZCH.CK= li
V.. CACS 413

Bai 62 Cho hinh vuong ABCD canh 4a. Trén canh AB va AD lan _Ilu'{_l't lﬁy hai
diém H va K sao cho BH = 3HA va AK = 3KD. Trén duong thang d vuong

gbc v6i (ABCD) tai H lay diém S sao cho SBH =30°. Goi E 13 giao diém cua
CH va BK.

a) Tinh thé tich cua hinh chép S.ABCD va thé tich hinh chop S.BHKC.

b) Ching minh 5 diém S, A, H, E va K cung nam trén mot mat cau. Tinh thé
tich cta khoi cau ngoai tiép cua hinh chop S.AHEK.

¢) Goi M 1a hinh chiéu cuia H trén canh SA. Tinh thé tich ctia hinh chép M.AHEK.
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a) Tinh thé tich ciia hinh chép S.ABCD va thé tich hinh chép S.BHKC.

A SHB vuong tai H ¢6 SBH =30° nén SH = BH.tan30° = a\[?:.
Sascp = AB” = 16a°.
1 16a°\/3
Vs.aBcp = ESMCD.SH e
Theo gia thiéttaco: BH=3a; HA=a;AK=3avaKD=a.
SeHKC = SaBCD — Sank — Scpk
25 ,

2
— (4a)' -Lala-1ada = 162"~ 22 2= 22

Ta 06 Vs aaxe = %SBHKC.SH = é.a\/i 225 a’ = 25‘?‘&3 .
b) Tacé: AD L ABva AD L SH nén AD L SA = SAK =90°.
SH 1 HK nén SHK =90°.
CH L BK va BK L SH nén BK L (SKE) = SEK = 90°.
Vay hinh chop S.AHEK ndi tiép mat cau c6 duong kinh la SK.
Ta c6 SK? = SH? + HK? = 3a? + 10a = 13a> = SK = a+/13.

13
R = a\/_.

2
3
=E(a\/ﬁ] _13ma’V13

Viy Veis = X R’
3 3 2 6
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¢) Goi M la hinh chiéu cua H trén canh SA. Ta co :

d(M: (ABCD)) _AM _AM.AS _AH’ 1
d(S;(ABCD)) AS AS> AS? 2

N d(M;(ABCD)) _ 1

SH 2
= d(M ; (ABCD)) = ESH = \/_
Taco: ABEH «» A BAK = BE BH
BK

_, BE_BHBA 3ada_I2
BK BK’> 25a° 25
S _BHBE _312_9 _ Sy, 16

BEH _ =

= = . =—.—=
S, BA'BK 425 25 S 25

BAK

16 16 1 96a”
—3 SAHHK = E.SB"\K = EE?)H‘:I'H = 5 ;

196.:1 aJ_ 16a°\3

) ]
Do d6 Vmanek = ES*HFK A(M;ABCD) =~ 2 25

Bai 63. Cho ling tru ABCD.A'B'C'D' ¢6 day la hinh binh hanh canh AB = 2a,
BC = av/3, mit bén (ABB'A'") vudng goc véi (ABCD), AA'AB déu va AA'CA
can tai C.

a) Tinh thé tich cua ling tru ABCD.A'B'C'D'.
b) Xac dinh tam [ va tinh dién tich ciia mit cau ngoai tiép hinh chop A" ABCD.
Gidi
a) Ching minh ABCD la hinh chit nhét, Tinh Vapepasep:-
Goi H la trung diém AB. Vi A A'AB déu nén A'H L AB.
Taco: (A'AB) L (ABCD),
AB = (A'AB) N (ABCD) va
A'H L AB = A'H L (ABCD).
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Goi K 1a trung diém A'A ta cé :
AA'CAcintaiC = CK L AA'ma BK 1 AA'
= AA' L (BCK)=BC LAA'ma BC L A'H= BC L (A'AB)

= BC L AB = ABCD la hinh chit nhat = Sxpcp = 2a° /3 .

Vay Vascp.apep = A'H.Sapep = 6a°.

b) Goi O = AC N BD = O la tim dudng tron ngoai tiép hinh chir nhat ABCD.
Dung dudng thing d qua O va song song véi A'H = d 1 (ABCD) tai O

= d la truc cua hinh chir nhat ABCD.

Goi G 1a trong tim A A'AB thi G 13 tim duong tron ngoai tiép AA'BA.

Dung A qua G va song song vo1 BC thi A L (A*BA) ta1 G = A la truc AA'AB.
Vi A vad cung nam trong mp(A'HO) nén chung cat nhau tai I.

Khidéled=IA=IB=IC=1ID
[leA=IA'=]A=1IB
Viay I 1a tAm mit cau ngoai tiép hinh chép A ABCD.

2 2
*TacoR=IA = VIO? +0A% = VHG? +0A> = [?] +(ﬂ]

2

il 6, o, = ARBE i TAR = 2508




Bai 64. Cho hinh chop S.ABCD c¢6 day ABCD la hinh thoi canh a, tam giac SAB
va tam gidc SAD déu, SC = a+/2 . Tinh thé tich cua khéi chép S.ABCD.

Goi O = AC N BD.
DB 1 AC vaBD 1 SO = BD 1 (SACQ).
Dung SH L AC tai H thi SH L (ABCD).
Tacé: ASBD =A ABD = SO=0A=0C = A SAC vudng tai S

— AC= VSAZ +SC? =a+3.
_ SASC _aav2 _av6
AC a3 3

— OB = yVAB? —0A’ =\/a7—' -(%) _

1 azﬁ
5

= BD=a= SﬁB{:]’_j = EAC.BD =

] 33\/5

Véy VS.!’LHCD = ESABCD-SH = 6 .

SH

-
2

Bai 65. Cho lang tru ABC.A'B'C' c6 day la tam giac ABC vudng tai A, canh

AB =2a, ABC=60", AA'= a\E . Goi I., la trung diém BC. Hinh chiéu vuong
goc cua A' trén (ABC) trung vai trung diém H cua Al

a) Tinh thé tich cta ling tru ABC.A'B'C' va thé tich khéi chép A" BCC'B.

b) Xac dinh tdm va tinh dién tich ciia mit cau ngoai tiép tor dién A'ABC.

¢) Tinh khoang céch gitta hai dwong thing A'B va CC'.
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a) Tinh Vagcapc va Vasees.
* AC = ABtan60’ = 2a+/3 ; BC =4a

= SABC = %BBAC =%.23.23\/§ = 232\/5 .

* AT 1a trung tuyén ciia AABC vudng tai A = Al =2a = AH =a.

Do dé AH= VA'A%—AH? =a.
Viy Vascape = Sapc.A'H = 233\/5.
3
2 42°\3
Vasces = Vascapce — ValABC = 7 Vigcape = g
b) Xac dinh tam va tinh dién tich cua mat ciu ngoai tiép tir dien A'ABC.
* Ta c6 I la tim dudng tron ngoai tiép tam giac ABC. Dung duong thing d

qua I va song song A'H thi d vudng goc véi mp(ABC) tai [ = d 1a truc cua
tam giac ABC.

Ta c6 HA' = HA = AHAA' can tai H. Goi K 1a trung diém AA' = HK la
trung truc cua AA'.



Trong (AA'H), HK cit d tai O.

Taco0Oe HK =20A'=0A; Oed= 0A=0B=0C.

Do d6 OA' = OA = OB = OC = O la tim mat cau ngoai tiép t dién A'ABC.
* Ta ¢6 A'HOI la hinh binh hanh = [0 = A'H = a.

Trong tam gidc IBO vudng tai I, ta co :

OB?=10%+Bl=5a=>R=0B = av5.
VAY St ciu =4 n R? = 20ma’.
¢) Tinh khoang cach gitta hai dwdmng thing A'B va CC'.

CC'// AA'= CC'// (A'AB)

= d(CC'; A'B) = d(CC'; (A'AB)) = d(C ; (A'AB)).

CI cit (A'AB) tai B va I la trung diém BC
= d(C ; (A'AB)) = 2d(I ; (A'AB)).
HI cit (A'AB) tai A va H 1a trung diém IA
= d(I; (A'AB)) = 2d(H ; (A'AB)).
Trong (ABC) dung HE L AB ta1 E, HF L A'Etai1 F. Taco:
AB | A'Hva AB L HE = AB L (A'HE) = AB | HF ma A'E L HF
= HF 1 (A'AB) = d(H ; (A'AB)) = HF.

HE=1AC=£=; 12= 12+ 12= 42+12= ?2
4 2 HF- HE-~ HA' 3a° a“ 3a
:HF=“‘m,
7
43\/’5

Vay d(CC'; A'B) = 4d(H ; (A'AB)) = ==

Bai 66. Cho hinh chép S.ABCD c6 day ABCD la hinh chir nhat, AB = a, AD = 2a.
SA vudng goc vai mat day (ABCD). SC tao véi day mot goc 60°.

a) Tinh thé tich khéi chop S.ABCD.

b) Tim diém M thugc doan SC sao cho mat phang (MAD) chia hinh chép
thanh hai phan c¢o thé tich bang nhau.
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a) AC=vAB?+BC? =+4a%+a =ay5

SA = AC.tan 60°= ay/5./3 =a+/15 .

1 1 > 22’415
VsaBcp = §SA-SABCD =§am.2a S
b) Lay diém N trén SB sao cho MN // BC. Dt =M 21]:
V
Tach: —Sanm _ SN SM _ >
sasc SB SC
Vsamp _ SM _ <
Vsacp  S€
= Vsanmp = Vsanm T Vsamp = ( X + X ) o

Mit phang (MAD) chia hinh chop thanh hai phan c6 thé tich bang nhau
1
2 vS.AECD

]

= vswmn

Lty (X+X )V aBcD ZVS.ABCD
@x+x =]
¢:;>x+x2—1=(}¢:>x=%.



Vay dé diém M thudc doan SC chia hinh chép thanh hai phan c6 thé tich bang
SM_V5-1
= .

nhau, ta phai co =

Bai 67. Cho hinh chop tam giac déu S.ABC co canh day bang a. Goi M, N lan

luot 1a trung diém cua SA va SC. Tinh thé tich khéi chop S.ABC, biét BM
vudng goc voi AN,

biat x =SA =SB = SC. Goi I 1a trung diém cua doan SN, ta ¢6 MI // AN.
Dung c¢ong thirc tinh d6 dai trung tuyén tinh BM, MN, BI theo a va x.
Taco: BM L AN < BM 1 MI

< BM? + MI° = BI°

a6
o X =—,
2
Goi1 G 1a trong tam tam gidc déu ABC
SG =vSAZ—AG? = a‘gﬁ.
3
VS ABC — = SAB{; SG = \/_
' 3 24
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Bai 68. Cho hinh chop S.ABC c6 day ABC la tam giac vuong cén tai C, canh
huyén AB = 3a. Hinh chiéu vudng goc cia S xudng mit phang ddy la trong

iiid
=

tam G cua tam giac ABC, canh bén SB =

a) Tinh thé tich khéi chop S.ABC.
b) Tinh khoang cach tir diém B dén mit phing (SAB).

[ 3a°

2) Vs aBc §SABC'SG:T*

b) Goi K 1a hinh chiéu vuéng géc cua G xudng AC. Trong tam gidc vudng
SGK vé dudng cao GH. Ta ¢o :

d(B ; (SAC)) =3d(G : (SAC)) = 3GH = a+/3.
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