PHAN 1. PO THI HAM SO

1.1. Sy dong bién — nghich bién ciia ham sb

A 2 X 1 2 2 1.9 B LA A Y
Cau 1. Cho ham s6 vy =§(m2 —m)x’ +2mx* +3x—1. Tim m dé ham so luén dong bién

trén R.
Tap xac dinh: D=R

Pao ham: y'=(m* —m)x* +4mx+3
Ham s6 luén dong biéntrén R < y'>0 vxeR

m=0

Truong hop 1: Xét m2—m=0<:{m_l

+Véi m=0,tacod y'=3>0,vxeR, suyra m=0 thoa.
+Voi m=1,taco y':4x+3>0®x>—%,suyra m =1 khong thoa.

m #

0 . 32
Truong hop 2: Xét mz—m¢0<:>{ 1,khldo:

m #

< -3<m<0

{A':m2+3m30 {—SSmSO
y'>20 vxeR < <

mZ—m>0 m<0Ovm>1

Tur hai truong hop trén, ta ¢ gid tri m cantim1a -3<m<o.

Cau 2. Cho ham sb y=x’—3mx*+3(m’> -1)x—2m+3. Tim m d& ham sb nghich bién
trén khoang (1;2).
Tap xac dinh: D=R
Dao ham: y'=3x* —6mx+3(m*-1)
Ham s6 nghich bién trén khoang (1:2) < y'<0 vxe(1;2)
Tacd A'=9m*-9(m*-1)=9>0,Vm

Suy ra y' luon c¢6 hai nghiém phan biét x, =m-1Lx, =m+1 (x <X,)

Do d6: y'<0 vxe(L2) < x<1<2<X, < i = < 1<m<?2
X, 22 m+1>2

Vay gidtri m can timla 1<m<2.




Cau 3. Xac dinh m dé ham s6 sau dong bién trong khoang (0; +):
X +m

V= —F/—7—
Vx?+1
+ TXD: D =R
R —-mx+1

y e —
(X* +DVx* +1

Ham s PB trong (0; +®) <=>y = 0 moi x (0; +).

<=>-mx +12=0moiXx e(0; +»). (1)

.m =0 (1) dang

.M >0:-mx+ 120 <=>Xx < 1/m. Vay (1) khong thoa man.
.M<0:-mX+1=20<=>x2>1/m.Khidb (1) <=>1/m <ot/m.
Gia tri can tim 1a: m < o.

+

Cau 4. Cho ham sé y=x’-3x>—mx+2. Tim m d¢ ham s6 déng bién trén khoang
(0;+oo) .
Téap xac dinh: D=R
Pao ham: y'=3x*-6x-m
Ham s6 dong bién trén khoang (0;+) < y'>0, vxe(0;+x)  (co déu bing)
< 3x*—6x—m=0, Vxe(0;+x)
< 3P —6x=m, Vxe(0;+)  (¥)
Xétham s6 f(x) =3x* —6x, Vxe(0;+x), ta co:

f'(xX)=6x—6; f'(X)=0<x=1

Bang bién thién:
X 0 1
+00
f(x) — 0 +
f(x) 0
-{—00\» /
-3

Tu BBT tasuyra: (¥*) & m<-3

Vay gid tri m can tim1a m<-3.




Cau 5. Tim m dé ham s6 luon nghich bién: y=—x3+(3-m)x® —2mx+12.
+ Tap xac dinh: D=R.
+ Pao ham: y'=-3x*+2(3-m)x—2m

+ Pé ham s6 ludn nghich bién thi y'<0 vx

a<0 -3<0
o o

A'<0  |94+m®—6m-—(-3)(-2m)<0
<Sm?P-12m+9<0

<:>6—3«/§£m£6+3«/§.

mx+7Tm—8

Cau 6. Choham s6 y = . Tim m @& ham s6 dong bién trén ting khoang xac

X—m
dinh cua no.
Tap xac dinh: D=R\{m}

-m*-=7m+8

Pao ham: y'= = . Daucia y' 12 diu caa biéu thirc —m? —7m +8.

(x=m)

Ham s6 dong bién trén ting khoang xac dinh < y'>0, vxeD (khong c6 diu bang)
< —m*—=7m+8>0
& —8<m«l1

Vay gidtri m can tim1a —8<m <1.

Cau 7. Tim m dé ham sé luén nghich bién vx: y =mx® —3x? —3x+1.

+ Tap xac dinh: D=R

+ DPao ham: y'=3mx*-6x-3

+ Dé ham s6 ludn nghich bién vx thi y'<0 vx

< 3mx* -6x-3<0 vx (1)
+ TH,: m=0
1 < -6x-3<0

<= 6Xx>-3




@xz—% ( khéng thoa vx)

+ TH,: m=0
a<0 3m<0 m<0 m<0
@ < & & & &S m<-1.
A<0 9+9m<0 Im<-9 m<-1

+Vay m < -1 thi ham s thoa dé bai.




1.2. Cue tri ciia ham s

A N . 2 B N 4 1 1
Cau 1. Tim cyc tri cua cia ham so y=§x"“—5x2 —2x+2.

Cach 1.
* Tap xac dinh:R.

, X=-1
Ta c6: y':xz—x—z;y':Oc{ .
X=2
* Bang bién thién:
X | —o -1 2
+00
y + 0 - 0 +
y 19
4
3

Vay ham sé dat cuc dai tai x = -1 va gi4 tri cuc dai ycp = y(_1) — %

Ham sb dat cyc tiéu tai x = 2 va gia tri cyc tiéu yer= y(2)=—=.

3
Cach 2.
* Tap xac dinh:.
-1
Ta co: y':xz—x—z;y':Oc{X .
X=2

«y"=2x-1y"(-1)=-3<0 nén ham s6 dat cyc dai tai dicm x = -1 va gia tri cuc dai

1
yeo=y(-1)= Eg

+y"(2)=3>0 nén ham sb dat cuc tiéu tai x = 2 va gia tri cyc tiéu .

Cau 2. Tim cac diém cyc tri cia @0 thi ham sb y=x*-3x*+6
Tim cac diém cuc tri cia @5 thi ham s y=x*-3x*+6

* Tap xac dinh: R

x=0

X=2

Bang xét dau dao ham

y'=3x"—6X, y'=0<:{

X —0 0 2 +00

!

y + 0 - 0 + , .
T bang xét  dau




dao\hém ta co _— 7 .
Ha m sO0 dat cuc daitai x=0va gia tri cuc dai y=6; dat cuc tiéu tai x=2va gia
tri cuc tiu y=2.

Vay diém cuc dai cua @b thi ham sé 1a M(0;6), diém cyc tiéu cta d6 thi ham sé 1a
N(2;2)

Cau 3. Tim cac diém cuc tri cia ham so y = 2x* —4x* —1.

TXD: D=R
y'= 8x3-8x = 8x(x2-1) VxeD
‘0 x=0
)= c{x:il
Bang xét ddu cua y’:
X |- -1 (0] 1
+00
y | - o + 0 - o +

Két luan: Ham s6 dat cuc dai taix = 0 va ygq = y(0) = -1.
Ham s6 dat cyc tiéu tai x = + 1va yg = y(+1) = -3.

Céau 4. Cho ham s6 y=x°-3mx* +(m?—1)x+2, m 1a tham so.
Tim tat ca cAc gia tri cia m dé ham sé da cho dat cuc tiéu tai x=2.
Ta ch: y'=3x>—6mx+m’ -1, y"=6x—6m
y'(2)=0
y'(2)>0
m®-12m+11=0
=
12-6m>0
Vay v6i m = 1 thi thoa man yéu cau bai toan.

Ham s6 da cho dat cyc tiéu tai x=2 < {

Cau 23. Chohamsé y=x*-3mx®+3(m’ -1)x—m*+m (1). Tim m dé ham sé (1) ¢6
cuc tri déng thoi khoang cach tir diém cuc dai cua do thi ham sé dén gbc toa do O bang
J2 14n khodng cach tr diém cuc tiéu cua dd thi ham sé d&én gbc toa d6 O.
Taco y'=3x>—6mx+3(m*-1)
Ham s6 (1) ¢6 cyc tri thi PT y'=0 c6 2 nghiém phan biét

& X2 —=2mx+m’ —1=0 c6 2 nhiém phan biét < A=1>0,vm
Khi d6, diém cyc dai A(m—1;2—2m) va diém cuc tiéu B(m+1,—2—-2m)




m=-3+22
m=-3-22

y:%(x—1)4+(m—2)x

Tacd OA=+20B = m?+6m+1=0<

CAau 6. Tim m dé ham s dat cuc tiéu tai diém x = 1.

m 4
\ s Ve (L) (m=2)x G
Tim m dé ham so 4 dat cuc tiéu tai difmx =1
y':m(x—1)3+m—2
Diéu ki¢n cén y'(1)=0m=2
Thelaim=2: y'=2(x—1)3 doi dau tir Am sang duong khi di quax =1
Vay nhan m =2

Cau 7. Tim m dé ham sé: y:%x3’+(m2 —m+2)x2+(3m? +1)x+m—5 dat cuc tiéu tai

X =-2.
y(x)=x2+2(m*—m+2)x+3m?+1 = y"(x) =2x+2(m>-m+2)

bé ham s dat cuc tiéu tai X = —2 thi
y'(=2)=0 —m*+4m-3=0 [(m-1)(m-3)=0
& & & m=3
y'(=2)>0 |m*-m>0 m(m-1)>0

Cau 8. Cho ham s y = x* -3(m+1)x*> +9x—m, véi m 1a tham sé thuc.
X4c dinh m dé ham s6 d4 cho dat cuec tri tai x,,x, sao cho |x —x,|=2.
X4c dinh M @ ham s da cho dat cuc tri tai *1'*2 sao cho e —x|=2 .

Ta co: ¥'="3x>—6(m+1)x+9.

Ham sé dat cuc dai, cyc tiéu tai ** X2 < Phuong trinh ¥'=0 ¢ hai nghiém pb la

X1, X, < pt X2 —2(M+1)x+3=0 Xy, X,

c6 hai nghiém phan biét 1a
SA'=(Mm+1)*-3>0
m>-1++/3
o|m> +\/_(1)
m<—1—\/§
Vi PK (1), theo dinh 1y Viet ta co: X1 X = 2(M+1); X%, =3.
|x1—x2|:2<:>(x1+x2)2—4x1x2=4
o 4(m+1) -12=4




< (M+1)° =4

@[m:_3 (2)

m=1
{mz—S

Tir (1) va (2) ta duge: LM =1 TMYCBT.
Cau 9. Cho ham sé: y = x* —3(m+1)x* +9x—m, v6i m 1a tham s6 thue.X4ac dinh m dé
ham sb da cho dat cuc tri tai X, X, sao cho |x, —X,[|<2.
~Tacod y'=3x*—6(m+1)x+9.
— Ham s c6 cyce dai, cyc tiéu xi, Xo. <>PTy’ = 0 c6 hai nghiém phan biét 14 x3, Xo.

& x*—2(m+1)x+3=0 cb hai nghiém phéan biét1a x,, x,.

SA'=(Mm+1)2-3>0m>-1++3 v m<-1-+/3 (1)
Theo dé ta cd: [x, —%,| <2< (% +X,)" —4xx, <4 @)
Theo dinh ly Viet ta c6: x, + X, =2(m+1); x, X, =3.
(*) = 4(m+1)’ -12<4 & (M+1)? <4 -3<m<1 (2)
Tur (1) va (2) suy ra gia tri m can tim 1a: -3<m< —1-+/3 hoic -1+/3<m<1.
Cau 10. m & ham s f (x) = %mx3 —(m=1x? +3(m—2)x+% dat cuc tri tai x4, X» thoa
man X, +2x, =1.
Ham s6 c6 CP, CT < f'(x)=mx*-2(m-1)x+3(m—2)=0 cb 2 nghiém phan biét <

m=0 ,
A'=(m-=1)"-3m(m-2)>0

Véi diéu kién (*) thi f'(x) =0 c6 2 nghiém phan biét xi, x» va ham sb f (x) dat cuc tri

<:>1—§<m¢0<1+§ *)

tai X1, X2. Theo dinh 1y Viet ta c6: x1+x2=%;xlx2:w
Ta cb: % +2x, =lesx, =1 2M=D _2-m., _2(m-1) 2-m_3m-4
m m m m m
— m=2
:>2—m,3m—4:3(m 2)<:>(2_m)(3m_4)=3m(m_2)@{m_z
m m m =3

Ca 2 gi tri nay déu thoa man diéu kién (*). Vay X, +2X,=1l<m=2vm= %

Cau 11. Chohamsé: y=x*-2(m*+)x*+1 (1)
Tim cac gia tri cua th;lm s6ém d ham sé (1) c6 3 diém cuc tri théa man gi4 tri cuc
tiéu dat gia tri 16n nhat.

Y = 4%3 — 4(m2+1)x




x=0 , ,
y=0& - = ham s6 (1) luon c6 3 diém cuc tri véi moi m
X=+ym-+1

Xer = +Jm? 1 = gi4 tri cyc tiéu yo; = —(m? +1)2 +1
Vi(m?+1)2 21= yor <0 max(ye;) =0 m? +1=1<m=0
Cau 12. Chohamsé y=—x*+3mx+1 (1). Tim m dé @ thi caa ham sb (1) c6 2 diém
cuc tri A, B sao cho tam gidc OAB vuodng tai O (vé6i O 1a gbe toa @6 ).
y'=-3x*+3m=-3(x*-m)

y'=0&x*-m=0(*)
Do thi ham sb (1) ¢6 2 diém cuc tri < PT (¥) ¢ 2 nghiém phan biét< m > 0(**)

Khi d6 2 diém cuyc tri A(—\/ﬁ;l—Zm\/ﬁ) , B(Jﬁ;1+ 2m\/ﬁ)

Tam gidc OAB vudng tai O <> OAOB =0 <:>4m3+m—1:0<:>m:%(TM (**))

1
Vay m==
ay >

Cau 13. Cho ham s f(x)=x*+2(m-2)x’ +m*> —=5m+5 (Cm)
Tim m dé (Cm) c6 cac diém cuc dai, cuc tiéu tao thanh 1 tam giac vudng can.
Ham s6 c6 CP, CT khim < 2 . Toa d6 cac diém cuc trj 1a:

AO:m? —5m+5), B(¥2—m;1—-m), C(—/2—m;1-m)

Tam giac ABC luon can tai A = AABC vuong tai A khim = 1.

Cau14.Chohamsd y =2z* — 32 +1 1

Tim toa do giao diém cua duong thang d : y = 22 +1 véi d6 thi (C). Tim toa d6 diém
M thudc d va cung véi hai diém cye tri cia do thi (C) tao thanh mot tam gidc vudng
tai M.

Xét phuong trinh hoanh d¢ giao diém cua d:y =2x+1 va do thi (C) 1a:

2x° =3x° +1=2x+1<2x>-3x* -2x=0 (¥)

Giai phuong trinh (*) ta dugc ba nghi¢m phan biét =z, =0, z, =2, z, = —%
Vay d cit (C) tai ba diém phan biét A(0;1), B(2; 5),0[—% ; 0)

Med:y=2z+1= M(t;2t+1), toa dd cac diém cyec trj cua (C) 1a D(0;1),T(1;0)
M cing véi hai diém cyc tri cia d6 thi (C) tao thanh tam gidc vudng tai M
< DM.TM = 0(**), mat khac ta c6 DM = (+;2t), TM = (t —1;2t + 1)

‘ . 1
:>(**)<:>5t2+t=0<:>t:0hoact:—g




t=0= M(0;1) = D (loai); t = —é = M[—%;gj

Cau 15. Cho ham s6 y=x*-2m’x*+1 (C,)(1). Tim m dé ham s6 (1) c¢6 ba diém cuc
tri 1a ba dinh cia mot tam giac vudng can.

om0

x2=m

Ta co: y'=4x*—4m’x = 4x(x* —-m*) =0 <:{
Véi diéu kién (*) thi ham sé (1) c6 ba diém cuc tri. Goi ba diém cuc tri 1a:
A(0;1); B(—m;l— m“);C(m;l—m“). Do d6 néu ba diém cuyec tri tao thanh mot tam giac

vudng can, thi dinh sé 1a A.

Do tinh chét caa ham sé tring phuong, tam gidc ABC da 1a tam gic cn réi, cho nén
dé thoa man diéu kién tam gic 1a vudng, thi AB vudng goc véi AC.

& AB =(-m;-m"); AC =(m;-m*);BC =(2m;0)

Tam gidc ABC vudng khi: BC? = AB® + AC? < 4m* =m’ +m® + (m? + m°®)
e2m’(m*-1)=0=>m’ =lem=+1

Vay véi m = -1 va m = 1 thi thoa man yéu cau bai toan.

Cau 16. Cho ham s6 y=x*—2m*x®+1 (1).Tim tat ca cac gi4 tri m dé db thi ham sb
(1) c6 ba diém cyc tri A, B, C va dién tich tam gidc ABC bang 32 (don vi dién tich).

: PK ¢6 3 diém cyuc tri: m # 0
X2 — m2

+)Tacoy =4x3—4m2X;y =0 c{
+) Toa 6 ba diém cuc tri: A(0; 1), B(-m ;1 —m4), C(m ;1 — m4) ;
+) CM tam giac ABC can dinh A. Toa d¢ trung diém I cia BC1a I(0 ; 1 — m4).

+) S, ec =%AI.BC =m*|m|=|m[ =32 & m=+2 (tm)

Cau 17. Cho ham sé y=x*—-2mx*+m-1 (1), véi m 1a tham s thyc. Xac dinh m dé
ham s6 (1) c6 ba diém cuc tri, dong thoi cac diém cuc tri cia do thi tao thanh mot tam
giac ¢6 ban kinh duong tron ngoai tiép bang 1.
, x=0
y :4x3—4mx:4x(x2—m)=0<:> 5
x> =m
Ham s6 da cho c¢6 ba diém cuc tri <>pt y =0 c6 ba nghiém phén biét va y doi dau
khi x di qua cac nghiém d6 < m>0

e Khi d6 ba diém cuyec tri cua @b thi ham sé 1a:




A(0;m-1), B(—\/ﬁ;—m2 +m—1), C(\/ﬁ;—m2 +m—1)
S, asc :%lyg ~¥u| X = Xg| =m?Vm 5 AB=AC =+/m*+m, BC =2Jm

m* +m)2/m "=
AB.AC.BC e ( ) —lem-2m+l1=0< J5

Re—mm —
45, rec 4m*m m :Tl

Cau 18. Cho ham sé y = x3 — 3x2+2 (1)

Goi d la duong thang di qua diém A(1;1) va c6 hé sé goc bang 3. Tim diém M thuoc
duong thiang d sao tong khoang cach tir M t6i hai diém cye tri nho nhat.
+d: y=3x-2

+ Xét biéu thie P=3x-y-2. Thay toa do diém (0;2)=>P=-4<0, thay toa d6 diém (2;-
2)=>P=6>0. Vay 2 diém cuc dai va cyc tiéu nam vé hai phia cua duong thang d. Ti
day, @& MA+MB nho nhat => 3 diém A, M, B thang hang

+ Phuong trinh duong thang AB: y=-2x+2

y=3x-2

+ Toa do diém M 1a nghiém cua hé: { =N
y=—-2X+2

|
o als

Cau 19. Choham s6 y=x>-6x2+9x-2 (1).

Viét phuong trinh duong thang di qua diém A(-11) va vudng goc véi duong thang di
qua hai diém cyc trj caa (C).

Viét phuong trinh duong thang di qua diém A(-11) va vudng goc véi duong thang di
qua hai diém cyc trj caa (C).

Puong thang di qua 2 ¢ ye tri A(1;2) va B(3;-2) lay=-2x+4
Ta c6 pt dt vudng goc véi (AB) nén cbd hé so goc k= 12

Vay PT d v ong thang cain tim1a y :%x+g

Cau 20. Cho ham sb y=x®-3mx? +4m? -2 (1), m 1a tham sé.

Tim md¢ do thi ham s6 (1) ¢6 hai diém cyc tri A va B sao cho diem I (1; 0) la trung
diém cua doan AB.

Ta cod y'=3x>—6mx.

x=0

X=2m.

D6 thi ham s6 (1) ¢6 hai cyc tri khi va chi khi y'=0c6 hai nghiém phan biét < m=0.
Toa @6 cac diém cuc trila A(0;4m?—2), B(2m;—4m®+4m?-2).

y'=0<:>3x2—6mx:0<:{




. . . .o . Im=1
biém I (1; 0) la trung diém cua doan AB khi va chi khi 5 ,
-2m°+4m°-2=0
Giai he¢, ta duge m=1. Vay m=1 13 gi4 tri cin tim.

Cau 21. Cho ham s6 y=—x*+(2m+1)x* —(m* —3m+2)x—4 (m 1a tham s6) c6 d5 thi
12 (Cm). X4c dinh m dé (Cm) c6 cac diém cuc dai va cyc tiéu nam vé hai phia coa truc
tung.

y'=-3x*+2(2m+1)x—(m?-3m+2).
(Cm) cb cac diém CP va CT nam vé hai phia cia truc tung < PT y' =0 c6 2 nghiém
trai dau < 3(M?-3m+2)<0 < 1<m<2

Cau 22. Cho ham sé y = x* —3mx? +4m® (m 14 tham s6) c6 d@6 thi 14 (Cm). X4c dinh m
dé (Cm) c6 cac diém cyc dai va cyc tiéu d6i ximg nhau qua duong thang y = x.
x=0

Tacé:y’:3x2—6mx:o<:>{
X=2m

Pé ham s cb cuc dai va cyc tiéu thi m = o.
Gia st ham sé ¢ hai diém cye tri 1a: A(0; 4m3), B(2m; 0) = AB = (2m;—4m°)
Trung diém cua doan AB 13 I(m; 2m3)
Diéu kién dé AB déi ximg nhau qua duong thiang y = x 14 AB vudng goc véi duong
thang y = x va I thuoc duong thang y = x
2m—4m* =0
=
2m® =m

J2

Giai hé phuong trinh ta duge m= i7 ;m=0

: e h 1 , 2
Két hop véi diéu kién ta co6: m= i7




1.3. Gid tri 6m nhat — Gia tri nhé nhat

CAu 1. Tim gi4 tri 16n nhit va nhé nhat ciia ham s6 : y = x* — 2x* + 3 trén doan [0;4] .

y=0 © x=0,x=1 c[0;4] x=-1loai

Taco: f(o) =3 , f(1)=2 , f(4)=227

Viay GTLNy = 227, trén [0;4] khi x=4
GTNN y= 2 trén trén [0;4] khi x=1

Cau 2. Tim gi4 trj 16n nhét va gi4 tri nho nhét cia ham s6 f (x)=x+v4—x*. trén

doan [—2; 1} .
2

+Tacod f'(x)=1- X

V4 —x?

+f'(x):0<:>x=\/§e[—2;%]

1+\/1_5

+C6 £(-2) :—2;f(%) _

2
maxf(x) -2 minf(x)--2

1 .
23] 23]

Cau 3. Tim gi4 tri 16n nhét va gi tri nho nhat cia ham sé
f(X)=<X—\/§)2(X+\/§)2tI‘én doan {—%;2]

Tacod f(x)=x'-4x*+4; f(x) xac dinh va lién tuc trén doan {—%;O};
f'(x)=4x>-8x.

Véi X€|:—%;2:|, f'(x):0<:>x:0;x:\/§

Ta cb f(—%j=3i,f(0)=4,f(\/§)=0,f(2)=4.

16
Gi4 trj 16n nhét va gi tri nho nhét coa ham sé f (x)trén doan [_% ; o}lén luot 14 4 va
0.
Cau 4. Tim gia tri 16n nhat va gi4 tri nho nhat cua ham sé
y=f(x)=x*-In(1-2x) trén doan [-10].

Tim gi4 tri 16n nhat va gi tri nho nhét cia ham 6 y = f (x)=x*-In(1-2x) trén doan
[-10].




Taco f'(x)=2x+

1-2x x:—l
2

, 1 1
Tinh f(-1)=1-In3; f [—Ejzz—ln 2,f(0)=0

Vay min f (x):%—lnz;max f(x)=0

[-10] [-1.0]
Cau 5. Tim gi4 tri nho nhit cua ham sé y = x.log x trén khoang (0;10).

Tim gi4 tri nho nhét cia ham sé f (x) = x.log x trén khoang (0;10].

Ham sé da cho lién tuc trén (0;10]. Ta cod f'(x) =log x + x. " ;10 =logx+loge.

f'(x):0<:>logx:—loge<:>x=l.
e

BBT:
X |0 l/e 10
(%) - 0 +
_loge
e
Tu BBT ta suy ra min f '(x) = _loge S X= l
(0:10] e e

CAu 6. Tim gi4 tri lon nhat va nhé nhat cia ham so6 f (x) =x —3+Xi1 trén doan [2;5].
4

(x-1)

-Tacd f(x) lién tuc va xac dinh trén doan [2;5]; f'(x)=1-

- Véi xe[2;5] thi f'(x)=0<x=3
-Taco: f(2)=3f(3)=2f(5)=3

- Do d6: Maxf(x)=3<x=2vx=5, minf(x)=2< x=3
[2:5] [2:5]

Cau 7. Tim gia tri lén nhat va gia tri nho nhat caa ham s6 y = ; -
x p—

trén doan [2;4].

Ham sb lién tuc trén doan [2; 4}




Vay maxy:§ khi z =4|va mimy:l khi z =2
[2:4] 7 [2:4] 3

Cau 8. Tim gi4 tri Ion nhat va gia tri nho nhat cua ham sé f(x) = —2x* +4x2 +10 trén
doan [0;2]

f (x) xac dinh va lién tuc trén doan [0;2], ta c6: f '(x) =-8x>+8x
Vi xe[0;2]thi: f(x)=0 @[iif Ta c6: f(0) = 10; f(1) = 12; f(2) = -6

Vay: Maxf(x) = f()=12, min f(x)=(2)=-6

Cau 9. Tim gia tri lon nhat va gia tri nho nhat caa ham sé y=2x’ +3x* —12x+2 trén

doan |-1:2].
D=|-12|
Taco: y'=6x> +6x—12
V=0 x=-2¢D
x=1€eD

Doy —-1=15y2 =6,y1 =—5 = mEiDny:—S; ma})xy:IS
Vay miny =-5; maxy=15.

xeD

Cau 10. Tim gi4 tri lon nhat va gi4 tri nho nhat ctahdm s6 y=e¢* x*—x—1 trén
doan |0;2|.
D =|0;2]

Tach: y'=e" x*+x-2

=-2¢D
y':O<:>x 7
x=1€eD
Doy0=-1y2=¢y1=—¢ = miny = —e; mglxy:e2

Vaiy miny =—¢; maxy=¢’.
xeD

x€D




Cau 11. Tim gi4 tri Ion nhat va gi4 tri nho nhat cia hdm s6 y=x—+4—x* .
D=]-2:2]

4—x° +x
V4—x

y':O@x:—\/EED
Doy —2=-2y2=2y2=-202 = rggglyz—Z\/E; max y =2

Taco: y'=

Vay miny = —2\2; maxy=2.

Cau 12. Tim gi4 tri 16n nhat va gia tri nho nhat cia ham sé y = 2sin’ x—cosx +1.
Tap xac dinh: D=R
Pt r=cosx v6i 1€ |~ 11|, ham s6 tré thanh: y=-2°—1+3
, 1
Tacod: y'=—4r—1 ; y'ZO@t:—Ze[—l;l]

1 25 25
Doy -1=2,y1 =0;y|——|=— = miny=0; maxy=—
y y y[ 4] 9 y=0; maxy="y

xeD

Vay migly:—Z\/E; maxy=2.




1.4. Tiép tuyén

1.4.1. Tiép tuyén tai mot diém

Cau 1. Viét phuong trinh tiép tuyén cia @6 thi ham sé y=x>—3x?+2 tai diém M(-1;
_2)

(C):y=x"-3x*>+2 = y =3x> —6x tai diém M(-1; —2) ta cd: y'(-1)=9
= PTTT: y=9x+7

CAu 2: Cho ham sb y= x_+i c6 do thi (H). Viét phuong trinh tiép tuyén cua (H) tai

x_
A(2; 3).
x—1 (x—1)°

Tai A(2;3) = k=y(2)=2=PTTT:y=-2x-1

Cau 3: Choham sé f(x)=x>-3x+4. Lap phuong trinh tiép tuyén cua do thi ham s
tai diém M(1; 2).
f(x)=x"-3x+4 = f'(x)=3x>-3 = f'1)=0 = PTTT: y=2.

Cau 4: Cho ham sb y= 31x+1 c6 @6 thi (C). Viét phuong trinh tiép tuyén cua (C) tai
X

diém
A(2; 7).
y:3x+1 N y' _ 4
1-x (x—1)?
k=y(2)=4
= PTTT: y=4x-15

2

Cau 5: Cho ham s6 y= 22X 6 @b thi (C). Viét phuong trinh tiép tuyén cua (C)
x J—
tai diém M(2; 4).
y:mj ':x—%ljk:f’(z):_l

y
x—1 (x=1)?
Xog=2,99=4%k=-1=PTTT :y=—x+2

Cau 6: Cho ham s6 y=x>—3x? ¢b @6 thi (C). Viét phuong trinh tiép tuyén cua (C) tai
diém I(1; —2).




y:x3—3x2 =y'=3x"-6x=k=f'(1)=-3
X, =Ly, =-2,k=-3=PITT:y=-3x+1

Cau 7. Cho ham s6 y=x*—x2+3 c6 d6 thi (C). Viét phuong trinh tiép tuyén cua (C)
tai diém c6 hoanh do bang 1.

Cho ham s6 y=x*—x?+3 ¢6 d6 thi (C). Viét phuong trinh tiép tuyén cua (C) tai diém

c6 hoanh do bang 1.

x,=1=y,=3

y =4x* 2x=k=y'(1)=2

Phuong trinh tiép tuyénlay = 2x + 1

Cau 8. Cho ham sé: y=2x>-7x+1 (C). Viét phuong trinh tiép tuyén cua do thi (C)
tai diém c6 hoanh d6 x = 2.

y:2x3—7x+1 = y':6x2—7

V6i x, =2=y,=3,y(2)=17=PTTT : y =17x-31

Cau 9. Cho (C): y=x>-3x>+2. Viét phuong trinh tiép tuyén cua (C) tai cic giao
diém cua (C) véi truc hoanh.

Cho (C): y=x>-3x2+2.

Y =3x% —6x. Giao cia ( C) véi truc Ox 12 A(1; 0), B(1-+/3;0),c(1++/3;0)

Tiép tuyén tai A(1; 0) cd hé s goclak = —3 nén PTTT: y=-3x+3

Tiép tuyén tai B(1-+/3;0)c6 hé sé goclak = 6 nén PTTT : y=6x—6+6y3

Tibp tuyén tai C(1++/3;0) cohe sé goclak = 6 nén PTTT : y=6x—6-6v3

A . X s < X A 2 A 1l LA A 1 - - 2 .
Cau 10: Viét phuong trinh tiép tuyén cua doé thi ham s6 y=x-— tai giao diém cua
X
no vé4i truc hoanh .
1 ' 1
y=x—-—— =y =l+—
X

)C2

e Cac giao diém cia d6 thi ham s6 véi tryc hoanh 1a A(-1;0),B(1;0)
o Tai A(—1; 0) tiép tuyén c6 h¢ s6 goc k, =2 nén PTTT: y = 2x +2
o Tai B(1; 0) tiép tuyén cling c6 h¢ sb goc k, =2 nén PTTT: y = 2x — 2
Cau 11. Cho him sé: y = 2% +11 . Viét phuong trinh tiép tuyén coa (C) tai diém trén

(C) c6 tung do6 bang 5.




, 20 +1
Taco: y =5« % =521 +1=5z, -5 1 =2
r, —1
-3
'f/aj == —
(()) (2_1)2

« Phuong trinh tiép tuyén can tim: y —5 = —3(z —2) < y = —3z + 11

A N A 2 — 1 e K \ 4 A 9 A . e A
Cau 12. Cho ham s6 y = x—l . Viét phuong trinh tiép tuyén cua do thi (C), biét

tiép diém c6 tung do bang 3..

o« LoA” o« R S ’ 2 _1
Goitié pdiémla M(x;y,),taco y, =3= %

=3 oz, =2= M(2;3)
z,—1

Suyra, hé s go ckcuatié ptuyé nla : k=y'(2)=-1
Do do” phuongtri nhtié¢ ptuyé nca nlapla: y=-1(z-2)+3hay y=—-z+5

Cau 13. Cho ham s6 y=-x*+3x* (1). Lap phuong trinh tiép tuyén cia (C) tai cic giao
diém cua dd thi véi truc hoanh.

Do thi cat truc hoanh tai cac diém A(0;0) va B(3;0).

Phuong trinh tiép tuyén cua do thi tai A(o;0)la: y=0

Phuong trinh tiép tuyén cua do thi tai B(3;0) 1a: y = y'(3)(x—3)=-9x + 27

Vay tiép tuyén can tim1d y =0 va y =-9x+27.

Cau 14. Cho ham s6 y=x*-3x*+2 (C). Goi giao diém cua d6 thi (C) va duong thiang
y=-x-3 1a M, viét phuong trinh tiép tuyén véi @6 thi (C) tai diém M.

3 a2
Toa do cia M 1a nghiém ciia hé {y—x 3 +2
y=-x-3
< y3 2 e’ = M (=L -2)
X°=3X“+Xx+5=0 X =-1

Phuong trinh tiép tuyén voi (C) tai M 13 y= f (-D)(x+1) -2 < y=9(x+1) -2 < y = 9x+7.

Cau 15. Cho ham sé y=-x*+3x-2 (1). Viét phuong trinh tiép tuyén cua do thi (C)
tai cAc giao diém cua (C) voi duong thang d: y = —x—2 biét toa do tiép diém co
hoanh do duong.

Hoanh d6 giao diém caa (C) va d 1a nghiém cua phuong trinh: —x® +3x-2=—-x-2

0
@{X — x=2(t/m)
X=%2

Voix =2thiy(2) =-4;y(2) =-9. PTTT la: y = -9x + 14




1.4.2. Tiép tuyén di qua mot diém

Cau 1. Chohamsd:y = (C). Viét phuong trinh tiép tuyén véi (C), biét

2x +1
tiép tuyén d6 di qua giao diém cua duong tiém can va truc Ox.

Giao diém cua tiém can ding véi truc Ox 1a A(—l,o)
2

Phuong trinh tiép tuyén (A) qua A ¢6 dang y - k(x . ;j

Xl k[x + lj
(A) tiép xte v6i (C) o J2x+1 U 2
—x+1 , .
=k c6 nghiém

2x +1

-x+1 1
k(x+5j (1)

2x+1
_ -3
(2x+1)
Thé (2) vao (1) ta c6 pt hoanh do tiép diém 1a

3(x+1)
—x+l__ 2

2x+1 (2x+1)

R

=k (2)

<:>(x—1)(2x+1):3(x+%) va x;t—% <:>x—1:§

ox=>. Dodbk=-_L
2 12

Vay phuong trinh tiép tuyén can tim 1a: y = —é(x + %j

2X+4

Cau 2. Chohamsé y = 1 © Cho hai diém A(; 0) va B(-7; 4) . Viét phuong

trinh tiép tuyén cua (C), biét tiép tuyén di qua diém trung diém | cua AB.
Goi A qua I1(-3;2) coOhé sd goc k = A:y=k(x+3)+2
2X+4

‘ , =k(x+3)+2
DPidukién A tiépxtc(C) 1 X1 _,

(x+D?
Giagihé > x=-2=k=-2
Vay phuong trinh tiép tuyén : A:y=-2x-4
Cau 3. Cho ham s6 y=x*—3x>+2 c6 d6 thila C . Viét phuong trinh tiép tuyén cua
C , biét tiép tuyén di qua diém A 2;—2 .




Ta cb: y'=3x*—6x
Goi M Xy, € C véi y,=x3 -3 +2 latiép diemva A latiéptuyénvsi C tai
MO
Phuong trinh A : y—y,=y'(X,)(X—X,)
Sy (% —3% +2) = (3% —6X,)(X — X))
A diquadiém A 2,-2 & —2— (X —3x242) = 3 —6%,)(2—X,)

& 29X +12%,—4=0 < X,—2 2x;-5x,+2 =0

X, =2

~ 1

Xy =—

2

Vol x, =2 = A:y=-2

. 1 9 )

Vol x,== = A y=——X+—

) V=74
A 7 o 4o X A 9 A NER BN \ 9 5
Vay c06 hai tiép tuyén thoa dé baila y=-2 va y:—ZerE.

A \ A 2 , A IR BN 94 \ 4 A 5
Cau 4. Cho ham s6 y= % c6 do thila C . Viét phuong trinh tiép tuyén cia C ,

biét tiép tuyén di qua diém A —6;5 .
4

2

X—2

Taco: y'=

Xy +2

Goi M x;;y, € C Vol y, = . 1a tiép diém va A latiép tuyénvoi C tai M,

0
Phuong trinh A : y—y, = y'(X,)(X—X,)

X +2 4

<y = (X—Xo)
XO_Z X0—22 0
A diquadiém A —6,5 < 5—X°+2: —4 = (—6—X,)
Xo—=2 X, —2
& x2—6%,=0
X =0

X, =6




Véi x,=0 = A :y=—x-1

. 1 7
Vol x, =6 = A y=—"X+—
0 Y==3773

Vay ¢6 hai tiép tuyén théa d baild y= —x—1 v y= —%er%

Cau 5. Cho d5 thi (C): y=x®—-3x+1, viét phuong trinh tiép tuyén véi (C) biét tiép
tuyén di qua diém A(-2; -1).
Ta co: y'=3x" -3
Goi M (Xy; X —3%, +1) 1a tiép diém. H¢ sb goc cia tiép tuyén 1a y'(x,) =3x; —3.
Phuong trinh tiép tuyén voi (C) taiM1a A: y —(xg —3X%, +1) = (3% =3)(X—X,)
A qua A(-2;-1) nén ta co: —l—(xo3 —3X, +1) =(Bx -3)(-2-X,) & X +3x; —4=0
(% ~1)0C + 4%, +4) =0 0 T Yo =
< (X, — +4x,+4) =0
%o 7 3% X,=—2=Y,=-1
Vay c6 hai tiép tuyén can tim c6 phuong trinh 1a: A:y=—-1;A:y=9x+17




1.4.3. Viét phwong trinh tiép tuyén biét hé s6 goc tiép tuyén

1 7 A [ BN A \ * A A 5
+2 c6 do thila C . Viét phuong trinh tiép tuyén cua C ,

Cau 1. Cho ham sé y= =

biét h¢ s6 goc cua tiep tuyén bang —5.
Goi M(xy:y,) € (C) 1a tiép diém cua tiép tuyén véi (C)
-5
x—2°
Hé s6 goc cua tiép tuyén bang —5 < y'(x,) =—5

- X, =1
@—52:—5 s |70
X, — 2 X, =3

Taco: y'=

o

Véi x,=1 = y,=-3: M,(,—3) = pttt: y=-5x+2
Véi x,=3 = y,=7 : M,(37) = pttt: y=-5x+22
Vay c6 hai tiép tuyén thoa dé baila y=—5x+2 va y=—5x+22.

Cau 2. Cho ham s y=x*-3x? (C). Viét phuong trinh tiép tuyén cua do thi (C) biét
hé s6 goc cua tiép tuyén k = -3.

Ta c6: y'=3x" —6x

Goi M (x,;Y,)1a tiép diém —=Tiép tuyén tai M c6 hé s6 goc k = f (x,) = 3x; —6X,

Theo gia thiét, hé sé goc cua tiép tuyén k = - 3 nén:

3. —6x, =3 X —2%,+1=0< X, =1

Vix,=1l=y,=—2=M(L-2).

Phuong tri nh tiép tuyén cdn tim1a y = -3(x—-1) -2 < y =-3x+1

Cau 3 : Cho ham sé: y=2x>—7x+1 (C). Viét phuong trinh tiép tuyén cta d thi (C) c6 hé
sd goc k=1,
y=2x3—7x+1 = y'=6x2—7
: A A ) < A R , ! =—1
Goi (xy:y,) latoa do cua tiép di€ém. Ta co: y (x,)=-1< 6x§ -7 =—1<:>[x0 |
XO =
e Vb1 xy=-1=y,=6=PTTT:y=-x+7
e V61 xy=1=y,=-4=PTTT:y=-x-5




1.4.4. Tiép tuyén song song véi dwong thing d

Cau 1. Cho ham s6 y= x—_i .Viét phuong trinh tiép tuyén cua do6 thi ham sé biét tiép
X+

x—2

tuyén song song v6i d: y = 5

x—1 , 2

(x=-1)

d: y= cc’)héség(’)ck:%:TTcéhéség(’)ck:%.

Goi (x,3y,) 1 toa d¢ cua tiép diém. Ta ¢ y'(x,) = le 2 .

1 xozl
—
(X +1)2 2 X0 =-3

+V6i x,=1= y, =0 = PTTT: y:%x—%.

+V6i x, =32y, =2 = PTTT: y:%x+%.

2
A N A - 2 A N e K A 9 A . N
Cau 2. Cho ham s6 f(x)= % (1). Viét phuong trinh tiép tuyén cua do thi ham

x+
s6 (1), biét tiép tuyén d6 song song véi duong thang d: y=-5x-2.
2 2
x°=3x+2 ' x“+2x-5
JR)z——— = f ()=
x+1 (x+1)
Tiép tuyén song song véi d: y=-5x—2 nén tiép tuyén c6 hé sb goc k =-5.
2
1 3 A ? s A s R ’ ’ + 2 - 5
Goi (xy:y,) la toa do cua tiép diém. Ta co: f'(x))=-5 < % =5 &
(xo+1D

* V6l x, =0=y,=2 = PTTT: y=-5x+2
® V6i x, =—2=y,=-12 = PTTT: y=-5x-22

Cau 3: Cho ham s6 f(x) = -x3 + 3x + 1 (c6 do thi (C)). Lap phuong trinh tiép tuyén cua
do thi (C) biét tiép tuyén song song v6i duong thang d:y = -9x -15.

Tiép tuyén // d: y = -9x -15 nén phuong trinh tiép tuyén c6 dang

y = -OX + m, m# -15.

—x®+3x+1=-9x+m (1)

c6 nghiém.
—-3x*+3=-9 2

Diéu kién tiép xtc: hé {




X=-2 =>m=-15
2)=> =m=17
X=2=>m=17

Vay phuong trinh tiép tuyén 1a: y = -9x +17.

Cau 4. Cho ham sé y=x?*(x+1) cb @b thi (C). Viét phuong trinh tiép tuyén cua d thi
(C), biét tiép tuyén song song véi duong thang d: y=5x.

Vi tiép tuyén song song véi d: y =5x nén tiép tuyén co6 hé sé goclak = 5

Goi (x,:y,) latoa do cua tiép diém.

x, =1
y'(x,)=53x; +2x,=5 < 3x, +2x,-5=0< 5
X, =—=
3
Véi x,=1=y,=2 = PTTT: y=5x-3
Véi xoz—éjyo _.X = PTTT: y:5x+£
3 27 27

Cau 5: Cho ham sé y= x—f c6 db thi (H). Viét phuong trinh tiép tuyén cia (H) biét
—

tiép tuyén song song véi duong thang y = —éx +5.

y_x+1:>y,_ -2
x-1 (x=1)°

Vi tiép tuyén song song véi duong thing y= —éx+5 nén hé sé goc caa tiép tuyén 1a

k=——
8
Goi (x93 Y0) l1a toa do cua tiép diém =
Y (xy) =k < — 2 2=—1<:>(x0—1)2:16<:>[x0:_3
(x,~D? 8 Xo =3

e V61 x, =-3=y, :%:PTTT:y:—é(x+3)+%

e Voi x, =5=y, :%:PTTT:y=—é(x—5)+%

Cau 6: Viét phuong trinh tiép tuyén cua @6 thi ham sb y _1 biét tiép tuyén song
X
song v6i duong thang y=—4x+3.
1 ' 1
y=—=y ="~ =0
X

X
Vi tiép tuyén song song véi duong thing y = —4x+3 nén tiép tuyén c6 hé sé goc k = —4




Gol (xy;y,) latoa o cuatiép = y'(x) =4 & -—=-4<

. 1
o V& x0:§:>y0:2:>PTTT:y:—4x+4

- 1
o V61 x0:—5:>y0:—2:PTTT:y:—4x—4

Cau 7. Cho ham sé: y=x>-3x% +2x+2. Viét phuong trinh tiép tuyén cua do6 thi ham
sb, biét tiép tuyén d6 song song voi duong thing d: x+y+50=0.

y:x3 “3x%42x+2 = y':?vc2 —6x+2
Vi tiép tuyén song song v4i duong thang d: x+y+50=0nén tiép tuyén c6 hé sb
gock = —1.
Goi (X5 0) la toa do cua tiép diém. Ta co:

3x;—6x0+2:—1<:>x§—2x0+1:0c>x0=1

Khi d6 y, =2 = phuong trinh tiép tuyén1a y=—(x-1)+2< y=—x+3.

Cau 8. Cho ham s6 y=x*—3x?+2 c6 d6 thila C . Viét phuong trinh tiép tuyén cua
C , biét tiép tuyén song song voi duong thang (A):y=9x+2.
Ta co: y'=3x*—6x

Do tiép tuyén song song véi duong thang (A) nén hé sé goc cua tiép tuyén 1a k =9
Goi M(x,;y,) e (C) 1a tiép diém cua tiép tuyén véi (C)
Hé s6 goc cia tiép tuyén k=9 < y'(x,)=9

& 3x2—6%x,—9=0

X, =—1

Xp =3
Véi x,=-1 = y,=-2: M,(-1-2) = pttt: y=9x+7
Véi x,=3 = y,=2 : M,(32) = pttt: y=9x-25

Vay c6 hai tiép tuyén thoa dé CAula y=9x+7 va y=9x—25.




Cau 9. Cho ham sé y= % c6 d6 thila C . Viét phuong trinh tiép tuyén cua C ,
X
biét tiép tuyén vudng goc v6i duong thang (A):y=—x+2.
4

Taco: y'= >
X+2

Do tiép tuyén vudng goc véi duong thing (A) nén hé sb goc cua tiép tuyén 1a k =1
Goi M(x,:y,) €(C) 1a tiép diém cua tiép tuyén véi (C)
Hé sb goc cua tiép tuyén k=1 < y'(x,) =1

4

=1
Xy + 2 ?

=

& x0+22:4

Xg+2=2 - X, =0
Xg+2=-2

Voi x, =0 = y,=—1: M, (0;—1) = pttt: y=x+1
Voi x,=—4 = y,=3 : M,(—4;3) = pttt: y=x+7

Vay c6 hai tiép tuyén thoa dé Cauld y=x+1va y=x+7.

Cau 10. Viét phuong trinh tiép tuyén cua d6 thi ham sé y = x* —3x*+1(C). Biét tiép
tuyén do song song v6i duong thang y = 9x + 6.

Ta co: y'=3x*—6x

Goi M (x,;Y,)1a tiép diém = Tiép tuyén tai M c6 hé s6 goc k = f (x,) = 3x2 —6X,

Theo gia thiét, tiép tuyén do6 song song véi duong thing y = 9x + +6 = tiép tuyén co

X, =—1=>M(-1-3)

X =3=>M(31)

Phuong tri nh tiép tuyén cua (C) tai M(-1;-3) 1a: y =9(x+1)—3 < y=9x+6(loai)

Phuong tri nh tiép tuyén cua (C) tai M(3;1) 1a: y=9(x—3)+1< y=9x—26

héségock=9 :>3x§—6x0=9<:>x§—2x0—3=0<:{

Cau 11. Cho ham sé y = x* —3x+2 (C). Viét phuong trinh tiép tuyén cua (C) biét tiép
tuyén do6 vudng gbc véi duong thing y = _?1 X.
Ta cod y'=3x*—3. Do tiép tuyén cua (C) biét tiép tuyén d6 vudng goc véi duong

Y _l A A A 7 5 A A
thang y = o X nén hé s6 goc cua tiép tuyén k = 9.




Dodb y'=k =3x*-3=9 X =4 x=42.

+) Véix = 2 = y = 4. Pttt tai diém c6 hoanh @6 x = 2 1a:
y=9(x-2)+4 < y=9x-14.

+) Véi x=—-2= y=0. Pttt tai diém c6 hoanh d6 x = - 2 1a:
y=9(x+2)+0< y=9x+18.

Vay c6 hai tiép tuyén cua (C) vudng goc véi duong thang y = %1 x 1a:

y =9X -14vay = 9x + 18.




1.4.5. Tiép tuyén vudng goc véi duong thiang d

Cau 1. Cho ham s6 y=x*—x?+3 (C). Viét phuong trinh tiép tuyén cua (C) vudng goc
void: x+2y-3=0.

, A A 7 1 A A 7 A A 7
d: x+2y-3=0 cO hé s6 goc k, =3 = Tiép tuyén c6 hé s6 goc k=2.

Gol (x,:y,) 1a toa d6 cua tiép diém. Ta cb: y'(x))=2 < 4x)-2x,=2 < x,=1
(y():3)
= PTTT: y=2(x-D+3 < y=2x+1.

Cau 2. Viét phuong trinh tiép tuyén cua do thi ham sé y=x>-3x>+2 vudng goc voi
duong thang d: y= —éx+2 .

C):y =x°-3x+2 = y =3x2 —6x

Tiép tuyén vudng goc void: y= —éx +2 = Tiép tuyén c6 hé sd goc k=9.
Goi (x,:Y,) 1a toa d¢ cua tiép diem.

xo=-1

Taco: y'(x,)=9 < 3x(2)—6x0=9<:>x3—2x0—3=0<:>{x 5
=

o Vol xy =—1=y,=-2 = PTTT: y=9x+7
® Voi xy=3=y,=2 = PTTT: y=9x-25

Cau 3. Cho duong cong (C): y=x>-3x? +2. Viét phuong trinh tiép tuyén cua (C), biét
tiép tuyén vuong goc duong thang y = —%x +1.

y =x’-3x*+2 = y':3x2 —6x

Vi tiép tuyén vudng goc véi duong thang y = —%x +1 nén tiép tuyén c6 hé s goclak =

3.

x0=1—\/5
x0:1+\/5
o Véi xozl—\/E:yO:\/E = PTTT: y=3(x—1+\/5)+\/5<:>y:3x+4\/5—3

e Vii x0:1+\/5:yoz—\/5 = PTTT: y=3(x—1—\/5)—\/5<:>y=3x—4\/5—3

Goi (x,:y,) 12 toa @6 cia tiép diém = 3x; —6x, =3 < x; —2x,-1=0<

X2+ x+1

Cau 4.Chohamsé y= . Viét phuong trinh tiép tuyén cua @b thi ham sé biét

Ny : A , re 3 2 4 1
tiép tuyén vudng goc voi duong thang y = Z X+ S




TXD: R\{—}
X% + 2X

(x+1)*
Phuong trinh tiép tuyén cua do thi ham sé tai M (x,; f (x,))1a:

y= f'(XO)(X—XO)—i- f(xo)

Duong thang y:—%x+% c6 hé sb goc k:_g

Co f'(x)=

Vi tiép tuyén vudng goc véi duong thang y = _?4 X +% nén f '(xo).(—%j =-1

2 =1
X°+—2X§=§c>4x§+8xo=3x§+6x0+3<:>x§+2x0—3=0<:> %
(%+1)" 4 X =—3
3 3. 3
Vi x,=1tacd f()== :tleptuyen y—zx+z
. , —7 . £ 3.5
Vo1 x, =-3 taco f(—3):7 = t1ép tuyén y=Zx—Z

Vay c6 hai tiép tuyén thoa man dé Cau: y = % x+%vé y= % x—%

Cau 5. Cho ham s6 y =%x3 —2x% +3x. Lap phuong trinh duong thiang di

qua diém cyc dai cua do thi (C) va vudng goc voi tiép tuyén cua do thi (C)

tai gbc toa do.

+ biém Cuc dai cia (C) la M(1 4/3)

+T.T cia (C) tai gbe toa do co hé sb goc k=y’(0)=3

+Puong thang can tim di qua diém M va c6 hé s6 gboe k'= -1/3 nén cb pt:
y=-1/3(x-1)+4/3=-1/3x+5/3




1.4.6. Phwong trinh tiép tuyén dang dic biét

Cau 1. Cho ham s6 : y=-x*-6x*-9x. Tim trén truc hoanh nhirng diém ma tir d6 ké
duoc céc tiép tuyén véi (C), sao cho trong do c6 hai tiép tuyén vudng géc nhau .
M (2;0)1a diém can tim.Tiép tuyén cua (C) k& tir M 1a duong thang
(t):y=k(x-a).... kthoa:
{—xg —6x>-9x=k(x-a) - {—x3 —6x° —9x =(-3x* ~12x-9)(x-a) (1)
3% —12x-9 =k 3x2-12x-9=k (2)
x—3=0
2x* —3ax—-3a=0 (*)
Lap luan di dén (*) c6 hai nghiém phan biét x,,x, : Ko Koy = =1

9a*+24a>0
< " g <:>a=—g Vay M(—%;oj
27a+81=-1 27 27

(1) < (x+3)(2x* —3ax—3a)=0<:{

Cau 2. Cho ham sé = mx—1, (c.)- Gol | 1a giao diém hai duong tiém can cua
X +m

do thi (c,,). Tiép tuyén tai diém bat ki cia (c,) cat tiém can dimg va tiém can ngang

lan luot tai A va B.Tim m dé dién tich tam gidc 1A bang 12.

Véi moi m, dd thi ham sé c6 tiém can deng X=-—, tiém can ngang y=m,

| (—-m;m).

2

Gia st M [XO; m- +1j e(C, ), phuong trinh tiép tuyén tai M cia (Cm) :

X+m
m’ +1 m?
=— = (Xx=X,)+m— (X, #-m).
Y (%+mf( ) %+m(° )
. C2mP 42 B(2 - 4 m? +1
Tim dugc Al -m:m- , (X0+m,m), tr d6 suy ra |A=2 :
X, +M X, +M
IB=2|x,+m|.
1

Sie :EIA.IB:Z‘m2+1‘:12<3m:i\/§.

A N A 2 _1 * A N * K A 5 * X 5 7
Cau 3. Choham so y= w—l . Viét phuong trinh tiép tuyén cua (C), biét khoang cach
m —
tir diém I(1;2) &n tiép tuyén bang 2.

*Tiép tuyén cua (C) tai diém M (zq; f(x)) € (C) c6 phuong trinh
y = f'(z)(x—x,) + f(x,)
Hay z+(z,-1)’*y—2x, +2x,-1=0 (¥)




*Khoang cach tir diém I(1;2) dén tiép tuyén (*) bang /2

PN |2-2$C0| :»\/E
1+ (z, —-1)*

giai dugc nghiém z,=0 va z,=2

*Céc tiép tuyén can tim : z+y-1=0 v z+y-5=0

Céiu 4. Cho ham s y = ii (C) Cho diém A(0;a). Tim a dé tir A ké duoc hai tiép
X —

tuyén t6i (C) sao cho hai tiép diém twong tng nam vé hai phia truc hoanh.
bkix =1,y = _Lq
o (x—1)
PT duong thangd qua Avacoé hsgkcodang: v = kx + a
x+2
, kx +a=—(1)
d tiép xtc véi (C) < hé pt sau . c6 nghiém

x—1] x—1
=1-ax?+2(a+2)x—(a+2) =0
DAt VT = f(x)
Dé qua A ké duoc 2 tiép tuyén=> f(x) = 0 c6 2 nghiém phan biét x,;x, # 1
a—1+10 a=1
= &}=[a+2)2+[1—a}[a+2):::-ﬂ = a}_zq:}_g{a?gl[l:}

fW=0-al+2(@+2)—(a+2)+0 3+0
) xy+2 3
) , | Xt x = zr;aa_+12, T .xi—l =1+ x,-1
Theo viet ta co: a2 () va w23
v , , \ xj-,.xz B a-1 Y2 = an—1 o + xn—1
bé 2 tiép diém nam veé 2 phia cua truc hoanh & y,.y, < 0
3 3
o (1) (14— <
x—1 X, — 1
X1%p + 2021 + x5) + 4
X1Xq — [xl + XZ) +1

fo(*):>3a+2}ﬂ¢=>a::——§

Thay (2) vao (1) ta duge: — — xta=

Két hop voéi diéu kién (1) ta duoc: Véi —g < a # 1 théa man bai toan

Cau 5. Cho ham sb y = x*-6x?+9x—2 (1) ¢6 d6 thi (C). Chimg minh ring trén (C)
khﬁf)ng thé ton tai hai diém c6 hoanh 16n hon 3 sao cho hai tiép tuyén véi (C) tai hai
diém do vudng goc voi nhau , ’
Gia st trén (C) c6 hai diem A(x;;y,),B(X,;Y,) VOi X1, X2 > 3 sao cho tiép tuyen véi (C) tai
hai diém nay vudéng goc véi nhau
Khi do, ta c6: y'(x).y'(%,) =-1< (3% —12x, +9)(3%x% —12%, +9) = -1

< 9(x -1)(%=3)(x,-1)(x,-3)=-1 (¥)




D0x1>3vélxg>3nénVT(*)>o.ngé(*)véli ’ ’ 7

Vay: Trén (C) khong thé c¢6 hai diém sao cho tiép tuyén vai (C) tai hai diém nay

vuong goc véi nhau

Cau 6. Choham sé y = ZXLZQ’ (C). Viét phuong trinh tiép tuyén voi (C) biét rang tiép
X +

tuyén cat truc hoanh tai A, truc tung tai B sao cho tam gidc OAB vuong can tai O,

¢ day O la goc toa do.
Taco: y = _—12
(2x+3)

Vi tiép tuyén tao voi hai truc toa do mot tam gidc vudng cin nén hé sé goc cua tiép
tuyén la: k = +1
Khi d6 goi M (%,; Y, ) 1a tiép diem cua tiép tuyén véi do thi (C) tacod y (x,) =+1
P TN R =2

(2%, +3)° X, =-1
Véi x, =-1 thi y, =1 lic @6 tiép tuyén c6 dang y =—x (truong hop nay loai vi tiép
tuyén di qua goc toa do, nén khong tao thanh tam gidc OAB)
Véi x, =2 thi y, =4 lac @6 tiép tuyén c6 dang y = —x -2
Vay tiép tuyén cin tim 14 y = —x—2

2X _11 c6 do thi (C). Lap phuong trinh tiép tuyén caa do thi

Cau 7. Chohamsé y=

(C) sao cho tiép tuyén nay cat cac truc Ox, Oy lan luot tai cac diém A va B thoa
man QA = 4QB. ’
Gia st tiép tuyén d cua (C) tai M(X,;Y,)€(C) cat Ox tai A, Oy tai B sao cho

OA=40B.

Do AOAB vuong tai O nén tan Azo—i =% = Hé sb goc cua d bang % hoic —%.
, , 1 1 XO__]' (yO: )
Hé so goccuadla y (x,)=— > <0=— == &
(Xo_l) (Xo_l) 4

Xo_3 (y0= )

y=——(x+1)+§ y=—1x+§

Khi d6 c6 2 tiép tuyén thoa man 1a: 4 4

1 5 1 13

y=—Z(=3)+>  |y=-Tx+=—




1.5. Khoang cach — Dién tich

CAu 1. Cho ham sb y = X+; ©)
X_

a) th”io sat sy bién :[hién va vé& 6 thi (C) cua ham sé da cho. ‘
b) Tim diém M thudc d6 thi (C) sao cho khoang cach tir M dén tiém can ngang cua do
thi (C) bang 4.

0

. X, +1 N . 2 A N ,
Goi M(xo; 0 3], (X0 #3) la diém can tim, ta co:

Khoang céch tir M dén tiém can ngang: y =11a d= P
XO —

A :4<:>|X0—3|=IC>{X0:
|X0—3| X, =4
Voi x, =2;tacd M(2;-3). Véi x,=4; tacd M(4;5)

Vay diém M can tim 12 M(2;-3) va M(4;5).

Cau 2. Cho ham s6 y= XXLi cb @ thi ki hicu la (C).

a) Khao sat va vé d6 thi (C) cua ham sé da cho.

b) Tim m dé duong thang y=-x+m cat do thi (C) tai hai diém phan biét A, B sao cho
AB = 24/2.

Tim m dé duong thang y=-x+m cat @ thi (C) tai hai diém phan biét A, B sao cho
AB = 24/2.

Phuong trinh hoanh d giao diém coa (C) va d: y=-x+m la:

X+2 X#1 X#1
- x+me =S
x—1 X+2=-X"+mx+x-m [ X*—mx+m+2=0 (1)

d cat (C) tai hai diém phan biét khi va chi khi (1) ¢6 hai nghiém phén biét khac 1
1-m+m+2+0
And 2
m°—4(m+2) >0
Khi d6 d cit (C) tai A(x;—x, +m),B(X,;—X, +m), Vi x,,x,1a nghiém phuong trinh (1).

Theo Viet, ta c6 AB = \/(xz %)+ (% =%) = \/2[(x1 +%,)° —4%.X, | = \/Z(mz —~4m-8)
Yéu cau bai toan tuong duong voi :

& m?—4m—8> 0(*)

62 (thoa man (*)).

\/2(m2—4m—8) :2\/§<:>m2—4m—12:0<:{

Vay m=-2 hodac m=6.




Cau 3. Tim m dé duong thang (d):y=x-m cit d6 thi (C)cia ham sé y= X—+i tai hai

diém A, B sao cho AB=32

Pt hoanh d¢ giao diém >;_+1 =Xx—-m< x+1=(x-m)(x-1) (vl x=1khong la nghiém cua

pt) © x*—(m+2)x+m-1=0 (1)
Pt (1) c6 2 nghiém phan biét x,x, < A=m*+8>0< VmeR.
+X,=m+2
Khi @6 A(x;X% —m), B(x,;%, —m).Theo hé thtrc Viet ta c6 {X1 ?
XX, =m-1
AB=32 & AB? =18 = 2(x —%,) =18 & (% —%,) =9 &

(4 +%) —4xx =9 (m+2) —4(m-1)=9 &> m=+1

2x +1

x-1

Tim diém M trén (C) dé khoang cach tr M dén tiém can dung cua do thi (C) bang
khoang cach tir M dén truc Ox.

Cau 4.Chohamsé y=

Goi M (Xo;yo), (XO ¢l) y Yo = 2%, +1 , Ta co : , _/
X, —1
2%, +1
<%, -1 = < 0_1 < (%, —1)2 =[2x, +1
0

. - , X, =0
Voi xoz?l,ta co: x§—2x0+1:2x0+1<:{ ° Suy ra M(0;-1),M(4;3)
XO
. _1 ’ A ‘A
Vi x, <?,ta co pt x5 —2x, +1=-2x,-1<>x; +2=0 (v6 nghiém) .

Vay M(0;-1),M(4;3)

Cau 5. Chohamsd y= ﬁ (1).

a) Khao sat su bién thién va vé @b thi (C) caa ham sé (1).
b) Tim m dé duong thang y =x+m cit do thi (C) tai hai diém phan biét A, B sao cho

tam gidc IAB c6 dién tich bang /3 , voi I1a giao diém cua hai tiém can.
Goid:y=x+m.
Phuong trinh hoanh d¢ giao diém cua duong thang d va dé thi (C) 1a: ﬁ =X+m

< x=(x-1)(x+m) (Vi x=1 khong phai la nghiém ctua phuong trinh)




<X +(m=-2)x-m=0 (1)
Ta cHA=m?+4>0,vm nén duong thing d ludn cit @ thi ( C) tai hai diém phan biét A,
B véimoi m.
Khi d6, A(x;x +m),B(x,;X,+m), Vi X, %, la hai nghiém caa phuong trinh (1).

Tacod: I(L;1)=d(1,AB)= Iml

2
va AB:\/(XZ—X1)2+(X2— 2:\/2 (% +%) —8%X, = 2(m2+4).

1 |m|\/m +4

Taco: S5 = EAB.d (1,AB)=

. Theo gia thiét, ta co:

|m|\/m +4 _femoi3.

S IAB —

Cau 6. Chohamsd y :x_+i (1)
X_
1) Khéo sat su bién thién va vé @0 thi caa ham sé (1)

2) Tim trén d6 thi ham s6 (1) cic diém M c6 hoanh d6 4m sao cho M cuing véi hai

diém A(L0),B(3;1) tao thanh mot tam gidc c6 dién tich bang %

AB=(21), AB=+/5, phuong trinh duong thang AB: REEET7/ENE.

\ * R A \ /7 1
M (x; X—Jrij la diém can tim, ta c6 S, ZEAB.d (M;(AB))
X_

(o X+l 4
1 Tx-1 x2—4x-1 [xX*-9x+4=0 .
&S =N S=|—— = = x=-3 (Vi x<0)
w2 J5 x—1 ‘ L2+x—6:0
bS M(—B;E]

Cau 7. Cho ham sré y=x4-2X>-3. )
a). Khao sat su’bién thién va vé do thi (C ) cua ham so. 7
b).Tim tham s6 m dé dé thi ham s6 y=mx2-3 cat do thi ( C) tai 3 diém phan biét va tao

thanh hinh phing c6 dién tich bing % .

Taco fl(X)?fg(X) <=>x4-(2+m)x2=0
biéu kién dé phuong trinh trén c6 3 nghiém phan biét 1a 2+m>0 =>m>-2
Lic d6 ta c6 cac nghiém x=0 ;x=+2+m




) 0 Jom o
dienti'chS= [ |[x*-@+mpCdx+ [ |x*=(@+m)x’dx=2] [ (x*—(2+m)x*)dx
—J2+m 0 0

_z(x_s_(2+m)x3)«/2+m _2_2\/2+m5|_4(\/2+m)5
5 3 o 15 ‘ 15
, 5
Suy ra 4( 21+5m) =11258:>(\/2+m)5:32:>2+m=4:>m:2(tm)

Cau 8. Choham sé: y = 2X +11(C)
X —
a) Khao sat va v& d6 thi ham s6 (C) - 7
b) binh m dé duong thang (d): y = mx + 3 cat do thi (C) tai 2 diém A, B sao cho tam
giac OMN vuong tai O

DPinh m dé duong thang d: y = mx + 3 cat d6 thi (C) tai 2 diém M, N sao cho A OMN
vuong tai O.

2x+1_

Phuong trinh hoanh dé giao diém cua (C) va d: mx +3

< 2X+1=(mx+3)(x-1) omx2+@0-m)x-4=0 (¥
m=0

(C) cit d tai hai diém phan biét < ,
m-+14m+1>0

m=0
m<-7-4J3 v
m>—7+4«/§
m-1
Goi x4, X2 1a 2 nghiém cua phuong trinh (*) = m
XXy = —
X2 =1

Khi @6 OM = (x;;mx, +3), ON = (X,;mXx, +3)
AOMN vudng tai O nén OMON =0 < (1+m?)x;X, +3m(x; +X,)+9=0
_ 2 - m=3++5 (n
o 2T 3MM=D 9§ o mP—6m+d=0 =N #5 ()
m m m=3-+5 (n)

3 _1 , A PR TR N * A A A .
X 2 codothila C . Tim diém M thudc do thi C sao cho

Cau 9. Choham sé y=

khoang cich tir M dén tiém can ding bang hai lan khoang cach tir M dén tiém can
ngang.
Pothi C cotiém can ding A, :x—3=0 va tiém cin ngang A,:y—3=0




Goi M x,,y, € C véi y0:3x°_1

0

d M,A, =2d M,A, < [x,—3=2]y,—3

X, =3 ,ta co:

3x, —1
—3=2|"—=_3
& o=3=25 ‘
16
= X —=3=—
|0 | |X0_3|
X=-1

& x0—32:16 & lx0_7

Vay c¢6 hai diém théa débaila M, -1 va M, 75 .

—x-1

CAu 10. Choham s y = c6ddthila C .Tim diém M € C sao cho khoang cach

tir diém M dén duong thang A:y=2x-1 bing %

%o _11j e (C). Khi d6 ta co:

2x0—_XO _11—1‘
d(M, A) = o % _3

J5 12 422 J5

0

Goi M [xo;

& 2x0—1+§°+ﬂ=3<:>‘2x§—2x0+2‘=3|x0—]1
-
X, =-1

< 1
2X2 + X%, —1=0 X =5

[2x2 2%, +2=3(x, —1 2x2 —5x +5=0
| %% =2% (% -1 o | =5%
| 2X5 — 2% +2=-3(%, -1)

Véi x,=-1 = y,=0, tacod M,(-10)

Vi xO:% = Yy, =3, tacod MZ(%;sj

Vay c6 hai diém thoa dé baila M,(—:0) va Mz(%; 3).

Cau 11. Lap phuong trinh tiép tuyén véi @6 thi (C) ctia ham sé: y = 2x_—12 , biét rang
X+

khoang céch tir diém I(-1; 2) dén tiép tuyén 1a 16n nhat.




Goi Ala tiép tuyén cua do thi (C) tai tiép diém M(a; 2a _12J (M e(C)).
a+
Tacoh: y'= :y'(a)zi,(a;t—l)
(x+1)? (a+1)?
ViyAry-2272_ %y a)edx—(atl)Py+2ai-4a-2=0 (%)
a+l (a+)

[4(-1) - (a+1)°2+2a° —4a-2| 8la+1

d(l;A .
(1:) J4+(a+1)* J4+(@+1)*

Taco: 4+(a+1)"=2° +[(a+1)2]2 >22(a+1)’ = \/4+ (a+1)* > \/2.2(a+1)2 =2[a+1]

8la+ .
=d(I;A)< | 1I:4.V@yd(|;A)ldnnhétkhid(I;A)=4
2|la+1
a+l=2 a=1 N
o2=(a+)* o . Ca hai gi4 tri déu thoa man a =1
a+l=-2 a=-3
+ V6i a = 1 thay vao (¥) ta duoc phuong trinh tiép tuyén la:
Ix—4y-4=0<=x-y-1=0
+ Voi a = -3 thay vao (*¥) ta dugc phuong trinh tiép tuyén la:

4x-4y+28=0= x-y+7=0
Tém lai: C6 hai tiép tuyén can tim c6 phuong trinh 1a: x—y-1=0;x-y-7=0

Cau 12. Cho ham s6 y= . Tim toa @6 diém M sao cho khoang cach tir diém

X+1
| (—1; 2) t6i tiép tuyén cua (C) tai M 13 16n nhat.

NéuM (XO; -3 J e (C) thi tiép tuyén tai M c6 phuong trinh

0
3 3

X, +1 B (X, +1)?

Khoang céch tir 1(=1;2) toi tiép tuyén 1a

CPB(1-x) =30+ 6]+l 6

9+(x +1)° \/9+(Xo +1)* _\/

(x—X,) hay 3(x—x,)— (% +1)*(y—2)—3(%, +1) =0

y—2+

d

(XO +1)2 + (XO +1)

Theo bét dang thirc Cosi ( J 02 + (X, +1)° > 2.9 =6, vay d < J6.
X, +

0

Khoang cach d 16n nhat bing /6 khi




_ 9
(%, +17

Viay c6 hai diém M: M(—1+J§;2—J§) hoic M(—l—\/§;2+\/§>

= (% +1)? = (% +1)" =3 x, = -1+ /3.

Cau 13. Choham s6 y=x*-3mx®*+3(m’-1)x—m*+m (1). Tim m dé ham sb (1) c6
cuc tri déng thoi khoang cach tir diém cuc dai cua @b thi ham sé dén gbc toa do O
bang J2 lan khoang céch tir diém cuc tiéu cua d6 thi ham sé dén gbe toa do O.
Tacod y'=3x*—6mx+3(m?-1)

Ham s6 (1) c6 cyc tri thi PT y'=0 c6 2 nghiém phan biét

< X2 —2mx+m’ —1=0 c6 2 nhiém phan biét < A=1>0,vm

Khi d6, diém cuc dai A(m-12—2m) va diém cuc tiéu B(m+1—-2—-2m)

m=-3+22

Tacd OA=+20B > m?+6m+1=0< .
m=-3-22

Cau 14. Cho ham s6 y=x*—3x*+m (1).
Tim m dé tiép tuyén cua db thi (1) tai diém c6 hoanh dé bing 1 cat cac truc Ox, Oy lan
luot tai cAc diém A va B sao cho dién tich tam gidc OAB bang g
Véi X, =1=y,=m—-2= M(1; m —2)
- Tiép tuyén tai M 1a d: y = (3x. —6X,)(X = X,) +mM—2

= d:y=-3x+m + 2.

-dcittruc Ox tai A: 0=-3x, +m+2 < X, = m;r2:> A(m;Z;OJ

-dcittrucOytaiB: y; =m+2= B(0; m+2)

3

- Sers :§©%|OA||OB|=§<:>|OA||OB|=3<:>‘m+2

3

m+2=3 m=1
= =
m+2=-3 m=-5

Im+2/=3< (m+2)*=9

Viym=1vam=-5

A N R X + 2
Cau 15. Choham so: y= 0 (©)
X —
a) Khao sat su bién thién va vé @6 thi (C) cua ham sb.
b) Chirng minh rang moi tiép tuyén cua do thi (C) déu lap véi hai duong tiém can
mot tam giac co6 dién tich khong doi.




a) Tulam

b) Gia s M(a;izj < (0).
a-1

) , a+2 -3 a’+4a-2
PTTT(d)cuna(C)taiM: y=vy (a).(x—a)+ —— = X

CAc giao diém cua (d) véi cac tiém can 1a: A(l; a—fj , B(2a-11).

IA= O;LJ :>IA:L ; ITB:(Za—Z;O) = IB=2la-1|
a—1 la—1

Dién tich AIAB: S, = %IA.IB _ 6 (dvdt) —DPCM.
Cau 16. Cho ham s6 y = 2X_23.
X_

1) Khao sat sy bién thién va vé @b thi (C) cua ham sé.

2) Cho M 1a diém bat ki trén (C). Tiép tuyén caa (C) tai M cit cac duong tiém cin coa
(C) tai Ava B. GoiIla giao diém cua cac duong tiém can. Tim toa d6 diém M sao cho
duong tron ngoai tiép tam giac IAB c6 dién tich nho nhat.

Gia st M [xo; 2%, _3} X, %2, Y'(%) =_—12
Xy — 2 (Xo - 2)
R .2 : . . -1 20 — 3
Phuong trinh tiép tuyén (A) voi (C) tai M: y = ——— (v — 1) + —
T —2 Ly — 2
0
Toa do giao diém A, B cua (A) vé6i hai tiém can 1a: A(Z; 2%, _22} B(2x,—2;2)
X, —
Ta thiy 2a*%e _ 2+2% =2 =X, = Xy » YatVe 2% =3 _ yy suyra M la trung diém
2 2 2 x,-2
cua AB.
Mit khac I(2; 2) va AIAB vudng tai I nén duong tron ngoai tiép tam giac IAB c6 dién
tich
2
S= 2M?=z| (-2 4| 292 2| |on| (-2 4T |2 2
Xy — 2 (X, —2)
Ao_ 6« % . 2 1 XO :1
Dau “="xdy rakhi (X, -2)' = ——5 <
(% —2) X, =3

Do d6 diém M can tim 1a M(1; 1) hoac M(3; 3)




Cau 17. Choham sb y = 2—)(1 (C) tim diém M e (C) sao cho tiép tuyén caa do thi
X+

N A . Z * A . o7 , * A ’ ) 1
ham so6 tai M cat hai truc toa do tai A, B sao cho tam gidc OAB c¢6 dién tich bang a

. 2X 2
G 1 M X, C —> =0 5 Ve,
01 M(X,,Y,) €(C) Yo X +1 y X+ 1)
Tiép tuyén tai M c6 dang:
2 2X, 2 2x?
=y’ X=X)+Y, Y= X—X,) + oY= X+ d
y y (XO)( 0) yO y (XO +1)2 ( XO) XO +1 y (XO +1)2 (XO +1)2 ( )
Goi A=(d)nox = toa do diém A 1a nghiém cua hé:
y = 2+ 2% X=-X
(X% +D)° " (X% +1)° @{ 0= A(-x2,0)
y=0 -
Goi B=(d)noy = toa do diém B 1a nghiém cua hé:
2 2%¢
= X+ Xx=0 2 2
y (X +1)° (%+)* < 2% - = B(0, 2% =)
y= (X0+1) (X0+1)
x=0
., . . ol o 2x2 2x2
Tam gidc OAB vuong tai O ; OA = ‘—Xo‘zxo ; OB = = L
(X, +1) (X, +1)
Dién tich tam gidc OAB:
4
s=loaop=21_ 2% _1
2 2 (X,+1)° 4

1
2x2 =x. +1 2x2—x. —1=0 == =2
X5 =X, c{ 2%, o %=

S Ax = (%, +1)° <
2xC ==X, —1 | 2xZ +1x,+1(vn)

X=1=y,=1

Vay tim duoc hai diém M théa man yéu cau bai toan: I\/Il(—% —2) ; M,(12)

Cau 18. Cho ham sé y = x* —2m*x? +1 (1).Tim tat ca c4c gi4 tri m dé do thi ham sé (1)

c6 ba diém cuc tri A, B, C va dién tich tam gidc ABC bang 32 (don vi dién tich).

x=0 .
+)Tacoy =4x3—4m2x;y =0 c{ , s PKco 3 diém cyctri:m # 0

x>=m
+) Toa d6 ba diém cuc tri: A(0; 1), B(-m;1—m4),C(m ;1 — m4);
+) CM tam giac ABC can dinh A. Toa d¢ trung diém I cia BC1a I(0 ; 1 — m4).




+) S, ec =%AI BC =m*|m|=|m[’ =32 & m=4+2 (tm)

Cau 19. Cho ham s6 y=x*-3x*+4 (C).Goi d la duong thang di qua diém A(- 1; 0)
v6i hé s6 goc 1a k (k thude R). Tim k dé duong thang d cat (C) tai ba diém phén biét va
hai gigo diém B, C (B, C khac A ) cung vai goc toa dé O tao thanh mot tam giac c¢6 dién
tich bang 1. ’

buong thang d di qua A(-1; 0) véi hé so gbce 1a k, c6 phuong trinh la:

y = k(x+1) = kx+ k.

Néu d cit (C) tai ba diém phan biét thi phuong trinh: x3 — 3x + 4 = kx + k
ox3-3x2-kx+g4-k=0ox+1)(x2-4x+4-k)=0

x=-1
< c6 ba nghiém phan biét < g(x) =x2—-4x+4-k=0c¢o
{gu):ﬁ—4x+4—k=0 ghiém p ot < g(x) 4% + 4
A'>0 k>0
hai nghiém phan bigt khac - 1< 1~ >4 " «0<k=9 (¥
g(-) =0 |9-k=0

Véi diéu kién: (*) thi d cat (C) tai ba diém phan biét A, B, C.Véi A(-1;0), do d6 B,C c6
hoanh d6 la hai nghiém cua phuong trinh g(x) = o.

Goi B(X;¥,);C(X,;Y,)v6i X;;%,1a hai nghiém cua phuong trinh: x*—4x+4—-k =0. Con
Y, =kx +k;y, =kx, +k.

Ta c6: BC =(x,—%;k(X,—%))=BC = \/(xz -x)’ (1+ kz) =|x, —x1|4/(1+ kz)

. , k
Khoang cach tir O dén duong thang d: h = &

J1+Kk?

Vay theo gia thiét:
1 1 |k| 2 3 3 1 s 1 1
S==-hBC== 12VK([V1+ke =24k =1 kP ="=k’===k=—1
280 e 2 B I I

2x+1
X+1
d6 thi tai hai diém phan biét A, B sao cho di¢n tich tam gidc OAB bang /3.
Xét phuong tri nh hoanh do6 giao diém cua d va (C):
2x+1
X+1
D cit (C) tai 2 diém phan biét < (1) c6 hai nghiém phan biét khac -
{A =(m-4)>-8(1-m) >0 {mz +8>0
=S S

g(-1) =0 g(-1)=-1=+0

Chung t6 v6i moi m d ludn cit (C) tai hai diém phan biét A, B
Goi A(x;—2% +m);B(X,;—2%, +m). Véi: x, X, 1a hai nghiém cua phuong trinh (1)

Cau 20. Choham s6 y = (C)Tim tham s6 m d¢ duong thang d: y = - 2x + m cat

=-2Xx+m (x#-1) < g(x) =2x* —(M-4)x+1-m=0 (1)

—m°+8>0=meR.




Taco AB = (x2 —x1;2(x1 —xz)) = AB = \/(xz —X1)2 +4(x, _xl)2 =[x, —x1|\/§.
Goi H 1a hinh chiéu vudng gbc cia O trén d, thi khoang cach tir O dén d 1a h:
m|_ jm

J22+1 B

Theo gia thiét: S :%AB.h :%|X2\/_§X1|\/§:%.% =%.M:\/§

Viy: m? +8 =423 & m? +8=423=>m? =40 < |m| =210 ()

V6i m thoa man diéu kién (*) thi d cit (C) tai A, B thoa man yéu cau bai toan.

= h=

Cau 21. Cho ham s6 y =X’ +2mx’ +(m+3)x+4(1). Tim m d¢ duong thang d: y = x +

4 cat d6 thi ham s6 (1) tai ba diém phén biét A, B, C sao cho tam gidc MBC c6 dién

tiqh bang 4. (biém B, C pé hoanh d6 khac khong ; M(1;3) ).

D6 thi (1) cat d tai ba diém A, B, C ¢6 hoanh dé 1a nghiém cta phuong trinh:
x=0

o x+2mx’ +(M+3)x+4=x+4;< x[x2 +2mx+m+2}:0:> ,
X“+2mx+m+2=0
SA=m"-m-2>0m<-1lvm>2 (¥
Véi m thoa man (¥) thi d cét (1) tai ba diém A(0; 4), con hai diém B,C c6 hoanh d6 1a
hai nghiém cua phuong trinh:
A'=m*-m-2>0

<:>x2+2mx+m+2=0:>{ - oSm<-1lvm>2:mz= -2
m+2#

- Taco B(%;% +4);C(X,; %, +4)= BC = (X, — X; %, — %)
= BC :\/(x2 %) (% =%)" =[x —x[v2
-Goi H 12 hinh chiéu vuéng géc cia M trén d. h 1a khoang c4ch tir M dén d thi:
h_|1—3+4| B
=5 "

- Theo gid thiét: S = 4 & |x, —x|=4 o 2JA' =4=m* -m-2=4=>m’-m-6=0

J2=5 :%BC.h=%|x2—x1|\/§.\/§=|x2—x1|

Két luan: voi m thoa man: m=-2v m=3= m=3 (chon).




1.6. Twong giao do thi

Cau 1. Cho ham sé y=x®—6x* +9x—1
a) Khao sat su bién thién va vé @b thi (C) cua ham sé da cho.
N 7 °* 7 . 5 A A \ 1 2’ A
b) Tim céc gi4 tri thyc cua tham s6 m dé phuong trinh = x* —3x? +gx— m=0 c6 mot
nghiém duy nhat:
X=3
TXD:D=R,y =3x*-12x+9 . y':0<:{ L
X =
Ham s6 nghich bién trén cac khoang(- ;1) va (3;+ ), dong bién trén khoang (1;3)
lim y =—o, lim y =+

X—>—0 X—>+00

BBT X| —o0 1 3 +00
7

e T T~ T

Do thi : di qua cac diém (3;-1), (1;3), (2;1), (0;-1)

Pt - %X3_3X2+gx_m:0 & X*—6x’ +9x—1=2m—1 (¥)

Pt (*) 1a pt hoanh d6 giao diém cua (C) va duong thing d y=2m-1 (d cung phuong
truc Ox) . S6 nghiém cua phuong trinh 13 sé giao diém cua (C) va d. Dua vao dé thi (C),
2m-1<-1 o {m<0

dé pt c6 mot nghiém duy nhat thi :
2m-1>3

m>2

Cau 2. Chohamsb y = x* —6x° +9x—1 ().
a) Khao sat su bién thién va vé d6 thi (C) cia ham sé (1).

b) Tim m dé phvong trinh x(x — 3)° = m c6 3 nghiém phén biét.




b)Taco: x(x -3 =me< x> —6x"+9x—1=m—1.
Phuong trinh c6 ba nghiém phan biét khi va chi khi duong thang y = m — 1 cit (C) tai
3 diém phanbiét < -1<m-1<3<0<m<4

Cau 3. Choham s6 y=x*-x2.

a) Khao sat sy bién thién va vé @b thi (C) cia ham s da cho.

b) Dya vao db thi (C) hay tim tt ca c4c gi4 trj ciia tham s6 k dé phuong trinh sau c6
bén nghiém thyc phan biét 4x? (1— xz) =1-k.

+ Pua vé duoc PT hoanh do giao diém: x* —x* = kT_l
+ Lap luan duogc: S6 nghiém PT da cho chinh 14 s6 giao diém cua (C) va duong thang
(@): y=*1
: T

+ Lap luan dugce: YCBT < —% < kT_l <0

+ Giai ra diing 0<k <1
2x+1

X+1
Tim k dé duong thang (d) : y=kx+2k+1 cat (C) tai 2 diém phan biét.

Cau 4. Chohamsé y =

2X+1=kx+k+1
X+1

< =>kx2+(3k-1)x+2k=0(x#-1)
< =>kx2+(3k-1)x+2k=0 (vi x=-1 khong phai la nghiém cta pt véi moi k)

, , k
Do d6 d cat ( C) tai 2 diém phan biét <:>{ #0

Xét pt

A=k?-6k+1>0
k=0
<1l k<3- 2\/5(*)
[k>3-2J§
Vay véi k thoa (*) thi thda yéu cau bai toan

Cau 5. Choham sé y = —2* + 32> —1 (C)
a) Khao sat sy bién thién va vé @ thi (C) cua ham sd.
b) Tim m dé phuong trinh 2 — 32> + m = 0 ¢6 3 nghiém phan biét.

Do thi :
Chox=-1=>y=3, (-1;3)




Tam doi xung I (1;1)

Tim m dé phuwong trinh 2° — 32° + m = 0 ¢6 3 nghiém phan biét.

Ta cb 2 -3 +m=0s12-32"=—-m )

s -2 +3t=me —2*+32 —-1=m—1
S6 nghiém cta phuong trinh (*) bang s6 giao diém cua (C)vad:y=m —1
Dya vao do thi (*) ¢6 3 nghiém phan biét & —-1<m—-1<3 & 0<m<4

2X—2
=2 ©
X+1

1*. Khao sat su bién thién va vé& dthi (C).
2%, Tim m d¢ duong thang d: y = 2x + m  cét do thi (C) tai 2 diém phén biét A, B
Phuong trinh hoanh do giao diém: 2x2 + mx+ m+2=0, (x£-1)
d cit (C) tai 2 diém phan biét < PT(1) c6 2 nghiém phan biét khac -1
<& m2-8m-16>0
m>4+442

=
m<4—4:2

CAu 6. Choham sb y =

Cau 7. Choham sé y=x*-2x*-3
a*) Khao sat su bién thién va vé @ thi cia ham so.

b*) Tim m dé phuong trinh x* —2x* =m+3 ¢6 4 nghiém phan biét.
P thi (C) cua ham sé nhan Oy lam truc déi xung, giao voi Ox tai 2 diém (+ /3 ; 0).

b),Ta cO X' -2x*=m+3 <= x4—2x2—‘3: m (1).
S6 nghiém cua phuong trinh (1) bang s6 giao diém cua (C) va duong thang y=m
Theo db thi ta thiy duong thing y=m cit (C) tai 4 diém phan biét khi va chi khi




—-4<m<-3.
Vay phuong trinh da cho c6 4 nghiém phan biét khi m e (—4;-3).

Cau 8. Cho ham sé y = —x*+3x?+1 c6 db thi (C)

a) Khao sat su bién thién va vé @ thi ham sé (C).
b) Dwa vao d6 thi (C) tim m dé phuong trinh x* —3x*+m =0 c6 4 nghiém phan biét.

o Do thi: Piém dac biét: (0; 1), (-1; 3), (1; 3)

X' =3 +m=0—x"+3x*+1=m+1 ‘ w
S6 nghiém cua phuong trinh 1a s6 giao diém cua do6 thi (C) voi duong thang y=m+1.

Dya vao d6 thi, phuong trinh c6 4 nghiém phan biét <1<m+1< n < 0<mc< "

Cau9.Chohamsé y= 2x-1
X+1

X4c dinh toa @6 giao diém cua @6 thi (C) véi duong thang (D) :y=x—1

Phuong trinh hoanh dé giao diém cua (C) va (D) 1a:
2x -1
x+1
<x=0hayx=2suyray=-thayy=1

=X-1&Xx2—-2X=0

2x +1

Cau 10. Tim toa d6 giao diém cua duong cong (C): y= 5 va duong thing

y=x+2.

Phuong trinh hoanh d9 giao diém: % =x+2 (1)

A 1ea 1
bieu kién: x = >




Khi do: () & 2x+1=(2x—-1(x+2)

S 2x2+x—3=0

x=1
<~ 3
X=—=
2
Vol x:—§:>y:1
2 2

Véi x=1=y=3

Vay toa do giao diém can tim 1a [—g;% va 13.

2x —1

1 c6 d6 thi1a (C). Tim m dé duong thang (d): y=-x+m

Cau 11. Cho ham sb y =

cit do thi (C) tai hai di(e;l phan biét.
Phuong trinh hoanh d¢ giao diém: 2Xx__—11 =—x+m (1)

Piéu kién: x =1
Khi do: () & 2x—1=(—x+m)(x—1)

= X —(M=-Dx+m—-1=0 (2)
(d) cit (C) tai hai diém phan biét < (1) c6 hai nghiém phan biét
< (2) c6 hai nghiém phan biét khac 1

A=[-m-1f~4m-1>0
1- m—1.14m-1=0

-

& m>P—6m+5>0
< m<lvm>5

Vay gidtri m can tim1a m<1vm>5.
Cau 12. Choham sé y=mx* —x*—2x+8m c6 dothila C_, .Timmdothi C, cat
truc hoanh tai 3 diém phan biét.
Phuong trinh hoanh d6 giao diém: mx* —x* —2x+8m=0 (1)
& X+2 [mx’ —(2m+1)x+4m|=0

X=-2
mx* —(2m +1)x +4m =0 (2)




C, cit truc hoanh tai 3 diém phan biét < (1) c6 ba nghiém phén biét

< (2) c6 hai nghiém phan biét khac —2

m=0
s {IA=—12m*+4m+1>0
12Zm+2=0
m=0
1 m=0
Sl <cm<=s &1 1 1
6 2 ——<m<=
6 2
m=——
m=0
Vaygiatri m cantimla { 1 1.
_E<m<§

Cau 13. Cho ham s6 y=x*—@m+4)x>+m? c6 @6 thila C, . Tim m db thi C, cit
truc hoanh tai bén diém phan biét.
Phuong trinh hoanh dé giao diém: x* —(3m+4)x* +m? =0 (1)

bit t=x* t>0 , phuong trinh (1) tré thanh:
t>? —(Bm+4)t+m’> =0 (2)
C, cattruc hoanh tai bén diém phan biét < (1) ¢4 bén nghiém phan biét
< (2) c6 hai nghiém duong phan biét

A=5m?+24m+16>0
s IP=m?>0

S=3m+4>0
m<—4vm>—ﬂ
5 4
m>——
< 1m=0 = 5
4 m=0
m>——
3

A *Z . A hY \ m>
Vay gia tri m can tim la 5.
m=0




mx —1

Cau 14. Cho ham sé y= c6) do thi la C, . Tim m dé duong thing (d):
X

tai hai diém phan biét A B sao cho AB=4/10 .
mx—1

y=2x—1catddthi C

m

Phuong trinh hoanh d¢ giao diém: - 2x—1 (1)
X
biéu kién: x = —2
Khi db: (1) & mx—1=(2x—1)(x+2)
& 2x*—(M—3)x—1=0 (2)

(d) cat C,, tai hai diém phan biét A B < (1) c6 hai nghiém phan biét
< (2) c6 hai nghiém phan biét khac —2

o |A=[-m-3 +8>0
8+2m—6—1=0

1
& mz—E &)

bat A x;2x —1;B x,;2x,—1 Vv6i x, %, la hai nghiém ctaa phuong trinh (2).

X X% 5

1

X, =—=
XX >

Theo dinh ly Viet ta co:

Khi do: AB:\/xi—x22+4 xl—x22:\/1_0<:>5[x1+x22—4x1x2}:10

m-—3

2
& || +2=2
)

< m=3 [thoaman (*)]

Vay gid tri m can tim1a m=3.

Cau 15. Cho ham s6 y=x*—3x*+(m—1)x+1 c6 dé thila C, .Tim m d& dsthi C_
cit duong thang (d):y=x+1 tai badiém A 0;1 ,B,C sao cho BC =+/10.
Phuong trinh hoanh d¢ giao diém: x* —3x* + (m—Dx+1=x+1 (1)

& X X2—=3Xx+m—-2 =0

x=0
&
x* —3Xx+m—-2=0 2




C, cat truc hoanh tai 3 diém phén biét < (1) c6 ba nghiém phan biét

< (2) c6 hai nghiém phan biét khac 0

17
A=9—-4(m-2)>0 m<—
{ ( ) PN 4 *)
m—2=0
m=2
biat B x;x +1;C x,;X,+1 Vv6i x, X, la hai nghiém cta phuong trinh (2).
. , +X,=3
Theo dinh 1y Viet ta co: {Xl ?
XX, =m—2
Khi do: BC:\/xl—x22+ X —X, - =+/10 <:>2[x1+x22—4x1x2 =10
< 9-4m-2 =5
& m=3 [thoa man (*)]

Vay gid tri m can tim 1a m=3.

Cau 16. Cho ham s6 y=x*—(@Bm+4)x*+m? c6 do thila C_ .Tim m dé dothi C
cit truc hoanh tai bén diém phén biét c6 hoanh @6 1ap thanh mét cap so cong.
Phuong trinh hoanh dé giao diém: x* —(3m+4)x*> +m? =0 (D

m

bit t=x* t>0 , phuong trinh (1) tré thanh:
t? —@Bm+4)t+m* =0 (2)
(C) cat truc hoanh tai bon diém phan biét < (1) ¢6 bén nghiém phan biét

< (2) c6 hai nghiém duong phan biét

4
A =5m*+24m+16 >0 m<—4\/m>—g .
m>——
& {P=m">0 < Im=0 1M 73 (*)
m>-2

Khi d6 phuong trinh (2) c6 hai nghiém0 <t, <t,. Suy ra phwong trinh (1) c6 bén
nghiém phan biét
1 x, =—\t, <X, =—t, <x, =t <x,=Jt,

Bén nghiém x,,x,,%,,x, 1ap thanh cip sé cong < x, —x, =X, —X, = X, — X,




s -+ =20t & =3t st,=9 (3)

L+t,=3m+4  (4)

Theo dinh 1y Viet ta c6: ,
tt,=m (5)
= 3m+4
. . 10
Tu (3) va ta suy ra duoc 6).
(3)va(4) y 1 oEm+a) (6)
210
Thay (6) vao (5) ta dugec:
=12
33m+4 =10m m
9 m+4’=m? o & 12 [thoa man (*)]
100 33m+4 =—-10m m=-——
19
m=12
Vay gid tri m can tim 13 12 .




PHAN 2. LUQONG GIAC

2.1. Gia tri lwong giac

Cau 1. Biét cosa = 4 va 0° <& <90°. Tinh gi4 tri cia biéu thiae A= Cotatlana
5 Cota —tan
+ Bién doi dugec A= ——5——
2cos“a -1
4 2
+ Thay cosa =% ta duoc A:75
Luu . HS c6 thé tinh sina, suy ra tane, cote , thay vao A.
A \ / \ v -n
Cau 2. Cho « lagoécmatana =2. Tinh P=—; N -
sin® a +3c0s” «
sina COSZOC ana
P=—7 3 3
sina+3cos’a tan"a +3
_(+tan’a)tana  (1+2%)2 _10
tan® o +3 2°+3 11
sina

A z ~ ~ \ 1 4
Cau 3. Cho goc o thoa man: 7 <a<>% vi cosa=-+ . Tinh P= — -
2 3 sin®a +3c0s” a

Ta co

Sinzazl—coszazl—lzg
9 9

3T . .
Vi7r<a<? nén sina <O

Do do6 sina=—¥
22
. sina 3 3 1842
VZ'1yp:sin?’oz+3cosg‘05_ s s 2
[ 2@} 3( 1) 16+4/2 -3
3 3

Cau 4. Cho COSa:g, (—%<a<0j .

Tinh gi4 tri biéu thirc A=sin (a - %j cos (0{ + %)




., 2 -, 2 4\ 9
Sin“ag+cos“a=1<sin“a=1-cos" =1-|—=| =—
. 3
&S Sing =+—
5

Vi —£<a<0nén sina=—§. A=sin a_f CoS oz+z :1 sin2¢ +sin _z
2 5 4 4 2 2

= 1(Zsin acosa —1)= -
2 50

Cau 5. Cho goc o thoa man g <a<mvasina = %.Tinh A= cos[a—g]

5

Tacod A=cos|a-Z= =—(oosa+sina)
4 2

cos’a =1-sin’ « =1—%=§<:> cosa =i£:> cos =—£(doz< a <)
169 169 13 13 2

72

26

12 N
Thay sina = 1370050 = —% vao A ta dugc A =

. , o _ 4 cos 2a
Cau 6. Cho goc a thbaman —<a<7m vasina=—.Tinh A=——
2 5) 1 — cosa
cos 2¢ _ 94in?
Ta cbd A — :1 2sin” «
1 — cosa 1—cosa
1
cosZazl—sinza:1——623<:>cosa:i§:>cosa:—§(d0£<a<7z)
25 25 ) 5) 2

Thay sina = é,cosa __3 vao A ta dugc A= T
5) 5) 40

Cau 7. Cho tana=2va n<a<37n.Tinh sin(a+2?nj.

, Cos’a= 1 :l:>COS(1=i£

Taco 1+tan‘a 1+4

N3

3n ~
Do n<a<7z>cosa<0 neén cosa =——

5 ,_-25
5 7

5

Sin o = cosa.tan o =




Vay

. 21 . 2n . 2n
sin| oo +— | =sin a.cos — + cosa.. sin —
3 3 3

_ 25 -1 5 3 _2J5-415

5 2 52 10

(cosa +cos ) +(sin a +sin B)?
(sin & —cos B)* + (sin B + cosa )’
_ 2+2(cosacosB+sinasinB)  2+2cos(a - )

~ 2-2(sinazcos f—sinfcosa) 2-2sin(a - p)

Cau 8. Cho a—ﬂz%.Tinhgiétri P=

2+2c0s"
p-=— 6_2,3

2-2sin*

6

w

Cau 9. Cho —%<a<0 va cosa:g.Tinh gia tri: P:cos(a—%j—sin(a—%j.

Vg A 4
Vi -5 <a <0 nén sina =—/1-cos’ a =z Suy ra
P=005acos—+sma.sm§—sm :.C08 -+ Cosa.sin

P=

N

glw
N |~
|
ol
_|_
ol
N &
+
gllw
N |-
gllw

Cau 10. Cho goc o« théa man %<a <z va sin(a+7r):—%. Tinh tan(%z—aj.
, 1 . 1
Ta co: sin(a + ) =—§:>S|nx =§

tan 7—”—0: =tan 37r+z—a =tan Z—oz =Cotox
2 2 2

Vi%<a<7r:>COta<0.DOd(’)1+COt2a: L = cota =— L 22

He)
A i
Vay tan (? - aj =-22.

sin‘a sin‘a

Cau 11. Cho sina = % . Tinh gia tri biéu thic P=2(1+ cota).cos(% +a).

sina + Cosa ) 1-2sin’a
=~ "7 (cosa -sing)=——F—=

P . .
sina sina

thay sina = % vao ta tinh duoc P =1




sin*a+cos’a
sina—cos’a
.4 4 . 4 4 . 4 4
p_sin‘a+cos’a _ sin*a+cos*a _sin*a+cos‘a
sin?a—cos?a (sin2a—cosza)(sin2a+cosza) sin*a—cos*a
l+cot'a 1+2' 17
1-cot*a 1-2° 15

Cau 12. Cho cota =2. Tinh gi4 tri cua biéu thuc P =

Chia tir vd mau cho sin‘a, ta duoc P =

Cau 13. Cho sina +2cosa =1. Tinh gi4 tri biéu thic P = 2sin2a + 2cos 2a +sin«a .

P=4sinacosa +4cos’ a+sin‘a—2
. . . 2
P=4sinacosa +4cos’ a+sin’a—-2=(2cosa+sina) —2=1"-2=-1

w

Cau 14. Cho cosa == . Tinh gia tri cia biéu thiae P = cos? %— oS 2cx

(6]

, 1
Ta c6: Pzw—

a3 (22 )2
2 5] 25 25

Cau 15. Cho goc luong giac o, biét tana = 2.

—

2c0s’ a —1)

Tinh gi4 tri biéu thic P = 25243
sin’ o
P cos2a-3 2cos’a — 4
sin® o 1 — cos’a
1 1
1+ tan’ a = = cos’a = ————=—.8uyra P:—g
cos‘a l+tan"a 5 2

A / 9 ~ 3 \
Cau 16. Cho géc « thoa man: 7r<a<7ﬂ vatana =2.

Tinh gia tri A=sin2a +cos(a + z) .
2

37 A [sina<0 , 1 1 , 2
Vi 7 <a <= nén . Do @6: cosar =—,|——— =——==>sina=cosa.tana = ——=
2 cosa <0 1+tan’a <5 J5

4+2:/5

5

Ta co6: A=2sina.cosa—sina =




Cau 17. Cho tana:—% Vol —g<a<0.
Tinh gia tri caa biéu thuc: A:\/g cosa —5sin 2a.
Do —§<a<O:sina<O, cosa > 0.

1
Sl+—= = cosqa =

, 1
Ta cO: 1+tan’o = -
cos” a 4 cos“a

Ea

=sino =tano.coso = ———

7

Do d6: A= \/_cosa 10sino.cosa = \/_—+1 0-—-—=2+4=6.

Cau 18. Cho tana :% (ae (O,%))

- a (04
2SIn = +3C0S =

Tinh gia tri biéu thae P = 2 2 .

A a
N5 +2c0s—
SInZ +2¢055

e

. _ 2tan N N
Vitana==(ee(0X) nén —2 - o w@n*Ziaan-1-0
2 2 1-tan’ % 2

Suy ra tan%:—2+\/§ hoic tan%:—Z—Jg(l).Do tan%>0.

2tan % 43
Thay vao tacod P 2 .t 245 -1

1
tan%+2 V5 5 5

Cau 19. Cho goc ue[%;w] ma sincx:i5 Tinh sm[u+ ] (1)
Tu hé thuac: cos’a+sina=1va a e %,’R]
Suyra: cosa=—1-sin’a =— _l: 2 (2)
5T %
3 2

Thay (2) vao (1) ta dugec: sin [u +g]

Cau 20. Cho goc ae[%ﬁ;h] ma sin%+cos%: —%. Tinh sin2a




] 1
Tu smg-l-cosg:——: 1+sin0c:l = sinu:—é
2 2 2 4 4

coszuzl—sinzuzl_izl
16 16 ﬂ
4

Do = coso=

OLE[?)—W;ZW
2

W7
8

Vay sin2a =2sina.cosa = ———

Cau 21. Cho géc o € [7:;371T

2
Do OLE[”K;:S?“] = sina = —/1—cos’ :—1/1—4912 Z—%:tanu:%

ma COSu:—i. Tinh tan|a—=
41 4

40
Do d6 tan|a—"|=00=1_ 9 3l
4] 1+tanc 40 49°

Cau 22. Cho « la goc ma sin« =%. Tinh sin4a+2sin2a cosa

Tacod: sinda+2sin2a cosa= cos2a+1 .2sin2a.cosa

=2cos’ a.4sina.cos’ o
2
—8 1—sin*a .sino =8 1—i l:ﬁ
16) 4 128




2.2. Phwong trinh lweng giac bic nhat

Cau 1. Giai phuong trinh: cos2x + (1+2cosx)(sinx—cosx) =0

cos2x+ (L+2cosx)(sinx—cosx) =0
sinx—cosx=0

< (sinx—cos x)(sin x—cosx—1) =0 c{ .
sinx—cosx=1

i T
X=—+kz
sin(x—%):o 4
& ol x=Z1k2n (kez)
. Vs _\/E 2
sSin(x=)=—" | x—z+k2r

Cau 2. Giai phuong trinh:  sin2x+1=6sin x +cos2x.

Sin2xXx+1=6sin X+ c0s2X
= (sin2x—6sin x) + (1—cos2x) =0
& 2sinx(cosx—3)+2sin*x =0
< 2sinx(cosx—3+sinx)=0
sinx=0
| .
sin X+ cos x = 3(Vn)
< x=kz. Vaynghiém cua PT1a x=kz,keZ

Cau 3. Giai phuong trinh: sin4x+2cos2x+4(sin x+cos x) =1+cos4x.

sin 4x + 208 2X + 4(Sin X +CosX) =1+ Cos4X

&> 25iN2XC0S2X + 2€082X — 2€08° 2X + 4(sin X +cos x) =0
<> €08 2X(sin 2x +1—c0s 2x) + 2(sin X + cos x) =0

&> cos2x(2sin xcosx + 2sin? x )+ 2(sin X +cosx) = 0

<> (sin x+cos x)(cos2xsin x +1) =0

Véi sinx+cosx=0< x:—%+k;z,kez

Vi cos2xsinx+1=0 <> (1-2sin? x)sin x+1=0 <> (sin x—1)(~ 2sin? x—1)=0
c>sinx:1c>x:%+2m7z,me2

Cau 4. Giai phuong trinh: cos2x +2sinx —1-2sinxcos2x =0.

+PT < c0s2x(1—-2sinx)—(1-2sinx)=0
< (cos2x—1)(1-2sinx) =0




+ Khi cos2x=1<=>x=kr, keZ

Khi sinx:%cx:%+k2nhoac x=5§+k27z,kez

Cau 5. Giai phuong trinh: : sin2x—cosx+sinx=1 (xeR)

sin2x—cosx+sinx=1 (1)
(1) & (sinx—cosx)(@+sinx—cosx) =0

T
X==+Kkn
(kez)

{sin X—cosx=0
s
X=2kn\/x:7+2kn

1+sinx—cosx=0

Cau 6. Giai phuong trinh: sinx +cos x = cos2x
Ta cO: sinx +Cos X = COS2X <> SiNX +COS X = COS*X —Sin® X
< (sinx+cos x)[1-(cos x—sinx)| =0
T
ﬁcos(x—z) =0

sinx+cosx=0
cosx—sinx =1

J2cos(x + %) =1

V4 X__:%Jrk” _X—3—7[+k7z
\/Ecos(x—%) =0 | cos(x=7)=0 4

R P \/—
J2c0s(x +%) =1 | cos(x +%) _ 72

= X+£=£+k27z o x=k2rx
4 4

X=—£+k27z
L 2

x+2=-Z i kon
4 4

Cau 7. Giai phuong trinh: lugng giac: ﬁsin(2x+%) =3sinx+cosx+2 (x € R).

PT (1) < sin 2x+cos2x = 3sin X+ C0oS X + 2

<> 2sin X€os X —3sin X +2co0s? X—cosXx—3=0.
<> (2cosx—3)sin x+(cosx+1)(2cosx—3)=0

< (sinx+cosx+1)(2cosx—3)=0
3 T
cosx =—(VN . =——+k2
o | O 2(\/) <:>sm[x+%j=—%<:> X 2+ d ke z)
sinx+cosx=-1 2 X=rx+k2r

Phuong tri nh co” ca cnghiém: x:—%+ k2z, x=r+k2z (ke 7).




Cau 8. Giai phuong trinh: : \/3cos5x — 2sin 3x.cos2x —sinx =0

T T
X=—+k
PT®£0055x—lsin5x:sinxc)sin Z _5x |=sinx 183
2 2 V4 T
X=—=+k=
6 2
Cau 9. Giai phuong trinh: 1+sin2x =cos2x
X =Kk

sinx=0
. <~ T
COS X =—Sin X x=—z+k7r

1+5iN 2X = C0S2X <> 2SiN XCOS X = —28in° X <> [
Cau 10. Giai phuong trinh: c0os2x+3sinx—2=0

cos2X+3sinx—2=0
<1-2sin® x+3_sinx—2:0<:>23in2 X—3sinx+1=0

X:£+k27z
) 2
sinx=1
= 1< X:z+k27z,keZ
sinX=— 6
2 5Y/4
X=—+Kk2r1
i 6

Cau 11. Giai phuong trinh: sin2x-cos2x =2sinx-1.

Bién d6i phuong trinh vé dang: 2sinx(cos x—1) +2sin® x=0

sinx=0

sinx(sinx+cosx-1)=0<| .
sinX+cosx—-1=0
Voi sinx=0< x=k2r

1 x=k2rx
. . . T
Vo1 cos2X =1 < sin x+cosx—1:0<:>sm(x+z):—

= ,keZ
J2 X:%+k27z'

Vay phuong trinh c6 2 ho nghiém. x=kz, x :%+ k2z , k eZ




Cau 12. Giai phuong trinh: cos2x(cosx+sinx—1)=0

cos2x(cosx+sinx—1)=0

cos2x=0

< sin(x+£j—i
4) 2

+) Véi cost:Oax:%+k§(keZ)
1 x=k2r

. . VA
+) Véisin| x+= |=—=< keZ
) Voiain[ x5 |- =T vkar ¢

Cau 13. Giai phuong trinh: 2(cos x +sin 2x) =1+ 4sin x(1+cos 2x)

Phuong trinh da cho tuong duong véi: 2cosx+2sin 2x =1+ 4sin 2x.€0s X
< (1-2cosx)(2sin2x-1) =0

X=i£+k27r

1 3

cosX ==
= olx="1kr (kez)

) 1 12
Sin2X =— 5

2 x=Z Kz

12

Vay pt c6 nghiém la: X:i%+k27z ; X:1£+k7r ; x:i_ZJrk;; (kez)

Cau 14. Giai phuong trinh : sin2x—(sinx+cosx—1)(2sinx—cosx—3)=0

PT < (sinx+cos x)2 —1=(sinx+cosx—1)(2sinx—cosx —3)
N [(sin X +COS x)—l] [(sin X +COS x)+1] = (sinx +cosx—1)(2sin x —cosx —3)

) X =k2n
{smxjtcosx:l

. g T
sinx—2cosx =4(VN) X:§+k2n

Cau 15. Giai phuong trinh: 3sinX —cosx +2—c0s2Xx—sin2x=0

SinX —Cos X +1+2sin X+ 2sin® X —2sin X cos X =0
< (1+2sinx)(sinx - cosx +1) = 0




N

sinx —cosx =-1 sin(x—E):—
4

= -1 = 2
smx:? sinx—_—l
2
X=7—7z+k27r
-
X=—+k2
= 6+ d keZ
X=3—ﬂ+k27z
2
_X=k27z

Cau 16. Giai phuong trinh: C0S2X+5=2(2—c0s X)(Sin X —C0oS X)
(cosx — sinx)2 —4(cosx—sinx)—5=0

P x=§+k27z vV x=rw+k2x

Cau 17. Giai phuong trinh: : J§(cos 2x-sinx)+cosx(2sinx+1)=0.

<:>sin2x+J§cost:J§sin X —COS X

BB

1. . 1
<& —SIN2X+—C0S 2X = —SIN X — —CO0S X
2 2 2 2
< sin 2xcos§+0032xsm§ =sin xcosg—cos xsmg

. T . T
< sin(2x+ =) =sin(x—=
( 3) ( 6)

2x+ 2 =x-Z+k2r
o 3 6 (keZ)
2x+ 2 = r—(x-E)+k2x

3 6

X=—£+k27z

o 2 keZ)
_5z_kex

X=""+
L 18 3




Cau 18. Giai phuong trinh: sin 2x+ 4 =8cosx +sinx

sinx =4 (vn)
Bién do6i phuong trinh vé dang: (sinx-4)(2cosx-1) =0 < 1
COSX=—
2

Voi cosx:%<:> x:i%+ k2x

Kl: phuong trinh c6 2 ho nghiém: x = J_r%+ k2r,

Cau 19. Giai phuong trinh: 2sin x—1=cos x —sin 2x.
<> 2sin Xx—1=c0S X —25sin X.CoS X.

cosx=-1
< 2sinx—1=cosx(l-2sinx) < | . 1
sinx==
2

-V6i cosx=—-1= x=7+k2r,k e Z.

1 X=Z+k27z
-Véi sinx=== 6 keZ.
5
X=—+k2rx
6

Cau 20. Giai phuong trinh: cosx +sin4x —cos3x =0.

COS X +Sin4x —c0s3x =0 < 2sin 2X.sin X +2sin 2x.cos2x =0
&> 2sin 2X(sinX +c0s2x) = 0 <> sin 2x(-2sin’ x +sinx +1) =0

_ka
- 2

sin2x=0 |x="Lkon
Ssink=1 < 2

. -1 X=_—n+k2n
smx:7 6

i x:7—n+k2n
6

Cau 21. Giai phuong trinh: sin3x+cos2x =1+ 2sin xcos 2x

SIN3X+C0S2X =1+ 2Sin XCOS 2X <> Sin3X+c0S2X =1—sin X +Sin3x
&> C0S2X =1-sin X




X=Kkrmr
sinx=0
o1-2sin’x=1-sinx<| 1| x="21vk2r
sinx==
2 5
X=—+k2r7
L 6

Cau 22. Giai phuong trinh sau: 1+3cosx+c0s2x—2c0s3x = 4sin x.sin 2x

Giai phuong trinh: 1+3cos X +c0s2x —2cos3x = 4sin x.sin 2x (1)

(1) < 1+3c0s x +€0s 2X — 2¢0s (2X + X ) = 4sin x.sin 2x
< 1+ 3c0s X +cos 2x—2(cos X.C0S 2X —Sin X.sin 2x) =4sin X.sin 2X

<> 1+3c0s X +€0S 2X — 2(€0S X.COS 2X +Sin X.sin 2x) =0

< 1+3c0osx+c0s2Xx—2c0sX=0 < 1+cosx+cos2x=0

cosx=0

& 208’ X+c0sXx=0 < 1
cosx=-=

Cau 23. Giai phuong trinh: sin2x —+/2sinx =0.

x=k
sinx=0 d

T
Pt & S| Xx==+k2rx
cosx=g 4

x=-21k2z
4

Cau 24. Giai phuong trinh: /3sin2x—cos2x = 4sinx —1.
\/§sin 2X—Cc0s2x=4sinx-1< 2\/§sin XCOSX+1—-cos2x—4sinx=0

& 2\/§sin XCOS X +2sin? x —4sin x =0 < 2sin x(\/§cosx+sin x—2)=0




sinx—0 sinx=0 X =Kk

Rt = keZ.
x/§cosx+sinx:2 sin(x+%}=l x=%+k27r =

S

Cau 25. Giai phuong trinh: cos2x(4sinx+1) =/3sin 2x+1

pt < 4cos2x.sin x+cost—1—2\/§sin xcosx=0
< 4¢0s2X.5in X — 25in? X — 2+/3sin xcos x =0
< 2sin x(2c0s 2x—sin Xx—/3cosx) =0

[sinx=0 sinx=0

T . T = V4
cosx.cos€+sm x.smgzcost cos(x—g)zcoszx

Xx=krm

N x=—%+k27z,(keZ)

Cau 26. Giai phuong trinh: cos2x—-3sinx-2=0.
- Ta ¢6 phuong trinh cos2x—3sinx—2=0 <> 2sin® x+3sin x+1=0

x=-2+k2r
sinx=-1
= 1< x:—£+k27r,keZ.
sinx=-= 6
2 1
X=—+Kk2r71

- KL: Phuong trinh c6 ba ho nghiém...

Cau 27. Giai phuong trinh:  sin3x+sinx = 24/3cosx.cos 2x ..

I
%

7T
cosx:0<:>x:§+kn




sin2x—\/§c032x=0<:>sin(2x—%j=0

Pt c6 nghiém x=Zikr , x=Z+kZ
2 6 2

Cau 28. Giai phuong trinh: 2/3sinx+cosx =sin2x++/3.

2\/§sinx+cosx:sin 2x+\/§<:>2\/§sinx+cosx—25inxcosx—«/§:0

\ %y /
*cosx—+/3=0: V6 nghiém.
x=" 1Koz
*2sinx-1=0 &
X:5—”+k27r
6

Vay nghiém ciua phuong trinh lax = %-i- k27;, x= ‘%T +k27

Cau 29. Giai phuong trinh: sin2x +1=4cosx —cos 2x.

PT < sin2x+1+cos2x—4cosx =0

< 2sinxcosx +2cos’ x—4cosx =0
< cosx(sinx +cosx—2)=0
cosx=0

= o x=Ztkn
sinx+cosx =2 (VN do 1* +1° < 2%) 2

Vay nghiém cua phuong trinh da cho la: x = g +Kkm.

Cau 30. 2sinxcos Xx+6sinX —cosx—3=0;

TXbD=R
Phuong trinh da cho < (2sinx—1)(cosx+3) =0
. 1
sinx==
2
cosx = —3(vo nghiém)
x="1k2n ’
= , voi k, 11a s6 nguyén. Két luan.

X:5—n+|27'c
6




Cau 31. Giai phuong trinh: sin3x—+/3cos3x=2sin2x (1)

B3

Ta co: 1 & %sian—70053x:sin2x
= sin[3x—g]:sin2x

3x—%:2x+k2ﬂ

3X—%:'ﬂ—2x+k2w

XZE—I—kZT(
& 3 keZ
4 k2w
X=—f—
15 5)
A ‘n , N ~ . T 4 k2w
Vay nghiém cua phuong trinh da cho la X:§—|—k27r, X:E+? keZ

Cau 32. Giai phuong trinh: 4cos5?xc053?x+2 8sinx—1cosx=5 (1)
Ta co: 1 & 2 cos4x+4cosx +8sin2x—2cosx =5

< 2c0S4x+8sin2x—5=0

< 4sin?2x—8sin2x+3=0

e SiN2Xx= g : phuong trinh v6 nghiém

2x:g+k2w X = 4 Kkn

° sin2x:1<:>sin2x=sin3<:> & 12 keZ
2 6 2X—5l+k2ﬁ X—S—W—I-kﬁ
6 12

Vay nghiém cua phuong trinh da cho la x= % +kw, x= i—; +kn  keZ.

Cau 33. Giai phuong trinh: 2cos5x.cos3x+sinx=cos8x (1)
Ta co6: 1 < c0S8x -+ cos2x+sin X = cos8x

sinx=1

& 2sinx—sinx—1=0=0 & | 1
S|nX:—§




° sinx:l<:x:%+k2¢r

T
X=—-——+k2
6 ¥

] 1 ] ] iy
e SiNX=—=&sinx=sin|——|< keZ
2 6 Tr
X:€+k2’ﬂ

Vay nghiém cua phuong trinh da cho la
X:g—l—kZTﬁX:—g—l—kZ’ﬁ, x:%ﬁ+k2w keZ .
Cau 34. Giai phuong trinh: +/2 sinx—2cosx =2—sin2x (1)
Tacod: 1 < +/2sinx—2v2cosx+2sinxcosx—2=0
& sinx 2c0sx++/2 —+/2 2cosx++/2 =0
& sinx—+/2 2cosx++2 =0
e Sinx—+/2 =0« sinx=+/2 : phuong trinh v6 nghiém

° 2cosx+\/§:0<:>cosx:—72@cosx:cos%ﬁ@x:istrka
Vay nghiém cua phuong trinh da cho la x:isfjtkh keZ .

Cau 35. Giai phuong trinh: sinx+4cosx=2+sin2x (1)

Ta co: 1 <sinx+4cosx—2sinxcosx—2=0
& sinx—2 2cosx—1 =0
e sinx—2=0<« sinx=2: phuong trinh v6 nghiém

° 2cosx—1=0<:>cosx:%@cosx:cos%@x:i%+k2w keZ

Vay nghiém ciua phuong trinh da cho la x= i% +k2n keZ .

Cau 36. Giai phuong trinh: sin3x+cos2x—sinx=0 (1)

Ta co: 1 < 2cos2xsinx+cos2x=0=0

& c0S2X 2sinx+1 =0 °

keZ




cos2x=0<:>2x=3-|—kﬂrv<:>x=%+k?TT keZ

™
1 X=——4+k2%
° Zsinx+l:O<:>sinx:——@sinx:sin[—ﬁ]<:> 6 keZ
2 6 7T
X=—+Kk2~w
6
Vay nghiém cua phuong trinh da cho la
X o K T ko= i k2n keZ .
4 2 6 6

Cau 37. Giai phuong trinh: 2cos2x+sinx=sin3x (1)

Ta co: 1 < 2c0s2x+sinx—sin3x=0

& 2c082Xx—2c0os2xsinx=0
& cos2x sinx—1 =0

° cos2x=0<:>2x=g-i—kﬂru:)x=%+k?TT keZ

° sinx—l:O@sinx:1@x=%+k2ﬂn keZ

Vay nghiém cua phuong trinh da cho la x= % + k?“ X = g+k 2r kez .

Cau 38. Giai phuong trinh: sinx+sin2x+sin3x+singx+sin5x+sin6x=0

(1) < (sin6x+sin x) +(sin5x +sin 2x) +(sin4x +sin3x) =0

o 2sin | [ cos 2 1 cos X |+ cos X :0<:>4sin7—xcos3—x(2005x+l)=
2 2 2 2 2
. TX L2
sin—=0 X=—
2 7
= cos%zo _z ke keZ
2 3 3
2cosx+1=0 X:iz?ﬂ'_i_kzﬂ_

Cau 39. Giai phuong trinh luong giac: 2cos(2x + g) +4sinx.sin3x - 1=0

Giai phuong trinh : 2cos(2x + g) +4sinxsin3x —-1=0(1)

o 2(c052xcosg—sin 2xsin g) +4sinxsin3x-1=0

(@)




&> €052X —~/3sin2x+4sinxsin3x —1=0
IS 1—25in2x-2\/§sin XCOSX+4sinxsin3x-1=0
< sinx(2sin3x-sin X-/3 c0s x)=0

sinx=0

@ - -
SINX ++/3c0s X = 2sin 3X

*sinx=0< x=kz (ke z)

*sinx+\/§cosx =2sin 3x @%sinx+§cosx =sin3x
3x:x+£+k2n x:£+kn
o sin(x+5) =sin3x < 3 ol 8 key
3 T T

3X:n—X—E+k2n X=—+k=
3 6 2

vay phuong trinh da cho c6 nghiém x=kz ;x= % + kg (k € 2)

Cau 4o0. Giai phuong trinh  sin(2z + 177”) +16 = 2/3.sinzcos z + 205in2(§ + %)
*Bién d6i phuong trinh da cho tuong dwong véi

c0s2z —~/3sin 2w+10c08(w+%) +6=0
&< cos(2x + %) +5c0s(x + %) +3=0
& 2c08° (x +%) +5c0s(x +%) +2=0
. s Vs 1 V4 .
Giai duogc cos(z + E) =, va cos(x + E) =-2 (loai)

*Gial cos(m+%) = —% duoc nghiém =z :%+k27r va = —%-ﬁ-kZﬂ'

Cau 41. Giai phuong trinh sau: Z _x|=sin|2 iji.
4 ai phuong 005(4 xj sm( x+4 NG

Pt 3 cho cos| Z—x | —sin| 2x+Z :ic> 2cos| Z—x — J2sin ox+ 2% =1
4 4) 2 4 4

& 0SS X+Sinx—sin2x—cos2x =1

<> sin x(1—2cos x) +cos x(1—2cos x) =0.

<> (sinx+cosx)(1—2cosx) =0.

= 1 & (kez)

cosx+sinx=0 tan x =—1 X =" ik
1-2cosx=0 COS X==

X:i£+k27z
3




Vay phuong trinh da cho c6 3 ho nghiém: x = —%+ kr, x:i%+ k2r,(keZ).

Cau 42. Giai phuong trinh cos[g— x]+sin 2x=0 (1)
Ta co: 1 <sinx+2sinxcosx=0
& sinx 1+2cosx =0

e Sinx=0«& x=kn
° 1+2cosx:0<:>cosx:—%@COSX:COS%@x=i2§+k2w

Vay nghiém ciua phuong trinh da chola x=kn, x= i%ﬁ +k2n keZ .

Cau 43. Giai phuong trinh 1+ tan x = 24/2sin [x +£] (1)

s A °A ™
biéu kién: COSX¢0<:>X¢E—I—k7r

, sin X )
Ta co: 1 & 14+ ——=2 sinXx-+cosx
COoS X

& sinx4-cosx 2cosx—1 =0

° sinx+cosx:04:>tanx:—1<:>x:—%+k¢r keZ

° 2cosx—1:0<:>cosx:%@cosx:cosg@ X::l:%-l—kZ’K keZ
Déi chiéu diéu kién: cic nghiém tim dugc déu thoa diéu kién.

Vay nghiém cua phuong trinh da cho la x= —%%— kw, x= i% +k2n keZ .




2.3. Phwong trinh béc hai d6i véi sin, cos

CAu 1. Giai phuong trinh: (sinx + cosx)’ = 1 + cosx.

Ta co: (sinx + cosx)’ =1+ cosx <> 1+ 2sin xcosx = 1+ cosx
< cosx(2sinx-1) =0

cosx =0 x=g+kﬂ
< . 1 Vs
sinx=— < x:g+k27r (k eZ).
2
X=5—”+k27r
6

Cau 2. Giai phuong trinh: 2cos?2x+3cos3x+4c0s2x+3c0sx =0

Khi d6 , phuong trinh tuwong duong véi :

& 052X (€05 2X +3c0s X+2) =0

x="ikr | x=Z+kr
4 4

cos2x =0 2x="1kon
& 2 &lcosx=-1 | x=kr (keZ)

c0s2x+3cosx+2=0 )

200" X+3cosx+1=0

cosx:—1 x:iz—ﬂ+k2;z
2 | 3

Vay nghiém phuong trinh la: x= % +kz, x= J_rz?” +k2rz

Cau 3. Giai phuong trinh \/§(2 CcOs? X + COS X — 2) +sinx(3—2cosx)=0.
Phuong trinh da cho teong duong vai \/§ (\/ésinx+cos X)—ZSin x(\/ﬁsinx+cos X) =0
<:>(\/§—23in x)(\/ésinercosx):O

V4
X=—+k2r
.3 3
SInXx = — or
= 2 = x=?+k27z

T
Cos(x——):o 5
3 X:?+k7r,keZ.

Cau 4. Giai phuong trinh: sin2x—2cos” x = 3sin x—cos X .

Phuong trinh da cho tuong dwong 2sin® x —3sin x— 2+ 2sin xcos x+¢os X = 0
< (2sinx+1)(sinx+cosx—2)=0




® sinx+cosx—2=0: Phuong trinh v6 nghiém

T
X=——+k2rx
® 2sinx+1=0 6 (keZ)
1
X=—+Kk27z

Vay phuong trinh da cho c6 nghiém: x = —%+ k27z,x = %TJF k27 (k € Z).

Cau 5. Giai phuong trinh: 2sin2x + 3cosx —2 =0

2sin2x + 3cosx — 2 = 0 (1)
e Pt (1) < 2(1 — cos2x) + 3€0SX — 2 = 0 < 2€082X — 3¢0sX = O (¥)
o dit t = cosx (|t] <1)

o Pt (*)trothanh: 2t -3t=0<

, .So sanh diéu kién t = o0 thoa man

Njw @

eVoit=0=cosx=0<x=kan(k e Z)
Vay nghiém ciua phuong trinh 1a : x = kan (k € Z)

CAu 6. Giai phuong trinh luong gidc: cos? X ++/3¢0s X +3sinx—3sin?x =0

2
cos® X + BCosx+35inx—3sin2x=O<:>(cosx+§} —(\/_ \/_sme
V3 \/_ —/3sinx

COSX+—=

f f

cosx+—=——+ 3sinx

- J3sinx+cosx =0 @
J3sinx—cosx =+/3 (2)

(1) otanx=- Lt ox——T ik
3 6

X=—+k2r
(2) c>5in(x—£)=sinE
6 3

X=—+Kk2n

Vay phuong trinh c6 hai ho nghiém la x = —% +kn hay x = g +k2m.




Cau 7. Giai phuong trinh 2+/3cos? x +6sin x.cos x = 3++/3
Tap xac dinh R.
(*)<:>\/§(1+c052x)+33in 2X =3+/3 < /3005 2x +3sin2x =3

<:>—cost+£sin2x=£<:>sin 2x+Z =£
2 2 2 6 2
2x+£:£+k27r x=£+k7z

= 3 = 12 k eZ.

2x+£:2—7[+k27r x:£+k7r
6 3

Cau 8. Giai phuong trinh: 2sin?x++/3sin2x-2=0.

J3

2sin? x+J§sin 2x—2:0<:>J§sin 2Xx—cos2x=1< 7sin ZX—%COSZX:1

T
X=—+kr
osinl 2x=Z |=sinZ = 6 (keZ)
6 6 T
X:E‘Fkﬂ'

Cau 9. Giai phuong tri nh: 2cos? x—sinx+1=0.

Ta cb: 2cos” x—sinx+1=0 <> 2sin® x+sin x—3=0 < (sin x—1)(2sin x+3)=0
< sinx=1(do 2sinx+3>0VvxeR)

<:>sinx:1<:>x:%+k27r (keZ)

Vay nghiém cua phuong trinh da cho 1a x= %+ k2z (keZ)

Cau 10. Giai phuong trinh trinh sau trén tap sé thyc:
. . 3
SIn2x - 2\/§ cos2x = 0 vhix e (0; 7”)
sin2x - 24/3cos2x = 0 <=> CosX(sinx-+/3c0sx)=0

cosx=0

x=2+kr
> = 2
tan x =/3 .

<=
T
=—+kz

T 7w 4r

Trén (0,37/2) ta c6 tap nghiém la: {5 = ?} .




Céau 11. Giai phuong trinh sin5x+2cos* x =1 (1)

Ta co: 1 & —cos[5x+g]+c032x=0
T
= cos[Sx +E] = C0S 2X

5X 4 = — 2x + k21
& 2 keZ
5x+§:—2x+k2w

x— T K2n
& 6 3 keZ
© k2w
=+ —
14 7
A A , N ~ . © k2w © k2w
Vay nghiém cua phuong trinh da cho la X:_E+T’ X:_ﬂ+7 keZ

Cau 12. Giai phuong trinh 1+ 2sinx “cosx=1+sinx-+cosx (1)

Ta co: 1 < 21+sinx sin2x— 1+sinx =0

& 1+4sinx 2sin2x—1 =0

sinx:—l@x:—gjtkh keZ

2x:%+k2w X = 4 Kkr

23in2x—1:0<:>sin2x:£@sin2x:sin3@ & 12 keZ
2 6 Bt 5t
2X=—+k2w X=—-+kmn
6 12

Vay nghiém cua phuong trinh da chola x= —g +k2m, x = % +km, x= i—;+kfn keZ .

Cau 13. Giai phuong trinh :  2cos® (% — 2Xj ++/3cos4x =4cos* x—1 (1)

(1)<:>1+cos(%—4xj+ 3C0S4X =4c0s* X —1 <> sin4x+«/§cos4x=2(20032 x—l)

B3

= %sin 4x+7cos4x =C0S2X & cos(4x—%) =C0S2X

<:>X:£+k7z vX:£+k—”,keZ
12 36 3




2.4. Phwong trinh chira mau

Cau 1. Giai phuong trinh: 1-Cosx(2 cios X+1) —2sinx il
—COS X

Piéu kién: cosx 1< x=k2z,k e Z
V6i diéu kién trén phuong trinh da cho tvong dwong:
1—cos x(2cos X +1) —/2sinx =1—cos x <> 2sin’ x—/2sinx—2=0

J2

sinx=—7<:> x=—%+k7r,k EZ;X=577Z.+k7Z',k e Z (thoa diéu kién)

CAau 2. Giai phuong trinh: \/5(2.c052 X +C0SX —2) +(3—2€0s X).Sin X _

0
2cosx+1
bK:x =+ 23_1: + k2w
Pt da cho twong duong véi pt:
B
(2sinx —v3)(v3sinx + cosx) = 0 & S =

V3sinx + cosx = 0
T
, 3 x =E—|— 2kym (t/m)
*) Sinx = — &

2m
x = ?—i— 2k,m (L)
— . [
*)y3sinx +cosx =0 &= x = —g—i— kym (t/m)

Vay pt ¢6 2 ho nghiém x =7 + 2k;hoge x = — = + kg (kg k; € 2)

\/Esin(x+Zj

Cau 3. Giai phuong trinh: —
sin X —Cos X

+tan 2x+cos® x =0

DK : cos2x #o0.

Bién d6i phuong trinh < —(sin x+cos x)° +sin x2x + cos? x.c0s 2x = 0
pt <> cos® x.cos2x—1=0

pt <> cos* 2x+c0s2x—2=0 <« cos2x =1 (théa man DK), cos2x = -2 (vn)

n T krx
Vaycos2x =1 < x=—+—,k €Z

Vay phuong trinh c6 1 ho nghiém. x= %+ %z , keZ




2c0s4x

Cau 4. Giai phuong trinh: cotx =tanx+
sin 2x

sinx#0 )
DPK: <cosx=0 <:>sin2x¢0<:>x¢77[,kez

sin2x#0
X=Irx
2C0s4Xx 2C0S2X 2c0s4X
(1) & cotx—tan x = — & = =——— < c0s4x=0052X <= | Ig,leZ
sin 2x sin 2x sin 2x x=?
Kiém tra diéu kién ta dugc x :i%+l7z,l e’
Cau 5. Giai phuong trinh:
4cos3x+20032x(25inx—l)—sin2x—2(sinx+cosx)
— =0 (1)
2sin“ x-1
PK: 2sin2x—1¢0<:>0052x¢0<:>x¢%+k7ﬁ,keZ
(1) < 4cos®x(sin x +cos x) — 2cos X (sin X +€0s x) — 2(sin X+ cos x) =0
i T
X=—"+mr
4
< 2(sinx+cosx)(cosx—1)(2cosx+1)=0< | x=m27x meZ

m2z

27
x=i?+m27r

Kiém tra diéu kién ta duoc nghiém x = — meZ




PHAN 3. SO PHUC

3.1. Tinh todn véi s6 phic

Cau 1. Cho s6 phirc z thoa man hé thic: (1+2i)z+(2-3i)z=-2-2i . Tinh mé6 dun cua z.
Goi z=x+yi(x,y € R). Phuong trinh da cho tr¢ thanh:
(1+2i)(x+yi)+(2-3i)(x—yi)=—2-2i
< (x=2y)+(2x+y)i+(2x—-3y)+(-3x-2y)i=-2-2i
< (3x=5y)+(—x—y)i=-2-2i
3X-5y=-2 x=1
Q{—x—yz—z Q{yzl
Do d6 |7| =VE +2 =2

CAu 2. Tim mddun ctia sd phirc z thoa man diéu kién z+(2+i)z =3+ 5i
Gia str ,z=xtyi(x,yeR ).Taco
Z+(2+i0)z2 =3+5i X+Yi +(2+i)(X-yi)=3+5i

& 3X+y+(X-y)i=3+5i

<::>{E'>x+y:3<:>{ X=2
X—y=5 y=-3

Vay z=2-3i
Do d6 mddun cua s6 phirc z lan luot bang /13

Cau 3. Tim sd phiic z c6 mddun nho nhat thoa : |z+1—5i|=‘2+3—i‘.
Giastr: z=x+vyi, (x,yeR)

tir gt ,ta co : [x+1+(y—5)i|=|x+3-(y+1)i;

& (x+1) +(y=5)" = (x+3)" +(y+1)’ = x+3y-4=0 <= x=4-3y

Khi d6 |2]=¥*+y? = \[10y? —24y +16

l2Jnhé nhét béng\/gkhi va chi khi: z :§+gi

Cau 4. Cho s6 phiic z thoa man z—(2+3i)z=1-9i. Tim mddun cia s6 phirc z.

Goi z=a+bi, abeR; Khidd z-(2+3i)z=1-9i
< a+bi—(2+3i)(a-hi)=1-9 < -a-3b—(3a—3b)=1-9i




—-a-3b=1 a=2 . A o , ‘
©{3 g {b . vy mddun cta s0 phic z 14 7| =/22 +(-1)? =5
a—ob= ——

CAu 5. Cho s6 phirc z thoa man hé thic: (2—i)(1+i)+z =4-2i. Tinh modun cia z.
Dit z=a+bi, (a,heR), khi d6 z=a—bi. Theo bai ra ta cé

(2-i)A+i)+a—bi=4-2i < a+3+(1-h)i=4-2i

a+3=4 a=1 , .
<:>{1 +b— 2©{b—3' Do d6 z=1+3i,suyra |z|:\/12+32:\/ﬁ

CAu 6. Cho sb phuc z thoa man diéu kién z+(2-i)z=5+i. Tinh m6 dun cua sO phirc
w=1+iz+2°.
o . N L , 3a-b=5 a=1
bat z=a+hi(a,beR). Tur gid thict ta co: =3 :
—a-b=1 b=-2
Do d6 z=1-2i.

Suy ra w=1+iz+22 =1+i(1-2i)+(1-2i)" =-3i. Vay |w|=3.

2
A 5 a 2 A 7 A, - 2°422+3
Cau 7. Tim modun cua s6 phuc z, biét z ==
Z+
2
\ A Y SR AT 1°4+27+3
Tim mddun cua so phtc z, biét 2=
Z+
+ Diéu kién z = -1.

+ Goi z=a+bi (a,beR),

_ 2
taCé:Z=%c>(a—bi)(a+bi+1):(a+bi)2+2(a+bi)+3
+
C>(—2b2+a+3)+(2ab+3b)i:0
3
—2b’+a+3=0 [a=-3 a=—>
“labim-o “lp-o ’
ab+3b= - b=i§

V6i a=-3,b=0,taco |z|=va’+b* =3,
Véi az—g,bzig, ta co |z|=va®+b’ :,/%+%:\/§.
Vay modun cua sb phirc z 13 3 hay 3.

Z+6+2i

Céu 8. Tim mddun cua so phirc z thdéa méan so phirc 1a sO thuan ao va dong

thoi |z-6-i[=5




bat z=a+bi : Pk : z#2+4i

a®?+b*+4a-2b+12=0 (a=2 a=2
) ) S L)V =7=2-2I=|7/=22
(a—6) +(b-1)" =25 b=4 b=-2

Theo dé bai : {
Cau 9. Cho s6 phuc 2 thoa min (1+ i)z = 2 +2 i. Tinh modun cia sé phtrc 2.

bat 2 = a + bi,(a,b € R); khi do 2=a—bi. Do dod
Mo A+i)(a+bi)=(a—bi+2)i< (a—b)+(a+b)i=0b+(a+2)i

@{a_b:b { H 42+22 2\/3

a+b=a+2

Cau 10. Cho s6 phirc z thoa mén hé thic: z (3 —%ij =3+ %i . Tinh mddun cua sb phic

w=1l+I+z
3 1.
1. 1. 5! 3512,
Z| 3—=1|{=3+—=1I &7 = e il
2 2 NIRRT
2
2 2 Frac
w = 1+I+Z—7—2+4—9 :>|W|: (Bj +(4_9j _ 7585
37 37 37 37 37
Cau 11. Trong cac sb6 phuc thoa man |z—2+3||— . Tim sb phirc z ¢6 modun nho
nhit.
St .3 2 2 9
Goi z=x+tvyi. |z—2+3||:§:>...:>(x—2) +(y+3) =

26—3J1_3+78—9J1_3i
13 '

Cau 12. Cho sé phitc 2 thoa min didu kién 2= = 7—1. Hay tinh 4"
7-2 7+ 2i

Z_11=z—1<:> 72-47+13=0, A'=-9=0i’= Z:2+3!

7-2 z2=2-3i

®7=2+3I >

E+2I‘ ‘




®:-2 3 = E“ﬁ‘: 2-7i|_ /58
2+2i| |2+5i] 29

Cau 13. Cho s phirc z théa man diéu kién iz + 2z =1—i. Tinh mé dun s6 phirc
W=iz+4
Goi z=a+bi,(a,beR)

taco: iz+2z=1—i < ai+bi* +2a—2bi=1-i

o (2a—b)+(a—2b)i =1—i

2a—b=1 a=1
f— e
a-2b=-1 b=1
DE:l—iDW:5+i:>|W|:\/26

Cau 14. Goi x, x, 1a hai nghiém trén tap s6 phic cua phuong trinh x?+2x+5=0.
Tinh |x|+|%,|

AN =-4=4i%,

X =—1+2i,% =-1-2i, |x|+[x|= 25

Cau 15. Goi z,,z, 1a hai nghiém phuc cua phuong trinh z2 —4z+29—=0. Tinh
A=z|* +|z,|".

A'=-25<0. Phuong trinh da cho c6 hai nghiém phttc z, =2-5i,z, =2+5i.

Khi d6 |z, =|z,|=v29 = A=1682.

Cau 16. Cho z 1a s6 phuc. Tim m dé phuong trinh mz? — (m —1)z—4i =0 c6 hai nghiém
phan biét z,; z, saocho |z, |+|z, [>2
Pé pt c6 2 nghiém = m = 0 (*)
Véim;ﬁﬂ thi pt da cho la pt bac haicé m —m + i —i = 0 nén pt c6 2 nghiém

z. =

i —1

g = E

Theobdira: lz, | +1z,l22=1+—>2= 1<m<1

lml —

Két hop véi diéu kién (*) ta duge m € [—1; 1]\{0} thoa min bai toan

Céau 17. Goi Z;, Z, 1a 2 nghiém phtrc ciia phuong trinh sau:
2’ —2+1=0,(zeC). Tinh A= |z,|+|z,|




21:£+@i; 22 zi_ﬁi
2 2 2 2
PR S AR
2 2 2

Cau 18. Cho z, z, 1a cac nghiém phurc ctia phuong trinh 272 —4z+11=0.
2 2
_ [al 4]z
(2 +2)°

2, 30

Giai pt da cho ta dugc cac nghiém: z, =1- S iz :1+Ti

Tinh gia tri cua biéu thic A

2
32 J22
SuyralzHz = 12+(T\/_] =—; 7,+2,=2
2 2
2| +]z
Po d6 M:_..:E
(Zl+22) 4

Cau 19. Tinh m6 dun cua sb phuc z biét rang: (2z —1)(1+i)+(2+1)(1—i) =2-2i
Goi z=a+ bi (a, beR)

Taco

(22-1)(1+i)+(z+1)(1-i)=2-2i

[ (2a-1)+2bi |(1+i)+[ (a+1)-bi](1-i)=2-2i

< (2a-2b-1)+(2a+2b-1)i+(a-b+1)—(a+b+1)i=2-2i

3a-3b=2 3

<:>(3a—3b)+(a+b—2)i:2—2i<:>{ o
a+bh-2=-2 1

Suy ra mo dun: |z|=+va’+b’ =%




3.2. Tim s6 phirc Z

Cau 1. Cho sb phic z thoa min diéu kién (1+i)z—1—3i =0. Tim phan 4o cua sb phuc

w=1-7zi+z
T . - 1+3i .
(1+i)z-1-3i=0 & z:+—3_|:2+|
o1+ . .
=>Ww=2-1 . SOphtcw cophan dobang -1

Cau 2. Tim phan thuc va phan 4o cua s6 phitc w=(z—4i)i biét z thoa mén diéu kién
(1+i)z+(2-i)z=1-4i.

Gid stt z=x+yi,(xyeR), suy ra z=x-yi.
Thé vao gt ta tim dugc x=3, y = 4.

Vay z=3 +4i. Do do w = 3i

w ¢6 phan thyc 0; phan 4o 3.

Cau 3. Tim phan thuc va phan 4o cua s phuic z thoa man diéu kién
Z+(2+i)z=3+5i
Gia st ,z=x+tyi(x,yeR ).Taco
Z+(2+i0)z2 =3+5i X+Yi +(2+i)(X-yi)=3+5i
& 3X+y+(X-y)i=3+5i
<::>{3x+y:3<:>{ X=2
X—y=5 y=-3
Vay phan thuc va phan 4o ctia s6 phirc z 1an luot bang 2,-3

Cau4. Tim phén thuc va phﬁn 40 cua sb phtc: z= %—(3—5i)(6+ i)
+

Tacé
Z=w-18—3i+30i+5i2
3 +2
e e oo ‘ ‘
Ly Y Vay phin thue: -2 | phin do: >

I 050728, 3%
13 13 13

Cau 5. Cho s6 phirc = = 1+ 3i. Tim s6 nghich ddo cta s phtic: w = 2> + 2.2

Véi z=1+3i,taco
cw=2"+2Z2=0+3i) +1+3)(1—3i) =1+6i+ 9 +1° — 9> =2 + 6i




1 2 —61 2—61 2—-61 1 3.

T 216i (2+6)2—6) 2°—367 40 10 10

1
w

Cau 6. Cho s6 phuc: z =3 2i.Xac dinh phan thyc va phan 4o cta s phic 722 +7.
Cho sb phuc: z =3-2i . Xac dinh phan thuc va phan 4o cua sb phirc 722 +7.
22 +2=(3-2i) +(3-2i)=8-14i

Phan thuc a=8; phﬁn ao b=-14

Cau 7. Tim phén 40 cia z biét: z +3E:(2+i)3(2—i)
z+32=(2+i)(2-1)

Gi1a s z=a+bi

(1) < a+bi+3a—30i =(8+12i +6i° +i°)(2-i)=(2+11i).(2—i)
& 4a—2bi =4 2i + 22i ~11i° :20i+15@a=%;b=—1o.

Vay phan 4o ctia z bang -10

Cau 8. Tim s6 phuc lién hop cua

Z= (L+1)(3—2i)+——
3+1

- R
——————=0+I+—.
(3+1)(3-1) 10

Suy ra s6 phic lién hop cta z 1a: z = %—%i

Tacd z=5+i+

Cau 9. Tim phan thuc va phan 4o cua s6 phitc z biét: 7+2z=3-2i
Goi z=a+bi (a, beR) => z = a—bi

Taco:3a+bi=23-2i

Suyra:a=lvab=-2

Vay phan thyc 1a 1 va phan o 1a -2

Cau 10. Cho sb phtrc z=3-2i. Tim phan thuc va phan 4o ctia s6 phirc w=iz—z .

7=3+2i
w=i(3-2i)—(3+2i)
=—1+i

Phan thyc 1a -1, phan 4o 1a 1.




A \ A A o ) , X , .z, |Z+Z=10.
Cau 11. Tim phan thyc, phan do cta cac so phurc z, biét: {| 13
z|=13.
\ A N, ) , X , L z+7Z=10.
Tim phan thuc, phan 4o ctia cac so phuc z, biét: |13
z|=13.
Giasatz=x+yi=>z=x-Vyi. (X,yelR)

Theo dé bai ta co : { )
y=+12

=
x> +y* =13.

Cau 12. Tim phan thuc va phan 4o ciia s6 phirc sau: z = i’_j: +(5-2i)(-3-1i)
+

Tim phan thyc va phan 4o cta s6 phuc sau:

2= 22 (5-20) (-3-1)

:w+(_15—2—5i+6i)
1+16

=—1-i+(-17+i)

=-18

Két luan phan thyuc bang -18, phan 4o bang 0

Cau 13. Cho sb phitc z=1-—2;. Tim phan thyc va phidn ao cua sd phuc
w=2+ 22';.
Tacod z=1+2i, khi do w = (120 +2i(1 +2i) = 1 — 4i + 4¢* + 2i + 44"
— 72
Do d6, phan thuc cta sd phtrc w 1a: -7 va phan 4o cua sb phuc w 1a: -2

Cau 14. Cho sd phirc z thoa man (1+i)z+(3-i)z=2-6i. Tim phan thyc, phan ao cua
s6 phitc w=2z+1.
Gia st z=a+bi (a,beR)=z=a-bi, khi do:

(1+i)z+(3—i)2:2—6i < (1+i)(a+bi)+(3—i)(a—bi)=2-6i < 4a—2b—2bi = 2—6i

4a—-2b=2 a=2 .
= = =z7=2+3i
—2b=-6 b=3

Do do W:22+1:2(2+3i)+1:5+6i

Vay s phtrc w ¢6 phan thuc 13 5, phan 4o 13 6.




3.3. Gidi phwong trinh nghi¢m phire

Cau 1. Giai phuong trinh sau day trén tap sd phirc: 22° -2z +5=0

22" —22+5=0 (%)

*Tacd, A= (-2)*—-4.25=-36 = (6i)°

* Vay, phuong trinh (*) ¢6 2 nghiém phtrc phan biét:
C246i 1 3. 2-6i 1 3.

= — —1 = = — — =

4Ty 2 2 "7 4 2 2
Cau 2. Giai phuong trinh 3z -6z +15=0 trén tip hop s6 thirc.

+ Tinh dling A'=-36<0

+ Néu dugc hai nghiém z, = % =1+2i, z,= % =1-2i

Cau 3. Giai phuong trinh sau trén tap so phic 22-z+1=0

TacO: A=1-4=-3=3i’cin bac hai ciia A 12 +iy/3

1+iV3_1 V3. 1 \3.

2 2 2 T2 2

Phuong trinh ¢6 nghiém: z, =

z+i)’
Cau 4. Giai phuong trinh nghi¢ém phuec: (—) =1(zeC)

Dk: z = i. khi d6, pt da cho twong duong (z + i)* = (z — i)*
(z+1)%=(z-1? (1)
(z 4+ 1}2 = Lz[z i) (2)

(1)‘:]’ [z +i= 1 ez =0 (t/m)

z-|-1=1 z

1 4 _
Q)= [zz_:-il: _1+_inz o [zzz _11(tlm)

Vay pt c6 tap nghiém z={-1;0;1}
Cau 5. Giai phuong trinh nghiém phitrc: 2° —i=0,(z €C)

_£ £

_l ._l 2 221 2 -
1—2.(21)—2(1+z) Z 2(l—i-z) & i_[
2 2

Cau 6. Giai cac phuong trinh sau trén tap s phic x* +2x+5=0
A=4-20=-16=16i"
Can bac hai ciia A la +4i.
Phuong trinh ¢6 nghiém: x, =—-1-2i, x, =—1+2i




Cau 7. Giai cac phuong trinh sau trén tap s6 phirc z* +22° -3=0
bat t =72,
Phuong trinh tré thanh:

t"+2t-3=0< = = )

Vay phuong trinh ¢6 4 nghiém: -1, 1, —i/3, i+/3

Cau 8. Giai phuong trinh sau ddy trén tap sd phuc: —2242,-5=0.

-Taco, A =2° —4.(=1).(-5) = —16 = (43)’

* Vay, pt (*) c6 2 nghiém phtrc phan bi¢tz = 249 z, = —2td

=1—-2

Cau 9. Giai phuong trinh trong tap sd phirc: z2 —3z+7=0

A =-19 = (v19i)
Phuong trinh da cho c6 hai nghiém phtec:
, _3-419i 3 9.  _3+419i 3 19,
' 2 2 2 0 2 2 2

Cau 10. Giai phuong trinh sau trén tap sé phuc: 32° — N3z +2=0

32° — 23242 =0
Taco: A=(—2V3)> —432=12—24 = 12 = (2430’
Phuong trinh ¢6 2 nghi¢m phurc

Lo B 3 Vs
3

Ty TR T
Cau 11. Giai phuong trinh sau trén tap s phtc: x2 — 6x + 29 =0

A=-20
Phuong trinh ¢6 2 nghiém phire: x =3+ 2i+/5

Cau 12. Giai phuong trinh sau trén tap sb phirc: x2 —4x+11=0.
A'=4-11=-7=(J7i)
MZ:ZiJﬂ.




PHAN 4. TICH PHAN

4.1. Tich phan ham phéan thirc

1
Cau 1. Tinh tich phan: 1 - | B
) OX +2

= 2jdx+j—dx 2IdX+I4d 3x+2)

1
=2X‘ + In
0
=2+1n§.
2
Céu 2. Tim ho nguyén ham | 2X—+31dx
X —X
Tacoj 2x+3 I 2x+3 _j{ 1 .51 }dx
2x% — X — 1 (2x+1)(x-1) 37 2x+1 3 x-1

:——I dx+§ de
37 2x+1 37 x-1

=_g-|»d(2x+1)+§'[d(x—1)
37 2x+1 37 x-1

:—Eln|2x+1|+§ln|x—1|+C
3 3

Cau 3. Tinh tich phan 1 = f KXol
1

X% + X
Bién d6i ham s6 thanh dang LXH =1+ 22X+1
X* 4+ X X“+X

Khi do: I_fx :ix)jldx_fdx-i—fixi)l(

2

. fdx=x|12=1

1




T ox+1
° f dx_ln‘x —}—XH =1In3

X’ +X
Vay 1 =1+1In3.
. C . ox+1°
Cau 4. Tinh tich phan 1= [ .

0

x+1° _ xX’42x+1_, 2

2

xX+1  X*+1 0 x24

Khi do: I:] X+l dx_fdx+f 2X

Bién d6i ham s6 thanh dang

o [Xfildx:ln‘xz +]”2 =In2

Vay 1 =1+1In2,

2
Cau 5. Tinh tich phan sau: J [x + j X
i X+ X3

‘ 1
I:I(XZ+X+X jdx Ix dx+IX+X

1




4.2. Tich phan ham chira can thirc

A e n 2 dx
Cau 1. Tinh tich phan | :I .
L xvx®+1

| _J~ J‘Z deX
xx/x +1 341
Diat t=vxX*+1= x*=t*-1= x%dx = %t.dt .

x=1:>t:\/§; X=2=>1t=3

32 tdt I (___j
~f3(t —1)t 2{t-1 t+1

L[ 1 |1—| V2-1)_1, 3+2V2
3 x+lJ— 3 J2+1) 2
L Y
Cau 2. Tinh tich phan 1= | dx
1 XVx2+1

N

I:'1[xx+ '!‘XZ\/_].

Dit u=vVx’+1 = u?=x*+1=udu=xdx, = x2=u?-1
1 2 u+1—(u—1)

u—12
N

:—%In3(3—2\/§)

u+1

~ Ve Ve ~ 1
Cau 3. Tinh tich phan sz 2Vl — zdz
0
*Patt=1-z=dt=—-dr=>de=—-dtVaz=1—t

* Pdi can: X110 1
t1 110

Cau 4. Tinh tich phan sau |

bity/3x+1=t ta dugc x = 3_

Poicanx=0=t=Lx=1=t=2




2
Khi d6 |_—j2t ty =§j(2t2—2t+3—ijo|t=§—3|n§
1

t+1 27 3 2
a inh ti A . X—3
Cau 5. Tinh tich phan sau: QB.MHHdX
Pit u= Jx+1=u?-1=x= 2udu = dx ; ddi Cém:{x=0:>u=1
x=3=>u=2

3 _ 2 3_ 2 2
Ta co: jx—sdx=jMdu=j(2u—6)du+6jidu
5 1 T u+1

3Wx+1+x+3 qui+3u+2
2
:(u2—6u)2+6ln|u+]4 _ 346>
1 1 2

Cau 6. Tinh tich phan: j\/_dx
s X -1
Pitt=Xx = t?=x = 2tdt=dx
Poican: x=4 =>t=2
X=9=1t=3

|—2j tdt :2]( +t+1+—jdt

t t i
:2(—+—+t+ln|t—]4)
3 2

0
Cau 7. Tinh tich phan: 1= |

:§+2In2
3

2

“1(x +1)\/3+ 2x —x?

j1(x+1)\/3+2x x? J-1(x+1)1/(x+1)( x+3

0

_ 1

-(x+1\/ x+3
X+1

Patt= |3 XS g 4 g
X+1 x+1 (x+1)

S
21772

3
Cau 8. Tinh tich phan f 2 +z+1 zdv.

0




3 3

3
Taco I:f 2 HNr+1 xdx:fx3dx+f:z:\/x+1dx.

0 0 0

3 3 3
DétJ:f:c3dx VéK:fx\/x+1d:c;taC(') J:J.a;gdx=ix4
0 0 0

0

3
K =[avz+1da. PDitt=yz+l==a+1=2dt=dr Vaz =t>—1

0

Tacoz=0=t=1 2=3=1¢=2.
i dé 0 h 1. 1,) 116
! 1

Vay I =7+ K =070
60

Cau 9. Tinh tich phan: 1 = [ (1 xis Jox

0

I :.l[x2 (1+ X/1— X2 )dx :j.xzdx+j.x3\/1— x%dx
0 0 0

1
I, =Ix3\/l—x2dx
0

Dit t=v1-x* = x> =1-t* = xdx = —tdt

DPoican: x=0=t=1 x=1=1t=0

[ 2\ 42 i 2 44 ot ' 2
= I, =—[(1-t*)t’dt = [(t* -t )dt:(§_§jozﬁ

1 0

A 7
Viay I:I1+I2:E

Cau 10. Tinh nguyén ham sau: | = I X/ X2 + 3dx

Diat t=vx* +3 = t* =x* + 3= 2tdt = 2xdx = xdx = tdt .

(Vx*+3)°

3
Suyra | :jt.tdt:jtzdt:%+C:T+C




A ¢ AL dx
Céau 11. Tinh nguyén ham: 1= ———:
V2x-1+4

bat t=v2x-1=t*=2x-1=tdt =dx

t+4 t+4

_ 2x—1—4h{J2x—1+4)+c

:Izjﬂ=j[1—ijdt=t—4ln‘t+4‘+c

Céau 12. Tinhl = I:xs(x—\/szrl)dx

1

| = ij"‘(x—\/xz+1)dx=J.:x4dx—J.:x3\/x2+1dx :XES
J :.[le?’\/x2 +1dx:...:jlﬁ(t4—t2)dt

_y=t;
5

0

2422
T
=1 _1-22
5 15
6
Céu 13. Tinh tich phan sau: I = [ xv/x+3dx
1

e Ditx+3=t tadugcx+3=t>= dx=2tdt
° Déican:x:1:t=2;x=6:t=3

22

Khidél=i(m%—6ﬁ)dt:(§¢5—2ﬁj

2

2

1
Cau 14. Tinh tich phan | :fx\/Z—xzdx.

0

Dit t=v2—x* & t? =2—x* = 2tdt = —2xdx = tdt = —xdx

2. A {XZl t=1
Do1 can: =
0 |t=+2

N
3

t3
3

N
Suyra: 1= [t'dt=
1

1

22 -1

Vay 1 =
ay 3




4.3. Tich phan ham s6 mii, ham sé logarith

1
Cau 1. Tinh tich phan | =j(1—x)(2+ezx)dx

0

_ (u=1-x du =—dx
bat , => 1,
dv=(2+e”™)dx v:2x+§eX

I =(1- x)(2x+%e2x)

1 2 1
+ 1 (2+=e*)dx
ot

e’ +1

1 1 1 1
= 1—-X)2x+=e*)| +(x* +=e*
(1—x)( > )0 ( 2 )0

2 3
Céau 2. Tinhtich phan | :jx_—zzlnxdx.
X
1

J%Xd _ZJ'|I'1X _X _ZJ'“’]X :__2J-|nX dx
1

2
Tinh J = j'nx
1 X

bat u=In x,dv:izdx.Khi do du:idx,v:——
X X

X
2 2
Do do 3=-Liny +J‘i2dx
X 1 X
2
Jz—EInZ—1 =—1In2+1
2 X|; 2
n 1
Vay I:E+In2

1
Cau 3. Tinh tich phan | = f (1+ x)e*dx
0

1
I= f(1+ z)e"dx

dv = e"dx v =¢e"

u=1+z du = dz 5
* bit ( = [ . Thay vao cong thtrc tich phan tung phan ta dugc:

I=(01+x)e"

1 1 P H
O_L/;) e"dr = (1+1)e' —(1+0)’ —¢ |0—26—1 (e —e’)=e




1
* Vay, I = f(l +z)e"dr =e

0

In2
Cau 4. Tinh tich phan: 1 = |
0

Dit t=ve*+1=t? =e* +1= 2tdt = e*dx
Xx=0=>t=+/2,x=IN2=t=43

B2 NG
|=jw=2j(t?——1)dt
I %

{5

Cau 5. Tinh: 1 :I:(x+2)exdx.

N3
32\/5

5 8

| = 1(x 2)e*dx
_jo + .
. lu=x+2 du =dx
bat =>
dv =e*dx v=g"
1
—jexdx
0
1
' —e¥ =2e-1
0

Cau 6. Tinh: |_j “1+3|nxmx
| _I \/1+3Inxlnx

Dit u=v1+3Inx =>u?= 1+3Inx => 2udu= ;dx

Poi can: x=e => u=2
x=1=>u=1

22 5 3 |2
I 1)du__(u__u_) _116
94 5 37| 135




Dit U=z

* b3 = 2

T dv=(x +€")dx v="2 1 ¢
2

1 9 3 1

1 x 1 T
— | (—+e)dr=—+e—(—+¢€"
Jo G e =2 e (S )

1 2
Taco I = [a(z+e)do = (2= +e
[( o = (- +¢")

0

1 1 4
=—4e—(=+e)+(0+1) ==
5 (Gro+0+) =2

e (x2+1)lnx+x+1

Cau 8. Tinh tich phan | = J' dx.

1 xInx+1
I:jX(Xlnx+1)+(lnx+1)dx:_[xdx+ d(xlnx+1).
] xInx+1 1 n XInx+1

e2

X2 e 1
| =2 +In|x|nx+1|| =——=+In(e+1)
2 1 2 2

1
Cau 9. Tinh tich phan 1 = I(x+1jlnxdx.
X
1
. . 1 ¢ t1
Taco: | =I£x+—jln xdx = xlnxdx+j—ln Xadx.
1 X 1 1 X

e 2
® Tinh J'xlnxdx.Dét u=Inx va dv=xdx.Suy ra du:%dx va v:X?
1

|

e Tinh jlunxdx. Pt t=Inx=dt=2dx. Khi x=1 thi t=0, khi x=¢ thi t=1.
1X X

e

e 2
Do do, '[xlnxdx:x—lnx
1 2

1

1

e 1 2
Tacc’):jllnxdx:jtdt:t— _1
1X 0 20
R e +3
Vay, | = .
dy 4

T

4
Cau 10. Tinh tich phan: | = I%m
r
0




*Pat t=cosx
T

Tinh dt=-sinxdx , ddi can x=0thi t=1 , z== thi t=——
4 2

1
2 1
T do 1=-[—Fdt= [ —-dt
1
1 7

*Pit uw=Int;dv=—=dt :>du:%dt,v:—%
1, 1
Suyra I=—2in¢| 1 + j%dt:—%an—% 1
7L 7z
*Két qua I:\/E—l—glnz
¢ log,’x
Cau 11. Tinh tich phan sau: j 2 dx

1 Xa/1+3In? x

Piatv2xy —x2 =u=2x —x* = u? = (1 — x)dx = udu
Tr2x —x?=uv" = (x—-1)%=1—-1°
DPoéican: voix=0=u=10

2 —4/3 1
xX = = u=_
2 2
1 l
‘ u 1
N L du)
o (1-u ) o ut-2u?sl
! 2(u2-1)+1 2 1
) ut—2uf+l  (uf-1)f T Ut i (u®-1)*

2 1 [(u+1)—(u-1)1?
T (u?-1)*

= 2 +i L 2 T
ut-1 " 4| (u—1)? (U+L)(u-1) (u+)?

S S ﬁ(i_ij
S A )2 u+)? ) 4lul un

1




1 1
2 ? 2

| = —(_[1+42u—_21du) = —I 1+l ! >+ L 5 +§(i—ij du
o U -2u°+l ol 4l (u-1)" (u+1)®) 4lu-1 u+l

1
2 3 5
= —u+1(i+ij+ﬁlnw 2:_|n3__
4 u-1 u+l) 4 Ju- 4 6

e 2 e e
|:J~1+x Inde:'|.1dx+jxlnxdx
1 X 1X 1
t1
A:I—dx:In|x| =1
1 X
K u=Inx du=1dx
B:jxlnxdx Dat = 2X
] dv = xdx X
V=—
2
2 e e 2 e Ze 2 2
—B=2"Inx —J.de:x—.lnx X :e_+l:|:_+_
2 1472 2 1 411 4 4

Cau 13. Tinh tich phan: 1= [' =L gx

x* —In?x
S g = g u(1)=0; u(e)= L
to Inx X X i
X {1—(}}
X
. 1
I_Ie 21 du=21{n[Yu=t | o Lye=t
ouy°-1 2 Ju+ll], 2 Je+l

1
Cau 14. Tinhtich phan [ (z +3¢")eda .

0
1

1 1
Taco I = f(a; + 3e")e*dx = J.mehdm + BI edr .
0 0 0
1 1 1
bat J = 3j e’dr va K = Jxez”da:; taco J = 3Ie3zda: ="
0

0

1
|
0

o




1 U= du = dz 1 o
K:J.xe“dx. bat L, = 1 . ;khido K = = xe* ——Ie“dz
0 dv =e“dx v:—eh 2 0 20
2
o K=1a_le 2162—162+12162+1.Vay1263+162—§
20 1 | 72" it TaTa Ty 17

e
Cau 15. Tinh tich phan | :dex
1

X +xInx
€
Phan tich J3x+2Inx+1 IZ(x+Inx)d I -
1 X“+xInx X“ +xInx +x|nx
Tinh 200 ol g
1 X +xInx X
Tinh j- X+1 _i 1+ OIX=.‘id(x+|nx):In(x+|nx)|f:In(e+1)
1x +x|nx 1 X +Inx 1 X +Inx
Vay | =2 + In(e+1).
eX
=|@- d
I( ex+1)X
= [ax jd(e +1) x —In(e* +1) + C
1
Cau 17. Tinh tich phan: | j (1+€e*)xdx
0
. lu=x du =dx
bat:
dv= (1+e)dx v=Xx+e"
1
Khi do: —j(x+ex)dx =l=1+e- 0=
0

Cau 18. Tinh tich phan 1 :jx3 In xdx.
1

x° =v'(x) = 1.,

L =u'(x)dx
Dit {Inx:u(x) Xd =u'(x)d
v(x):zx




e

e 3e*+1

:—x Inx

1,1 et 1,
j—x.— X=———X
14 X

) 4 16 16
Cau 19. Tinh tich phan: j“*x'” X
1
e e 3 e
|:4j%muj"!§mz—f == 444
1 X . X x| e

% In3 x

Tinh |l=I X2 dx

1

1
Pt t:|nX:>dt=;dX

DPdican: X=1=t=0;x=e=>t=1

[=

Vay

1
Cau 20. Tinh tich phan sau | = I (2x+€*)dx

0

=Jl'(2x+ex)dx=j'2xdx+.l[exdx:xz‘z+eX Z —1-
0 0 0

1
Cau 21. Tinh tich phan sau | :J'ZX (e" +3)ax
0

2% [! (Ze—lj 3
3 = +
In 2‘0 In 2e In2

Céu 22. Tinh cactich phansau 1= (L+Mde

Jx o x(Inx+1)
¢ 1 2Inx+1
|:.1[[\/;+ (Inx+1)jdx

—dx ta duoc két qua | —2(\/_ 1)

X [ AX _1 X i X _(Ze)x
2 (e +3)dx_£(2e) dx+3£2 dx = o

O e

0

e Tinhl, J.\/_




e DatInx=t ta duoc dt:%
X
° Déicénx—l:t:O'x:e:tzl

o KhidoK, j2t—+1dt_(2t—|n(t+1))\ =2-In2

e Viytaduoc I=1 +1,=2/e—In2

[ 1
!( 2e” +1)dx

Cau 23. Tinh céc tich phan sau

In2

e Tinhl, = _[ xdx ta dugc két qua I, —In 2
In2 1

o Tl'nhlzz_[ —dx
5 26" +1

o Date* =t ta dugc e*dx =dt
e Poicin x=0=t=Lx=In2=t=2

: S dt 2 5
Khi 61, = ~(Int-In(2t+2)) =In2-In>=
e Khidol, -!‘t(2t+l) (Int—In(2t+ ))‘1 n2-Inz

Vaytaduoc L=L +L, :%|n22+|ng

Céu 24. Tinh céc tich phan 1 = [ xIn xdx
1

1
du ==dx
u=Inx X
=
dv = xdx NG
v

1
Céu 25. Tinh cac tich phan 1 = [ xe"dx
0

u=x du =dx
= =
dv =e*dx v =g

1
1
—je*dx:e—eX , =1
0

6
In—
5




In2

Cau 26. Tinh tich phan 1 = [ e —1 edx.
0

Patt=¢"—-1=dt =e*dx

x=1In2 {tzl

Doi can: =
x=0 t=0

1 31
t 1
Suyra: I = [tdt=—| ==

0

1
Vay | ==.
ay 3

Céu 27. Tinh tich phan 1 = [ —V“+X5'”X dx.
1

Dat t=+4+5Inx & t° :4+5Inx:>2tdt:§dx
X

2. . X=e t=3
Doi can: =
x=1 t=2
2 5 2 0 2 38
Suyra: I == [tdt=2t =28 -2° ==
5 A 15 |, 15 15
38
Viy | ==—.
24 15

Céu 28. Tinh tich phan I = [

1

x> +2Inx
X

dx

2 2
Ta co: I:fxdx+2f|n—xdx
X
1

1

2 2

° fXdX:?

3
2

0 1

2
Tinh fln—xdx
X

1

Dat t:lnx¢dt:1dx
X

Xe A X=2 t=1In2
bo1 can: =
x=1 t=0




_In?2
2

In2
In x

Suy ra: ]de:ftdtzg
1 0

In2
0

Vay I:g+ln22.

1 X2 X
Céau 29. Tinh tich phan | = I0 (2™ +e )de.

jlz 4 jl xd

, Xe X + Xe X

Taco: 1= "o 0 )

1

1 N B S I:exz}
Io2xe dx-IOe d(x ):

e 11= 0=g_1.

1 Xd
. |2:IoXe x
bat u=x = du = exdx

dv =exdx = v =ex.

1

Suy ra: 12 = [XexJ;—J:ede = e—[exl) =1.

Vayl=e—-1+1=e.

2 2
Cau 30. Tinh tich phan 1 = [ sz_lln xdx .

1
u=1Inx du:ldx
Dét X2_l = X
dv = 2 dx v:x+1
X
2 2
Suyra: I = x+1 In x —f[x+1]1dx
X ) X)X
1 2 [ 1]2
=|X+=|Inx] —|x—=
X 1 X 1
:EInZ—§
2 2

5 3
Vay | ==Ih2—=.
.y 2 2




4.4. Tich phan ham lwgng giac

T

2
Céau 1. Tinh tich phan 1 = I(x +sin® x) cos xdx.
0

z z z
2 2 2
I = I(x+sm X)cos xdx = Ixcosxdx+]sin2xcosxdx.
0 0 0
M N
Tinh M
., |U=X du =dx
bat = .
dv = cos xdx vV=sinx
z z
M =xsinx|2 —Isinxdx:z+cosx 2 -Z_q
2 2
0 0
Tinh N
Pat t =sin x = dt = cos xdx
T
Péican X=5 =171
x=0=t=0
1 3 1
N:_[tzdt L
) 30 3
Vay 1=M+N=2_2
2 3
A o A 2
Cau 2. .Tinh tich phan: 1 = | 2xcos” xdx
0

xdx + | xcos 2xdx

Il
O =N N
O V[N

N\:a

+ | xd

X

7
8

O t—n N

x
2,

IZ'
s

+J = | xcos2xdx = xsm2x|2——J'sm2xdx_%c032x =0

0

N o-_,mm

"
oo|§




T

2
Cau 3. Tinh tich phan I = [(x+cos® x)sin xdx.
0

z 7Z' v T
2 2 2

I = Ixsm xdx+jcos xsin xdx . Dat I, Ixsin xdx, I, :_[coszxsin xdx
0 0

/2

=X du = dx zr 3 .
bat = I, =—xcosx ‘2 +Icosxdx:smx 2=1
dv = smxdx V =—CO0SX o 9 0

™

-]

0

cos? xsin xdx =

cos® xd (cosx) = —

o'—.m\:\

Vay | =1+

Wl
w| s

Cau 4. Tinh tich phén: 1 = f(l + cos z)zdx

0

s

(1+ cosz)zdx = fxda: + fx cos zdx
0

I =

oy

W 2|" 2 2 2
V6l = [adr =2 _r v T
) 2y 2 2
* Véi I, = fxcosxdx
0
Dat U=2z du = dx Th \ 5ne thire tich phan tt hk ¢
*pDa = . ay vao con uc uc an tun an ta
* |dv = coszdx v =sinzx y g p gp
duoc:
I, = zsin zl —J:sinxdx = O—(—cosx)|;r = coszly = cosm —cos0 = —2

2
“Vay, I =1 +1, —7—2

Cau 5. Tinh Tich phé@n 1 = | xcos xdx

o'—.m\:\

X COS XdX ,

o*—.mm




u=x du =dx
bat = .
dv = cos xdx vV =SinXx

/2

. A T o
| = xsin x|§ —jsm xdx :—+cosx|g ==-1
) 2 2

T
cot(x—6)
d

Cau 6 . Tinh tich phan sau: | = > dx
(\/§cosx+sin x)

W[ —— [y

+ Ta co: «/§cosx+sinx = 2[§cosx+%sin XJ = ZCOS(X—EJ

3

T 77’- T
E Cot(x—j 5 K2
+ Do do: I:I dx j dtan| x=Z% :llntan x—2 2:lln3
v (X_j 6) 4 6
3

4.cos? (X_Gj Z4tan x4

Cau 7. Tinh céc tich phan: I = |sin 2x.sin® x.dx

o'—,r\J\N

Tinh céc tich phan: 1 = |sin 2x.sin® x.dx

o'—.mm

| =|2sin? x.cosx.dx.

o*—.mm

bat t=sinx => dt=cosxdx
5 1

1
- [2t*at= o] =2

) 5|, 5

0

Cau 8. Cho ham sd f(x) = tan x(200tx—«/§cosx+2cos2 x) cd nguyén ham la F(x) va
F(%) = % Tim nguyén ham F(x)cua ham sé da cho.

Tim nguyén ham F(x)
F(x) = jtan x(200tx—J§cosx+2cos2 x)jx:J(Z—ﬁsinx+sin 2x)dx

COS 2X

:2x+\/§cosx— +C

F(J 2— \/_i—o C_E =C=-1

COS2X _1

Vay F(X) = 2X++/2 cosx —




2
Céau 9. Tinh tich phan 1 = I(2a: -1- sina:)da:.
0

I:i(2x—1—sinx)dx:j‘Zx.dx—j'd:v—j.smxdx =A-B-C
0 0 0 0
3 ol 2 2 T
A=z|).2x.das=:v0— ,Bz.!-dx:x‘oza
C = _Z[Sin xdr = (—cosx);; =1
VéyI:A—B+C:7T—2—Z—1
4 2

T

4
Cau 10. Tinh tich phan 1= [ xtan® xdx
0

COS“X 0S“X
z x
4 2|z 2
X Vs
dex:— =—
5 2], 32

4 1 N du = dx
'Ixcoz dx=1, Dit q dx 3{
0

3 v =tan X
COS™ X

N

_ z 4 T z T
l1 = xtan x| —!tanxdx:Z+In|cosx”61 :Z—In\/f.
2
Va 1= Z_mJ2-Z .
24 4 \/_ 32
Cau 11. Tinh nguyén ham 1 = [(x—2)sin3xdx

Tinh nguyén ham 1 = [(x—2)sin 3xdx
du =dx

Uu=x-2
Pat , ta duoc
’ {dv=sin3xdx A IV
3
i X —2)Cc0s3X X —2)c0s3X )
Do do: | =—%+%jcos3xdx :—¢+%sm3x+c




Cau 12. Tinh tich phan sau: I (sinx+cos x)d
0

T A
- J'(sinx +cosX)dx = jsinxdx +Icos xdx =—cos x| +sin x|’ =2
0 0 0

Cau 13. Tinh tich phan sau: I (x—sin2x)d
0

V4 w T Ve 2
=I(x—sin2x)dx=J‘xdx—J‘sin2xdx=1x2 +10032x =
0 0 2 0 2 0
Cau 14. Tinh tich phan sau: j 1 sin® x cosxdx
0
2
| = J'(l sin x)cosxdx
0
e Ditsinx =t = dt = cos xdx
o Déicénx=0:>t=0;x=%:>t=l
h e\ 3
. Khidélzj( Cht=|t-—| ==
5 4 4
0
% 1
Céu 15. Tinh tich phan sau | = [ ————dx
J sin® xcos* x
B
7
1
| = | ————dx
lsinzxcos“x
B
-1
e Datcotx=t=dt= dx
sin’ x
° Déicénx:%:t:\@;x:%:tﬂ
NG 8\/§

3 2 3
e 1 2 1 2 1
Khidol =j(1+t7j dt:j(1+t—2+t—4jdt:( _?_?,t_e’j

1

Cau 16. Tinh tich phan sau: | = |(sinx+ x)sin xdx

O'—:bl




T
j smx+x sin xdx = jsm xdx+_[xsm xdx
0

dx==rx

©1—cos2x 1
x:j—
5 2

e Dit | _Ism xd
o IZ:J'xsinxdx

u=x du = dx
° ) =

dv = sin xdx V = —CO0S X

T
T - T

° I2=—xcosx|o+jcosxdx =r+sinX| =7z

Khi d6 |=§7z

Cau 17. Tinh céc tich phan 1 = | xsin xdx

5 {u =X {du = dx
bat . =

o'—.mm

dv = sin xdx V =—C0S X

T

T 2 V3
I :—xcosx|05+jcosxdx =O—O+sinx|05 =1

-
Céu 18. Tinh tich phan I = [ x-+1 sin 2xdx.
0

C (u=x41 du =dx
bat ) = 1
dv = sin 2xdx V:—ECOSZX
Suyra: | _1 x+1 cos2x|" +lsin 2X
2 0 4 0

+lsin 2X
4

0

0

1 4
=—E X+1 cos2x

3
Vay | =—
ay 4




™

4
Céu 19. Tinh tich phan 1 = [x 1+sin2x dx.
0

+fxsm 2xdx_—+fxsm2xdx

N

T
4

i Z
Ta co: |=fXdX+fxsin2xdx_X7
0 0

du = dx
] = 1
dv = sin 2xdx v:—5c032x

— ™

3 ‘
fCOSZXdX:lfCOSZXdX:lSin 2x4 :1
0 2 0 4 4

’[Y

Suy ra: fxsm 2xdx_——xc052x

0

2
1
Vay I == 4=,
Ay 32 4




4.5. Ung dung cia tich phan

Cau 1. Tinh dién tich hinh phang gi6i han bdi cac duong y =+/e* +1 ,truc hoanh,
X =In3 va x = In8.

In8
Dién tich S = I Vet +1dx ; Patt=ve'+1lot’ =" +1=e* =t -1

In3

2t

Khix=1In3thit=2; Khix=1In8thit=3; Taco 2tdt = e*XdXx < dx =

dt
1

t2

Do d6 s = dt:J(2+2 jdt:
-1 T -1
t-1

1)‘2: 24 |n@ (dvdi)

= (2t+|n
t+

Cau 2. Tinh dién tich hinh phang giéi han boi do thi ham sd y = X_Jr; va cac tryc toa
X =

do.
; o SIx+1
D06 thi ham so cat truc hoanh tai (-1; 0). Do d6 S = J. —2dx
X_
-1

0 0
Tacos = IX—+1dx = j(1+i)dx

X=2 v X=2
:kx+ﬂnh—2pr‘:l+3m2¢:mn§_1

-1 3 2

3. Tinh dién tich hinh phang giéi han boi duong cong y=(x-1)Inx va duong thang
y=x-1.

+) Xét phuong trinh: (x-1)Inx =x-1 -4~ x =1 hodc x =e.
+ Dién tich can tim la:

e
S = [J(x=1)(In x - 1fdx =
1

e
[ (x=1)(Inx-1)dx
1

e 2
G x—1)d(x7—x)
1

1 1.2 e
=|-——| =X =X
‘ 2 (4 j'l

x? [ X
= ‘(? x)(Inx-1) f —Jl. (E—l)dx

2 J—
_ %‘“5 (dvd).




Cau 4. Tinh dién tich hinh phang gi6i han boi cac duong sau y = x?, truc hoanh va
hai duong thang x=0, x=2.
y = x2, truc hoanh va hai duong thang x= 0, x=2.
Trén [0; 2] tacd x> =0« x=0¢€[0;2]
Dién tich cta hinh phang da cho:
7 1. 8
S :sz‘dx ==x3 =2
0 3 0 3

Cau 5. Tinh dién tich hinh phang gi6i han boi cac duong sau y=x> , y=—-2x+3 Va
hai duong thang x =0, x=2.
bat f(x)=x*, f,(X)=-2x+3
. x=1€[0;2
Taco: f,(x)-f,(x)=0< x* —(-2x+3) =0 x* +2x-3=0< clo2]
x=-3¢[0;2]
Dién tich hinh phang d3 cho
2
S :I| x> +2x—3]| dx
0

1
= J‘(x2 +2x —3)dx

0

2
+ j(x2 +2x —3)dx

1

1 2

3 3
2 x| |+ | 2 x2—3x
3 3
0
:£—2+§+4—6—l—1+3=§+z=4
3 3 3 3 3

Cau 6. Tinh dién tich hinh phang gidi han boi cac duong sau y = x*, y = x+2

z. 2 2 X:_l
Taco: X —(x+2)=0=x"—x-2=0< 5
X =
Dién tich hinh phang
2 X x| |8 11 ] 9
S=I|x2—x—2|dx= ———-2X =‘——2_4+_+__2:_
e 3 2 P 3 2 2




Cau 7. Tinh dién tich hinh phang gigi han boi cac duong sau day:
y=:c3 — 422 + 371 va y=—2z+1.

z=1
Cho 2 — 42’ +3z—-1=-224+1< 2 -4 +52-2=0 <
Tr=
cn A oa \ 2| 5 2
* Dién tich can tim la: Szjl |a: — 4z +5x—2|da;
hay s—‘f(x?’_z;xum—z)dx—[ﬁ—@+ﬁ—2x]2 —‘_i‘—i(dvdt)
1 3 2 . 12| 12

Céau 8. Tinh dién tich hinh phang giéi han béi d6 thi (C):y =—x* +3x? —4 va duong
thang A} y = —x—1
Phuong trinh hoanh d¢ giao diém cua (C) va A la:
X +3x*—4=-x-1=x>-3x* —x+3=0
x=-1
<[ x=3
x=1
Dién tich hinh phang phai tim:

S= ﬁ(—x3 +3x° —4)—(—x—1)(dx = i‘—xs +3x* +x —3dx
e} I

= h—xe’ +3x° +x—3‘dx+ﬁ—x3 +3x° +x—3‘dx
-1 1

1

=|[(=x* +3x* +x - 3)dx

4 2
S SRR
4 2

=|-4+]4 =8 (dvdt)
Cau 9. Tinh dién tich hinh phing gi¢i han bai dd thi ham sb y = (x—1).(x% —2x) véi

+{[ (= x® +3x% +x = 3)dx

- C— O

w

1

+

4 2
X e X
4 2

—

-1

truc hoanh.
Taco
x=0
(x=1).(02 —2x) =0 | x=1
X=2

Do d6 dién tich can tim 1a




Il
R Ok O ——

(x=1).(<2 - ZX)‘dx

(X—D(XZ—ZMP Mox—1).(x2 2@bx

(x=1).(x2 = 2x)dx — ju 1).(x2 - 2x)dx

%Jl‘(x —2x)d(x2 = 2x) - J'(x2 —2x)d(x2 = 2x)
= %{(xz — 2x)? - (X2 - 2x)? 2}
:%p-m—n]
_1
=2

Cau 10. Tinh thé tich vat thé tron xoay sinh ra khi quay hinh (D) quanh truc Ox biét
(D) gi¢i han boi y=1-x*, y=0
Taco: 1-x* =0 x=+1

b
Ap dung cong thirc: V = [ £2(x)dx

h p 2x° x°
Taco: V = ﬁj 1-x?)2dx = 7zJ.(1—2x2 +x*)dx = 7{X——+—j
he e 3 5

35 3 5 3 5 15

Cau 11. Goi (H) 1a hinh phang gidi han bai dd thi (C): y =+/xsinx, cac truc Ox, Oy va

-1

duong thang x = % Tinh thé tich khéi tron xoay sinh ra khi cho (H) quay quanh Ox.

Thé tich khéi tron xoay can tinh 13

4 T T 1-cos2x . [ ¢= x
= 2dx = 4 2 =7rl4 =14 —|4
Vv ﬂ!(\/XSIﬂ x)*dx ”Io X.sin® xdx 7[.[0 X. 5 dx 2('[0 xdx jo xcostdx]

+ | xdx =

O |y

x
2,

+ szcos 2xdx . Dt ting phan u = x, dv = cos 2xdx. Ta c6 du =dx, v = %Sln 2X.




47 . z 1 ,
Tu do6, tinh duoc '[O4xc052xdx = %—Z. Do do, V= é(n2—47z+8).

CAu 12. Tinh thé tich vat thé tron xoay thu dugc khi quay hinh phing gi6i han bdi cac
duong y = tanx ; y=0 ; x=0; x = % quanh truc Ox.

Goi V 1a thé tich cua vat thé can tim;

T T
4 4 1 T .
V=r[tan“xdx =x]/( -Ddx =z(tanx-1)|F =7(1-=)
2 0
0 0 cos® x 4

Cau 13. Tinh thé tich cta vat thé tron xoay sinh ra boi hinh phang gidi han boi cac
duong y=x’+1,y =0,x =0,x =1 khi quay xung quanh truc Ox.
Phuong trinh hoanh d6 giao diém cta d6 thi y = x* +1va y=0:
X*+1=0< x=-1¢[0;1]
Goi V 14 thé tich cua vat thé can tim:

1 1 7
V =ﬁI(X3+1)2dX=ﬂI(X6+2X3+1)dX=7Z L
5 0 7 2

1
=7[£1+£+1]=§7[ (avtt)
. 7 2 14




PHAN 5. TO HQP — XAC SUAT

5.1. Bai toan dém

Cau 1. Tu cac chir s6 0; 1; 2; 3; 4; 5 o thé 1ap duogc bao nhiéu s6 tu nhién co 5 chit
s6 va s6 do chia hét cho 32

S6co5chirsbcanlapla abcde (a=0;a, b, c, d ec{0;1;2;3;4;5})

abcde ! 3 < (at+b+c+d+e)l 3

-Néu (a+b+c+d): 3 thichone=0hoace=3

- Néu (a+b+c+d)chia 3 du 1 thi chon e =2 hodce=>5

- Néu (a+b+c+d)chia 3 du 2 thi chone =1 hoace=4

Nhu vay véi mdi sd abed déu co 2 cach chon e dé duoc mot s6 co 5 chit s6 chia hét
cho 3

S6 cac s0 dang abed 1ap dugc tir tip A 1a: 5x6x6x6= 1080 s
S6 cac s6 can tim 12 2 x 1080 = 2160 s6

CAu 2. Tu céc chir s6 1,2,3,4,5,6,7,8,9 c6 thé 1ap dugc bao nhiéu sé ty nhién mdi s6
gom 6 chit s6 khac nhau va tong cac chir s6 hang chuc, hang trdm, hang ngan bang 8.
Gia su 0 can 1ap co dang aja,a5a a8,
\ a,,a,,ac €91:2:5
Theo d€ aj +a, +a;=8= 37475 { }
a3,8,,85 € {1;3;4}
TH1: aj,a,,a5 € {1;2;5} .
C6 6 cach chon a;; 5 cach chon ay; 3! Cach chon az,ay,as va 4 cach chon ag
Vay c6 6.5.31.4=720 s6
TH2: aj,a,.a; < {1,3;4} . Tuong tu c6 720 s0
Vay c6 1440 so thoa dé.

Céau 3. Cho tap A={0;1;2;3;4;5} , tir A c6 thé 1ap duoc bao nhiéu sé tu nhién gém 5
chit s0 khac nhau, trong do nhat thiét phai c6 chir s6 0 va 3.
-Goi s6 can tim 1a abcde (a * 0)
-Tim s6 cac s0 c6 5 chit s6 khac nhau ma c6 mét 0 va 3 khong xét dén vi tri a.
Xép 0 va 3 vao 5 vi tri co: A’ céach
3 vi tri con lai c6 A cach
Suyraco A’A’ sd

-Tim s6 cac s6 co 5 chir s6 khac nhau ma co mat 0 va 3 vé1a=0.
Xeép 3 c6 4 cach




3 vitri con lai c6 A} cach
Suy ra co 4.A° sb
Vay s cac sb can tim tmycbt 1a: A°A’-4.A’= 384

Cau 4. Cho tap A= {0; 1; 2; 3; 4; 5; 6}. C6 bao nhiéu sb tu nhién c6 5 chir sd khac
nhau chon trong A sao cho sd d6 chia hét cho 15.
Nhan xét: S chia hét cho 15 thi chia hét 3 va chia hét 5.
e Céc bo sd gém 580 ¢co téng chia hét cho 3 la: (0; 1; 2; 3;6),(0; 1; 2;4; 5), (0; 1; 3;
5;6), (0; 2; 3; 4, 6), (0; 3; 4,5, 6),(1; 2, 3, 4, 5), (1, 2, 4, 5, 6).
e MAdi sb chia hét cho 5 khi va chi khi s tan cung la 0 hoac 5.
+ Trong cac bd s trén ¢o 4 bd s6 co6 ding mot trong hai s6 0 hodc 5 = 4.P, =
96 sb chia hét cho 5
+ Trong cac bo s6 trén ¢6 3 bo s6 ¢6 ca 0 va 5.
Néu tan cung 13 0 thi c6 P4= 24 s6 chia hét cho 5.
Néu tan cung 1a 5 vi do sé hang chuc nghin khong thé 13 s6 0, nén c6 3.P3=18 s6
chia hét cho 5.
Trong truong hop nay co: 3(P4+3P3) = 126 s0.
Vay s0 cac sO theo yéu cau bai toan 1a: 96 + 126 = 222 s0.

Cau 5. Mot hop dung 5 vién bi trang, 3 vién bi xanh. LAy ngiu nhién 2 bi.
a) C6 bao nhiéu cach 1ay duoc 2 bi ?
b) C6 bao nhiéu cach 1y duoc 2 bi tring ?

¢) C6 bao nhiéu cach lay duge 1 bi trang, 1 bi xanh ?
a) CO C? =28 cach lay

b) C6 C2 =10 cach lay

c) C6 cici=15 cach lay

Cau 6. Mot hop dung 5 vién bi trang, 3 vién bi xanh. Lay lan lwot 2 bi.
a) Co bao nhiéu cach ldy duogc 2 bi ?

b) C6 bao nhiéu cach lay duoc 2 bi tring ?

¢) C6 bao nhiéu cach lay duoc 1 bi tring, 1 bi xanh ?
a) CO C.,C! =56 cachlay (hoac A’ =56)

b) C6 CiC!=20 cach ldy (hodc A’ =20)

¢) C6 CiC!+CiC!=30 cach lay




Céau 7. Mot hop dung 5 vién bi trrflng, 6 vién bi xanh va 7 vién bi do. Léy ngau nhién
4 bi.

a) Co bao nhiéu cach lay dugc 4 bi ?
b) Co6 bao nhi€u cach lay dugc 4 bi c6 du ca ba mau ?

a) CO C! =3060 cach lay
b) C6 CZCIC!+CIC’C!+CICIC? =1575 cach ldy

Cau 8. C6 bao nhiéu sb ty nhién chin gém 4 chit sb d6i mot khac nhau sao cho trong
moi so déu c6 mat cac chirso 8 va 9 ?
Gia str sO can 1ap 1a abed, d €{0, 2, 4, 6, 8}. Xét cac truong hop sau

e d=0.S4 cach lap abc trong d6 co cac chit s6 8 va 9 1a CL.31=42,
e d=8.Sd cach lap abc trong d6 c6 chir s6 9 1a C2.3-Cl.21=154.
o de{2,4,6} SO cach Iap abc trong d6 c6 cac chit s0 8 va 9 1a 3,(C}.31-2)=120.

Vay s6 cac s6 lap duoc 12 42+154+120 =316,

Cau 9. C6 bao nhiéu sb tu nhién gém 5 chit s6, cac chit s6 doi mot khac nhau sao cho
chit s6 dau va chit s6 cudi cua mdi sb d6 déu 1a sb chin?

+ Chir s6 dau tién 1a chir sé chén, khac 0 nén co 4 cach chon.

+ Chir s6 tan cung ciing 1a chit s6 chan, khac v6i chir s dau tién nén ciing c¢6 4 cach

chon.

+ Ba chit s6 o giita c6 s6 cach sap xép 1a A2,

Suy ra sb cac s6 thoa min yéu cau bai toan 1a 4x4x A? =5376

CAu 10. C6 bao nhiéu sb ty nhién c6 5 chir s khac nhau ma trong mdi sd ludn ludn

c6 mat hai chir so chan va ba chir so 1é.
Tur gia thiet bai toan ta thay c6 CZ =10 céach chon 2 chit s6 chan (ké cd s0 ¢6 chit s0 0

dung dau) va C3=10 cach chon 2 chit s6 16 => c¢6 C2.CZ =100 bo 5 s6 duoc chon.
M&i bd 5 s6 nhu thé c¢6 5! s6 duoc thanh 1ap => c6 tat ca C2.C2.5! = 12000 sb.
Mit khéc s6 cac s6 duoc 1ap nhu trén ma c6 chit s6 0 dimg dau 1a CL.C2.41=960.
Vay co tit ca 12000 — 960 = 11040 s thoa man bai toan.

Cau 11. C6 12 hoc sinh giéi gdm 3 hoc sinh khéi 12, 4 hoc sinh khdi 11, 5 hoc sinh

khdi 10. Hoi ¢6 bao nhiéu cach chon ra 6 hoc sinh sao cho mdi khéi c6 it nhat 1
hoc sinh.




Téng s6 cach chon 6 hoc sinh trong 12 hoc sinh la C

S6 hoc sinh dugc chon phai thudc it nhat 2 khoi

S6 cach chon chi co hoc sinh khdi 12 va khéi 11 1a: C?

S6 cach chon chi co hoc sinh khéi 11 va khoi 10 1a: C¢

S cach chon chi co hoc sinh khéi 12 va khéi 10 14:C¢

S6 cach chon thoa méan dé bai 1a:CJ, —CS —C¢ —Cf =805 (cach)

Cau 12. Tr§n cac canh AB, BC, CD, DA cua hinh yuQng ABCD lan luot chq 1,2,3
va nqdiém phan biét khac A, B, C, D. Tim n biét s0 tam gidc c6 ba dinh lay tir n +
6 diém da cho 1a 439.
Néun <2 thin+6 < 8. Do d6 sb tam giac c6 ba dinh duoc 1dy tir n + 6 diém d6
khong vugt qua CJ =56 <439 (loai). Vayn >3
Vi mdi tam giac duoc tao thanh tng vai 1 t6 hop 3 chdp n + 6 phan tir. Nhung trén
canh CD ¢6 3 dinh, trén canh DA c6 n dinh nén sb tam giac tao thanh la:
Cl _ciocl- (n+4)(n+5)(n+6) 4 (n=2)(n-1)n _ 439
6 6
< M+4)n+5)(N+6)—(n—2)(n—21)n=2540
<n?+4n-140=0
Tur do6 tim duoc n = 10.

C au 13. Trong mp c6 bao nhiéu hinh chir nhat duoc tao thanh tir 6 dwong thang song
song v&i nhau va 8 dwong thang vudng géc vei 6 duong thang song song do.

Got A 1a tap hop gbm 6 duong thang song song

B 1a tap hop gdm 8 duong thang vuong goc

MB&i hinh chit nhat duoc tao thanh gém 2 dudng thang trong tip hop A va 2 duong
thang trong tap hop B.

Nhur vy s6 hinh chit nhat dugc tao thanh 1a C2.C2 =420

Cau 14. Trong khéng gian cho n diém phan biét(ne N,n>4), trong d6 khong c6 4
diém nao dong phang. Tim n, biét rang s6 tir dién c6 dinh 13 4 trong n diém da cho
nhiéu gép 4 1an s6 tam giac c6 dinh 1a 3 trong n diém di cho.
SO tir dién c6 dinh 1a 4 trong n diém da cho l1a C?!, sO tam gidc c6 dinh la 3 trong n
diém da cho 1ac?.
Theo gia thiét, ta co

n! n!

C!=4Cl - =4———n-3=16<n=109.
A(n—4)1 3(n-3)!




5.2. Nhi thirc Newton

Cau 1. Giai phuong trinh: C!+3C2+7C%+...+(2" —1)C" =3%" — 2" — 6480
Cl+3C2+7C3+..+(2"-1C" =3*" - 2" - 6480
Xet (1+x)"=Cl +Crx+C2xX*+C3xX° +..+Cl.X"
eVoix=2taco: 3'=C’+2C!+4C?+8C%+..+2"C’ (1)
Voix =1 taco: 2"=C°+C!+C?+C’+..4+C" (2)
e Liy (1)— (2) tadugc:  Cl+3C2+7C+..+(2"-1)CM =3 2"
o PT <> 3" 2" =3" 2" 6480 < 3" —3"—6480=0 —>3"=8l<>n=4
Cau 2. Giai phuong trinh C* +2C*+C*2=C2,® (C* 1a t6 hop chap k ciia n phan tir)

X+2

2<x<5
bK:
xeN
Taco Ci+C +C +C 7 =Cl* & C, +C 1 =C2 & C), =C5°

< B-x)1=2!<x=3

-C! 2c? 3c? (-1)"nC;
+ - e
23 34 45 (n+1)(n+2)
-C! 2c? 3c? (-1)"nC;
+ - +o.
23 34 45 (n+1)(n+2)

Cau 3. Tinh tong S =

Tinh tong S =

. Ck ! 1 (n+1)! _Ci
Taco k+1_k!(k+1)(n—k)!_n+1'(k+1)![(n+1)—(k+1)]!_n+1 3)

_ k k _ k k+2
Ap dung 2 1an cong thuc (3) ta duoc: (1) KCy = (-1) KC,.7
(k+1)(k+2) (n+1)(n+2)

Cho k chay tir 1 dén n rdi cong vé cac dang thiic trén ta co
(n+1)(n+2)S=-C?,+2C,,,—3C>, +..+(-1)" nCZ

n+2 n+2 n+2 n+2

=—(C2,+Cy,)+2(C3,+Cry)-3(Cry+Chy )+ (-1)" nCr

n+l

=-CZ,+C -Cl +..+(-1)Crt

n+1 n+l n+1 n+1
_ 0 1 0 1 2 3 4 5 N+l ~n+1)
- Cn+1 - Cn+l - (Cn+l - Cn+1 + Cn+l - Cn+1 + Cn+l - Cn+1 +..t+ (_l) Cn+1 ) -

1-(n+1)-(1-2)"" =-n

VY S ey




CAu 4. Cho khai trién da thitc: (1—2x)"" = a, +8,X+ 8, X + ...+ 8y, X

Tinh tong: S =|a,|+2|a,|+3(a,|+... + 2014|a,y,|

Tacd: (xA-2%)%) = &+ 28X +38," +...+ 20148, X",

< (1-2x)*" - 4026x(1—2X)"" = a, + 2a,X +33,X* +...+ 2014a,,,, X" (*).
Nhan thiy: a,x* =|a|(-x)* do d6 thay x=-1 vao ca hai vé cua (*) ta co:
S =[ag|+ 2[a,| +3|a,| + .. + 2014]a,,,,| = 1343.32%

CAau 5. Tinh gié tri biéu thirc: A=4C2, +8C: +12CS, +...+200C.%

100

Taco:(1+X) =Cpy+ClpoX+CpX” +...+ Cloox'” 1)
(1- x)100 =Chy —CiooX+C2 x> =C2 X° +...+Ciox'® (2)
Lay (D+(2) ta duge: (14+x)" +(1—x)"" =2C5, +2C2x* +2CH x* +...+ 2Ci0x®
Lay dao ham hai vé theo an x ta
duge:100(1+x)” —100(1—x)™ = 4C2 X +8C s x* + ...+ 200CLx*
Thay x=1 vao =>A=100.2% = 4C2,+8C., +...+ 200C.%




5.3. Hé s6 khai trién nhi thirc

A . AR o k& . T S 1 "k LR
Cau 1. Tim hé so cta s6 hang chira x° trong khai trién cua: x3(—2+\/x5j , biét tong
X

cac hé sd trong khai trién trén bang 4096 ( trong d6 n 1a s6 nguyén duwong va x>0 ).
X¢ét khai trién :

n 5\N
x3(i3+x/x_5j :x3[%+x2j
X X

n n-1 5 n—k 5 k 5 n
:X{Cf(%j +C§(i3j (x2]+...+cﬁ(i3J (XZJ +...+C§(x2]]
X X X

Thay X=1 vao khai trién ta duoc:
2" :[Cr? +Cl+..+C! +...+Cn”]
Theo gia thiét ta c6:
Co4Cl4. . +C +..+C" =4096 2" — 222 oy =12

12
Véi N1=12 t3 ¢6 khai trién: X
k+1(0<k<12,keZ) I sé hang chia Xt
5k

a1 12k =\ (k214>
Tk+1:XC12 F (\/X_) :Clzx 2

Goi s hang thtr

7

Taco:

2k—21+%=6<:>k=M=6

v A , , 6 A
Vi s0 hang c6 chira X* nén : 2 9

PR 6 __
Vé6i K =6 ta c6 hé sé cn tim 1a : Crz =924

Cau 2. Tim hé s cua x* trong khai trién Niuton cta biéu thirc : P = (1+2x+3x2)"°.

10 10k ) o ]
+Tacd P=(1+2x+3x*)"° =) C(2x+3x*)* =) (D CiC, 23 x ™)
k=0

k=0 i=0
kK+i=4 . : :
o A , . =0 [i=1 [i=2
Theo gid thi¢ttacd <0<i<k<l0< v v
. k=4 |k=3 |k=2
i,keN
+Vay hé sd ciia x* 1a:  C/2'+C3Cl223+CC23? =8085.

Cau 3. Cho s6 nguyén duong n thda diéu kién C.  +C2  +..+C21=1023 . Tim hé s6
ctia x* trong khai trién (x+3)%"




2 2n 2n+l __ ~2n+l
+ C2n+1 +.o.t C2n+l + C2n+l - 2

3 — 0 1
Dat S= C2n+1 +C2n+1
A 1 3 2n-1 2n+l 0 2 2n
Ta‘ Co C2n+1 + C2n+1 +.. +C2n+l +C2n+l = C2n+l +C2nl +..+ C2n-¢—1
1 1
4 1 3 2n-1 2n+1 _ _ n+l _ ~n
Do dO C2n+l_{_CZm—l—i_"'—I—CZnJrl +C2n+l _ES _52 =2

+C3 +”.+C2n—1=2n_C2n+1:2n _1

2n+1 2n+1 2n+1

=> C;n+1
Vay CL  +C2  +..+C21=1023<=>2"-1=1023<=>n=5
15
Véin=5, tacod (X+3)3”:(X+3)15zcll§—k g5k yk
k=0

Vay hé s6 ciia x* trong khai trién (x+3)'° 12 32.C2 =945

Cau 4. Tim hé s6 cua x° trong khai trién 2—3x *", trong d6 n 13 sé nguyén duong
thoa mén: c} ., +C3 ,+C5 ., +..+C2 =4096.

2n+1 2n+1
Tacod
2n+l ~ ~o0 1 2 2 2n+1,2n+1
1+Xx - C2n+1 +C2n+lX-I-C2n+1X + ...—i—CanX

Cho x=1, tacd 2" =Cj,, +Cpy +Ciy ++Colt - (1)
Chox=-1,tacé:0=cC; ,—C; ,+Cl..,—..—Cil (2

2n+1 2n-+1

Lay (1) trir (2), ta dwgc : 22" =2 CL , +C3  +C2 , +..+C

2n+1
, & 27 =Cy + Cona + G G
Tu gia thiét ta co 2" = 4096 < 2" = 2% < 2n =12

12
Dodotacd 2-3x =Y (~1)Cy2?*(3x)*  (0<k<12,knguyén)
k=0

—hésocuax®la : -c53°2%.

2n 2 K ) .
Cau 5, (¥+L)" =ap+ax+ax”+.+8x" +..+2,x" (k,neN;0<k<2n)
Bict rang: a,-a, +2, _'"+(_1)k a, +..+a,, =4096. Tim hé s6 cia x® trong khai trién.

Ta co:
(3x+1)" =a,+ax+ax® +.+ax +.+a,x”
Thay x =-1,taco: (-2)2n=a0 —al +a2 - ... + (-1)kak +...+ a2n
Tir gid thiét suy ra: (-2)2n = 4096 =N =6
Vo1 n = 6, ta c6 khai trién:
(1+3x) =C,+ CL,.(3X) + CL,(3X)” +...+ C15(3%)"

4 .2 . 8 o8
= H¢ s0 cua x8 trong khai trién la: Cp,:3




Cau 6. Cho n 14 s6 nguyén duong thoa 4C™! < 2C? +25n-120

n+1

Tim hé sb ctia s6 hang chtra x” trong khai trién (xz —ij (x> 0)

X

(n+1)! n!
< +25n-120
(n—l)!2! 2!(n—2)!

< 2n(n+1)<(n-1)n+25n-120 < n’ -22n+120< 0 <10 < n <12
Ma n nguyén duong nénn= 11

®4CI ! <2C?+25n-120 < 4

n+l

2 n 2 11 i )
. [xz ———=| =| x¥*~—= ¢b s0 hang tong quat la:
5 [ st

k 44-5k
2

Tea=(-1) Cix® % Lo =(-1)'Cl2*x 2

k/2
X

Tke1 14 s6 hang chira x” khi 44;5k =7<k=6=T,=C>2°X

= H¢ s0 can tim la: C/2°

o2

Cau 7. Tim hé s cta s hang chira x* trong khai trién biéu thirc (xs —
X

1j,m&nm
sO ty nhién thoa man C* =13¢™.
Y  n n>3 . ~ ,
bicu ki¢n {n N Phuong trinh da cho twong duong vai
S
| |
nt_5 0t
41(n—4)! (n—2)12!
n=15(t/ m)
n=-10(1)

Vay n=15. <:>n2—5n—150:0<:{
Véin=15tacd
3 115_15 Kk [ 3)15 K 1),
(x 7 —kZ:(;Cls(X) 1=
15
— Z C1k5 (_1)k .X45_5k
k=0

Pé trong khai trién da cho c6 s6 hang chita x*° thi 455k =10=>k = 7(t/ m)
Vay hé s6 ciia x*° trong khai trién dd cho 1a CL.(-1)7 =—6435.

14
Cau 8. Tim hé so0 cua so hang chira x° trong khai trién : (x +%) :

2

14
s A K o X , Y- 2

Tim hé so cua so hang chira x° trong khai trién : (x + —j :
X




14
(x + %) (x + 2x‘2)l =D Cpx 2"
s6 hang chira x° trong khai trién ing véi k thoa man 14 -3k =5 =>k=3

Hé sd can tim 1a CJ2° = 2912

9
Cau 9. Tim s6 hang chira X° trong khai trién ctia (x —~ i) :

Ta co (x——j -S> ( j -3 o
S6 hang chira x* tuong Ung gia tri k thod man 9-3k=3< k=2
Suy ra s6 hang chtta x*bang C2x*(-2)" =144x°

Cau 10. Tim s6 hang chira x* trong khai trién nhi thic Niu-ton cua | x2 _2) voix +
g g »

0, biét rang: C.+C2=15 vbinla s6 nguyén duong.

Taco C'+C2 =15 C2, =15 10¥D _ 5
n=5 (t
e +n-30=0< (t/m)
n=-6 (loai)

5
Voéin=5va x#0 taco (x ——J Zc () (=2) 7 =D o P (=2
X k=0
S6 hang chira x* trong khai trién trén thoa man 3k — 5 =4 < k=3, suyrasd hang
chira x* trong khai trién trén 1a 40x*.
Cau 11. Tim s hang chra x° trong khai trién nhi thirc Niu - ton cta biéu thic
(\/_—gj , x>0. Trong d6 n 1a s6 ty nhién théa man A>—2C! =180.

X
-PK: ne/N,n>2

4y n=15
- Khi do: Af—ZCi=18O<:>n2—3n—180=0<:{ lZLm:lS
n=-—

15 4
- Khi n = 15 ta co: (\/_—gj =25:Cf5(—1)k 2x 2




15-3k

Ma theo bai ra ta co: 3= k=3

Do d6 s6 hang chira x° trong khai trién trén 1a: C3 (-1)’ 2°x® = -3640%°

18
Céau 12. Tim hé so cua sO hang chira x” trong khai trién nhj thirc Niuton ctia x—iz]
X

Khai trién nhj thirc Niuton ta co:

1 18 18 1 k 18 )
k 18—k k 18—3k
X__Z] — E C18'X [——2] - E C18' —1 X
X k=0 X k=0

Chon k théa man: 18-3k =12k =2

Vay hé sb ctia s6 hang chtra x? trong khai trién 1a —1°C2 =153.

Cau 13. Tim hé sb cua s6 hang khong chira x trong khai trién nhj thirc Niuton cta

1 18
[
X

Khai trién nhi thirc Niuton ta c6:

1 " . k 18—k 1 ‘ . k k 18-3k
x——z] _Sochx .[__2] —Shek —1tx

X k=0 X k=0

Chon k théa man: 18-3k=0<k=6

Vay s6 hang khong chita x trong khai trién 1a —1°C? =18564.

Cau 14. Tim hé sd cua sb hang chira x°* trong khai trién nhi thirc Niuton cua
[%wx—a] biétring C™-C'.=7n+3 (1)
Giai phuong trinh (1) tim n, ta co:

n+41 n+3!

Cn+l_cn —
n+113! n!3!

r—Cl,=7Tn+3 & =7n+3

< n+2 n+3 n+4 —n+1 n+2 n+3 =42 n+3
S n4+2 n+4 —n+l1 n4+2 =42

< 3N+6=42 < n=12

Khai trién nhj thirc Niuton ta c6:




o gl g

60 —11k

Chon k thoa man: =8 k=4

Vay hé sb ctia s6 hang chtra x° trong khai trién 1a C! = 495,

n
Cau 15. Tim s6 hang khong chira x trong khai trién nhi thirc (2.x+%) , biét rang
X
A —-Cll =4n+6
Giai phuong trinh A —C"!=4n+6; Piéukién: n>2;n e N.
Phuong  trinh  twuong  duong  voi n(n-1)— z(lr(Hl)l)u 4n+6 =
n(n—l)—wz4n+6

<n?-11n-12=0 < n= -1 (Loai) v n=12.

12
Vo6in =12 ta co nhi thirc Niuton: (Zx + ij :

Jx
k
S6 hang thir k + 1 trong khai trién 1a: Ty = CL(2x)%™ (%J ;keN,0<k<12
X

k 24-3k
o = k ~l2-k
X2 = Chaky

. keN, 0<k<12
S6 hang nay khong chira x khi { = < k=8.

12-k

Hay Tk+ 1 = Clkz (2)()

243k =0
Vay s6 hang thir 9 khdng chira x 12 To= C22* =7920

CAu 16. Tim hé so cua x® trong khai trién (x? + 2)", biét: A*-8C?+C? =49,

Piéu kiénn > 4. Taco (x* + 2) ch w2k -k

Heé s6 ciia s6 hang chtra x8 13 C*2"*
Hé s ctia s6 hang chtra x® la C/2"*
Tacd: A’—8C2+C; =49
<SnMh-2)(n—)n—-4(n—-1)n+n=49




&Sn-T2+7N-49=0<(N-7)(N2+7)=0<n=7
Nén hé s6 cta x® 1a C42° =280

Cau 17. Cho khai trién: (1+ 2x)1°(x2 + x+1)2 =a, +aX+a,X’ +...+a,x*. Hiy tim gia

tri cua a,.

Taco x° +x+l:%(2x+1)2 +% nén

1 3 9
142X (2 + X +1)% = — 1+ 2X)™ + 2 (14 2X)2 + — (1 + 2X)°
( ) ( ) 16( ) 8( ) 16( )

Trong khai trién (1+2x) h¢ sé ciia x° I 2°CJ, ; Trong khai trién (1+2x)” hé sd ciia
Xt 1 2°C8
Trong khai trién (1+2x)" hé s6 ctia x° 1a: 2°C

g 196 2°CS =41748.

Vay hé s6 a, = L 26Cf4 +=2°C) +
CAu 18. Cho khai trién (1+22)" = a, +ax +a,2” +...+a z". Tim s nguyén duong

n biét a, +8a, = 2a, +1.

Taco (1+2z) ZC’” (2z)" ZC 2'z" . Khido, suy ra a, = C*2"

Do do, ta co a, =C"a, =2C ;a, =4C°

8n(n —1)

Vay a,+8a, =2a,+1 < C) +16C' =8C? +1 < 1+16n =
. n n n 2!

+1

16n=4n(n-1)<4=n-1(n>0)<=n=>5




5.4. XA4c suat

Cau 1. Mot hop dung 9 thé duoc danh s6 1,2,3,..,9. Rat ngau nhién 3 thé va nhan 3 s6
ghi trén ba thé voi nhau. Tinh x4c suat dé tich nhan duoc 1a mot so 1€.

S6 phan tir ciia khong gian mau 1a n(Q) = C? =84
S6 cach chon 3 thé o tich 1a s6 16 1a n(A) = ¢2 = 10
=> X4c suét can tinh 13 P(A) = 10_5

84 42
Cau 2. Mot td ¢6 5 hoc sinh nam va 6 hoc sinh nit. Gi4o vién chon ngau nhién 3 hoc
sinh dé lam truc nhat . Tinh xac suat dé 3 hoc sinh dugc chon c6 ca nam va nir.
n(Q)=C} =165

S6 cach chon 3 hoc sinh ¢ ca nam va nir 1a C2.C!+CLC? =135
135 9

Do d6 xac suét dé 3 hoc sinh dugc chon ¢ ca nam va nit 1a 16511

Cau 3. Tur cac chir so 1;2;3;4;5 c6 the 1ap duoc bao nhiéu so tu nhién c6 nam chir so,
trong dé chir s6 3 ¢ mat dung ba lan, cac chir s6 con lai c6 mat khong qua mot lan.
Trong cac so tu nhién ndi trén, chon ngau nhi€n madt so, tim xac suat dé s6 dugc chon

chia hét cho 3.

Goi a,a,a,3,a, 14 s6 tw nhién can tim, a,,a,,a,,a,,a, thudc {1,2;3;4;5}

Sap chir s6 3 vao ba vi tri, co C2 =10 (cach)

Con lai hai vi tri, 4 chit s6. Chon hai chir s6 xép vao hai vi tri d6, c6 C2 =12 (cach)
Vay khong gian mﬁu, c6 10.12=120 phﬁr} tur

Goi A la bjén c0O: “s0 duoc chon chia hét cl}o 3”, ¢6 hai phuong an:

Haichirso conlaila 1 va 5, co6 Ci.21=20 so

Hai chir s6 con lai 1a 2 va 4, ¢6 C2.21=20 )

Vay bién cb A c6 40 phan tir. Xé4c sudt ctia bién ¢ A 1a: P= % :%

Cau 4.Xét cac s6 tu nhién ¢6 5 chit s6 khac nhau. Tim xac suét dé sb tu nhién c6 5
chit s6 khac nhau 14y ra tir cac sé trén thao man: Chit s dimg sau 16n hon chit sd
ding trudc.

Cac sb tu nhién c6 5 chir sb khac nhau: 8,8,8,3,85 trong d6 @; # a; voii= |
a1#0= C06 9 cach chon a;
MOoi cach chon a; ¢6 9 cach chon a;




Mcf)i cach chon ay, a, c6 8 cach chon as

Mc:)i cach chon ay, a,, az c6 7 cach chon a4

MOoi cach chon ay, ay, @z, a4 ¢6 6 cach chon as
=1Q|=9.9.8.7.6 =27216
Xét bién cd A: “ SO c6 nam chir s§ liy ra thoa man chir s6 dtmg sau 16n hon chir sd
dimg trude”. Vi chit s6 0 khong thé dimg trude bat ky s6 nao nén xét tap hop:
X={1,2;3,4;5;6;7;8,9} . Mdi bo gdbm 5 chit s khac nhau ldy ra tir X c6 mét cach sip

, . 5
xép theo thtr ty tdng dan = ‘QA‘ =C,
126 1

= P(A) = =—
27216 216

Cau 5. Mot nguoi goi dién thoai, quén hai chir s6 cudi va chi nhé rang hai chir so do6
phan bié¢t. Tinh xac suat dé nguodi do goi mot lan dang s6 can goi.

+ Hai chit s6 cubi phan biét nén goi Q 1a tap hop tat ca cac cach chon 2 sb phan biét
trong 10 chir s6 {0,1,2,3,4,5,6,7,8,9}, ta c6 dugc |Q|= Aj =90

+ Goi A 1a bién cb “Goi 1 lan dling s6 can goi”, ta co [Q,|=1. Vay xéc suat can tim

\ 1
la P(A)=—

(A=%
Cau 6. Pé cuong 6n tap cudi ndm mon Toan 16p 12 ¢d 40 cau hoi. Pé thi cudi nim
g6m 3 cau hoi trong s6 40 cau d6. Mot hoc sinh chi 6n 20 cau trong dé cuong. Gia sir
cac cau hoi trong dé cuong déu c6 kha nang dugc chon lam cau hoéi thi nhu nhau. Hay
tinh xac suat dé co it nhat 2 cau héi cua dé thi cudi nam nam trong s6 20 cau hoi ma
hoc sinh noé1 trén da on.
Khong gian mau Q ¢6 n(Q)=CZ =9880 (phan tir)
Goi A 1a bién ¢ “c6 it nhat 2 cau hoi cua dé thi ndm trong sé 20 cau da 6n”.Ta thiy
xay ra mot trong hai TH sau
THI1: Trong dé thi c6 dung 2 cau hoi trong 20 cau di 6n
TH2: Trong dé thi c6 dung 3 cau hoi trong 20 cau di 6n
Do d6 n(X)=CZ C;, +C,, =1330 (phan tur)
Vay xac sudt can tim: P(X)= n(A) _1330 7
n(Q) 9880 52

Cau 7. Giai bong chuyén VTV Cup gém 12 doi bong tham dy, trong d6 c¢6 9 doi nude
ngoai va 3 doi cua Viét Nam. Ban t6 chuc cho boc tham ngau nhién dé chia thanh 3
bang A, B, C mo1 bang 4 dgi. Tinh xéac suat dé 3 doi1 bong ciia Vi¢t Nam & ba bang
khac nhau.




Sb phﬁn tir khong gian mau 1a n(Q) = sz.C84 .C. =34.650

Goi A 1a bién cb “3 doi bong cua Vi¢t nam & ba bang khac nhau

S6 cac két qua thuan loi cua A 1a n(A) =3C3.2C3.1.C% =1080

n(A) 1080 54
n(Q 34650 173

2

Xac xuét ciia bién ¢ A 1a P(A) = =0,31

Cau 8. Gieo dong thoi ba con xuc sic.Tinh xac suat dé tong sé cham xuét hién trén
ba con la 10.

Goi Qla tap hop tat ca cac kha nang xay ra.Ta co n(Q) = 6.6.6=216

Goi A 13 bién ¢6:” tong s6 chdm xuat hién trén ba con l1a 10”.

Céc kha nang thuan lgi ciia A chinh 13 t6 hop c6 tong bang 10 1a: (1;3;6), (1;4;5),
(2;2:6), (2;3;5), (3;3;4) va cac hoan vi c6 thé ciia cac t6 hop nay.

Ta co n(A) = 6+6+3+6+3 = 24 (do (2;2;6), (3;3;4) chi c6 3 hoan vi)

Vay xéac suat P(A) = ngg 16 %

Cau 9. Mot hop c6 5 vién bi d6, 3 vién bi vang va 4 vién bi xanh. Ly ngau nhién lay
4 vién bi tir hop. Goi A 1a bién co “ trong s6 4 vién bi lay duogc c6 s6 bi do 16n hon s6
bi vang. Tinh xéc suat cua bién co A.

|Q|=C}, =495
Céc kha nang:
+4 bi 1y duoc khong c6 bi vang:4bi do; 1 bi d6 +3bi xanh;
+4 bi 1y duoc co dung 1 bi vang:gdm 2bi d6, 1 bi vang, 1 bi xanh hodc 3 bi d6 , 1 bi
vang.
|Q]=C{ +C;.C; +C..C; +C C, +CiC,;C, +C.C; =275
275 5

(A)=20c"79

Céau 10. Goi M 1a tap hop cac so tu nhién gom 9 chir so6 khac nhau. Chon ngéu nhién
mot sO tir M, tinh x4c suat dé s6 duoc chon c¢6 dung 4 chir s6 1€ va chir so6 0 diing gitra
hai chit s0 1€ (cac chit s6 lién trudc va lién sau cua chit s6 0 1a cac chir so 18).

Xét cac s6 ¢o 9 chit sd khac nhau:

- C6 9 cach chon chir s6 ¢ yi tri dau tién.

- COo A? cach chon 8 chir so ti€ép theo

Do d6 s cac s6 ¢6 9 chir s6 khac nhau 1a: 9. A*= 3265920
Xét cac s6 thoa man dé bai:




- CO C? cach chon 4 chif s6 1.

- DAu tién ta xép vi tri cho chit s6 0, do chit s6 0 khong thé dimg dau va cudi nén ¢ 7
cach xép.

- Tiép theo ta c6 A2 cach chon va xép hai chir sd 1¢ dung hai bén chit s6 0.

- Cudi cuing ta c¢6 6! cach xép 6 chir s6 con lai vao 6 vi tri con lai.

Goi A 1a bién cb di cho, khi d6 n(A) = C/.7.A2.61=302400.

302400 5

3265920 54°

Vay xac suét can tim 13 P(A) =

Cau 11. C6 20 tam thé dugc danh s6 tir 1 dén 20. Chon ngiu nhién ra 5 tdm thé. Tinh
xéac sudt dé trong 5 tAm thé dugc chon ra c6 3 tim thé mang sd 1é, 2 tAm thé mang sb
chin trong d6 chi c6 diing mot tam thé mang s6 chia hét cho 4.

S6 phan tir ctia khong gian mau 1a: n(Q)=CS, =15504.

Trong 20 tim thé, c6 10 tAm thé mang s6 1, ¢6 5 tam thé mang s6 chan va chia hét
cho 4, 5 tam thé mang s6 chan va khong chia hét cho 4.

Goi A 13 bién c6 can tinh x4c suat. Ta c6: n(A)=C3.CLCL=3000.

n(A) 3000 125

Viy, x4c suat can tinh la: P(A)= 2(C2) 15504 646"

Cau 12. T cac chit sb cua tap T ={0;1;2;3;4;5}, nguoi ta ghi ngau nhién hai sb tu
nhién c6 ba chir s6 khac nhau 1én hai tim thé. Tinh x4c suat dé hai s6 ghi trén hai tim
thé do6 co it nhat mot s6 chia hét cho 5.
+ C0 5.A2 =100 s6 ty nhién c6 3 chit s6 khac nhau
+ CO A2 +4.A =36 s6 tu nhién c6 3 chir s6 khac nhau va chia hét cho 5.
+ C6 64 s6 ty nhién c6 3 chit s khac nhau va khong chia hét cho 5.
+ n(Q) = Ciyp-Cag = 9900
+ Goi A 12 bién ¢6 : “Trong hai s6 dugc ghi trén 2 tim thé c6 it nhat 1 s6 chia hét cho
57,
. _ Al Al 1 ~1 _
Ta co: n(A)=Cls.Cl, +Cls.Cls = 3564

Vay : P(A)= n(A):%:i:O,?ﬁ
n(Q) 9900 25




Cau 13. Hai nguoi cung ban vao mot muyc tiéu. Xac suat ban trang cua ting nguoi la
0,8 va 0,9. Tim x4c suét ctia cic bién cb sao cho chi c6 mot ngudi ban trang muc
tiéu.

Goi A 12 bién ¢6 cta nguoi ban tring muc tiéu voi xac suat 13 0.8

B 14 bién ¢b ctia ngudi ban trang muc tidu voi xac suét 1 0.9

Goi C 1a bién c6 can tinh x4c suét thi C=AB+A.B

Vay xéc suét can tinh 1a P(C)=0,8.(1-0,9)+(1-0,8).0,9=0,26

Cau 14. Mot d6i ngii can bo khoa hoc gém 8 nha toan hoc nam , 5 nha vat Iy nit va 3
nha héa hoc nit. Chon ra tir d6 4 nguoi, tinh xac suat trong 4 nguoi dugc chon phai cé
ntr va c6 du ba bd moén.

Ta co :|Q=Cy; =1820
Goi A: “2nam toan,1 1y nit, 1 héa niv”
B: “l nam toan , 2 Iy nit, 1 hoa nit”
C: “l nam toan, 1 ly nir, 2 hoa nir
Thi H=EAUBUC : “C6 nir va du ba bd mon”
P(H) = CsCsCs +C4CsC; +CCCy _ 3
] 7

Cau 15. C6 6 hoc sinh nam va 4 hoc sinh nit. Nguoi ta chon ra mot cach ngau nhién 4
hoc sinh. Tim xéac suit dé trong 4 hoc sinh dugc chon ra co it nhét 2 hoc sinh ni.
S6 phan tir cia khéng gian miu la: [ =C;, =210
Goi A 13 bién c6: “4 hoc sinh dwge chon ra c6 it nhat 2 hoc sinh nir”
Khi d6 bién cd A 1a: “4 hoc sinh dugc chon ra c6 nhiéu nhét 1 hoc sinh nit”

S0 két qua thuan lgi cho bién c6 A 1a: [0, |=C} +CIC: =95

—_ o
Suyra: P A :‘ A‘ZEZE
0 210 42
Vay xac sudtcantinhla P A =1-P A —1—%:%

Cau 16. Mot ngudoi c6 10 d6i gidy khac nhau va trong lac di du lich voi va ldy ngau
nhién 4 chiéc . Tinh x4c suét dé trong 4 chiéc giay lay ra c6 it nhit mot doi.

S cach Iy 4 chiéc giay tuy y : Cj, = 4845
S6 cach chon 4 chiéc giay tir 4 d6i ( mdi chiée 14y tir mot doi Hla :
(s& cach chon 4 d6i tir 10 d6i)x( s6 cach chon 4 chiée)= C;,2*




Xéc sut can im 13 : Cgo—ffozll =872

C% 969
CAu 17. Trong ky thi hoc sinh gioéi quc gia, 16p 12A C6 2 hoc sinh dat giai mon Toan
déu 1a hoc sinh nam va 4 hoc sinh dat gidi mon Vat li trong d6 c¢6 2 hoc sinh nam va 2
hoc sinh nit. Chon ngau nhién 4 hoc sinh trong cac hoc sinh dat giai d6 di dy 18 téng
két nam hoc cta tinh. Tinh x4c suit dé 4 hoc sinh dugc chon ¢ 2 nam va 2 ni, déng
thoi con co ca hoc sinh dat giai mon Toan va hoc sinh dat gidi mon Vat 1i.

Khéng gian mau Q 1 tdp hop gdm tit ca cac cach chon ra 3 hoc sinh trong cc hoc

sinh dat giai cua ky thi hoc sinh gidi quéc gia, do d6 ta c6 n(Q) =C? =20

Ki hiéu A 14 bién ¢b ““4 hoc sinh dugc chon ¢6 2 nam va 2 nit, déng thot con co ca

hoc sinh dat gidi mon Toan va hoc sinh dat giai mon Vat li”’.

Vi chi ¢6 dang 2 hoc sinh nit dat giai déu thuéc moén Vat li, do do phai chon tiép ra 2
hoc sinh nam lai phai c6 mat & hai mén khac nhau thi chi c¢6 thé 1a 2 hoc sinh nam
dat giai mon Toan hodc 1 hoc sinh nam dat giai mon Toan va 1 hoc sinh nam dat

n(A) 1

giai mon Vatli. Vay tacd n(A)=1+C;C;=5= P(A) = /=7

Cau 18. C6 30 tdm thé dugc danh s6 tir 1 dén 30. Chon ngau nhién ra 10 tAm thé.
Tinh x4c suat dé c6 5 tdm thé mang s6 1,5 tAm thé mang s6 chén trong d6 chi c6 duy
nhat 1 tim mang s6 chia hét cho 10.
Goi A 1a bién c6 lay dugc 5 tim thé mang s6 1¢, 5 tim thé mang so chin trong dé chi

c6 1 tAm thé mang s6 chia hét cho 10.

Chon 10 tAm thé trong 30 tAm thé ¢ : C1%;p cach chon

Ta phai chon :

5 tAm thé mang s0 1é trong 15 tAm mang s6 1& c6 Cys® cach chon.

1 tAm thé chia hét cho 10 trong 3 tim thé mang sb chia hét cho 10, c6 : Cl3 cc

4 tam thé mang s6 chin nhung khong chia hét cho 10 trong 12 tim nhu vy, c6 :

C'y

C5.ChLCh 99

VAy x4c suat can tim 14 : P(A) = -
Y (A= =~ "5

Cau 19. C6 5 hop banh, mdi hop dung 8 cai banh gém 5 cai banh man va 3 banh ngot.
Lay ngau nhién tr mo1 hop ra hai banh. Tinh x4c suat bién c6 trong ndm lan lay ra do
c6 bon lan lay dugc 2 banh médn va mdt lan lay dugc 2 banh ngot.

Goi O 1a khong gian mau ctia phép thir.
Goi A 1a bién co6 “Trong nam lan lay ra c6 bon lan lay dugc 2 banh man va mot lan
lay duoc 2 banh ngot™.




=n(Q)=(C’, n(A)=5(C)‘C?
2\4 (2
5(C)Cs __9375 1 0087

= P(A) = = ~
(A) (Cé)5 1075648

Cau 20. Cho tap A={0;1,2;4;5,7;8}.Goi X la tap hop céc s6 tu nhién co 4 chit sd
phan biét 1y tir A.Tinh s6 phan tir cia X.Lay ngdu nhién mot s6 tir tap X, tinh xéc
suat dé so lay duoc la s6 chan.

+) Xét cac sd tu nhién c6 4 chit s6 phan biét 1ay tir A, gia sir cac s6 d6 co dang:

abcd,a = 0.

Chon a =0, ¢ 6 cach chon, chon céc chi sd b,c,d =a va xép thu tu co: A’ =120 céch.

=0 t;?it cé}: 6.120 = 720 sb tu nl}ién ‘nhu vay. N
Vay s0 phan tir cia X 1a: 720. SO phan tir cia khong gian mau la: n(Q) =720.
+) Goi B la bjén cd: “S6 twr nhién duoc ghQn 1a sb ch,ecm”. ,
+) Xé&t cac so tu nhién chan c6 4 chitr sO phan biét 1ay tir A, gid sir cac s6 do c6 dang:
a,a,a,3,,a =0,a, €{0;2;4;8}.
+) TH1: a, =0, c¢6 1 cach chon; chon céc chir s6 a,a,,a, %0 va xép thir tw c6 A> =120
cach chon =TH]1 ¢6: 1.120 = 120 s tu nhién nhu vay.
+) TH2: a, € {2;4;6}, c6 3 cach chon; chon a € A\{0;a,}, c6 5 cach chon; chon cac
chit s6 a,a € A\{a;a,} va xép thir tw c6 A>=20 cach chon =TH2 c6: 3.5.20 = 300 sb
tu nhiép nhu vay. , o o
=0 tat ca: 120 + 300 =420 so tu nhién nhu vay = S0 phan tir thuan lgi cho bién co
B la: n(B) = 420.

n(B) 420 7

Cau 21. Mot nhom g(k)m~ 6 hoc sinh c6 tén khac nhau, trong d6 c6 hai hoc sinh tén 1a
An va Binh. Xép ngau nhién nhém hoc sinh d6 thanh mét hang doc. Tinh xac suat
sao cho hai hoc sinh An va Binh ding canh nhau.

Moi cach Xép ngau nhién 6 hoc sinh thanh 1 hang doc 12 mot hoan vi ctia 6 phr:in to
=n(Q)=6!=720 (phan tr)

Goi A 1a bién ¢b: "An va Binh dimg canh nhau".
— n(A) =51.21=240 (phan tir)
n(A) 240 1

PA _ _&av_ 4 h;\ tv
=P =g =720~ 3 (Phant)




Cau 22. Trong dot thi hoc sinh gioi cia tinh Nam Dinh truong THPT Xuan Truong
mon Todn co 5 em dat giai trong d6 c6 4 nam va 1 nit, mén Van c6 5 em dat gidi trong
dé c6 1 nam va 4 nir, mén Héa hoc c6 5 em dat gidi trong d6 ¢6 2 nam va 3 nit, mon
Vat Ii ¢6 5 em dat gidi trong d6 c¢6 3 nam va 2 nit. Hoi c6 bao nhiéu cach chon moi
mo6n mot em hoc sinh dé di du dai hoi thi dua? Tinh x4c suat d€ c6 c4 hoc sinh nam va
nit d¢é di du dai hoi?

C6 tat ca 5.5.5.5=625 cach = n(Q) =625
Goi A 12 bién ¢b “c6 ca HS nam va nit di du dai hoi”
— A la bién c¢b “Ca bdn HS nam hodc ca 4 HS nit di duy DH”

—n(A)=4.123+1432=48 = P(K) _NA)_ 48
nQ) 625
— 48 577
Vay P(A)=1-P(A)=1-—=2'"
Wy PA) ( ) 625 625

Cau 23. Mot xi nghiép c6 50 cong nhan, trong d6 c6 30 cong nhan tay nghé loai A, 15
cong nhan tay nghé loai B, 5 cong nhan tay nghé loai C. LAy ngau nhién theo danh
sach 3 cong nhan. Tinh xac suat dé 3 ngudi duogc lay ra c6 1 ngudi tay nghé loai A, 1
nguoi tay nghé loai B, 1 nguoi tay nghé loai C.

S6 phan tir cia khong gian mau n(Q) = C$, =19600.

S6 két qua thuan lgi cho bién ¢ “trong 3 ngudi duogc 1y ra, mdi ngudi thude 1 loai”
la CL CL Gl 2250. Xéc sudt cAn tinh 13 p=-2220 _ 4

19600 392
CAu 24. C6 30 tdm thé danh so tir 1 dén 30. Chon ngau nhién ra 10 tim thé. Tim xéc
suat dé co 5 tam thé mang s 1€, 5 tdm thé mang s6 chan, trong do chi c6 dung 1 tam
thé mang so0 chia hét cho 10.

Goi Q 1a tap hop céac cach chonra 10 tAm thé tir 30 tAm thé da cho

Suy ra |Q[=C;,

Trong 30 tdm thé c¢6 15 tAm thé mang sb 1, 15 tAm thé mang sé chin trong d6 c6 3
tam thé mang s chia hét cho 10.

Goi Q, la tap hop cac cach chonra co 5 tAm thé mang s6 1¢, 5 tAm thé mang s6 chén,
trong d6 chi c6 diing 1 tim thé mang s6 chia hét cho 10

Suyra |Q,|=C;.C,.C;

_CCLCy; 99

- Ccl 67

Vay P(A)




Cau 25. Bdi van nghé ctia mot 16p ¢6 5 ban nam va 7 ban nit. Chon ngﬁu nhién 5 ban
tham gia biéu dién, tim xac suat dé trong 5 ban dugc chon c6 ¢4 nam va ni, déng thoi
s6 ban nam nhiéu hon sd ban ni.

Poi vin nghé ctia mot 16p ¢d 5 ban nam va 7 ban nir. Chon ngau nhién 5 ban tham gia
biéu dién, tim x4c suat dé trong 5 ban dugc chon ¢6 cd nam va nir, dé)ng thoi sb ban
nam nhiéu hon sd ban ni.

S cach chon 5 ban bat ki 1a: C.,=729. Pé chon duoc 5 ban théa man yéu cu bai
toan, ta c6 hai kha ning sau:

-TH1: Chon 4 ban nam va 1 ban nit, c6 C..C; =35 cach chon.

-TH2: Chon 3 ban nam va 2 ban nit, c6 C2.C? =210 cach chon.

35+210 245
729 729

Vay x4c suat can tim la: P=

Cau 26. Trong cudc thi “Rung chudng vang” c6 20 ban lot vao vong chung két, trong
do ¢ 5 ban nir va 15 ban nam. Dé sap xép vi tri choi, ban t6 chuc chia cac ban thanh 4
nhom A, B, C, D, mdi nhom c¢6 5 ban. Viéc chia nhom duoc thuc hién bang cach boc
tham ngau nhién. Tinh x4c suit dé 5 ban nir thuéc cung mdt nhom.

Chia 20 hoc sinh thanh 4 nhém nén s6 phan tir cia khong gian mau la
lQ|=c5,.c5.Cco.ce

Goi A 1a bién ¢ “ Chia 20 hoc sinh thanh 4 nhom sao cho 5 ban nir thudc cting mot
nhom”

Xét 5 ban nir thuge mot nhom c6 C.C;,.C> cach chia 15 nam vao 3 nhom con lai

Vi 5 ban nit ¢6 thé thugc nhom A,B,C hay D nén ta c6 |Q,|=4.C5.C5.CE.

Q] acicic: 1

Vay xac suat ciia bién ¢d A 1a P(A) = 0 Cheichcr w6
20"~15°~10" 5

CAu 27. Trong bd mon Toan, thay gido c6 40 cau hoi khac nhau gdm 5 cau hoéi kho,
15 cau hoi trung binh, 20 ciu hoi dé. Mot ngan hang dé thi mdi dé thi ¢6 7 cau hoi
duoc chon tir 40 cau hoi d6. Tinh xé4c suét dé chon dugc dé thi tir ngan hang dé noi
trén nhat thiét phai c6 du 3 loai cau hoi (kho, trung binh, d&) va sé cau hoi d& khong
it hon 4.

Khong gian mau cua viée tao dé thila : |Q=C], =18643560

Goi A 1a bién cb chon duogc dé thi c6 du 3 loai cdu hoi(kho, trung binh, d&) va sb cau
hoi dé khong it hon 4.

Q4| =C3.CZ.Chy +Cp .Cs.Chi +C5.CsCr = 4433175

[, _ 915
| 3848

X4c suat can tim 1a P(A) =




Cau 28. Mot doi van nghé gom c6 20 ngudi trong d6 ¢6 12 nam va 8 nit. Chon ngau
nhién 8 nguoi dé hat déng ca. Tinh xac suat dé 8 nguoi duoc chon cd ca nam va nit va
s6 nir nhiéu hon s6 nam.
+) Xét phép thir chon ngau nhién 8 nguoi tir 20 nguoi, mdi két qua ctia phép thir ing
v6i mot cach chon duoc 8 ngudi tir 20 ngudi => S6 phan tir ciia khong gian mau 1a:
n(Q) = CZO =125970.
+) Goi bién cd A: 8 nguodi dugc chon c6 cd nam va nit va s6 nit nhiéu hon s6 nam”
n(A) =C3.C3, +C§.co +Cd.Ccl, =14264
Taco L p(ay_ A _ 14264 7132
n(2) 125970 62985

Cau 29. Mot hop chira 4 vién bi tréng, 5 vién bi do va 6 vién bi xanh. L'Qiy ngau nhién
tor hop ra 4 vién bi. Tinh xac xuat dé 4 vién bi dugc chon c6 da 3 mau va so bi do
nhiéu nhat.

Taco: n(Q)=C., =1365

Goi A 1a bién ¢b “4 vién bi dugc chon ¢ du 3 mau va s bi do nhiéu nhat’

Khi d6 n(A)=C,C.C,=240

n(A) 16

Vay (A= 10) "o

Cau 30. Poi van nghé cta nha truong gdm 4 hoc sinh 16p 12A, 3 hoc sinh 16p 12B va
2 hoc sinh 16p 12C. Chon ngﬁu nhién 5 hoc sinh tir o1 van nghé dé biéu dién trong 18
bé giang nam hoc. Tinh x4c suit sao cho 16p nao ciing ¢ hoc sinh duge chon va ¢ it
nhat 2 hoc sinh 16p 12A.

Goi khong gian mau ctia phép chon ngau nhién la Q

S6 phan tir cua khong gian mau 1a: C: =126

Goi A 1a bién ¢b “Chon 5 hoc sinh tir doi van nghé sao cho c6 hoc sinh ¢ ca ba l6p va
c6 it nhét 2 hoc sinh 16p 12A”.

Chi c6 3 kha nang xay ra thuan loi cho bién c6 A 14 :

+ 2 hoc sinh 16p 12A, 1 hoc sinh 16p 12B, 2 hoc sinh 16p 12C

+ 2 hoc sinh 16p 12A, 1 hoc sinh 16p 12B, 2 hoc sinh 16p 12C

+ 3 hoc sinh 16p 12A, 1 hoc sinh 16p 12B, 1 hoc sinh 16p 12C

S6 két qua thuan lgi cho bién ¢ A 1a: C2CLC2+C2C2.CL+C2CLCL=78.




Xéc suét can tim 1a P _ 18 :E.

126 21
Cau 31. Mot ngan hang dé thi gdm 20 ciu hoi. Mdi dé thi gdbm 4 cau dugc 14y ngau
nhién tir 20 cau hoi trén. Thi sinh A d3 hoc thudc 10 ciu trong ngan hang dé thi. Tim

xéc sudt dé thi sinh A rat ngau nhién duoc 1 dé thi c6 it nhat 2 cau da thudc.

Lay ngau nhién tir ngan hang dé thi 4 cau hoi dé 1ap mot dé thi co C% = 4845 dé thi.
Thi sinh A rat ngau nhién duoc 1 dé thi c¢6 2 cau di thudc, c6 C2.C2 = 2025trudng
hop.

Thi sinh A rat ngau nhién duogc 1 dé thi ¢6 3 cau di thudc, c6 C3.CL =1200truong
hop.

Thi sinh A rat ng?tu nhién duoc 1 dé thi c6 4 cau da thudc, cd C, = 210trudng hop.
Do d6, thi sinh A rit ngau nhién duoc 1 dé thi c6 it nhat 2 céu da thudc, co
2025 +1200+ 210 = 3435trudng hop

Vay xac suat dé thi sinh A rt ngau nhién dugc 1 dé thi c6 it nhat 2 cau da thudc 1a
3435 229

4845 323"

Cau 32. Mot hop dung 4 vién bi trang, 5 vién bi d6 va 6 bi xanh. Lay ngiu nhién tir
hop do ra 4 vién bi, tinh xac suat dé 4 vién b1 dugc chon c6 di ba mau va s6 bi xanh
nhiéu nhat.

¢ s N o
+ S0 phan tu cua khong gian mau la: n(QQ) =C5; =1365

+ Goi A 12 bién cb “ 4 vién bi dugc chon c6 du ca ba mau va bi xanh nhiéu nhat”
A A 5 5 <A A \ 1 1 2

SO phan ttr ctia bién ¢6 A 1a n(A) =C,.C;.C5 =300

+ Vay xdc suat cia bién co A 1a :

Py =D _20

n(Q) 91

Cau 33. Doi du tuyén hoc sinh gioi giai toan trén mdy tinh cdm tay moén todn cua
mot truong phd thong c¢6 4 hoc sinh nam khédi 12, 2 hoc sinh nit khdi 12 va 2 hoc
sinh nam khdi 11. Bé thanh 1ap doi tuyén du thi hoc sinh gioi giai toan trén may tinh
cam tay mon toan cap tinh nha trudng can chon 5 em tir 8 em hoc sinh trén. Tinh xé4c
suat dé trong 5 em dugc chon ¢6 ca hoc sinh nam va hoc sinh nif, c6 ¢4 hoc sinh khéi
11 va hoc sinh khéi 12.




- S6 cach chon 5 em hoc sinh tir 8 hoc sinh trén 1a C¢ = 56 céach

- Pé chon 5 em thoa man bai ra, ta xét cac truong hop sau

+) 1 nam khéi 11, 1 nir khéi 12 va 3 nam khéi 12 cé: Clcic? céch
+) 1 nam khdi 11, 2 nit khéi 12 va 2 nam khéi 12 cé: cic’c? cach
+) 2 nam khdi 11, 1 nir khdi 12 va 2 nam khéi 12 ¢6: c2cic? cach
+) 2 nam khdi 11, 2 nir khdi 12 va 1 nam khéi 12 ¢6: c2c2c! cach

S& cach chon 5 em thoa mén bai ra 1a:
CiCiC+CiCiC:+ClC,c2+C2cic; = 44 cach

- Vay xéc suit can tinh 1a: 44 _1
56 14

CAu 34. Trong ki thi hoc sinh gidi cap tinh cua trudng THPT Phu Cir ¢6 10 hoc sinh
dat giai trong d6 c6 4 hoc sinh nam va 6 hoc sinh nit. Nha truong mudn chon mot
nhém 5 hoc sinh trong 10 hoc sinh trén dé tham du budi 18 tuyén dwong khen thuong
cudi hoc ky 1 nam hoc 2015 — 2016 do huyén uy Phu Cir to chirc. Tinh x4c suat dé
chon duoc mét nhom gém 5 hoc sinh ma ¢6 ca nam va nit, biét sé hoc sinh nam it hon
sb hoc sinh ni.

Khoéng gian mau n(Q) =C) =252

Goi A 1a bién ¢ 5 hoc sinh dugc chon ¢ ca nam va nit déng thoi s hoc sinh nam it
hon hoc sinh nit.

Truong hep 1: Chon 1 hoc sinh nam va 4 hoc sinh nir nén ta c6 C|.C;

Truong hop 2: Chon 2 hoc sinh nam va 3 hoc sinh nit nén ta c6 C:.C;
Suy ra n(4)=C,.C; +C;.C} =180

Viy x4c sudt can tim 1a |P (4)=

3| ot

Cau 35. Trong cum thi dé xét cong nhan tét nghiép THPT thi sinh phai thi 4 mén
trong d6 c6 3 mon bat budc 1a Toan, Van, Ngoai nglt va mot mon do thi sinh ty chon
trong s6 cadc mon: Vat 1i, Hoa hoc, Sinh hoc, Lich sir va Dia Ii. Truong A c6 30 hoc
sinh dang ki du thi, trong d6 c6 10 hoc sinh chon moén Lich str. Léy ng?m nhién 5 hoc
sinh bét ky cua truong A, tinh x4c suit dé trong 5 hoc sinh d6 c6 nhiéu nhat 2 hoc sinh




chon moén Lich str.

S6 phan tir ciia khong gian miu la: n(Q) =C%, =142506
Goi A 1a bién ¢ : “5 hoc sinh dugc chon ¢ nhiéu nhét 2 hoc sinh chon mén lich st”
S6 phén tir cia bién ¢ A 13: n(A)=C:, +CACL +C2C2 =115254

115254
142506

Cau 36. Goi A 1a tap hop tat ca cac sb tu nhién gém 4 chir s6 phan bi¢t dugc chon tur
cac chit s6 0; 1; 2; 3; 4; 5; 6. Chon ngau nhién mot sO tir tap A, tinh xac suat dé sb

chon duoc 1 s6 chia hét cho 5.

Vay xac suét can tim 1a: P(A) = 0,81

S6 phan tir ciia A 1a 6.A2 =720
S6 cach chon mot s6 ¢6 hang don vi 1a s6 0 co 1.A2 =120 cach
S6 cach chon mot s6 c6 hang don vi 1a s6 5 ¢6 1.5.A% =100 cach

Suy ra s6 cach chon mét s6 chia hét cho 5 1a 120+100 = 220 cach
220 11

Vay xé4c sut can tim bang —— ==,

720 36
Cau 37. Cho X 1a tap hop gdom 6 sb tu nhién 1é va 4 sd ty nhién chan. Chon ngau
nhién tir tap X ba s6 tu nhién. Tinh x4c suét chon dugc ba sb tu nhién c¢6 tich 1a mot sb
chan.

Phép thtr T: “Chon ngiu nhién tir tip X ba s ty nhién”.
— S6 phan tir cia khong gian mau 1a: n(Q)=C3, =120.
Goi A la bi,én c,é “Chon duoc ba s,cA’) tu nhién co tich 1a mot s,(*) chan”.
= A la bién ¢6 “Chon duoc ba so tu nhién ¢6 tich 1a mot so6 16”
Chon durgc 3 s6 tu nhién 1é c6 C3 cach.
=n(A)= CZ =20.
n(A) 20 1

Do d6: P(A) =

n(Q) 120 6

Vay P<A>=1—P<A>=1_%=§




Céu 38. Goi M 1a tap hop cac $6 0 4 chit s6 d6i mot khac nhau 1ap tr cac chir s6 1, 2,
3,4,5,6, 7. Léy ra tu tap M mot sb bat ky. Tinh xac suat dé léy duge sb co téng cac
chit s6 1a s6 1¢ 2

Goi A 1a bién ¢ "S6 chon duge 1a sd 6 4 chir sb d6i mot khac nhau va téng cac chir
sb 12 mot s 18". Sb céc sb co 4 chir sb doi mot khac nhau l1ap tr 7 chir s6 da cho la
Al =840 (s0), suy ra: || =840

Goi s6 4 chit s6 d6i mot khac nhau va téng cac chir s6 1a mot sd 1é ¢co dang abcd . Do
tong a+b+c+d 13 s6 1& nén sd chir s6 1& 1a 1é

Truong hop 1 : ¢6 1 chit s6 1&, 3 chit s6 chin : ¢6 C,C:=4Db0 50

Truong hop 2 : ¢6 3 chir s6 1é, 1 chit s6 chin : ¢c6 C2.CL =12 bo s6

T mdi bd s6 trén ta 1ap duoc P, =24 $6

Tatcd co 16.24=384 56 , suy ra: |Q,|=384.

|9, 384 48

o] 840 105

Vay P(A)

Cau 39. Goi A 1a tap hop tat ca cac so tu nhién gom céc chit s6 doi mot khac nhau
dugc 1ap tir cac chir s6 1,2, 3,4, 5. Léy ngau nhién mot ) trong A , tinh xac suat dé
lay duogc sd c6 chira chir s6 3.
+ S céc sb c6 mét, hai, ba, bon, nam chit sd phan biét lan luot la:

AALK ALK Vaytp A oo A +A+A+A+A = 32550,
+ Tuong tu, s6 cac s6 cia A khong ¢ chir s6 3 1a: AL+ A2+ AY + A =6450.

Vay s6 cac sd co chta chir s6 3 1a: 325 — 64 =261 s6

Tu d6 xac suit can tim 1a P = 261/325

Cau 40. bé kiém tra chét luong san pham tir mot cong ty sita, ngudi ta di giri dén bo
phan kiém nghi¢m 5 hdp stta cam, 4 hdp sitra dau va 3 hop stta nho. B phan kiém
nghiém chon ngiu nhién 3 hop sita dé phan tich mau. Tinh x4c suat dé 3 hop sira duoc
chon c6 ca 3 loai.
S6 phan tir cia khéng gian miu 1a: [|=CZ =220
Goi A 14 bién c6: “3 hop sira dwoe chon c6 ca 3 loai”
S6 két qua thuan loi cho bién ¢6 A 1a: [Q,| = CICIC! =60

A , A, A, \ 0
Vay xac suatcan tinh la P A :| W _ 60 _3

o 220 11’




CAu 41. Tir mot hop chtra 16 thé duge danh so tir 1 dén 16, chon ngau nhién 4 thé.
Tinh x4c suat dé 4 thé dwgc chon déu dwoc danh s chin.
S6 phan tir cia khéng gian miu 1a:|0) = C! =1820

Goi A 14 bién c6: “4 thé dwoc chon déu dwoe danh sé chin”

S6 két qua thuan loi cho bién ¢b A la: [,|=C; =70

.| 70 1

o] 1820 26

Vay xac sudt can tinh 1a P A =

CAu 42. C6 hai chiéc hop chira bi. Hop thir nhat chtra 4 vién bi d6 va 3 vién bi trang,
hop tht hai chta 2 vién bi d6 va 4 vién bi trang. Lay ngiu nhién tir mdi hop ra 1

vién bi, tinh xac suat dé hai vién bi dwoc liy ra cé ciing mau.
S6 phan tir cia khéng gian mau la: | = CIC! = 42
Goi A 1a bién cd: “hai vién bi dwoc 1y ra cé cing mau”
S6 két qua thuan loi cho bién 6 A 1a: |0,| = CIC? 4 CIC: =10

A J4 A X , . Q
Vay xac suatcantinhla P A = ] 20 10

o 42 21

CAu 43. Trong mdt 16p hoc gdm c¢6 15 hoc sinh nam va 10 hoc sinh nit. Gido vién goi
ngau nhién 4 hoc sinh lén bang giai bai tap. Tinh xac suat dé€ 4 hoc sinh dugc goi
c0 ca nam va ntr.

SO phan tir cua khong gian mau la: [0 = C}, =12650
Goi A 12 bién cd: “4 hoc sinh dwoe goi ¢6 ca nam va nir”
S6 két qua thuan loi cho bién ¢o A 1a: |0,|=CLC2 +C2CZ +CC}, =11075

A 4 /{ ;\ 14 \ Q
Vay xac suatcantinhla P A = 2 _ 11075 _ 443
0] 12650 506

Cau 44. Goi S 1a tap hop tat ca cac sb tu nhién gém ba chit s6 phan bi¢t dugc chon tur

cac chitsd 1,2, 3,4, 5,6, 7. Chon ngiu nhién 1 s6 tir S, tinh x4c suat dé sé dwoc

chon la so chan.




S6 phan tir cia khéng gian miu 12: [0|= A® = 210
Goi A 1a bién cd: “sé dwoc chon 1a s chin”
Sb két qua thuan loi cho bién cd A 1a: 2,|=3.65=90

2
Vay xac sudt can tinh 1a P A = | | -3,
] 210 7
Cau 45. Cho tap hop E={1, 2,3 4,5). Goi M 14 tap hop tat ca céc s6 tu nhién c6 it nhat
3 chit sb, cac chit sé doi mot khac nhau thudc E. Lz"ly ngiu nhién mét s0 thudc M.
Tinh xac suat dé tong cac chir so ctia so do bang 10.
S6 céac s thude M c6 3 chir s6 1a AY = 60.
S6 céc s6 thude M c6 4 chir sd 1a A* =120.
S6 céc s6 thudec M c6 5 chir sd 1a AP =120.
S6 phan tir ciia khong gian mau 1a: 2= 60120120 = 300.
Goi1 A la tap con cia M ma mdi sd thudc A co téng cac chit sb bﬁng 10.
Céc tap con cua E ¢ tong cac phan tir bang 10 gom
E, ={1,2,3,4}, E, ={2,3,5}, E, ={L.4,5}.
Tur E, 1ap duoc s6 cac s thude A 13 4!
T mdi tap E, Va E, 1ap duoc sé cac s6 thudc A 1a 3!
Suy ra s6 phan tir ciia A 13 41+ 2.31=36.

36 _ 3

Viy x4c suit can tinh 1a P =
300 25°

Cau 46. Mot to hoc sinh gém ¢4 5 hoc sinh nam va 7 hoc sinh nit. Chon ngiu nhién
2 hoc sinh di chim séc bon hoa. Tinh x4c suat dé 2 hoc sinh dwoe chon di chim
s6¢ bon hoa cé ca nam va ni.

S6 phan tir cia khong gian miu 1a: [0 =C2 =66

Goi A 1a bién cd: “2 hoc sinh dwgc chon di chim séc bon hoa ¢é ca nam va nir”

S6 két qua thuan loi cho bién 6 A 1a: |0,|=CiC} =35

[2]_35

Viy xé4c suat can tinh 1a P A =
] 66

Cau 47. Mot hop dung 3 vién bi xanh, 4 vién bi do va 5 vién bi vang. Chon ngiu
nhién 3 vién bi. Tinh xac xuit dé 3 vién bi dwec chon cé di ca ba mau.




S6 phan tir cia khdng gian miu 12: [0=CZ = 220
Goi A 14 bién c6: “3 vién bi dwgc chon c¢é dii ca ba mau”

S6 két qua thuan loi cho bién ¢ A la: [(,| = CICIC! = 60

3745

A /4 /( )\ 14 \ Q
Vay xac suatcantinhla P A = u _50_3

0 220 11
Cau 48. Mot hop dung 8 vién bi dé va 6 vién bi xanh. Chon ngiu nhién 4 vién bi tir
hop trén. Tinh x4c xuit dé 4 vién bi dwoc 1y ra cé ca bi xanh va bi dé.
S6 phan tit cia khéng gian miu la: [ = C;, =1001
Goi A 1a bién cd: “4 vién bi dwoc 14y ra cé ca bi xanh va bi d6”
S6 két qua thuan loi cho bién ¢6 A 1a: [0,| = CIC: +CZC? +CIC: =916

Vay xac sudt cin tinh 1a P A = 2] _ 916
Q| 1001




PHAN 6. HAM SO MU - LOGARITH

6.1. Phwong trinh mii

Cau 1. Giai phuong trinh 5" -6.5*+1=0.

{X:O
IS
X=-1

5% —

X

521 _6.5*+1=0 <> 5.5°* —6.5" +1=0c{

galm =

Céau 2. Giai phuong trinh 3.25? + (3x —10)5* 2 = x — 3.
+3.25"% +(3x-10)5"* = x-3
©577(35-1)+x(35%-1)-3(35*~1)=0
& (3557 —1)5*2 + x-3)=0

352 -1=0 (1)

572 +x-3=0 (2)

+ (1)<:>5X‘2:%@x:2+log%:2—log53

(2) < 5°°% = —x + 3. Vé trai 1a ham dong bién vé phai 1a ham nghich bién ma (2)
c6 nghiém x = 2 nén la nghiém duy nht.
Vay Phuong trinh c6 nghiém la: x = 2—log, 3 va x = 2.

Cau 3. Giai phuong trinh: (3+2+/2)*—2(\2-1)*-3=0
(B+2J2) —2(2-1)*-3=0

S W2+1)*-2(\2+1)*-3=0

& V2+D)¥ 32 +1)*-2=0

S W2+1)* =2

& X = Iog\@1 2

N . 222 4606
Cau 4. Giai phuong trinh: 2 = 2.4t

2 +6z— 1o 2 ¢
r=-3
T =2

S +3r—-3=2z+3< 2 +2-6=0<




Cau 5. Giai phuong trinh: 2** —17.2* " +1=0

2t 17940 110 1166' - 17.;1_'6 F1=0 4% —17.4° +16 = 0

z =0

T =2

4" =1
=

t
2 —17t+16=0<
t 4" =16

Cau 6. Giai phuong trinh: ~ 25* +3.5-10=0
25 +3.5°-10=0<=5*+3.5°-10=0

bat t=5",t>0

Phuong trinh tré thanh:

t = 2(nhan)

t =—5(loai)
t=2<5=2<x=log, 2

Vay phuong trinh da cho c6 nghiém x=1log, 2.

t2+3t—10=0<:>{

Cau 7. Giai phuong trinh 2* -2°*-2=0
X 3-x X 8 2X X
2°-2""-2=02 —?—2=0<:>2 -2.2"-8=0

batt=2"t>0
Phuong trinh tré thanh:

t =4 (nhan)

t?-2t-8=0< _
t=-2 (loai)
t=42"=4x=2

Vay phuong trinh c¢6 nghiém x = 2.

Cau 8. Giai phuong trinh sau: 9*-10.3"+9=0
9°-10.3 +9=0<3*-10.3 +9=0
batt=3", t>0.
t =1 (nhan
Phuong trinh tr¢ thanh: t*-10t+9=0< ( )
t =9 (nhan)
t=1<3=1<x=0
t=9x" =9 x=2
Vay phuong trinh ¢6 hai nghiém x =0 va x = 2.




Cau 9. Giai phuong trinh sau: 8.3* + 3.2¥= 24 + 6%

Phuong trinh da cho twong duong (3% -3)(8-2* )=0
Tur do tim duoc x=1 hoac x=3

Cau 10. Giai phuong trinh 2e* +2e™ -5=0, xeR .

2¢" +2¢ " —5=0<2e" —5¢"+2=0.
Dat t=e*,t >0 . Phuong trinh tré thanh

t=2
267 -5t+2=0& 1
t=—
2
e =2 x=1n2
& 1 &
e == x=In—
2 2

Cau 11. Giai phuong trinh sau:
5321 7.3 4+ 1-6.3* +9 =0
Pat t=3>0. (1) & s> -7t+33t-1=0

= x:logsg; x=-log,5

A ‘o \ X% —2 X+ X% —2x— 4
Cau 12. Giai phwong trinh (2++/3) 2 + (2 -+/3) 1=m
Phuong trinh < (2++/3)" 2 +(2-+3)" % =4.
+) Taco: (2++/3) 2. (2-/3)" > =(4-3)" > =1, VxeR.
dét t:(2+\/§)x2—2x S0= (2+\/§)x2—2x :% .
tré thanh: t+2- 4o at+1-0o t:2—\/§(TM)'
t t=2++/3(TM)
t=2+3,1aC0! (2+3) > =2+V3 o x*—2x=16 x*—2x-1=0 x=1-+2
x:1+J§

t=2-3,taco: 2+V3) ¥ =2+3) o x’-2x=-1< x> -2x+1=0<> x =1.
+) KL: ...

Cau 13. Giai phuong trinh 21 -3¢ =312+
Tap xac dinh R.
21 3¢ =39 22 521 (14.8) =3 (1+3)




2\t 4,
= 5 :§<:>x —1:2<:>x:J_r\/§.

Cau 14. Giai phuong trinh: 7 +2.77*-9=0.

< , \ t
bat t=7",t>0. Ta c6 phuong trinh: t+%—9=0<:>t2—9t+14=0<:{

Véit=2suyra7=2=x=1log, 2
Voit=7suyra7*=7=x=1
Vay phuong trinh da cho c6 tdp nghiém la S ={log, 2;1} .

Cau 15. Giai phuong trinh: 32 = 95
Pua vé cung co s6 3 khi 46 phwong trinh twong dwong Voi X% +2x-3=0
nghiém can tim 12 x = 1 hodc x = -3

Cau 16. Giai phuong trinh 5% —26.5*% +1=0
Giai phuong trinh 5% -26.5°% +1=0

Pit t = 5>0. Phuong trinh <=> t>-26t + 25 =0 <:>ﬁ ilzs

Xx=0
<=> ,

{x =2
Cau 17. Giai phuong trinh 2.4* +6* =9*
Phuong trinh

2Y) :
e . (2] =-1(coni)

@zﬁ +(§j -1 @z.(ﬁj {Ej -0 o2 & x=log, 2

9 9 3 3 2\ 1 3

Vay phuong trinh c¢6 nghiém x=-log, 2

3

x+1
Céau 18. Giai phuong trinh: 37727 3 =81.
X+1

Phuong trinh d3 cho twong duong véi : 37237 ¢ =81 323" =3¢
=3 o2-x=4x=-2.




x-1
Cau 19. Giai phwong trinh 4+ = 6) trén tap so thyc.

X2 +X 1 X_l 2x2+2x 1-x
4 = E =2 =2

L T3-N1T7

2x° +2X=1-X <= 2x° +3x-1=0 = 4
X_—3+J1_7

4

Cau 20. Giai phuong trinh 5.9 -2.6* =3.4* (1)

Phuong trinh da cho xac dinh véi moi xe R
Chia ca hai vé cua phuong trinh (1) cho 4* >0ta duogc :

2x X
59"-26"=34"< S(EJ —2.(§] =3
2 2

os(2] o3 ool s3] oo

Vi 58) +3>0VxeR nén phuong trinh (2) trong duong voi (gj =1<x=0.

X

Vay nghiém cua phuong trinh la: x=0

Cau 21. Giai phuong trinh 2%%° 427 = 522 3 52

TXDD=R
Phuong trinh < 2774 +1)=5""(5+3)
= 22x+3.5 — 52X+1.8

S2X=0<=x=0

Cau 22. Giai phuong trinh: (Jg +1)X +(J§ —1)X e
(5]

2

J5+1) t+}=2<:>t=1
Dét[ 2| ~U>0 {3 ¢6 phuong trinh: ¢

\/§2+1] =1 x=0

Véi t=1 :>(

Vay phuong trinh c6 nghiém x=0




Cau 23. Giai phuong trinh 0,125.4> =(%} (1)
Pua hai vé vé co b 2, ta duoc:

5\ X
127025 = [22]

5
o2 =22 @4x—9:gx @%x:g & X=6

Vay nghiém cia phuong trinh 1a x=6

Cau 24. Giai phuong trinh 9*—4.3 —45=0 (1)
bat t=3" vdi t>0, phuong trinh (1) tré thanh t* —4t—45=0 (2)
t=-5 loai

2 &
t=9

e VOit=91thi 3¥=9<x=2

Vay nghiém cua phuong trinh [a x=2

Cau 25. Giai phuong trinh 3% +183*=29 (1)
Bién doi phuong trinh (1) ta duoc

1 @3.3*+;—?:29 (2)

bat t=3" véi t>0, phuong trinh (1) tro thanh 3t*—29t+18=0 3

t=
3 &

t=

O© wliN

e VOit=91thi 3¥=9<x=2

e VGi t=2 thi 3X:24:>x:log3g
3 3 3

Vay nghiém cua phuong trinh 1a x=2;x = log, %




Cau 26. Giai phuong trinh 6.9 -13.6"+6.4* =0 (1)

_13.[g]x 16-0 (2)

2l

Chia hai vé phuong trinh (1) cho 4* ta dugc 1 < 6.

bat t= [g véi t >0, phuong trinh (1) tré thanh 6t* —13t+6=0 (3)
(=2
3 o 2
t=2=
2
o Vi t="2 thi [ﬁ] 3 ex=1
2 2 2
o Vi t=2 thi [E] —2ax=21
3 2 3
Vay nghiém cua phuong trinh 1a x=-1x=1
Cau 27. Giai phuong trinh 2°%*" 4 2°%*? = x (1)

Diéu kién: x>0
bt t=log, x & x=3" thi phuong trinh (1) tr& thanh

t
Z] :E@tzz
3 9

2.2 +1.2‘ =3 @g.Z‘ =3 <
4 4

Véit=2thi x=9 (thoa diéu kién)

Vay nghiém cua phuong trinh 1a x =9

Cau 28. Giai phuong trinh 4.5 +25.2* =100+10* (1)
Taco: 1 <45 —2°5+252"—-100=0

&5 4-2" +252°—4 =0
& 4-20 5 -25 =0

5 =25

Vay nghiém cua phuong trinh 1a x=2




Cau 29. Giai phuong trinh 32" =1 1)
Lay 16garit hai vé véi co sb 3, ta c6

1 < log, 3.2° =log,1

< log, 3" +10g,2° =0 < x+x*log,x=0

x=0
& X 14-xlog,2 =0 Sl 1 — _log, 3
log, 2

Vay nghiém cua phuong trinh 1a x=0,x=—log, 3

Cau 30. Giai phuong trinh 3* +4* =5 (1)
Chia hai vé phuong trinh (1) cho 5 5% =0,vx , ta c6

3 X 4 X
1 @[g] +[§] =1 (2 (Dang f x =C )

Xéthamsd f x =[g] +[g] trén R, ta co

X

, 3, 3 (4
f'"x =|=| In=4[=
5 5 (5

|ng<0,VXE]R — f x nghich bién trén R

Matkhac f 2 =1 = (2) co nghiém x=2 (*%)
Tir (*) va (**) ta suy ra phuong trinh (2) ¢6 nghiém duy nhat x =2
Vay nghiém cua phuong trinh (1) 1a x=2

Cau 31. Giai phuong trinh

1 X
—| =2x+1
J

Xét cachamsd f x = %] va g x =2x+1 trén R, taco

f x nghich bién trén R va g x dongbiéntrén R (%)
Matkhdc f 0 =g 0 = (1)conghiém x=0 (**)
Tur (*) va (**) ta suy ra phuong trinh (1) c6 nghiém duy nhat x=0

Vay nghiém cta phuong trinh 1a x=0

(*)




Cau 32. Giai phuong trinh 2% *° =x 1)
Diéu kién: x> —3
Khi do: 1 < log, x+3 =log, x (2)

biat t=log, x & x=2' thi phuong trinh (2) tr¢ thanh

log, 2 +3 =t<2'+3=5 @[é] +3[%] =1 (3)
e T A 2) 1) ., 4 .
Xéthamso f t :[E] +3[§] tren R, ta co
, 2) 2 1), 1 TSR *
frt = : In§+3'§ Ing<0,VteR = f t nghich bién trén R *)
Matkhdc f 1 =1 = (3)coOnghiémt=1 (**)

Tir (*) va (**) ta suy ra phuong trinh (3) c¢6 nghiém duy nhat t =1
Vay nghiém cia phuong trinh (1) la x=2

Cau 33. Giai phuong trinh sau: 5 =625
5% 625 5 5 = 5% 5 x% +3x =4
x=1

S X2 +3x—4=0 c{
X=—-4

Vay phuong trinh ¢6 nghiém x =1 va x = -4.

Cau 34. Giai phuong trinh sau; 2> =16

X6 G 2N 0ty y? 3y =4
) X=5

&S X =-3x=-10=0 <
X=-2

Vay phuong trinh ¢6 nghiém x =5 va x = -2.

Cau 35. Giai phuong trinh sau: 2**.5* =200
21 5% =200 < 2.2*.5 =200
<10" =100 x=2
Vay phuong trinh c6 nghiém x = 2.




Cau 36. Giai phuong trinh: 2310 4 g¥>4 _ 2 _16-0,
Phuong trinh twong duong;:
23x2—x—10 + 22x2—2x—8 _ 2x2+x+2 —16 — 0 P 23x2—x—l4 + 22x2—2x—12 _ 2x2+x—2 _1 — 0
PN (22x2—2x—12 _1)(2x2+x—2 +1)=0< 22x2—2x—12 1=0
2x2_2x-12 0 2 X=-2
=2 =2 2X-2x-12=0& 3
X =

Vay phuong trinh c6 2 nghi¢ém x=-2,x=3.

Cau 37. Giai phuong trinh: (\/1_0 +1)Iogax —(\/1_0 —1)Iog3X = 2—;
Dicu kién: x > 0

Ta c¢6 phuong trinhg tuong duong véi: (\/1_0 +l)|093X - (\/1_0 —1)|093x = %.3")9“

logs x log; x logs X
@(Jl_(”l} —{Jl_o_lJ =3.Datt=(\/l_o+lJ (t> 0).

3 3 3 3

t

_1+\/1_0
2

3
1 = )
Phuong trinh tré thanh: t—=== < 3t? -2t -3=0 loai
g =3 t:1_./10 (loai)

3

1+4/10
3
Viy phuong trinh d3 cho c6 nghiém duy nhit x =3.

Véit= ta giai dugc x =3




6.2. Bat phwong trinh mii

X+1
Cau 1. Giai bat phuong trinh: (%) > 2%

BPTe 2 >2 = x—1>-2x < x>1

Cau 2. Giai bat phuong trinh: 3.9 -10.3* +3<0.
Pit t =3*(t > 0). Bat phuong trinh da cho tré thanh
3t2—10t+3£0@%st33

Suy ra %ss* <3< -1<x<1.
Vay bt phuong trinh c6 tap nghiém 1a S =[-11].

z2-1

Cau 3. Giai bat phuong trinh: 22°*! < (éj ’

Bat phuong trinh tuong duong véi
-1

921+l _ (2—3 )3 22 9 on 10?1

& 2% +22 <0 < —2 <z < 0. Vay bt phuong trinh ¢6 tip nghiém |S =

(-2:0)|.

-8 X+3

Cau 4. Giai bat phuong trinh: 272 > 4%

-8 x+3 4 2x+6 _
\/EE>4><+1 e X2 5 DN 4 >2X+6
Xx—2 x+1

2(x— - —
- (x 1)(x+4)< 4<x<-1

(x—2)(x+1) 1<x<?2
Cau 5. Giai bat phuong trinh 3 <9 (1)
Tacd: 1 &3 <3

X —x<2

&S xP—x—2<0
-1l x<?2

Vay tdp nghiém cta bat phuong trinh 1a 5= —1;2




Cau 6. Giai bit phuong trinh sau: 7% 7 <49
7T <49 o 7T <72 5 6x2 43X~ 7 <25 6X% +3x—9<0
x=1
X=-3
Xét dau VT ta duoc tip nghiém ctia bat phuong trinh S = [-3; 1].

VT:O<:>6X2+3X—9:0<:>{

Cau 7. Giai bat phuong trinh: 4* —3.2* +2<0
Bat phuong trinh 4 —3.2"+2< 02 -3.2°+2<0
batt=2"t>0

Bit phuong trinh tré thanh: t? —3t+2<0 < 1l<t<2<1<2*<2 <0< x<1
Vay bat phuong trinh ¢6 nghiém S = (0; 1).

CAu 8. Gii bt phuong trinh 2/°%2* 1 x2°%2X _20.<
Piéu kién: x> 0 ; BPT < 2H0gEx | 42100:X _ 90 <

biat t =log, x. Khi d6 x=2".

BPT tro thanh 4% +2%° —20<0. Pat y=2% ;y>1.
BPT tré thinh y? +y-20<0 < -5<y <4,

Ddi chiéu diéu kién ta co: 2% <422 <2ot? <1l < -1<t<1.

Do d6 -1 < log, x Sl@%gxgz.

4

2-+3

Cau 9. Giai bat phuong trinh (2++/3)* 2 4+ (2-3) 2 <
Bpt < (2+\/§)XZ_ZX +(2—J§)XZ‘ZX <4

Pat t=(2+J§)x2‘“ (t>0)

BPTTT: t+%s4©t2—4t+1go@2—J§gtsz+J§ (tm)

2—«/§£(2+\/§)X - 32+«/§<:>—1£ X -2x<1l < x2—2x—1£0<:>1—\/§£xsl+«/§




6.3. Phwong trinh logarith

Cau 1. Giai phuong trinh: 2log, (x - 2) + log, ;(2x-1) = 0

2log,(z —2) +log, . (2z —1) =0 (*)

> 2

r—2>0
1S 7>2

» Piéu kién: &
2

» Khi do, (*) < log,(z —2)° —log,(2z — 1) = 0 < log,(z — 2)* = log,(2z — 1)
x =1 (loai)

— ¥ =2z-1)e 1’ —6r+5=0<
S-2=2z-1) &= x + + = 5 (nhan)

Cau 2. Giai phuong trinh: x+log,(9-2")=3.

X

Piéu kién: 9-2* > 0. Phuong trinh d3 cho twong duong: log,(9-2")=3-x<9-2" =2*
X 8 2X X 2X:1
<9-2 =§c>2 -92"+8=0c|

o ng (thoa didu kién)
Cau 3. Giai phuong trinh log? x+log, ,(5x) -5 =0.

GPT: log: x+log,,(5x)-5=0 (1)

bk: x>0. PT (1) < logZ x—log,(5%) -5=0 <> logZ x—log, x—6=0

log, x=3 x=125
=
log, x=-2 x=1/25
KL: Vay tap nghi¢ém PT (1) 1a T ={1/25;125}

Cau 4. Giai phuong trinh 2log, (x-1)+log ;(2x-1)=2.

X >1
log, (x—1)+log, (2x—1)=1

X >1
+ ) o X=2
2X°—-3x—-2=0

+ PT<:>{

Cau 5. Giai phuong trinh: log,(x* —2x—8) =1—log, (x+2)
2
log, (x* —2x—8) =1-log, (X +2)
2

& log, (x* —2x—8) =log, 2+log, (x+2) <& log, (x* —2x—8) =log, 2(x +2)




¢>{ X+2>0 <:>{ X+2>0 vt

X? —2Xx—8=2(x+2) X*—4x-12=0

Cau 6. Giai phuong trinh: log, 3.log, (2x—-1) =1

PT < log,(2x-1)=1 <> 2x-1=2 <:>x=g

Cau 7. Gidi phuong trinh: log, (x+1)+log, (3—x) = log, (2x+3)
X+1>0
Piéu kién 3-x>0 < -1<x<3 (¥
2x+3>0
Phuong trinh twong duong log, (x+1)+ log, (3—x) = log, (2x + 3)
< log, (x+1)(3—x) = log, (2x+3)
= (x+1)(3—-x)=2x+3

& X' +2x+3=2x+3 & —x* =0
<x =0, két hop véi dk (*) phuong trinh ¢6 1 nghiém x =0

Cau 8. Giai phuong trinh: log, (3x—1)=6+log,; (5x—2)

PK x> 2
5
PT da cho tuong duong véi log, (3x+2)(5x-2)=6 <> (3x+2)(5x—2)=64
X=2
< 15x° —4x-68=0 < 34
- 15

Két hop dk ta dugc tdp nghiém phuong trinh 1a: S = {2}

Cau 9. Giai phuong trinh: Iog\/§ Vx+2-log; (2—-x)~log,, x3 =0
3
+DK: 0<x<2 (%)
+PT < Iogs(x+2) + Iogs(2— X) — Iog3 x=0< Iog3 [(x+2)(2-X)]= Iog3 X< (2+x)(2—%x) =X

2 —1J_r\/1_7

SXE+X—-4=0=x= 5

—1+17

Két hop véi (*) ta duoc nghiém ctia phuong trinh 13 x = 5




Cau 10. Giai phuong trinh: log, (4**" +4).log, (4* +1) =3.
log, (4"** +4).log, (4" +1) =3 <> (2+l0g, (4" +1)).log, (4" +1) =3

t=1

bit t=log,(4* +1), phuong trinh tr¢ thanh: (2+t)t=3< L _ 3

®t=1=l0g,(4"+)=1<=4"+1=2<=x=0.
®t=-3=log,(4"+)=-3< 4 +1:%<:> 4 =—£: Phuong trinh v6 nghiém.

Vay phuong trinh da cho c6 nghiém: x=0.

Cau 11. Giai phuong trinh log 5 (x2 + x+1) =log, (x2 + x+3)

DK: xeR

PT<:>Iogz(x2+x+1)2=Iogz(x2+x+3) Q(X2+X+1)2—(x2+x+1)—2:o
bat: t=x2+x+1,t2%

t=—1(L)

Ta dugc phuong trinh : t? —t-2=0<
t=2(N)

= ~1+5

2
x=_1_\/g

2

Voit=2=x>+x-1=0<

va x=

~1+5 1-45
2 2

Vay : x= 1a nghiém cua phuong trinh.

Cau 12. Giai phuong trinh sau:
2logZ x —5lo0g,(9%) +3=0
bk:x>0
< 2logZ x—5(log, 9+ log, X) +3=0
Khi d6 PT <> 2log; x—5log, x-12=0
log, x=4 x=81
& | 3& y 1 (t/m)
0g, X = — ==
gs 5 iJo




Cau 13. Gidi phuong trinh  log, (z —1) +1log,(3z —4) —1 = 0.
Piéu kién xé4c dinh: z > % (*). Vi didu kién (*), ta c6

(1) & log,(z —1)(3z —4) =1 < log,(32° — Tz + 4) = log, 2

32" ~Tr+2 =0 2 =2 (do diéu kién (*)).
Vay phuong trinh da cho ¢6 nghiém duy nhat x = 2.

Cau 14. Iogg(x+5)+logg(x—2)2—Iogﬁ(x—l):logﬁ\/f. (2)
Tap xac dinh D =(1;+0)\{2}.
(2) < log, (x+5)+log, |x—2|-2log, (x—1) = log, 2

<:>&'|X2_2|=2<:>(x+5).|x—2|=2(x—1)2
(x-1)
Véi x> 2 taco: (x+5)(x—2):2(x—1)2<:>x2+3x—10:2x2—4x+2
, {x=3

S X -TX+12=0&
Xx=4

Vi 1<x<2 tac (x+5)(2-x)=2(x—1)" & x> ~3x+10 = 2x> — 4x + 2
x=1+g(t/m)

3K -x-8=0<
x=1_g/9_7(loai)

Vay phuong trinh da cho c6 ba nghi€ém x= {H g/ﬁ :3; 4}

Cau 15. Giai phuong trinh: log,(x—5) +log,(x+2) =3

Piéu kién x >5. Phuong trinh di cho twong duong véi
log,(x—5)(x+2)=3< (x-5)(x+2)=8

X =6(t/m)

x =—3(1)

Vay phuong trinh da cho c¢6 nghiém 1a x =6.

<:>x2—3x—18=0<:{

A .1 ) X+3
Ca‘u 16. Giai phuong trinh: Elogﬁ(x +2X—3)+|092E=0
bicu kién: x<-3 v x>7

x—7:0
3

Phuong trinh < log, (x? + 2x —3) —log,




(x* +2x=3).(x+3) _

<o 0
92 7

2

- (X“+2x—-3).(x+3) 1
X—7

Sx3+5x2+2x-2=0 < (X+)(x*+4x-2)=0

X=-1 Xx=-1
= =

X% +4x-2=0 X=-2-V6vx=-2+6

So vé6i diéu kién, phuong trinh c6 nghiém x =-2—-+/6.

Cau 17. Giai phuong trinh 2log, (2x)+log, (x* —2x+1)=%

Piéu kién x>0,x#1.
Véi diéu kién d6, PT d4 cho tuwong duong véi :

4 5 2x(x-1)=4
log, (2x)° (x=1)" == 2x(x-1)| =16 X=2
g8( ) ( ) 3<:>|: ( )} <:>|:2X(X—1)=—4<:>
Cau 18. (2-log, x)logQXS—Lzl
1-log, x
Giai phuong trinh (2—log, x)log, 3—L =1Q
" 1-log, x
x>0
DKXD: x#3 (*)
X#=
. . 1 4 2—log, x 4
Véi DK (*), t S @ 2-1 - =1 3% _ =1 (2
o (%), ta co ()C:)( 093X)Iog,&,9x 1-log, x <:>2+Iog3x 1-log, x 1 @)

t=#1

Dat: t=log, x( DK: {t ) 2(*"‘)). Khi do6 phuong trinh (2) tré thanh:

t=1 1
2t 4 t=-1 X ==
— =& JtE 2 & = 3
2+t 1-t ) t=4

t? —3t-4=0 x=81

So sanh diéu kién duoc 2 nghiém x :%; x =81




Cau 19. Giai phuong trinh: log, (x-1)+3log, (3x—2)+2=0
8
Piéu kién: x>1

Khi d6 phuong trinh da cho twong duong vdi phuong trinh
log, (x—1)—log, (3x—2)+2=0 < log, (4x—4)=log, (3x - 2)

S AX—4=3X-2X=2

Két hop véi diéu kién phuong trinh c6 nghiém x=2.

Cau 20. Giai phuong trinh: log, (s* — ) +log, (¢ +4) = 1.

3

D"A Kie z>1
1€U Kicn:
j 4 <x<0

log, (x2 — x) — log, (£B + 4) =1 < log, (:v2 - x) = log, (x + 4) +log, 3
< log, (xQ —a:) = log, [3(3: +4)} oS-z = 3(x + 4)

= -2
6 (thod man)

) z
S -4rx-12=0<

Vay phuong trinh c6 hai nghi€ém |z = -2;z2 = 6|.

Cau 21. Giai phuong trinh: log, (x> +3x) + log, (2x+2)=0; (xeR)

3

Dk: x>0 (*)
Vi Dk(*) ta co: (1) < log,(x* +3x) = log,(2x +2)

X=1(t/ m)

. VaynghiémcuaPTlax=1
x =—2(loai)

<:>x2+x—2:0<:{

Cau 22. Giai phuong trinh: log? x +4log, 4x =7.
DPk: x>0, log® x+4log, 4x -7 =0« log® x+2log,x-3=0
X=2
|092X:1 L. e Y v A . R . N 1
1. Doi chiéu dicu kién ta dugc nghiém cia PT 1a x=2va x = 5

=
log, x =-3 X 3

Cau 23. Giai phuong trinh: log; X +/log: x+1-5=0




Diéu kién: x > 0.
bat t = /logi x+1,t >1.

t=2
Phuong trinh tré thanh t? + t—-6=0 < {

t =-3(loai)

log, x = —«/§ x=3"?

Vay phuong trinh ¢6 hai nghiém x=3"va x=3"

y . log, X =+/3 x=3"
Voit=2thi (Jlogix+1=2 < Iog32x_3<:{ 3 @{ . (tmdk).

Cau 24. Giai phuong trinh: (2—log, x)log, 3— — =1
1-log, x
Dicu kién x>0,x#3,x#1/9
B 4 :1©2—Iog3x_ 4 _
log,9x 1-log, x 2+log,x 1-log, X

Phuong trinh < (2-log, x)

Cau 25. Giai phuong trinh log, x—1 —2log, 3x—2 +2=0 (1)

Xx>1

x—1>0
& 2 x>1 (%)
3x—2>0 X>§

Diéu kién: {
Khido: 1 < log, x—1 —log, 3x—2 =-2

x—1 _ x—1 _
3X—2 3x—2

< log =
2 4
S 4x—4=3x-2=x=2 [thoa (*)]

Vay nghi¢m cua phuong trinh 1a x =2

Cau 26. Giai phuong trinh log, x + log, x + log, x = log,, X (1)
Di’éu kién: x>0
Ap dung cong thtrc log, c=log,b-log,c, (0<a,b,c;a=Lb=1), taco
1 < log, x+log,2-log, x+log, 2-10g, X =109, 2-l0g, X
< log, x(log, 2+log, 2+1-1log,; 2) =0 (*)
Do log,2+logs2+1-log, 2>0 nén (*) < log,x=0<x=1
Vay nghiém cua phuong trinh 14 x=1




Cau 27. Gidi phuong trinh: log, (x —1)* + log Gx-1)=2

x—1=0 |**1
biéu kién: & 1
2Xx—1>0 X>—

Khi do: 1 & 2log,|x—1+2log, 2x—1 =2
& log,[x—1|+log, 2x—1 =1
& log,[[x—1 2x—1]=1
& |x—1] 2x—1 =3 (2)

e Vi %<x<1 thi

nghi¢m

e VG4i x>1 thi

Vay nghiém cua phuong trinh 1a x==;x=

NG
N |-

2 & x—1 2x—1 =32 -3x—2=0e|""

1)

X=2
[thoa (*)]
Vay nghiém cua phuong trinh 1a x=2
Cau 28. Giai phuong trinh  log x+3log, 2x —1=0 (1)
Piéu kién: x>0
Khido: 1 < log;x+3log,x+2=0
bat t=log, x , phuong trinh (1) trd thanh t*+3t+2=0 (3)
t=-1
3 &
t=-2
e Vi t——1 thi log,x=—1< x:% [thoa (*)]
e Véi t=-2 thi Iogzx:—Z@x:% [thoa (*)]

2 & 1-x 2x—1 =34 2x*43x+4=0 : phuong trinh vo

loai




2

Cau 29. Giai phuong trinh + — 1
P 8 5—logx 1+logx (1)
x>0
Diéu kién: {logx=5  (*)
logx=—1
Pbat t=logx t=51t=-1,phuong trinh (1) trd thanh %Jr%:l (3)
) t=2
3 &1l+t+25—-t =5-t 1+t ©t°-5t4+6=0« ‘_3
e V&i t=2 thi logx=2 < x=100 [thoa (*)]
e V&i t=3 thi logx =3« x=1000 [thoa (*)]
Vay nghiém cua phuong trinh 1a x =100; x =1000
A \ 52"—-8
Cau 30. Giai phuong trinh  log, > =3-X 1)
Piéu kién 52 —8>0 (*)
Taco: 1 02" 78 _ o
2" 42
& 20 52°—-8 =8 2" 42
& 527 -16.2—~16=0 (2)

bat t=2" vdi t>0, phuong trinh (2) tré thanh 5t —16t—-16=0 (3)

t=4

e VGit=4thi =4 x=2 [thoa (*)]

Vay nghi¢m cua phuong trinh 1a x =2

Cau 31. Giai phuong trinh sau  log, x + log, x +log, x =11

log, x+1log, x+logy x=11 (1)
Diéu kién: x > 0.
(1) < log, x+1log,, x+log, x =11




= Iogzx+%logzx+%logzx=1l

@%Iogzx:ll

< log, X =6 <> x = 2° =64 (nhan)
Vay phuong trinh c6 nghiém X = 64.

Cau 32. Giai phuong trinh sau m%x+kg%x:mgmj%

1
logs X +10g,5 X = Iogo,z ﬁ (1)
Piéu kién: x > 0.

(1) < log; x+log,, x=1log,, (\/§)_l < log, x+%|og5 X = log; J3

<:>§I095x=logS\/§ =N Iog5x=§IogS\/§

2

< log, x = IogS(\/g)g < log, x =log, i3
o x=33

Vay phuong trinh ¢6 nghiém x =3/3.

Cau 33. Giai phuong trinh sau  log3 x—log, Xx—6=0

logs x—log, x—-6=0 (3)
Piéu kién: x > 0.

t=
Dat=m%x.Pro)u&mmmt%4—6:0c{

t =3 < log, x =3 < x=2° =8 (thoéa min)
t=2<log, x=2 < x=2°=4(tha man)

Vay phuong trinh c6 nghiém x =4 va x = 8.

Cau 34. Giai phuong trinh sau 4log; x +log ; x =2

4log; x+log ; x=2 (1)

biéu kién x > 0.




(1) < 4log; x+log , Xx=2<> 4log; x+2log, x—2=0 (1)
22

t=-1
bit t =log, x. PT (1°) tr6 thanh 4t* +2t-2=0 <

1
2
4 1
t=-l<log,x=-1<x=2 =E(t/m)
1 1 2
t:§<:>logzx=§<:>x=2 =2 (t/m)
Vay phuong trinh c6 nghiém x:% va x=+/2
Cau 35. Giai phuong trinh sau ~ 3logZ x=10log, x -3

3log% x=10log, x-3 (5)
Diéu kién x > 0

biat t =log, x ta dugc 3t° =10t -3 < 3t° -10t+3=0 <

Wik, W

t=3< log, Xx=3< x=3°=27 (nhan)
1

t=%<:>|ogsx=%<:>x:33=3/§

Vay phuong trinh c¢6 hai nghiém x =27 va x=%/3.

Cau 36. Giai phuong trinh sau In(x* —6x+7) = In(x—3)
In(x* —6x+7) =In(x-3) (1)

2
Pidu kien 1 X ~&**+7>0
X—3>0

5 5 X =2 (loai)
Dex -6x+7=x-3=x -7x+10=0<=
x =5 (nhan)
Vay phuong trinh c¢6 nghiém x = 5.
Cau 37. Giai phuong trinh:
Iog4(x+1)2 +2= Iogﬁ\/4—x+logs(4+x)3 (1)




Diéu kién: % <x#1

< 2log,|x—1+2log,(2x-1) =2 < log,|x—1 +log,(2x-1) =1

l<x<1
2

< log,|[x—1|(2x-1)=log,3 < |x-1(2x-1)=3 < 2X* =3x+4=0(VN) = x =2

x>1
2x?2 —3x-2=0

Cau 38. Giai phuong trinh:
Iog4(x+1)2 +2= Iogﬁ\/4—x+logs(4+x)3 (1)
X+1#0

A1 -4 <x<4
biéu kién: {4-x>0<

X#=-1
44+x>0

(1)<:>Iog2|x+1|+2:Iogz(4—x)+logz(4+x)<:>Iogz|x+1|+2=log2(16—x2)
& log, 4|x+1|=log, (16 - x* ) < 4|x+1| =16 - x*

+Véi —1< x < 4 ta c6 phuong trinh x> +4x-12=0(2);

Qe

| x=—6(loai)

+ Véi —4 < x < -1 ta c6 phuong trinh x*> —4x—-20=0 (3);
_x=2—«/ﬂ
_X:2+«/ﬂ(loai)

Vay phuong trinh da cho c¢6 hai nghiém la X = 2hodc X = 2(1— J6 ) :

(3)=

Cau 39. Giai phuong trinh:  log, x? —14log,,, x* +40.log,, ~/x =0
2

log, x* —14log,,, x* +40.log,, /x =0 (1)

2
bk: x>0, x=1/4, x#1/16,x =2 (*)
Khi do, phuong trinh twong duong véi 2.log, x—42.log,,, x+20.log, x=0 (2)
2
Nhan thdy x =1 lu6n 14 nghiém cua PT.
2 42 20

- + =0
|09x; log,16x log, 4x

V6i0<x#1,PT(2) =




42 20
- + =0
1-t 1+4t 1+2t
(3) ©2t?+ 3t-2=0 <t=1/2 hodc t = -2(tmdk)

bit t =logy2 phuong trinh trén tr¢ thanh

(3)

. N 1
*Voit=-2thilog2=-2 = x=+—
gX \/E

*Véit=1/2thilog2 = 1/12 <x =4,

Két hop dk ta dugce nghiém cua phuong trinh [a x = 4, x = %
2
Cau 40 Gidi phuong trinh log, —~ X1 _ 2 3y 2
2X° —2X+3

Pt u=x*+x+1 v=2x*-2x+3 (u>0, v>0) suy ra v—u=x*—3x+2.

PT da cho tré thanh Iogs% =v-u<log,u —log,v=v—-u<log,u+u=Ilog,v+v (1).
Xét ham dac trung: f(t)=log,t+t,t>0.

Taco f(t)= ﬁ+l> 0,vt >0 nén ham sd dong bién khi t > 0.

Tu (1) ta ¢6 f(u) = f(v), suy ra u = v hay v-u=0, tirc 1a x?-3x+2=0.

Phuong trinh c6 nghiém x=1, x=2.




6.4. Bat phwong trinh logarith

Cau 1. Giai bat phuong trinh: log, , x +log, ,(x +1) < log, ,(x +2).
Diéu kién: x > 0 (*).

log,, x +log, ,(x +1) <log,,(x +2) & log, ,(x" +x) < log,,(x +2)
<:>x2+x>x+2<:>x>\/§(v‘|x>0).

Vay bat phuong trinh ¢6 nghiém x > \/5 :

Cau 2. Giai bat phuong trinh : log 1 [Iogz(z — xz)] >0 (xeR).
2

Piéu kién: log,(2-x*)>0=2-x2>1e -1<x<1
-1<x<1 -1<x<1 -1<x<1
= =
2-x*<2
Vay tap nghi¢m bpt 1a S =(-10) U (0;1)

Khi d6 (2) < Iogz(2—x2)<1c>{

x> >0 X #0

Cau 3. Gidi bat phuong trinh: 2log,(x—1)+log 5(2x—1) <2
bK:x>1 , 2log,(x 1) +log z(2x-1) <2 < log,[(x-1)(2x-1)] <1

& 2x2-3x-2<0 © —%gxgz => tap nghiém S = (1,2]

CAu 4. Giai bat phuong trinh: log, (4x+1)—log, (7—2x) <1+log, (3x+2)
5

+ Didu kién: - X <x<L
4 2
+ BPT < log, (4x+1)+log; (3x+2)<1+log, (7 -2x)
< log, (4x+1)(3x+2) < log, 5(7—2x)
< (4x+1)(3x+2)<5(7-2x)
& 12x* +21x-33<0

33
o -—-—<x<1
12

. pe a1 1
Giao véi diéu kién, ta duoc: —2< x<1

Vay: nghiém cua BPT da cho la —% <x<1




Cau 5. Giai bat phuong trinh sau:
1+log, x +log, (x +2)>log ; (6 —x)

DK: 0<x<6. BPT <:>Iogz(2x2+4x)>logz(6—x)z.

Hay: BPT < 2x2 +4x>(6-x)" < x?+16x—-36>0
Vay: x<-18 hay 2<x

So sanh vo1 diéu kién.

KL: Nghi¢ém BPT 4 2<x<6.

CAu 6. Giai bt phuong trinh log, (2x—1)—log, (x—2)<1.
2

- DK: x>2
- Khi d6 bat phuong trinh ¢ dang: log, (2x-1)+log, (x—-2)<1

& log, [ (2x-1)(x-2) <1

< 2xP-5x<0< xe 0;2}

- Két hop diéu kién ta c6: xe (2;%}
Cau 7. Giai bat phuong trinh sau: log, [Iog2 (x— 2)] <3log,, 4.log, 5

log, [ log, (x—2) ] <3log,;4.log,5 <> log,[log, (x-2)]<log,3
log, (x—2)<3

=
log, (x—3)>0
Cau 8. Giai bat phuong trinh sau : log, (x> —1) > log 1 (x=1).

2

= 4<x<10

bK: x >1. BPT
log, (x* -1) > log, (x-1) < log, (x* —1) +log,(x-1) >0

2

o (X -Dx-D21le X¥-xP-x+121e x(X*-x-1)>0

& X2

1+2‘/§ (do x >1).

Vay tap nghi¢m ctia BPT la S{HZ\/% ; +ooJ :




Cau 9. Giai bat phuong trinh log? x > log, §+ 4

Giai bat phuong trinh log2 x > log, §+ 4 (1)

Diéu kién cua bat phuong trinh (1) la: x>0 (*)

Véi diéu kién (¥),

(1) < log; x> log, x—log, 4+4 < logZ x—log, x—2>0 < (log, x—2)(log, X +1) > 0

log, x>2 x=4
log, x<-1 0<x£%

Két hop véi diéu kién (¥), ta co tap nghiém ciia bat phuong trinh (1) 1a
S= [0; l} U[4;+0)
2
A . o 4 \ 4 2 X3 32 2
Cau 10. Giai bat phuong trinh log; x —log} = +9log,| — |<4log; X
2 A 2
Diéu kién x > 0.

Bét phuong trinh < log;(x) - | log, x* - log, 8}2 +9] log, 32— log, X’ | < 4log}(x)
< log;(x) —[3log, x—3]2 +9[5-2log, x] < 4log;(x)
Pit t = logy(x), bat phuong trinh trén twong duong véi

-3<t<-2 -3<log, x<-2 l<x<%

- 13+ 36 < 0= 4<t?’ <9 =3
2<t<3 2<log,x<3

4<x<8
A 1A \ , . 11
Vay bat phuong trinh c6 nghiém 32 U(4,8).
A cpo . K \ X2+X
Cau 11. Giai bat phuong trinh: log,, log6—4 <0 (1)
’ X +
x2+x>0 x2+x>0 A
« A .« A — _2
biéu ki¢n: | x+4 o x+d <:>X2+X>1<:>X2_4>0<:> Sxs (*)
x? 4+ x XX +x x+4 X + x > 2
log, > >1
x+4 x+4
Khi d6:
(1) & log, | 1o XHX) e 1ol T 551 ol Xt s lop 6o XX 56
Boz 8o x+4 Sos 8o x+4 8o x+4 86 x+4
x* —b5x —24 —4<x<-3
— >0

x+4 x> 8




So v6i diéu kién ta dugc nghiém cuia bpt(1) 1a N

-4 <x<-3
> 8

Cau 12. Giai bat phuong trinh log, (4x? —4x+1)—2x > 2—(x+2)log, [% —~ xj
2

1—x>O
2 =
4x* —4x+1>0

(2x-1)2>0

1 =
X< = X<

2 =

1

S X< =

2
X#—
2

(*)

Véi diéu kién (*) bat phuong trinh trong duong véi:
2log, (1-2x) —2x > 2+ (x+ 2)[log, (1 - 2x) 1] < x[log, (1—2x) +1] <0

{
{

x>0
log,(1-2x)+1<0
x<0
log,(1-2x)+1>0

|l

{

x>0
log, 2(1-2x) <0
x<0
log,2(1-2x)>0

x>0
21-2x)<1 |x>1
=

x<0 x <0
2(1-2x)>1

Két hop véi diéu kién (¥) ta co: % <X< % hodc x <0.

Cau 13. Giai bat phuong trinh: log,(x —1) <log, (x +3)+5.

Piéu kién: x >1.
BPT < log,(x—1)+log,(x+3) <5 < log,(x* +2x —3) <5
S x*+2x-35<0<-7<x<5
Keét hop diéu kién ta dugc: 1< x <5 la nghiém cua bat phuong trinh.
Vay nghiém cua bat phuong trinh da cho la: 1<x <5.

Cau 14. Giai bat phuong trinh:
log,*(x+1) —log, (x* +2x+1)—-3>0

log,” (x+1)—log, (x* +2x+1) —3>0 <> log,*(x+1)—2log,(x+1) -3 >0
Dit t = logy(x+1) ta dugc : 2 — 2t —3 >0 <=>t < -1 hodc t > 3.

log,(x+1) <-1

Vay: {Iogz(x +1)>3

0<x<1
2

X+1>8

—1<x<—1
= 2
X>7




Cau 15. Giai bat phuong trinh 2log, (4x - 3) +log, (2x+3) <2 (1)

3

3
4x-3>0 X>—

9% +3>0 3
X

3 (%
<X > —
>3

biéu kién: {

Khi do:
(1) < log, (4x — 3)* <2 +log, (2x + 3)
< log, (4x — 3)" < log, [9(2x + 3)]
o (4x-3) <9(2x + 3)
< 16x° —42x —18 <0

C>—§SXS3
8

So véi didu kién ta dugc nghiém cia bpt(1) 1a % <x<3

2
X —3X+2>

Cau 16. Giai bat phuong trinh log, ———"=>0 (1)
2 X
\ 2 _ O0<xx<l1
Pidu kién: X X2 @{ (*)
X X > 2
Khi do:
2 2
(1)<:>loglﬂ210gll @M31
- X - X
2 2
x> —4x +2 x <0
& — <0 P
x 22 <x<2++2

2-<x<1

So v6i diéu kién ta duoc nghiém cua bpt(1) 1a
. oc nghig pt(1) !2<X<2+ﬁ

Cau 17. Giai bat phuong trinh log? x +log, x—2<0 (1)
Diéu kién: x>0

Pit t=log, x , bat phuong trinh (1) tro thanh £ +t—2<0 < -2<t<1

Suy ra: —2§Iogzx§1@%§x§2

Vay tap nghiém cta bat phuong trinh 13 S = H ; 21




CAu 18. Giai bat phuong trinh sau: log, (4x —3) <2
log,(4x—-3) <2

Diéu kién 4x—3>0<:>x>%
log,(4x-3) <2< 4x-3<3F < 4x<12 < x<3

Két hop diéu kién, bat phuong trinh c6 nghiém S = (%;3)

Cau 19. Gidi bat phuong trinh sau: log, s (x* —5x+6) > ~1
log, s (x* —5x+6) > -1
X<2

Diéukiénx2—5x+6>0<:{
X>3

log, s (x> ~5x+6) > ~1 > x* ~5x+6 <(0,5) " <> x> ~5x+4<0 1< x<4

Két hop diéu kién bat phuong trinh c6 nghiém S =[1,2)U(3;4]

Cau 20. Giai bat phuong trinh sau: log, (2x+4) <log, (X* —x—6)

3 S

log, (2x +4) <log, (X* — x—6)

3 3
X> -2
s .. 2x+4>0
bicu kién: | , S xX<-2x>3
X*=Xx-6>0
X>3

log, (2x+4) <log, (X* —x—6) <> 2x+4>x* —x—6
3 3

< x2-3x-10<0< —2<x<5

Két hop véi dicu kién, bat phuong trinh c6 nghiém S =(3;5]

Cau 21. Giai bat phuong trinh sau: log(7x+1) >1og(10x* —11x +1)

log(7x+1) >10g(10x* —11x +1)




Ay A 7x+1>0 —
biéu kién: , = 1 < XE(—l;i)u(lﬁoo)
10x° -11x+1>0 7 10

log(7x+1) >1og(10x* —11x +1) & 7x+1>10x* —11x +1

<:>10x2—18x30<:>0£x£§

Két hop diéu kién, bat phuong trinh c6 nghiém S = {0; %j U (1;9}

Cau 22. Giai bat phuong trinh:

log, Vx* —5X+6 +log, v/x — 2 >%Iogl(x+3)

3 3
Diéu kién: x >3
Bat phuong trinh da cho tuong duong:

%Iog\?(x2 —5x+6)+%log3_1(x—2) >%Iog3_1(x+3)

1 1 1
<::>Elogg(x2 —5x+6)—EIog3(x—2) >—Elog3(x+3)
& log, [ (x—2)(x—3)|>log, (x—2)—log, (x+3)

X—2 X—2
& log, [ (x-2)(x-3)]> Iog{mj < (x=2)(x=3)>—=

X+3
X < —/10

x >+/10

Giao vé6i diéu kién, ta duge nghi¢m cua phuong trinh da cho 1a x > J10.

<:>x2—9>1<:{

Cau 23. Giai bat phuong trinh:

IogE log, (M + x) > log, Iog1 (M — x)

3 5

Pk: x>0




(1) < log, log, (\/x2 +1- x)+ log, Iogs(\/x2 +1+ x) <0
5
=N Iog{logl(\/x2 Jrl—x).logs(\/x2 +1+ x)j <0
5
= Iogé(\/x2 +1+ x) <1

<:>0<Iogs(\/x2+1+x)<l
*)O<Iogs(\/x2+l+x)c> x>0

*) Iogs(\/x2 +1+x)<1<:> X +1+X<5o VX +1<5-x ..o x<%
A , . 12

Vay BPT c¢6 nghiém x e (O;Ej

Cau 24. Giai bat phuong trinh  x(3log, x—2) > 9log, x — 2

Diéu kién: x > 0 Bat phuong trinh <> 3(x—3)log, X > 2(x —1)

Nhan thay x=3 khong 13 nghiém cua bat phuong trinh.

TH1 Néu x >3 BPT <:>§Iogzx>x—;
X

nghich

OO‘H

Xét ham so: f () :glog2 x  dong bién trén khodng (0;+0)  g(x)=

f(x)>f(4)=3

bién trén khoang (3;+00) *V6i x>4:Ta co
9(x)<g(4) =3

}:> Bpt ¢6 nghiém x>4 *

f(x)< f(4)=3
g(x)>g(4)=3

TH 2:Néu 0< x<3 BPT <:>—Iogzx<x—:1% f(x)== Iogzx ddng bién trén (0;+00) ;
X

Véi x<4:Taco } = Bpt v0 nghiém

. f f0)=0
nghich bién trén (0;3) *Véi x>1:Taco ()> 1M } — Bptvo
9(x)<g@®)=0

9= 2=

00 ‘

nghiém
f(x)<f@®=0

e Voi x<1:Tacd
g(x)>g@)=0

}:> Bpt c6 nghiém 0<x <1

X>4

e Vay Bpt c6 ngh {0< ‘<1




PHAN 7. TOA PQ MAT PHANG

7.1. Toa dd dinh cta tam giac

Cau 1. Trong mat phang véi hé toa do Oxy, cho tam gidc ABC vudng tai A(3;2) ¢0
tam dudng tron ngoai tiép 1a 1(2;-1) va diém B nam trén duong thang d c6 phuong
trinh:x -y -7=0. Tim toa d6 dinh B, C.

Tim toa do dinh B, C.
Ta co: 1A =(1:3) = IA =+/10.

Gia st B(b,b—7)ed = IB=(b—2,b—6) = IB=+/2b’ —16b + 40

I 14 tim dudng tron ngoai tiép tam gidc ABC = 1A =B < IA? = IB?
b=5 = B(5,-2)
b=3 = B(3,-4)
Do tam gidc ABC vudng tai A= 1(2;-1) 1a trung diém cua BC.

= Véi B(5;,-2) = C(-10).

= Véi B(3;-4) = C(L:2).

Vay toa do dinh B, C la: B(5;-2),C(-10) va B(3;-4),C(L2).

<310:2bk4ﬁb+40¢>b2—&yﬂ5:0¢>{

Céu 2. Cho tam giac ABC. bBuong phan giac trong cua goc B co phuong trinh
d :x+y—-2=0, duong trung tuyén ké tr B c6 phuong trinh d,:4x+5y—-9=0.

Puong thang chtra canh AB di qua diém M (2;%) , ban kinh dudng tron ngoai tiép tam

giac ABC 1a R =% . Tim toa d6 dinh A .

di

. -2=0 =1
Toa do B 1a nghiém cua hé X+ = X
4x+5y-9=0 y=1

Goi M’ 1a diém ddi xtng véi M qua d,, M '(g;O).

Do AB di qua B va M nén co pt: x+2y-3=0.BCdiquaM vaBnéncopt:2x+y—3

21+1.2] 4 . 3
=—:>SIna=g.

J55 5

=0. Goi « 1a goc gitra 2 duong thang AB va BC suy ra cosa =




AC

Tur dinh 1y sin trong tam gidc ABC 2R = = AC =3,
sin ABC
Ae AB,C e BC=> A(a;?’_Ta);C(c;S—Zc),trung diém cta AC la N(a;c;g—a;—4c).
a-4c+3=0
Ned, ) a=5c=2
= _ &
AC=3 (C_ay{a 42“3j —9 |a=-3,c=0

Khi a =5 ta dugc A(5; -1). Khi a =-3 ta dugc A(-3; 3).
bs: A,(5; -1), A, (-3; 3).

Cau 3. Trong mit phang Oxy, cho tam gidc ABC c6 tdm duong tron ngoai tiép tam
giac ABC la 1(-2;1) va théa man diéu kién AIB=90°. Chan dudng cao ké tir A dén BC
la D(-1-1). Puong thang AC qua M (-1 4). Tim toa do cac dinh A, B biét dinh A c6
hoanh d¢ duong.

AIB =90° = BCA =45° hoac BCA=135°

Suy ra CAD =45° = AADC can tai D.
Taco DI L AC Khi d6 phuong trinh duong thang AC c6 dang: x—2y+9=0 .
A(2a-9;a), AD =(8-2a;~1-a)

a=1
AD? =40 < a° —6a+5:O<:{a = A(L5)(n)

Phuong trinh BD : x+3y+4=0

Phuong trinh BI: 3x+4y+5=0

B=BINBD=B(2-2).

Cau 4. Trong mit phang voi hé toa do Oxy cho tam gidc ABC c6 tam dudng tron
ngoai tiép 1a | G%}, tam dudng tron ndi tiép 13 J(1;0) . Pudng phan giac trong goc
BAC va dudng phan gidc ngoai gdc ABC cit nhau tai K(2;-8). Tim toa do cac dinh

ctia tam giac ABC biét dinh B c6 hoanh d6 duong.
Trong mit phang voi hé toa dd Oxy cho tam gidc ABC c6 tam dudng tron ngoai tiép

la I(%;%), tam dudng tron noi tiép 14 J(1,0). Pudng phan giac trong goc BAC va

duong phan gidc ngoai goc ABC cat nhau tai K(2;-8). Tim toa do cac dinh cta tam
giac ABC biét dinh B c6 hoanh d6 dwong.




Goi giao diém cua AK va duong tron (1) 1a H. Xét tam giac BHJ c6 HJIB = JAB + JBA
(g6c ngoai tam giac JAB)

=JAC +JBC (vi AJ, BJ 1a cac duong phan giac)

=CBH +JBC (ndi tiép cung chan cung CH cila duong tron (1))

= HBJ

Suy ra tam giac HJB can tai H, vay HI=HB va HJB = HBJ (1)
Lai c6 BJ, BK thu tu 1a phan giac trong va phan giac ngoai goc ABC nén tam giac
BKJ vuong tai B. Suy ra HIB+HKB =90° = HBJ + HBK (2).
Tu (1) va (2) suy ra HKB=HBK hay tam giac HBK can tai H, do d6 HJ =HB =HK,

vay H 1a trung diém JK, hay H G;—4j . Tuong ty HJ =HC =HK .

Tac m(o;—ﬁj;m(—le
16 2

B, C cung thudc cac duong tron (1;1H) va (H; HJ) nén toa d6 B, C 1a nghiém ctia hé:

(X-g*(y—%f—(f—g@{xs:v—z

= B(5;-2),C(-2;-2).
3Y’ 2 1 X=-2,y=-2
(X—Ej +(y+4) :Z+16

AH di qua J va K nén phuong trinh duong thang AH 1a: ;—_i:% < 8x+y-8=0.
Goi d 1a duong thing qua | va vudng goc véi AH, d cd véc to phap tuyén
n=-2HJ =(1-8), phuong trinh dudng thang d 1a: x-8y-1=0. Goi M la giao diém ctia

Xx-8y—-1=0 {x:l

= =>M(@0)=J.
8Xx+y—-8=0 y=0

d va AH, toa do M la nghiém hé: {




M Ia trung diém AH nén A(%;4). Két luan: A(%;4J , B(5;-2),C(-2;-2).

Cau 5. Trong mit phiang véi hé toa d6 Oxy, cho tam giac ABC vudng tai A O
AC =2AB. biém M(2;-2) la trung di€ém ctia canh BC . Goi E la diém thudc canh

AC sao cho EC = 3EA, diém K

4 . . .2 ) 5 , .
g’%] la giao diém cua AM va BE . Xac dinh toa

d6 cac dinh cua tam gidc ABC, biét diém FE nam trén dudng thing
d:z+2y—6=0.

Ké MI L AC tai I va BD L MI tai D. Khi d¢6 ta c6 tir

giac AIDB 14 hinh vuéng c6 M, E 1an luot 13 trung diém
cua BC, Al. Dodétacd BE L AM tai K

— véc to phéap tuyén ctia BE 1a KM = [g-—%j

(@]

)

| M 5 hay n = (1;-3) =phuong trinh BE:z -3y +4 =0

E Tacd E=BENnd:z+2y—6=0= E(2;2)

AD 1 BI, ME la duong trung binh cua AAID

E nén suy ra BI L ME tai F(2 ; 0) 1a trung diém cia ME
—phuong trinh BI :y = 0; viyB = BE N Bl = B(-4;0)

A B = C(8;-4) (Vi M(2; -2) 1a trung diém ctia BC)

Ta cd BI =4FI = toa do diém I(4; 0)

— toa do diém A(0; 4 ) (vi 1(4; 0) 1a trung diém cua AC)

Cau 6. Trong mat phang toa do Oxy, cho tam giac ABC vudng tai B, BC = 2BA . Goi
E, F lan luot 1a trung diém cta BC, AC. Trén tia ddi cua tia FE léy diém M sao cho
FM =3FE. Biét diém M c6 toa do (5;-1), duong thang AC c6 phuong trinh
2x+y-3=0, diém A c6 hoanh d¢ 1a s nguyén. Xac dinh toa d6 cac dinh cua tam giac
ABC.

m
T

Goi I 1a giao diém ciia BM va AC.




Ta théy BC=2BA=EB=BA,FM=3FE=EM=BC

AABC = ABEM = EBM =CAB = BM L AC.

Puong thang BM di qua M vudng goc véi AC BM:x—2y—-7=0.
Toa d6 diém I 1a nghi¢m cua hé

13
X=—
2x+y-3=0 1) — 2 (g-
YR S (B i 12.0) 8= Zini=[ B = B(1-g)
X—2y—7=0 1 |55 5'5 3 55
y=—=
5
Trong AABC ta co 12: 12+ 12: SZ:BAzﬁBI
B’ BA’ BC’ 4BA 2

2 2
Mat khac BI:\/(%S] +(%4j :%,suy ra BAz?BI:Z

Goi toa do A(a,3-2a), Taco

BA’=4< (a-1)' +(6-2a) =4 =5a*-26a+33=0=| 11

Do a 1a s6 nguyén suy ra A(3;-3). Al= (_—Zﬂj

Tacod AC=5AI=(-2;4)=C(L1). Vay A(3-3),B(1-3),C(L1).

Cau 7. Trong mit phang Oxy, cho tam giac ABC c6 truc tim H (-2;-4), AB =210
va M (8;1) la trung diém canh AC. Tim toa d6 cac dinh cua tam giac ABC biét
(CH):x-3y-10=0 va tung d¢ ctia dinh A nho hon tung d¢ dinh B.

Truc tAm H(-2;,-4) , AB=210 , M (81) trung diém AC (CH):x-3y-10=0, y, <Y,

Goi N trung diém BC suy rapt MN : 3x +y—25=0

N thuoc M N, MN =%AB=«/1_0 suy ra N(9;-2), N(7;4)

C e CHsuy ra (3c+10;c) vi M, N trung diém AC,BC nén A(6-3c;2—c) va
B(8-3c;—4-c) N(7;4)
B(4-3c;8-c) B(4-3c;8-c)

c=0

H tryc tAm suy ra AH 1 BC < 20c” -50c =0 < 5
c==
2

do dk y, <y, nén nhan {

A(6;2),B(4;8),C(10;0)

Tim duoc
2 2 2 2 2 2




Cau 8. Trong mat phang toa dd Oxy, cho tam giac ABC nhan truc hoanh lam dudng
phan giac trong ctia goc A, diém E (3;-1) thuoc duodng thang BC va dudng tron
ngoai tiép tam gidc ABC c6 phuong trinh x?+y? —2x-10y—24=0. Tim toa do cic
dinh A, B, C biét diém A c6 hoanh d¢ am.

Buong tron ngoai tiép c6 tam I(1;5)

K Toa do6i diém A 1a nghiém cua hé
B x> +y*-2x-10y—-24=0 [x=6 [x=-4
= v
y=0 y=0 [y=0
Do A ¢6 hoanh d6 am suy ra A(-4;0).

c Va goi K(6;0),vi AK 1a phan giac trong goc A nén KB=KC,

do do KI L BC va IK(-5;5)la vtpt ciia dudng thang BC.

= BC:-5(x—-3)+5(y+1)=0< —x+y+4=0.

Suy ra toa do B, C la nghiém cua h¢

X*+y?—2x-10y-24=0 [x=8 [x=2
= Vv
—X+y+4=0 y=4 |y=-2
Vay A(-4,0), B(8;4), C(2;-2) va A(-4;0), C(8;4), B(2;-2) .

Cau 9. Trong mit phang toa d6 Oxy, cho tam giac ABC c6 diém M(—%;gj la trung

diém cua canh AB, diém H(-2; 4) va diém I(-1; 1) 1an luot 13 chan duong cao ké tir B

va tim duong tron ngoai tiép tam giac ABC. Tim toa d6 diém C.

- 71 ,
+ IM Z(—E;E). Taco M € AB; AB L IM nén duong thang AB cd pt:
X-y+33=0.

+ Ae AB= A(a;7a+33) .
ViM la trung diém canh AB nén B(-a—9; - 7a— 30).
Tacé: HA L HB=HAHB=0<a’+9+20=0<>a = -4 hoic a = -5.
+Véia=-4,tacd A(-4;5), B(-5;-2).
Tacé: AC L BH nén AC c6 phuong trinh: x + 2y — 6 = 0.
C e AC = C(6-2c;c)




=IC < (7-2¢)*+(c-1) *=25
{c:1:> C(4;2)
= .
c=5= C(-4;5)(loai)

+Véia=-5, tacd A(-5;-2), B(-4;5)
Taco: ACLBH nén AC:2x -y +8=0.
Ce AC = C(t;2t +8)

t=-1=C(-16)

A= t+1)°+(2t+7)* =25
Tu IA=IC < (t+1)° +(2t+7) ‘DL:_5:>C(_5;_2)(|oai)

Cau 10. Trong mat phang voi hé toa do Oxy, cho tam giac ABC. Buong thang d song
song voi BC cat cac canh AB, AC lan luot tai M va N sao cho AM =CN. Biét
raing M(=4; 0), C(5; 2) va chan duong phan giac trong cua goc A la D(0; —1).
Hay tim toa d6 cua A va B.

Goi D' la diém trén canh BC sao cho CD' = MN.

Ta co MNCD' la hinh binh hanh

= MD'=CN = AM = A AMD' can tai M

= /MD'A= 2/ MAD'=D'AC M N
= AD' la phan giac cua goc A = D' trung D. CAqua C va
song song MD B b C

— CA ¢6 vecto chi phuong 1a MD = (4; -1)

X =544t

:>AC:{
y=2-t

AecAC=AB+4a;2-a)= MA = (9 +4a; 2-a).

TacoMA=MD < (9+4a)’+(2—-a)?=17<17a’+68a+85-17=0<a=-2.
Vay A(=3; 4).

. X+4 Z<:>4x y=-16; Fc=(5;3):BC:%=yTH©3x

MA =(1;4) = AB
—5y=5.

Do do B: {

4x -y =—16

X=-5
& . Vay B(-b; —4).
3x—-5y=5 {y:—4 ay B( )




Cau 11. Trong mat phang voi hé toa do Oxy , cho tam gidc ABC c6 duong cao AH,
phan giac trong BD va trung tuyén CM . Biét H(-4;1);M (%;12) va phuong trinh
duong théng BD: x+y—-5=0. Timtoadd dinh A cta tam giac ABC.
Goi H’ 1a do1 xting cuia H qua phan giac trong BD thi H'e AB
HH'1 BD = ptHH':x-y+c=0
H(-4,1)eHH'=c=5
VayptHH: x -y +5=0
Goi K 1a giao diém ciia HH’ va BD , toa d6 K thda hé:
X—y=-5
{ Y= k(0;5)
X+Yy=5
K 1 trung diém HH’ = H (4;9)
MH = (5;_3j ~3(1-5)
5 5
quaH '(4;9)
AB: -
VTPTn= (5;1)
PtAB:5x+y—-29=0
S5X+y=29

= B(6;-1)
X+y=5

B 14 giao diém ctia AB va BD =toa d6 B thoa hé {

M Ia trung diém AB = A(g; 25}

Cau 12. Trong mit phang véi hé toa d6 Oxy, cho tam gidc ABC ndi tiép trong duong
tron (C):x*+y*-3x-5y+6=0. Tryc tAm cua tam giacABC la —— va doan
BC =+/5. Tim toa do cac diém A B,C biét diém A c6 hoanh d6 duong .
Goi tam duong tron (C) la I(ggj va A(X)y) suyra AH(2-x2-y) M la trung diém
cua BC

Hoc sinh tinh dugc AH =+/5 < x? +y? —4x—4y +3=0

két hop véi A thude duong tron (C) nén ta c6 hé phuong trinh

21y _4x—4y+3=0 ... .

X Y TS Giai hé ta duoc (x:y)=(0;3) (loai);Hodc(x:y)=(1;4) (Nhan)

x> +y>-3x-5y+6=0
Suy ra toa do cua A(1;4) ,chimg minh dugec AH =2IM
Tur AH =2IM ta tinh dugc M(2;3/2) Do (BC ) vudng goc v6i IM nén ta viet dugc
phuong trinh (BC): x-2y+1 =0 <=> x= 2y-1 thay vao phuong trinh duong tron (C) ta

=1 =1
duoc (2y—1)2+y2—3(2y—1)—5y+6=0<:>y2—3y+2=0<:{y 2:{)( 5
y: X =




Suy ra toa d6 cua B(1;1), C(3;2) hoac B(3;2),C(1;1)
Vay  A(L4),B(1;1),C(3;2) hodc A( 1;4), B(3;2), C(151)

Cau 13. Cho AABC vudng can taiA. Goi M 1a trung diém BC, G 1a trong tdm e
diém D(7;-2) la diém nam trén doan MC sao cho GA=GD. Tim toa do diém A, lap
phuong trinh AB, biét hoanh do cia A nhé hon 4 vi AG c6 phuong trinh
3x-y-13=0.

Taco d(D;AG)= 37— _13‘=\/1_0

JF+(-1)

3xy-13=0

D(7;-2)

A C
AABM vubng can = GA=GB = GA=GB=GD
Viy G 1a tam dudng tron ngoai tiép ABD = AGD =2ABD =90° = AGAD vudng cén tai
G.
Do d6 GA=GD =d(D; AG)=+10 = AD? =20,
Goi A(a;3a-13);a<4

AD’ =20 < (a-T7) +(3a-11)’ =20 = E } g('oa')
Vay A(3,-4)
Goi VTPT cta AB la i, (a;b)
cos NAG = ‘cos A ‘_ _ 3a-b] )
<) m Jio
NA _ 3NG 3
Mat khac cos NAG = _ ,

Tir()va () » 2t _ 3

b=0
< 6ab +8b? :0<:{
3a

Ja?+b210 <10 =—4b
V6i b=0 chon a=1tacd AB:x-3=0;
V61 3a=-4b chon a=4;b=-3tacO AB:4x-3y-24=0
[4.7-3.(-2)-24

=2<d(D;AG) =410 (loai)

Nhén thiy véi AB:4x—3y—24=0 d(D;AB)=

J16+9

Vay AB:x-3=0.




7.2. Toa do dinh cua tir giac

Cau 1. Trong mat phéng voi hé toa do Oxy, cho hinh chit nhat ABCD c6 hinh chiéu
[_Q.ZJ

vudng goc cua A 1én duong thang BD la 55/ diém MCL0) 3 trung diém canh

BC va phuong trinh duong trung tuyén ké tir A cua tam giac ADH c6 phuong trinh 1a

7x+y=3=0. Tim toa do cac dinh cuia hinh chit nhat ABCD.

Goi N, K 1an luot 1a trung diém cua HD va AH= NK//AD v3 NK = % AD

Do AD L AB= NK L AB.

Ma AK L BD = K3 tryc tAm tam gidc ABN.

Suy ra BK L AN (1)

ViM la trung diém BC = BM = % BC.

Do d6 NK// BM va NK=BM
= 0 BMNK Ia hinh binh hanh = MN//BK (2)
Twr (1) va (2) suy ra MN L AN.

= phuong trinh MN ¢6 dang:
M(-10)e MN < -1-70+c=0<c=1.

= phuong trinh AM 1a: *~ 7y +1=0.

x—7y+c=0.

N:MNmAN:N(2 1} i
Ma 5) ViN la trung diém HD = D(Z-D.

ﬁ:(ﬁ;_ﬁj
Ta co: 5 5
Do AH LHN= AH di qua H va nhan "=(*~3 Ja 1 VTPT.
= phuong trinh AH la: 4x -3y +9=0.
Ma A=AHNAN= A(0,3).

2=2(-1-x,) - X, =2
-4=20-y,) Y, =2

—,—

Ezzﬁac{ = B(-2;2).
Ta co:
Vi M la trung diém BC = C(0:=2).
Vay toa d6 cac dinh ctia hinh chit nhat la: A(0;3), B(-2:2),C(0;-2), D(2;-1).
Cau 2. Trong mit phang véi hé toa d6 Oxy, cho hinh vuong ABCD. Piém E(2; 3)
thudc doan thang BD, cac diém H(-2; 3) va K(2; 4) lan luot 1a hinh chiéu vudng goc
cia diém E trén AB va AD. Xic dinh toa d6 cac dinh A, B, C, D cua hinh vuéng
ABCD.

AH :x+2=0

: .
Tacg: EH:y-3=0  EK:x-2=0 {AK:y—4=0 = A(-2;4)




. ) )
Gia su n(a,b)’ (a +h7> 0) la VTPT cua duong thang BD.

|a| :£<:>a:irb

Cé: ABD=45" napn: vJaZ+b? 2
Véi @a=-b_ chon P=-1=a=1=BD:x-y+1=0

{@(—4;—4)

=B(-2-1);D(34) |ED=(L1) g .3 can foum 50 ()
Khi do: €57

V&i @a=b_ chon P=1=a=1=BD:x+y-5=0

EB=(-4;4)

=

=B(-27);D(14) {ED =(-11) — EB-4ED = E ngoai doan BD (L)
Vay: A(-2;4);B(-2;-1);C(3,-1); D(3;4)

Cau 3. Trong mit phang Oxy cho hinh vuéng ABCD c¢6 M 1a trung diém cta canh
BC,phuong trinh duong thang DM :x—y-2=0 va C(3;-3). Bict dinh A thugc duong
thrflng d:3x+y-2=0,xac dinh toa do cac dinh A,B,D.

Goi A(t;-3t+2).Ta c6 khoang céch:
[4t-4]

ff

hay A(3;,-7)v A(-1;,5).Mat khac A,C nam vé 2 phia cua duong thang DM nén chi co
A(-15) thod man.
Goi D(m;m-2)e DM thi Ez(m+xm—7),ﬁ:(m—3;m+1)
Do ABCD la hinh vuéng
DADC=0 m=5vm=-1
= < 2 2 2 2
DA =DC (m+1)"+(m-7)" =(m-3)"+(m+1)
Hay D(5;3),AB=DC = ( ~6)=B(-3,-1)..
Két luan A(-15).B(-3;-1),D(5;3).

d(A,DM)=2d(C,DM) < ot=3vt=-1

<m=5

Cau 4. Trong mit phang véi hé toa dd Oxy cho hinh thang vudong ABCD vuéng tai A
vaD; AB=AD, AD <CD ; B(1;2) ; phuong trinh dudng thang BD : y =2 . Biét rang
duong thang d : 7x-y-25 = 0 cit cac canh AD,CD lan lugt tai M,N sao cho BM vudng
géc voi BC va tia BN 1a tia phan giac cia MBC . Tim toa do dinh D c6 hoanh do
duong.

Goi H 1 hinh chiéu vuéng gbc caa B 1én CD




A ABM = A HBC = BM = BC = ABNC = ABMN
=BH=d(B,d)=2y2=BD=4
DeBD=D(m;2):BD=4(d-1)’ =4 d=-1(L)V d=3
Viay : D(3;2)

Cau 5. Trong mit phing v6i hé toa d6 ©%, cho hinh thang vudng ABCD
(BAD = ADC =90°) ¢6 dinh D(2;2) VACD=2AB. Goi H la hinh chiéu vuéng goc cua

diém D 1én duong chéo AC. Piém M (2—52%] la trung diém cta HC. Xéc dinh toa do
cac dinh A B,C, biét rang dinh B thudc duong thang A:x—-2y+4=0.
Goi E la trung diém cua doan DH. Khi d6 ta giac ABME 1la hinh binh hanh

—MELAD nén E la tryc thm tam gidc ADM. Suy ra =AELDM m3
AE//DM = DM L BM

Phuong trinh dudng thang BM :3x+y-16=0

{x—2y=—4

Toa do diém B 1a nghiém cua he (3X+Y=16

AB —Ezljﬁ:zﬁju(ﬂﬂj
2 3 3

Goi I 1a giao diém ctia AC va BD, taco €D 1C
AC:x+2y-10=0

— B(4;4)

Phuong trinh duong thang

DH :2x—y—2=0:>H[%;%j:>C(6;2)

phuong trinh dudng thang
Ty CI =21A= A(24).
Cél’u 6. Trong mit phang Oxy cho hinh vuéng ABCD. Goi M 14 trung diém cua BC.
Biét AM c6 phuong trinh la: 3x+y-7 = 0, dinh B(4;1). Tim toa d cac dinh cta hinh
vuong, biét dinh A c6 tung d6 duong, di€ém M c¢6 tung d6 am

A X B

M
D C

= BH = d (B;AM ) = —

Goi H 14 hinh chiéu vudng goc ctia B trén AM V1o
Dat canh hinh vudng 1a x>0




L L + L @E—i+ic> x =32
Xét tam giac ABM c§ BH® BA® BM® 36 x* X’
A thuoc AM nén A(t7-31)

AB =32 & (4-t) +(3t—6)° =3v2 101" ~ 44t +34=0

t=1
C{t 17 = A(%;—?j— loai, A(1;4)-t/m

5
) BM =§=ﬂ M(E’_lj
Lam tuong tuy cho diém B, véi 2 2 2
M 1a trung diém cua BC =>C(L-2)
= 1(L1)

Goi I 1a tam cua hinh vudng
Trdo = P(-23)
C‘éu 7. Trong mit phang voi hé toa do Oxy, cho hinh vuéng ABCD, diém M(5;7)
nam trén canh BC. Duong tron duong kinh AM cat BC tai B va cat BD tai N(6;2),
dinh C thugc duong thang d: 2x-y-7=0. Tim toa do cac dinh cua hinh vuéng ABCD,
biét hoanh d6 dinh C nguyén va hoanh d¢ dinh A bé hon 2. 7
A B Goi I la tAm duong tron duong kinh AM thi I 1a trung di€ém
I AM,
D@ thdy MIN =sdMN =2MBN =90°
Piém C e d: 2x-y-7=0. =C(c;2¢-7)
H Hoi H 1a trung diém cua MN =>H(11/2; 9/2)

N Phuong trinh duong thang A trung truc cia MN
di qua H va vuéng gbéc vo1 MN la d: x-5y+17=0

D C  PiémIeA =>I(5a- 17;a)

MN = (;-5) = MN =+/26

IM = (22-5a;7-a) = IM = /(22-5a)’ +(7-a)’
Vi AMIN vudng can tai [ va

MN =26 = IM =13 < |/(22-5a)’ +(7-a)’ =13

, {a =5
< 26a° -234a+520=0<
a=4
Véi a=5 =1(8;5) = A(11;9) (loai)
Vi a=4 =>1(3;:4) = A(1;1) (t/m)

E(CTH;C—?)):WZ(MZ_C;S—C)

Goi E 1a tam hinh vuéng nén
Vi ACLBD <> ACEN =0




& (c—l).llT_C+(20—8).(5—c)=0

c=7(t/m)
< 5c°-48c+91=0< 13, .
c= E(Ioal)
Suy ra: C(7;7) => E(4;4)
Pt BD: x+y—8=0, pt BC:x—7=0 =B(7,1)=D(1,7)

C?.u 8. Trong mat phéng vO1 hé toa do Qxy, cho hinh chit nhat ABCD. Goi M 1a diém
doi xtmg cua B qua C va N 1a hinh chiéu vudng gbéc ctia B trén MD.Tam giac BDM
noi tiép duong tron (T) co phuong trinh: (x—4)" +(y-1)" =25.X4c dinh toa do cic
dinh cta hinh chit nhat ABCD biét phuong trinh duong thang CN la: 3x—4y-17=0;
duong thang BC di qua diém E(7;0) va diém M c6 tung d6 4m

A

+(T) co tam 1(4;1);R=5

+ Do I 1a tim dudng tron ngoai tiép tam giac

S ° c BDM va N,C Ia chan cac duong cao nén ching
minh duoc :IML1 CN

¢E

M

+ Lap ptdt IM qua I vaIML CN : 4(x-4)+3(y-1)=0 < 4x+3y-19=0
M(7;-3)

+ M la giao diém (T) v6i IM [M(l; 5) (loai)

+Duong théng BC qua M,E ¢6 pt : x=7
+C la giao diém BC va NC => C(7 ;1)
+ B doi ximg M qua C =>B(7 ;5)
+ PBuong thang DC qua C va vuong goc BC 1 y=1
{D(g;l)
D la giao diém (T) va DC :LPCLD
Vi B,D nam cung phia véi CN nén D(-1 ;1)
+Do BA=CD => A(-1;5)

Cau 9. Trong mit phang véi hé toa do Oxy, cho hinh vudng ABCD c6 tdm I. Trung
diém canh AB laM (0;3), trung diém doan CI 1aJ (10). Tim toa d§ cac dinh cta hinh
vuong, biét dinh D thudc duong thang A:x-y+1=0.




Goi N 1a trung diém CD va H 1a tdm hinh chir nhat AMND. Goi (C) 1a duong tron
ngoai ti€p hinh chir nhat AMND. Tu gia thiét, suy ra NJ//DI, do d6 NJ vuong goc voi
AC, hay J thude (C) (vi AN la duong kinh cua (C)). Ma MD ciing 1a duong kinh cua
(C) nén JM vuoéng goc voi ID. (1)

JD.IM =0 —t+1+3t+3=0=>t=-2= D(-2-1)

a.2
 DM=2/5=,[a’+Z-=a=4
Goi a 1a canh hinh vuéng ABCD. Dé thay 4 .

{AM:Z {x2+(y—3)2:4 {X‘z;y?’
= =

6 7
AD =4 (x+2)*+(y+1)* =16 X=gi¥=¢

Goi A(X;Y). Vi 5
_Véi A(-2;3) = B(2,3) = 1(0;1) = C(2,-1) = J(L,0) (thoa mén)

- Vi

A(E:Q: B[‘g;%:’ ! (_?8@30%;%3J (_3;2)00@1)-

Vay toa do cac dinh hinh vuéng la A(-23).B(2:3).C(2-1), D(=2,-1).

(Hoc sinh ldy ca 2 nghiém, trir 0.25 diém)

Cau 10. Trong mit phing toa do Oxy, cho hinh thang ABCD vudng tai A, B va
AD =2BC . Goi H 14 hinh chiéu vuéng goc cua diém A 1én dudng chéo BD va E la
trung diém ctia doan HD. Gia sit H (-13), phuong trinh dudng thang AE:4x+y+3=0

va C 2;4) Tim toa do cac dinh A, B va D cua hinh thang ABCD.

B C




- Qua E dung duong thang song song voi AD cat AH tai K va cat AB tai |
Suy ra: +) K 1a truc tdm cua tam giac ABE, nén BK 1 AE.

. KE //=2 AD
+) K 1a trung diém ctia AH nén 2 hay

Do d6: CE LAE=CE: 2x -8y +27=0
E=AENCE= E(—§;3)

KE //=BC

Ma , mat khéc E 1a trung diém ciia HD nen 0 (~2%)

-Khid6 BD:y-3=0,suyra AH: x +1=0nén A(-1; 1).
- Suy ra AB: x - 2y +3=0. Do d6: B(3; 3).
KL: A(-1; 1), B(3; 3) va D(-2; 3)

Cau 11. Trong mat phang v&i hé toa dd Oxy cho hinh thang ABCD vudng tai A va D
COAB=AD<CD, diém B(L2), duong thang BD c6 phuong trinh 1a y-2=0. Duong
thang qua B vudng goc véi BC cét canh AD tai. Pudong phan giac trong goc MBC cit
canh DC tai N. Biét rang duong thang MN c6 phuong trinh 7x-y-25=0. Tim tga do
dinh D.

T giac BMDC noi tiép

— BMC = BDC = DBA = 45°

= ABMC vyong cén tai B, BN 1a
M phan giac trong MBC

=M.C 4bi xtrng qua BN

D y c

N
4
2

Do AB=AD=>BD=ADy2=4

= AD=d(B,CN)=d(B,MN) =

a=>5

BD:4<:{
a=-3

BD:y-2=0=D(a;2)
Vay c6 hai diém théa man la;: P&:2) hoge D(=3:2)

Cau 12. Trong mat phang véi hé toa do Oxy, cho hinh chitr nhat ABCD c6 phuong
trinh AD:x-2y+3=0. Trén duong thang qua B va vudng goc vdi duong chéo AC lay
diém E sao cho BE=ZAC (D va E nam vé hai phia so véi dudng thang AC). Xac dinh
toa do cac dinh cua hinh chitr nhat ABCD, biét diém E(2;-5) va duong thing AB di
qua diém F (4;-4)va diém B c6 hoanh d dwong.




Taco ABLAD:x=2y+3=0y3 AD di qua F(4; -4)

= AB:2x+y-4=0 gphidod=4ABnAD = A(L;2)
Ta co duong thang EF di qua hai diém E(2;-5) va F(4;-4)
Do d6 ta lap dugc phwong trinh £ -2y —12=0

D A i
' Suyra EFINAD = EF LAB 4i F Khi do, ta c6

ABC — AEFB v; AC = BE.EBF = BCA
phu v6i HBC') = AB=EF=A5 .

| , BeAB:2x+y—-4=0= B(b;4-b) (b >0
_________F ___________ F_ ' TaCO € z Y ( )( )

(cung

Viy AB =15 & (-1 +(2-2b) =5 < 55 —10b = 0 < b = 2(dob > 0) = B(2;0)

Ta co BC 1L AB:2x+y-4=0 VaBCdlquaB(z, 0) =>BC:2-2y-2=0

AC di qua A(l; 2) va vudng goc véi BE =AC nhanBE =093 véc to phap
tuyén= AC:5y-2)=0=y =2 Kpjids, taco ¢ =AC N BC=C(6:2)

CD di qua C(6; 2) va CD1LAD:z-2y+3=0==>CD:2z+y—-14=0
Khido P =P AD = D5:4) vay ta co toa do A(L;2), B(2;0), C(6;2), D(5:4).

Cau 13. Trong mit phang voi hé toa do Oxy, cho hinh thang OABC (O 1a gbc toa do)
co dién tich bang 6, OA song song v6i BC, dinh A(-1;2), dinh Bthudc duong

théng(dl):x+ y+1=0, dinh C thudc dudng thang (d,):3x+y+2=0. Tim toa d§ céac

dinh B, C.
OA:2x+y=0

OA||BC = BC:2x+y+m=0(m=0)

X+y+1=0 x=1-m

x < = B(1-m;m-2)
Toa do diém B la nghiém cua hé 2x+y+m=0  [y=m-2
3X+y+2=0 X=m-2

x < = C(m-2;4-3m)
Toa do diém C la nghiém cua he (2X+y+m=0  [y=4-3m

Sesac :%(om BC).d(0,BC) <

1 [m

E[\/(—1)%22 +\/(2m—3)2+(4m—6)1. =6

< (|2m-3/+1)jm| =12

. Giai pt nay bang cach chia truong hop dé pha dau gia trj tuyét

(V7:-1-47).C(1-T43VT), _ B(-21),C(3-5)

. _ e . B
doi ta dugc m=1-\7;m=3 Vay




Cau 14. Trong mat phang véi hé toa dd Oxy, cho hinh thang ABCD vudng tai B va C
c6 AB >CD va CD = BC. Duong tron duong kinh AB c6 phuong trinh
x2+y?—4x—-5=0 cat canh AD cta hinh thang tai diém tht hai N. Goi M 1a hinh chiéu
vudng goc cua D trén duong thing AB. Biét diém N c6 tung do duong va duong
théng MN c¢6 phuong trinh 3x + y — 3 = 0, tim toa d§ cua cac dinh A, B, C, D cua
hinh thang ABCD.

+) N € MNN(C) => toa d0 N la nghi€m cua hpt:

3X+y-3=0
{x2+y2—4x—5:0
112

, . NG Ni(Z-3)
do N ¢6 tung d0 dwongnén 5 5 :

+) Tt gidc BMND n6i tiép = BNM =BDM =45° =~ VN la duong phéan gidc goc BNA
=> N1 la diém chinh giita cung %= M1+ A8 vsi 1(2:0) 1a tam cita (C) => AB: y = 0.
+) M = MNNAB => M (1;0) , A,B la cac giao diém cua dt AB va (C) => A(-1;0) va
B(5;0) hodc A(5;0) va B(-1;0). Do IM cung hudng véi 1A nén A(-1;0) va B(5;0) .
+) AN: 2x—y+2=0,MD:y=1=>D = ANNMD => D(1;4).
MB=DC => C(5;4).
C




7.3. Viét phwong trinh dwong thiang, canh ciia da giac

Cau 1. Trong mit phang vé6i hé toa dd Oxy cho tam giac ABC cO A(L4), tiép tuyén
tai A cua dudng tron ngoai tiép tam gidc ABC cat BC tai D , duong phan gic trong
ciia ADBco phuong trinh x—y+2=0 , diém M (-4;1) thudc canh AC. Viét phuong
trinh dudng thing AB.

NS

Goi Al la phan giac trong cua BAC
Tacd: AID = ABC + BAI
IAD = CAD +CAl

Ma BAI =CAIl , ABC =CAD nhén AID = IAD
= ADAI cantai D = DE 1L Al

PT duong thang AT 1a: x+y-5=0

Goi M’ 1a diém dbi ximg ciia M qua Al = PT dudng thang MM’ : x—y+5=0

Goi K=AlnMM'=K(0;5) =M’(4;9)

VTCP clia duong thing AB 1a AM*=(3;5) = VTPT clia dudng thang AB la n=(5;-3)
Vay PT dudng thang AB 1a: 5(x—1)-3(y-4)=0 < 5x-3y+7=0

Cau 2. Trong mat phéng voi hé toa do Oxy, cho tam giac ABC céan, canh day BC co
phuong trinh: x+y+1=0, phuong trinh duong cao ké tor B 1a: x-2y-2=0. Biém
M(2;1) thudc duong cao ké tir C. Viét phuong trinh cac canh bén clia tam giac ABC.

Goi H 1a tryc tim A ABC. Tim dugc B(0;-1),cos HBC = % =cosHCB
Pt dthang HC c6 dang: a(x-2)+b(y-1)=0(n = (a;b) 1a VTPT vaa?+b>>0 )

cosHop = 120l _

1
2@ +b?) 10

2
— 432 +10ab+4b% =0 < 2(%) +5(%)+2:o




=2 ra=-2p-1
{ ’ , phuong trinh CH: -2x +y +3=0

=
a=-1b=2(l)

AB 1 CH. Tim duoc pt AB:x+2y+2=0
Tim duoc :C(g;—g) pt AC:6x+3y+1=0

Cau 3. Trong mat phing véi hé toa dd Oxy,cho hinh vuéng ABCD c6 M(1;2) 14 trung
diém AB, N(-2;1) 1a diém thudc doan AC sao cho AN=3NC. Viét phuong trinh cia
duong thang CD

Ta c6 MN=vi0 ,AN=3AC/4= 3af

2
MNZ:AI\/I2+AN2-2AM.AN.cos45°:5%

=>a=4
Goi I(x;y) 1a trung diém ctia CD.Ta c6

{ IM =4 { X=1y=-2
BD => 17 6
IN=—— =12 =2 y=—2
4 V2 X 5 y 5
+Puodng thing CD di qua I(1;-2) c6 pt : y+2=0

+ Puong thang CD di qua 1(17/5;-6/5) c6 pt : 3x-4y-15=0

Cau 4. Trong mat phrfmg v6i hé toa do Oxy, cho C(5;4), duong théng d:x-2y+11=0
di qua A va song song v6i BC, duong phén gidc trong AD c6 phuong trinh
3x+y-9=0. Viét phuong trinh cic canh cta tam giac ABC.
Tim duge A(L6), AC:x+2y—-13=0, BC:x-2y+3=0.
Tir Cké dudng thang vudng goc AD, cit AD tai |, cat AB tai J . Khi d6 tam giac
ACJ cantai A.
Phuong trinh duong thing Cl:x—3y+7=0=1(2;3),J(-12), phuong trinh
duong thang AB:2x—y+4=0.

A

B
a———




Cau 5. Trong mat phéng v6i hé toa d§ Oxy, cho tam gidc ABC c6 phuong trinh canh
AB: X -y -2=0, phuong trinh canh AC: x + 2y - 5 = 0. Bi€t trong tdm cta tam giac
G(3; 2). Viét phuong trinh canh BC.
Toa d6 diém A 1a nghi¢m cua HPT: {X "y-2=0
X+2y-5=0

Goi B(b; b- 2) € AB, C(5- 2¢; ¢) € AC

< AB 1)

3+b+5-2c=9

Do G la trong tdm cua tam gidc ABC nén
1+b-2+c=6

b=5 _
o {c=2' Hay B(5;3),

C(1:2)
Mot vecto chi phuong ctia canh BC 1a u = BC = (—4;-1).
Phuong trinh canh BC la: x - 4y + 7 = 0.

Cau 6. Trong mit phang voi hé toa dd Oxy, Cho hinh thang cAn ABCD véi hai day
AD, BC. Biét B(2; 3) va AB = BC, duong thang AC c6 phuong trinh x-y-1=0, diém
M (-2; 1) nam trén dudng thang AD. Viét phuong trinh duong thang CD.

Vi ABCD 1a hinh thang cin nén ndi tiép trong mot
duong tron. Ma BC =CD nén AC la duong phan giac cua

goc BAD.

& /°%  Goi B' 1a diém déi ximg ctia B qua AC.
\ / Khi d6 B'e AD.
- Goi H 14 hinh chiéu ciia B trén AC. Toa d6 diém H 1a
nghiém cua hé phuong trinh:

—y-1=0
{X Y @{X .Suyra H(3:2).
X+y-5=0 y=2

Vi B’ d6i xting voi B qua AC nén H 1a trung diém ctia BB’. Do d6 B '(4;1).
Puong thang AD di qua M va nhan MB* 1am vecto chi phuong nén c6 phuong trinh
x—3y-1=0.Vi A= AC~AD nén toa dd diém A 1a nghi¢m cua hé phuong trinh:
—y-1= =1
{X y-1=0 @{X ‘Do d6, AL;0).
Xx—3y-1=0 y=0
Ta c6 ABCB’ 1 hinh binh hanh nén AB=B'C. Do d6, C(5;4).
Goi d 1a duong trung tryc cia BC, suy ra d :3x+y-14=0.
Goi | =d nAD, suy ra I la trung diém ctua AD. Toa do diém I 1a nghiém cua hé:
{3” y-14=0 .Suyra, | (4—3 EJ Do d6 D(ﬁ 1—1)
x—3y-1=0 10 10 5 5
Vay, duong thang CD di qua C va nhan CD lam vecto chi phuong nén c¢6 phuong




trinh 9x+13y-97=0. (Hoc sinh ¢6 thé giai theo cach khac)

Cau 7. Trong mit phang toa d6 Oxy, cho 2 dudng tron (Cy) va (C) lan luot c6
phuong trinh 1a (x+1)*+(y-4)>=10,x* +y* -6x—-6y+13=0. Viét phuong trinh duong

thang A qua M(2;5) cit hai dudng tron (C), (C*) lan luot tai A, B sao cho S = g

1 “lMe
biét rang phuong trinh duong thang Acé hé s6 nguyén (Iy,l, 1an luot 14 tim cua (Cy)
va (Cy)).
- (Cy) cO tam Iy(-1;4), ban kinh Ry = V10
e (C1) c6 tam 13(3;3), ban kinh Ry = 5
e D@ kiém tra dugc: M 1a mot giao diém cua (Cy),(Co)
e AQqua M nén A:a(x-2)+b(y-5)=0,(a,beZa*+b*>0)
¢ Goi H, K 1an luot 1 hinh chiéu ctia I, I, 1&n A

Tach g _lAtE o la-2y
P e Ty e T

eTach: S, =228, 0 < S 1,HMA=221,K.MB < 121,H.2MH = 251,K 2MK
MAT g 2 24

121 H M2 —1H? =251, K \[1,M? —1,K?
©12.1,H 10— 1,H? =251, K 5 I,K?

©1441,H? (10— 1,H?) =6251,K* (5- 1,K?)

2 2 2 2
|3a+b|] (|3a+b|j [|a—2b|} [|a—2b|]
<144 10— =625 5—
(\/az +b? [ Ja’® +b? Ja’ +b’ a’ +b?
& 144(3a+b)’ (a—3b)" =625(a—2b)’ (2a+b)’

12(3a+b)(a—3b)=25(a—2b)(2a+b)
12(3a+b)(a-3b)=-25(a—2b)(2a+h)

=

2
a a a a 1
] (2] 432 20 a_,,a_:2
14a’ + 21ab—14b? = 0 (bj b b 2Vp 2™
< =
a
b

86a° —171ab—86b* =0 2 171442975 ,
- 86(3] _1712 _86-0 =T(Ioal doabe 2)

+ Voi %:—Z,Ch()na=2,b= -1 = A:2x-y+1=0

+ Voi %:%,Chona= I,b=2 = A:x+2y-12=0

C6 hai c6 hai duong thang thoa diéu kién bai toan 1a 2x—y+1=0, x+2y—12 =0
Cau 8. Trong mat phang véi hé toa d6 OXy cho duong thang A:y-2=0 va cac diém

A(0;6), B(4;4). Viét phuong trinh tong quat cua dudng thang AB. Tim toa do diém C




trén dudng thang A sao cho tam giac ABC vudng tai B.

Trong mit phiang v6i hé toa d6 Oxy cho duong thang A:y-2=0 VA cic diém
A(0;6), B(4;4) . Viét phuong trinh tong quat cia duong thang AB. Tim toa do diém C
trén dudng thang A sao cho tam giac ABC vudng tai B.

Phuong trinh duong thing AB la; 2= 0_y=b_x_y=b
4-0 4-6 2 -1

—Xx=2y-12<< x+2y-12=0.
CeA=C(t;2) = BA(—4;2), BC(t —4;—2)
Tam giac ABC vudng tai B nén BABC =0« —4t+16-4=0<1t=3=C(3,2).

Cau 9. Cho hinh thang can ABCD c6 AB // CD, CD = 2AB. Goi I 1a giao diém cua
hai duong chéo AC va BD. Goi M 1a diém d6i xtmg cua I qua A véi M@ %j Biét
phuong trinh duong thang DC : x +y — 1= 0 va dién tich hinh thang ABCD bang 12.
Viét phuong trinh duong thang BC biét diém C c6 hoanh do duong.

M

H

A B

D C

Ta c6 : tam giac MDC vuong tai D
=>(MD) :x-y+5=0
=>D(-2; 3)

:£:>HD —MD:Z\/E

Goi AB = a => Spg D_?’azf—lz =>a=2.2

=>DC =442

Goi C(c; 1 —¢)=>DC?=2(c +2)? =>c =2 hayc=-6 (loai)=>C(2; -1)
=>B(3; 2)

=>(BC):3x-y-7=0

Cau 10. Trong mit phang véi hé toa do Oxy cho dudng tron (C):x*+y*=13 va
duong tron (C,): (x—6)? +y> =25 cat nhau tai A(2; 3). Viét phuong trinh duong thang

di qua A va lan luot cét (C,), (C,) theo hai day cung phan biét c6 do dai bﬁng nhau.




Goi giao diém thir hai ctia duong thang can tim véi (C1) va (Cy) 1an lugt 1a M va N.
Goi M(x; y) e(C)=x*+y* =13 (¢D)
Vi A 1a trung diém cia MN nén N(4-x: 6-Y)

Do N €(C,) = (2+x)*+(6-y)* =25 (2

[(x=2

o
Tir (1) va (2) ta ¢6 hé {XZWZ:B ol [yo TSm0
(2+Xx)*+(6-y)* =25 5 5 5

6

V75

Puong thang can tim di qua A va M ¢6 phuong trinh: x—3y+7=0
Cau 11. Trong miat phang toa do Oxy, cho hinh thang ABCD véi AB/CD c¢6 dién
tich béng 14, H (—%;O) la trung diém cua canh BC va I(%;%) la trung diém cua AH.

Viét phuong trinh dwong thang AB biét dinh D ¢6 hoanh d6 duong va D thudc dudng
thang d: 5x—y+1=0.

Vil la trung diém ctiia AH nén A(1;1); Ta co: AH =§ .
Phuong trinh AH 13: 2x-3y+1=0.Goi M = AH ~CD thi H 13 trung diém ctia AM
Suy ra: M(-2; -1). Gia str D(a; 5a+1) (a>0). Ta co:

AABH = AMCH = S, = Sy = AH.d(D, AH) =14 = d(D, AH) = 2>

V13

Hay [13a+2|=28 < a=2(via>0)= D(2;11)

Vi AB di qua A(1;1) va c6 1VTCP I3 %W:a;s) — AB c6 1VTPT lan(z-1)nén AB

co

Ptla: 3x—-y-2=0







7.4. Bai toan vé goc, khoang cach

Cau 1. Trong mat phang véi hé toa dd Oxy cho hai duong thing d:mx+y-m-4=0
va dudng thang A:x+2y+9=0; diém B(-3; 2). Goi H 12 hinh chiéu cua B trén d. Xéc
dinh toa do diém H biét rﬁng khoang céach tir H dén duong théng A nho nhét.

Ta c¢6 phuong trinh d:mx+y-m-4=0< (x-1)m+(y—4)=0. Suy ra d luén di qua
diém c6 dinh A(1; 4), ma BH vudng goc véi d nén suy ra H ludn thudc dudng tron

(C) duong kinh AB.
Goi I 1a tam cua (C). Ta co6 pt (C): (x+1)*+(y-3)*=5
Goi d’ 1a dudng thang di qua I va vudng goc v6i A. Khi d6 d” co pt: 2x—y+5=0.

Toa do giao diém cua d’ va (C) 1a nghiém cta hé phuong trinh :

2X—y+5=0 = = ,

Xy Y™ hoic 1YY Khido o’ cht (C) tai M,(0:5):M,(-2:1)
(x+1)*+(y-3)*=5 |x=0 X=-2
Tacé d(Ml,A):%;d(MZ,A)Zﬁ. Vay H tring voi M, (<2;1)

Cau 2. Trong mit phing toa d0 Oxy cho diém A(l;1) va duong thing
A:2x+3y+4=0. Tim toa d0 diem B thudc duong thang A sao cho duong thang AB
va A hop véi nhau goc 45°.

, \ Je =1-3t ., —
*A ¢6 phuong trinh tham s6 {w "y va co vtep u=(-3;2)
y=-2+

*A thuoc A = AQ-3t;-2+2t)

* 4 . — /10 = 1 ‘AB.U‘ 1
Taco (AB; A)=45° & |eos(ABiu)| =1 < —==—+
\/5 AB.‘u‘ \/E
<:>169t2—156t—45:O<:>t:Evt:—i
13 13
U 32 4 22 32
*Cac diém can tim la —= ) A (= -
Al 13 13) 2(13 13)

Cau 3. Trong mit phing voi hé toa d6 Oxy. Cho duong tron (C):
(x —l)2 +(y —l)2 =25 va diém M (7.3). Lap phuong trinh dudng thang d qua M cit (C)
tai hai diém phan biét A,B sao cho MA =3MB.
Dbuong tron (C) ¢6 tam I(1;1) va ban kinh R = 5.

Taco IM = 2410 >R = M nam ngoai dudng tron (C).




Goi H 1a trung diém AB ma MA =3MB = B la

trung diém MH
C (IH?+MH2 =40  [IH? +4BH? =40 1
Taco: = - .
IH? + BH? =25 IH? + BH? =25 M BN__H_AA

& IH? =20 < IH=2\5
Puong thang d qua M(7;3) va ¢6 VIPT n(a;b) véi a2 +b%>0:
a(x—=7)+b(y-3)=0 < ax+by-7a-3b=0

Tacs: IH=d(dy=lrP-Ta-3_, &
\/a2+b2

b
[3a+2b/=Bya% +b? <22 +3b-20°=0 | 2

o a:g =d:x+2y-13=0

e a=-2b =d:2x-y-11=0

CAu 4. Trong mit phang v6i hé toa d6 Oxy, cho duong tron (C): x> + y?— 6x + 5 = 0.
Tim diém M thudc truc tung sao cho qua M ké duoc hai tiép tuyén ctia (C) ma goc
giira hai tiép tuyén d6 bang 60°.
(C) c6 tam 1(3:0) va ban kinh R = 2. Goi M(0; m) Oy
Qua M ké hai tiép tuyén MA va MB = |AMB=60" O
AMB =120° (2)
Vi MI la phan giac cua AMB nén:

(1) < ami =30° o mi :,'—AO < MI=2ReVm+9=4om=+/7

sin30
(2) & A =60° smi-_" o MI= 2ER o5 =42 Vo nghiem Vay co

hai diém M;(0;v7) va M2(0; —7)

Cau 5. Trong mit phang voi hé toa do Oxy, cho tam gidc ABC can tai A c6 phuong
trinh AB,AC lan luot 14 x+2y-2=0,2x+y+1=0, diém M (1,2) thuoc doan thang BC.
Tim toa do diém D sao cho tich v6 huéng DB.DC c6 gia tri nho nht.

Goi vec to phap tuyén cua AB,AC,BC lan luot 1a n,(12),n,(2;1),n,(a;b).Pt BC c6 dang
a(x-1)+b(y-2)=0, vdi a*+b*>0. Tam giac ABC can tai A nén

cosB=cosC < ‘cos(nj, E) = ‘cos(nj, n?) o
la+2b]  [2a+bh| - {a: —b
JaZ+b’\5 a’+b?5  [a=b




Véi a=-b. Chon b=-1=a=1=BC:x-y+1=0= B(O;l),C(—%;%j, khong thdéa man

M thudc doan BC.

V61 a=b. Chon a=b=1=BC:x+y-3=0=B(4;-1),C(—4;7), thoa man M thudc doan
BC.

Goi trung diém cua BCIa I = 1(0;3).

Ta c6 DBDC - (b1 +18)(Bi + 1) - iz -2 > B
4 4

Dau bang xay ra khi D=1. Vay D(0;3)




7.5. Tinh dién tich tam giac

Cau 1. Trong mat phang véi hé toa d 6 Oxy cho diém C(2;-5 ) va duong thang
A:3x—4y+4=0.Tim trén A hai diém A va B ddi xtmg nhau qua 1(2;5/2) sao cho dién
tich tam giac ABC bangl5.

3a+4) = B(4-a; 16;361) . Khi d6 dién tich tam giac ABC la
S e = % ABd(C —> A) = 3AB.

+ Go1  A(a;

2
.y 4 , — a=4
+Theo gia thiét ta co AB=5<:>(4—2a)2+(6 23aj =25<:>Ll_o

Vay hai diém can tim 1a A(0;1) va B(4:4).

Cau 2. Trong mat phrfmg vol h¢ toa d§ Oxy, cho tam gidc ABC va61 duong cao
AH c6 phuong trinh 3x+4y+10=0 va duong phan giac trong BE c6 phuong trinh
Xx—y+1=0. Diém M(0;2) thudc duong thang AB va cach dinh C mot khoang bang
J2 . Tinh dién tich tam gic ABC.

Goi N 1a diém d6i xtmg cia M qua phan giac BE thi N thudc BC

Tinh duge N(1; 1). Puong thing BC qua N va vudng géc véi AH nén c¢6 phuong trinh

4x—3y-1=0
B 1a giao diém cua BC va BE. Suy ra toa d§ B 1a nghiém cua hé pt:
4x-3y-1=0
< B(4;5)
X—y+1=0
A
M
B N H

Duong théng AB qua B va M nén c6 phuong trinh : 3x —4y +8 =0
A 1a giao diém ctua AB va AH, suy ra toa d§ A 1a nghiém h¢ pt:
3x—-4y-8=0
{ 3Xx+4y+10=0
Piém C thuéc BC va MC =2 suy ra toa do C 1a nghiém hé pt:

o1
< A3 _Z)




{4x—3y—1:0 x=Ly=1 C(1)
RN = 31 33= 31.33
2 _ 2 — —_ - > C _’_
Xaly-2"=V2 X 25'y 25 (25 25}
Thé toa d§ A va C(1; 1) vao phuong trinh BE thi hai gia tr1 trai dau, suy ra A, C khéc

phia d6i v6i BE, do d6 BE 1a phan giac trong tam gidc ABC.

Tuong tu A va C(%%j thi A, C cung phia véi1 BE nén BE 1a phan giac ngoai cua

tam giac ABC.
_ 49 , 49
BC =5, AH =d(A BC) =0 Do d6 S5 Y (dvdt).

Cau 3. Trong mit phang toa do Oxy, cho duong thing A:2x+y-1=0 va diém
A(-1 2). Goi M 1a giao diém cua A v&i truc hoanh. Tim hai diém B, C sao cho M 12
trung diém AB va trung ‘diém N cta doan AC nam trén duong thang A, dong thoi
dién tich tam gidc ABC bang 4.

A v

Toa do M: {2x+y—1=0 =M (l;oj
y=0 2

x-1=1

B(2;,-2
y+2:0:> ( )

Gia str B(x;y), M 1a trung diém AB nén {
Gia su C(x;y), ta co:
1

Spc = ~BC.2d (AA) N 7 7 1
2 4=\(x=2) +(y+2) .=

N3

6
5)(2—20X—60:0<::> X=-2

NeA X1 ¥*2 4y
2 2

>
Il

2Xx+y=2 2X+y=2
= <
(x—2)° +(y+2)" =80




DS: B(2;,-2), C(6; -10) hoac C(-2; 6)

Cau 4. Trong mp(Oxy) cho 4 diém A(1;0),B(-2;4),C(-1:4),D(3;5). Tim toa d6 diém M
thudc duong théng (A):3x—y-5=0 sao cho hai tam giac MAB, MCD c6 di¢n tich
bang nhau.

Viét phuong trinh duong AB: 4x+3y—4=0 VA AB=5

Viét phuong trinh duong CD: x—4y+17=0 Vi CD =17

Piém M thudc A c6 toa do dang: M =(t;3t-5) Ta tinh dugc:

13t -19| 11t -37|
d(M,AB)=——;d(M,CD) =
( ) ( ) N

Tfl’ d(). SMAB = SMCD = d(M , AB)AB = d(M ,CD)CD

ot =—9vt=g — C6 2 didm cin tim 1a: M (=9:-32), M (g;z)

Cau 5 Trong mit phang toa 46 Oxy cho dudng tron (C,): (x—1)2 + (y-1)> =4 ¢c6 tam 1
|, va dudng tron (C,): (x—4)? +(y—4)> =10 ¢6 tdm 4 1,, biét hai dudng tron cit nhau
tai A va B. Tim toa d6 diém M trén duong théng AB sao cho dién tich tam giac
MI,1, bang 6.

Tim toa d§ diém M q 7
Phuong trinh duong thang d qua 2 diém A va B (truc dang phuong)

d:x+y-4=0

Puong thang (1,1,) di qua tim 1, va I,
(11,):x-y=0

M(m; 4-m)ed

SMlllz :%d(M’(Illz)lllz =6 m:4, m=0

Vay : M(4; 0) va M(0; 4)

Cau 6 Cho mit phang (P) va mit cau (S) c6 tdm I va dién tich bang 1007. Khoang
cach tir I dén (P) bang 3. Chtrng minh rang (P) cat (S) theo mot duong tron, tinh dién
tich hinh tron do.

Theo cong thirc tinh di¢n tich mat cau, ta co S, = 47R?* =1007 = R =5.

Vi d(1,(P)) =3<R nén (P) cit (S) theo mdt dudng tron (C).

Goi H, r tht ty la tim va ban kinh duong tron (C), ta c¢oé

r=vR?—IH? =5 -3 =4,




Vay dién tich hinh tron (C) 1a: S = zr? =167.

Cau 7 Trong mat phang véi hé toa dd Oxy, cho hinh chit nhat ABCD c6 diém C
thugc duong thang d:2x+y+5=0 va A(-4; 8). Goi E 1a diém ddi xing véi B qua C,
F(5; —4) 1a hinh chiéu vuéng goc cua B trén dudng thang ED. Tim toa do diém C va
tinh dién tich hinh chir nhat ABCD.

Taco Ced:2x+y+5=0 nén C(t; -2t — 5).

Ta chimg minh 5 diém A, B, C, D, F cliing nam trén dudng tron dudng kinh BD. Do
tor giac ABCD 1a hinh chir nhat thi AC cling 1a duong kinh ctia dudng tron trén, nén
suy ra dugc AFC =90° < AC> = AF> +CF?. Két hop véi gt ta c6 phuong trinh:

(t+4) +(2t—13)* =81+144 +(t -5 +(2t-1)* = t=1.

Tu d6 ta dugc C(1; 7).

Tu gia thiét ta c6 AC // EF, BF LED nén BF L AC, do C la trung diém BE nén BF
cat va Vuong gbc voi1 AC tai trung diém.

Suy ra F d6i xtng v6i B qua AC, suy ra AABC = AAFC

= Sasc = Sarc = Sascp =2Sprc =75 (dth)




7.6. Viét phwong trinh dwong tron

Cau 1. Trong mit phang véi hé toa do Oxy,cho 2 dudng thiang d: +3x+y=0 va
d’: 3x-y=0. Goi (C) 1a duong tron tiép xtic vdi d tai A,cat d’ tai 2 diém B,C sao cho
tam giac ABC vuodng tai B. Viét phuong trinh cua (C) biét dién tich tam giac ABC

bang ? va A c6 hanh d¢ duong.

Ta thiy duong tron (C ) 1a duong tron ngoai tiép tam giac vong ABC,c6 dudng kinh
AC

Piém A thudc d nén A(a;-a+/3 ) (a>0).

+Puodng thing AB di qua A va vudng goc voi d’ ¢6 pt: x++/3 y+2a=0

2
+ Puong thang AC di qua A va vudng goc véi d co pt: X-+/3 y-4a=0
Do d6 C 1a giao diém ctia AC véi d’ khi do C(—Za; —2a\/§) ------------------------------

V3 _

Ta lai cO SAABC :%AB.BC = —>a——

V3

A 1 2
Vay Al —=;-1|,C| ——=;—2 | =======mmmmmem e oo e
Do do6 duong tron (C ) c6 tam I( 2\1/5;—3 1a trung diém cua AC va ban kinh

Do d6 B 1a giao diém ctua AB vé6i d’ .khi d6 B(—E-—i]

R=1A=1

1Y 3\
Vay pt cua( C): — = =1
ay pt cua( C) [x+2\/§j +[y+2)

CAu 2. Trong mit phang véi hé truc toa dd OXy, cho hai dudng thang di: x+y+5=0,
da: x+2y-7=0 vatam giadc ABC c6 A(2; 3), trong tam 1a diém G(2; 0), diém B thudc
d; vadiém C thudc dz . Viét phuong trinh dudng tron ngoai tiép tam giac ABC.

Do B € d; nén B(m; —m-5), C € d, nén C(7 — 2n; n)

Do G 14 trong tam AABC nén {2”“”‘2”:3'2 Q{m:‘l — B(_1; -4), C(5; 1)
3-m-5+n=3.0 n=1

— PT duong tron ngoai tiép AABC: @ +y? —§x+%y—%=0
Cau 3. Trong mit phang toa do Oxy cho tir gidc ABCD noi tiép dudng tron (S), c6 A
va C d6i xting qua BD. Phuong trinh AB: y — 2 = 0; phuong trinh BD: 3x—y+2=0.
Viét phuong trinh dudng tron (S) biét dién tich t& gidc ABCD bing 4+/3va xa > 0,
Ya<VYp-




+B la giao diém ctia AB va BD, tim duoc B(0; 2).

+Tinh goc giita hai dudng thang AB va BD bang 60°.
+Ta c6 BD la duong trung tryc cua day cung AC nén BD
la duong kinh.

+Tam gidc ABD vudng tai A co6 ABD =60° = AD = AB+/3

+Ta €O S,0ep = 2Se0 < Sunep = 243 @%AB.AD:Z\E
@%ABZ.\/§:2\/§<:>AB:2.
+TacOd AcAB < A(a;2),a>0,AB=(-a;0)
AB=2/(-a)’ +0° =2<a=2 (a>0)suy ra A(2;2).
+Ta c6 D e BD < D(d;+/3d +2), AD = (d -2;+/3d).

Nén AD=ABJ§@\/(d —2)2+(\/§d)2 =2\/§<:>4d2—4d—8=0<r{j 21
D(—1;—J§+2)

Suy ra . Viya <ypnén chon D(2;2J§+ 2).
D(2243+2)

+ Puong tron (S) c6 tam | (1;J§ + 2), ban kinh 1A=2nén c6 phuong trinh:

(x-1 +(y—3-2) =4.

Cau 4. Trong mat phang toa d6 Oxy cho 3 duong thang d, : x+2y—-6=0; d,:x+2y =0
Va d, :3x—y—2=0. Viét phuong trinh dudng tron (C) c6 tdm I thudc ds, cat d; tai A va

B, cit d, tai C va D sao cho t& giac ABCD la hinh vuong.

B

d

/l

Goi I(a; 3a—2)
Vi ABCD la hinh vudong =d(l, AB) =d(l, CD) =d

D

2

[7a-10| _|7a-4]
<:> =

V5 V5

<a=1=I11)=d=

3
NG




N2

Ban kinh: R=d2 = 2=
J5

N _ 2 2 _ 18

pt(C): (x-1) +(y-1) = B
Cau 5. Trong mat phang véi hé toa 46 Oxy, cho duong thang d : x—y —1=0 va hai
duong tron: (C):x*+y’ —6x+8y+23=0; (C,):x’+Yy’>+12x—10y+53=0. Viét phuong
trinh duong tron (C) c6 tam thudc duong thang d, tiép xuc trong véi dudng tron
(C,) tiép xuc ngoai voi duong tron (C,).
+) (C,) O tAm 1,(3;,-4), ban kinh R, =2 ; (C,) cO tdm 1,(3;-4) ,ban kinh R, = 2+/2.

+) Goi I 1a tdm, R 1a ban kinh ctia duong tron (C). 1 ed < 1(a;a-1).
+) (C) tiép xtc trong véi (C,) < II, = |IR-R| ().
+) (C) tiép xtic ngoai véi (C,) < I, =R+R, & R=11,-R, (2).

+) TH1: R>R, (1) @ R=1I,+R, tr (1) va (2) taco: I, +R =11,—R,

& J(@-3)*+(a+3)? +4/2 =/(a+6)*+(a—6)* —2y2 <> a=0

= 1(0;-1);R =42 = PT dudng tron (C): x2+(y+1)? =32.

+) TH2: R<R, (1) @ R=R -1l ,tr (1) va(2)tacd: R -1, =11,-R,

e 2-J(a-3)* +(a+3)? =/(a+6)’ +(a—6)2 — 242 <= Ja? +9 ++/a* +36 =3 (VO NQ)
+) KL: ...

CAu 6. Trong mit phang véi hé toa do Oxy, cho tam giac ABC c6 A(4; 6), phuong
trinh dudng cao va trung tuyén ké tr dinh C lan lwot 1a 2x—y+13=0 VA&
6x —13y + 29 = 0. Viét phuong trinh dudng tron ngoai tiép tam giac ABC.

C(-7;-1)

ado) H Me:5)  B&:4H

- Goi duong cao va trung tuyén keé tir C 1a CH va CM.
Khi do




CH c6 phuong trinh 2x-y+13=0,
CM c6 phuong trinh 6x-13y+29=0.

o [2x—y+13=0
- Tir hé Y+ — C(-7; -1).
6X — 13y+29 0

-AB 1L CH :>n —u =, 2)
= pt AB:x+2y—16=0.

o (x+2y-16=0
- Tirhe {177 — M(6:5) = B(8; 4).
6x—-13y+29=0

- Gia str phuong trinh dudng tron ngoai tiép AABC: X%+ y® +mx+ny+ p=0.
52+4m+6n+p=0 m=-4
- Vi A, B, C thugc duong tron nén <80+8m+4n+p=0<<n=6
50-7"m-n+p=0 p=-72
Suy ra pt dudng tron: x?+y? —4x+6y—-72=0 hay (x—2)?+(y+3)? =85.

CAu 7. Trong mat phang voi hé toa do Oxy, cho hai dudong thang di: X -2y +3=0,
dz: 4x + 3y — 5 =0. Lap phuong trinh duong tron (C) co6 tam I trén d;, ti€p xuc d; va
co ban kinh R = 2,

=-3+2t
di: {X " ,led, = 1(=3+t;1)

y=t
d(1, ) =2 e ae-17]-10 et =21 =L

27 21 27 21 27’
o t=—=1I — + | =4
11 l[11 11} (€. ( 11} (y 11)

7 ~19 7 19 7Y
= o, == : — | =4
! 1 2( 11 ’11) (C2) (X 11] +[y 11j

Cau 8. Trong mit phiang v&i hé tc_)a d@ Oxy, cho diém E(3; 4), dudng thang
d:x+y-1=0 va du’c‘mg tron (C):x®+y?+4x—2y—4=0. Goi M 13 diém thudc
duong thang d va nam ngoai duong tron (C). Tu M keé cac tiép tuyén MA, MB dén
duong tron (C) (A, B la cac tlep diém). Goi (E) 1a dudng tron tam E va tiép xuc véi
duong thang AB. Tim toa do diém M sao cho dudng tron (E) ¢6 chu vi 16n nhat.

Puong tron (C) c6 tam 1(-2;1), badn kinh R=3. Do M ed nén M(al-a).

Do M nam ngodi (C) nén IM >R < IM2>9< (a+2)% +(-a)’ >9

< 2a°+4a-5>0 (*)

Tacd MA’=MB*=IM*—IA*=(a+2)* +(-a)*—9=2a’+4a-5

Do d6 toa do cua A, B thdéa man phuong trinh: (x—a)* +(y+a-1)° =2a* +4a-5
< X2 +y?-2ax+2(a-1)y-6a+6=0 (1)




Do A, B thugc (C) nén toa do cua A, B thoa man phuong trinh

X*+y° +4x-2y-4=0(2).

Trir theo vé ctia (1) cho (2) ta dugc (a+2)x—ay+3a—5=0(3)

Do toa d6 ctia A, B thoa méin (3) nén (3) chinh 1a phuong trinh ctia duong thang A di
quaA,B.

+) Do (E) tiép xtc vdi A nén (E) co ban kinh R =d(E,A)

Chu vi ctia (E) 16n nhat < R, 16n nhit< d(E,A) 16n nhat

Nhan thay duong thang A ludn di qua diém K(g %1)

Goi H 14 hinh chiéu vudng goc ctia E 1én A = d(E,A)=EH <EK =

Nﬁ‘
o

Déau “=" xayrakhi H=K < A L EK.

Taco EK = (—% gj A c6 vecto chi phuong u = (a;a +2)

Do d6 A L EK @ﬁ.ﬁzO@—%a+g(a+Z):0@a:—3 (thoa man (*))

Vay M(-34)1a diém can tim.

Cau 9. Trong mat phang Oxy cho duong tron (C): x2 + v — 2x + 4y + 2 = 0. Viét pt
duong tron (C*) tim M(5;1) biét (C*) cit (C) tai A, B sao cho AB=+3 va ban kinh cta
no 16n hon 4.

Tur pt duong tron (C) = Tam 1(1;-2) va R=v3. Puong tron (C’) tim M cit duong tron
tai A, B nén ABL IM tai trung diém H cua AB.
AB 43

2 2
Nhan xét : Ton tai 2 vi tri ciia AB (hinh v&) 1a AB, A’B’ chang c6 cung do dai 1a V3.
Céc trung diém H, H’ di xtng nhau qua tdm I va cing nam trén dudng thang IM.

Taco : IH’=IH=+TAZ — AHZ _2




Ma MI =5 nén MH=MI- HI— ; MH’=MI+IH=—
= MA* = AH* + MH* = 13 =: 16 (loai)

— MA? = AH® + MH'® = 43 > 16 (t/m)

Vay (C°) :(x — 5)* + (v — 1)*=43.

Céau 10. Trong mat phéng toa do vdi hé truc toa do Oxy, cho hai duong thrfmg co
phuong trinh lan luot 14 d,:x—2y+2=0,d,:3x-3y++/6=0 va tam gidc ABC déu co
dién tich bang 3 va truc tim I thudc d,. Pudng thang d, tiép xtc voi dudng tron noi
tiép tam giac ABC. Tim toa d6 giao diém d, va duong tron ngoai tiép tam giac ABC
biét diém I ¢6 hoanh do duong. ‘ ,
Goi1 M = Al nBC. Gid st AB=x(x>0),R,r lan luot 1a ban kinh duong tron ngoai tiép,
noi tiép tam giac ABC

3=

-Do tam giac ABC déu nén S,,. = =2

2 2
—X\/§<:> X\/§:>x
4 4

-Do tam giac ABC déu nén truc tdm I 13 tAm dudng tron ngoai tiép , nodi tiép tam giac
ABC =r=1IM :%AM :%J’:?.

Gia st 1(2a-2;a)ed,(a>1)

Do d, tiép xtc voi dudng tron noi tiép tam giac ABC nén

32a-2)-3a+V6| 3 4 8- 2J5<1(|)
d(l;d,))=r< ——<:>3a 6+ 6 <
(1;d;) N [3a-6+6|= 6
a=2
Suyra 1(2;2).
\ \ Y . oA N Tz 1 2 23
Duong tron ngoai ti€p tam giac ABC c6 tam I va ban kinh RngM re

—phuong trinh dudng tron (C) ngoai tiép tam giac ABC
la:(x-2)°+(y-2) 2=g
Giao diém cua duong thang (d,) va (C ) 1a nghiém cta hé phuong trinh:

X—=2y+2=0

(-2 +(y-2 ==
Vay giao diém cua (d,) va (d,) la EQ+—— 2_. i) F(Z—L'Z—i)
ye N U R




PHAN 8. HINH HOC KHONG GIAN

8.1. Hinh chop tam giac

Cau 1. Cho hinh chép S.ABC c6 tam giac ABC vudng tai A, AB=AC=a, | latrung
diém cua SC, hinh chiéu vuong goc cia S 1én mdt phang (ABC) la trung di€ém H cua
BC, mit phang (SAB)tao v&i ddy 1 goc bang 60°. Tinh thé tich khéi chép S.ABC va
tinh khoang cach tir diém 1 dén mat phang (SAB)theo a.

Goi K 14 trung diém ciia AB = HK L AB (1)

Vi SH L(ABC) nén SH L AB(2)

Tu (1) va(2) suyra = AB L SK

Do d6 goc gitta (SAB)véi dy bang goc giita SK
va HK va bang SKH =60’

a3
2

Tacd SH =HKtanSKH =

a’\3

A 1 11
Vay VS.ABC :gsABCSH 255 ABACSH = 12

Vi IH//SB nén IH //(SAB). Do d6 d(1,(SAB))=d(H,(SAB))

T Hké HM 1 SK tai M = HM 1 (SAB) = d(H,(SAB))=HM

Taco —— =~ , L 10 Hl\/l:""—‘/g.Vaflyol(l,(SAB)):"’“/§

+ = =
HM? HK? SH? 3a?

CAu 2. Cho hinh chép S.ABC c6 SA vudng goc voi mat phang (ABC), SA = 8a, tam
giac ABC déu canh bﬁng 4a; M, N lan luot 1a trung diém cua canh SB va BC. Tinh
theo a thé tich khdi chop S.ABC va khoang cach tir diém B dén mit phang (AMN).




*) Ta cO: AN =+ AB2—BN? =2a./3
Dién tich tam gidc ABC la:

Sasc = % BC.AN =4a%\/3.

Thé tich hinh chép S.ABC la:

Vs asc = % Supc-SA= %43-2\/5-8&

3
322°V3 (dvtt).
3
*) Ta co:
Veaw _ BA BM BN 1

V., ... BA BS BC 4

1 8a’/3
VB.AMN = ZVS.ABC = T

Mait khac, SB=SC =4+/5a = MN :%sczzﬁa; AM :%ss:zﬁa.

Goi H 14 trung diém AN thi MH L AN, = MH =vJAM?— AH? =a./17.

Dién tich tam giac AMN 1a S, :%AN.MH :%Za\/g.a 17 =a2/51.

Vay khoang cach tir B dén (AMN) la:
Nean  82°V3 82  8a\l7

S pamn - a?\/51 - \/]7: 17
Céau 3. Cho hinh chop S.ABC c6 day ABC la tam giac vudng tai B, canh SA vuong

d(B, (AMN)) =

goc voi mit day. Goc SCB =60, BC = a, SA=av2. Goi M 14 trung diém
SB.Tinh thé tich khoi chop MABC

BOLSAC(SAB) b | (s4B) (do SA cht BC 3
BC L AB C (SAB) (S4B) (do SA cit BC)

Ma BC c (SBC) nén (SBC) L (SAB)

a2
TacoO, SB = BC.tan SCB = a.tan 60’ = a\/g A %
AB =SB — SA* = \/(a\/g)Q — (a\/§)2 =a 2
1 1 a2 B

S ==.5 = SA-AB =

1
AMAB 9 “AsAB 5 5 ) 4




1 1
V= Bh=18y,, BC

Thé tich khbi chop M.ABC: : 5’; 5 o (dvdt)

371 YT
Cau 4. Cho hinh chop S.ABC c6 tam gidc ABC vuong tai C, AC=a, AB=2a, SA
vudng goc véi day. Goc gitra mat phang (SAB) va mat phang (SBC)bﬁng 60°. Goi
H, K 1an luot 14 hinh chiéu ciia A Ién SB va SC. Chung minh rang AK vudng goc
HK va tinh thé tich khoi chop S.ABC.

SAL BC,AC L BC =BC L(SAC)=BC L AK.
Ma AK L SC = AK L (SBC)= AK L HK.

2

S puc =a—2‘/§, AK = AHsin 60 =§AH

1 1 1 1 1

= + = + 1),

AR sw A oa T a )

1 1.1 4 1,11 3 3.,
AKZ SA? AC? 3AH? SA? a’  AH? 4SA?  4a’

:%:SAzﬂ.
a 2

_a'\6

Cau 5. Cho hinh chop S.ABC c6 day ABC la tam giac vudng tai A, AB = a; AC = 2a.

Mit bén (SBC) la tam giac can tai S va nam trong mit phang vudng goc voi day. Biét

gdc gitra hai mit (SAB) va (ABC) bang 30°. Tinh thé tich khdi chép SABC va khoang
cach giita hai duong thang SC va AB theo a




Tinh Vsasc
Goi H 1a trung diém BC.

Do ASBC can tai Snén SH 1L BC.
(SBC) L (ABC)

Ta co: {(SBC) N (ABC)=BC = SH L (ABC)
SH 1. BC

Goi K 14 trung diém ctia AB = HK // AC ma

AC L AB
— HK LAB va SH_LAB (do SH L (ABC))

— AB L (SHK) = ABL1SK
(SAB) N (ABC) = AB

— Goc gitra (SAB) va (ABC) la SKH =30°

SK L AB
HK L AB
SH a3 1 a’\3
= = Vsasc = E'SH'SAABC "9

tan300 :m = SH

e Tinh d(SC.AB)

V& hinh chit nhat BKEC = CE// AB ma AB L (SHK) = CE L (SHK)
d(AB,SC) = d(AB,(SEC)) = d(K,(SEC)) = 2 d(H,(SEC))

Ké HF LSEva HF L CE = HF 1 (SEC)

1 1, . 3,1 4 HF:% = d(H,(SEC)) = = = d(AB,SC) =a

“La2 T2

= + =
HF* HE? SH*> a* a

Ta co:

CAu 6. Cho hinh chop S.ABC ¢6 dudng cao SA bang 2a, tam gidc ABC vudng & C c6
AB =2a, CAB =30". Goi H 14 hinh chiéu vudng cta A trén SC.Tinh theo athé tich cua
khdi chép H.ABC . Tinh c6-sin ctia goc gitra hai mit phiang (SAB),(SBC).




Trong mit phang (SAC), ké HI song song voi SA thi HI L(ABC).

2
Tacd CA=ABcos30° =a+/3.Do do6 S e :%AB.AC.sin 30 :%.Za.a\/isin 30 =2 f .
2 2 2
Tace AL_HC_ HC'SZC=AC2= AC = 23& 2=§:>H|=§a.
SA SC SC SC SA?+ AC 4a“+3a° 7 7
A 1 1 a3 6_ a3
Vay VH.ABC :gsAsc-Hl :g 2 7 = 7 .
1

(Céch khac: V, ec =V anc :§SAHC.BC)

Goi K 12 hinh chiéu vudng goéc cia A Ién SB. Tacd AH L SC,AH L CB(do

CB L(SAC)),suy ra AH L(SBC)= AH L SB.

Lai c6: SB L AK, suy ra SB L (AHK). Vay goc giira gilta hai mat phing (SAB),(SBC)la
HKA.

1 1 1 1 1 7 a.2\3 .
7= anz 7= 2 a2 > = AH = \/_,
AH? SA’ AC? 4a’® 3a’> 12a J7

AK? SA? AB? 4a’? 4a* 2a’
Tam giac HKA vuong tai H (Vi AH 1 (SBC),(SBC)> HK ).

a.2\3
sin HKA_ ‘/_ \/_:>cos HKA= ﬁ
AK  av2 V7 7

Cau 7. Cho hinh chép tam giac déu S.ABC c6 canh ddy bang a va canh bén bang
a+/3. Tinh thé tich khéi chop S.ABC va dién tich ciia mat ciu ngoai tiép hinh chép
S.ABC theo a.

+) Tir gia thiét suy ra tam giac ABC déu canh a va SHL(ABC) véi H 14 tim ctia tam
giac déu ABC => AH = \/— va SH 1a duong cao cua hinh chép S.ABC

Tur gia thiét => SA = a\/_ => trong tam giac vuong SAH vuong tai H c6

SH:\/SAZ—AHZZZ—*E"".

. 2 3
+) Di¢n tich tam gidc ABC bang: Sagc = a’\3 1 a’\2

=Vs.ac =3 SacSH =—

+) SH la tryc cua duong tron ngoai tiép tam giac ABC, trong mat phang (SAH) ke
duong trung truc cua canh SA cat SH tai [ => I 1a tdm ctia méat cau ngoai ti€p hinh
chop S.ABC c6 ban kinh R = IS, Hai tam giac vuéng SMI va SHA dong dang =>




_SMSA 3J€a
SH 8

+) Dién tich mit cau la: S =47zR° = %:ﬁaz :

Sl

Cau 8. Cho hinh chép S.ABC c¢6 tam giac ABC vuong tai A, BC = 2a, Goc
ACB =60°. Mit phang (SAB) vuong goc voi mp(ABC), tam giac SAB can tai S, tam
giac SBC vuong tai S. Tinh thé tich khéi chop S.ABC va khoang céach tir diém A t61
mp(SBC).

a) Goi H 1a trung diém ctia canh AB, tir gt ¢6 SH L (ABC). V ,ac :%SABC.SH . Tam giac
ABC vuong tai A c6: AB = 2asin60° =+/3a; AC = 2ac0s60° = a
Nén S, = % AB.AC =@’ 73

Goi K 14 trung diém cua canh BC thi




SK:EBC:a;HK :EAC:acos60°:1a
2 2 2

SHZ:SKZ—KHZ:%aZ

B3

= SH =52 Suy ra Vg e :%as.

b) Ta cO SB=+/SH?+HB? =§a

2 2
HCZ:AC2+AH2:a2+3%:7%

2 2
SC =+/SH?+ HC? = 32 L1 =*/;_Oa

4

1 1
S ==SB.SC =—.
s8C 5 5

3\/S.ABC —

4
Ssac @ 2 \/E
4

Vay d(A;(SBC)) =

Cau 9. Cho hinh chép S.ABC cd SA L(ABC), ABC =90°, AB = a,BC =a+/3,5A=2a Chiing

minh trung diém I ctia canh SC 1a tAm ctia mit cau ngoai tiép hinh chop S.ABC va tinh

dién tich mat cau d6 theo a.

Sl
|
A C
B
ViSA L (ABC)= SA L BC

Miit khéc theo gid thiét AB L BC, nén BC L (SAB)va do d6BC L SB
Ta c6 tam giac SBC vuong dinh B; tam gidc SAB vudng dinh A nén
A=1B=C_i5-1C *)

Vay diém I cach déu bdn dinh cua hinh chép, do d6 I 1a tAm mit cau ngoai tiép cta
hinh chop S.ABC




Tir (*) ta c6 ban kinh ctia mit cdu 1a R = %

Tacd AC=+AB*+BC* =2a

SC =+/SA? + AC2 =2\2a=R=a+2

Dién tich mit cau 1a 47zR?=87a’




8.2. Hinh chop ti giac
Cau 1. Cho hinh chop déu S.ABCD c6 canh day 2a, goc giita canh bén va mat day

bang 60°. Tinh thé tich ctia hinh chop.

* Goi O 1a tam ctia mat day thi SO 1 (ABCD) do d6 SO la duong cao
ctia hinh chép va hinh chiéu ciia SB 1én mat day 1a BO,
do d6 SBO = 60" (la goc gitra SB va mat day)

* Tacod, tanSBO = Z—g = S0 = BO.tan SBO = BQ—D tan SBO

=a 2.tar}600 = a\/g .
* Vay, thé tich hinh chop can tim la

4a3\/8
3

V= %B.h _ éAB.BC.SO — ézaQa.aJE -

Céu 2. Cho hinh chop S.ABCD c6 day ABCD la hinh thang vudng tai A va B,
AB=BC=a,CD=2a, SA vudong goc voi mat phang (ABCD) va SA=a. Tinh thé tich
khéi chop S.ABCD va khoang cach tir diém D dén mit phang (SBC).

B C

K& duong thang qua C va song song v6i AB cat AD tai E.
Tacod: AE=BC =a; DE=DE =./(2a)’ —a? = a3




Suy ra dién tich hinh thang ABCD la: ¢ -1, (2 +3 )
ABCD 2

A 1 1
Vay: Vs saco = 3 SASsugcp = 63-3 (2 + \/§)

Vi AD//(SBC) nén d(D,(SBC))=d(A,(SBC))
Ké Al vuong gbc SB tai I, chirng minh dugc Al vudng goc (SBC).
Nén d(A, (SBC)) = Al

Trong tam gidc SAB vudng tai A c6 Al 1a dudong cao nén: I _ 1 4 !
Al SA* AR’
Suy ra: g7 =448 _ a
SB 2

Cau 3. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh vudng canh bang 2a. E,F lan
luot 13 trung diém ciia AB va BC, H 1a giao diém ctia AF va DE. Biét SH vuéng goc
v6i mat phang (ABCD) va goc giita duong thang SA va mat phang (ABCD) bang 60°.
Tinh thé tich khéi chop S.ABCD va khoang cach giira hai duong thang SH , DF.

Do ABCD la hinh vudng canh 2anén s, , =4a*.

SH L (ABCD) = HA 14 hinh chiéu vudng goc ctia SA trén mp(ABCD)

— SAH =60° = SH = AH+/3
AABF = ADAE (c.g.c) = BAF = ADE

Ma: AED + ADE =90° Nén BAF + AED =90° = AHE =90° = DE | AF

Trong AADE C6: AH.DE = AD.AE = AH = 22

NG




1 2a/3

Thé tich ciia khéi chop S.ABCD Ia: v =3

3
sa2 =82 ;/1_5 (dvtt)

N 1

Trong mp (ABCD) ké HK L DF tai K.=d(SH,DF)=HK.

Trong AADE cO: DH.DE = DA* = DH :% CO: DF =a+5
2 2
Trong ADHF c0: HF? =DF*-DH? gz 102 9 32
5 5 J5
_ i - HF.HD :12aJ§ Vay d (SH’DF)lea\/E
DF 25 25

Cau 4. Cho hinh chép S.ABCD c6 day ABCD la hinh thang vudng tai A va B biét
AB=AC=a, AD=2a, SA vubng goc voi day va (SCD) hop voi day mot goc 60°. Tinh
thé tich khoi chop S.ABCD.

Hinh chiéu ctua SB va SC trén (ABC) 1a AB va AC , ma SB=SC nén AB=AC

Tacod: BC? = 2AB2— 2AB20s120° < a2 =3AB? < AB = -~

S NE)
a2 a2

SA? :az—? = SA= —

N
2 2
Syec = © AB.AC.sin120° = 1a°V3 _a'\3
2 23 2 12

la2 a?3 a2
V== = dvtt
343 12 36 (dvte)

Cau 5. Cho hinh chop S.ABCD c6 ddy ABCD la hinh vudng canh a+/2, canh bén SA
vuong goc voi mat phang day. Puong thang SB tao vdi mat phang (SAD) mot goc 60°.
Tinh thé tich ctia khéi chdp S.ABCD theo a.

]

Taco SA L (ABCD) = SA la chiéu cao
Day ABCD la hinh vuéng canh a
NeN S, = (av2)? = 2a°

Tacd goc [SB,(SAD)] = BSA =60°




Tam giadc SAB vuodng tai A c6

AB aVv2 a6

tan60° 3 3

12 2 @:239\/5

Vay V = 3 ABCDSA:3 a’. 3 S

AB=a/2 =SA =

Cau 6. Cho hinh chép S.ABCD c6 day ABCD la hinh thoi ; hai duong chéo
AC=2/3a, BD = 2a va cit nhau tai O; hai mit phiang (SAC) va (SBD) cling vudng goc
v6i mit phang (ABCD). Biét khoang cach tir diém O dén mat phang (SAB) bang =X a\/_
tinh thé tich khéi chop S.ABCD theo a.
Tir gia thiét AC = 2a4/3; BD = 2a va AC ,BD vudng goc v6i nhau tai trung diém O cila
mdi duong chéo.Ta cé tam gidc ABO vuong tai O va AO = a/3; BO=a, do do
ABD =60’ ‘
Hay tam giac ABD deu. 7
Tu gia thiét hai mat phang (SAC) va (SBD) cung vuong goc véi mat phang (ABCD)
nén giao tuyén cua ching la SO L (ABCD).. 7
Do tam gidc ABD déu nén véi H 1a trung diém cua AB, K 1a trung di€ém cua HB ta c6
DH 1 AB vaDH = ay/3; OK//DH va OK:%DH _a*/_ =O0OKLAB=AB L
(SOK)
Goi I 12 hinh chiéu cua Olén SK ta c6 O L SK; AB L Ol = OI L (SAB), hay Ol la
khoang cach tir O dén mat phang (SAB).
Tam giac SOK vuong tai O, OI 1a duong cao = 12 -1 =+ 1 ~=S0 = a

Ol OK® SO 2
S

Dién tich day S,qc;, = 4Sus0 = 2.0A0B = 24/3a?;

duong cao cua hinh chop SO = %

~—
~

Thé tich khéi chop S.ABCD:
1 J3a°
3

VS.ABCD = g SABCD'SO =

4 _____
|
|
|
|
|
|
I
>

S~

X~=_
\O .7/ -

\
\
s

\
27/ \




Cau 7. Cho hinh chop S.ABCD c¢¢ day la hinh thoi, tam giac SAB déu va nam trong
mat phang vudng goc voi mat phang (ABCD). Biét AC =2a,BD =4a, tinh theo a thé
tich khdi chop S.ABCD va khoang cach giita hai duong thang AD va SC.

Goi1 O=ACnBD, H la trung diém cua AB, suy ra SH L AB.
Do AB =(SAB)~ ABCD) VA (SAB) L (ABCD) nén SH L (ABCD)
AC 2a BD 4a

+)TaCé OA=—"=""=3,0B=—=—=2a.
2 2 2 2

AB =+JOA? +0B2 =+/a?+4a* =a/5

2 2
1 1 ,
Saeco = = AC.BD == 2a.da=4a’.
2 2
V=£SHS zl.a\/ﬁ 4a2:283\/E
Thé tiCh kh@l Chép SABCD |a : 3 ABCD 3 5 3

Ta c6 BC // AD nén AD //(SBC) = 4(AD,SC) =d(AD,(SBC))=d(A,(SBC))

Do H 1a trung diém cta AB va B = AH N(SBC) pap d(A.(SBC))=2d(H, (SBC)).
Ké HE L BC,H €BC do SH LBC nén BC L (SHE) .

Keé HK J_SE,KESE, ta co BC L HK = HK L (SBC) = HK =d(H,(SBC)).
HE = 2Sgen — Sasc _ Spscp _ 4a° 2a\/§

BC BC 2AB 2a/5 5
1 _ 1 1 _5 4 _9 .. 25 2aJ1365
HK?> HE®> SH® 4a’ 15a° 60a’ V91 91
4a+/1365

d(AD,SC)=2HK =




Céau 8. Cho hinh chép S.ABCD c¢6 day la hinh vuong canh a, SA=a, SA 1 (ABCD).
Goi M 1a trung diém ctia SA. Mit phang (BCM) cit SD tai N. Tinh thé tich khdi chop
S.BCMN va khoang céch gitra SB va AC.

Do (BCM) // AD nén mp nay cat mp (SAD) theo giao
tuyén MN DI AD.

BC L AB

{ = BC L BM
Taco BC L SA
T giac BCMN la hinh thang vuéng c6 BM la
duong cao, MN =%; BM =¥.
(a+a)a5

: 2

Dién tich hinh thang BCMN 1a S, = 22 2 3a8\/§'

Dung SK LBM | (o BC L (SAB)= BC L SK = SK L (BCMN)_

a5 136 a5 _a’
! s

CO SK =d(ABM)="—"=. Vay Vg ==

3 8 5 8

Trong mit phang (ABCD) dung A qua B song song voi AC. Pit (P) = (A, SB).
Khi do, AC // (P) va d(AC; SB) = d(AC; (P)) = d(A; (P)).

Tu Aha Al L A tai I; Tor A ha AH L SItai H suy ra AH = d(A; (P)).

a a3
3

Tacd Al =— — AH =—=

J2

Cau 9. Cho khdi chop S.ABCD c6 day ABCD 1 hinh chit nhat, biét AB=2a, AD=a.
Trén canh AB ldy diém M sao cho AM = %, canh AC cit MD tai H . Biét SH vuéng

gbc v6i miat phang (ABCD) va SH=a . Tinh thé tich khdi chop S. HCD va tinh khoang
cach gitra hai duong thang SD va AC theo a.

S




* Tinh thé tich khoi chép S.HCD:
AM AD 1

Hai tam giac vudng AMD va DAC ¢6 2= = == == nén dong dang,
AD DC 2

Suy ra ADH =DCH, ma ADH +HDC =90° = DHC =90°
AADC vudng tai D: AC? =AD?+DC? = AC=a+5
Hé thie lvong AADC: DH.AC = DA.DC

Suyra: DH= DCDA _ 28
AC 5
ADHC vudng tai H: HC =+DC? —DH? :%

2
Do d6 dién tich AHCD: Sycp :%DH.HC :4%

, . 3
Thé tich khéi chép SHCD: Vg,cp = %SH.SHCD - 4115

Tinh khoang cach giira SD va AC:

Dyng HE L SD

TacoSH L (ABCD)nénSH L ACvaDH 1L AC,do do AC L(SHD)
Ma HE < (SHD) nén HE 1L AC

Tt d6 HE 1a doan vuong goc chung ctia SD va AC.

nén HE =d(SD;AC)

ASHD vuodng tai H nén:
L L e
HE- SH® HD 3

Viy d(SD;AC)=HE = 2—;

Cau 10. Cho hinh chop S.ABCD co day ABCD la hinh thang véi day lon la AD; cac
duong t}léng SA, AC va CD ddi mot vudng goc véi nhau; AC=CD= a\ﬁ va AD =2BC.
Tinh thé tich cua khoi chop S.ABCD va khoang cach gitra hai duwong thang SB va CD.

Taco: SALACvaSA L CD

— SA 1 (ABCD).

A ACD vudng can tai C

= AD=2a=BC=a.

Goi | la trung diém AD = Al = BC, Al // BC va Cl L
AD = ABCI la hinh vudng.




= AB L AD.

2
Do d0 Sagcp = wz%. Vﬁy Vsascp = %'SABCD'SAZE‘T'a 2=

Ta c6 CD // Bl = CD // (SBI) = d(SB, CD) = d(CD, (SBI)) = d(C, (SBI))
Goi H=AC N Bl va AK L SH tai K. Ta c6 AK L (SBI) = d(A, (SBI)) = AK.

w0
5

Taco_ L _t 1 1 4 5 5AK=
AK? SA? AH? 222 2a®> 2a?

= d(A: (SBI)) = AK = ai_ﬁ . Vi H I3 trung diém AC nén d(C; (SBI)) = d(A; (SBI)) =

=2, Vayd(CD, SB)= aJSE.

Cau 11. Cho hinh chdp S.ABCD c6 day ABCD 1a hinh vudng canh bang o, thm Ova
SO vudng goc v6i mit phang ABCD . Trén canh SA lay diém M sao cho MA = 2MS.

Goi N 1a trung diém cua CD, SNO = 60°. Tinh thé tich khoi chop S.ABCD theo a va
cosin goc gitta MN v6i mét phiang (ABCD).

! Xét ASON vuong tai O, COON = % SNO = 60°

NE

SO = ON.tan60° = “2

Dién tich hinh vuéng ABCD la S, =a’

BCD

—_y o ———

E 1 agx/g
\ DE = Vsanenp = §SO'SABCD = 6
1 ! ,
Lot s | Ké MH || SO(H e BD) = MH 1 (ABCD)
S i 4 . SR L A
B C 5 Khi do, ta co hinh chiéu vudng goc cua MN trén

(ABCD) la HN suy ra goc gitra MN va (ABCD) la ¢ = MNH
Vi MH || SO,MA =2MS = BH =2HO néntaco HD = %BD = ga\/E

Xét AHND, ta co HN® = HD* + DN* —2HD.DN.cos 45" = %ag = HN =




Xét AMHNVUéng tal H, fa Cé tanqoz @ = @ = cosQ = H

HN 17 29

Cau 12. Cho hinh chép S.ABCD c6 day ABCD la hinh chir nhat. Tam giac SAB déu va
nam trong mat phang vudng goc véi mit phang day (ABCD). Biét SD =2a+/3 va goc tao
boi duong thang SC v6i mit phang (ABCD) bang 30°. Tinh theo a thé tich khéi chop
S.ABCD va khoang cach tir diém B dén mat phang (SAC).

Goi H 14 trung diém cua AB. Suy ra
SH L (ABCD)

va SCH =30°.

Ta cO: ASHC = ASHD = SC =SD =2a+/3.
Xét tam giac SHC vudng tai H ta co:
SH =SC.sinSCH = SC.sin30° =a+/3

HC = SC.cos SCH = SC.cos30° = 3a

Vi tam gidc SAB déu ma SH =a+/3 nén AB=2a.Suyra

BC =vHC?—BH?2 =2a+/2. Do d0, S,,., = AB.BC =4a?/2.
1 4a°\J6

Vaya VS.ABCD :§SABCD'SH = 3 :

Vi BA=2HA nén d(B,(SAC))=2d(H,(SAC))

Goi I 13 hinh chiéu cua H 1én AC va K 13 hinh chiéu cua H 1én SI. Ta c6:
AC L HI va AC LSH nén AC L(SHI)= AC L HK.Ma, ta lai c6: HK LSI.
Do d6: HK L(SAC).

Vi hai tam giac SIA va SBC dong dang nén H_AH = HI = AH.BC _ a6 :
BC AC AC 3
Suy ra, HK - HSHI __aV66
JHS?+HIZ 11
Viéy , d(B,(SAC))=2d(H,(SAC))=2HK = 2a1“166

Cau 13. Cho hinh chép S.ABCD c6 day ABCD la hinh thoi canh a, mat bén SAD la tam
giac déu nam trong mit phang vudng goc véi day, SC = #. Tinh thé tich khéi chép

S.ABCD va khoang cach giita hai duong thang AD, SB theo a.




Go1 H la chan duong cao ha tr S cua tam giac déu SAD
Suy ra:

SH :i va SH L (ABCD)
Trong tam giac vudng HSC cO HC =a—f
a’ a2 3a’
2 2 ~yg2 o -
cosHDC = PH_+DC—CH™ _ 4 - 4 _1 _ ibc-eo
2DH.DC , 8., 2
2
2
Suy ra S,,., = DADC.sin ADC = 2 f
1 lay3 a3 _1 4
VS.ABCD 3SH SABCD 3 2 . 5 4

Taco AADC déu canh a = CH L AD=CH L BC
hay BC L(SHC)= BC L SC = ACSB vudng tai C

1 1 a a3
2VS ABCD 2 4 8

3

@%d (Di(SBC)).S,5c = 5 < d(Di(SBC)) =

Lal Cco VD.SBC =VS.BCD

SASBC

= d(D;(SBC)) = 0 __ % a6

8;CSCB 4 V6 \/— 4

[

Viy d(AD;SB)=d(D;(sBC))=2



Céau 14. Cho hinh chop S.ABCD c¢6 day ABCD la hinh vuong, canh AB=_2a. Hinh
chiéu vudng goc cia S 1én mit phang (ABCD) tring véi trong tim G cua tam giac
ABC, goc giita SA va mit phang (ABCD) bang 30°. Tinh theo a thé tich khdi chop
S.ABCD va cosin cua goc gilra duong thang AC va mat phang (SAB).

S

Goi M 1a trung diém BC, O 1a giao diém cua AC va BD. Ta co

2 2./5a
3

AM =+ AB?+BM? =a5 = AG =AM = . Vi SG vuong goc véi mit day, nén goc

gita SA va mat day la SAG=30°. Xet tam giac vudong SGA, ta co

tan SAG = tan30° = = = 3G _ sg = 2:/5a

=>SG=——+.
J3 AG 33
1 1 2</5a 8/15a°
SABCD :4a2. Suy ra VS.ABCD :§SG'SABCD 25. 3\/5 .4a2 = >7 (tht)

Ha Gl vudng goc véi AB, | thudc AB. Nbi S véi |, ha GK vudng goc véi SI, K thude

SI. Khi d6 K 14 hinh chiéu vudng gbc cia G trén (SAB). Ta c6 Gl =§MB =2—;, do d6

oKk - GSG! :J1_0a_
GS? +Gl? 6

Goi H la hinh chiéu vudng géc caa O 1én (SAB), ta c6 OH ngK :@. Khi @6 AH la

hinh chiéu cia AO Ién (SAB) suy ra goc giita AC va (SAB) la OAH . Xét tam giac
OH 10a 5 Vi1

vubng OHA, tacO sinOAH =— = == = CcosOAH = —=.
OA 4.2a 4 4




Cau 15. Cho hinh chép S.ABCD c¢o6 day la hinh vuong canh a, SD:%a. Hinh chiéu

vuong goc H cia dinh S 1én mit phang (ABCD) la trung diém cta doan AB. Goi K la
trung diém ctia doan AD. Tinh theo a thé tich khéi chép S.ABCD va khoang cach giira
hai duong thang HK va SD.

Tir gia thiét ta co SH 1a duong cao cta hinh chép S.ABCD va

SH =+/SD?—HD? =/SD? - (AH? + AD?) :\/(3—2‘3‘)2—(2)2 _a’-a

3
Dién tich ciia hinh vudng ABCD 13 8%, V, ,oep = % SH.S ooy = %a.az -2

Tir gia thiét ta co HK //BD = HK //(SBD)

Do vay: d(HK,SD) =d(H,(SBD)) (1)

Goi E 1a hinh chiéu vudng goc caa H 1én BD, F 14 hinh chiéu vudéng goc ctia H 1én SE
Tac6 BD L SH,BD L HE = BD L (SHE)= BD L HF ma HF L SE nén suy ra

HF 1 (SBD)= HF =d(H,(SBD)) (2)

+) HE = HB.sin HBE :%.sin 45° :%
+) Xét tam giac vudéng SHE co:

a—aﬁ
HF SE = SH.HE = HF = S1-HE _ 4 -2 3
(7)24‘5\2

+) T (1), (2), (3) ta c6 d(HK,SD)=%.




Cau 16. Cho hinh chop S.ABCD c6 day ABCD la hinh vuong canh a. Goi I 1a trung
diém AB, H 1a giao diém ctua BD voi IC. Cac mit phang (SBD) va (SIC) cling vudng
goc véi day. Goc gitra (SAB) va (ABCD) bang 60°. Tinh thé tich khéi chop S.ABCD va
khoang cach giita hai duong thang SA va IC.

7 1 14
Taco V, soep = §SH.SABCD , trong d6 S, =a°

Do (SIC),(SBD) cung vudng voi day suy ra

SH L (ABCD)

Dung HE L AB= (SHE) L AB, suy ra SEH la goc
gifta (SAB) va (ABCD) = SEH = 60°

Ta cO SH = HE.tan60° = \/3HE

HE _HI 1 _,._2
CB |C 3 3
L]
3
1 1aJ_ \/_a
Suy ra' VS ABCD — 3SH SABCD 3 2

Goi P 14 trung diém ctia CD, suy ra AP song song v3iCI
= d(SA,Cl)=d(CI,(SAP)) =d(H,(SAP))

Dung HK L AP, suy ra (SHK) L (SAP)
Duyng HF L SK = HF L (SPA)=d(H,(SPA))=HF

1 1
HF?  HK® HSZ( )
£ 1 1 1 1
Dung DM L AP, ta thdy DM=HK = — = =t ——
HK?> DM? DP? DA
. , 1 1 1 1 4 1 3 8 a
Thay vao (1) taco = = + + =t =422 S HF= _
y (1) HF? DP? DA? HS* a? a? a* a’ 2.2

Do ASHK vuong tai H=

e

2\2°

Cau 17. Cho hinh chop S.ABCD c¢6 SA vudng goc voi mat day (ABCD), day ABCD la
hinh chit nhat c6 AD = 3a, AC = 5a, goc giira hai mit phang (SCD) va (ABCD) bang
45°. Tinh theo a thé tich khéi chop S.ABCD va tinh goc gitta duong thang SD va mat
phang (SBC).

Vay d(SA,Cl)=




- Tinh thé tich

+) TacO: AB=+AC’-BC? =4a

s, K
+) Ma ((SCD),(ABCD)) = SDA =45’ P\ T
: i H
nén SA = AD = 3a i T
A,:, ------------------ ND
Do d6: Vg seen =%SA.SABCD =12a° (dvtt) ’
B - fo

- Tinh gbc...
+) Dung diém K sao cho SK = AD
Goi H 1 hinh chiéu vudng gbc cua

D Ién CK, khi d6: DK L (SBC). Do d6: (SD,(SBC))=DSH

+) Mit khac DH = D?('EK :12?61’ SD =+/SA? + AD? =3a4/2

SH =+/SD? ~DH? = 3a\5/§

Do d6: (SD,(SBC)) =DSH = arccos% = arccosg ~34°27"

Céau 18. Cho hinh chép S.ABCD c6 day ABCD la hinh thoi tdm O, hai duong chéo
AC =2+/3a,BD =2a, BD = 2a; hai mit phang (SAC) va (SBD) cuing vudng goc véi mit
phang (ABCD). Biét goc giita duong thang SB va mit phang (SAC) bang 30°. Tinh thé
tich khoi chop S.ABCD va khoang cach giira 2 duong thang SB va AC.

Tinh V, ., Vva d(SB, AC)

Cm duogc goc gitra SB va mp (SAC) la goc BSO =30°




Vs asco =%SABCD.SO —% %AC BD.SO = 2a°

V& OH vudng gbéc SB . Chirng minh duoc d(SB ,SAC) OH (duong vudng goc chung)
Tinh dugc: d(SB, AC)=OH = \/_

Céau 19. Cho hinh chép S.ABCD c6 day ABCD Ia hinh thoi canh a, ABC =60°. Canh
bén SA vudng goc voi mat day va canh bén SC tao vai mat day mot goc60°. Goi I 1a
trung diém BC, H 1a hinh chiéu vudng goc cua A 1én SI.

a) Tinh thé tich khdi chép S.ABCD.
b) Tinh khoang cach tir diém H dén mit phang (SCD) theo a.

a) Do ABC =60° nén tam gidc ABC déu, suy ra

=a273 va AC=a

SABCD
Miit khéc SA 1 (ABCD) = SCA = 60°
= SA =AC.tan60° =a~/3 = V; sacp = 35ASuee0 =

2 2
Tacs HS_HSIS_AS'__aS 4
IS IS IS IA“+AS° 5

4 2
= d(H,(SCD)) —Ed(l,(SCD)) —gd(B,(SCD)) =
(vi I'1a trung diém BC va AB//(SCD))

%d(A,(SCD))

Goi E la trung diém CD, K 12 hinh chiéu cua A 1én SE, ta
c6 AEL DC=DC 1 (SAE)=AK 1 (SCD)

Suy ra d(H,(SCD))=§d(A,(SCD)) 2pKk=2_SAAE :2a\/1_5_

5JSA2+AE? 25




Cau 20. Cho hinh chép S.ABCD ¢6 day ABCD 1a hinh chit nhat .Biét SA L (ABCD), SC
hop v6i mit phang (ABCD) mot goc o voi tan o = g, AB =3a va - Tinh thé tich
ctia khdi chép -~ va khoang cach tir diém D dén mit phang (SBC).

Xéc dinh dung géc SCA = a
Thé tich Ve, = %SABCD SA= %.3a.4a.g.5a =16a°

Khodng cach tir diem D dén mat phang (SBC)

Xac dinh dugc khoang cach d(D,(SBC)=d(A,(SBC)= AH
Tinh dung d(D, (SBC))= AH = %

Vay : D(0; 0; 0) va D(6;0;0)




8.3. Hinh lang tru ding

Cau 1. Cho hinh lang try ABC.A'B'C', AABC déu c6 canh bang a, AA'=a va dinh
A' cach déu A,B,C. Goi M, N lan luot 1a trung diém cia canh BC va A'B . Tinh
theo a thé tich khéi ling tru ABC.A'B'C' va khoang cach tir C dén mit phéng
(AMN).

® Goi O 1a tAm tam giac déu ABC = A’O L (ABC)

a\/§ 2 a\/_

TaCé AM:T, AO——AM—

3
2 2
A0 =AA?— AO? = ,/az—% :% © Suec a3

4
a’\/3 a6 _a’\2

4 3 4
Cl

Thé tich khi lang try ABC.A'B'C':V =S,,5..A'O =

Al

® Ta CO Vyauc zlS’AAMc-d [N,(ABC)] = d[C,(AMN)] = Vave
3 AAMC
1 a3 1 . a6
S amc :ESABC :T; d[N,(ABC)]=EA O:T
2 2
Suy ra: Ve = 1a \/_.a\/_ a’\/2
3 8 6 48
lai c6 : AM = AN _i .nén AAMN can tai A
B sl P ‘A A'C a
Goi E 1a trung diém AM suy ra AE L MN, MN ==




2
= AE =V AN?-NE? = S & _ a_*/l_l;sAMNZEMN_AE:a*/l_l
4 16 4 2 16

3a’2 a1l _ aJ— (dvdd)
8 16

= d[C,(AMN)]=

Cau 2. Cho hinh ling try ABC.A’B’C’ c¢6 day la tam giac déu canh a, hinh chiéu
vudng goc ctia A’ 1én mat phang (ABC) trung véi tAm O cua tam gidc ABC. Tinh thé

tich khi lang tru ABC.A’B’C’ biét khoang cach giita AA’ va BC la X2 a\/_

c

AM 1 BC

Goi M 1 trung diém BC ta thay:
A'O L BC

}: BC L (A'AM)

Ké MH L AA', (do A nhon nén H thudc trong doan AA’.)
BC L (A'AM)

= HM 1 BC.Vay HM Ila doan vuong goc chung cia
HM e (A'AM)

AA’va BC, do d6 d(AA',BC) = HM = a@.

Xét 2 tam giac dong dang AA’O va AMH, ta co: % = %

o suyra A0=ACHM _a 3av34 _a
AH 3 4 3 3

e r 3
Thé tich khéi ling tru: V=A'0S,,. :%A'O AM. BC—Eg%a— al‘f

Cau 3. Cho hinh lang tru dng ABCD.A'B'C'D'c6 day la hinh thoi canh a, BAD =120° va
AC'=a+/5. Tinh thé tich khdi ling tru ABCD.A'B'C'D' va khoang cach giira hai dudng
thang AB' va BD theo a.




Goi O la tam hinh thoi ABCD.
Do hinh thoi ABCD ¢6

BAD =120° '
— AABC, AACD déu. °R
= AC=a.
D
, a2\3
Ta co: SABCD = ZSAABC = T
B A

Ma ABCD.A'B'C'D' la lang tru dung.
= AACC' vudng tai C = CC'=yAC?—AC? =/5a? —a? = 2a.
2
a ;/5 — 233,
T giac AB'C'D la hinh binh hanh = AB'//C'D= AB'//(BC'D).
= d(AB',BD) =d(AB',(BC'D)) =d(A,(BC'D)) =d(C,(BC'D)).
Vi BD L AC,BD L CC'= BD 1L (OCC") = (BC'D) L (OCC").
Trong(OCC",ké CH LOC' (HeOC").
—=CH L (BC'D)=d(C,(BC'D))=CH

Vay v, =CC'S,,., =2a-

BCD.A'B'C'D'

AOCC'vuongtai C=—— =1 1 4, 1 oy 28
CH? CO? CC? a’ 4a N7
Vay d(AB',BD)= 2%
17

Céau 4. Cho lang tru ding ABC.A'B'C' ¢6 day ABC la tam giac vudng tai A, AB=a,
ABC =60°. Goc gilta duong thang A'C va mit phang (ABC) bang 45°. Tinh thé tich ciia

khéi lang tru theo a va cosin ciia goc giita duong thang AB' va mit phang (A'BC).




Theo gia thiét, ta c& AB =BC.cos ABC = BC = % —2a= AC =+3a. Goc gifta A'C va

(ABC) 13 A'CA=45° = AA'= AC =+/3a.

3
Vay thé tich khéi lang tru 13 V = AA'%AB.AC _=

Goi I 1a tam hinh chit nhat ABB’A’, H 1 hinh chiéu vuong goéc cua A trén BC, K 1a hinh
BC L AH

BC LA'A
AK 1 (A'BC). Vay IK 1a hinh chiéu cua IA 1én (A'BC), hay goc giita AB> va mat
phang (A'BC) la AIK .

chiéu vudng gbc cia A trén A’H. Ta co { = BC L AK. Do d6

D& thdy AB'=+AA”+A'B? =2a= IA=a. Ung dung hé thirc trong tam giac vudng, ta co

1 1 1 1 1 1 5 J3

- + = + + = .Suyra AK =——=.
AK? AAZ  AH? AA? AB? AC? 3a’ y J§

Xét tam giac vuéng AKI. ta co sin AIK :%: \E: cos AIK = \E

CAu 5. Cho ling tru tam giac ABC.A1B;C1 6 tat ca cac canh bang a, goc tao boi canh
bén va mit phang ddy bang 30°. Hinh chiéu H cta diém A trén mit phang (A1B:C))
thudc dudng thang B1C;. Tinh thé tich khdi ling tru ABC.A;B1C; va tinh khoang cach
giita hai duong thang AA; va B1C; theo a.

Do AH 1 (A,B,C,) nén goc AAH la goc giita AA; va (A1B1C1), theo gia thiét thi goc
AAH bang 30°.

—_———— —m —— — —— —_———




Xét tam giac vuong AHA; c6 AA; = a, goc AAH =30° = AH :%.

_a a3 _a'V8
2 4

8

Vv =AHS, ¢

ABCABIC,

Xét tam gidc vuéng AHA; c6 AA; = a, géc AAH =30° = AH :a—‘f. Do tam giac
A1B;C; 1a tam giac déu canh a, H thuoc B;C; va AH :a—f nén A;H vuong goc voi

B;C1. Mit khac AH 1 B,C, nén BC, L (AAH)
K¢ duong cao HK cua tam giac AA;H thi HK chinh 1a khoang cach gitra AA; va B1C,

AH.AH _ay3

Taco AAL.HK = AjHAH = HK =
AA, 4




PHAN 9. TOA PO TRONG KHONG GIAN

9.1. Tim toa d6 diém

Cau 1. Trong khong gian véi hé toa do Oxyz, cho diém A(-4;13)va duong thang
x+1 y-1 z+3
R
duong thang d . Tim toa d6 diém B thudc d sao cho AB =427 .
Duong thing d ¢6 VTCP 14 u, =(-2;1;3)
Vi (P)Ldnén (P) nhan u, =(-2,13) lam VTPT
Vay PT mit phang (P) la: —2(x+4)+1(y-1)+3(z-3)=0

& —2X+y+32-18=0
Vi Bed nén B(-1-2t;1+t;-3+3t)
AB =127 < AB? =27 & (3-2t)" +12 +(~6+3t) =27 < 7t> —24t+9=0

t=3

d . Viét phuong trinh mit phang (P) di qua A va vudng goc véi

Vay B(-7;4:6) hogc B(_E;E;_Ej
7 7 7

=
t=2
7

Cau 2. Trong khong gian v4i hé toa dd Oxyz, cho diém A(-1;0;0) va duong thang d

x-=2 y-1 z-1

c6 phuong trinh . > 1

. Lap phuong trinh mit phang (P) di qua A va

vudng goc véi dudng thang d. Tir d6 suy ra toa do diém H 13 hinh chiéu vudng goc
ctia A 1én duong thang d.
+)d c6 1 VTCP la u=(321).
+) (P) qua A(-1;0;0) va ¢ VTPT n=u=(121) cOpt: x +2y +z +1=0.
+) H 1a giao diém cta (d) va (P) nén toa d6 H 1 nghiém ctia hé pt
x-2_y-1_z-1 |[x=1

1 2 1 <1{y=-1. Vay H(1;-1;0).
X+2y+2+1=0 z=0

Cau 3. Trong khong gian v6i hé toa do Oxyz cho hai diém A(2;-1;4), B(0;1;0) va
f r = 2t

duong thaing A: (¥ =1—1%, t &R Viét phuong trinh mit phang (P) di
z=4+1

qua diém A va vudng goc voi duong thang va tim toa do diém M thudc dudng thang
A sao cho tam gidc ABM vudng tai M.




a) *Mp(P) covipt n=a, = (2-11)
*Ptmp(P) la: 2x -y +z-9=0.
*Xeét ptgd cua dt Avamp(P) 4t—-1(1-) +(4+1)-9=0 < t=1
* Goi N 1a gd can tim
Thay t=1 vao dt Atadugc N(2;0;5)

b) TacOMe A néntoadd M(2t;1-t;4+1)
Vi tam giac ABM vuong tai M nén ta c6

t=0
AM 1 BM <= AM.BM = 0 < F‘l
3
* 2 2 13
Vay ta c6 hai diém M can tim la M(0;1;4), M( 333 )

Céau 4. Trong khong gian voi he toa d0 Oxyz cho ba diém A(1;-2; 1) B(-1;0;3),
C(0;2:1). Lap phuong trinh mit cdu dudong kinh AB va tim toa d6 diém H 1a chan
duong cao ké tir A cua tam giac ABC.

Tim duoc toa do tam I cia mit ciu [(0;-1;2), ban kinh mat cAu:R =43

Phuong trinh mit cau (S): %% +(y +1)° +(z—2)* =3

Gia st H(XY;2), AH = (x—=1 y+2;z-1),BC = (1;2;-2), BH = (x+L y;2—3)

AH L BC < AH.BC =0<> x+2y—2z=-5

. . [(2x-y=-2
BH cung phuong BC@{y):zy—s , Tim duoc H(-

23
9

)

@I\l
YRS

Cau 5. Trong khong gian v6i hé toa do Oxyz, cho diém A(2;51) va mit phang
(P):6x+3y-2z+24=0. Tim toa do diém H 14 hinh chiéu vuong goc cua A trén mat
phang (P). Viét phuong trinh mat cau (S) co dién tich 784z va tiép xtic v4i mat phang
(P) tai H, sao cho diém A nam trong mat cau.

X =2+6t
Goi d 1a duong thang di qua A va vudng goc voi (P). Suy ra: d:{y=5+3t

z=1-2t
Vi H 12 hinh chiéu vudng goc ciia A trén (P) nén H =d n(P).
Vi Hed nén H(2+6t;5+3t;1-2t).
Mat khac, H e (P) nénta co: 6(2+6t)+3(5+3t)-2(1-2t)+24=0=t=-1
Do do, H(-4;2;3).

Goi I, R 1an luot 12 tim va ban kinh mat cau.




Theo gia thiét dién tich mat cdu bang 784x, suy ra 4zR? =784z = R=14.

Vi mit cau tiép xtc voi mit phang (P) tai Hnén IH L (P)= 1 ed.

Do d6 toa do diém I ¢ dang I (2+6t;5+3t;1-2t), vOi t=-1.

Theo gia thiét, toa do diém I thoa man:

6(2+6t)+3(5+3t)—2(1-2t) +24\ 1
ol

{d(l’(P))=14© \/62+32+( -2)* t=-3 ot=1
Al <14
J(Bt)7+ (3t)7 + (-2t)” <14 ~2<t<2

Do do, 1(8;8;-1).
Vay, mat cau (S):(x—8)2 +(y—8)2 +(z+1)2 =196

Cau 6. Trong khong gian Oxyz, cho cac diém A(1;0;0); B(0;2;0); C(0;0;-2) tim toa do
diém O’ dbi ximg vi O qua (ABC).
*TUr phuong trinh doan chén suy ra pt tong quat cia mp(ABC) 1a:2x+y-z-2=0

*Goi H 14 hinh chiéu vuéng goc ctia O 1én (ABC), OH vudng goc véi
(ABC) nén OH //n(2;,-1) ;H e (ABC)

Ta suy ra H(2t;t;-t) thay vao phuong trinh( ABC) cé t—— suy raH (5 5 _5)
*Q’ doi xtmg vo1 O qua (ABC) < H 1a trung diém cua 00’ < O (g % %)

Cau 7. Trong khong gian véi hé toa d6 Oxyz, cho mit phang (P):z+y+2—3=0

-9 1 . A . <R 2 \ 3\ A
x _Y +2 = il . Tim toa d¢ giao di€m cua (P) va d; tim toa do

diém A thudc d sao cho khoang cach tir A dén (P) bang 2\/5 :

va duong thang d :

X=2+t
Ta c6 phuong trinh tham sé ciiad 1a {y=-1-2t
z=-t

| =d n(P)= Ta co phuong trinh: (2+t)+(-1-2t)+(-t)-3=0
<St=-1=1(11)

Taco Aed= AQ2+t;—1-2t;~1)

|2+t)+(-1-2t) + (-t) 3| |—2t—2|

JI2 412 412 3

Khi do, ta co d(A;(P)) =




A —2t-2 t=-4
Vay d(A;(P))=2\/§c>| 7 |=2\/§<:>|—t—]4=3<:{t:2

Khi do t = -4 = A(-2;7;4); t =2 = A(4;-5;-2)

Cau 8. Trong khong gian Oxyz cho cac diém A(3; —4:0), B(0: 2: 4), C(4: 2:1). Tinh
dién tich tam gidc ABC va tim toa do diém D trén truc Ox sao cho AD =BC.
Tinh dién tich tam giac ABC

|AB; AC |=(~18; 7; - 24)

S =%\/182 +7% 4247 =—“4294

Tim toa d9 diém D trén truc Ox sao cho AD =BC .
Goi D(x;0;0). Tacd AD =BC < (x—3) +4°4+0*=4"+0°4+3°

Cau 9. Trong khong gian voi hé toa d6 Oxyz, cho mit phing (P):x+y+z-1=0 va hai
diém A(L-3;0), B(5;-1-2). Tim toa do diém M trén mit phang (P) sao cho [MA-MB|
dat gi4 tri 16n nhat.

Kiém tra thiy A va B nam khéc phia so véi mit phang (P).

Goi B'(x;y;z) 1a diém d6i xtmg véi B(5;-1-2)

Suy ra B'(-1,-3;4). Lai c6 [MA—MB|=|MA—-MB'|< AB'=const

Vay |[MA-MB| dat gia trj 16n nhat khi M, A, B’ thang hang hay M 14 giao diém ctia
duong thang AB' v&i mit phang (P)

X=1+t
AB' c6 phuong trinh {y=-3
z=-2t
X=1+t t=-3
Toa dd M(x;y;z) 1a nghiém cua hé y=-3 & x=-2
z=-2t y=-3

Vay diém M (-2;-36)




9.2. Phwong trinh dwong thang

Cau 1. Trong khong gian véi hé trucOxyz , cho hai diém A(7;2;1), B(—5;—4;—3) va mat
phang(P): 3z — 2y — 6z + 3 = 0. Viét phuong trinh duong thang AB va chimg minh

rang AB song song véi (P).

X=7-12t
+ Puong thang AB di qua A, VTCP AB= (-12,-6;—4) COPTTS la {y=2-6t
z=1-4t
X=7-12t
A . y=2-6t . A
+ X¢ét hé phuong trinh Y1 at va CM duoc hé VN
3X—2y-6z2+3=0
Cau 2. Trong khoang gian Oxyz cho ddudng thang (di) :)(%2=l2=2—+23 va duong

thing (d7) ; *o1- Y2222

trinh duong thang (d) d6i xtmg (d1) qua (dy).

.Tim toa d6 giao diém cua( d; )va ( dy).Viét phuong

Toa do giao diém I(1;2;-1)
Trén (d;) lay M1(2;0;-3).toa do hinh chiéu ctia M1lén (dy) 1a H(

Diém dbi xtmg ciia My qua (d2) 1a M’1(§;374;‘711 )

.duong thang (d) di qua I ¢6 VTCP IM = (g; 2 ;_74)

13 17 -16

7777

~ [N

x:1+Et
7

PTTS(d):{y = 2+§ {(t e R)

Z= —1—ﬂt
7

Cau 3. Trong khéng gian oxyz cho diém A(0;2;2) . Viét phuong trinh dudong thang A

X=-2

=

X —

y+2 . AA ae & )
> ,dongth0’1catd2. y =t

z=1+t

S\ ; . 2 _ z
qua A va vuong goc duong thang d, : >

w ‘

Gia str A cat d, tai B(-2;t;1+t)




Taco AB=(-2t-2t-1)
Puong thang d,c6 VTCP u=(3;2;2)
A vudng d, <:>A_B'.a=0<:>t=3:>A_B'=(—2;l;2).

X=-2U
Vay A qua A c6 VTCP AB=(-2,12) cO PTTS: {y=2+u
Z=2+2u

Cau 4. Viét phuong trinh duong thing A di qua A(3;-2;—-4), song song v&i mat

phing (P):3x-2y~32-7=0 va cét dudng thing (d): =2 = y+24: Zgl'

Taco n,(3-2-3). Giasa B2 +3t; —4—2t; 1+ 2t) 1a giao diém cia A va d .
Khi d6 AB(-1+3t;—2-2t;5+2t), AB||(P)= AB.Ln, <> ABn, =0<t=2.
Viy B(8;-8;5) va AB(5,-6;9).

Vay phuong trinh dudng thang (A): x3_Y ;2 _Z g 4

Cau 5. Viét phuong trinh duong thang d’ 14 hinh chiéu vudng goc cua duong thang
X y+1 z-1

(d) 50 = @ trén mit phang (P): x +y —z +1 =0.
X =2t

PTTScuad:{y=-1+t
z=1+3t

Thay X, y, z cia phuong trinh duong thang d vao phuong trinh mit phang (P) ta
dugc: 2t—-1+-1-3t+1=0
= Phuong trinh v nghiém = d // (P).
Lay diem A(0;-L1) ed.
X=t
Goi A 1a duong thang qua A va vudng goc véi mp(P) = A:Jy=-1+t
z=1-t
Goi H 14 hinh chiéu cta A 1én mit phang (P) = H=AN(P)
Thay x, y, z clia phuong trinh A vio phuong trinh mit phang (P) ta duoc:
t-1+t-1+t+120 @ t=3 :H(—;——;—j

Goi d’ 13 hinh chiéu cta d 1én mat phang (P) = d'qua H va song song véi d




x:%+2t
=d": y=—%+t

z:%+3t

Cau 6. Trong khong gian véi hé toa dd Oxyz, cho hai duong thang d:

Xglz y‘llz le  dy: x;1: VIZ _ 2¥L 3 mit phdng (P): x - y - 22+ 3 = 0. Viét
phuong trinh chinh tac cia duong thang A, biét A nam trén mat phang (P) va A cat hai
duong thang d; , d .

GoiA=din(P)suyraA(1;0;2);B=d,n(P)suyraB(2; 3; 1)
Puong thang A thoa min bai toan di qua A va B.
Mot vecto chi phuong ciia dudng thing A 13 u = (1;3;-1)

x-1_ y_z-2

Phuong trinh chinh tic ciia duong thang A I: T =3 1

X+l y-2 z-2

22
va mit phang (P): x + 3y + 2z + 2 = 0. Lap phuong trinh duong thang song song véi
mat phang (P), di qua M(2; 2; 4) va cat duong thang (A).

Cau 7. Trong khong gian véi hé toa 46 Oxyz, cho dudng thang 4:

Xx=-1+3t
Puong thang (A) ¢6 phuong trinh tham s6: Jy=2-2t te®
z2=2+2t

Mit phang (P) ¢6 VTPT n=(; 3; 2)
Giase N(-1+3t;2-2t;2+2t) € A= MN=(3t-3-2t;2t-2)

Pé MN // (P) thi MN.n=0st=7= N(20; -12; 16)

X-2 y-2 z1-4
—7 6

Phuong trinh duong thang can tim :

Cau 8. Trong khong gian voi hé truc toa dd Oxyz, cho dudng thang
d X+3 y-9 z-6

> 3 va mit phang (P): x + v + z — 3 = 0. Lap phuong trinh dudng

thang A nam trong mat phang (P), vudng goc voi d va cach d mot khoang bang %




Goi A =dn (P) = A(3;0;0)
Al d=3(Q)chiraA L d. Giasird L (Q)tai H . Ha HKL A, thi AL (AHK) = Al AK.
Vay goc AKH nhon la goc gitra (P) va (Q). Va HK 1a doan vudng gbéc chung cua d va

" 3 A 14 r.* o 14
Anen HK = |—. Do (Q) vuong goc véi d nén (Q) co dang: —2x + 3y +2z4+ D =0

V6iD,=7=(Q1):—2x+3y+2z2+7=0= A:(P) N (Q,)
VéiD,=5=(Q,):—2x+3y+22+5=0= A,:(P) N (Q;)

Cau 9. Trong khong glan véi hé toa dd Oxyz cho hai mit phang

(P):x—y+2z-6=0, mit phang (Q):2x+y—-2z+1=0 va dudng thang

D - X— 2:y 3:z 4
-1 1

MN vudng goc véi mit phang (Q) va MN = 3

. Tim diém M thudc D , N thudéc mit phang (P) sao cho

VTPTN, =(2;,1,-2)

MeD=M(2-t;3+t;4+t)

MN L(Q):W:k@:(Zk;—k;—Zk): N(2k-t+2;k+t+3,-2k+t+4)
Ne(P)ek+t=-3

MN=3o k=1 k=11

k=1=t=-4:M(6;,-10);N(8;0;-2)

k=-1=t=-2:M(4;1,2);N(2;0;4)




9.3. Phwong trinh mit phiang

Cau 1. Trong khdng gian Oxyz , cho diém A(—3;2;—3) va hai dudng thang
q _x-1:y+2:z-3 va d _x-3:y-1:z-5

S | 1 -1 27 1 2 3

a/ Chiing minh rang d, Va d, ct nhau.

b/ Viét phuong trinh mit phang (P) chira d, va d,. Tinh khoang cach tir A dén mp(P).
a/ » dy di qua diém M, (1;—2;3), €O vtep 4, = (1;1;—1)

» d, di qua diém M,(3;1;5), €O VtCp u, = (1;2;3)

1 -1
2 3

-1 1
3 1

11
1 2

* Tacéh [ﬁl,ﬁg][ : :

] = (5—41)

va MM, = (2;3;2)

- Suy ra, [d,,@,].M,M, = 5.2 — 43 +1.2 =0, do d6 d; va dz ct nhau.
b/ Mit phing (P) chtra d, Va d, .
» Diém trén (P): M, (1;-2;3)
* vtpt cua (P): 7 = [u,4,] = (5;—4;1)
* Vay, PTTQ cia mp(P) 1a: 5(z —1) —4(y +2) +1(z —3) =0
& dr—4y+2—-16=0
- Khoang céch tir diém A dén mp(P) la:

d(A,(P)):|5'(_3)_4'2+(_3)_16|: 42 e

J5° + (47 + 12 Ja2

Cau 2. Trong khong gian voi hé toa d0 Oxyz, cho mit cau
(S):x*+y*+2*—4x+2y+4z-7=0 va mat phang (o) : x-2y +2z+3=0

a. Tinh khoang cach tir tam I cia mit cau (S) ti mit phang ().

b. Viét phuong trinh mat phang (B) song song v4i mit phang (o) va tiép xtc véi mit
cau (S).

a. (S) co tdm 1(2;-1;-2) va ban kinh R=4
Do d6 d(I,(«))=1
b. Viét phuong trinh mat phang (B) song song v&i mit phang (o) va tiép xtc véi mit
cau (S).
Vi mit phang (B) song song véi mit phang (o) nén pt cua (B) c6 dang
X-2y+2z+D=0

Ta c6 d(I, (B))=R




D=12
D=-12
Vay (B) co pt 1a x-2y+2z+12=0 hoac x-2y+2z-12=0

&P @{

Cau 3. Trong khong gian toa dd Oxyz, cho hai diém A(L3-1), B(-113) va duong

thang d c6 phuong trinh gz y_—ll = % Viét phuong trinh mit phang trung truc cua

doan AB va tim diém C trén duong thang d sao cho CAB 1a tam giac can tai C.

Toa d¢ trung diém M cua doan AB: M (0; 2;1), AB=(-2,-2;4)

Mit phang trung truc (P) cia doan AB di qua M, nhan n=(L1% -2) lam VTPT nén c6
phuong trinh:

X+y-2-2(z-1)=0 < x+y-22=0

ACAB can tai C<CA=CB < Ce (P)

x_y-1 z2-2
Vay C la giao diém cua d véi (P), toa @6 C la nghiém: 12 -1 1 =C(-6;4-1)
X+y—-2z=0

Cau 4. Trong khong gian voi hé toa d0 Oxyz, cho mit cau
(S): x*+y*+2*—4x+2y+4z-7=0 , duong thang d : %:yT—lzz;f
a. Viét phuong trinh mat phéng (P) vudng goc voi duong théng dva tiép xuc vo1 mat
cau (S).
b. Viét phuong trinh dudng thang di qua tdm clia mit cau (S), cat va vudng goc vai
duong thang d.
d c6 mot vtep u=(12-1) , (S) c6 tdm 1(2;-1;-2) va ban kinh R=4
Vi (P) vudng goc véi d nén (P) nhan u = (1;2;-1) 1am vtpt .Do do pt cua (P) ¢6 dang
X+2y-z+D=0
Mit khac (P) tiép xtic v6i (S) nén ta co
2+D]_, o D=-2+46
6 D=-2-4J6
Vay pt cua (P) 12 x+2y-z-2+4+/6 =0 hoiic X+2y-2-2-4/6 =0
x=t
Pt ctia d duoc viét dudi dang tham $64y=1+2t
z2=2-t

Goi d’ 1a dt can tim,va H(t ;1+2t ;2-t) 14 giao diém ctia d va d’

d(1,(P))=R<




Tacd IH=(t—2;2+2t;4—t)
Va IHU=0 t-2+42(2+2t)-(4-1)=0>t=1/3
Vay H(1/3 ;5/3 ;5/3)
Do d6 d’ di qua 2 diém 1(2;-1;2) va H(1/3 ;5/3 ;5/3)
X=2-5t
Vay pt dt can im{ y=—-1+8t
z=-2+11t

Cau 5. Trong khong gian toa do Oxyz , cho A(111),B(2;1;0),C(2;0;2). Viét phuong
trinh mat phang («)di qua hai diém B, C va cach A mét khoang 16n nhit.

Lap luan dé dugc mit phang can tim 1 mat phang can tim 1a mat phang qua BC va
vuong goc voi (ABC)

BC =(0;-12), AB=(10;-1).Vecto phap tuyén ctia (ABC) 1a:  niaec) = [ﬁ ﬁ] =(121)
Suy ra VTPT cua («)la :in= [ﬁ n(ABCJ =(-5;2;1)

Pt (a): -5x+2y+z+8=0

Cau 6. Trong khong gian véi hé toa @6 Oxyz cho hai diém A(L-12),B(3,0;-4) va mit
phang (P):x-2y+2z-5=0. Tim toa do giao diém cta duong thang AB va mit phang
(P). Viét phuong trinh mat phang chtra duong thang AB va vudng goc voi mit phang

(P).
AB =(2;1,-6) 1a vtcp cia duong thang AB.

Xx=1+2t
Ptts AB: {y=-1+t (teR)
z=2-6t

Goi M la giao diém ctia AB va (P). Khi d6 M (1+2t;—-1+t;2—-6t) .
M e (P) = (L+2t)—2(~1+t)+2(2—6t)-5=0 @t:%
=M (f;—E;lj
3 6
Vipt ne) = [ﬁ ﬁ(p)] =(-10;-10;-5).

(Q):2x+2y+z-2=0.




Cau 7. Trong khong gian véi hé truc Oxyz, cho mit cau (S) c6 phuong trinh:

X+ Yy +22 - 2x+4y+22-3= OVamatphang(P) 2x —y + 2z — 14 = 0. Viét
phuong trinh mit phang (Q) chira tryc Ox va cat mit cau (S) theo mot duong tron cb
ban kinh bang 3.

(S) co tdm 1(1; —2; —1), ban kinh R = 3. (Q) chira Ox = (Q): ay + bz = 0.

Mit khac dudng tron thiét dién c6 ban kinh bang 3 cho nén (Q) di qua tim L.
Suyra:-2a-b=0<sb=-2a (a=0)=(Q):y-2z=0.

Cau 8. Trong khong gian vdi hé toa 46 Oxyz, cho hai diém A(2;—1;2), B(0;0;2) va
duong thang d : $_23 = y;6 —
vudng goc vé6i d va phuong trinh mat cau cd tim B, tiép xtc voi (P).

1. Viét phuong trinh mat phang (P) di qua A va

Véc to chi phuong ciia d 13 u=(-2;2;1)

(P) L d = (P) nhan u = (-2;2:1)1a véc to phap tuyén

= Phuong trinh cia(P): -2(x-2)+2(y+1) +(2-2) =0 < -2x+2y+2+4=0
Goi (S) 1a mat cau tAm B, ¢6 ban kinh 1a R

Ta c6 (S) tiép xtc v4i (P) nén ta cd R=d(B;(P)) =2

— phuong trinh mit cau (S): x> +y’+(z-2)* =4

Cau 9. Trong khong gian Oxyz ,cho diém M(0;2;0) va hai dwong thang d ;d, c6
x—1: y-2 = z+1; d, :X_—3:y_+125. Viét phuong trinh mit
7 -2 1 2 -2 1 q .

phang (P) di qua M, song song véi truc Ox , sao cho (P) cat hai duong thang d,;d,lan

luot tai A, Bsaocho AB=1.

phuong trinh: d, :

Gia str c6 mat phang (P) thoa yéu cau dé bai
Aed, = A(1+2t;2-2t;-1+1)

Bed, = B(3+2l;-1-2I;1)
:(2(| —-t)+2;-2(1 -t) - 3(l —t)+1)

| -t=-1
=9(1-t)*+22(1-t) +14=1 | 13




—-t=-1
— AB = (0;-10)=VTPTne) = [ﬁﬂ - (0;0:)
Pt mit phang (P): z=0 ( loai vi (P) chta Ox)

| —t=-13/9
— AB = (—8—1—4j:>VTPTn(p) | AB;i|= (o—f 1)
9'9'9 9'9

Pt mit phang (P): -4 y + z + 8 = 0 ( thoa dé bai nhén)

Cau 10. Trong khong gian véi hé toa do Oxyz, cho mit cau (S):

X2 +y?+22—2x+4y—67-2=0 va mit phang (P): x +y +z+2015=0

a) Xac dinh toa d6 tam I va tinh ban kinh ctia mit cau (S). Viét phuong trinh duong
thang qua I va vudng goc voi mit phang (P)

b) Viét phuong trinh mit phang (Q) song song mit phang (P) va tiép xuc (S)

(S): X’ +y*+2*-2x+4y-62-2=0 va (P):x+y+z+2015=0
a) (S)cotamI(1;-2;3)vaR=4
X=1+t
(D) qua l(1;-2;3) vacO VTCP u = (1;1;1;) cOptts : {y=—2+t
z=3+t
b) (Q)// (P)=>(Q):x+y+z+D=0(D=2015)

d(1,(Q))=4<D=-2+4y3
Vay (Q) :x+y+z —2+43=0

Cau 11. Trong khong gian voi hé toa do Oxyz, cho hai dudong thang

1:X—_l:y—_3:E va A, :x_—:azz_z_z Tim toa d¢ giao diém cua A, VA A, va
2 3 2 "6 4 -5
viét phuong trinh mit phang (P) sao cho dudng thang A, 1a hinh chiéu vudng goc cla

duong thang A, 1én mit phang (P).

Viét lai A, va A, du6i dang tham s
Giai hé phuong trinh tim dugc giao diém A(3; 0; 2)

Duong thing A, ¢6 VTCP u, =(2,-3;2)
Duong thing A, ¢6 VTCP u, =(6;4;-5)




Goi (Q) la miit phang chira A,,A, thi (Q) ¢6 VTPT I& n=|u,u, |=(7;22;26)

Vi A, 13 hinh chiéu vudng goc cua duong thang A, 1én mit phing (P) = (P) chira
A,va (P) L(Q)
Do d6 (P) ciing di qua A vaco VTPT 1a n, = [ﬁ@] =(-214;191;-104)

(P) c6 phuong trinh la: —214x+191y -104z +850=0

Cau 12. Trong khong gian Oxyz cho cac diém A(2;3,0),B(0;1-2),C (L 4,-1).Viét
phuong trinh mét phang (P) chira B, C va song song v6i dudng thang OA. Tinh
khoang cach tir diém A dén duong thang BC.

nlBC-= L31) -
=N =[BC;OA
nlOA= (2;3;0)

| I—

Theo dé bai mat phang (P) c6 VTPT { =(-3,2;,-3)

Mp(P)c6 VTPT i v qua B suy ra (P):~3(x=0)+2(y=1)=3(2+2)=0
& —3x+2y—-3z-8=0

[ETC] =(4;0,4) = Sqc = 22

d (A BC) = Lusc 42 422

BC J11 11

Cau 13. Trong khong gian Oxyz cho diém A(3; -2; -2) va mit phang
(P):x—y-z+1=0.
a) Viét phuong trinh mit cau (S) ¢6 tim A va tiép xtac v6i mp (P).

b) Viét phuong trinh mat phang (Q) di qua A, vudng goc voi mp (P) biét rang mp
(Q) cit hai truc Oy, Oz lan luot tai diém phan biét M va N sao cho OM ON.

a) Vi (S) ¢6 tam A va tiép xtic (P) nén ban kinh cta (S) 1a R = d(a, (P)) = ﬁ Vay pt

cua (S)la: (x=3)>+(y+2)*+(z+2)* = 4

b) Goi N 1a VTPTcia (Q), Me = (1;-1;-1) 1a VTPT cita (P). Khi d6Ny L Ny Mp(Q)
cat hai truc Oy va Oz tai M(0;a;0),N(0;0;b) phan biét sao cho

a=b=0

OM =ON nén |a|=|b|@{
a=-b=#0

+a=bthi MN =(0;-aja) /v 4(0;-11) Va Mg LU => n; =[i,n;]=(2111). Khi d6 mp




(Q):2x+y+z-2=0 va M(0;2;0) ; N(0;0;2) (théa man)

+a=-bthi MN =(0;-a;-a)./v"u(0:1:1) Va n, Lu =>ng =[u,n, |=(01-1)
Khi d6 mp (Q):y-z=0 va M(0;0;0) va N(0;0;0) (loai).

Viay (Q):2x+y+2z—-2=0.

Cau 14. Trong khéng gian véi hé toa do Oxyz cho diém A(10; 2; -1) va duong thang

d c6 phuong tlrinhXT_1 :%:ZT_l' Lap phuong trinh mat phang (P) di qua A, song

song v6i d va khoang cach tir d toi (P) 1 16n nhat.

Goi H 1 hinh chiéu ctia A trén d, mit phang (P) di qua A va (P)//d, khi d6 khoéng
cach gitra d va (P) 1a khoang cach tir H dén (P).

Gia st diém I 13 hinh chiéu caa H 1én (P), ta ¢ AH > HI=> HI 16n nhat khi A=1
Vay (P) can tim 1a mit phang di qua A va nhén AH 1am véc to phap tuyén.
Hed= H@+2tt1+3t)vi H 14 hinh chi€u cua A trén d nén

AH 1 d = AH.u =0 (u=(2L3)1a véc to chi phuong cia d) = H(314) = AH (-7;-15)
Vay (P): 7(x—10)+(y-2)-5(z+1)=0

& IX+y-5z2-77=0

Cau 15. Trong khong gian véi hé toa 6 Oxyz , cho mit cAu (S)cé phuong trinh
x> +y%+22—4x+6y—2z—2=0 . Lap phuong trinh mat phang (P) chta truc Oy va
cit mit cau (S) theo mot dudng tron cd ban kinh r =24/3.

(S): X2 +y? +72° —4x+6y—272-2=0= (x—2)* +(y+3)* +(z-1)* =16
= (S) c6tam 1(2;-3;1) béan kinh R=4 ; truc Oy c6 VICP j = (0;10)
Goi n=(a;b;c) 1a VTPT mp(P)

(P) chtaOy = nL j=b=0 =n=(a;0;c) (@*+c?=0)

Phuong trinh mp(P): ax+cz=0

(P) cat mit cau (S) theo duong tron ¢ ban kinh r =243

2a+c|

Ja? +c?

= d[I,(P)]=VR*-r’ =2 < =2 < 4a° +4ac+c? =4a° +4c°

c=0

<3¢ -4ac=0<
3c=4a

Vay phuong trinh mp(P) : x=0 hodc 3x+4z=0.




Cau 16. Trong khong gian vai hé toa d6 Oxyz, cho diém M(1;-1;1) va hai duong

thang (d):%:y_zl:i3 va (d'):%:yT_l: z;4 . Chirng minh: diém M, (d), (d*)

cung nam trén mot mat phang. Viét phuong trinh mit phing do.

*(d) di qua M,(0;-10) va ¢l vtcp u, = (1;-2;-3)
(d’) di qua M, (0;1;4) va co vtcp wu, = (1;2;5)
*Taco |usu, |=(-4-84)#0 , MM, =(0;24)
Xét | u;u, | MM, =-16+14=0
= (d) va (d”) dong phang .
*Goi (P) 1a mit phang chura (d) va (d°) => (P) ¢6 vipt n=(1;2;-1) vadi qua M; nén
cO phuong trinh z+2y—-2+2=0
*Dé thay diém M(1;-1;1) thudc mf(P) , tir d6 ta c6 dpcm

CAu 17 Cho mit cau (S): x> +y’+2°—2x+6y—82+1=0.

a) Xac dinh toa d6 tam I va ban kinh r cia mat cau (S).

b) Viét phuong trinh mp(P) tiép xuc voi mat cau tai M(1;1;1).
—2a=-2 a=1
—2b=6 b=-3

=

-2c=-8 c=4
d=1 d=1

a.Tur phuong trinh mit cau ta cé:

Toa @6 tam I(1; -3; 4).
Ban kinh: r=1+9+16-1=5
Mit phang tiép xtic mat cau tai M nén IM vudng véi mp.
IM = (0;4,-3)
Mp(P) qua M(1;1;1), c6 VTPT IM =(0;4;-3) ¢6 phuong trinh:
A(Xx — Xo) +B(y- yo) +C(z- Zo) =0
<S0x-)+4y-1)-3(z-)=0<=4y-32-1=0

Cau 18. Trong khdng gian toa d6 Oxyz cho hai diém A(1; —1; 1), B(2; 2; 2), mat
phang (P): x +y —z+1=0va matcau (S): X2 +y> + 22 — 2x + 8z — 7 = 0. Viét
phuong trinh mat phing (Q) song song véi duong thang AB, vudng goc Voi mat
phang (P) va cat (S) theo mot duong tron (C) sao cho dién tich hinh tron (C) bang
18m.

Mp(Q) // AB, (Q) L (P), cat (S) theo duong tron co ban kinh 3+/2.

Tacox?+y?+72 - 2x+8z2 - 7=0& (x —1)?+y? + (z +4)*> = 24.




Suyra(S)cotamI(1;0; — 4), ban kinhR =26 .

Goi ne, no lan luot la vecto phap tuyén cua mp(P), mp(Q). Ta co

ne=(1;1; —1), AB = (1;3; 1), [ne, AB] = (4; — 2, 2) = 0.

Taco {(Q)”AB :{TQ L_AB nén co thé chon no= l[ﬁp,ﬁ]
QL(P)  |noLne 2

Hay no = (2; —1;1). Suyrapt mp(Q):2x —y+z+d=0

Goi r, d lan luot la ban kinh cﬁg (C), khoang cach tir tam | cua (S) dén mp(Q).

Ta co dién tich hinh tron (C) bang 18w nén r? = 18.

Dodod*=R? - r?=24 - 18=6=d= 6.

Tacod=6 < |d—-2|=6<d=8hoicd=— 4.

Tudo,co2mpla(Qr):2x —y+z+8=0,(Q2):2x—y+z—-4=0

MPp(Q) c6 pt trén co thé chira AB.
Kiém tra tryc tiep thay

A(1; —1;1) ¢ (Qu) nén AB // (Q1); A(L; —1;1) € (Qz) nén AB C (Q2).
KL: ptmp(Q):2x —y+z+8=0.




9.4. Phwong trinh mit cau

Cau 1. Trong khong gian v6i hé toa d Oxyz, cho hai diém A(0;0;-3), B(2;0;-1) va mat
phang (P):3x—y—z+1=0. Viét phuong trinh mit cau (S) c¢6 tAm nam trén dudng thang
AB, ban kinh bang 211 va tiép xtic v6i mat phang (P).
Puong thing AB di qua A(0;0;-3) ¢c6 VTCP AB=(2,0;2)

X=2t
Nén phuong trinh tham s cua dudng thing AB 1a:{ y=0

z=-3+2t

Goi | 12‘17 tam cua mét cau thi I(2t;Q;—3+2t).
Mat phang (P) ti€p xuc voi mat cau (S) khi va chi khi:
|6t —(—3+2t)+1

d(1:(P)) =211 = —2J11
(1;(P)) NT
9
At +4=22 >
c>|4t+4|:22<:> =
4+d4=-22""| _ 13
2

t= % = 1(9;0;6) . Phurong trinh mat cau(S): (x=9) + y? + (z—6)° = 44

t:—§:>(l —13;0;-16) Phuong trinh (S) = (x+13)* + y* +(z+16)* = 44

Cau 2. Trong khong gian Oxyz, cho 4 diém A(—-1;1;1), B(5;1;,—1), C(2;5;2), D(0;—3;1).
Viét phuong trinh mat cau (S) co tam la diém D, tiép xtGic voi mit phang
(ABC).Viét phuong trinh mp ti€p dién vé1 mat cau (S) song song voi mp(ABC).

Tacod AB=(6:0,—2), AC = (3;4;1)
0
4

-2
1

-2 6
1 3

160

= vtpt cua mp(ABC): 7 = [E,TC] = 3 4

Y

] (8;—12;24)

* PTTQ cua mp(ABC):8(z +1) —12(y — 1) + 24(2 — 1) = 0
8r —12y4+242—-4=022 -3y +62—-1=0

- Miit ciu (S) ¢6 tAm D, tiép xiic mp(ABC)
*T4am ctia mit cau: A(0;—3;1)
2.0 - 3.(— 3)+6 1-1 14

J2 + (=37 + 6 7
« Phuong trinh mit cau (S): 2> + (y + 3)* + (= 1) =4
* Goi (P) 1a tiép dién cia (S) song song voi mp(ABC) thi (P) c6 phwong trinh

20 —3y+62+D' =0 (D' =-1)

« Ban kinh mit ciu: R = d(D,(ABC)) =




2.0 - 3.(— 3)+61+D’| B
2+ (37 +6° -

D' = —1 (loai)

D’ = —29(nhan)

« Vi (P) tiép xtc voi (S) nén d(I,(P)) =R <

15+D' =14

"N _—
a5+ D) =14 < s - 14

* Vay, phuong trinh mp(P) can tim l&: 2z — 3y + 62 — 29 = 0

Cau 3. Trong khong gian v6i hé toa d6 Oxyz, cho duong thing

A:% y13 Z+16 va hai mat phang (P):x+2y—2z2—-6=0,

(Q):2x+y—22-7=0. Viét phuong trinh mat cau (S) co tam thudoc A d(‘Sng thot

tiép xtic voi hai mit phang (P), (Q)-
Goi | 13 thm mit cau (S), khi do 1 (t;3+t;-6-t).

4 (15(P)) = \5t+12\ (I;(Q)):‘SHS‘ theo gid thiés |5t +12| \5t+8\
3 3 3

<:>t:—2:>I(—2;1;—4),R=§.

Mit cdu (S): (x+2)° +(y—1) + (2 +4) :g.

Cau 4. Trong khong gian voi hé toa d0 Oxyz, cho diém A(3;2), dudng thang
d: XTJrl—y;ldf =i2 va mit phang (P):2x—2y+z—-6=0. Tim toa d6 giao diém cua d
v6i (P) va viét phuong trinh mit cau (S) di qua A, c6 tdm thudc d dong thoi tiép xtc
v6i (P).

X=-1+2t
d c6 phuong trinh tham sb {y=4-t
z=-2t

Goi B=dn(P),do Bed nén B(-1+2t;4—t;-2t)

Do Be(P) nén 2(-1+2t)-2(4-t)-2t—-6=0 <t =4 = B(7;0;-8)

Goi I 1a tAm mat cau (S), do I thuoc d nén 1(-1+2a;4—a;-2a)

Theo bai ra thi (S) c6 ban kinh R=1A=d(l,(P))

_|2(-1+2a)-2(4—-a)—-2a-6|
V2% 427 412

= J(2-2a)’ +(a-1)* +(2+2a)* =

o Joa? —z2a1g - 218




< 9(9a° —2a+9) =(4a-16)* < 65a° +110a-175=0 = azl;a:—E.

13
+) Vi a=1=1=(13-2),R=4=(S):(x-1D)*+(y-3)*+(z+2)* =16
+) Véi a:—§:I = —g;g;E ; _116

13 13 13 13 13
( 83) 87\’ 70\* 13456
> Xx+—=| +|y-——| +|2-——| =———
13 13 13 169

Céau 5. Trong khong gian toa do Oxyz, cho mp(P): x + y + z — 3 = 0 va hai duong
:x+1:y+2:z—1_ q :x—2:y—1:z+1

2 1 -1’ 1 2 5
Viét phuong trinh mat cu co6 tim thudc di, tiép xtc v6i dy va cét mp(P) theoo mdt
duong tron c6 ban kinh r = /3 ,biét rang tAm mit cau co cao do duong
dz qua A(2;1;-1) c6 vicp u, =(12;5)
eled = I(-1+2t;-2+t;1-t)

o Al=(2t-3t-32-1),[ AlLu, |=(7t-19;-11t +17;3t-3)

thang d,

od - ‘[N@] _ /179t% — 658t + 659

SR

J179t2 — 658t + 659

30

o d; tiép xuc véi (S) nén dig,) =R =R()

_|2t-5|

(1.P) \/§

2
2 2t—5 2_ 2_
eTaco: RZ:d(ZI P)+r2<:>R2: u +3o R2=—4t 20t+34<:>R= A -20t+34 (2)
| V3 3 3

t=1
< 139t2 — 458t +319=0 < ,_319
139

od

179t —658t +659  4t° — 20t +34

eTur (1) va (2), ta co:
u(l)va(2),taco 20

509 41 —180
139 139" 139
e V6i 1(15-1;0) = R=6 = (S):(x-1)" +(y+1)° +2* =6

Két luan: phuong trinh mit cau can tim 1a (S):(x—=1)’+(y+1)’+2> =6

Suy ra: 1(1;-1;0) (nhan) hoac 1 ( j (loai do z, > 0)

Cau 6. Trong khong gian véi hé toa do Oxyz, cho diém A(2;1;1) va mit phang
(P):2x—y+2z+1=0. Viét phuong trinh mit cau tdm A tiép xtic véi mit phang (P) va

tim toa d§ cac giao di€ém cua mat cau do vaéi truc Ox.




+) Mit cau tim A tiép xtic v&i mit phang (P) c6 ban kinh
|4-1+2+1| )
V22 412422

+) Phuong trinh mat cau la: (x —2)2 + (y— 1) + (z - 1)?= 4.

R=d(A,(P))=

+) Toa dd giao diém ctia mat cau va truc Ox 1a nghiém cua hé pt:

2 2 2
(yx:—OZ) +(y-D“+(z-1) _4: =242

z=0 x=2-2
+) Cac giao diém: M (2++/2;0;0), N(2-+/2;0;0).
Cau 7. Trong khong gian véi hé truc Oxyz, cho hai diém A(1; -2; 3), B(-1; 0; 1) va
mat phang (P): x + y + z + 4 = 0. Tim toa do hinh chiéu vudng gbc cta A trén (P) va
viét phuong trinh mit cau (S) c¢6 tim thudc dudng thang AB, ban kinh bang 1 va tiép
xuc voi mit phang (P).
+ Goi H 14 hinh chiéu vuéng goc clia A 1én (P), AH =(x-Ly+2,z-3)

X=1+t
AHcoOpttsla: Jy=-2+t
z=3+t

+ H e AH nén H(1+t;-2+t;3+t)
Mat khac: HE(P) nénsuy ra: 1+t-2+t+3+t+4=0<t=-2
Vay H(-1;-4:1)

x=1-2t
+ Puong thang AB co ptts 1a: {y=-2+2t
z2=3-2t

+Goi I 14 tAm mit cau (S):
le AB= I(1-2t;-2+2t;3-2t)
Mit phang (P) tiép xtic véi (S) c6 ban kinh R=1 nén : d(I,(P))=1




B3

t=3-Y°
<:>|6—2t|=\/§<:> j§
t:3+7

Vay c6 hai phuong trinh mit ciu can tim 13
(x+5—\/§)2 +(y—4+\/§)2 +(z+3—\/§)2 =1
va (:z;+5+\/§)2 +(y—4—\/§)2 +(z+3+\/§)2 =1.

Cau 8. Trong khong gian Oxyz, cho hinh lang tru tam giac ABC.A'B' C'co A(L;1; 1),

B(1; 2; 1), C(1; 1; 2) va A'(2; 2; 1). Tim toa d¢ cac dinh B', C' va viét phuong trinh
mat cau di qua bon diém A, B, C, A".

- Do ABC.A'B'C' 1a hinh lang tru nén BB'= AA'= B'(2;31)
Tuong tu: CC'= AA'=C'(22;2)
- Goi phuong trinh mat cau (S) can tim dang
x> +y? +7° +2ax+2by+2cz+d =0,a° +b*+c*—-d >0
Do A, B, C va A' thuoc mit cau (S) nén:

2a+2b+2c+d=-3

2a+4b+2c+d =-6 azb:c=_§
& 2

2a+2b+4c+d=-6

4a+4b+2c+d=-9

d=6

- Do d6 phuong trinh mét cau (S): x*+y? +22 -3x—-3y—32+6=0

Cau 9. Trong khong gian v6i hé toa do Oxyz, cho ba diém A(2:1;-3), B(4;3; -2),
C(6;-4;-1). Chung minh rang A, B,C 1 ba dinh ctia mdt tam giac vudng va viét
phuong trinh mat cau tAm A di qua trong tim G cua tam giac ABC.




Ta cO: AB(2;2;1); AC(4;-5;2) = % # % = AB; AC khong cung phuong—=A; B; C lap

thanh tam giac. Mt khac: AB.AC =2.4+2.(-5)+1.2=0=> AB L AC suy ra ba diém A; B;

C la ba dinh cta tam giac vudng.
Vi G 1a trong tAm cuia tam gidc ABC nén G(4;0; -2). Ta c0: AG =+/6

Mt cAu can tim c6 tAm A va ban kinh AG =+/6 nén c6 pt: (x=2)* +(y-1)°+(z+3)* =6

Cau 10. Trong khong gian véi hé toa dd Oxyz cho 4 diém A(1; 1; 0); B(1; 0; 2);
C(2;0; 1), D(-1; 0; -3). Chu‘ng minh A, B, C, D 13 4 dinh ctia mot hinh chop va viét
phu’ong trinh mat cau ngoa1 tiép hinh chép d6 .

Tacd AB =(0;-12); AC =(L—-11):AD =(-2,—-1—3).

[E,E ] :(1;2;1);[ﬁ,ﬁ }ﬁ =7

Do [EE ]ﬁ =-7%0,nén 3 véc to AB, AC,AD khong dong phing suy ra A, B,
C, D 1a 4 dinh cua mdt hinh choép.

Goi phuong trinh mat cau c6 dang x* +y? +z° + 2ax+2by +2cz+d =0

(v6i a®+b*+c*—d >0).

2a+2b+d =-2
< A s .2 N , .~ |2a+4c+d=-5
Do mat cau di qua 4 di€ém A, B, C, D nén ta c6 h¢
4a+2c+d=-5
—2a-6¢c+d =-10
Giai hé suy ra azi;bzgl, :—d——@
14 14 14 7
Vay phuong trinh mc la: x* +y?+z +§x+§y+g —57—0:0.

Cau 11. Trong khong gian véi hé toa dd Oxyz, cho hai diém A(-3;0;4), B(L0;0). Viét
phuong trinh mét cau duong kinh AB va tim diém M trén tia Oy sao cho MA=MB+/13.
+ Goi (S) 1a mit cau c6 dudong kinh AB va I 1a trung diém ciia AB.

Taco 1(-10;2), AB=442

AB

Khi d6 mat cau (S)c6 tdm | va c6 ban kinh R = - = = 24/2 nén c6 phuong trinh

(x+1)2 +y2+(z—2)2 =8




+M €Oy = M (0;t;0)

khi do

MA = MB+\/13 < \/(—3)2 +(—t)2 + 47 :\/12 +(—t)2 +02./13 < 25+12 :13(1+t2) sSt=+1
Véi t=1= M (0;10)

t=-1=M(0;-10)

Cau 12. Trong khong gian véi hé truc toa d0 Ozyz, cho mit phang
(P):z-y-2:-1=0 va hai diém A(20;0),3(3;-12). Viét phuwong trinh mat cau (&)
tdm I thudc mat phang (P) va di qua cac diém A, B va diém gbc toa do 0.
Giésﬁ’[(:c,y,z).TaC(') Ie(P):>zz:—y—2z—1=0 (1)

T—yY+22=5
Do 4,B,0e(S)=IA=IB=10.Suy ra {x_z (2)

r—y—22-1=0 r=1
Ta(l)va(2)tacohe sz—-y+22=5 <« y:—2:>f(1;—2;1)

Ban kinh mit cau (S)1a R =14 =6

Vay phuong trinh mat cau (S) la: (z - 1)2 +(y+ 2){Z +(2- 1)2 =6




PHAN 10. PHUONG TRINH - BPT —- HE PHUONG TRINH

10.1. Phwong trinh

Cau 1. Giai phuongtrinh: 2° ++2* -3z+5=3z+7.
Ta @it V/x2-3x+5=t (t>0)
Ta duoc t* +t-12=0_, giai duoct =3 ,t = -4 (loai)

Véit = 3, giai tim duoc : z=-1, r=4.

Cau 2. Giai phuongtrinh: Vz-2++4-z= 22 — 6z +11.
+ DK: xe[2;4]

Jx_2< X—2+1
+ Ap dung BPT Cauchy i 4_i+1:>\/E+\/mgz
2
Déu “="khi {::ij@x=3.

“_»

Mit khac x® —6x+11= (x—3)2 +2>2 dau “="xdy ra khi x=3
Vay phuong trinh c6 nghiém duy nhét z =3.

Cau 3. Giai phuong trinh: 4(2J10—2x—§/9x—37):4x2 il —

DK: x<5.

Phuong trinh < 4(4+30x-37)+8(4-v10-2x)+4x* ~15x-81=0

- 4(27+9x) ,_8(6+2x)
16-430x 37 +(Yfox—37)  4+10-2x

-TH1 x+3=0< x=-3 (TMPT)

-TH 2. x#-3

+(x+3)(4x-27)=0

36 16

> +
16-430x 37 + (Yfox—37)  4+V10-2x
36 16

+
12+(3x—37-2) 4+10-2x

+4x-27=0

phuong trinh <

= +4x-27=0

A 1 M ’ 5
Do x<5 nén VT s%+£+4.5—27=0. bang thirc xay ra < x=5

Vay phuong trinh ¢6 2 nghiém la z=-3, z=5.




Cau 4. Giai phuong trinh: vz +2° +1+2=/z(1-2°)

r<-1
0<z<1

DK: {

TH1: Véi x = 0 khéng phai nghiém cua phuong trinh
TH2: Véi x=0.

*Vo1 0<x<1

Khi d6 phuong trinh < x /iz+x2+l+x=x\/l—x<:>\/iz+x2+l+1= }l—x
X X X X

bat t=,/§—x:>t4=%+x2—2. Khi d6 ta dwoc phuong trinh

- t>1 _
V2 +3+1l=t < < t=-1(loai)

t*—t*+2t+2=0

*Vbi x<-1.TacHd - iz+x2+1+1=— l—x
\lx \ x

Ditt= |t x=t'= L4 2. Khiddtaduge Fr3-t+1et=1
X X

Khi d6 ta duge ' +x-1=05 x= "0
So sanh dk ta dugc nghiém x= _1_2\/5 .Vay phuong trinh da cho c¢6 nghi¢m
_1-5
T = .
2

Cau 5. Giai phuong trinh: (mm)z +z+4Jz—4 + 22 +Jz -4 =50.
Piéu kién x> 4

<:>(x+\/x—4)2+\/x—4+2+2x+\/mz50

o (x+vx—af +2(x+x—4)-48=0

Giai phuong trinh: x++/x—-4 =5 =z =5.

Cau 6. Gidi phvong trinh: zvz-1=(2z- 3)2 (2z-2)+z-2.

TXD D = [1;+)

Phuong trinh < (x—1)VXx—1+(x=1) ++/x—1 =(2x-3)’ +(2x=3)* +2x-3 (1)

Xétham sb f(t)=t'+t> +t= f(t)=3t>+2t+1= f(t)>0,vteR suy ra ham s f(t)
dong bién trén R.




Phuong trinh (1) ¢6 dang f(/x—1)= f(2x-3). Tt hai diéu trén phuong trinh (1)
SAX—1=2x-3
{x >3/2 {x >3/2

o = 5 ~ oS X=2
X—1=4Xx"-12X+9 4x°—-13x+10=0

Cau 7. Giai phuong trinh: 4z +2+/22—-3z =22 +8 trén tap sb thue.

AJX+2++/22-3x =x*+8
pt<:>4(\/x+2—x%4j+ 22 3x + X_314 —x—x—2

3(—x2 +x+2) _;(_Xz +x+2)

< x+4 ' x1a =X X2

IX+2+ 52 22-3x-—

) 3 3

x2—x-2=0 (1)

4 1 . X>-2
N 9 N 9 _ vol dk x_g
X+4 x—14
IX+2+ 521 \J22-3x -
L 3 3

Chiumng minh duoc vé trai Am suy ra pt(2) vo nghiém
Két luan phuong trinh c6 2 nghiém z=-1, z=2.

Cau 8. Giai phuong trinh:
22° +3z* —144°
NT+2
Pién kién: x > -2 (%).

PT < x*(2x2 +3x —14) = (4x* +14x% + 3x? +2)(\/x+2 —2)

- (4x4 +142° + 322 + 2)(1— 2 J
T+ 2

<:>XS(X—Z)(2X+7)(m+2):(4x4+14x3+3x2+2)(X+2—4)
o x3(x-2)(2x +7)(\/E+ 2) — (4x* +14x° +3x2 + 2)(x - 2)
x—2=0< x=2 (théa man(*))
~ X3(2X+7)(m+2):4x4+14X3+3X2+2 1)
D) = xXP@2x+ VX +2 +4x* +14x° = 4x* +14x> +3x* + 2

SR+ +2=3x"+2
Nhan thay x =0 khong 1a nghiém cua phuong trinh = x = 0.

Khi d6, PT < (2x +4+3)Vx + =§+£3 <:>2(X+2)\/X+2+3\/)(+2=%+§ 2)
X X XX




Xét ham sb: f(t)=2t° +3t VOi teR.
Ta co: f'(t)=6t+3>0 VteR = Ham sé f(t) ddng bién trén R.

Do d6 (2)@f(\/x+2)=f£1j@\/x+ k2=t
X X

=70 ex="1Y5 (thoa man ()
x+D(x*+x-1)=0 2
Vay nghiém cua phuong trinh da cho la: » = _1;\/5 , x=2.

Cau 9. Giai phuong trinh sau trén tap sé thuc
72?2 + 252419 —\2? —22-35 =Tz + 2.

biéu kién x>7

Phuong trinh tuong duong «7x? + 25x+19 = 74/x+2 ++/x* —2x-35.

Binh phuong 2 vé suy ra: 3x2 —11x—22 = 7,/(x+2)(x+5)(x—7)
3(X? —5X—14) + 4(x +5) = 74/(x +5)(x? —5x—14)
bat a=+/x*-5x—-14;b=+/x+5.(a,b > 0) Khi do6 ta c6 phuong trinh

a=>b
3a’+4b*=7ab <= 33’ -7ab+4b*’ =0
3a=4b
Véia=bsuyra x=3+2J7 (t/m); x=3-2J7(1).
Vi 3 = 4b suy ra x-Sy ST )
61++/111237

Ds: a:=3+2\/7, T =

18
Cau 10. Giai phuong trinh: 22 —152+34 =3¥4z-8(1).

Tacd 2x*-15x+34>0= 3/4x-8>0=>x>2
Cach 1:(Lién hop thanh phan)
12(x—4)

3(4x —8)2 +23/4x-8+4

(1) & 2x* ~15x+ 28 = 3(4x -8 -2) < (x—-4)(2x-7) =

X=4
<\ (2x-7)- 12 o

s/(4x—8)2 +23/4x-8+4 B

+ Néu x>4=VT(*)>0= phuong trinh (*) v0 nghiém

+ Néu x<4=VT(*)<0= phuong trinh (¥) v0 nghiém

+ Néu x =4. Thoa man phuong trinh (¥)




Vay phuong trinh da cho c6 nghiém duy nhat x=4.
Cach 2:(Lién hop hoan toan)
(1) < 2x* —16x+32=334x -8 —(x+2)

(x—4)" (x+14)

=2x-9) +9§/(4x—8)2 +3\3/4x—8(x+2)+(x+2)2 -0
x=4
e, (x+14) :0(*)

' 913/(4x—8)2 +3M(x+ 2)+(x+ 2)2

Vay phuong trinh da cho c6 nghiém duy nhét x=4.
Cach 3:(Phuong phap danh gia)

Taco: 33(4x-8).8.8 <4x+8= 3/(4x—8) < x+2 ( Theo bét ding thirc C6 si)

Do d6 2x* ~15x+34 <x+2 < 2(x—4) <0< x=4. Thir lai thay thoa man.
Vay phuong trinh da cho c6 nghiém duy nhét z = 4.

Cau 11. Giai phuong trinh: 2(z— 2)(\3/51; +5+ 242z - 5) =3z-1(zeR).
Piéu kién xac dinh: x > g .

Phuong trinh da cho twong duong:

3/x+5+2\/2x—5=3x_1 <:>3/x+5+2\/2x—5—3X_1=0
2x—4 2x—-4
Dit f(x)=€/x+5+2\/2x—5—sx_i voi x thuge B;—ooj
X_

1 N 2 N 10
33/()(_,_5)2 J2x-5 (2X—4)

= f'(x)= 2>OV(’riVX>§

—ham s6 f(x)d6ng bién trén |:g;—ooj .
—phuong trinh f(x) =0 c6 t6i da mot nghiem (1)

Tacd f(3)=0 (2)
Tur (1) va (2) suy ra phuong trinh da cho c6 nghiém duy nhat = =3.

Cau 12. Giai phuong trinh: 4v2? + 2 +1=1+5x+42° - 22° —z*

B3

bat t=+vx*+x+1,t> 73 Khi d6 phuong trinh tré thanh:




4t=—t4+7t2—5<:>t4—6t2+9—(t2—4t+4):0
) 2 2 ) ) t’—-t-1=0
o (P -3) —(t-2) =0 (t* —t-1)(t* +t-5)=0(*) =

t’+t-5=0
-Véitzﬁ thi

t?~t—-1=0 c6 mot nghiémla t = 1+2\/§

* V6i tz? thi t*+t-5=0 c6 mot nghiém la t:—1+T«/ﬂ

2

- ~1-+/3+25 hosc x - ~1++/3+25
2 ' 2 ‘

2
¢ Khi t=1+2\/g thi x2+x+1:(1+\/§j & 2x2+2x-1-5=0

2
*Khi t:_l%ﬁthix%xjtl:(_l%/z} & 22X +2Xx—-9++/21=0

_ 192421 hoiic X:—1+\/19—2\/ﬁ.

2 2

Vay phuong trinh da cho ¢6 nghiém z = 1= 12_ 221 , r= L “12_ 221 :

Cau 13. Giai phuong trinh: 42° + 2 —(z+1)y22+1=0 (1)
e TXD: D- {_%;mj

e Tacd: (1) () +2x=(V2x+1) +v2x+1 (2)
e Xét ham dic trung f(t)=t>+t v6i te R, khi do:
(2) = f(2%) = f (V2x+1) (3)
e Khao sat tinh don diéu caa haAm sé f trén R
Tacod: f'(t)=3t>+1>0 VteR
Do d6 f dong bién trén R

x>0 -
e Suvra: N V2x+1=2x = =N & X
Y () {4x2—2x—1:0 X 145

Vay phuong trinh (1) c6 nghiém la z = 1+4\/§ .




Cau 14. Gidi phuong trinh: (20+1)(2+ V42" +4z-+4)+30(2+V0a? +3) =0 (1)
TXD: D=R

Ta co: (1)<:>(2x+1)(2+ (2x+1) + j:(—Sx)(2+ (_3x)2+3j (2)
Xét ham dic trung f(t):t(2+\/t2+3) voi te R, khi d6:
(2) = f(2x+1)= f(-3x) (3)

Khao sat tinh don diéu cua ham so f trén R

2
Ta cb: f'(t):2+\/t2+3+\/§_
t°+3

Do d6 f dong bién trén R

>0 VtelR

Suyra: (3)<2x+1=-3x< x=—%8

Vay phuong trinh (1) c6 nghiém la z = —%.

Cau 15. Giai phuong trinh: /22 +15 = 322% + 322 - 20 (1)

Piéu kién: 2x+15>0 < x 2_%

Phuong trinh (1) viét lai thanh: 2 4x+2*=./2x+15+28
. 4y+2°=2x+15 (2
bat /2x+15 =4y +2 [yz—l], ta duoc hé phuong trinh: y , @)
2 4x+2 " =2y+15 (3)
Trir theo timg vé cua (2) va (3) ta duoc:
Ay+4x+4 4y—4x =2 X—y & X—Y [1+8 x+y+l]:0
+ Khi x=y, thay vao (3) ta duoc:
1
X==
AX+2° =2X+15 < 16x2 +14x—11=0 <

fe oA . n ) \ 1
So v6i diéu kién cia x va y ta chon X=2.

+ Khi 148 x+y+1 =0«< y:—x—%, thay vao (3) ta duoc:

—9+4++/221
16

Ax+42° :—2x—%+15<:)64x2+72x—35:0(:>x:

—9_J221
16

So v6i diéu kién cua x va y ta chon x=

Tép nghiém cua (1) 1a z= %; T= _9_1—6 o2t




CAu 16. Giai phuong trinh: 42% + 3z +1+5=13z (1)

Pidu kién: 3x+1>0< XZ—%

Phuong trinh (1) viét lai thanh: 2x—3%=—\3x+1+x+4

Djt 3x 1= 2y-3 [ygg
k 2x—3°=2y+x+1 (2

2y—3°=3x+1 ()

Trir theo timg vé cua (2) va (3) ta duoc:
2 2X+2y—6 X—y =2y—-2X & X—Yy 2X+2y—5 =0

+ Khi x=y, thay vao (3) ta duoc:

, ta duoc hé phuong trinh:

4x* —12X+9=3x+1< 4x* —15x+8=0< x =

15—/97
—

15++/97
8

So voi diéu kién cua x va y ta chon x=

+ Khi 2x+42y-5=0« 2y =5-2x, thay vao (3) ta duoc:
2-2x 2 =3x+1e 4% —11x+3=0@x:%

So vé6i diéu kién cua x va y ta chon x= M .

8
11+Jﬁ_$_15—ﬁ
g 7 '

Tap nghiém cua (1) la z= 5

Cau 17. Giai phuong trinh: 3z +1+Jz +34+2-5=0 (1)

Piéu kién: x> —%

Phuong trinh ¢6 mét nghiém 13 x =1 nén ta dinh huéng bién doi vé dang
x—=1.f(x)=0

Taco: (1) & 3x+1-2 + yx+3—-2 +x—1=0

(Tach thanh cac biéu thie lién hop)
3 x-1 x—1

N +
3X+14+2  x+3+2

+X—1=0 (Nhan lién hop)

x—1 3 + ! +1
(3x+1+2 Jx+3+2 )
>0

& x=1
Vay phuong trinh (1) c6 nghiém la z =1,

54




Cau 18. Giai phuong trinh: 22> —2 +3 +2° — 2 =21z 17 (1)
biéu kién: x > 17
21

Phuong trinh ¢6 hai nghiém 13 x=1va x=2 nén ta dinh huéng bién ddi vé
dang x—-1.x-2.f(x)=0

hay x*-3x+2.f x =0

Ta co: (1) & V2x% —x+3—x—1 + 3x—1—21x—17 +x>—3x+2=0
X2 —3X+2 9 x* —3x+2

+x*—=3x+2=0

REN +
V2x2 —x4+3+x+1  3x—1++21x-17

& xP—3x+2

1 9
+ +1{=0
k,/2x2_x+3+x+1 3x—1++/21x—17
>0

Xx=1
X=2

Véy phuong trinh (1) c6 nghiém la z=1, z=2.
Cau 19. Giai phuong trinh:

20 —8+ 2z — 4z —12 :3(Jx+2+Jx—6).

X g X+2>0
biéu kién { < X>6

e XX -3x+2=0 &

X—6>0
bit t=vx+2+/x—-6 (Pk:t>0)
= t?=2X—4+24x* —4x-12

=t —4=2x-8+2yx*—4x-12

t=-1(I
Phuong trinh da cho tro thanh t* -3t-4=0< t—4(§1))
V6i t=4 = JUXx+2+x—-6=4
& 2X—4+24x? —4x-12 =16
<X —4x-12 =10-X
10-x=>0
x> —4x —12 =100 — 20X + X*
x <10
o < Xx=7 (Thoadk x>6)
16x-112=0

Vay phuong trinh da cho ¢6 nghiém z=7.




Cau 20. Giai phuong trinh: 1527 +122+12=10(2z+1)v/2% +3
1557 +12x+12=10(2x+1)\x* +3 (1)

Piéu kién: x> —%

Vi diéu ki¢n trén phuong trinh (1) twong duong:

3(2x+1)" +3(x? +3)=10(2x+1)V/x* +3

Pit a=2x+1b=+x*+3 (b > \/5) phuong trinh tré thanh: 3a? +3b% =10ab

aY a %:3 3b=a
@3(—) —10(—)+3:0 (dObZ\/é)@ =
b b a_1 |b=3a
b 3
1
>_ =

: X
Véi 3b=a, a=3b ta dugc: 3Vx*+3=2x+1< 2
5x*—4x+26=0 (VN)

1
X2—— V114 -18
S X=—

V6i b=3a, a=3b ta dugc: Vx*+3=6x+3< 2 =
35%% +36X+6=0

So diéu kién ta dugc z=

J114 -18
3B

Cau 21. Giai phuong trinh: z++v2z-1=2(3-12)°
X+2x-1=2(3-x)*. Pk: x > % Vi dk trén, pt tudng duong

V2x-1-3=2x*-13x+15
_2(x=9%) 5)
\/2x +3
X=5
=
(2x—3)(\2x-1+3) =2
Gidi (2x-3)(v2x-1+3)=2 (1)
Pitt=+/2x-1,t>0=t2 =2x-1
(1) trd thanh: t* +3t> -2t —8=0

=(x-5)(2x-13)

t= 22V han
) B t——2 (loai) 2
St+2)t°+t-4)=0< .Gidit? +t-4=0<

+t-4=0 -1-
t:lT\/:ﬁ (loai)




Vc’iit:ﬁ@\mx— =¥<:>x=
11-17

Vay pt c6 nghiém la Xx=5, x= 7

11-17
4

(nhan)




10.2. Bat phwong trinh

Cau 1. Giai bat phuong trinh: (42% — 2~ 7)Vz + 2 >10 + 4z — 847
Piéu kién: x> -2, bat phuong trinh da cho tuong duong:
(@x% —x=T)x+2+2(4x* —x~T7) > 2[(x+2) - 4]

(X% —x=T) (X +2+2) > 2(fx+2 = 2)(/x+2 +2)

S A —X-T>2X+2 -4 4x%* > (x+2) + 24/x+2 +1

& (2%)7 > (Wx+2 +1)? & (Vx+2 +1-2X)(x+2 +1+2x) <0

IX+2>2x-1 hosc NX+2 <2x-1
= ac &

IX+2<-2x-1 NX+2>-2x-1
< -2<x<-1hoac c:>x>5+841

Vay tap nghiém T = [—2;—1)U(5+g/ﬂ;+oo}

Cau 2. Giai bat phuong trinh: V2z+7 -6-2>3z-2 .

+ DK: %s x<5. Bién d6i bat phuong trinh vé dang

V2X+7 2+/3x =2 ++/5-x
+ Binh phuong hai vé, dua vé dugc 3x* -17x+14>0

9 14
+ Giai ra dugc x<1 hoac Xz

+ Két hop véi diéu kién, nhan duogc % <z <1 hoic % <z <5,

Céu 3. Giai bat phuong trinh: (2° +1)+(2° +1)+ 324z +1>0.

+ (X +1)+ (x2 +1)+3xx +1> 0 (x* + X2 )+ 3Vx* + X% +2>0
+ Dat tzxx/x+12—§.Bétphu’(mg trinh < t* +3t+2>0

9 14
+ Giai ra dugc x<1 hoac X2

t>-2

3 2 2
>-—= N >_= > _
+ < [t>_1<:>t_ 3<:>x X+1> 3<:>x_ 1.

t<-2




Cau 4. Giai bat phuong trinh: 3z +2 +z+3>2z-1

PK: x>_2
3

X+ 2 +4/x+3>2x =1 > 3x+2 +x+3 > (V3x+ 2 + VX +3)(/3x + 2 —/x+3)
1> 3x+2 —x+3 (ViV3x+2 +/x+3 >0)
E1+/X+3>/3x+2
1+ X+3+20X+3>3x+2
& Jx+3>x-1

i x-1<0

& Xx=1>0

{x+3> X2 —2x+1

x<1

&
1£x<3+£/1_7

3+J1_7

2

4 re * A ‘A 4 ‘A 9 A \ \ 2
So sanh vai diéu kién , ta ¢6 nghiém caa bat phuwong trinh la 3 <z<

Cau 5. Giai bat phuong trinh: 22 +5z < 4(1+ \/x(azz +2x —4)) (xe R).
~1-/5<x<0

X > —1+\/§

Khi d6 (*) & 4\/x(x2 +2X—4) > x* +5x—4

& 4\/x(x2+2x—4) > (X2 +2x—4) +3x (*%)
TH 1: x>-1++/5, chia hai vé cho x > 0, ta co:

2 2
(**) = 4 X +2x—4>x +2x—4+3
\/ X X
2 —
Détt:‘/w,tzo,tac()bpt: t?—4t+3<0<=1<t<3
X
{ 2 _ x> —7x—4<0 _
1< X°+2X 4<3<:> o 1+\/1_7<X<7+\/@
X X2+ x—4>0 2 2

TH 2: -1-/5<x<0, x> +5x—4<0, (**) ludn thoa

DKIX(X2+2X—4)ZO<:>|:

Vay tap nghiém bat phuong trinh (*) 14 S = [—1— J5; O} U { = +2\/1—7 ; ! +;/£j




Cau 6. Tim tat ca cAc gia tri cia tham so6 m dé bat phuong trinh sau c6 nghiém
T+ 212 —SSm(\/_—\/E)?) (zeR).
Piéu kién x > 2. Bat phuong trinh da cho tvong dwong véi
K2 -8 o <me (42X 8)(\/;+\/E)Ss8m-
(Vx=vx=2
Xét ham sb f(X)z(X3+2X2—8)(\/;+\/E)S c6 f'(x)>0,vx>2nén ham s f(x) dong

bién trén [2;+00).

Bat phuong trinh f (x)<8m 6 nghiém
& 8m> rr[lz_ln)f( ) f( 6\/_
Vay m> 2\/5.

Cau 7. Giai bat phuong trinh: Vo +v1-2? > V232442,

x20 0<x<1
Piéukién:{1-x*>0 . _ o 0<x<
s 3- \/_S < 3+«/H

’ 2-3x-4x*>0 8 8
Bat phuong trinh da cho tuong dwong véi

X+1— X"+ 2X(1-%?) 2 2-3x—4x* < 3(x* +X) — (L— X) + 2/(x+ X*)1—x) > 0

*)

—3+4/41
g

> —5++/34

XX ,fx X 1300 ,/ <:>9x +10X-1>0 < 9
1-x ‘< 5_ \/ﬁ

9

Két hop diéu kién (*), ta suy ra nghiém cua bat phuong trinh 1a
—5+/34 << —3+4/41

9 8

Cau 8. Giai bat phuong trinh: (z-1)v2® +5+2>2” +1,

+x<1 : loai

2
+X >1: x2+5>X—X+1<:> x2+5>x+i<:> x2+5—x>L
X-1 Xx-1 X-1

5 1
o > S 5(x=1)> VX2 +5+X < 4x—-5>+x>+5
Vx2+5+x Xx-1 (x=1)

5
X>=
= 4 < x>2.Vay z> 2.

15x* —40x +20>0




Cau 9. Giai bat phuong trinh
(z+2)(z—2v22+5)—9<(z+2)(8\z’ +5 —2° —12) +3/62° +7

Pidu kién xéc dinh: z > _g . Khi d6 ta co

(1) & 2" + 327 + 142 + 15— 2(z + 2322 + 5 - 3(z + 2Wa? +5 - U522 +7 <0

o1’ +37° -2 -18-2x+2)(N22 +5-3)-3(x +2)(Nz* +5-3)+ 3 - b2* +7 <0
_ 2 _ 2

@(x_2>($2+5$+9)_2(x+2)(2x 4) 3x+2)(x 4)+ 5(4-2) <0

N2z +5 +3 Vo' +5 +3 9+33/5902+7+(3/5952+7)2

Az+2) 3z+2) 5z +2)

S (z-2)|2* +52+9- 5 - 7 [<0(%)
N2E+5+3 o +5+3 9+3§/5x2+7+(§/5x2+7)
Az +2) 4 3(z +2)° 3 5
U B D N Cl ) Y P
L. 5 |V2z+5+3 3 N’ +5+3 D
TaCOVO’IxZ—E: 5(z +2) <5(x+2)
2
9+33/5x2+7+(%/5x2+7) )
2 182% + 57z +127
e 4 Br4 0 Az +2) B 3(x +2) B 5(z +2) > " >0
V204543 ol 4543 9+3%/5x2+7+(€/5x2+7)

Do d6 (*)< z-2<0 < z <2, két hop véi diéu kién = > —g ta suy ra bat phuong

trinh di cho 6 nghiém la _g <r<2.

Cau 10: Giai bat phuong trinh: 22 +5+32-2 >4z +1+/52—-6

BPT <22 +5 -4z +1+32-2-52-6>0
1 1
+ 1>
V22 +5+4z+1 3z-2++52—6

o (22 +4) 0

Sr<?

Cau 11. Giai bat phuong trinh: 3z(2++92? +3)+ (4z + 2)A+V1+z+22) =0 (1)
Viét lai phuong trinh duéi dang:

3X(2+(3%)2 +3) = —(2x +1)(2+[[-(2x +1)°] + 3




Xéthamsd f(t)=t(2+Vt*+3), (teR);  f()=2+t'+3+——=>0
t°+3
ham s6 f (t)luon dong bién R
Do dé (1)< f(3x)>f(-2x-1) ©3x=-2x-1 < x= —%.
Vay tdp nghiém cua bat phuong trinh 1a T = |:—%;+ooj.
Cau 12. Giai bat phuong trinh: 2\/1 . \/250 _8 5.
T T
2 |:XZ 2
1-—>0
A 1 ‘ . x<0 -2<x<0
Piéu kién cua bat phuong trinh: | ¥ |2 " { X<
8 X>2 X2
2X——2>0
X {—23 x<0

V6i -2 < x < 0= bét phuong trinh da cho lu6n dting

V6i x> 2= bat phuong trinh di cho < 24x—2 +/2(x=2)(x+2) > x/x

SA(X=2)+2(X* —4)+4J(x-2)° (x+2) > x°

& X2 = 2x —AX+16—42(X¢ —2x* —4x+8) <0

& 2(¢ —2x% —4x+8) —8,/2(x* —2x? —4x +8) +16 <0

2
(\/2(x3—2x2 _4x+8) —4) <020 -2x° —4x+8) =4

x=0
X -2x—4x=0| x=1+/5 = x=1++5 (do x=2)
x=1—\/§
Vay bat phuong trinh da cho ¢6 tap nghiém 1a 7 =[-2;0)u {1+ J5 }

IA

A o, X . 2 2 2 A A A
Cau 13. Giai bat phuong trinh: 4/ T ATTE g +1 trén tap so thuc.
T+3 Vo’ +3

Piéu kién x> -3. Bt phuong trinh da cho twong dwong véi




X +x+2 4

X2 +Xx+2 2 2 X+3 x* +3 2
— +X -1<0<= +Xx°-1<0
X+3 VX2 +3 X2+X+2+ 2
X+3 Vx?+3
(xz—l)(x2+x+6)
3)(x*+3
N (x+ )(X i ) +x*-1<0
x2+x+2+ 2
X+3  x*+3
2
<:>(x2—1) X +2X+6 +1(<0
) X+ X+2 2
(x+3)(x +3)[,/ 3 +\/m}

o x2-1<0< -1<x<1(Véi x >-3thi biéu thuc trong ngoic vudng ludn duong). Vay
tap nghiém cua bat phuong trinh 1a S =[-11].

Cau 14. Giai bat phuong trinh: 1++42? +20 <z ++/42? +9.

Giai bat phuong trinh: 1++/4x2 +20 < x++/4x?+9. (1)
Bat phuong trinh da cho tuong duong véi:

2_ _ 2
A 19 -5+6-\ax 1204 x_250e X716 16-4X L 5s0
JAx2 4945 6++/4x2+20
4x+8 4x+8
o (x=2 — +1]>0
( )(\/4x2+9+5 6+4x" +20 J
Tir (1) suy ra x—1>+/4x? +20 —y/4x* +9>0=> x>1.
2 _ 2
Do d6 4x+8 4x+8 +1:(4x+8). 1+\/4x +20 \/4x +9 150

a2 +9+5 6+/4x2+20 (\/4x2 +9 +5)(6+\/4x2 +20)

Vay nghiém cua bat phuong trinh 14 z > 2.

Cau 15. Giai bat phuong trinh: 922 +3+92—1>+/92% +15.
Nhan xét : 9x—1>+/9x? +15-/9x> +3> 0= xz%
bpt < (\/9x2 +3- 2)+ 3(3x-1) >+9x* +15-4
2

2_ —
©L+3(3x_1)_L>O
NOX2+3+2

Jox? +15+4




(3x-1 3x+1  3x+1 +3}20
J9x?+3+2 VJOx2+15+4

(3x—1 (3x+1)( L - L J+3 >0=3x—1>0e x>+
i VOX2 +3+2 VOXZ+15+4 3

Két hop cac diéu kién suy ra nghiém cua bat phuong trinh 13 z>= 1a nghiém cua bat

[Co RN

phuong trinh

— <
N2 +1 322-5 z?-2+1

4 \ N 1 1 2 .
+) bat t = x2 — 2, bat phuong trinh tré thanh: + < bK: t > o voi dk
) b P 5 Jt+3 B+l G+l

Cau 16. Giai bat phuong trinh trén tap sé thuc.

trén, bat phuong trinh twong duong

1 1
(\/t_+l)(\/t+_3+\/3t+1
N E t+1<1£t t+1)

= . <= +
Jt+3 t+1t+3 2\ t+1 t+3

y<2. Theo Co6-si ta co:

1tz <EEE+L]
\/t+ 2't+3 7 2\2 t+3
N <1(1 2tj

el 23+l 202 341

1 (1 t+1<l(i+t+lj
Jat+1 Vt+13t+1 2\t+1 3t+1
— VT <2vt>0.

+) Thay 4n x duoc X2 > 2 & x e (~00; /2] U[N2;+50) = T = (—o0; —2] U[+/2; +0).

e, e A 2 _gp—232zx+1 2
Cau 17. Giai bat phuong trinh vz +1> i trén tap hop so thuec.
o 2 2x+1-3 R

-DPK: x>-1,x#13

— \/ X+2)(x+1-2
- Khi do: \/x+1>X XZ2vox+l o142 X X0 6 @12( )( )(*)
32x+1-3 \/2x+1 3 ox+1-3

-Néu ¥2x+1-3>0< x>13 (1) thi(¥) S (2x+1) +Y2x+1 2 (X +1) VX +1+/x+1

Do ham f(t) =t®+t 1d ham dong bién trén R, ma (*):




f(\3/2x+1)2 f(ﬁ)@\3/2x+12M<:> x> =x*=x<0

Suy ra: XE[—oo;¥}u{o;l+2*/ﬂ DKW o VN

-Néu ¥2x+1-3<0e -1<x<13 (2) thi (*) & (2x+1)+¥2x+1 < (x+)Vx+1+x+1

Do ham f(t)=t®+t 1d ham dong bién trén R, ma (¥):

—1sxg—l
f(\3/2x+1)s f(\/x+1)<:>§/2x+1£«/x+1<:> —%<x<13 Suy ra:
(2x+1)2£(x+1)3

xg[—l;o]uFJr\/g;Jroo] _ DK@ o XG[—l;O]uFJM/g;lS]. KL: Xe[—l;O]u{le\/g;lSJ

2 2 2

Cau 18. Giai bat phuong trinh sau trén tap R:
5z — 13 — /57 + 10z — 327
Nz +3 19— 3z

> +22+9

19
o« X . a -3 < < —
biéu kién 3w 3
r#4

Bat phuong trinh tuong duong
(\/x +3-19- 3x)(2Jx 43119 32:)

Jz+3-+19-32
o NWr+3+V19-32>22+22+9

@2(\/z+3—x;5j+( 19—3x—13;xj2x2+a}—2

2(—:L“2 —:L‘+2)

>z’ +22 49

2
- —r+2
+ >’ +r—2

9£\/x+3 + I;‘r’j 9(\/19—330 + 133‘1

<~

2 + 1 <o (¥

9(\/x+3+”;5} 9[ 19—3x+133_xj

<:>($2+x—2)




Vi 2 N 1 >0V0'1m01xe{—3 %}\{4}

9(\/x+3+x;5] 9[ 19—3x+133_9’]

Do db (*)®x2+x—230c>—23x31 (thoa man)

Vay tap nghiém caa bat phuong trinh 13 § = [—2; 1].

Cau 19. Giai bat phuong trinh sau trén tap R
\/ 1 \/ 1 _z-1
r———-[1-=>==
Ha X xr

Goi bat phuong trinh da cho 1 (1).
+ DPK: x €[-1; 0)U[1; + )
Lic d6:VP cua (1) khong am nén (1) chi c6 nghiém khi:

/x—1> 1—1:> —1>1—1:x>1 Vay (1) chi ¢6 nghiém trén (1; + ).

Trén (1; +«): (1) <=> Jx+1- 1>\/:@J_ F

2

Do x+1—X—1:X +1 >0 khi x > 1 nén:
1) © x+1+——2,/x - 1<:>x———2 +1>0
o X1 2,/ Lisoe (X2 s0 @ x 1**/—

Vay nghiém bat phuong trinh 1a: 1+ \/g
T #

2 — —
Cau 20. Giai bat phuong trinh: v2(e ~16) +z—3> -z

Jz-3 Jz-3°
DK: x>4
{x2—1620
Bat phuong trinh , 56 16) + x=3> 7— x < {205 —16) > 10— 2x < ig_ziig
{Z(X2 -16) > (1—0 - 2x)°

X>5

& <:>X>10—J3_4
10-+/34 < x<5




VT(*) <0 (do x> g) nén (*) v nghiém.

Cau 21. Giai bat phuong trinh: (22 —3z)v22% —3z—2>0 (1)
Ta xét hai truong hop:

X=2 ,
1 khi d6 bat phuong trinh luén dung.

2

TH 1. 2x2—3x—2—0<:{
X =
TH 2: Bit phuong trinh

1
2x* —3x-2>0 XE(—OO;——jU(Z;%O)
= 2

, = Xe(—oo;—iju[Sﬁoo)..
X°—3x>0 2

X & (—00;0] U [3;+00)
Viy tap nghiém cta bat phuong trinh d3 cho 1a: T = (—o0; —%] U{2}U[3;+x).

Cau 22. Giai bat phuong trinh: 2z° < (1+ 22 —32%) 2z +1.

2

>0 .
bat y=v2x+1 = {y L ta dugc bat phuong trinh
y: =2X+

2x° <(y*-3x*).y < 2x° +3x’y - y* <0 (2)
*TH1: Xéty=0khi do = x= —% thay vao bat phuong trinh théa min = x = —% la
nghiém

3 2
*TH2: Xét y> 0 khi ¢6 Bt phuong trinh (2) < 2[§j +3(5j -1<0
y y

2
@[25—1j(5+1J <0 :ESE@ y > 2X

y y y 2
_{XSO 1
—-—<x<0
suy ra V2x+1>2x 2x+120 | 2 _
x>0 O<x£1JM/g
| (2x+12 4x? 4
Vay tap nghiém cua bat phuong trinh la S = {—%; l+2\/§]




10.3. Hé phwong trinh dai s6

JX+Y = x-y=2

X+ Y +1=3+ X -y
\/U—JV:Z(U>V) u+v=2Ju_v+4

Cau l. Giai hé phuong trinh: { (X,yeR )
Piéu kién: X+y>0, X-y>0

u=x .
bat: { Ty ta co hé:

2 2 = 2 2
v=x—y Lzﬂ_ﬁzg u+—\2/+2—Ju_v:3
u+v=2Juv+4 @
N 7 . Thé (1) vao (2) ta co:
\/(u+v) 22uv+2_\/u—V:3(2)

Juv+8Juv +9 —uv =3 < uv+8Juv +9 = (3+/uv)? < uv =0.

Két hop (1) ta co: {uuv—o Su=4,v=0 (Vi u>v).
+

Tur d6 ta c0: x =2; y =2.(Thoa d/k)
Vay nghiém cua hé 1a: z=2, y=2.

x+3\/xy+x—y2—y:5y+4

Jay? —x-2+y-1=x-1

Cau 2.  Giai hé phuong trinh: {

Xy+Xx-—y*—y>0
bk: {4y*-x-2>0
y-1>0

Taco (1) = x—y+3/(x-y)(y+1)-4(y+1)=0
bat u=x-y,v=y+1 (u>0,v>0)

Iy NP u=v
Khi d6 (1) tr¢ thanh : u2+3uv—4v2=0<:{

u=-4v(vn)
Véi u=v tacd x=2y+1, thay vao (2) ta duoc : 4y*-2y-3+,/y-1=2y

4y’ -2y-3-(2y-1)+({y-1-1)=0

2(y-2) L ¥-2 =0<:>(y2)( 2

1
+ =0
Jay?—2y-3+2y-1 Jy-1+1 Jay?-2y-3+2y-1 y-1+1




2 1
\/4y2—2y—3+2y—1Jr Jy-1+1

Vé6i y=2 thi x=5.

sy=2(Vli & >0vy=>1)

Péi chiéu Pk ta duoc nghiém cia hé phuong trinh 1a 2 =5, y=2.

Cau 3. Giai hé phuong trinh:

{(x—y)(x2+xy+ Y2 +3)=3(x*+y?)+2 (xy<R).

4X+2 +/16 -3y =x* +8

DK:xz-Z,yg%

D) < (x-1)°=(y+1)* < y=x-2 Thay y=x-2 vao (2) dugc

4(x—-2) 3(x-2)
AX+2422-3x=x*+8 = = (Xx—2)(X+2) + ——m"t
NX+2+2 ( ) ) \22-3x+4

{x:z
= -4 3
— + (X+2)+ ——=0(*
NX+2+2 ( ) \N22-3x +4 )

Xét f(x)=VT(*) trén [-2;21/3],c6 £(x)>0 nén ham s6 dong bién. suy ra x=-1 1a nghiém
duy nhat cua (*)
KL: H¢ phuong trinh ¢6 2 nghiém (z;y)=(2;0), (z;y)=(-1-3).

Céau 4. Giai hé phuong trinh:

{x+ y+/X+y+3=(x+ y)2+2 X+y

\/x2+x+y+2+ X—y=3

(x,yeR)

X+y+yx+y+3=(x+y)+2Jx+y (1)

Giai hé¢: (x,y € R)
\/X2+X+y+2+\/x—y:3 (2)
Pidu kién: {“yzo *)
X—y=>0

batt=x+y>0,tr(1)taco: t+vVt+3 :t2+2\/€
St—t"+Vt+3 -2yt =0

3(1-t)

Toseodi L EU7 t( miﬂ

< t(l-t)+




St=1(Vit+ > 0,Vt>0).

3
\/t+3+2\ﬁ

Suyra x+y=1<y=1-x (3).

Thay (3) vao (2) taco: vx° +3 +2x -1 =3

2
oW 13- +(Wax—1-T) =01 . 2X"2 _j
VP +3+2 V2x-1+1
o -2, 2 ]y
I 1342 V2x—1+1
ex=l M 2 oxxly

Vx> +3 +2 2x -1 +1 2

Suy ra (x = 1; y = 0), thod man (*).
Vay hé d3 cho c6 nghiém duy nhat z =1, y=0.

JT+y+2+z+y=2z*+y°)

Cau5. Giai hé phuongtrinh: 11 1 1 1
_+_—

2 2

x oy oy
,/x+y+2+x+y:2(x2+y2) 1)
l 1:%4_% (2)
Xy Xy
. ) >-2
biéu kién: {X+ y .
Xy #0

Ta thay x + y = 0 khong 1a nghiém ctia hpt. Do d6 ta c6 thé xét hai truong hop sau:
THI1: -2<x+y<0

Tu phuong trinh (2 ) ta suy ra xy < 0. pt(2) <:>(§+%J —[;+;J—2—.—: 0(3).

Gia st hé phuong trinh da cho ¢6 nghi¢m x, y.

> |~

Khi d6é phuong trinh (3) c6 nghiém %+ % =1+8

>0 xy+8<0«< xy<-8.

1
y
Khi d6 ta c6 x*+y* >2xy|>16.

bat t=x+y+2 —0<t<+2.
Tir phuong trinh (1) ta ¢ t+t2—2>32 < t? +t-34>0 diéu nay vo i .
Vay THI1 h¢ phuong trinh v6 nghiém.




TH2: x +y >0. ‘
T (2) suy ra xy > 0, do d6 x va y déu duong.
Tacd 2 = (x+y)xy=x>+y°

(x+y)? (x+y)*
2 4

Do x*+y*> va xy < nén ta co

2
@£x2+y2 =(X+y)xy < (X+Y)

Dt t=x+y+2 =t>2.

Tr (1) =t+t?-2>(t*-2)* < t* -5t° ~t-6<0< (t-2)(t*+2t° -t -3) <0 (4).
Taco t*+2t°-t-3>0vVt>2,dodo, tr (4)=t-2<0t<2.

Tur d6 suyra: t=2= x+y=2, thay vao hphuong trinh ta c6 Xy=1= x=y=1.
Vay hé phuong trinh c6 nghiém duy nhat 1a z =1, y=1.

2
w:x+y22

xexr 2 +dx+4 = Jy-1+,y-3+Jy-5

X+Yy+X°+y> =44

Xétham sd f (t) =+t ++t+2++t+4 trén [0;+), €O

f'(t)= Lt 1
2t 2tv2 2\t+4

Nén (1)<:>\/§+\/E+\/mz\/(y—5)+4+\/(y—5)+2+ y-5 < x=y-5(*)

Thay (*) vao (2): \Jy+3-y-2=1  (3)

Nhan (3) voi lugng lién hop: 5=./y+3+y-2  (4)

(3), 4)=.y+3=3=y=6.

Cau 6. Giai h¢ phuong trinh: { trén R

>0, Vte(0;+o)

bS: z=1, y=6.
A " Sy=1
Cau 7. Giai h¢ phuong trinh: Xy :
X2y +2xy? +y® =2
Tacé xX*+y®=1 - xX*+y°=1 )
XCy+2xy’ +yi=2 |23 +yP—x’y-2xy* =0 (2
x*+y®=1 ®)

y=0. Ta co: z(ﬁ) _[ﬁj _2[5}1:0 @
y y y

bit : %zt (4)codang : 283 —t2 - 2t+1=0 = t=+1, t= %

3 3
a) Néut=1tacohé {X Y=l oy




3 3 _
b) Néut=-1tacohé {X Y =1, hg vo nghiem.
X=-y
3 3 3 3
y + :1
Néut=ltac()hé vy @xzﬁ’ y:2\/§
2 y=2x 3 3

Xy +2X+5y+3=x*-2y?
X2y +2 - yx—1=x-1+2x-2y-2

Céu 8. Giai h¢ phuong trinh : {

y>-1

X>1

Phuong trinh dau ctia hé twong duong véi (x+y+1)(2y-x+3)=0<2y—x+3=0 (do
dk)

Thay vao phuong trinh thir hai, duogc: (2y+3)/2y+2-y\2y+2 =2y +2+2y+4

<:>(y+2)(1/2y+2—2)=0<:>~/2y+2—2=0<:> y=1 (thoa dk )

Hé phuong trinh ¢6 nghiém duy nhét: z =5, y=1.

DK:{

. . . 7x3+y* +3xy(x—y)—12x* +6x =1
Cau 9. Giai hé phuong trinh: y yix-y) (x,y €R)
Yax+y+1+3x+2y =4

Piéu kién: 3x+2y>0
(D) < 8x* —12x* +6x—1= x> —3x’y +3xy* — y°

S 2x-1)° =(x—y)P o 2x-1=x-y o y=1-X
Thé y=1— x vao (2) ta duoc: Bx+2+/x+2=4
Dit a=3x+2,b=VJx+2 (b=0)
a+b=4
a’=3b" -4

Ta co hé {

b=4-a b=4-a b=4-a
@ =3(4-ay -4 | =3(16-8a+a’)-4 |a*-3d’+24a—44=0

b=4-a {a:2
< <

(a-2)a —a+22)=0 b=2
- dx+2=2

Nx+2=2
Két luan: Nghiém cia hé phuong trinh 1a (x; y) = (2;—1).

< x=2 = y=—1(thoa bK)

2 2 4 5
Cau 10. Giai hé phuong trinh: < ¥ ™ B R (x.y<R).
yi (¢ —1)+3y(x* —=2) +3y* +4=0




Diéu kién: x’y>-2. Goi hai phuong trinh lan luot 1a (1) va (2)
(2) & x°y*+3x’y = y* —3y* +3y-1+3(y-1)
< (Cy)’ +3x%y = (y-1)°+3(y-1) (3)
Xéthamsb f(t)=t*+3t CO f'(1)=32+3>0,ViecR
Do @6 (3) = f(x’y)=f(y-1) < x’y=y-1,(y=>-1).
Thé vao (1) ta dugc X2y +x? +1=2x,/y+1
S X(y+D)-2xJy +1+1=0 (X/y+1-1)? =0 = xJy+1=1
Do do6 h¢ da cho tuong duong voi
Xy+x°=1 |y=2-x%°
SIXy=y-1 ©xX*Q2-x)+x*=1(4)

{x y+1l=1
x>0 x>0

xX’y=y-1

(Ao x -3 +1=0=(xX*-1)*-x*=0 (X* = x=D(X* +x-1) =0

leiJE
= 2 Dox>0nén x:ﬁhoglc o —1+V5
X_—li\/g 2 2
)
Vi X=1+\/§:y:1_\/§_ Véi X:—1+\/§:>y=1+\/§ .
Vay hé da cho c6 nghiém (x;y):(l+\/§;£} (z: ):(—1+«/§;1+\/§j.
2 2 2 2
A i 1A ‘ X' =y +3y’ +x—4y+2=0
Cau 11. Giai h¢ phuong trinh: (x,y €R).
X+ x-3=2Jx+2+y

XX —yi+3y?+x—4y+2=0 (1 L
{ Yoy y @ biéu kién: x>-2.

X+ Xx—3=2/x+2+y (2)
(1)<:>x3+x+2:y3—3y2+4y<:>x3+x+2:(y—1)3+(y—1)+2.
Xétham sd f(t)=t>+t+2 trén [-2;+w).
Taco: f'(t)=3t+1>0,Vte[-2;+w). Suy ra ham s6 f (t) dong bién trén [-2;+w).
Do do: x=y-1.
Thay y=x+1 va phuong trinh (2) ta dugc: x°* —3=2x+2+1
o(7-2)(577+2)

2

N x3—8=2(m—2)@(x—2)(x2+2x+4):

2(x-2)

2 2 —
—(m+2)<:>(x2){x +2x+4—(m+2)}_0

<:>(x—2)(x2+2x+4)=




® x-2=0=x=2=y=3

2 2

® 24 2x+4—— 0 X4+ 2X+4=—" (*
(\/x+2+2) (x/x+2+2) ( )
, 2
TacO VT =x2 +2x+4=(x+1)+3>3VP=—2 <1 vxe[-2:+
(x+) Torzeg mYrelE)

Do d6 phuong trinh (*) vo nghiém.
Vay hé phuong trinh d cho ¢6 nghiém duy nhéat z=2, y=3.

Céau 12. Giai hé phuong trinh

{xy+2: Yy X +2

(VvOi x;yeR)
y2 +2(X +1)4/x* + 2x+3 = 2x* - 4x.

PKXD: xeR;yeR.

Taco xy+2:y\/x2+2<:>y(\/x2+2—x):2<:> y:\/zi#2
X2 +2-X

S y= I +2+x (1). Thé vao phuong trinh thi hai trong hé, ta c6 :
(M+x)2+2(x+l) X? +2X+3 = 2x* — 4x
<:>1+xﬁ+2x+(x+l)\/mzo.

<:>(x+1)[1+ (x+1)2+2}:(—x){1+ (—x)2+2} (*)

Xét ham sb f(t):t(1+JtZTz) véiteR.Taco

f'i)=1+\t*+2+

t2
VP +2

Mit khac, phuong trinh (*) c6 dang f(x+1) = f(—x) © X+1=—x < x= —%.

>0,vte R= f(t) dong bién trén R.

Thay x:—% vio (1) ta tim dugc y=1.

Vay hé da cho c6 nghiém 1a z = —%, y=1.

Cau 13. Tim m dé hé phuong trinh




c6 nghiém thuc.

x*—y3+3y? —3x-2=0

{x2+\/1—x2 —3\/2y—y2 +m=0
X} -y +3y* -3x-2=0 (1)
{Xz'f-\/l—xz —3\/2y—y2 +m=0 2)

s [1-x2>0 ~1<x<1
bicu kién:

=N
2y—y?>0 (0<y<2

bitt=x+1=1te[0;2];taco (1) < t3-3t2=y3 - 3y2
Ham s6 f(u) = u® — 3u? nghich bién trén doan [0; 2] nén:

Deoy=teoy=x+1=02) x¥*-2J1-x* +m=0

Pit v=v1-x* =ve[0;1]= (2 &Vv?+2v-1=m.
Ham s6 g(v) = v? + 2v — 1 dat rgg_il?g(v)z—l; rpo_a}]xg(v):Z

Vay h¢ phuong trinh c6 nghi¢m khi va chi khi -1<m <2,

A ey A . z' -2y +xiy’ =1
Cau 14. Giai h¢ phuong trinh: 4 | )
Ty- +xy=-1

- K 2eq A .. 2 2 —1— 3
*Bién doi h¢ twong duong vai {(w zy) T’y

'y —(z° —zy) = -1

2

' —xy=u w’=1-v

*Pat an phu { , ta dugc h¢ {

w3y:'v v—u=-1

*Giai hé trén duoc nghiém (u;v) la (1;0) va (-2;-3)
*Tu do giai dugc nghiém (x; y) = (1; O), (x; y) = (—l; O).
x oy
Cau 15. Giai hé phuong trinh: { Y*+1 X2+’
VAX+5+./y*+8=6

H¢ phuong trinh da cho twong duong
X 4xyt=y+yt (D

4x+5+,17+8=6(2)
NX: Néu y=0 thi tir phwong trinh (1) = x = 0. Thay x=0; y=0 vao phuong trinh (2) ta
duoc:
5 +4/8 = 6 (vo Iy). Vay y=0 khong thoa man bai toan




X

- I

*) y % 0 chia ca 2 vé cua phuong trinh (1) cho y? ta duoc: G) +o= yi+y(®
Xétf(t) =t +t ‘ ’

CO f'(t) = 3t + 1 = 0¥t. Vay f(t) dong bién trén R.

Ta (=7 (5)=fO) =2=y=x=y

Thay vao phuong trinh (2) tadugc Vdx + 5 +Vx +8 =6 x=1=y=1
Vay hphuong trinh ¢6 cp nghiém duy nhat z =1, y=1.

Céau 16. Giai hé phuong trinh:

\/2x2 —6Xy +5y° + \/sz +2xy+13y° =2(x+y) (1)
{(x+2y)m —4y’Jy =8y’ y-2x+2 (2
X>-2
Diéu kién: {y=>0
X+y=>0
Xeéty =0, hé¢ vo nghiém nén y khac 0 . Chia ca 2 vé cua (1) cho y ta dugc:

2 2
2[5] —6X4i54 2(% 22 13=2(% 1)
y) oy y) Ty y

Dat t=2(t > -1)
y

PT :/2t? 6t +5+/2t2 + 2t +13 =2(t+1)
ott-2° -3t +4t+4=0
t =—1(loai
o (t+1) (t-2) =0 | 1= 202D
t=2(t/m)
Vi t =2 => x=2y, thé vao (2) ta duoc:
4y 2y +2 —4y* Jy =8y* [y —22y +2 = 4y 2y + 2 + 2.2y + 2 =8y".\[y + 4y2 [y
<:>4\/g+2 +£\/Z+2 =8y3+4y<:>(g+2j\/g+2 +2\/E+2 =(2y)3+2.(2y) (3)
y

y yvy y y
Xét ham s6 f(u)=u’+2u v6i u>0; c6 £ (u) = 3u? +2>0, moi u>0 => ham sb dong bién

T (3) = f( fg+2j= f(2y)< E+2=2y<:>4y3—2y—2=0<:> y=1
y y

Hé c6 nghiém duy nhat z=2, y=1.

x° +3x° —4=y*+3y* +6y

2y —(x+1)y/X* +y+8+7 =X

Cau 17. Giai h¢ phuong trinh: {

biéu kién: x*+y+8>0

ePT(1) = x°* +3%? =(y+1)3’+3(x+1)<:>(x2)3+3x2 =(y+1)’+3(y+1)




< f(x%)=f(y+1) voi f(t) =t° + 3t
eTacd: f(t) =32 +3>0 VteR = f(t) dong bién trén R
Do do: f(x)=f(y+l)ex*=y+1
e V6iy=x?—1,phuong trinh (2) tré thanh: 2(x? —1)—(x+1)\/W—x+7:0
2X2 +7—(X+1)N2X2 +7 —x—2=0(*)
Dit t=+2x2+7,(t=7) , pt(*) tré thanh: t? —(x+1)t—x-2=0(**)
Taco: A=(x+3)°" nén (**) c6 hai nghiém: t = x + 2 hodc t = -1 (loai)
X>-2 {xz—z {x=l

o
2X° +7=X>+4x+4 x> —4x+3=0 x=3

Voit=x+2 =S 2x2+7:x+2<:>{
e V6ix=1= y=0 (nhén)
e V61 x =3= y=8 (nhén)

Két luén: hé c6 hai nghiém (z;9)=(0), (z;9)=(38).

3JX+2y +3-x-y =5
23— Xx—y —2x+3y+4 =2
_lu=yx+2y X+2y =U’ y=u’+v> -3
bat = =
v=B-x-y [3-x-y=V’* |[x=6-u’-2v

Két luan nghiém 1a (- 3; 2)

(x,yeR)

Céau 18. Giai hé phuong trinh: {

, = 2x+3y+4=u" -V +7

> u+v=>5 )
Khi d6 hé ban dau tro thanh: thé v =5 — 3u vao phuong trinh
V- -V +7=2 (%)
(*) giai tim dugcu=1, tr d6 v=2
Suyra z=-3, y=2.

JY — Xy +l=x 43y +xy +y-1)+1

y>+,y—-5x =5

JY =Xy +1=x +3y(x* +xy+y-1)+1

y?+4/y—5x=5

Cau 19. Giai hé phuong trinh: {

Giai h¢ phuong trinh : {

y>0

Piéu kién : {X rys 1 ( vi y=0 khong théa hpt)

—(x+1)

W Jy +xry+1

< (X+D[X* —x+3xy+3y* -3y +1+

=(X+D(X* = x+1) +3y(x+1)(x+ y-1)

1
\/y+\/x+y+1]

< (X+D[X* + By -Dx+3y* -3y +1+ !
Jy +xry+l

10




XétA=x>+By—-1)x+3y>-3y+1
A=-3(y-1)><0vxeR => A>0Vx,yeR

3) &x=-1
Thay x =-1vao (2) taco : y*+,/y+5=5
_ —1+\17
2
=
~-1-\17
==—=00)
Vay hé phuong trinh ¢6 nghiém z=-1, y= = +2\/1_7.
(1_ 12 J X2
R e . y +3X
Cau 20. Giai h¢ phuong trinh:
12
1 =6
[ ’ y+3xj\/y

bicu kién: x>0 vay > 0.

Ix =2 2
( y+3xj ! y+3x  +/x @
=

12 12 6
1+ =6 1+ =— (2
( y+3xj\/_ y+3x \fy

1)+ @ 2=+ = )
AN s A
12 3 1 ™ 12 3 1 3 1
(2) - (2): = = - +
y+3X ﬁ Jx y+3x |y WY WX
12 _9_ 1
y+3x y X & yP +6xy—27x* =0 c{y:?)x

y =-9x
So v&i diéu kién, nhan y =3x
(*)<:>x:4+2\/§ = y:12+6J§

Vay hé phuong trinh c6 nghiém z=4+23, y=12+6+/3.

(x+\/m>(y+\/m)=2
12y? 10y +2 = 23/x% +1

Ta co: (1) < x+3X2 +4 = J(=2y)? +4+(=2y) (¥).

Céau 21. Giai hé phuong trinh: (x;y eR)




M o A% t t+yt2 4t
Xét ham so0 dac trung f(t) =t* +4+t= f'(t) = +1= > >0.
Vt* +4 VP +4 P +4

Suy ra f(t) 1a ham s6 dong bién trén R. Tl (*) suy ra: f(x) = f(-2y) = x =-2y.
Thay vao phuong trinh (2) ta duogc:

3x? +5x+2=23x*+1

= (x+1)3 +2(x+1)= (x3 +1)+ 2 +1 (%)

Xét ham s g(t) =t*+2t ta thdy g(t) dong bién trén R nén tir (**) suy ra

NI X3+1©{§i01. Vay hé ¢o6 hai nghiém la (x;y):(—l;%j, (z;y)=(0;0).

Y+ Yy +4(x—y-1) =xy’

Cau 22. Giai hé phuong trinh:
(x> +Dy* +x*(2y+1) = x> —3x -2

y=2
Bién doi phuong trinh ban dau vé dang (y-2)(y+2)(y+1-x)=0<|y=-2
y=x-1

TH 1: Véi y = 2 thay vao phuong trinh (2) : 8x*+3x+6=0 v0 nghiém

TH 2: Vi y = - 2 thay vao (2): 3x+6=0= x=-2 suy ra nghiém (x; y) =(-2;-2)

TH 3: Véi y=x-1 thay vao (2): X4+x+3:0©(xz—%)2+(x+%)2+g:0 (vn)
KI: hé phuong trinh ¢6 nghiém z=-2, y=-2.

x°—y*—6y*+3(x-5y)=14

V3-X+y+4=x+y*-5

Céau 23. Giai hé phuong trinh: { (x,yeR)

x°—y* -6y’ +3(x-5y)=14 (1)
V3—x+y+4=x>+y*-5 (2

Pkxd {XS?’
y>-4

Tur (1) ta 6 X +3x=(y+2)" +3(y+2) & (x-y-2) X+ x(y+2)+(y+2)" +3|=0
& y=x-2(3)

Thé (3) vao (2) ta duoc




X243 Xx =X+ X —4x-1 X3+ X* —4X—4+2-Ix+2+1-/3-x=0

o (x-2)(x+2)(x+1)-— X2, X2 _g

2+/x+2 1++/3-x

1 1
(x+2 x+1 + j:
2+X+2 1++/3-X

< (x— 2)[(x+2)(x+1)+3 2+\/F 1+\/13_x ;j:

X+1 X+1
@(X_z)[(x+2)(x+l)+3(2+M)(M+1)+3(1+J3—_x)(2+@) =0

1 1
@(x2)(X+1){(X+2)+3(2+m)(m+1)+3(1+m)(2+m) =0

X+1 X+1

3(2+Vrr2)(Vxr2+1) 3(1rB-x)(2+3—x)

Tur @6 phuong trinh trén twong duong vai

(-2 =0

Vi V2 A= X2 2= x42+ >0

X=2
Xx=-1

Vo1 x=2=y=0;x=-1=y=-3.

Thir lai ta thay thoa man hé phuong trinh. Vay hé phuong trinh da cho c6 tap nghiém

la (#1y)=(-1-3), (z19)=(20).

Céau 24. Giai hé phuong trinh: {Xg O SEST Ay
Y —3yx® +y+1=x"+2xy—y?
Tir (1) va (2) taco x® —3xy® —x—1-(y® —3yx* + y +D)i = y* + 2xy — x* — (x> + 2xy — y?)i
< X2 +3xYi+3xyAit + Yt = (x+yi) —1—i=(A+i)y® +2xy(L—i) = x*(L+1)
& X+ i) = (x+yi)=1—i=(1+i)(y> —2xyi+i’x?)
o X+yi) —(x+yi)-1l-i=A+i)y-ixX)’ = 2 +Q+i)z> -z-(1+i)=0
Sz=Lz=-Lz=-1-i.

Do do6 (z;y)=(L0), (z;y)=(-%0), (z;y)=(-L-1).

Cau 25. Giai hé phuong trinh

UK +2xy +2y7 4427 +2xy +5y° =3(x+y) (1)
J2x+y+1+2#%&ﬂly+8=2xy+y+5 (2)




5X2 +2xy +2y° >0
Diéu kién: {2x%+2xy+5y’ >0 x+2y+1>0.,
X+2y+1>0

Khi hé co nghiém (x;y)—2->x+y>0

Ta thay \/5x2 +2Xy 42y >2X+Y (*)déu bang khi x=y. That vay:

(*) < 5%° +2xy + 2y* > (2x+ y)2 < (x- y)2 >0 ludn dung voi moi x,ye R

Tuong tu \/2x2+2xy+5y2 > X+2y (**)déu bang khi x=y

Tu (*)&(**):VT(l) =\/5x2+2xy+2y2 +\/2x2+2xy+5y2 23(x+y)=VP(l)

Dau dang thic xay ra khi x=y (3)

Théy = x vao (2), ta dugc: +3x+1+2319x+8 =2x* +x+5 (3)
Ta co: (3) c>\/3x+1—(x+1)+2[\3/19x+8—(x+2)]:2x2—2x
=
X —2(x° +6x" —7x)
n =2x% - 2x
VX+L+X+L (19x+8)” + (x+2)19X+8 + (X +2)°
2 _ 2(X° =x)(x+7
x—x ( )( ) +2(x*-x)=0
J3x+14x+1 %/(19x+8)2+(x+2)€/19><ﬁ+(x+2)2
x*—x=0
— 1 2(x+7)

+2=0(*

+
V3x+1+x+1 \3/(19x+8)2 +(X+2)19x +8 + (X +2)°

Vix>0nén (*)vo nghiém. Do do (3) < x=0hay x = 1.
Vay hé phuong trinh c6 nghiém (z;y)=(0;0), (z;y)=(11).

VX+1+ (X +1)(y-2) +X+5=2y+,/y-2
Cau 26. Gidi hé phuong trinh: <, _g
s y+1
R )
Piéu kién x>-1Ly>2.

bat Vx+1=a;\/y-2=b (a,b>0), tir (1) ta co:




a+ab+a2—1+5:2(b2+2)+b<:>a—b+ab—b2+a2—b2 -0
< (a—-b)(1+2a+b)=0
<a=b (doab>0=1+2a+b>0

=>JX+l=y-2< y=x+3.
Thé vao (2) ta dugc:

(x—8)(x+4) =(x+1)(\/m-3)<:> (x=8)(x+4) (x+1)(x-8)

X2 —4x+7 X2 —4x+7 JX+1+3
x=8
= X+4 X+1

— *
x> —Ax+7 \/x+1+3( )

+ x=8=y=1]

+ (*)@(Jﬁ+3)(x+4)=(x+1)(x2—4x+7)

@(ﬁ+3)[(«/ﬁ)2+3}:[(x—2)+3].[(x—2)z+3} (**)

Xét ham sO f(t)=(t+3)(t*+3) voi teR cO f'(t)=3(t+1)°=0vteR nén f(t) dong
bién trén R.

Do do (**) = f(ﬁ): f(x-2)= x+1:x—2<:>{

X>2

X+1=x*—4x+4

=
x? —5x+3=0 2

{XZZ o x=5

5+J1_3:>y=11+J1_3

2 2

Vay h¢ da cho co nghiém la (z;y)=(811), (z;y)= (SJF;/E : 11+2\/EJ.
2x° —4x* +3x-1=2x%(2-y){3-2y (1)
IXx+2 =314 x/3-2y +1 (2)

Ta thay x=0 khong phai 1a nghiém cua hé, chia ca hai vé cta (1) cho x° ta duoc
4 3 1

W22+ 5% —2(2-y) B2y

X X X
3

(1_1j:(3-2y)J3—2y+J3—2y (*)
t

Céau 27. Giai hé phuong trinh: {

X

Xétham f (t)=t°+t luén dong bién trén R

(el-2=2y (3

Thé (3) vao (2) ta duge Vx+2=35-x+1</x+2-3+2-315-x =0




1 1
JXx+2+3 4_2ﬂx+15+(ﬂx+15f

>0

< (x=7) =0

Vay h¢ da cho c6 nghi¢ém z=7, y :19—181.

X2 +xy—2y> +3y-1=.Jy—1-x

3(\/6—y+\/2x+3y—7):2x+7 '

Cau 28. Giai hé phuong trinh: {

x>0
Diéu kién {1<y<6
2Xx+3y—-72>0
Vi didu kién trén ta c6 :

1) < ﬁJr (y=1=X)(y =1+ %)+ y(y-1-x) =0

1
S (Y-1-X)| ——F==+Y-1+x+y |=0
(y )( VT y]

y=x+1

1
N

< +y-1+x+y=0(*

x>0
+ Vi , suy ra phuong trinh (*) vo nghiém
{Kygﬁ uy ra phuong (*) v0 nghig

+ Vi y=x+1 thay vao (2) ta dugc 3v5—x +3v5x—4 =2x+7 (3)
Diéu kién %SXSStac():
(3) & 7—-x-3V5-x+3(x—/5x—4)=0

(7_x)2_9(5_x)+3(x2—5x+4) I
7-x+35—-x  x+Bx—4

c>(x2—5x+4)(

1 3
+ =0
7—Xx+3J5-xX x+\/5x—4J

Xx=1

x2—5x+4:0<:{
Xx=4

=

1 3
=0(VN
7—X+3V5-X " X+/5x—4 VN)
Vay hé phuong trinh da cho c6 nghiém la (z;y)=(32), (z;y)=(4;5).




Y 4y +4=3x+(X+2)Vx-2

Cau 29. Giai hé phuong trinh:
P 8 {(x+y—5)«/x—y+2y—4:0

a=x+y

bat { . (PK: b>0).
b=x-y

Thay vao phuong trinh (2) ta duogc:

(a-5)b+a-b*-4=0<= (b+D(a-b-4)=0
<a=b+4

= X+y=4+x-y (3)
Taco: )=y +y=Rx-2+D>+({x-2+1)
Xét ham sb: f(t)=t>+t dong bién trén R.

Do do6 taco: y=+x-2+1 (4)

T (3) va (4) ta duogc:
{x+y:4+\/ﬂ©{x—2+y:2+m
y-1=x-2 Yx-2=y-1
Q{(y—1)2+y2+m
Jx-2=y-1
Q{yz—y—lm
Vx-2=y-1
X=3
@{yzz

Két hop voéi diéu kién (¥), ta duoc: 2 =3, y=2 la nghiém cta hé phuong trinh di cho.

3 3 2 2
Cau 30. Gidi hé phuong trinh: {X Y X -2y +l0x =3y +6=0
VX+2 4+ JA—y =x*+y2—4x-2y
DPiéukién x>-2; y<4
(D) < x® +5x* +10x+6 = y® + 2y +3y
& (x+1) +2(x +1)° +3(x+1) = y* + 2y® + 3y
Xétham sd f(t)=t®+2t2+3t, f'(t)=3t>+4t+3>0 VteR
Suy ra f(x+1) = f(y) => y=x+1 thay va phuong trinh (2) ta dugc
Phuong trinh : V/x+2 ++/3—x = x* +x? —4x -1




@(M+\/3—_x)—3=x3+x2—4x—4<:> 2(“(X+2)(3_X)_2)=(x+1)(x2—4)
VX+2+/3-x+3

- 2[(x +2)(3—x)—4]
(Vx+2+/3-x+3)J(x+2)B3-x) +2)
- 2(-x*+x+2)
(

Ix+2+3-x+3)J(x+2)3-x) +2)

=(x+2)(x* =x-2)

0

—(x+2)x2 —x-2)

@(xz—x—Z{x+2+ 2 }:0
(Vx+2 ++3-x+3)J(x+2)3-x)+2)
>0 (vi x=-2)
X=2
x=-1
Vay hé phuong trinh ¢6 nghiém (z;y)=(2;3), (z;y)=(-10).

<:>x2—x—2=0<:>[

X+ 4XE = xy =[2x2 —3x—4xy

2 2 2 2 (X’yER)
X y\/1+y —\/1+x =XYy-—X

Cau 31. Giai hé phuong trinh: {

(x,yeR)

\/;+\/X2 —Xy = \/ZXZ —-3x—-4xy (1)
xzy\/1+ y? =1+ X2 = X2y — X (2)
, 2
pt(2) = XZY(\/1+ y? —1)2\/1+ X —X < y(\/1+7_1):¥
Suyradky>0, két hop phuong trinh (1) suy ra dk x > 0 (x = 0 ko 1a nghi¢m phuong
trinh (2)

y(W—l):@@ y(\/1+7—1)=1£ 1+i2—1J,

X X X

2 ’ 2
Xét ham f (t)=ty1+t* —t,t>0,f'(t)=2t - 21+t >0 ....Suyra pt(2) = y=§
1+t

Thé vao pt(1) :
X+ -1=/2x2-3x-4 =2 (x2 —x)(x+1) =x"—x-3(x+1)

_olu=Axt-x .. . A
bat { giai dugc u =- v ( vo nghiém ) , u=3v
V=+/X+1

1

5+434

4X* +y—X—9=+/3x+1++/X* +5x+y—8
Cau 32. Giai h¢ phuong trinh:
xJ12—y +./y(12—x2) =12

u = 3v gidi dugc nghiém z =5-4/34, y=




Pidu kign: {¥ <12 (*)
y(12-x*)=0

X’ +5x+y—-8>0

Taco

X\12 -y <12
2 12-x?) =12 x[12 -
(@) X) " y<:>{12x224x,112y+12(12y)
X12—y <12 y=12-x?
= (x—JlZ—y)zzoc> —ESXSZ\@; 0<y<12

3
Thay vao phuong trinh (1) ta dugc: 3x* —x+3=+3x+1+/5x+4

= 3(x* —x)+(x+1—\/3x+1 +(x+2—\/5x+4)=0

@(xz—x)(3+ ! + ! J:o
X+1++/3X+1 X+2++/5x+4
< x*—x=0<x=0 hoac x=1. Khi d6 ta dugc nghiém (z;y)=(0;12), (z;y)=(L11).

XX+ Yy +y=x 43+ x

Cau 33. Giai hé phuong trinh: 9
X+4Y +VX=1+4/y(x-1) =5

Pbk: x>1Ly>0

<:>x(\/x2+y—\/x2+x)+y—x:0
- x(y —x)
Phuong trinh (1) ‘Jx24-y+~Jx2+x
y =X
N X
Jx?+y+Jx?+x

+y-x=0

+1=0(VN(VT > 0V X > 1))

; 9
+Vé6iy = x thé vao (2) ta duge: X+~/X +Vx—1+x(x~1) =2

Pit an phuy:




t:\/;+\/x—1,(t20)

=17 =2x+2x(x-1) -1

t?+1
= X+ X(x-1) = 5

t? +1 9 t=2
Tu (*) ta co: +tt=—t°+2t-8=0& ]
(%) tacor = 2 L:—4(Ioal)

+ Vi t=2 o x+x-1=2 x(x-1 :g—x@x:f_:,y:f_g

Vay h¢ phuong trinh c6 nghiém: z = f—: Y= f—:

Cau 34. Giai hé phuong trinh:
(xy—3)«/y+2+\/;:\/x_5+(y—3x)1/y+2
V9xX? +16 —2,[2y +8 = 42— x

Pk: {OSXSZ (*) . Véi dk(*) ta 6
y>-2

(x,yeR)

x=1

1< (X—l)[(y+3)\/y+2_(X+1)&}:0©{(y+3),/y+2 =(X+1)\/; 3

Vé6i x = 1 thay vao (2) ta duoc: 2,/2y+8=1<y :—%(Ioai) . Ta cé:

(3)<:><\/y+2)3+\/y+2 =(WXx)?+x (4). Xét ham s6

f(t)=t°+t= f'(t)=3t>+1>0; vt = Ham sd f(t) 1 hs dong bién, do d6:

(4) e f(Jy+2)= f(X) = Jy+2=Vx < y=x-2 thay vao pt(2) ta duoc:

I2-X + 22+ 4 =J9x% +16
&> 32-8x+164/2(4 - x?) =9%* <= 8(4—x?) +164/2(4—x*) — (x> +8X) =0

bat: t=/2(4-x*) (t>0); phuong trinh tr¢ thanh:




t=

X
42 416t — (X +8X) =0 | 2

t=—§—4<0(loai)

0<x<2
Hay /2(4-x° gc{xz_g @ngz y:4€_6
9

Wz _a2-6

Vay hé phuong trinh c6 nghiém z = 3 Yy 3

2 )
Cau 35. Giai hé phuong trinh: {4 7DV +1=2x"+2y+1
X'+ xPy+y? =1
Xét phuong trinh: (4y-1)vVx? +1=2x> +2y +1
Diat: t = Vx? +1>1, ta duoc pt: 2t — (4y-D)t+2y —1=0
t:%<l(loai)

Giai ra duoc:
t=2y-1

>1
= {yz e thay vao phuong trinh (2) ta duoc: 16y%(y -1)?+4y?(y- 1) +y>-1=0
x* =4y* 4y

< y=1(doy>1) = x=0

Vay nghiém cua phuong trinh la =0, y=1.

X° +2y* = x*y +2xy(1)

2\/x2 —2y—1+%/y3 —14 =x—-2(2)

Céau 36. Giai hé phuong trinh: {

bK x*-2y-1>0
Tu (1) ta c6 x=y hodc x> =2y (Loai)

X =y, thay vao phuong trinh ta co: 20X —2x—1+3YX° 14 =x -2
& 20X —2x-1+3x -14 —(x-2) =0

’ 2
& 24X —2x-1| 1+ _ WX —2x-1 =0
§(x*-14) +¥x* -14(x~2) + (x-2)°

x:1+\/§
x=l—\/§.

<:>x2—2x—1=0<:{




Vay hé phuong trinh da cho c6 nghiém (z;y) =(1+ J2:1+ \/5) (z;y) :(1—J§;1—J§).

2 X
—= 2 1 1
CAu37. Giai hé phuong trinh:  |* Txe1 O TINODOHD

3x* —8x—-3=4(x+1)/y+1

X>-1

Diéu kién: {
y>-1

W= (y1g) (x+1)(y+1)c>()ij3—();J+Tli:(y+2)\/m

@(ﬁj:ﬁ:(\/yﬂ)aﬂjyﬂ.

Xét ham s f(t)=t>+t trén R co f'(t)=3t>+1>0vteR suy ra f(t) dong bién trén R.

Nén f| 2 |=f(Jy+1 X __ Jy+1.Thay vao (2) ta dwoC 3x* —8x—3=4x/x+1.

{ x>1

2 _@Ay_2— _

ZM=x—1 X 6x—-3=0 X 3+2\/§
o 1 = _

24X +1=1-3x { XSg x=5 2\/1—3

<:>(2x—1)2 :(X+ZM)2 <:{

9
9%x*> -10x—-3=0

2
Taco y= X _1.Véi x:3+2\/§:>y:4+3\/§.V6i x:S_Z@:y:—M.
x+1 2 9 72
Cac nghiém nay déu thoa man diéu kién.
KL: Hé phuong trinh co hai nghiém.

(x;y)=[3+ 243; 4+3\/§j, (:I:;y)=[5_2\/1—3;—41+7\/1_3}

2 9 72

. . X2+ Xy +2y =2y° +2x (1)
Cau 38. Giai hé phuong trinh: :
YyX—y+1l+x=2. 2
DK: x-y+1>0.
x=y (3

DX -y +xy—y +2y-2x=0< (Xx-y)(x+2y-2)=0 <
X=2-2y (4)

o Tu(3) & (2)tacox=y=I.




X=2-2y y=0x=2

& 1. 8
V\3-8y =2y |y=-3ix=

e Tu(4)&(2)taco { 8
3

Vay hé phuong trinh dé cho ¢6 3 nghiém (z;y)=(L1), (z;y)=(2;0), (z;y)= (g—lj

3" 3
A x2+y2+ﬂ:1(1)
Cau 39. Giai h¢ phuong trinh: X+Yy
VX+y=x'-y (2
DK:x+y>0.
TaCé (1)<:>X2+2Xy+y2+ﬂ_2xy:1<:>(X+y)2_1_2Xy.X+y—1:O
X+y X+Yy
x=1-y ®)
< (X+y-1) x+y+1_ﬂ —0 | x24v24xa
X+Yy i+y Y_o0 (8

Vi x+y >0 nén phuong trinh (4) v nghiém.
=0;x=1

Tir (3) va (2) ta ¢6 y2—3y:0:{y =
y=3;x=-2

Vay hé phuong trinh da cho c6 2 nghiém (z;y)=(10), (z;9)=(-23).

Bl )=2 @
X+y

Cau 40. Giai hé phuong trinh: ]
Jyl-—2)=422
X+Yy

bK x>0;y>0.
D@ thay x = 0 hodc y = 0 khong thda man hé.
Voix >0,y >0tacod

1=—— +°3%

X+y +3x J3x [Ty 1 1 8, . s . o
< — —— =———(nhan vé v&i vé)

1_ 1 _4«/5 1 1 22 x+y 3x 7y

Xty N7y [x+y Bx Ty

= 21xy = (7y — 24X)(X + y) = 24x* +38xy —7y* =0 = y =6x (Vi X, y duong).

Thay vao phuong trinh (1) ta dugc 1 1

2 1 1 2
Mﬁ'ﬁ”zoc’ﬁ:?(ﬁiﬁj’




Tu d6 suyra z va y.

2X° + X =2X’y +y

¢ +12x+12,fy +3 =3y —2/x -1

Cau 41. Giai hé phuong trinh : { (x,yeR).

bK: x>0;y>0.

Phuong trinh (1)< x(2x* +1) = y(2X* +1) <> (x—y)(2X° +1) =0 <> x =y
(Vi 2x* +1>0, VxeR).

Thé vao phuong trinh (2) ta c6

X +12x 112X +3=3x—2/x 1= \/xz +3(2\/§+1)2 :3x—(2&+1)

Dit a=2Jx+1, a>1, ta co phuong trinh Vx> +3a® =3x—a = x* +3a’ =9x* —6ax +a’

a=x
= x*+3a° =9x’ —bax+a’ = 8x*-bax-2a° =0 <
a=-4x(L)
) B X=1+4/2
Khi a=x,tacod x=2x+1< x-2x-1=0< Vx V2 o Xx=3+22
F=142(1)

= y=3+242. Tht lai thdy thoa man.
Viy hé phuong trinh ¢6 nghiém (z;y)= (3+ 2J2;3+ 2\/5)

X=Xy =x"—x+y+1
x° —9y? +6(x—3y)—-15=3%6x* +2

(D) =X =Xty =X —x+y+1c X (x=y)+(x—y) =X +1< (x—y) (X +1) = x* +1

Céau 42. Giai hé phuong trinh: {

< x—y-1=0 (Vi x¥* +1>0,x)

Thé vao phuong trinh (2) ta cd x* —9x? +6x—6=336x>+2
(x—1)3+3(x—1):(6x2+2)+3m(3)

Xéthamsd f(t)=t"+3t= f'(t)=3t*+3>0(vteR)= f (t) dong bién trén R.
Phuong trinh (3) < f (x-1)= f(W)@X—lzm.

& X -9x° +3x-3=0 (x+1)’ =2(x-1)’".

§/§+1:>y_ 2
32 -1 21

o x+1:3/§(x—1)<:> X =




P41 2 }
-132-1)

Vay hé phuong trinh ¢6 nghiém (z;y) =£

y
X —(x+y) =

Cau 43. Giai hé phuong trinh: IX=Y
2(x*+y*)-3v2x-1=11

X = x+y «3/x
2(x* +y*)-3J2x-1 11( )
Tir (1) suy ra y >0, vi néu y<O thi x-y>0, do d6 VT(1) > VP( 1)

(l)c>1/x2—(x+y)(§/ﬁ—1)+( xz—(x+y)—y):0
o X —(x+ x-y-1 X —X-y-y
Y) Y(x-y) +$/W+1 VX =X = y+y

{ X —(x+y) X+y ]=O<:>x—y—1:0

3(x- y %/ﬂ+l VX =X=y+y

Thé y = x—1 vao phuong trinh (2) ta duoc:
4%° —4x+2-3J2x-1=11¢> (2x-1)’ —3:/2x-1-10=0

Dit t=+2x-1,1>0,taco t'-3t-10=0 < (t-2)(t*+2t* +4t+5)=0 =t =2

H¢ da cho tuong duong véi {

Khi d6 V2x-1=2 < x—g = y—— Vay hé phuong trinh ¢ nghiém (z;y)= (2 gj

X+ Yy +xy+1=4y (1)

Cau 44. Giai h¢ phuong trinh: , )
Yy(X+Yy) =2x"+7y+2 (2)

Nhan thay y=0 khong thoa man hé.

2
X +1+x+y=4
Véi y khac khong, chia ca hai vé cua (1) va (2) cho y ta duoc: ,
) X" +1
(x+y) =2 +7
a=Xx+y
bat b x?+1 taco




a+b=4 b=4-a b=4-a a=-5b=9

=N =N N :
a’=2b+7 a’=2(4-a)+7 a’+2a-15=0 |a=3b=1
Tu day ta tim dugc (z;9)=(12), (z;y)=(-2;5).

X+ Y+ Xy +XyE Xy =—=
Cau 45. Giai hé phuong trinh:
X+ y?+xy(l+2x) ==

2 2 5

X“+Y+Xy(X“+y)+Xy=——

H¢ da cho tuong duong véi . 4
O +y) +xy =——

4
.. | xX*+y=a . a+ab+b:—§ b=—§—a2
bat , ta duoc hé moi 4 o 4
XV =
4 2 +bh=—> a—2a—a’-2_g=_2
4 4 4 4
a+al+2=0 a:O;b:—E
=S 4 = 4
b=—§— ) __1_ __3

Ttr d6 ta tim dugc (z;y) [i/: —i/:j (1 —gj

Cau 46. Giai h¢ phuong trinh:
xyz(\/xz +1+1) =3/y*+9+3y

(3x—1){ X’y +xy —5-4x’ +3x’y - 7x=0

(x,yeR).

bK: X’y +xy>5
Xét phuong trinh (1) 3,/y?+9+3y >3|y|+3y >0, Vy;

yz(x/x2+1+x)20, X,y = x>0

Ma X’y +xy 25 y(X* +x)>5=y>0.

Khi do ta co: x+/x? +1+x—— /1+ +— 1a

Xét ham sb f(t)=tJt* +1+t, te(0+0)= f (1) =vt*+1+

2

- l+l>0, Vte(0;+oo)
r+

— Ham s6 f(t) dong bién trén(0;+w).




Do d6 phuong trinh (la) < f(x)=f (EJQ x=E = =§.
y y X

Thay y= 3 vao phuong trinh (2) ta c6
X

(3x~1)\/Bx =2 -4x* +9x* = 7x =0 < (3x—1)(v/3x—2 — x) = 4x° ~12x" + 8x

—X*4+3x-2

N3X—2 +X

x=1_ . —
<:>x2—3x+2:0<:{ (V1 x+ 1

X=2 N3X—-2+X

Vay hé phuong trinh c6 nghiém (z;y)=(13), (z;y)= (2; gj

< (3x-1) =4x3—12x2+8x<:>(x2—3x+2)(x+&j=0

J3X—2 +X

>0, VXZE)
3

Céau 47. Giai hé phuong trinh:
(3x—5)(x* —1) = y(x* +3x—y —6)
{M: y—-3x+4
Diéukién: —y?— 2y + 1>0

(3=5)(¢ ~1) = y[ (X~ 9+ (3x - 5)-y]
y=3Xx-5

X, yeR. (X;y € R).

3X-5-y)(x*-1-y)=0
< ( y)( y) @{yzxz_l

V6iy = 3x - 5 thay vao (2) ta dugc 4-y*—2y+1=-1<0 vd nghiém
Vé6i y =x*—1 thay vao (2) ta duoc ¥2-x* =x*-3x+3 (*)
Diéu kién —42 <x<4/2.

oyl
Ap dung bat dang thirc Cauchy ta c6 1.1.1.8/2 - x* < =X

4
X o X 44X —12X+7<0

T (3) ta cO: x> —3x+3<

& (x-1) (X’ +2x+7) <0< x=1

Thtr lai x = 1 théa man (*). Vay hé da cho c6 nghiém 1a =1, y=0.

3

x(xz—y2)+x2 =2 (x—yz)

76X —20y° +2 = 3/4x(8x +1) |

Cau 48. Giai h¢ phuong trinh:

bicu kién: x> y?

Phuong trinh <> x(x—y?*)+x* = 2,/(x- yz)3 =0




@ X[ =(x=y7) Jr2(x=y7) x —x-¥)
@(X—W)[X(X+W)+2(x_yzﬂ

SX=X-y <y =x-X

Khi d6 phuong trinh (2) tré thanh: 96x* — 20X+ 2 = §/4x(8x +1)

3 8x+8x+1+1

o E(SX —1)2 + 32 = «3/4x(8x +1)

Str dung BPT C6 si cho 3 sd ta tim dugc nghiém duy nhat ciia phuong trinh x :%

0
0

Vay hé phuong trinh c6 nghiém (z;y)= (Eﬂ] (z;y)= Ll _\ﬁj

A .- 5x° — (y2 [y 2
Cau 49. Giai hé phuong trinh: X( X +y) (X +y) Xty
Yy —9x* —6x°+1=0

(1) =5 +xy—(X* +y) X +y :O<34x3+x(x2+y)—2(1/x2+y)3:O

x>0
S 2x=\X*+y <:>{ 2 ( Vi x =y =0 khong 1a nghiém cua hé )
=3X
Thé vao phuong trinh (2) ta c6 y° —y? —2y +1=0(*)

Ta giai phuong trinh (*) trén tap R.

Thét vay: xét y e(-2;2), Pat y=2sint, te (—%%)

Pt(*) trd thanh:  8sin®t—4sin*t—2sint+1=0
N 4sint(1—23in2t) =1—4sin’t < 4sint.cos 2t = 4cos’t —3

<> sindt =cos3t ( Do cost =0 khong 1a nghiém cua pt)

7 k2rx
Yt
<:>sin4t=sin(£—3t)<:> (keR)
2 T
t=——+k2xz
2
Vi te(—z;z) =te 5;5—7[;—3—7[}: ye{Zsin£;2sin5—”;—25in3—ﬂ}
2 2 14 14 14 14 14 14

Ma phuong trinh bac 3 ¢6 t6i da 3 nghiém nén pt(*) c¢6 3 nghiém nhu trén




. T

. 2sin—

y:ZSin—:>x:\’—14
14 3

23|n3—7z
14

3

Két hop véi diéu kién y>0 ta co

. o
y=28IN—= X=
14

Tu d6 tim dugc nghiém ctuia h¢ phuong trinh.

. T . 3
25|nﬂ - 2S|nﬁ 5
)= \|——=":2sin— |, (z:y)=]| {|———=":2sin=— |.
(:9) \ "3 | (=) |3 14

V3x+4 -3y +4+x° —xy=0

x* =3y +1=+/8-3%°

Cau 50. Giai hé phuong trinh: { (x,y eR).

bK —ESXS\/E; yz-ﬂ.
3 3 3

Nhan xét: (x;y)= (—%;—%J khong 1a nghiém ctia hé. Do do x = —% hodc y = —%

(1)< 3(x-y) +x2(x—y):0<:>(x—y)( 3 +x2]:0

V3x+4+[3y +4 3x+4+ 3y +4
Thay x =y vao phuong trinh (2) ta co.
X' =3x+1=+/8-3x" & (X"~ 2x-1)+(2-x)-/8-3x* =0

4 . 3
< (X2 —-x-1)| x+1+ =0, Vi(1 +x* >0,
( )[ (2x)+\/83x2] ()\/BX+4+\/3y+4
Taco
ile 4 —x2+x+6+(x+1)\/8—3x2
(2-x)+8-3x? 2—x++/8-3x?
2
(x+1) +2(x+1)v/8-3x* +(8-3x*)+3 (X+1+V8—3X2) +3 .4 8
- = >0,v01 ——<x<, |-

2(2-x+/8-3¢) B 2(2-x++8-3¢) 3 3




X =
Dodotacd @ x*-x-1=0< 2

X_l+\/§

2

Vay hé phuong trinh c6 nghiém (z;y) =(

1445 1446\ (1-45 1-45
o5

2 2 2 2

X =3x*+2 =4y’ +3y?
J-14x+2y +48 +5=x++/x-3

Cau 51. Giai hé phuong trinh: { (x,yeR).

DK x>3; y>0; -14x+2y+48>0.

Ta co: x+4x=3=(x-3)+/x-3-2=(Vx-3-1)(Vx-3+2)20=x-321=x>4
Ma —14x+2y+48>0=2y>14x—48>8= y>4

(1) (x-1)° -3(x-1)=(\/y +3) -3,y +3

Xéthamso f(t)=t°-3t, te(L+oo) = f'(t)=3t"-3>0 Vt e (L +0)

= f(t) dong bién trén (L +o)

Khi d6 phuong trinh (1) < f(x—l):f(\/m)@x—lz y+3

Thé vao phuong trinh (2) ta co
\/2x2—18x+44+5=x+ﬂ<:>\/2(x—5)2+2(x—3)=(x—5)+m
@[(X—S)—\/ETZOQX—5:\/E<:>X:7

Vay h¢ phuong trinh c6 nghiém =7, y=33.

Cau 52. Giai h¢ phuong trinh
2X2 4+ y? —3xy +3x—2y+1=0 (1)
X — Y2+ X+ 4= \2X+ Y + X+ 4y (2)




2x+y>0
X+4y>0

Piéu kién: { (*)

Bién d6i phuong trinh (1) vé dang tich s6. Xem (1) 12 mot phuong trinh béc hai
theo an y, phan tich tam thirc bac hai thanh nhan tir. Ta dugc

y=x+1

M)y’ — 3x+2 y+2x* +3x+1=0<|y— x+1]y— 2x+1|=0+«
y=2x+1

(cac hé thirc don gian chira x, y)

Thé y = x+1, thay vao (2) ta dugc phuong trinh mot an:

32 —Xx+3=1/3x+1++/5x+4 (3)
Do phuong trinh (3) ¢6 hai nghiém x=0 va x=1 nén ta dinh hudng phan tich (3)
thanh dang
x*—x.f x =0
(bién d6i vé phuong trinh tich sb bang ky thuat nhan lién hop).

3 &3 x—X + X+1—3x+1 + x+2—+5x+4 =0 (Téch thanh cac biéu thuc lién

hop)
2 2
s 3x-x+—> X 4 X=X __ o (Nhanlién hop)
X+1+3X+1  X+2+Bx+4
& XX |3+ 2 + 1 =
X+1++3x+1  X+2+5Xx+5
>0
) x=0
& X —x=0 &
x=1

V6i x=0=y=1 [théa (¥)]

Voi x=1=y=2 [thoa (*)

Thé y=2x+1, thay vao (2) ta dugc phuong trinh mot 4n: 3—3x = \/Ax+1+/9x+ 4
(4) Do phuong trinh (4) ¢6 hai nghiém x=0 nén ta dinh hudng phan tich (4) thanh
dang x.f x =0 (bién d6i vé phuong trinh tich s6 bang k¥ thudt nhan lién hop).




4 = 3x+ Jax+1-1 + J9x+4-2 =0 (Tach thanh céc biéu thuc lién

4x 9x A 1ia
& 33X+ + =0 Nhan lién hc
A1+l Jox+4 42 ( oP)

4 9
= X3+ + =0
k JAx+1+1 JOX+4+2
~0

< x=0 [théa (*)]
Véi x=0=y=1 [thda (*)]

Vay hé phuong trinh c6 hai nghiém (z;y)=(0;1), (z;y)=(L2).

Céau 53. Giai hé phuong trinh

1-y JXx—y+x=2+ x—y—lﬁ Q)
2y® —3X+ 6y +1=2/x—2y —\[4x—5y—3 (2)
y>0
Piéu kién : {x>2y ™
4x>5y+3

Bién d6i phuong trinh (1) vé dang tich s6. Do y =1 ludn thoa (1) nén dinh huéng
phan tich theo nhan tor y—1

hoac 1—-vy. Ta duoc:

1< 1-y 1/x—y—1+ x—y-—1 1—\/§ =0

o @l—

& 1-y x—y—l[
y=x-1

1 + 1
J—y+1 14y
>0
Thé y =1, thay vao (2) ta dugc phuong trinh mot an: 9—3x=0«x=3  [thoa (*)]

Thé y = x—1, thay vao (2) ta dugc phuong trinh mot 4n: 2x* —x—3=+2—x (3)

Diéu kién: 1<x<2

hop)




2x2 —x—3>0

Khi d6: (3) & )
2x° —x—3 =2—x
x<—1VX>§ xg—l\/xz§
s 7 —2 & 2
4x* —4x° 11 +7x+7=0 x*—x—1 4x*~7 =0
xg—l\/ng
2 146
< x:% & 2 . So voi diéu kién (*) ta chi nhan x:ﬁ
2 ﬁ 2
X=———
.7 2
X=+——
2
Véi x:#;» y= ‘126 [thoa (*)]
Vay hé phuong trinh c6 hai nghiém la z;y = 31, z;y = 1+2‘/§;_1J2“/§ _
Céau 54. Giai hé phuong trinh
y+1° 4+ —3x—27 =1+ yJ=3x—2-3xy (1)
X*4+3x* +12x— 3x—1y+6=0 (2)

Pidu kién : xg—% *)
Bién d6i phuong trinh (1) vé dang tich sé.
(1) & y?+2y+1— 3x+2 J—3x—2 =1+ y/—3x—2 —3xy
& Y Yy43X+2 — y+3x+2 J-3x—2=0

y=-3x-1
y=+—3x—2

Thé y=—3x—2, thay vao (2) ta duoc phuong trinh mot an:

& Y+3X+2 y—+/-3x—-2 =0 &

X3 4+12x% +15x+4=0

& x+1 X2 +11x+4 =0




Xx=-1

= - 114105
N 2

114105

So véi diu kién (*) ta chon x = —1 x 5

Vo1 x=—-1=y=1

Véi x— —11—2\/105 y— 29 +2\/105

Thé y=+/—3x—2, thay vao (2) ta duoc phuong trinh mot an:
x* +3x* +12x— 3x—1 /-3x—2+6=0

54

—3x—2 J-3x—2-3 —3x—2 +3J-3x—1-1=—x>—3x*—-3x—1
& \/—3x—2—13: —x-1°

x<0 =-1
& J-3X—2-1=—x-1 & , & X
X“+3x+2=0 X=-2
Vo1 x=—-1=y=1
Vo1 x=-2=y=2

Vay h¢ phuong trinh c6 banghiémla z;y = -1, z;y = —2;2

vy — [—111—\/105 11+ 3\/105]

2 2

Céu 55. Giai hé phuong trinh
X—yv2—Xx+2y*=2 (1)
2 Ix+2-4y +8yxy+2y=34-15x (2

Dicu kign: -2 <x<2vay>0 ’
Bién d61 phuong trinh (1) vé€ dang tich s60. Xem (1) 1a mdt phuong trinh bac hai theo

an V2—x , phan tich tam thirc bac hai thanh nhan tu. Ta duogc:




N2-x =y
N2-x =2y

Thé y=+2—x, thay vio (2) ta duoc phwong trinh mot an:

1)e 2-x)+2-xy-2y"=0&

2(Vx+2—42—x)+84—x* =34-15x (3)

Ditt= Vx+2-4vy2-x = t?=34-15x—-8J4—x> .

Do d6: (3) = 2t=t2 {t_z

[ Wx+2-442-x=0 42-x =x+2
Suy ra: =
Vx+2-42-x=2 42-x +2=x+2
16(2—x) = x +2 o [17x=30 - X=f_0
7.
16(2—x)+4+1642—x =x+2 16842 -x =17(x -2) =2
Khlx—ﬁ y—£Vakh|x 2=>y=0.

Véi 2-x==2y<0may>0=y=0vax=2.Thulaitacox=2,y=01la

nghiém.

30.@]_

Vay hé phuong trinh ¢6 hai nghiém la (z;y)=(2;0), (z;y)= [E 17

Cau 56. Giai hé phuong trinh: Crle eyt 2y = @
2X+ Xy +2+ x+2 szo 2
Diéu kién: y* +4x+4>0
Bién d6i phuong trinh (1) vé dang tich s6. Xem (1) 1a mot phuong trinh bac hai theo
An x2 12, phéan tich tam thirc bac hai thanh nhan tir. Ta dugc:
1 & X+42— Y —y+1 X +2-y —y=0
o Fizoy Frz24y41 -0
Sy=Jy+2 (Vi J¥+2+y +1>0)

Thé y=+/x*+2, thay vao (2) ta dugc phuong trinh mot an:




X+ XX +2 42+ X+2 X2 +4x+6=0

SXAXEF24X+2+ x+2 4/ x+2°+2=0
S X+2 + X+2  X4+2742= X + X | x"+2  (3)

Xét ham dac trung f t =t+tJt° +2 voi teR

2

Taco: f't =1+ t2+2+\/2t_2>0,Vte]R = f(t) dong bién trén R.
t°+
Nén: 3eofx+2=f x @ex+2=—xx=-1

V&i x=5 = y=+3 (thoa diéu kién (*))

Vay hé phuong trinh c6 nghiém 12 z=5, y=+/3.

A et n WXy -y - x =0 (1)
Cau 57. Giai hé phuong trinh: { Kifimy -2 )

A Lian 10<x<L1
biéu kién {0 <y<l

Khi do: (1) & Vx—V1-x=\y-1-y (a)
Xét ham dic trung: f(t)=+t—V1-t v6i te[0;]]

1 1 .
=——+———>0 Vte(0:1) va flién tuc trén doan [0;1
AL (0:1) ; an [0;1]

Suy ra: f(t) ddng bién trén doan [0;1]
Do d6: (a)=f(x)=f(y)ox=y
Thay x =y vao phuong trinh (2) ta dugc phuong trinh:

1
Ix+l-x =2 & x+1—x+2«/x(l—x):2<:>2«/x(1—x):1<:>x:5

Vay nghiém cua hé phuong trinh 1a z = % y= %

Taco: f'(t)

8x* -y’ +6y*—6x-9y+2=0 (1)
ax* +41-4x* -3,[(y-1)(3-y) +1=0 (2)

Cau 58. Giai h¢ phuong trinh: {

Piéu kién —%sm%,ls y<3

Khi d6: (1) ©8x*—6x=y>-6y*+9y-2< (2x)*-3(2x)=(y-2)°-3(y-2) (a)
Do —%sxs% nén -1<2x<lval<y<3nén -1<y-2<1,

Xét ham dic trung f(t)=t°*-3t, voi te[-11].




Taco f'(t)=3t"-3=3(t*-1)<0, voi moi te[-11].

Suy ra f (t) nghich bién trén doan [-11].
Do d6: (a)e f(2x)=f(y-2) = 2x=y-2< y=2x+2.
Thay y=2x+2 vao phuong trinh (2) ta dugc phuong trinh:

A° —241-4X* +1=0 < 4X* +1=2\J1-4x* < 16X +24x* -3=0< x== 2\/5_3
Vay nghiém cua h¢ phuong trinh la:
(m;y)=[—v2\/_;3;2+\/2\/§3} (x;y)=[—“2‘/2_33;2\/2\/§3 .
. . 6X+5)vV2x+1-2y-3y* =0 1
Cau 59. Giai hé phuong trinh: ( ) = @
y++/X = 2% + 4x—23 (2)
2X+1>0
o bidukién {x>0 oxz 2 +25ﬁ
2X* +4x-23>0
o Khido: (1) & V2x+1[2+3(2x+1)]=y(2+3y’) (@)
o Xét ham dic trung f(t)=t(2+3t)=3t>+2t, v6i t [0;+0).
Taco f'(t)=9*+2>0, voimoi te[0;+x).
Suyra f(t) doéng bién trén [0;+0).
e Do do: (a)= f(V2x+1) = f(y) & V2x+1=Yy.
e Thay y=+/2x+1 vao phuong trinh (2) ta dugc phuong trinh:
V2X+1 /X =V2X% +4X— 23 < 3x+1+24/2X% + X = 2x2 + 4x— 23
S 2x2 +X—22x* +x—-24=0
2x* +x =6 , x=4
= & 2X°+x-36=0< 9 x=4
N2X2+ X =—4 X=_§

e Vii x=4=y=3
Vay nghiém cua hé phuong trinh 1a x =4, y=3.

(4x2+1)x+(y—3) 5-2y =0

(1)
AX* +y* +23-4x =7

Cau 60. Giai h¢ phuong trinh: {

e Diéukién XSE,yS§
4 2

e Khi do: (1)c>(4x2+1).2x=(5—2y+1)«/5—2y (a)




o Xét ham dic trung f(t)=(t* +1)t=t°+t, voi teR.
Taco f'(t)=3t*+1>0,vdimoi teR.
Suyra f(t) dong bién trén R.
x>0

e Do do: (a)e f(2x) = f(5-2y) © 2x=5-2y & 5_4x2 -
y=

2

5-—4x?

e Thay y= vao phuong trinh (2) ta dugc phuong trinh:

2
4x2+@—2x2j +23/3-4x-7=0  (b)

e Nhan thdy x=0 va x= % khong la nghiém cua phuong trinh (b)

2
e Xét ham sd g(x):4x2+[g—2x2j +23-4x -7 vOi XE(O;%j,khi do:
1
b= a(=a 3 3

Blow

e Khao sat tinh don diéu cia ham s6 g trén khoang (0;

J

= 4x(4x* -3)- 4 o VXE(O;EJ
4

\3-4x

4
\3—4x
Do d6 f dong bién trén khoang (O; %j

Tacd: g'(x) =8x—8x(g—2x2J—

e Suyra: (3)<:>x:%
o Voi x=%:>y=2

Vay nghiém cua hé phuong trinh 1a z = % y=2.

>
—
>
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<
™
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~
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Céau 61. Giai h¢ phuong trinh: {

* Diéukién x>~
e Nhan thy y=0 khong théa min h¢
3
e Khi do: (1)@&] +§=y3+y (@)

e Xét ham dac trung f(t)=t>+t, vdi teR.,
Taco f'(t)=3t>+1>0,voéimoi teR. Suyra f(t) déng bién trén R.




e Do do: (a)cf[§j=f(y)<:>§=y<:>x=y2.

e Thay x=y* vao phuong trinh (2) ta dugc phuong trinh:
JAX+5+/Xx+8=6< 2\/(4x+5)(x+8) =23-5x

5 23
= S < 5 “Mx=1 ex=
3 Ey)? 2 - B
4(4x+5)(x+8)=(23-5x)"  [x* -42x+41=0 {x:41

e V& Xx=1l=>y=%+1

Vay nghiém cua h¢ phuong trinh 13 (z;y)=(1 -1), (z;y)=(1;1).

2y} +12y* + 25y +18= 2x+9 /x+4 (1)

Cau 62. Giai hé phuong trinh:
J3X+1+3x% —14x—8 =6 -4y —y? 2)

Pidu kién: |*~ 3 *)
6—4y—y*>0
Khai thac phuong trinh (1) dé tim hé thirc lién hé don gian ciia x va y
(str dung phuong phap ham sé kiéu f u =f v )

3
2y° +12y? + 25y +18= 2Xx+9 /x+4 < 2 y+2 4+ y+2 =2 x+4 +x+4

3)

Xét ham dac trung f t =2t°+t trén R ta co:
f't =6t +1>0,vtcR = f(t) dong bién trén R
Nén:

3o fyt+2 =1 x+4 ©y+2=JYxt+i&

y>-2 y>—2
2 < 2
y+2 =x+4 X=4y+y 4)
Thé (4) vao (2) dé duoc phuong trinh mot an
J3X+1—-6—x+3x*-14x-8=0  (5)
Phuong trinh (5) c6 mdt nghiém 1a x =5 nén co6 thé bién doi1 vé phuong trinh tich
s0 bang k¥ thuat nhan lién hop.
5 & 3x+1—4 — 6—x—1 +3x*—14x—-5=0 [Taisao 7]

3 x=5 X—5
& + + Xx—=5 3x+1 =0
J3X+1+4  J6—x+1

+ 3Xx+1|=0 <& x=5

3 1
& Xx=5 +
V3X+1+4 J6—x+1
>0




Véi x=5 = y=1 (thoa diéu kién (*))
Vay hé phuong trinh c6 nghiém duy nhéat z =5, y=1.

Cau 63. Giai hé phuong trinh

X} -y  +17x—32y = 6x* —9y* — 24 (1)
Y42 JX+44+ x+9 J2y —x+9=x*+9y+1 2)
Y A XZ—4
biéu kién: ™)
2y—x+9>0

Khai thac phwong trinh (1) dé tim hé thirc lién hé don gian cta x va y
(str dung phuong phap ham sé kiéu f u =f v )
X2 -y} +17x—32y =6x* —9y* —24 << x*—6x*+17x—18=y° —9y* +32y—42
o x—2'45x-2 = y—23+5 y—2

3)

Xét ham dac trung f t =t> 45t trén R ta co:

f't =3t°+5>0,vteR = f(t) dong bién trén R

Nén: 3o fx—2=fy-3ex-2=y-3sy=x+1 (4)
Thé (4) vao (2) dé duoc phuong trinh mot an
X+3 Xx+4+ x+9 Jx+11=x249x+10 (5)

Phuong trinh (5) ¢c6 mdt nghiém 1a x =5 nén co thé bién do6i vé phuong trinh tich s6
bang k¥ thuat nhan lién hop.

5 & X4+3 X+4-3 + x+9 Jx+11-4 =x*+2x-35

X—5 X—5
& X433 —m—+ X4+9 . ——= x—-5 x+7
JX+4+3 JX+11+4

X+3 X+9

& X—=5 + — X+7 =0
JX+44+3  x+11+4
X—5=0
T2 X 70 (6)
JX+443  Yx+11+4

Chimg minh (6) vo6 nghiém
6 o X+3 = X+5 X+9 X+9

+ —
JX+4+3 2 JX+11+4 2
1

& X+5 [ L ——=

1 1 2
—_ |+ X+ | — — =0
X+4+3 2] [«/X+11—|—4 2] NX+4+3

<0 <0

0

J \

<0

phuong trinh VN
Voi x=5 = y=6 (thoa diéu kién (*))




Vay hé phuong trinh c6 nghiém duy nhat z =5, y=6.

IX+3+4x—2—y*+5=y (1)

Céau 64. Giai h¢ phuong trinh:
X2+2X y—2 +y*—8y+4=0 2)

Piéu kién: x>2 (*)
Khai thac phuong trinh (1) dé tim hé thirc lién hé don gian ctuia x va y

VX+3+Ux—2—y*+5=y < IYx—2+,/x—2 +5=y+,/y*+5 (3)
Xét ham dac trung f t =t+4/t* +5 trén nita khoang 0;+co .

3 A < A N
f lién tuc trén 0;4+oco va f't :1+\/3t_>0,Vte 0;+oo = f(t) dong bién trén
t" +5

0; 400
Do 4x—2>0Vvad4y= x+y—2°=y>0nén
3afix—2=fyeifx—2=yox=y"+2 4)
Thé (4) vao (2) dé dugc phuong trinh mot an
4y=y'+y’
y=0

sy Yy +2y'+y-4 =0&
yyreyy y +2y' +y—4=0 (5)

Giai perO'r}g trinh (5) bang phuong phap ham s
Xéthamso g y =y’ +2y* +y—4 trén nita khoang 0;+cc .
Do g lién tuc trén O;+oco VA G y =7y°+8y°+1>0,¥y€ 0,400 = g y dong bién
trén 0;+0o
Nén: 59y =01cy=1
Véi y=0 = x=2 [théa (*)]
Véi y=1 = x=3 [thoa (*)]
Vay hé phuong trinh ¢6 hai nghiém la (z;y)=(2;0), (z;y)=(3,1).

x3—3x—y3 —6y2—9y—2+lnx—_i=0 (1)

Cau 65. Giai hé phuong trinh: v+
y[log2 (x—3)+10g3 y]:x+1 (2)
X__l >0
y+l X>3
Piéu kién: {x-3>0 = {
y>0
y>0

Khai thac phuong trinh (1) dé tim hé thtrc lién hé don gian ctia x va y




1 & (x=1)°+3(x=1)" +In(x=1) = (y+1)° +3(y+1)’ +In(x+1) (3)
Xét ham dic trung f(t)=t3+3t* +Int trén khodng (0;+w)

f'(t)=3t +6t+% >0Vt>0= f(t) dong bién trén khoang (0;+wx)

Do x—1>0 va y+1>0 nén
B)e f(x-1)=f(y+l) o x-1l=y+le y=x-2 4)
Thé (4) vao (2) dé dugc phwong trinh mot an

(x=2)[log, (x—3)+logs(x—2) |=x+1 (5)

Giai phuong trinh (5) bang phuong phap ham sb

5 < Iogz(x—3)+logg(x—2):x—+;<:> Iogz(x—3)+logg(x—2)—x—+;:0 (6)

Xét ham s6 g(x)= Iogz(x—3)+log3(x—2)—:—+; trén khoang (3;+)

1 1 3

g,(x):(x—3)|n2Jr(x—2)|n3+(x_2)2 >0 vx>3

= g(x)dong bién trén khodng (3;+w) .
Nén (6) = g(x)=g(5) = x=5—4y=3
Vay hé phuong trinh ¢6 nghiém duy nhat z =5, y=3.

3x2+3y2+8=(y—x)(y2+xy+x2+6) (1)

(v +y-13)(JBy =14 -Vx+1)=5 (2)
X+1>0 {X>_1

Cau 66. Giai hé phuong trinh: {

Diéu kién: PN *
’ 3y-14>0 yz% )

Khai thac phuong trinh (1) dé tim hé thtc lién hé don gian cta x va y
(1) < (x+1)° +3(x+1)=(y-1)> +3(y-1) 3)
Xét ham dac trung f(t)=t+3t ,teR
f'(t)=3t2+3>0,vte R= f(t) dong bién trén R.
Do x+1>0 va y—1>0 nén
(3) & f(x+l)=f(y-l)ox+l=y-lox+2=y (4)
Thé (4) vao (2) dé dugc phuong trinh mot an
(2x-11)(\3x—8 —/x+1) =5 (5)
Giai phwong trinh (5) bang phuong phap ham sd




Ta nhén thiy x= 1—1 khong la nghi¢ém cia phuong trinh (5) nén

()aJsx_ 120 (6)
Xét ham s6 g(x)=/3x-8 - \/F_z =TE [2 121Ju(1_21;+00)

g3 1 10 _3/x+1-Y3x-8 10 (8.0 (1L
g(x)_stx—s 2L (2x-11)°  2/(3x~- 8)(x+1) (2x-11)? OVX( ZJ&(Z’ j

= g(x )dong bién trén céc khoang (% Lzlj&(l_lurwj

5
Trén khoang [ﬁ EJ thi g(x)dong bién, 3e[% 1—21j g(3)=0 nén

6 < g(x)=9(3)ex=3—4y=5 thoi man (*¥)
Trén khoang (1—21';+oojth‘l g(x) ddng bién, 86[1—21;+ooj,g(8):0 nén

6 < g(x)= g(8)®x=8&>y=10 thoa man (*)
Vay hé phuong trinh ¢6 hai nghiém (z;y)=(3;5), (z;y)=(8;10).

A L 2y° + Y+ 2xy/1—x = 3J1—X 1
Cau 67. Giai hé phuong trinh: Y +y+2xd v @
J9—4y? =2x +6y* -7 (2)
. x<1
Diéu kién: *
i€u kién —gﬁySg ™)

Khai thac phuong trinh (1) dé tim hé thirc lién hé don gian ctia x va y
(str dung phuong phap ham sé kiéu f u =f v )
2y  +y+2xf1—x =3V1—x < 2y° +y=2J1—x —2x1—x +1—X

& 2y°+y=21-x J1-x++1—x (3)

Xét ham dac trung f t =2t°+t trén R ta co:
frt =6t>4+1>0,VtcR = f déngbiéntrén R

Nén: 3 &fy=FfJl-x ©y=yl- X<:>{ , 4)
y__

Thé (4) vao (2) dé duoc phuong trinh mot an

JA4x+5=2x"—6x—1 (5)




Giai phuong trinh (5) bang phwong phéap dit an phu chuyén vé hé doi xtmg loai II
o Phuong trinh (5) viét lai thanh: 2x—3° = 24x+5+11
Piéu kién
bat J4x+5=2t-3 [t > g] , ta dugc hé phuong trinh:

2x—3 =4t +5 (6)
l2t324x+5 ©)
o Trir theo tirng vé cua (6) va (7) ta dugc:
4 X+t—-3 x—t =4t—-4Xx & Xx—-t x+t—-2 =0
+ Khi x=t, thay vao (7) ta duoc:
4X2 —12X+9=4x+5o x> —4x+1=0x=2++3
So v6i diéu kién ctia x VA t ta chon x=2++3. [khong thoa (*)]
+ Khi x+t-2=0«1t=2-x, thay vao (7) ta dugc:
1-2x " =4x+5 x2—2x—1=0<x=1++2 (loai)
So véi diéu kién ciia x Va t ta chon x=1—+2.
Voi x=1-+2 = y=442. [thda (*)]
Vay hé phuong trinh c6 hai nghiém 13 (z;y)= 1-v2;-%2 , (z;9)= 1-v2;32 .

Lﬁ[z z]_é R
Cau 68. Giai hé phuong trinh; {x*+y*+6xy 8y x| 4
VXx—16 +.Jy—9=7 2)

X>16

Diéu kién: 1
y>9

Panh gia phuong trinh (1) dé tim hé thic don gian lién hé giita x va y.

Ta co: 1 @XL+E[£+X]+§:6
y X

Datt:5+lzz/5.lzz t=2<x=y vastr dung BDT Co-si ta co:
y X y X

_ 8 Jinx vy s 8 1r,. 3 8 16 iaus2420-6
y x) 4 t+6 8 4 t+6 8




Je , . 8 1
Dau“="xayrakhi —==-t4+6 ©t=2< x=
Y t+6 8 y

The y = x vao (2), ta duge: Ix=16 +x+9 =7
& [x-16 x—9 =37-x
& x=25

e V01 x=25 = y=25 [thoa (*)]
Vay hé phuong trinh ¢6 nghiém z =25, y=25.

X +1+y x+y =4y @ *)

Céau 69. Giai hé phuong trinh:
X2+1 X+y—2 =y (2)

Bién di sao cho hai phuong trinh ctia hé xuat hién hai biéu thtic gidéng nhau

Do y =0 khong théa man h¢ trén nén

x* +1
i + x+y =4
* y
2
X +1 Ly_2 -1
y
., R x> +1 . e u+v=2 [u=
bit an phuy u= va v=x+y—2 ,h¢ tré thanh L &
y uv = V=

u=1 XAl o1 [x=—2
Véi{ ~~ ta duoc hé phuong trinh y @{ B, { B
v=1 y=2 |y=5
X+y—-1=1

Vay hé phuong trinh c6 hai nghiém 1a (z;y)=(32), (z;y)=(-2;5).

X*—y>—6=0 (1)

Cau 70. Giai hé phuong trinh : NERVIL 3

Diéu kién: x—y=0
Bién dbi hé phuong trinh thanh dang c6 chura hai biéu thic x+y va x—vy

X+y X—Yy =6
x+y—12— 4 > =3
X—Yy




bat u=x+y va v=x—y hé phuong trinh tr¢ thanh

uv==6 VZE V:E u=3v=2
2 4_ =4 ) =% u <~ __§. _
i-l=z7=3 u2—2u+1—“§=3 g’ —18u—18—0 |17 V=8
x=> 3 |x= 3
x+y=3 7 =—> ~ g
Suy ra: Ty 2y XY 4 8
Y=y x—y=-8 |y=2]
2 8
Vay hé phuong trinh c6 hai nghiém 13 (z;y) = [g% (z5y) = [—%?]

xy(1+ 1+x2 )(«/4+ f)
“3x*y+2x*y +26x =23/x" -

Céau 71. Giai hé phuong trinh: { (x,y eR)

xy(1+ 1+x° )(\/ﬁ \/_)
“3xty+2x7y +26x = 23x* - 14 (2)

bK: y>0
Taco Ja+y—\y>y-y=0 dodé tir phwong trinh (1) suy ra x>0; y>0

(1) w117 )(Jay =) (YA oy )=8(Jm+f )
<:>xy(1+ 1+x) (m+\/_)<:>x+x 1+ x2 \/_ \/_\/—

e () o

2

Xétham s& f(r)=r+/1+7 trén (0;400). CO f'(¢)=1+ 1+ +—— >0V e (0;+0)
V1+#
Suy ra ham sd f(t) dong bién trén (0;+00)..
Ma phuong trinh (3) c6 dang f(x)= f(iJ P I y= iz
N AN

Thay y= i2 vao phuong trinh (2) ta co6
X

120 +26x+8 =231 —14 & —6x> +13x+4=x"—14

o (x-2) +(x-2)=(x* ~14)+x" ~14(4)

Xét ham s6 g(u)=u’+u trén R

Cé g'(u) =3u"+1>0VueR

Suy ra ham s g(u) dong bién trén R ma phuong trinh (4) c6 dang:




=1++/2(nhd
g(x—Z):g(m)Qx—2=m<:>_6x2+12x+6=0© X \/—(I’l c_m)
le—\/z(loai)

=> y=12-82
Vay hé c6 nghiém duy nhit z=1++/2, y=12-8/2.

X2 42X —2=1/-y? -4y -2

6X—y—11++10-4x—2x* =0

Céau 72. Giai hé phuong trinh: {

Yy +4y+2>0
—2X* —4x+10>0
Ap dung bat dang thirc AM-GM ta co:

— _ 2 . . 2
y—6x+11= 10 axx = J4@O gx 2%) _14 42 2x

Rt gon ta dugc: 4(y—6x+11) <14—4x-2x* < x> —-10x+2y+15<0 (3)
Tuong tu phuong trinh (1)

J— 2_ —
X242x—2=+[-y2—4y—2 s%<:>2x2+4x+ y2+4y—3<0 (4)

Cong vé v6i vé cua (3) va (4) ta duoc:

Piéu kién: { phuong trinh

x=1
y=-3

Két hop véi diéu kién dé bai, suy ra nghiém hé phuong trinh 13 z =1, y=-3.

3x° —6x + yz+6y+12£0<:>3(x—1)2+(y+3)2SO@{

Cau 73. Giai hé phuong trinh:
\/4x2+3xy—7y2 +4 z° + 5xy — 69 :\/3:1:2—2333/—@/2 (X yeR)
327 + 102y + 34y* = 47 ' '

32" =22y —y* >0

DK: 7§ , )
4z + 3zy —Ty” > 0

Chuyén vé nhan lién hop ¢ phuong trinh 1 , ta dugc:
1

\/4:1:2 + 3zy — Ty + \/3x2 —2zy — o’

r=1=y=1

r=—1=y=-1

+4

7’ + 5xy — 6y°

Véi x =y thay vao 2 ,tadugc: 2° =1«

4
y=— —7:>x:6 —

Yy = 1/5 =z=—6 —7

Véi = = —6ythay vao 2 , ta duge: 82)° = 47 < 82 82 .
/47
82 82




KL: § = l L1, —1,—-1, [\/g;—ﬁ\/él—i7 ; [\/5,6\/5]]
82 82 82 82

2y} +2x1-x =31-x—y

Cau 74. Giai hé phuong trinh:
P S {y+1:2x2+2xy\/1+x

bk: -1<x<1
2y3+y:2(\/l—x)3+\/1—x

H¢ phuong trinh (I) <
Y +1=2x" 4+ 2xy~/1+ X

y+1=2x"+2xyv1+x (2)
Taco (2) < JI-x+1=2x% +2xy1- X’
& 2X7 4+ 2xV1-x* —1-x-1=0

Dat x=cost voi te[0; 7]

{y VI x (1).y20 (Do ham f (t)=2t°+t ludn dong bién)
=

Tacod x:cost:1—25in2% =J1-x :\/Esin%
Nén phuong trinh (2) tré thanh 2cos®t +2costsint —\/fsin%—lz 0

) V4 .t
< A/2sin| 2t +— =\/§sm—
( 4j 2

7 kKarx
t=-2422%
s 3 3 (ken)

T kdr
t=24 228
5 5

T

X=C0S—

t:%e[o;ﬂ]c>

t=7x(l) y=\/§sin%

2= 1a nghiém cua hé phuong trinh.

. . T +12)%+x+2=8)°+8
Cau 75. Giai h¢ phuong trinh: 1 Y e
Tyx*+8y° +2y =5x
Tx®+12)2 +x+2=8y°+8)(1)
]

Tx*+8)° +2y=5x(2)

Taco ) =x*+x=2y-1)°+2y-1D(*)
Xétham s6 £()=F+¢,"tT f'(t)=3"+1>0,"+ T > Vay ham s6 f(t) dong bién trén R.
Tu (*) taco: f(x)=f2y-1)<x=2y-1

Thé x=2y-1 vao (2) giai ra dugc y=1 hodc y=6 thoa man




Vay hé phuong trinh c6 nghiém (z;y)=(L1), (z;y)=(116).

2(2x+1)° + 2x+1=(2y —3)\/y -2
VAX+2+,J2y+4 =6

Cau 76. Giai hé phuong trinh: {

Piéu kién x4c dinh: x > —%, y>2

Xéthamsd: f() =23+t te (0;+00)
Suyra f'(t)=6t>+1>0 nén day la ham s dong bién
Tir phuong trinh thir nhét ctia hé ta co f(2x+1) = f (\/ﬁ) o 2X+1= \/ﬁ
Thay vao phuong trinh thtr hai ta dugc: {4y —8+,/2y+4=6 (*)
Xétham so g(y) =44y —8+./2y+4 -6, ye(2;+x)

1 1
44y -8 ’ J2y+4
Hon nita g(6) = 0 nén (*) c6 duy nhat 1 nghiémlay =6

g'(y)=

>0 Vye(2;+) nén g(y) d6ng bién

Véiy=6taco x:%

N . \/X+ \/2 = L +1
Cau 77. Giai hé phuong trinh: y X \/@
x\/@+ y\/ﬁ =78

DK: x, y> 0
=7
0 o X+Y=T+Xy |
\/W(x+y):78

Dit t=/xy . (PK: >0)

X+y=7+t
&
t(x+y)=78

X+y=13 Xx=4 Xx=9
=6 < & Y
Xy =36 y=9 y=4

Vay hé phuong trinh c6 2 nghiém 1a: (z;y)=(4;9), (z;9)=(9;4).

t=-13 (1)

t=6 (n)

:>t2+7t—78:0.<:>{

(- y)(x=3y +3) = x2 = [(y -1 /X

(X,yeR).
\/xz—y+2§/x3—4:2(y—2)

Cau 78. Giai h¢ phuong trinh: {

2 2
pKxp: (X Y20 X2y
x>0,y>1 x>1y>1




Nhén xét x>1,y=1 khong l1a nghiém cta hé. Xét y>1 thi phuong trinh (1) cta hé (I)

X+ x(y - -3(y-1)* +(y-1)y/x(y-1) =0

t= /yilt >0 . Khi d6, phuong trinh (1) tré thanh
t'+t? +t-3=0c (t-1)(+t* +2t+3)=0 =t =1.

Véit=1, thi /yil —1e y=x+1, thé vao pt(2), ta duoc

U —x—1+23x* -4 =2(x-1)

o= x-1+2[ I -4~ (x-1)|-0

> x> —x-1

SAX=x-1+6 = =0

Y(x*—4) ++(x-1)Yx -4 +(x-1)

2

e —x—1|1+ : BVx’ —x-1 =0

i/(x3—4) ++(x=1) Y% -4 +(x-1)’
<:>\/x2—x—1=0<:>x=1+2\/g (x=1).
Vi x:1+\/§:>y:3+\/§.

2 2
1++/5 3+5

Péi chiéu PK, hé phuong c6 nghiém z = TE

2 2




PHAN 11. BAI TOAN TONG HQP

11.1. Tim gid tri nho6 nhat ciia biéu thic

Cau 1. Cho x, y, z 1a cac s6 thuc duong théa min x>y>z vd Xx+y+z=3. Timgia
trj nho nhat cua biéu thic: P = g +3y.
zZy

L X z
Tacd —+xz>2x, —+yz>2z
z y

Tu do suy ra P=§+E+3y22x—xz+22—yz+3y
zy

:2(x+z)+y(x+y+z)—xz—yz:2(x+z)+y2+x(y—z)
Do x>0 va y>z nén x(y-z)>0. Tir ddy két hop véi trén ta duoc

P=2 4 Zi3y>2(x+2)+y2=2(3—y)+y: = (y-1)?+5>5.
zy
Vay gia tri nho nhat ciia P bang 5 dat khi x=y=z=1

Cau 2. Xét céc sb thuc duong x, y, z thoa man diéu kién x + y +z = 1. Tim gia tri nho

x*(y +2) . y*(z +X) N Z°(x +) .
yz ZX Xy

Taco: p=X X, Y ¥ . Z.Z (¥
y ¢ zZ X X ¥y

nhéat cta biéu thirc: P=

Nhén thay : x2 +y>—xy >xy VX, y € R
Dodd:x*+y3>xy(x+y) Vx,y>0 hayx—yz+y£2x+y VX, y >0

Tuong tu, ta co : Y v Z5y4z vy, z>0

>z+x VX, z2>0

Cong timg vé ba bat dang thirc vira nhan dugc o trén, két hop véi (*), ta duogc:
P>2(x+y+2z)=2 Vx,y,z>0vax+y+z=1

Honnira,talaico P=2khix=y=z= %.Vivéy,minPZZ

Cau 3. Cho a, b, ¢ 1a c4c s6 thuc thoa man a+b+c=3. Tim gia trj nho nhit cta biéu
thitc M = /42 +9° +16° + /92 +16° + 4 + /162 + 4P + 9|
+ Dit a:(23;3*’;40),\7:(20;3a;4b),w:(2b;30;4a):> M =i+ V]+w]

- . 2 2 2
Mz‘u+v+w‘:\/(2a+2b+2°) +(3a+3b+30) +(4a+4b+4°)




+ Theo cd —si c§ 22+ 20+ 2¢ >3322+P+¢ _g Tuong tu ...
+ Vay M >3429. Dau bang xdy ra khi a=b=c=1.

Cau 4. Cho ba sb thuc duong x, y, z thda man : x+y+z=3.Tim gia tri nho nhét cta

2 XS y3 23 2
biéu thirc: P=——+——+—————(xy+yz+2x).
y’+8 z2°+8 x°+8 27
A . 3 2 .
Ap dung bdt Cauchy cho cac s6 duong: 3X LY+2 yT-2y+4 X X
Y8 27 27 729 3
3 3 3 2 2 )
Tuong tu, thu dugc : ——+ 3y + 32 XAy A 415
y°+8 z°+8 x°+8 27
2
:>Pzﬂ_x2+y2+22+2(xy+yz+zx)=E_M=1
21 9 27 9

p:% khi va chi khi x=y=z=1 :minP:%

Cau 5. Cho céc s thyc duong x,y,z thoa x+y+z=3. Tim gia tri nho nhat cua biéu
XY + Yz + X

X2y +y?z+2°x

Ap dung BPT TBC-TBN cho hai s6 duong, ta co

XX+ xy? > 2x%y, Yy} +yz° > 2y%z,2° + 2x° > 27°x.

thitc P=x"+y*+2°+

:>x3+y3+z322(x2y+yzz+zzx)—(xy2+y22+zx2) (1)
Mat khac, do x+y+z=3 nén
3(X*+y*+2%)=(x+y+2)(X* +y*+2°)
:x3+y3+23+(x2y+ y22+22x)+(xy2+yzz+zx2)(2)
Tu (1) va(2),tacd x*+y*+2° > x°y+y°z+2°x.

Xy + Yz + ZX

2

Do @6 P>x*+y*+2° + ——
X2 +y+12

Taco (x+y+z)2 =X+ Y2+ 27 +2(Xy+ Yz +2X).

bat t:x2+y2+22:>xy+yz+zx:7.

2
X+Y+12
Do x2+y2+222u:>t23
—_— 2_
Khi do P2t+%,t23®P2¥,t23

2t% —t

Xétham sb f(t)= . 9 trén [3;+00).

Lap bang bién thién, ta c6 ham f dong bién trén [3;+o0).

= P>minf(t)=f(3)=4.

t>3




Két luan duoc : mnP=4<x=y=2=1.
(X3+y3)_(xz+y2)

Cau 6. Cho X,y € R vax, y> 1. Tim gia tri nho nhét ciia P =

(x=D(y-1
, 2
bitt=x+y;t >2. Ap dung BDT 4xy < (x + y)?*tacé xystz
3 2 2
p_ L=V =XE=2) pbo3t2>0va —xyz—t— nén ta cé
Xy—t+1 4
op t@-2
P> 4 1
L t=2
4
Xethamsof(t)— (t 2)z,f’(t) 0e=t=0vt=4,
t 2 4 +00
£(t) - 0 +
+ o0 +00
8
Lo . . [ Xx+y=4 X=2
Do d6 min P = min f(t) = f(4) = 8 dat duogc khl{ @{
(25+0) Xy =4 y=2

Céau 7. Cho x, y, z > 0thoa man x+y+z > 0. Tim gia tri nho nhét cua biéu
3 3 3
=
(x+y+2)

Trude hét ta co: x*+y° > (bién d6i twong duong) < ... (x-y)’ (x+y)>0

(x+ y)3
4

(x+ y)3 +642° (a- z)3 +647°
g -

bat x+y+z =a. Khido 4P> -
a a

= (1-t)’ +64t°

(voit= =, 0<t<1)

z
a
Xét ham s f(t) = (1 - t)° + 64t% véi te[0;1]. CO
f(t) =3[64t2 —(1—t)2], ft)=0et =%e [0:1]

Lap bang bién thién




= Minf (1) = 2 = GTNN cia P la = dat duge khix = y = 42> 0
te[0:1]

Cau 8. Cho céc sb thuc khong am a,b,c thda man a+b+c =1.Tim gia tri nho nhét cta

biéu thirc M =3(a%h? +b%c? +c?a?) +3(ab +bc + ca) + 2v/a2 + b2 +¢?

bat t=ab+bc+ca ( t>0 ),ta cd

a?+b?+c2> ab+bc+ca

=>1=(a+b+c)?*= a?+b>+c?+2(ab+bc+ca) >3(ab+bc+ca)=3t

=> a?+b?+c?=1-2t véi t s%

Theo bt dang thirc Co-si

T?=(ab+bc+ca)?< 3(a?b?+b%c?+c%a?)

Do d6 M> t?+3t+21-2t

Xét ham s6 f(t)= t2+3t+2/1-2t trén tp D = [0;%} :

2
J1-2t
2

J@-2t)?

=>f*(t) nghich bién trén D
) zf‘(l/3)=1—31 _2.3 => f(t)ddng bién trén D

=>f(t) >f(0)=2
Vay minM =2 dat dugc khi t=0,tc 1a vaoi a,b,c khong am thoa man
a+b+c=1
ab=bc=ca
ab+bc+ca=0
< =>a,b,c 1a mot trong cac bo s (0;0;1),(0;1;0),(1;0;0)

£(t)=2t+3—

£(t)=2- <0VteD

Cau 9 . Cho cac s thuc x;y thay d6i. Tim gia tri nho nhat ctia biéu thirc:
P:\/xz+y2+2x+1+\/x2+y2—2x+1+|y—2|.

Xét cac diem M(x—1; —y) , N(x+1; y). Ta c6 OM + ON > MN
<:>\/(x—1)2 +y? +\/(x+1)2 +y? 2\/4+4y2 = P> 2\/1+7+|y—2| = f(y)

2y
TH1:y<2: f(y)=2Jl+Vy>+2-y = f'(y)= -1
y (¥)=2y1+y y () oy

>0
y @yzﬁ
3y’ =1 3

f'(y)=0=2y=41+Vy° <:>{




Lap bang bién thién f(y) = min, f(y) = f (g} =2+3

TH2: y>2: f(y)=21+y? +y-2 > 2552443
Vay P>2+43 Xy .

Ve

Do d6 MinP =2++/3 khix=0;y= ==

Céau 10. Cho x, y, z la cac s6 thuc thoa man —1-2/2 <x<-1+ 2\/§,y>0,z >0 va
X+ Yy+z=—1. Tim gia tri nho nhét ciia biéu thuc

1 1 1

= 5>+ 5>+ o
(x+y)* (x+2)° 8—-(y+2)
Taco p=— ~+ 1 -+ L == 12+ 12+ ! 5
(-1-2)° (-1-y)* 8—-(-1-x) @+y) (@+2)° 8-(1+x)
Ta s€ chirng minh =+ ! > !
@+y) (@+2)° 1+yz

1 1
+ >
(1+y)* (+2)* 1+yz
S A+y2)R+2z+2y+2° +y) > (A+zy+2+Yy)°

That vay: < A+ y)[A+2)* + @+ y)* 12 [A+ )@+ ).

< 22+ Y)A+zy) + 20+ yz) + A+ zy)(y — 2)* + 2zy(1+ y2)
>1+2zy)* +2(z+ YY)+ zy)+(z+Y)°

< Q+zy)(y-2)° +2+4yz+2y?2° —(1+yz2)* —(y-2)*—4yz>0
& yz(y—1z)% +(1-yz)? >0 (hién nhién ding).

Déu “=" xay rakhi y=z=1.

2 2 2
Ta lai ¢o yzzz\/ﬁ :yzs(yzzj :(—1;X) :(1+4x)

, 1 1 1 1 4
(0] + > > =
A+y)? (1+2)° 1+yz L 1+%)*  4+1+x)?
4

Do d

P> 4 >+ ! >
4+@Q+x)° 8—-(x+1)
DO —1-2J2 <x<-1+2/2 nén (x+1)% <[08).

Pit t= (1+x)’ = te[0;8) VA P > ——+ L
4+t 8-t
— 2 _
Xet (1) =2 +—1 voitefog). fi)m-—t 4L _ZS+72=240
4+t 8-t G+0)2 (8-1)7 (4+D)@E-1)

f'(t)=0< —3t* + 72t - 240 =0 <t = 4;t = 20(loai)




Bang bién thién

0 4
T 8
£(t) - 0 +
9
8 \
f(t) + 00 /
3
4
1+x)*=4 _ 3
Do d6 PZf(t)z§vaP:§khi y=z=1 <:>{X__
4 4 y=z=1
X+y+z=-1

Vay minP:% khi x=-3,y=z=1

Cau 11. Cho céc sb thuc duong a,b,c thdéa a + b + ¢ =3. Tinh gia tri nho nhat cta biéu
2 2 2
thitc P:a +bc+b +ca+c +ab
b+ca c+ab a+bc
L1 24 24 24
Xet—P:a bc+b ca+c ab
3 3b+3ca 3c+3ab 3a+3bc
Taco 3b+3ca=b(a+b+c)+3ca=b(a+b+c)+ca+2ca ma a®+c?>2ac
nén 3b+3ca<ab+b?>+bc+ca+a’+c?
Chtrng minh tuong ty ta c6: 3c+3ab<ac+c’+bc+ab+a’+b’
3a+3bc<a’+ab+ac+bc+c®+b?

2 2 2
a‘+bc+b°+ca+c +ab:1 e P>3

Khi o ~p> & *0C e
) 3 ab+b°+bc+ca+a”+c
Dau “="xdyrakhia=b=c=1.
Vay MinP=3khia=b=c=1.

Cau 12. Cho x, y 13 hai s6 thuc thoa man diéu kién (x+y)® +4xy > 2. Tim gia tri nho
nhét ctia biéu thic P =3(x> + y2)2 = 2(x+ y) — xy(3xy — 4) + 2015.
Véi moi s6 thuc x, y ta ludn cd (x+y)? > 4xy, nén tir diéu kién suy ra

(X+Y)P+(X+Y) 2 (X+ Yy’ +4xy 2 2= (X+ Y’ +(x+ YY) —2>20=> x+y=>1




Ta bién ddi P nhu sau P = g(xz +y?)? +§(XZ +y2)? = 2(x* + y? + 2xy) — xy(3xy — 4) + 2015

= g(x2 +y?)? +g(x4 +y)-2(x* +y?)+2015  (3)

2 2\2
Do x4+y42%

nén tir (3) suyra P> %(x2 +y?)* —2(x* +y?) + 2015

bat x> +y® =t thi tz% (do x+y=>1).

)4 \ A y . 1 7 ;. 1 A \ X
Xét ham so f(t):%t2—2t+2015 VOl tZE , CO f'(t):%t—2>0,vol t>= nén ham so

2
f(t) ddng bién trén E j Suyra min f(t)_f(lj 32233

16

te] — +00)
2

Do d6 GTNN cua P bang 32—6 dat dugc khi va chi khi x=y =

Cau 13. Cho x,y,z €[0;2] théa man x+y+z=3. Tim gi4 trj nho nhét cua biéu thic
1 1

P= + +«/ 7 +2x

X +y>+2 y2+22+2 22 +x° 4

Tach 471 +2-(< )= 122(s+ i 7 y

Nén Pg%{ t .t +xy+yz+zx+3}.

X+Y Y+Z Z+X
Taco (x+y+z)(xy+yz+zx)>9xyz

:>(x+y)(y+z)(z+x):(x+y+z)(xy+yz+zx)—xyzzg(x+y+z)(xy+yz+zx)
1 .\ 1 .\ 1 =(x+y)(y+z)+(y+z)(z+x)+(x+y)(z+x)
X+Y Y+ZI Z+X (x+Yy)(y+2)(z+x)
:(x+y+z)2+xy+yz+zx

(x+y)(y+2)(z+x)

Py (x+y+z)2+xy+yz+zx

g(x+ y+2)(Xy+yz+2x)

27 3
= + —
8(xy+yz+2x) 8

1 27
Suyra P<=
2| 8(xy +yz +2x)

bat t = xy + yz + zx.

27
XYL X+




+ Xyz

Do x,y,z6[0;2]:>(2—x)(2—y)(2—z)20<:>xy+yz+zx24 >2=>t2>2

Mat khac: xy+yz+zx£%(x+y+z)2 =3=1t<3.

Vay te[2;3]

Taco P<1[27+t+£}= f(t)
2[ 8t 8

3 .
1{ 27}:M>owe[2;3] nén ham so

Xét ham s6 f(t) voi tef0;2] taco f'(t)==|t—=

¢t ham so f (t) véi te[0;2] (1) e o0
f (t) ddng bién trén [2:3]. = f (1) < f(s):?
Do psf(t):ps%% P=% Khi x=y=z=1.

Vay gi4 tri nho nhét cia P 1 % dat duge khi x=y =z =1.

Cau 14. Cho a,b,c 1a cac sb thuc dwong. Tim gia tri nho nhat ctia biéu thirc:
_ a+3c . b 8
a+2b+c a+b+2c a+b+3c
x=a+2b+c a=—-X+5y-3z
bat<y=a+b+2c<<b=x-2y+z
z=a+b+3c C=-y+12

Do d6 ta can tim gia tri nho nhat cia
P=—x+2y+4x—8y+4z_—8y+8z=(g+ﬂj+(8_y+ﬂj_l7
X y z y X z y

P>2\/4X 2y 2\/8y 2 17212217,
y X zZy
Pang thuc xay ra khi b:(1+«/§)a,c:(4+3\/§)a

Vay GTNN cua P 1a 1272 -17.

Cau 15. Cho céc sb thuc x,y théa man (x—-4)" +(y—4)° +2xy <32. Tim gia tri nhé nhat
clia biéu thitc A=x*+y* +3(xy—1)(x+y-2).
Taco (x—4) +(y-4) +2xy <32 = (x+y) -8(x+y)<0=0< x+y<8

A=(x+ y)3—3(x+ y)—6xy+6>(x+ y)S—g(x+ y)2—3(x+ y)+6.

Xét ham sé: f (t)=t’ —gtz —3t+6 trén doan [0;8].

1+£/§ hoac t 1-V5 (loai)

Taco f'(t)=3t*-3t-3,f (t)=0ct=




Tacé f(0)=6, f (“f}:”‘fﬁ, f(8)=398. Suy ra A217‘4wg

Khi x y_1+4\/_ 17—45J§

thi ddu bang xay ra. VAy gia tri nho nhét cia Ala
Cau 16. Cho céc sb thuc duong a, b théa man a’+2b=12. Tim gia tri nhd nhét cua
biéu thire: P = i4+i4 Lz
a’ b” 8(a-h)
Tur gia thiét va bat dang thire Co6Si ta co:
a?+2b=12=a’+4+2b=16 < 4a+2b<16 = 2\4a2b <16 = 0<ab<8

, a’’(4 4 ab 5 1(a*> b*) 5 1
Do do P> —4+—4 t— == —2+—2 o
64 \a" b 8 8(a—b) 16(b* a 64 §+E_2
b a
Pit t=9+b(t>2) taco P>t~ L 1
b 16 64 t—-2 8
5 1 1
Xét ham sd f(t)——t —.———= trén (2;+x)
16 64 t—2 8
5 1 5
Taco f(t _—t—— ') =0t==
O=3 64 (t-2)’ ® 2
Bang bién thién
t 2 = oo
fF(t) 0 i
oo oo
Fit) R"‘-x__.r_r,f"#
, & _
Tt bang bién thién ta co
min f(t)—f(Sj 21
(2i40) 2) 64

Suy ra pza,déubéngxayrakhi a=2b=4

Vay P dat gi4 tri nho nhat bang % khi a=2,b=4.

Cau 17. Cho cac sb thuc duong a, b, ¢ théa man diéu kién a+b-+c=1. Tim gia tri nho

nhit ciia bidu thitc P=3(i— )(i— j(i— )
ab bc ca

bat A=p3

Ta c6: A:(i_ j(i_ j(i_ j:(l—ab)(l—bc)(l-ca)

ab bc ca (abc)2




Ap dung bat dang thirc trung binh cong va trung binh nhén c6 :

1_ab21_(a+b)2 _(2+a+b)(2-a-b) [(L+a)+(1+b)](L+c)
4 4 4
N (1+c)(1+a)(1+b)
2

(1+a)4/(1+c)(1+Db)

Tuong tu co: 1-be > 5

(1+b),/(1+c)(1+a)
2

Dodo a=3(1+ 2o

3
v (1a D) )10 L 1V,
Ma: (1+ aj(1+b](1+ CJ2(1+3aij >4

Do @6 min P =8 dat dugc khia=b=c=

l-ca=>

Cau 18. Cho ba sb thuc duong a,b,c va thoa man diéu kién a* +b? +c® =3. Tim gia
at+b® b*+c® c*+al
+ + ;
a+2b b+2c c+2a
x3+1 7
>
X+2 18 18

tri nhé nhat cua biéu thuc: S =

Trudc tién ta ching minh BDT :

(%) <> 1803 +1) = (x+ 2)(7x? +5)
< (x-1f(11x+8)>0

9

luon ding vé1 moi x>0, dau xay ra khi x=1

b.

Ap dung (*) cho x lan luot 1a

o | o

¢

a

a®+b® _7a® 5b* b*+c®_7b® 5¢* c*+a’_ 7¢* 5a°.
> + > = >+

a+2b 18 18 b+2c 18 18 c+2a 18 18

12(a? +b? +¢?)
18

N

Tur cac dang thirc trén suy ra S> =2

Vay MinS =2 khi a=b=c=1.

Cau 19. Cho x,y, z la ba s6 thuc duong thoa man: x> +y*+z° < %. Tim gia tri nho nhat

ctia biéu thirc: P=8xyz+L+i+L.
Xy yz x




1 1 1 1
Tach —+—+— 233> ditt= Yxyz >0
Xy yZ 7X X2y222 , da y
2+ 2+ 2
Ma «3/x2y222£%£i:>0<t£%

3 r 1 I 3
= P =8t +=- . Xéthamso f(t)=8t"+-=.
t t

1hcév¢¢mfﬂ):mf—§3fﬁ):o@4=d§_

Ta c6 bang:
t 0 l 5 l
2 4
[ - 0
f(t)

" \.3\

12 . iy e, , . 1
Tt bang ta ¢6 f(t) > 13 vd1 moi gia tri t thda man O<ts5

SuyraP > 13. Diu bing xay ra khi t = % hayx = y=z =~ KI: MinP = 13

1
2
Céu 20. Cho a,b,c 1a d6 dai ba canh cuia mdt tam giac théa man 2c+b=abc. Tim gia
3 4 5
+- +
b+c-a a+c-b a+b-c

tri nho nhat ca biéu thic S =

Ap dung bit dang thirc 1.1 ,X>0,y>0.

X Yy X+Yy

1 1 1 1 1 1
S= + +2 + +3 +
b+c-a a+c-b b+c—-a a+b-c a+c—-b a+b-c

suy ra Szg+£+§.
c b a

T , 1 2 R
Tur gid thi€t ta c6 —+—=a,nén g+5+§=2(l+g+§]=2(a+§j24\/§.
c b c b a c b a a

Vay gia tri nho nhat ciia S bang4+/3. Dau bang xay ra khia=b=c=+/3.

o \ . |2y=>x? \ cr y 1A o 1eR ,
Cau 21. Cho x,y e R thoa man { . Tim gi4 tri nhé nhat cua biéu thic:

y <—2x° +3x

P=x"+y*+
J (x+y)2




2
Tur gia thi€t ta cé y>0 va %£—2x2+3x303x§g va

X +y? < x4 (-2x° +3x)2 = 2x*(2x* —6x+5)
Xét ham sb f(x)= 2x2(2x2 —6X+5);X€|:O;g:l ta dugc Max f(x) =2

&

=x*+y*<2

2
2 2 (x2+y2) 2
P=(x"+y’) —2x2y2+(x+y)22(x2+y2) Yy
2
Détt=x2+y2:>P2%+% ,0<t<2

Xét ham so:
2

3_
g(t)=%+§,te(0;2], g'(t):t—tiz:tt—zz;g'(t)zo@t=s/§
, 3 6
Lap bang bién thién ta c6 MinPp = 32 khix = y = V48

Cau 22. Cho a,b,c 1a cac s6 thuc khong 4m thoa mén a? +c?? +1<3b. Tim gid tri

7 2 2
nho nhat cua biéu thtc P = L — 4 7 8 a
(a+1)" (1+2b)" (c+3)
2
'TaCéP: ! >+ 4 >+ 8 2 L > T L 2t i 2
(a+1)" (1+2b)" (c+3)" (a+1) (1+1j (c+3)
2b

- Dit d =%, khi d6 ta co: a%b?+c?b? +1<3b trd thanh a?+¢?+d? <3d

Mat khac: P = ! + ! + 8 8 + 8

(a+1)’ (dJrlJ2 (C+3)2_[a+(21+2j2 (c+3)’

2

64 256
Z p—y

2 2
(a+g+c+5j (2a+d +2c+10)

-Ma; 2a+4d+2c<a?+1+d?+4+c?+1=a’+d*+c?+6<3d+6




Suyra: 2a+d+2c<6
- Do d6: P>1nén GTNN cua P bang 1 khi a:l,c:l,b:%

Céau 23: Cho x, y la hai s6 thuc duong théa man 2x+3y <7.Tim gia tri nhd nhét cua

biéu thirc P =2xy+ y+\/5(x2 +v?) —24%/8(x+ y)— (x> +y? +3)

(2x+2+3y+3j2
2

Tacod 6(x+1)(y+1) =(2x+2)(3y+3) < <36=Xx+Yy+xy<5.

Ta co 5(x* +y?)>(2x+ y)2 = /5(x* +y?) >2x+y va

(X+y—-3)2=x"+y*+9+2xy—6x—6y >0
S 2(X+Y+Xy+3) 2 8(x+y)—(X* +y* +3)

Suy ra P>2(xy+Xx+Yy)—2432(x+y+xy +3)

bat t=x+y+xy,te(0;5], P> f(t)=2t-2432t+6

3/ 2 _
Taco f/(t)=2- 242 _pN&+6) 8<0,Vte(0;5]

3(2t+6)?  (2t+6)

= ham s6 f(t) nghich bién trén nita khoang (0;5].

Suy ra min f (t) = f (5) =10—483/2

A . . [x=2
Vay minP =10-483/2, khl{ 1
y =
CAu 24. Cho a, b, ¢ 1a cac sd thuc duong. Tim gié tri nho nhat ctia biéu thirc
1 4 1
P= = + .
4a+2b+42bc 8+a+2b+3c 4+b+2c

Tacod 2+/2bc <b+2c=

1
>
4a+2b+4+2bc 4a+4b+4c
-4 -1 -1
> +
8+a+2b+3c 4+a+b+c 4+b+2c
N -1
4(a+b+c) 4+(a+c+b)

, Patt=a+b+c, t>0

Suyra P>




, 1 1 , 1 1.,
xet HU_ZI+Z:? t>0, f(D_—ZF4K4+0pf(0—O¢3t—4.
t 0 4 + oo
f - 0 +
f
\ 1/
16
b=2c
cr ) £, N 1 . a=c=1
Suyraglatmnhonhatcuanang-E Kkhi a+b+c:b+20c>{b:2 :
a+b+c=4

Cau 25. Cho ba s6 duong x, y, z thoa man: x+y+z=1

X+y | y+Z | Z+X
Xy+z o \Jyzex o (Jzx+y

Tim gié tri nhé nhét cla: P =

Tacd X+y+z=1=>Xx+y=1-2

X+y 1-z B 1-z
J+z o fxy+l-x—-y  JL-x)1-vy)
y+z 1-x B 1-x
Jyz+x o (Jyz+l-y-z  Jl-y)1-2)
Z+X 1-y B 1-y
Joxry Noxl-x—z  J@-x(@1-2)
p_ X+Yy y+2 Z+X 1-z 1-x 1-y

Khi d6 Cyrz Jyzex ey J0-00-y) 4 JA-y)a-2) L Ja-0a-2)

ZBi/ -z 1-x 1y g,
1-x)A-y) @-y)1-2) 1-x1-2)
o1

. CX=Y
Vay MInP =3 gat duogc khi 3




11.2. Tim gi4 tri 16n nhat cia biéu thirc

Cau 1. Cho a,b,c 1a cac s6 duong va a+b+c=3. Tim gia tri 16n nhat cta biéu thirc:

_ bc L ab
J3a+bc J3b+ca Jéc+ab
Via+b+c=3tacs —C - be be E( 1,1 j
J3a+bc fa(a+b+c)+bc \/(a+b)(a+c) 2\a+b a+c
Vi theo BDT Co6-Si: 1,1 2 , ddu dang thirc xay ra<sb = ¢

a+b a+c J(a+b)(a+c)

Tuong ty —2 <Ca[L+LjVaa_b<a_b(L+Lj

J3b+ca b+a b+c J3c+ab 2 lc+a c+b
Suy ra P< bc +ca N ab+bc N ab+ca _ a+b+c:§

2(a+b) 2(c+a) 2(b+c) 2 2’

Pang thic xay ra khi vachikhia=b=c=1. Vady max P = % khia=b=c=1

Cau 2. Cho cac sb thuc duong a,b,c d6i mot khac nhau théa man 2a<c va

a b c

ab+bc =2c2. Tim gia tri 16n nhit cta biéu thirc P = :
a-b b-c c-a

Theo gia thiét: 2a<c nén Esl; ab +bc = 2¢? @—9+9=2<:>§=£—1
c 2 cc ¢ c b

vidcl nén b,4

c 2 c 3
Pt t= Sthi 0<t<>

b 4

a b

a b .
P:C+C+1:22t t, 11 2 7

a b b, a 2°-t-1 1-t 20-t) = 2t+1 6(L-1)

cC c ¢ c
Xét ham sd f (t) = -2 ' te (ﬁ}TaCé:

2t+1 6(1-t)’ 4

f'(t)>0, ‘v’te( 4} do d6 f (t)dong bién trén (O ﬂ

Do d6 GTLN cua ham sb dat tai t =%, Suy ra maxP = 2—57

a2
Dang thuc xdy ra khi {2b+bc_20 <B8a=3b=4c,
a=c

chéng han chon duoc (a,b,c)=(3,8,6).




Cau 3. Cho x,y,z 1a ba s6 duong c6 tong bang 1. Tim gié tri 1on nhat cua biéu thirc
sau: P=+y1-x+,1-y++1-z.
+ Ap dung BPDT AM-GM, ta co

1—x+E
3 2 6

+ Tuong tu, ta thu dugc

2 2 7 5-3x 5-3y 5-3
1) 2+ J1ev) 24 J1o2).2 < P
\/( X)3+\/( y)3+\/( D35 % T T e

+Suyra P<6

+ Dau bang xay ra khi x=y=z=%.

Cau 4. Cho x, y 1a cac s thuc duong thoa min xy+x+y=3. Tim gi4 trj 10n nhat cia

biéu thirc —— \ JT / -

Datt=x+y=xy=3-t; x*+y? =(x+y)2—2xy=t2—2(3—t):t2+2t—6

2
Taco xys(xzyj :>3—t£%t2<:>t22

3(x2+y2)+3(x+y)+ Xy (x4 y) =t a2 5
t

Suyra P=
Xy+X+y+1 X+Yy

Xét ham sb f(t)=—t2+t+1t—2—g Vol t>2
Taco f'(t):—2t+1—£2<0, vt>2. Suyraham sé f(t) nghich bién véi t > 2
t

=>P<f(t)<f(2)=

N | w

Vay gia tri 16n nhét ciia P bang % khi x=y=1.

Cau 5. Cho a, b, ¢ 1a ba s6 thuc duong thoa man abc = 1. Tim gia tri 16n nhét cta biéu

thirc P = L + 1 2 1
a’+2b>+3 b*+2c*+3 c*+2a°+3
, 1 1 1 1
Taco a?+b?>2ab, b’+1>2b = = <=
a?+2b>+3 a*+b*+b’+1+2 2 ab+b+1

L1 t 1 1
b?+2c2+3 2 bc+c+1 c®+2a°+3 2 ca+a+l

Tuong tu




1 1 1 1 1 1 ab b 1
P<— + + =— + + =—
2\ab+b+1 bc+c+1 ca+a+l 2\ab+b+1 b+l1+ab 1+ab+b 2

P=%khia=b=c=1.Védeatgiétrilé‘nnhétbﬁng % khia=b=c=1

Cau 6. Cho cac sb thuc duong x, y, z théa méan: E—|rz+ﬁ=1.Tim gia tri 16n nhat
X y z
cua biéu thic: A= 1 1 1
1-x 1 y 1 z
Pit a= ‘/yz / ‘/xy Tacd:a, b, c>0vy a®+b?*+c?=1. Taco:
ca ab
. Ta co:
1bclca1ab 1bclcalab
(b+c) ,
2 2
e _ 4 1 (b+c) b o
1-bc 1_b2+c2 2b%>+a’+c’+a’> 2\b?+a? c?+a’
2
ca 1 c? a’ ab 1( a? b?
Tuong tu co: <= + \Y; <= +
gt 1-ca 2£c2+b2 a2+b2J ul—ab 2£a2+c2 b? +c?

T do: A £3+§:%D§ub§ngxéyrakhi x=y=z=1/3.

Cau 7. Cho a,b,cla cac s6 thuc duong va a+b+c=3. Tim gia tri 16n nhat cta biéu

thire P = 2 +# ahc

3+ab+bc+ca | (1+a)(1+b)(1+c)
Ap dung Bat ding thirc: (x+y+2)2>3(xy + yz+2X), Vx,y,zeR ta co:
(ab+bc+ca)’ >3abc(a+b+c)=9abc>0 = ab+bc+ca>3yabc
Ta cod: (1+a)@+b)(1+c) > (1+3/abc)?,va,b,c>0. That vay:
(1+a)(1+b)(1+c)=1+(a+b+c)+(ab+bc+ca) +abe > 1+ 33/abc +33(abc)? +abe = (1+3/abc)’

o 2 $fabc
Khido: P e " ovas 0 L

3
bat Yabc =t;via, b,c>0nén 0<abc£(a+t3)+cj =1

2t (t-1)(t°-1) g
(1+t ) (l+t2)2

2 t?

Xét ham sd Q = + 1
Q 3(1+t%) 1+t

e(01] =>Q'(t) = >0,Vte(0;1].




Do d6 ham sb ddng bién trén (0;1] = Q =Q(t) < Q(1)=% (2). Tir (1) va (2): P s%.

Vay maxP = % dat dugc khi va va chikhi: a=b=c=1.

Cau 8. Cho ba sd thyc khong 4m a, b, ¢ thoa man: a?%% + 200 + ¢2099 = 3 Tim gi4 trj
16n nhat cia biéu thirc: P = a* + b* + ¢*.
Ap dung bat dang thirc Co-si cho 2005 so 1 va 4 s6 a2 ta cd:

1+1+.. . +1+ a2009 + a2009 + a2009 + a2009 > 2009 ZOQ\/aZOOQ 2009 a2009 2009 2009 a (1)
2005

Tuong tu: 1+1+..+1+b2® 4+b?® 4+ h2® 4 h2% > 2009 2% h2% K20 K20 _ 2009 b* (2)

2005

1+1+ ... +1+ C2009 C2009 + C2009 + C2009 > 2009. ZOO\/CZOOQ 2009 C2009 2009 =2009. C (3)
2005

Tu (1), (2), (3) ta dugc: 6015+ 4(a™” +b*™ +c*®) >2009(a* +b* +c*)
<> 6027 >2009(a* +b* +c*). Tir dé suy ra P=a* +b* +c* <3
Mait khac taia=b=c =1 thi P =3 nén gié tr1 16n nhét cia P = 3.

Cau 9. Cho céc so thuc duong z, y, z thoa man 5(z% + > + 2°) = Nzy + 2yz + 2z).

) 4 b r ”\ 2 b /‘1 4 1
Tim gia tri 1on nhat cua biéu thue P = — ° > — —
v +22 (z+y+2)

Theo gia thiét ta c6
5(2° + " +2°) = Ywy + 2yz + 21) < 5(x +y + 2)° = Yy + 22 + 2x) + 10(zy + yz + 27)
< Bz +y+2)° =192(y + 2) + 28yz < 19x(y + 2) + T(y + 2)°

<:>5( L +1j£ 192 +7 o —2 <2 <2y +2)
y+z y+z y+z

Miatkhactaco (y+2)° <2(y° +2°) < ' +2° > =(y + 2)°

N | —

2y +2) 1 _ 4 1
1 2 (2y+2)+y+ z)s y+z 20(y+z)
5(3/ + 2) Yy Yy

Vivay P <

2
Détt:y+z>0:>Psé— 1,:—(6t 1)(ZtJr1)+16£16
t 27t 27t°

1
Vay minP =16; dau bﬁng dattai {y =~ = 3




X+y+1

3xy
16n nhét ciia biéu thire: M=—>x 3 1 1 1
y(x+1) x(y+1) x+y x° vy

Tir gia thiét ta suy ra In(x+y+1)+3(x+y+1) = In(3xy) +3.3xy. Xét ham s6 g(t) =Int+3t

Cau 10. Cho céc sb thuc duong x,y théa man 3+In =9xy —3x—3y. Tim gia tri

trén (0:+o), ta co g‘(t)=%+3>0 v6i vt>0, suy ra g(t) dong bién trén (0;+w), tir d6

g(x+y+1) =g@Bxy) = x+y+1=3xy (*)
Theo (*) ta ¢ 3xy —1=x+y>2/xy . Pat t=xy =3t -2t -1>0=>t>1.

3x 3y  3X(y+D)+3y° (x+1) _ 36t* - 27t +3 )
y(x+1) x(y+1)  xy(xy+Xx+y+1) 4t?

1 1 x+y*  (3t-1°-2t -36t°+32t—4 3)

_F_?_ x2y? t? B 4t*
1
X+ Yy 2\/_

5'[1

1

l\)lH

Theo C9 si <— (4). Tur (2), 3), () taco M < 54t

Xét ham sb f(t) =

2 4
fi(t)= >4t léi _l)8t = 24_35 Lot >1, suy ra f(t) nghich bién trén [1;+x), bdi vay

M = max £ (t) = £ (1) = —<:>t_1<:>x y=1.

Cau 11. Cho ba sb thuc khong 4m z,y, z. Tim gia trj 16n nht cua biéu thic
4 4 5)

1P = _ — .
\/x2 +yP+2+4 (z+ y)\/(x +22)(y+22) (y+ z)\/(y +27)(2 + 27)

Véi moi s6 thuc khdng am x, y, z Ta co:

\/(:L' +22)(y+22) < w = (z+ y)\/(:zr +22)(y+22) < (z+y)

T+y+4z
2
x+y+4z_x2+y2+2xy+4yz+4zx

2 2
Vi 22y < 2® + 4% dyz <2(y° + 2°); dox <2(2° + 2°)

Mat khac ta co: (z +y) <2z’ + 1y +2°)(1)

y+z+4x

Tuong tuta co (y + z)\/(y +2z)(z +2z) < (y+2) <22* + 9P +2°) (2)

4 4 5
Tu(l)va(2)tasuyra P< -
Wva (@) Y \/x +yf + 27 +4 2(x2+y2+z2) 22" +y* +27)




4 9

Hay P < ——— .Détt:\/x2+y2+z2+4,t>2
\/x2+y2+z2+4 22" +y +27)
Khido P<2-— 2 Xéthamsd foy=2-—2 159
t 27 —4 t 2" -4
4 t — (4t + T8 — 4t —
P =t O (o0 TE4o16)

t (t° —4) 2t -4y
(dot>2nén 48 + 7> —4t —16 = 4(t* —4) + (Tt —4) > 0
Lap bang bién thién cua ham sé f(t). Dua vao bang bién thién ta co

Ma$P:§khix=y=z=2

Cau 12. Cho x>0 va y>0 thoa diéu kién x+y = 2. Tim gia tri 16n nhat ctia biéu

thic P =xy+
Xy +1

2
Tacod ngyg(xzyj =1

Pit t = xy, diéu kién 0<t<1
1 t(t+2)
(t+1)? (t+1)?

P=t+i:>P’ =1-
t+1

Vay GTLN P:% Khi x=1: y =1

Cau 13. Cho cac sb thuc duong X, y thoa méan diéu kién: xy+1<y. Tim gia tri 16n nhat
X+Yy N 2y —X
X —xy+3y? B(x+Yy)

cua biéu thuc: P =

2

2
Do x>0,y>0,xy<y-1 nén 0<X< y_lzl_%:l_[l_lJ <
y |y y y 4

Pitt=X—0<t<t Khido p=_*t =2 _ t+1 1, 1

- = -——+ .
y 4 Jt2—t+3 6t+6 Jt2_t+3 6 2(t+1)

7% 1
2"

Tacd P'(t) =




Vi 0<t£%:>t2—t+3:t(t—l)+3<3;7—3t>6;t+1>1, do d6

7-3t 7-3t_ 1 1 1 1 1

—————>——=>P'{t)>—=-=>0.
o a) B B 2y 2 VTR 2
A A X " 1 1 \/g 7
Vay P(t) dong bién t 0;=|[,suyra P(t)<P| = |=—+—.
ay P(t) dong bien ren( 4} y (t) (4} 3+30

Khi x:l;y:2 thita co P=£+l:>MaxP=£+l<:>x=l;y=2.
2 3 30 3 30 2

Cau 14. Cho a, b, ¢ 12 cac sb thuc khong 4m thoa mén 8(a? +b?+c?)=3(a+b+c)?.
Tim gia tri 16n nhat ctia biéu thirc P = a(1 — a%) + b(1 — b®) + c.
+) Tir gia thiét ta co: 5¢2 — 6 (a+b)c + (a+h)? <0 < %(a+b) <c<a+b.

+) Taco a4+b42%(a+b)4Va,b =>P 32(a+b)—%(a+b)4

4 3

+) Xét f(t)=2t—% (t>0), f'(t):Z—%; f)=0et=32
+) BBT:...
t 0 Ya
+00
(1) + 0 -
33
f() / Tﬁ\
3
3 o34
+) MaxPz%a a=b= 2 .
c=34
Cau 15. Cho 3 sb thuc khéng am x, y, z thoa x2 + y2 + 22 = 3,
Tim gid tri 16n nhét ctia biéu thire M = xy + yz + zx + x+§+ .
Diat t=x+y+zDK t> 0
2
> xy+yz+zx = -3
2 2 2 2 2 2
Taco 0<xy<> Y 0<xe< X2 0<zy< 2y




Suyra 0<xy+yz+zx<x*+y?+2z°

2_
>o0< 3.3 5 J3<t<3

2_
Taco M=t 3

5
+_
t
t°-3 5

Xét ham sb f(t) = +2 V6 J3<t<3

(1) = t3;5 >0; J/3<t<3
t
f(3)=5//3 ; f(3)=14/3
Vay Max f(t) = 14/3 véi J3<t<3
Dau “=" xay ra khi x=y=z=1
Vay Max A = 14/3 khi x=y=z =1 .

Cau 16. Cho x, y, z 1a ba s duong théa mén:
2 N 2
3x+2y+z+1 3x+2z+y+1
2(x+3)° +y* +2°-16 ‘
2x° +y? +7°

=(X+y)(x+2).

Tim gi4 tri 16n nhat cia biéu thirc: P=

(x+y+x+z)2 _(2)(+y+z)2

Ta co: <
acCol (x+y)(x+2z)< 2 2

2( 1 . 1 JZ 8
3x+2y+z+1 3x+2z+y+1l) 32x+y+z)+2
8 <(2x+y+z)2

3(2x+y+z2)+2 4

2

<l e (1-2)312 +8t+16)>0
3t+2 4

St22=2x+y+z22>2

Tir gia thiét suy ra:

bat 2x+y+z=t(t>0)=

Ma: 4<(2x+y+z)’ <2+ +1)X°+y°* +2°) & X" +y° +72° 2%-

2,2, .2
Ta co: P=2X +y2+22+122X+2=1+ : 122X+§ :
2X“ 4y +z X“+X +y“ +z
S:L+12x+22::I_Jr36)2(+6
X2+f 3x“+2
3

36x+6

3x2+2

vol x > 0.

Xét ham sb: f(x)=1+




36(3x” 2) e
L e~ X" +X— Vo
Taco: f'(x)= i f'x)=0< 2 :f(Z}lo

Bang bién thién:

<
+

o
I

Suy ra: f(x)<10= P <10.
1

. 2
xay ra khi: x==,y=z==-
y X=3y=2=7

Cau 17. Cho x,y, z 1a cac sd thuc thudc doan [0;1]. Tim gia tri lon nhét cuia biéu thuc

e

Vay gia tri 16n nhat ctia P 1a 10. Dau

P=20x3+y3+2%) - (X°y+ Y’z +2°X)

bat f(X)=2x*—yx® —z°x+2(y* + z®) - y’z.Ta co:

f'(X)=6x*-2yx-1z% f'(X):O<:>Xz)q:%(y—q/y2+622);X:X2=%(y+\/y2+6zz)Nhe§n
xét: x, ¢(0;1), lap bang bién thién ta thiy khi x, e (0;1) hay x, & (0;1) thi

)I(\él[% f (x) = Max { f (0); f (1)} .

Ma f(0)=2(y’+2°)-y*z<2(y’* +2°) - y’z+(2-y-2°) = T (1)

= f(X)<f@=2y’-zy*y+2°-72°+2 (1)

Lai dat g(y)=2y®-zy*-y+22°-72°+2,

. : 1 1
g(y)=6y’-2zy-1,g(y)=0< y=y1=g(z—\/zz+6);y=yz=g(2+422+6)
Nhan xét tuong tu suy ra NES%J g(y) =Max{g(0);g@®)}.

yelO;
Laicod g(0)=2z°+2-2*<22*+2-2*+(1-2)=g(). Suyra

g(Y)<gW=22+2-2+(1-2)=22-2"-2+3 (2)
Cubi cung dat h(z) =2z°-z*-z+3 véi z€[0;1], h'(z) =62°-2z-1.

h(z2)=0<2 = l_gﬁ 1z, = 1+(;ﬁ . Lap bang bién thién suy ra: ZI\é/{Ig)ﬁ h(z)=h@®)=3 (3)

Déu bang xay ra & (1), (2), (3) khi x =y =z = 1. Vay gi4 tri 16n nhat caa P 13 3 dat
dugc khix=y=z=1.




11.3. Tim GTNN, GTLN caa biéu thirc

Cau 1. Tim gia tri nho nhat, gia tri 16n nhat ctia ham s
f(X) = V5X° —8X +32 — /=32 + 24X ++/3x° —12x +16

Ta co TXD: D=[0;8]

bat : g(x) =/5x* —8x+32,h(x) = /3x* —12x+16

Ta dé dang xé4c dinh dugc vx [0;8], thi

6=0(2) < g(x) < g(8) =122, 2=h(2) <h(x) <h(8) =47

5 —0
va -3x*+24x >0 (v-3x*+24x = Oc{

X= 8

_ 2
Do d6 f(x)= 8x-2) ++/3x* —12x+16 > 0+h(x) =2 ¥ x [0;8] .
J5x2 —8X 432 ++/—3x2 + 24x

Pang thic xay khi va chi khi x =2 = min f(x)=2 khi x=2.

Taco

f(X) = V5X% —8X +32 ——3% + 24x +/3x* —12x +16 < g(x) + h(X) <122 + 47 ¥V x €[0;8].
Pang thuc xay khi va chi khi x =8 = max f(x) =124/2 +44/7 khi x=8.

Vay min f(x) =2 khi X=2va max f(x) =12+/2 +4+/7 khi x=8.

. : 2 X
Cau 2. Cho x, y la céc sb thuc théa min (x2 +y? +1) +3x2y2 +1=4x2 +5y2 . Tim GTLN

2
va GTNN cua biéu thirc P_X +§y ~3x2y?
X +y +1

* TUr gia thiét ta co: (X2+y2)2—3(x2+y )+2=—x2—3X2y2

. 2
* Ma —x2 —3x2y2 <0:>(x2+y2) —3(x2+y2)+2£0;

*Pat t=x2+y2 =12 -3t+2<0e1<t<2.

*Ta duoc
2
e \int i i Uit e ke O s e Y 2]
= = = ,Le :
X2 +y2 +1 X2 +y2 +1 X2 +y2 +1 t+1
m_inf(t):f(l):l min P =1,khi =0
2 t42 12 R y=i1
o Xét ham sd f(t)_ T te[L2]= 4= o
o TO=T@ =5 |macp=2 nil*"
[ } R 3 y=+2

Cau 3: Cho x,y 1a 2 s6 thuc thoa man x“+16y“+(2xy+1)2 =2. Tim gi4 tri 16n nhat
va gia tri nho nhat ciia biéu thic sau : P=x(x*+3)+2y(4y’+3)




Theo dé bai : (1)< [xz +(2y)2} = (1—2xy)2 = x° +(2y)2 =1-2xy < (x+ 2y)2 =1+2xy

(x+ 2y)2
4

:>(x+2y)231+ :>(x+2y)zsg

(vitr (1) =2>x*+16y* > 2,/16x"y* :>xy£%:>l—2xy20)

2

bat t=x+2y : 2xy =t*-1: |t|££ ; P=f(t)=t3—3(t2—1)t+3t=—2t3+6t:|t|si

V3
MaxP = Maxf (t) =f (1) = 4(t =1khi(x,y) = [0%) hay (x,y)=(1,0))

MinP = Minf (t) =f (1) = -4 (t = -1khi(x,y) = (O,—%) hay(x,y)=(-10))

Cau 4. Cho ba sd thuc x,y,z thoa man: x?+y?+z% < 2x—4y—1. Tim gia tri 16n nhat
va gia tri nho nhat cta biéu thirc T =2(x+2)-V.
x2+y2+zzS2x—4y—1<:>(x—1)2+(y+2)2+2234 (1)

Trong khong gian v&i hé toa do Oxyz . Xét mit cau:

(S):(x—1)2+(y+2)2 +2z°=4.Cotam 1(3;-2;0),ban kinh R=2.

Xétmp (a):2x—y+2z-T =0

G/s M (x;y;z). Tir (1) c6 diémM nam bén trong (S)va ké ca trén mét cau (S)
=d(l,(a))<R @@gzc—zg <10

e VéiT=-2thi M la giao diém ciia mp(): 2x—y+22+2=0
Va duong thang A diqua | va 1(B).

x=1+2t
Aqy=-2-t =M _l;_f;_ﬂ
3 3 3
=2t
V61 T =10. Tuong tu M(Z;—g;ﬂj
3 33
7
x=-1 3
Véay minT =-2 khi 3 . maxT =10 khi J, __8
3
=7 =——
y 3 4
7=—
3




11.4. Chirng minh bat dang thirc

Cau 1. Cho a,b,c 1a ba s6 thuc duong. Chimg minh ring:

a’+1 b?*+1 c¢*+1_ 1 1 1
—r————— + +
4h 4c 4a a+b b+c c+a

Ta co:

VT - a2+1 . b2+1 N c2+1
4h*  4b? Ac®  Ac? 4a®  4a?

>a+b+C:1(i£+£
~2b® 2¢? 2a® 2\b* ¢* a’
Mat khac: %+—22; %+122; £2+123
b a b cc b ¢ a~ ¢ a
Cong theo vé cac BDT trén ta dugc: %+£2+ % > 1+1+1
b ¢ a° a b c

Suy ra:

VT 21 1+l+1 :1 £+1 + l+l + 1+£

2\a b c¢c) 4{la b b c cC a
21 4 + 4 + 4 = 1 + L + L =VP
4/ a+b b+c c+a a+b b+c c+a

Piang thirc xay ra khi va chi khi: a=b=c=1

Cau 2.Cho a>0, b>0, ¢ > 0. Chtrng minh rang
\/a2+i2+\/b2+i2+\/c2+i2 > 3./2.
b C a

Trong mit phing toa do Oxy ta chon ﬁ(a;%), Q(blj ;(Clj :
C a

Tur bat déng thire ‘G‘+‘\7‘+‘@‘2‘ﬁ+\7+\7v" suy ra
2
\/a2+i2+\/b2+i2+\/cz+i22\/(a+b+c)2+(£+l+i)
b C a a b c

2

1 1 1) / 111

Bl e i 6s/abc———

(a+b+c+a+b+cj [ 2Dhc

> > 32,

2 2
Dau bang xay ra khi va chi khi a=b=c=1.




Cau 3. Cho a,b,c 13 ba s6 thuc duong thoa man diéu kién ab +bc +ca = 3. Chimg minh
S 1 1 1 1
rang: . +—— +— <—.
l1+a“(b+c) 1+b°(c+a) 1l+c°(a+b) abc

Ap dung BDT Cauchy cho 3 s6 duong ta c6: 3=ab+bc+ca>3%(abc)* = abc <1.

Suy ra: 1+a2(b+c)2abc+a2(b+c):a(ab+bc+ca):3a:>; —()
1+a’(b+c) 3a

1 1
1+b2(c+a)35(2) 1+c%(a+b) 5()

Cong (1), (2) va (3) theo vé véi vé ta co:
1 1 1 11 1 1 ab+bc+ca 1
2 + 2 + 2 <zEF-+0)= - =
1+a“(b+c) 1+b°(c+a) 1l+c°(a+b) 3 c b c 3abc abc

DA4u “=” xay ra khi va chi khi abc=1,ab+bc+ca=3=a=b=c=1 (a,b,c>0).

Tuong tu ta co:

Cau 4. Cho x, y, z 1a ba s thyc tiy y théa min x +y + z = 3.

, . S r: Ao .1 1 1 _ X z
Chtrng minh rang véi Va>1 ta ludn co : —+—+—Z>—X+l+—z.
a* a’ a* a* a' a

* Via=1tathay BDT dung .
* Ta xét khi a> 1.
t
Ham s6 y= yziz(éj nghich bién véi vteR, khia> 1.
Khi do ta c6
Tacod: (x-y)(-1)<0, wxyer Suyra X+Y <X Y ()
a.x ay ax ay ay aX

Chutmng minh twong tuy 2+ 2 <24+ (2 2iX XL 3
& g'ayaz ayaz() a’ a* a’ X()

y+z+z+x+x+y 4)

Cong vé véi vé (1) ,(2) vu (3) ta dugc 2(a_xx+ )< e

A A o 1t A ) X
Cong 2 vé cua (4) voi bi€u thuc — + ly +— ta dugc
a* a’ a

Z, X+Yy+Z X+Y+Z X+y+z
(—+l+—z)£ yrz x+y+z x+y
a’ a

S _(x+y+z)(—+i+—)
a’ a a

ay

X z

Suyra ~+ 1 +iz>i+ y
a’ a a a’

+— (dox+y+z=3)

Ding thirc xay ra khi va chi khi x =y =z= 1. (dpcm)




Cau 5. Cho a,b,c la cac s6 duong thoa man a + b + ¢ = 1. Ching minh rang:

a+b b+c c+a
+ + >3
Jab+c Jbe+a ea+b
*Bién doi 2 - _1¢ _____1°¢
ab+c ab+1-b-a —-a)1-
Jab Jab+1-b Jd-a)(1-b)
l1-c 1-b l-a

*Tw do VT =

+ +
Jl-a)1-b) Jl-c)l-a) /(l-c)l-b)
Do a,b,c duong va a+b+c=1 nén a,b,c thuoc khoang (0;1) => 1-a,1-b,1-c duong
*4p dung bt dang thirc Cosi cho ba sb duong ta dugc

l-¢ 1-b l-a
VT > =3 (d
\/\/(1 a)1-b) Jl-c)l-a) JL-c)1-b) (dpem)

Ping thirc xdy ra khi va chi khi a=b=c = % .

CAau 6. Cho 3 sb duong x, y, z thda min xy + yz + zx = 3xyz.

4 b :4 3
Chung minh rang : il + e + = <-—
& S Xy +x’z+y’z YR+ ryx+2%x 2+ 2%y +xty 4
Taco:xy+yz+zx =3xyz PRI
X Yy z
V6ix>0;y>0;z>0taco x>+ Yy >xy(x +y); L <4(— —) X2 +y? > 2xy
X+y 4
Xy < Xy ot 1
3 3 2 2, — 2 2 - 2 2
XC+y Xz +y°z xy(X+Y)+(X*+y)z 4 [ xy(x+Yy) (X" +y®)z

Xy 1 1 Xy 1 1 1
= <= + <= +—
X +y+xPz+y’z A (x+y) (X +yi)z] 4l(x+y) 2z

1/1(1 1 1 1(1 1
)2
414\ x y) 2z| 16{x y) 8z

Chimng minh tuong tu :

yz <i[l+lj L@

v +Z2+y*x+2z°x 16\y z
zZX 1(1 1
3,43, 52 2 S__Q_ _] ay ()
Z2+x°+z°y+xy 16
Cong (1) ; (2); (3) theo vé ta du’qc dpcm
Ping thirc xay rakhix =y=2z=1




Céu 7. Cho a, b, ¢ 1a do dai 3 canh ctia mot tam giac. Chirng minh réng:

a a 2a b c

+ + + + <2.
3a+b 3a+c 2a+b+c 3a+c 3a+b

+) Via, b, ¢ 1a 3 canh cia mét tam gidc nén ta c6: a+b>c;b+c>a;c+a>b.

+) bat X=a;b;y=c_|2_a;2=a(x,y,z>0). Taco: x+y>z,y+z>Xz2+X>Y.

-|-=a+c+a+b+ 2a XX N 2y N 21 X Ly oz (1)
3a+b 3a+c 2a+b+c 2y+2z 2z+2X 2X+2y Y+Z Z4+X X+Y

Laico: x+y>zo z2(x+y+2)<2z(x+Yy) = 2z .z
X+y+2 X+
CM tuong ty ta cd: —X— < 2 @)L < 2y A).

Y+Z X+Y+Z Z4X X+Y+1Z

T (1),2)va(3)taco X, Y 2 2XF2y+22_, — (dpcm).
Yy+2 Z4+X X+Y X+y+2

Cau 8. Cho cac sb thuc duong a,b,c. Chimg minh rang:

6(a+b+c
2a . 3b L€ < ( )
a+2 b+3 ¢+l a+b+c+6
Bat dang thirc tuong duong voi

(a+2 2(1] (b+3 BbJ (chl cj a+b+c+6 6(‘1"‘[)"‘0)
- + - -+ - > —

4 a+2 4 b+3 4 c+1) 4 a+b+c+6

(a-2) ) (b-3) ) (c-1) ] (a+b+c—6)
4(a+2) 4(b+3) 4(c+1)_4(a+b+c+6)

@(a—2)2+(b—3)2+(c—1)2Z(a+b+c—6)2 (2)
a+2 b+3 c+1 a+b+c+6
Ap dung bat dang thirc Cauchy — Schwarz ta c6

[(a_2)+<b—3)+(0—1)] _(a+b+c—6)2:vp(2)

(a+2)+(b+3)+(c+1) " a+b+c+6

=

VT(2) >
Dau bang xay ra khi va chi khi a = 2;b = 3;c = 1.

Vay bat dang thirc (2) diing. Do d6 bat dang thirc (1) dugc chimg minh.

Cau 9. Cho a, b, ¢ 1a ba sb thudc doan [0; 1]. Chltng minh:
a b C
+ +
b+c+1 a+c+1 a+b+1

+(@1-a)l-b)l-c)<1




Do vai tro a, b, ¢ nhu nhau nén gia stra < b < ¢, khi d6:
batS=a+b+c+1=b+c+1=S-a>S-c
a+c+1l=>S-c;
atb+1>S-c.
Taco(1l-a)l-b)(1+a+h) <1 O
<=>(l-a—-b+ab)(1l+a+b)-1<0
<=>-a’-b?-ab+ah+ab?<0
<=>b(a+b)(a—1)—-a®< 0diungdoa,b <[0; 1]. Vay (*) dung.
Ma(*)<=>(1-a)(@d-b)(S-¢)<1

1 1-c
<=> — — <=> _ _ _ - =
(1-3a) b)ss_C (1-a)1-h)@ c)ss_C
Do do:
a b C
1-a)1-b)A-
b+c+1+a+c+1+a+b+1+( a) )a-0)
a b L +1—(:<S—c::1 dpem.

< + <
S-¢c S-¢c S-¢c S-c¢c S-c






