CHUONG I. UNG DUNG PAO HAM PE KHAO SAT VA VE PO THI HAM SO
BAI 1. TINH PON PIEU CUA HAM SO
A. KIEN THU'C CO BAN CAN NAM

1. Pinh nghia
Cho ham sd f xac dinh trén khoang (doan hodc nira khoang) X .

* Ham s§ f goi 1a dong bién (tang) trén K néu Vx,x, e K; x, <x,= f(xl) < f(xz).
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Ham s6 déng bién
Nhan xét:
-Hamsb f(x) dong bién trén K thi dd thi ham s 1a duong di 1én tir trai sang phai, biéu dién trong bang
bién thién 13 ddu miii tén hudng 1én tir trai sang phai.

* Hamsd f goi 1a nghich bién (gidm) trén K néu Vx,,x, € K;x, <x, = f(x,)> f(x,)
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Ham sé6 nghich bién
Nhén xét:
Ham sé f (x) nghich bién trén K thi d0 thi ham s 1a duong di xudng tir tréi sang phai, biéu dién trong
bang bién thién 1a diu mili tén hudng xudng tir trai sang phai.
2. Pinh ly
Pinh li thuin
Gia sir ham s& f c6 dao ham trén khoang K .

Néu f’(x)>0,Vxe K thi ham s6 dong bién trén khodng K .

Néu f'(x)<0,¥xeK thi ham s6 nghich bién trén khoang X .




Néu f’(x)=0,Vxe K thi ham s6 khong doi trén khoang X .
Pinh li dio

Gia sir ham s& f c6 dao ham trén khoang K .

Néu ham s f dong bién trén khodng K thi f'(x)20,Vxe K.
Néu ham sé f nghich bién trén khoang K thi f'(x)<0,VxeK.

B. PHAN DANG VA PHUONG PHAP GIAI BAI TAP

Dang 1. Tim c4c khoing don di¢u ciia ham s6 cho béi cong thire y = f(x)

1. Phuwong phap giai
Thuc hién cac budce nhu sau:

Buwdc 1. Tim tap xac dinh D.
Buwgc 2. Tinh dao ham ' = f'(x) .
Buége 3. Tim cac gia tri x ma f'(x)=0 hodc nhiing gi4 tri lam cho f'(x) khong xéc dinh.
Budc 4. Lap bang bién thién hodc xét du truc tiép dao ham.
Budc 5. Két luan tinh don diéu ciia ham sé y = f'(x) (chon dap 4n).
2. Bai tap
Bai tap 1. Cho ham's6 f(x)=(1-x*)" . Khing dinh nio sau déy 1a ding?
A. Ham s6 dong bién trén R .
B. Ham s6 dong bién trén (—o0;0).
C. Ham sb nghich bién trén (—00;0).
D. Ham s6 nghich bién trén R .
Huéng din gidi
Chon B.
Tap xac dinh D=R.

Dao ham /"(x)=2019.(1-x*)"".(1-2*) =2019.(1-2*)""

.(—2x)

Vi 2019.(1 -x° )2018 >0, Vx €R nén ddu cua dao ham cung diu véi (—x).

Ta c6 bang bién thién




X — -1 0 1 +0
f I:X ) + 0 + 0 — 0 —
flx) 1
) / \ :
— ‘/_’__,_,r) \—\_\-\_\‘i —r

Vay ham s6 dong bién trén (—o0;0).
Chi y: Ddu hiéu mé réng khi két lugn khoang dong bién (—;0).
Bai tdp 2. Cho ham s& f(x)=x"+x"+8x+cosx. V6i hai sb thuc a,b sao cho a<b. Khang dinh nao

sau day la dung?

A. f(a)=f(b). B. f(a)> f(b).
C. f(a)< f(b). D. f(a)= f(b).
Huéng din gidi
Chon C.

Tap x4c dinh D=R.
Taco f'(x)=3x +2x+8—sinx:(3x2 +2x+1)+(7—sinx) >0,VxeR
Suyra f(x) dongbién trén R. Do dd a<b= f(a)< f(b) .
Bai tip 3. Ham s y =[x — 2x - 3| ddng bién trén khoang nao duoi day?
A.(—o03—1). B.(-1;3). C.(1;+0). D. (3;+0).
Huwéng dén gidgi
Chon D.
Tap xdc dinh D=R.

— 2 _ _
Tac(')y:‘xz_zx_:;‘:\/m:y':(zx 2)(X 2x 3)

(x2 —-2x —3)2

Y =0&2x-2=0< x=1; y' khong xac dinh néu x=—-1;x=3.

Ta c6 bang bién thién

y - + 0 - +

+x\0/4\0/+x

Ham s6 dong bién trén khoang (~1;1) va (3;+%).




Chuy:-Vi |f(x)| = f (x) nén cé thé xét tinh don diéu ciia ham sé y =/ f* (x) dé suy ra két qua.

() ()

- Pao ham y' = -
/(%)

Dang 2. Xét tinh don di¢u ciia ham s6 y = f(x) khi cho ham s6 y = f"(x)

1. Phwong phap giai

Thuc hién theo ba budc nhu sau:

Buére 1. Tim céc gid tri x ma f'(x)=0 hodc nhing gié trj lam cho f"(x) khong xéac dinh.

Buwoc 2. Lap bang bién thién hodc xét dau truc tiép dao ham.

Buéce 3. Két luan tinh don diéu cia ham sé y = f(x) (chon dap 4n).

2. Bai tap

Bai tip 1: Cho ham s0 y = f(x) c6 dao ham trén R 1a f'(x)=x’(x—1). Ham s6 da cho dong bién trén

khoang
A. (l;+oo). B. (—oo;O);(l;+oo). C. (0;1). D. (—oo;l).
Huwéng din gidi
Chon A.
Ta c6 f'(x)zo@xz(x—1)=o©[zz?
Ta c6 bang xét dau
X —0 0 1 +00
f’(x) - 0 - 0 +

Vay ham s6 dong bién trén khodng (1;+0).
Bai tap 2. Cho ham s6 f(x) c6 dao ham f'(x)=(x+1)"(x~1)’(2~x). Ham s§ y= f(x) dong bién
trén khoang nao, trong cac khoang dudi day?
A. (-L1). B. (1;2). C. (~o0;-1). D. (2;+).
Huwéng dén gidi
Chon B.

r ’ x=2
Ta co f(x)zO@[x:il

Béng xét ddu

X —0 -1 1 2 +00




f'(x) - 0 — 0 + 0 -

Hamsd f(x) dong bién trén khoang (1;2).

Bai tap 3. Cho ham s6 y = f'(x) x4c dinh trén khodng (0;3) c6 tinh chat
7/(x)20,¥xe(0:3) va f'(x)=0, Vxe(1;2).

Tim khang dinh dtng trong cac khing dinh sau.

A.Hamsb f(x) dong bién trén khoang (0;2).
B. Ham sé £ (x) khong déi trén khoang (1;2).

(x) )

C.Hamsb f(x) dong bién trén khoang (1;3)
D. Ham s f(x) dong bién trén khoang (0;3).
Huwéng din gidi

Chon B.
Vi f'(x)=0, Vxe(L;2) nén f(x) la ham hing trén khoang (1;2).
Trén céc khoang (0;2),(1;3),(0;3) ham sé y = f(x) théa f(x)>0 nhung f'(x)=0, Vxe(L;2) nén
f(x) khong dong bién trén céc khoang nay.

2. Bai tap:

Dang 3: Tim tham s0 dé ham s6 don diéu trén tip xac dinh

1. Phuwong phap giai

* P6i v6i ham s6 y = ax® 4+ bx* +cx +d ta thyuc hién theo cac budc sau
Bude 1. Tinh ' =3ax® +2bx+c¢ (1).

Buwére 2. Xét hai truong hop

Trwong hop 1: a =0, thay truc tiép vao (1) dé xét.

Truong hop 2: a#0,tinh A'=b"—3ac.

a<0

Ham s6 nghich bién trén R
am s0 nghich bi€n trén <:>{A’:bz—3acS0

a>0

Ham sé dong bién trén R < {A’ — b2 -3a0c<0

Bude 3. Két luan (chon dap an).

Lo et Z ax + cn , ,
*Poi voi hamso y = ta thuc hién theo cac budc sau

cx+d

Buoc 1. Tap xac dinh D =R\ {—i}
c




Buwdéc 2. Tinh y' = ad;bcz

(cx +d )

Ham sb dong bién trén cac khoang xac dinh < ad —be >0

Ham sé nghich bién trén cac khoang xac dinh < ad —bc <0

Bude 3. Két luan.

2. Bai tap:

Bai tip 1. C6 bao nhiéu gia tri nguyén cua tham sd m thudc doan [-20;2] dé ham sb

y=x"—x>+3mx—1 dong bién trén R ?

A. 20. B. 2. C.3. D. 23.

Huwéng dén gidi

Chon B.

Tap xac dinh D=R.

Tacd y' =3x"—2x+3m

Ham s trén dong bién trén R < 3x* —2x+3m >0 véimoi xeR.

= A S0<:>1—9m£0<:>m2l
3>0 9

Do m la sé nguyén thudc doan [20;2] nénco m=1m=2.
Bai tip 2. C6 bao nhiéu gia tri nguyén m dé ham s y = (mz —l)x3 +(m—1)x* —x+4 nghich bién trén
khoang (—o0;+).
A. 3. B. 0. C. 1. D. 2.
Huwéng dén gidgi
Chon D.
Tap xac dinh D=R.
Taco y'=3(m’—1)x* +2(m—1)x-1
Ham s6 da cho nghich bién trén khoang (—o0;+00) < 3 <0 véi VxeR.
Véi m=1tacé y'=—1<0 véi Vx e R nén ham sb nghich bién trén khodng (—o0;+00). Vay m =1 l1a gia

tri can tim.

Véi m=-1 tacod y'z—4x—1£0<:>x2—%:>m:—1 khong thoa man.

m*—1<0

*Véim#£ltaco y'<0 voi Vxe R4 5 =2 !
A'=4m" -2m—-2<0 —ESmSI




T cac truong hop ta dugc —%Smél.Do meZ=me{0;1}

Vay c6 hai gié tri nguyén ciia m thda man.

mx+1 X e n . , , . N ,
dong bién trén ting khoang xac dinh cua no

Bai tap 3. Cac gia tri ciia tham s6 m dé ham s§ y =

la
A.m=-1. B. m>-1. C. m>1. D. m=>1.
Huwéng dén gidgi
Chon C.
Tap xac dinh D = R\{—l}
mx +1 ,  m-—1

Taco y= =
acd y ) =y (x—1)2

Xét m=1, ham s6 trd thanh y =1. (ham hang)
Xét m # 1, ham s dong bién trén timg khoang xac dinh ciia n6 khi va chi khi
V>0,Vxz-lom-1>0=m>1.

Luwuy: Vi m=1thi y'<0,vxeR\{1}.

Bai tap 4. Tap hop tat ca cac gia tri cia tham s6 m dé ham sd y = mx 1 nghich bién trén timg khoang
xX+m
xac dinh 1a
A. (—oo;—l). B. (—1;1). C. (1;+oo). D. (—oo;l).
Huéng din gidi
Chon B.

Tap xac dinh D =R\ {-m}

2

-1
Tacs y =L
x+m)

2

Ham sb nghich bién trén timg khoang xac dinh < y':(’”—)z<o om -1<0s-1<m<l.
X+m

Dang 4: Xét tinh don diéu ham s6 béc cao, cin thirc, lrgng giac cé chira tham s6

1. Phwong phap giai
Str dung céc kién thirc
Diéu kién can dé y = (x—a)zm+1 .g(x) (m € N) khong dbi ddu khi x diqua a 1a g(a) =0.

Cho ham s0 y = £ (x) lién tyc trén K va min f(x)=4.




Khi d6 bat phuong trinh £ (x) > m nghiém ding véi moi x € K khi va chi khi m< 4.

Cho ham s6 y = f(x) lién tuc trén K va max f(x)=B.

K

Khi d6 bat phuong trinh £ (x) <m nghiém ding véi moi x € K khi va chi khi m> B.

2. Bai tap

Bai tap 1. C6 bao nhiéu gia tri ciia tham s6 m dé ham s6

y=x +(3m2 —m)x6 +(m3 —3m’ +2m)x4 +2019 ddng bién trén R

A. 3. B. 2. C. 4. D. 1.

Huwéng dén gidgi

Chon A.

Tap xac dinh D=R.

Taco y' =9x* +5(3m2 —m)x4 +4(m3 —3m’ +2m)x3

=y =x [9x5 +5(3m2 —m))c+4(m3 -3m’ +2m)} =x".g(x)

voi g(x) =9x° +5(3m2 —m)x+4(m3 —3m’ +2m).

m#0
Néu g(0)#£0< | m=2
m#1

thi y' s& d6i dau khi di qua diém x = 0= ham sé s& c6 khoang dong bién va nghich bién. Do d6 dé ham

sb dong bién trén R thi diéu kién can 1a g(0)=0

m=0
@m(m2—3m+2)=0<:> m=1
m=2

Thir lai:
+Voi m=0co6 y'=9x* >0, Vx € R nén ham s6 dong bién trén R .

+V6éi m=1co y'=x"(9x*+10)20, VxeR nén him s6 déng bién trén R .

+Véi m=2 co y'=x4(9x4+50)20, Vx € R nén ham s6 dong bién trén R .

m=0
Vay voi | m=1 thi ham s da cho dong bién trén R .
m=2

Luwu y: Néu g(O) %0 thi y' luén doi dau khi x qua 0, do d6 néu g(x) =0 vo nghiém thi sé luén cé mot

khodng dong bién va mét khodng nghich bién.




Bai tdp 2. Goi S 1a tip hop tit ca cac gid tri thuc cua tham sb m dé ham sb
f(x)=—m’x’ —mx’ —(m2 —m—20)x2 +2019 nghich bién trén R. Tong gia tri cua tit ca cac phan tir
thuéc S bing

A. 4. B. 1. C. -1. D. 5.

Huwéng dén gidi

Chogn D.
Tap xac dinh D=R.
Ta co
f'(x)==5m’x" =3mx* — 2(m2 -m- 20)x
= x[—szx3 —3mx—2(m2 —-m —20)] = x.g(x) .
D¢ ham s6 nghich bién trén R thi f'(x)<0, VxeR (*)
Néu x =0 khéng phai la nghiém cta g(x) thi f’(x) s& doi dau khi x di qua x =0, lic d6 diéu kién (*)
khong dugc théa man.
Do d6 diéu kién can dé ham s6 dong bién trén R 13 x =0 1a nghiém cia

m=-4
m=>5

g(x)zO@mz—m—20=O<:>[
Thir lai:

+V6i m=—4 thi f'(x)=-80x"+12x" =x* (12-80x" ), do @6 m =4 khong thoa man.

+V&i m=5 thi f'(x) =—125x* —15x% =—x’ (125x2 +15) <0, VxeR dodbé m=5 théa man.

Vay S ={5} nén tong céc phan tir ciia S béng 5.

Luuy: f’(x) doi dau qua cac nghiém cia phwong trinh 12—-80x* =0.

Bai tip 3. C6 bao nhiéu gia tri nguyén cua tham sb m e [—2018;2018] dé ham s6 y= m—mx—l
dong bién trén (—o0;+0).

A. 2018. B. 2019. C. 2020. D. 2017.
Huwéng dén gidi

Chon A.

Tap xac dinh D=R.

Tacod y' = —-m

x*+1

Theo yéu cau bai toan y' = -m>0, VxeR.

x*+1




x +1
Xéthamsd g(x)= al g'(x)= al >0
\/x2+l, \/x2+l(x2+1
Béng bién thién
X —m 1 +00
0 +

g'(x) +

g(x) /’_’_/_/_,_,_’» 1
-1

Vay m<—-1 ma me [—2018;2018] nén c6 2018 gia tri nguyén.

Bai tap 4. Tim tat ca cac gia tri cua m € R dé ham s0 y =sin x+cosx+mx dong bién trén R .

A —2<m<A2. B. 2 <m<+2.
C.m=+2. D. m>2.
Huéng dén gidi
Chon C.
Tap xac dinh D=R.
Tacd y' =cosx—sinx+m
Ham dong bién trén R < ' >0,Vx e R < cosx—sinx+m >0,Vx e R

Ssinx—cosx<m,VxeR

Xétham f(x)=sinx—cosx trén R
Ta co sinx—cosxzx/isin(x—%j:— 2 Sf(x)Sx/E,VxeR:m}gxf(x)Z\/E

Do do f(x)Sm,VxeR@mﬂgxf(x)Sm@mZx/E

Dang 5. Xét tinh don diéu ciia ham s trén trén khoang cho truée

1. Phuwong phap giai

* Poi voi ham sé y = ax® +bx* +ex+d

Gid st phuong trinh y =ax* +bx+c (a+#0) c6 hai nghiém x,,x, . Ta nhéc lai cdc mdi lién h¢ nghiém vé
tam thirc bac hai

Khi @6

x <a<x, s af (a)<0.




X, +x,>2a

an1<x2<:>{(x1_a)(x2_a)20.

X +x,<2p

xl<x2£ﬂ©{(xl—ﬂ)(x2—,8)20'

af () <0
af(ﬂ)<0'

*Déhamsd y = f(x;m)=ax’ +bx’ +cx+d dondiéu trén doan c6 do dai bang &

xl<a<ﬁ<x2<:>{

Thuc hién theo cac budc sau

Budc 1. Tinh y' = f'(x;m) =3ax’ +2bx +c

Buée 2. Ham s6 don diéu trén (xl;x2) < y'=0 c¢6 hai nghiém phan biét < aA;(())
-b
X X, =—
Theo dinh 1y Vi-ét . a
XXy =—
a

’ \ A A A 5 r A Nl 2
Buée 3. Ham s6 don diéu trén khodng ¢6 do dai bang k < |x, —x,|=k < (x, +x,) —4xx, =k’
Budc 4. Giai cac diéu kién dé suy ra gia tri m can tim.

ax+b

* Ham s y = don diéu trén khoang («; £) cho trude

ox+
Thuc hién theo cac budc sau

Buwoc 1. Ham so0 xac dinh trén

d —iga
(a;ﬁ)@—;i(a;ﬁ)@ CCI
N
c
Buwdéc 2. Tinh ' :ad;bcz-
(cx+d)

Ham sb dong bién trén cac khoang xac dinh < ad —bc > 0.

Ham sb nghich bién trén cac khoang xéc dinh < ad —bc <0

Budc 3. Két luan

2. Bai tap

Bai tip 1. Cac gia tri thuc cia tham s6 m sao cho ham s§ y =2x° —3(2m+l)x2 +6m(m+l)x+1 ddng
bién trén khoang (2;+%) la

A.m<1. B. m<I. C.m<2. D. m>1.
Huwéng din gidi




Chon B.

Tap xac dinh D=R.

Tacod y' =6x"—6(2m+1)x+6m(m+1)

Dé ham sb da cho dong bién trén khoang (2; +oo) thi ta xét hai truong hop
- Trudng hop 1: Ham s6 dong bién tréen R= ' >0,VxeR

S A0 (2m+1) —4m(m+1) <0< 1<0 (v li).

- Truong hop 2: Phuong trinh y" =0 c6 hai nghiém phan biét thoa man

A>0
X<x%<2&x-2<x,-250<1x+x,-4<0
xx, —2(x +x,)+4>0

1>0 me%
& 92m-3<0 = m<§ me(—oo;l]

m(m+1)—2(2m+1)+420 me(—oo;l]u[2;+oo)

Luwu y: - Ham s6 dong bién trén R thi sé dong bién trén khodang (2;+oo) .
- Bdng bién thién ciia ham s6 f(x) =)' khi phuwong trinh y'=0 co hai nghiém x,,x,.

X —00 X, X, +00

V' + 0 - 0 +

y / \ /

Bai tap 2. Céc gi4 trj thyc cua tham s6 m dé hamso y = —§x3 +(m—1)x*+(m+3)x—10 dong bicn trén

khoang (0;3) 1a

A.mZE. B.m<2. C.meR. D.m>l.

7 7 12
Huwéng dén gidi
Chon A.
Tap xac dinh D=R.
Tacd y'=—x"+2(m—1)x+m+3=g(x).

Do y la ham sb béc ba v6i hé s6 a <0 nén ham s6 dong bién trén (0;3) <> 3’ =0 c6 hai nghiém x,,x,

.~ —l.g(O) 0
thoamanx1SO<3Sx2c>{_1‘g(3) 0

IA N




m+3=0 ©m>£
Tm—-12>0 =

Bai tap 3. Céc gid tri thuc ctia tham s6 m dé f(x)=—x"+3x" +(m—1)x+2m—3 trén mot khoang c6 do
dai 16n hon 1 1a

A. m=>0. B. m<0. C.—%<m<0. D.m>—§.

Huwéng dén gidi

Chogn D.
Tap xac dinh D=R.
Tacd f'(x)=-3x"+6x+m—1
Ham s6 dong bién trén mot khoang c6 do dai 16n hon 1 khi va chi khi f”(x)=0 c6 hai nghiém phan biét
X,,x, thoéa man |x2 —x1| >1.
Dé f’(x)=0 c6 hai nghiém phan biét x,,x, <A’ >0

<S3Im+6>0m> -2

Theo dinh 1y Vi-ét, ta co6 1-m

Véi |x2—x1|>1®(x1+x2)2—4x1x2—1>0<:>4m+5>0<:>m>—%

Két hop, ta duoc m > —%

Bai tap 4. Céc gid tri thyc cla tham sb m dé ham s6 y=2x"+3(m—1)x’ +6(m—2)x+3 nghich bién
trén mot khodng c¢6 do dai 1én hon 3 la
A.m>6. B. me(0;6). C. m<0. D. m<0;m>6.
Huéng din gidi
Chon D.
Tap x4c dinh D=R.
Tacd y' =6x"+6(m—1)x+6(m—2)

, x=-1
y=0s [x =2-m
Ham s nghich bién trén mot khoang c6 d6 dai 1on hon 3

< »"=0 c06 hai nghiém phan biét x;x, sao cho |x1 —x2| >3 (1)




—-1#2-m m#3 m<0
TU1-(2-m)[>3 |m—3|>3©[m>6‘

xs o L Ae A g A X 13 £ x+3 . - £ A .
Bai tap 5. Co tat ca bao nhiéu gid tri nguyén cia m dé ham so y= nghich bién trén khoang

x+4m
(2;+oo) ?
A. 1. B. 3. C. vo sd. D.2.
Huwéng dén gidgi
Chon A

Tap xac dinh D =R\ {—4m}
Pé ham s xéac dinh trén (2;40) thi -4m <2 m> —%

dm-3

Tacd y' =
4 (x+4m)2

Ham s nghich bién trén khoang (2;40) = y' < 0,Vx €(2;+0)

oMM 0 xe(2400) @ dm-3 <0 m<
(x+4m) 4

Viay c6 mot s6 nguyén m =0 thda man.

ddng bién trén khoang

re oA , - n " A 5 4 2 1y A x+2
Bai tap 6. C6 bao nhiéu gia tri nguyén cia tham so m dé ham s6 y=

x+5m
(—oo;—lO) ?
A. 2. B. V6 sb. C. 1. D. 3.
Huéng din gidi
Chon A.

Tap xac dinh D =R\{-5m}

Sm—2

Taco y =———
4 ()chSm)2

y'>0,Vx e (-o0;—10)

Ham s6 dong bién trén khoang (—oo;—lO) = {—Sm . (—oo;—lO)

Sm—2>0 m>z(i)g<m<2
~5m>-10 ST

Do meZ nén me{l;2}.




4 nghich bién trén khoang

e oA . [N [ A ) £ 2 1 £ mx
Bai tap 7. Co6 bao nhiéu gia tri nguyén cia tham s6 m dé ham s0 y =

(—3;1) ?
A. 2. B. 3. C.1. D. 4.
Huwéng dén gidgi
Chon C.

Tap xac dinh D = R\{m}

2_
Taco y' = i 42
m—x)
2_
Ham s nghich bién trén khoang (-3;1) < {Z . (i3<,10)
-2<m<2
Sm-3 <1<m<2
m2>1

DomeZ,nén m=1.

Viay c6 mot gia tri nguyén ctia tham s0 m thdéa man yéu cau bai toan.

Bai tap 8. Céac gid tri thuc cua tham s6 m dé hamsé y = 2c05x+3 nghich bién trén khoang (O;ZJ la
2cosx—m 3
A. me(-3;1]u[2;+0). B. m e (—3;+w).
C.me (—oo;—3) . D. me (—oo;—3]u[2; +oo).
Huwéng din gidi
Chgn C.
bat t=cosx,voi x e [O;EJ: t e(l;lj
3 2
2t+3
Khidé y=f(t)=
7 f( ) 2t—m

reufs)

Vi ham sb ¢ =cosx nghich bién trén x € (0;%) nén ham sé di cho nghich bién trén (0;%). Khi va chi
khi ham s dong bién trén khoang (%;1) .

Hamsd y=f(t)= 22::1 dong bién trén khoang G;lj khi va khi va chi khi




! _ l
f(t)_(zt_m)2>0’we[2’lj {—2m—6>0 {m<—3
f—

= me(l;2)©m e(—oo;—3)

Dang 6: Phuong phap ¢6 1ap tham sé6 m, phwong phap ham s

1. Phwong phap giai

Thuc hién theo cac budc sau

Buwéc 1. Tinh y' = f'(x)

Bude 2. Chuyén vé bai toan tim tham s6 v& mot bat phuong trinh nghiém ding véi moi xe D .
Ham sé dong bién trén D < f '(x)=0,vxeD, dau bang tai hitu han diém trén do.

Ham sé nghich bién trén D < f*(x)<0,Vx e D, diu bang tai hitu han diém trén do.

Buwéc 3. Két luan (chon dép an).

2. Bai tap
Bai tdp 1. C6 bao nhiéu gid tri nguyén khong 4m coa tham s6 m sao cho ham sb
y=—x"+(2m—3)x* +m nghich bién trén doan [1;2]?

A 2. B. Vo sb. C.3. D. 4.

Huwéng dén gidgi

Chon C.
Tap xac dinh D=R
Taco y'=—4x’+2(2m—3)x =x(—4x* +4m—6)

Ham s nghich bién trén doan [1;2] khi y'<0,Vx e [1;2]

& —4x* +4m—-6<0; Vxe[1;2]<:>m£x2+%,Vxe[l;2]

[ 2 3) 5
SmS<mmn|x +— [=—
[12] 2) 2
Két hop v6i m nguyén khong am suy ra m e {0;1;2}
Vay c6 ba gia tri nguyén khong 4m ctia m théa man yéu cau bai toan.

e LA r [N s 7 . A A 5 A A 1.3 A 1 3 A < A A
Bai tap 2. C6 bao nhiéu gid tri nguyén am cua tham so0 m dé ham so y = ZX4 + mx o dong bién trén
X

khoang (0;+0)?

A. 2. B. 1. C. 3. D. 0.




Huwéng din gidi
Chgn A.

Ham s6 ludn xéc dinh trén khodng (0;+).

. 1 3 \ 7
Hamso y = Zx“ + m=—— dong bién trén (0;+00) < »' 20, Vx € (0;+00) va
x

o +m+%20,‘v’xe(0;+oo)<::>x3 +%2—m,‘v’xe(0;+oo) (1)
x x

Xéthamsd f(x)=x’ +% trén (0;+0)
x

, 3 3(x*-1)
f (x):3x2—?=T;f (x)=0<:>x=1.
Béng bién thién
x |0 1 5
J(x) - H

"‘-.',
X
fat |

Ma m 1a s6 nguyén am nén m e {-2;—1}.
Viy c6 hai gia tri ciia m thda man.

Bai tap 3. Cho ham s y =%(8m3 —1)x" =2x* +(2m—7)x* =12x+2018 véi m la tham sb. S§ céc gia tri

nguyén m thudc doan [—2018;2018] dé ham sd da cho déng bién trén {_?1,_71} la

A. 2016. B. 2019 . C. 2010. D. 2015.
Huwéng dén gidgi
Chon D.
Tap xac dinh D =R
Taco y'=(8m’—1)x’ —6x +2(2m—7)x~12
\ A g~ X - X ~ -1 -1 P 5 . -1 -1
Ham s6 da cho dong bién trén 7,7 khi va chi khi y'>0,Vx e ?’T
3 3 2 _1 _1
< (8m’ —1)x*—6x* +2(2m-7)x-1220,Vx e —i

o (2mx) +2(2me) 2 (x+2) +2(x+2) (), Vxebl;‘ﬂ




Xét f(t)=0r+2t; f'(1)=3"+2>0,VieR

Suy ra f(¢) la ham dong bién trén R.

T (*) ta co 2mx2x+2,Vxe[_?l;_Tl}<:>mS

x+2,Vxe _—1,_—1
2x 2 4

< m< min x+2<:>m£—z.
[—1.—1} 2x 2

2

Do m nguyén va m €[-2018;2018] nén c6 2015 gia trj ciia m théa man.
Bai tip 5. Cho ham sé y = ‘x3 —mx+ 1‘ . Goi S 1a tap hop cac sd tw nhién m sao cho ham s6 dong bién
trén [1;+oo) . Tong cac phan tir cia S bang

A. 1. B. 3. C.9. D. 10.
Huéng din gidi
Chon B.

bat g(x)=x"—mx+1

Ta c6 limg(x)=+00 . Do d6 hamsb y = |g(x)| dong bién trén [1;+0) khi va chi khi

X—>+00

g'(x)=0,Vx e[l;+x) 3x* —m 2 0,Vx € [1;+0)
&
g(x)=0,Vxe[l;+w) X' —mx+120,Vx €[1;+0)

m <3x*,Vx €[1;+0) mSﬁiiil)(3x2),Vxe[l;+oo)
g , 1 R 1
m<x +;,Vxe[1;+oo) mﬁ[rlnill)(x2+—],Vxe[l;+oo)
el X

m<3
@{mSZQmSZSme{O;IQ}.

Luu y: Vi y=|g(x)|= g’ (x) nén ta cé thé chuyén bai toan vé xét tinh don diéu ciia ham so
y=4g"(x).

- Tinh dao ham y' =

- Ham s6 y = ‘ax3 +bx’ +cx+d‘ dong bién trén [a;+oo) khi va chi khi y'>0 véi Vx e [a;+oo).
Trieong hop 1: {g (x;
g'(%)

)

Truong hop 2: {




Dang 7. Tim khoang ddng bién, nghich bién ciia ham s6 y = f(x), y=f (u(x)) ,
y= f(u (x)) +h(x) ... khi biét bing bién thién ciia ham sb

1. Phwong phap giai

Buwéc 1: Tim dao ham cta ham sé y = f(u(x)) , Y =f(u(x))ih(x)

V' :u'(x).f'(u(x)), V' =u'(x).f'(u(x))ih'(x)

Buwéc 2: Tir bang bién thién xac dinh nghiém phuong trinh f ’(x) =0, nghiém cua bat phuong trinh

£'(x)=0 va nghiém cta bat phuong trinh f'(x)<0.

Buéc 3: Danh gia cac khoang théa man y'>0,)' <0

Buéc 4: Két luan khoing dong bién, nghich bién cua ham so y=f(x), y:f(u(x)),

yzf(u(x))ih(x)
2. Bai tap

Bai tap 1. Cho ham s6 y = f'(x) c6 bang xét dau dao ham nhu sau

X —00 -2 0 3 400
I’ (x) + 0 — 0 + 0
Ham s6 y = f(x” +2x) ddng bién trén khoang nao dudi day?
A. (L;+0). B. (-3;-2). C. (0;1). D. (-2;0)
Huwéng dén gidi
Chogn C.

bat g(x) = f(x2 +2x)

Ta co6 g'(x):f’(x2+2x).(2x+2)

x=-1 ngl

X +2x==2""
"(x)=0 =
g(x) x> +2x=0 o

5 B x=1

X +2x=3 | _3

Bang xét dau g'(x)




X — -3 -2 -1 0 1 0
2x+2 - - — 0 + T +
fx*+2x) - 0 + 0 - - ¢ + 0 -
2'(x) + 0 — 0 + 0 — 0 + 0 —

Dya vao bang xét dau cua g'(x) suy ra ham s g(x)= f(x2 + 2x) dong bién trén (—o0;-3),(-2;-1) va
(0;1), nén ham sb ddng bién trén (0;1).

Lwu y: - Thong qua bang xét dau f'(x)— xdc dinh dugc nghiém ciia phiwong trinh f'(x)=0.

- Ham s6 y= f(x2 +2x) dong bién — ddanh gid y'>0 véi y' = (2x+2)f'()c2 +2x) (gidi bat phwong
trinh tich)

Chit -

Néu f(x)=0c>x=a thi f(u(x))=0c>u(x)=a.

- Bang xét ddu g'(x) chinh la bang xét dau cia tich (2x+2)f'(x2 + Zx).

Bai tap 2. Cho ham s6 y = f'(x) c6 bang xét diu ciia dao ham f”(x) nhu sau

X — -1 1

f(x) + 0 - 0 + 0 + 0 -

I
[

+

Hamsé y=g(x)=3f(-x+2)+x’+3x’ —=9x—1 nghich bién trén khoang nao sau day?
A (=21). B. (2;+w) . C. (0;2). D. (—0;-2).
Huwéng dén gidi
Chon A.
Taco y'=g'(x)=3x"+6x-9-3/"(2-x).
Ham sé y = g(x) nghich bién khi va chi khi
V' =g'(x)<0e ¥ +2x-3< f'(2-x) (1)
Nhin xét:
« Xét (2;+00)
Véi x=3= (1)< 12< /(1) =0=> loai.

« Xét (0;2)




Vi x=§:>(1)<:>2sf'(—lj<0:> loai.
2 4 2

» Xét (—oo;—Z)
Véi x=-4=(1)=5< f'(6)<0= loai.

Xét (—2;1) thoa man (1) vi

Lwu y: - Théng qua bang xét dau f' x) — xdc dinh dwoc nghiém cia bdt phwong trinh f'(x) >0 va
nghiém ciia bat phwong trinh f'(x)<0.
-Ham s6 y = g(x) nghich bién — danh gid y'<0.

f'(2-x)=20

Voi dang toan nay can tim nhitng gia tri cua x sao cho 5 :
-x"=2x+320

Dang 8: Tim khodng dong, bién nghich bién ciia ham s y = f(x),y = f (u(x)) Kkhi biét do thi ciia
ham s6 y = f(x)

1. Phwong phap giai

Buwéc 1: Tim dao ham cta ham sé y = f(u(x)) , V' = u’(x)f'(u(x)).

Buée 2: T do thi ham s6 y= f(x)xac dinh duoc ham sb y=f(x) hodc (nghiém phuong trinh
f'(x)=0, nghiém ctia bat phuong trinh f"(x)>0 va nghiém cta bat phuong trinh f”(x)<0).

Buwéc 3: Danh gia cac khoang thoa man y' >0,y" <0.

Budc 4: Két luan khoang dong bién, nghich bién cia ham s6 y = f(x), y = f(u (x))

2. Bai tap

Bai tap 1. Cho ham s6 y = f(x)=ax’+bx’ +cx+d (a,b,c,d €R) c6 dao ham trén R va c6 dd thi nhu

hinh v&. Patham s6 y = g(x)= f(2x—1). Him s y = g(x) nghich bién trén khoang




< —
12 :
1
|
R 1 |
i
"l 2
A. (-1,0). C. (L2). D. (0;1).
Huwéng dén gidi
Chon D.

Cich 1: Him s6 y=g(x)=f(2x-1) ¢6 y'=g'(x)=2f"(2x~1)
Ham s nghich bién khi va chi khi
y'=2f"(2x-1)e-1<2x-1<1e0<x<1

Cdch 2: Himsb y = f(x) cddang y = f(x)=ax’ +bx’ +cx+d (a,b,c,d eR).
Taco f'(x)=3ax’ +2bx+c.

Theo do thi, hai diém 4(-1;3) va B(1;-1) 14 hai diém cyc trj cta do thi ham s6 y = f'(x).

Ta co

f(_l)=3 —a+b—-c+d=3 a=1
f(1)y=-1 o Ja+brerd=-1_ |b=0
f’(—l =0 3a—-2b+c=0 c=-3
f’(1)=0 3a+2b+c=0 d=1

Vay f(x)zx3 —3x+1
y=g(x)=f(2x-1)=(2x-1) =3(2x-1)+1;

v =g'(x)=6(2x-1)" -6

Vay ham s6 y = g(x) nghich bién trén (0;1).




Lwu y: Tir d6 thi ham s6 y = f(x)—> xdc dinh ham y = f(x). va ham y= f(2x—1)— khdo sdt va tim

khodng nghich bién ciia ham sé.

Chit y:

Néu ham s6 y = f(x) dong bién trén (a;b) thi ham s6 f (mx+n):
a-n b—n

Dong bién trén | ——; néeu m>0.
m m

Nghich bién trén (b—n;a—nj néu m<0.
m m

Bai tip 2. Cho ham s6 y=f(x)=ax’+bx’+cx+d
(a,b,c,deR) ¢4 @ thi nhue hinh bén. Dat
y=g(x) =f(x2 +x+2).
Chon khang dinh dung trong cac khang dinh sau.

A. g(x) nghich bién trén khoang (0;2).

B. g(x) dong bién trén khoang (-1;0).

C. g(x) nghich bién trén khoang (—%;Oj .

D. g(x) dong bién trén khoang (—o0;—1).

Huwéng din gidi

Chon C.
Hamsd y = f(x)=ax’ +bx’ +cx+d , c6 dd thi nhu hinh v&.

Nhan xét 4(0;4) va M (2;0) 1a hai diém cuc tri cia ham sd.

f(0)=4 " (4-4 a=1
Ta o f(2)=0  |8a+4b+2c+d=0 __ |b=-3
TN £(0)=0 7 |3a—2b+c=0 ¢=0
f’(2)=0 12a+4b+c=0 d=4

Tim duoc ham s6 y = x° —3x” +4
Ta co y=g(x)=(x2+x+2)3 —3(x2 +x+2)2+4

V' =g'(x) =(2x+1)[3(x2 +x+2)2 —6()62 +x+2)}




g’(x)zO@ x=02
x=-1
Béng xét dau
b —0 -1 _l 0 +00
2
g'(x) - 0 + 0 - 0 +

Vay y = g(x) nghich bién trén khoang (_?1;0).

Lawu y: - Tir do thi ham s6 y = f (x) xdc dinh dwoc ham y = f (x) va ham y = f (x* +x+2) > khdo st
va tim khodng nghich bién ciia ham so.

- C6 thé sir dung y' = (2x+1).f"(x" +x+2)

y'=0

[2x+1=0

[ +x+2)=0

[2x+1=0
S| X +x+2=0
_x2+x+2=2

Bai tap 3. Chohémsébéobay=f(x)=ax3+bx2+cx+d va y=g(x)=—f(mx+1), m>0 cb d6 thi

nhu hinh v&. Him sé y = g(x) nghich bién trén diing mot khoangeé d¢ dai bang 3. Gi tri m 1a

A3, B. L. c.2. D.2.
2 3 5
Huéng din gidi

Chgn C.




Ham s6 y=g(x)=—f(mx+1) nghich bién trén khoang c6 do dai bing 3 nén

g'(x)=-mf'(mx+1)<0 < f'(mx+1)20 trén mot khoang c6 do dai bang 3.

mx+1=0 x:__l
J4 r _ - m
Ta c6 f(mx+1)—0<:>[mx+1:2 x_l
m

Bang xét dau f”(mx+1)

X —00 -1 1 +00

m m
f'(mx+1) - 0 + 0 -

f'(mx+1)20<:>xe{—l;l}
m m

Yéu ciu cua bai toan @3:(i+ij &Sm :g
m m 3

Luwu y: Tir do thi ham s yzf(x)—) xdc dinh ham sé yzf(x) va y zg(x)zf(mx+1) két hop véi
phan nhdn xét & Bai tdp 1 cho két qua.
N A A LA A~ \ A . LA P 0_1 2_1 ’ A
- Ham so f(x) dong bién trén (0;2) — Ham so yz—f(mx+1) nghich bién trén | ——;—— | ¢o do
m

.2
dai bang —=3 < m=

2
m 3

Dang 9: Tim khodng d(“)ng bién, nghich bién ctia ham sb y=f ( x) , V= f(u( x)) ,
y=f(u(x))£h(x) ... khibiét dd thi ciia ham sé y = f"(x)

1. Phuwong phap giai




Bude 1: Tim dao ham cua ham s6 y = f(u(x)), y = f(u(x))£h(x) ...

¥ = () £ (%) ¥ = (5).f () £ ()

Buée 2: Tir d6 thi ham s6 y = f'(x) xéc dinh nghiém phuong trinh f”(x)=0, nghiém ctia bét phuong
trinh f’(x) >0 va nghiém cta bat phuong trinh f'(x)<0.

Buwdce 3: Danh gia cac khoang thoa man
y'2>0,y'<0

Buéc 4: Két luan khoang ddng bién, nghich bién ciia ham s6 y=f(x), y=/f (u(x)) ,
yzf(u(x))ih(x)

2. Bai tip

Bai tip 1. Cho ham s6 y = f(x). D thi ham s6 y = f’(x) nhu hinh v&. Ham s6 y=g(x)=f(3-2x)

nghich bién trén khoang

A. (—o0—1). B. (2;+0). C. (0,2). D. (1;3).
Huéng din gidi
Chon A.
X g , , -2 2
Tudoth1(C):y:f(x);f(x)>0<:>[x><5x< (1)

Ma g'(x)=-2.f"(3-2x) (2)

1 5
\ \ . , -2<3-2x<2 —<x<=
Tu(l)va(2)tacog(x)<0<:>f(3—2x)>0<:>[3_2x>5 @{2 9

x<-1

Véy ham sé g(x) nghich bién trén cac khoang (%,gj va (—o0;—1).

Lwu y: Thong qua dé thj ham s6 y = f'(x) —>

, —2<x<L2
f(x)ZO@[SSx




x<-=2
2<5<x’

f'(x)so@[
Ham s6 y = f(3—2x) nghich bién — dénh gid y' =-2f'(3-2x)<0.

Chi y:

Duya vao giao diém cua do thi ham s6 y=f'(x) véi truc hoanh —> chon ham cu thé théa man
y=1'(x)=(x+2)(x-2)(x-5)

-y =-21"(3-2x).

Ldp bang xét ddu.

— Két lugn.

Bai tap 2. Cho ham s6 y=f(x) lién tuc trén R. Ham s6 y = f"(x) c6 dd thi nhu hinh v&. Ham sb

g(x) = f(x —1) +W trén khoang nao dudi day?

y’l

X

1\0 / 1 2
-1
A. (2;3). B. (0;1). C. (-10). D. (1;2).

Huwéng din gidi

Chgn C.

Tacéd g'(x)=f"(x-1)-1

L e x—-1<-1 x<0
Dodo y' >0« f'(x 1)>1<:>LC_1>2 <:>[x>3

Véy ham s6 dong bién trén (-1;0).

Nhén xét: Ham s6 g(x) ¢6 g'(x)=f'(x-1)-1.

Tir d6 thi ham 56 y = f'(x), ta c6 f’(X)>1@B§;

f(x)<le-1<x<2.




Bai tp 3. Cho hai ham s6 f(x) va g(x) c6 dd thi nhu hinh v&. Biét ring hai ham s6 f(2x—-1) va

g(ax+b) c6 cung khoang nghich bién (m;n), m,n € N. Khi d6 gia trj cua biéu thic (4a+b) bang

.Vf f(x)

| X
e — >
1 2\3

g(x)

A. 0. B. 2. C. 4. D. 3.
Huwéng din gidi
Chon C.
Hamsé y = f(x) nghich bién trén khoang (1;3)
Hamsd y=f(2x-1) c6 y'=2f"(2x-1)
Voi y' <0 2.f'(2x-1)<0e f'(2x-1)<0e=1<2x-1<3 e 1<x<2
Véay ham sé y = f(2x—1) nghich bién trén khoang (1;2)

Hamsd y =g (ax+b) c6 dao ham )’ =a.g'(ax+b)

b
by _ ax+b=0 X a
Vv =a.g (ax+b)—0<:>|:ax+b=2<:> x_Z—b
a
Néua>0:>—2<2_b
a a

Ham sb nghich bién trén cac khoang [—oo; —éj;(z i ;+ooj (khong thdéa man).
a a

Néw a<0= 25270

a a

Ham s6 nghich bién trén khoang (2 =0 ;—2]
a a

Do ham s6 ¢6 cing khoang nghich bién 1a (1; 2) nén

Vay 4da+b=-4.




Dang 10. Ung dung tinh don diéu vao gidi phwong trinh, bit phwong trinh, tim diéu kién cé nghiém
ciia phuwong trinh

1. Phuwong phap giai
* Cho ham s6 y = f(x) lién tuc va dong bién (hodc nghich bién) trén tap D, ta c6
Voimoi u,veD ma f(u)=f(v)cu=v

Nhan xét: f(x)= f(x,) < x =x,. Do d6 phuong trinh £ (x)=0 c6 nhiéu nhat mot nghiém

* Cho ham s6 y = f (x) lién tuc va dong bién (hodc nghich bién) trén tap D, ta co

Véimoi u,veD: f(u)> f(v)ouzv.
Véimoi u,veD: f(u)< f(v)eusy.
* Néu ham s6 y=f(x) lién tuc va o mlnf( )=A4, max =B thi phuong trinh f(x)=g(m) co

nghiém thudc tap hop D < A< g(m) <B.

2. Bai tap

Bai tap 1. Biét phuong trinh 27x° —23x+1=%/26x—1 c¢6 mot nghiém thyc duong x :%+%\/§ voi

b,c,d 1a cac sb nguyén t6. Khing dinh ding 1a

A. 6(a+d)=b+c+1. B. 6(a+d)=b+c—1.
C.5(a+d)=b+c-1. D. 5(a+d)=b+c+1.
Huwéng dén gidi
Chon B.
Phuong trinh

27x° —23x+1=3/26x-1 < (3x)3 +3x=(26x-1)+3/26x—1.(1)
Xéthamsd f(t)=r+t= f'(t)=3+1>0, VteR
= Ham s6 dong bién trén R .
Phuong trinh (1): f(3x) = f(\3/26x—1)<:>3x:\3/26x—1 & 27%° —26x+1=0
=—1<0
' 1 <1 23 :>x—l+l 23 la nghiém c6 dang da cho
1,13 oy langhi ang
2 6V3
=a=1,b=2,c=23,d =3

:>6(a+d)=b+c—l.




Bai tip 2. Biét phuong trinh 8x'—12x” +10x-3=(10x+1)v10x—1 c6 modt nghiém thyc duong

a+b

x= . véi a,b,ceN va a,c 1a cac sd nguyén td cung nhau.
Khang dinh ding 1a
A. 2(a+c)=b+3. B. 4(a+c)=b—3.
C.2(a+c)=b-3. D. 4(a+c)=b+3.
Huwéng dén gidgi
Chon D.
Nhan xét:

A PEEY /. A A 5 . ’ - A . A <A A A A A 3 ’
- Vé trai 1a da thuc bac ba, v€ phai chtra can bac hai nén ta bién doi dé xuat hién (\/10x - 1) .Taco

(10x+1)+/10x— :[(10x—1)+2]J10x—1:(\/10x—1)3+2\/10x—1

3
Khi d6 phuong trinh 6 dang (ax+b)’ +2(ax+b)=(v10x—1) +2410x-1
- 1
biéu kién x> —
10

Phuong trinh da cho < (2x—1)' +2(2x~1) :(\/1ox—1)3 +2J10x—1 (1).
Xéthamsd f(t)=£'+2t= f'(t)=3+2>0, VteR

= Ham s6 dong bién trén R .

Phuong trinh

(1) f(2x-1)= £ (V10x-1) & 2x-1=10x -1 <:>{

2x-1=0
(2x-1)" =10x -1

x> 7.+441
= P Sx=
2% —Tx+1=0 4

:>a=7,b=41,c=4:>4(a+c)=b+3.

r+1-2 1 a+b
2

= , €0 mot nghiém thuc x =
P2x+1-3 x+2

Bai tap 3. Biét phuong trinh

,vol a,b,ceN vacla

s6 nguyén t6. Khing dinh dung la

A. 2ac=b+1. B. ac=b-2.
C. 2ac=b-1. D. ac=b+2.
Huwéng din gidi

Chgn C.




o |x#13
kién {xz—

Phuong trinh dd cho < (x+2)vVx+1-2(x+2)=2x+1-3

@(\/x+1)3+\/x+1 =(i/2x+1)3+%/2x+1 @f(ﬁ)zf(%/ZxH) (1)

voi f(1)=1+t

Xéthamsd f(t)=r +t,¢6 f'(t)=3t"+1, Vte R = Ham s6 dong bién trén R.

2x+120 1

Do do (1)<:>\/xT—\3/2x+1<:>{(\/x+1)6_(%/2x+1)6<:>{ 2

X =x*=x=0

x=0 1+\/§
2

= _1+\/§<:>x=
2

=a=1b=5c=2=2ac=b-1.

Bai tdp 4. Cho ham s6 y = f(x) c6 f’(x)<0, VxeR. Tat ca céc gia tri thuc ciia x dé f(lJ>f(2)
X
la
1 1
A. xe 0;5 ) B. x e (—0;0)uU EH_OO )

1 1

c. xe(—oo;aj. D. xe(—w;O)u(O;Ej.

Huwéng dén gidgi
Chon B.
Tacod f'(x)<0, VxeR nénhamsd y = f(x) nghich bién trén R

1-2x
X

Do d6 f(lj>f(2)<:>l<2<:> <0<:>xe(—oo;0)u(%;+ooj
X X

Bai tap 5. Bt phuong trinh v2x° +3x% + 6x+16 —J4—x > 24/3 ¢6 tap nghiém la [a;b]. Tong a+b 6

gié tri bang
A. 2. B. 4. C.5. D. 3.
Huéng din gidi
Chon C.

biéukién: -2<x<4

Xét f(x)=\/2x3+3x2+6x+16—\/4—x trén doan [—2;4] .

Co f'(x) 3(x2+x+1) ! Vx €(—2;4) , do d6 ham s dong bién trén [—2;4]
0 X)= + ,Vxel(—2; , do do ham sO dong bien tren |—2;4{.
V2 +3x% +6x+16 24/4—x




Bat phuong trinh dd cho < f(x)= f(1)= 23 x>l

So véi diéu kién, tap nghiém cia bat phuong trinh 1a S =[1;4] = a+b=5.

Bai tap 6. Cho f(x)=x"+x—2".Tong céc gié tri nguyén ciia tham sb m dé phuong trinh f(f(x)) =x
c6 nghiém trén doan [1;4] 1a

A. 6. B.9. C.21. D. 22.
Huwéng dén gidi

Chon C.

i
~
=

Déttzf(x):{ = f(t)+t=f(x)+x.(1)

Xéthamsd g(u)=f(u)+u=u’+2u-2" c6 g'(u)=3u"+2>0, VueR.
Dodo (1) oi=xe f(x)=xex*=2".(2)
Phuong trinh  f ( f (x)) =xc6 nghiém trén doan [L;4]<(2) c¢6 nghiém trén doan
[1;4] el =me {0;1;2;3;4;5;6}
Tong céc gid tri1a (1+2+3+4+5+6)=21.
Bai tAp 7. Cho ham s6 f(x)=x"+3x’—4m. C6 bao nhiéu gi4 tri nguyén cia tham sé m dé phuong
trinh f(3 f(x)+ m) =x’—m c6 nghiém trén doan [1;2]?

A. 15. B. 16. C.17. D. 18.

Hudng din gidi

Chon B.

bit t=3/f(x)+m = f(x)=t —m,két hop véi phuong trinh ta c6 hé phuong trinh

{fgl))i’iiﬁjmw =7+ )

Xéthamsé g(u)=f(u)+u’ =u’ +4u’ —4m

= g'(u)="5u* +12u” > 0,Vu €[1;2] = Ham sb dong bién doan [1;2].
Dodo (1) et=xo f(x)=x"-mex"+2x =3m (2)

Véi xe[;2],3<x° +2x° <48

= Phuong trinh (2) c6 nghiém trén doan [1;2] < 3<3m <48 < 1<m<16

Bai tip 8. C6 bao nhiéu gia tri nguyén ctia tham sé m dé phuong trinh \/ m+2+m+2sinx =sinx co

nghiém thuc?




A. 0. B. 1. C. 3. D. 2.
Huwéng din gidi
Chgn D.

bicu kién sinx>0.

Ta co \/m+2\/m+2sinx =sinx < m+2m+2sinx =sin” x.

& m+2sinx+2ym+2sinx =sin® x+ 2sinx (1)

Xéthamsd f(t)=1"+2¢

f'(t)=2t+2>0,v¢>0= Hamsd f(¢) dong bién trén [0;+00).
Phuong trinh (1) = f(\/m+25inx) = f(sinx) & Wm+2sinx =sinx
& sin x—2sinx=m

bat sinxzt:>te[0;1]

Phuong trinh da cho ¢6 nghiém khi va chi khi phuong trinh ¢ —2f =m c6 nghiém trén [0;1].
Xéthamsd g(t)=1-2¢, te[0;1]

Taco g'(t)=2t-2;¢'(t)=0=1=1

Suy ra n[%g]xg(t) = O;I[rg}l?g(z) =-1

Do d6 phuong trinh c6 nghiém khi va chi khi —1<m <0

Ma meZ nén m=0;m=-1.

Bai tip 9. Cho ham s6 y = f(x) lién tuc trén R, c6 d6 thi nhu hinh ve&.

V4

2 5
, A c e £ 2 . 91’)’13 +m 2 , Cn n
C6 bao nhi€u gia tri cia tham s6 m d€ phuong trinh T: f (x)+3 c6 3 nghiém thuc phan
37 (x)+8

biét?

A. 1. B. 2. C. 3. D. 4.




Huwéng din gidi
Chogn B.

Phuong trinh <> 27m’ +3m = (3£ (x)+9) 3/ (x)+8

@(3m)3+3m=(\/3f2(x)+8)3+\/3f2(x)+8
<:>g(3m)=g( 3f2(x)+8) )
Xéthamsé g(t)=£+t= g'(¢t)=3t"+1>0,V¢ € R nén ham s6 dong bién trén R

Om* -8
3m>+/8 ,/ m (2
8

S(x)= )
Do d6 (1)<:>,/3f2(x)+8—3m<:>{ (o 9m* -8 32
e =20

3

Dua vao hinh v& thi phuong trinh (3) v6 nghiém (vi f'(x)> 0,Vx)

Do d6 dé phuong trinh dd cho c6 ba nghiém phan biét < (2) c6 ba nghiém phan biét hay

9m* -8 V35

T=3 m :
IS .

9m* -8 V11

3 3




BAI 2. CUC TRI CUA HAM SO

A. KIEN THUC CO BAN CAN NAM
1. Khai niém cue tri ciia ham sé
Dinh nghia
Gia str ham s6 fxac dinh trén K (K < R)va x, € K
a) x, dugc goi la diém cuc dai cua ham sb f néu ton tai mot khoang (a;b)cK chira diém X, Sa0
cho f(x) < f(x,),Vx e(a;b)\{x,}.

Khi d6 f(x,)dugc goi la gia tri cuc dai cua ham sO f.
b) x, dugc goi la diém cuc tiéu cta ham sb f néu ton tai mot khoang (a;b) — K chira diém X, 520
cho f(x)> f(x,),Vxe(a;b)\{x,}.

Khi d6 f(x,)dugc goi la gia tri cuc ticu cia ham s6 f.
Chui y:
1) Piém cwc dai (cuc tiéu) x, dwoc goi chung la diém cuec tri. Gid tri cwc dai (cuc tiéu) f (xo)czia ham
$6 duoc goi chung la cyc tri. Ham 56 ¢6 thé dat cuc dai hodc cuc tiéu tai nhiéu diém trén tap hop K.
2) Noi chung, gia tri cuc dai (cuc tiew) f (xo) khong phdi la gia tri [on nhdt (nhé nhat) cia ham s6 ftrén
tap K; f(xO ) chi la gid tri Iom nhat (nhé nhat) ciia ham sé f trén mét khodng (a;b)chd’a X,.
3) Néu x, la mot diém cuc tri ciia ham séfthi diém (xo;f(xo)) duwoc goi la diém cuc tri ciia dé thi ham
0 f.

VA

diém cye dai
(gia tr) cla db thi ham sé
cycdai |

diém  diém
cuc dai cuc tidu
(gia tri)

cue lidu didm cuyc tidu
clia db thi ham sb

2. Di¢u kién can dé ham s dat cuec tri
Pinh 1i 1
Gid sir ham s6 f'dat cuc tri tai diémx, . Khi d6, néu fc6 dao ham tai diém x, thi f'(x, ) =0.

Chii y:




1) Piéu nguogc lai c6 thé khong ding. Pao ham £ ¢ thé bang 0 tai diém x, nhung ham s6 £ khong dat
cuc tri tai diém X,
2)  Ham sb c6 thé dat cuc tri tai mot diém ma tai d6 ham s khong c6 dao ham.
3. Piéu kién du dé ham so dat cue tri
Pinh li 2
a) Néu f '(x) d6i dau tir 4m sang duong khi x di qua diém X, (theo chiéu ting) thi ham sb dat cuc tiéu tai

diémx, .

f(xo)

F(x) /{cu’c dai]\‘

b) Néu f'(x)doi du tir dwong sang 4m khi x di qua diém x, (theo chiéu ting) thi ham so dat cuc dai tai

diém x, .
X |a X, b
f'(X) = +
f(x} \ f(xo} /
(cuc tiéu)
Pinh li 3

Gid str ham s6 f c6 dao ham cap mot trén khoang (a;b)chira diémx,, f'(x,)=0va fc6 dao ham cap hai
khéc 0 tai diém x, .

a) Néu f "(x,) <0thi ham s6 f dat cuc dai tai diém x,.

b) Néu /" (x, ) > 0thi ham s6 f dat cuc tiéu tai diém x,.
Néu f”'(x,) = 0thi ta chua thé két lun dugc, can 1ap bang bién thién hogic bang xét dau dao ham.

B. PHAN LOAI VA PHUONG PHAP BAI TAP

Dang 1: Cho ham s6 f (x) hoac f ’(x) . Tim diém cwe tri, gia tri cwe tri

1. Phwong phap
Cich 1: Lap bing bién thién hodc bing xét diu
Buwgc 1. Tim f'(x)




Buwéc 2. Tim cac diém x, (i=1,2,...)tai d6 dao ham bang khong hodc ham sé lién tuc nhung khéng co dao
ham.

Buiéc 3. Xét dau f "(x). Néu f "(x) d6i déu khi x qua diém x, thi ham sé dat cuec tri tai diémx, .

Cdch 2: Dung dinh ly 3

Bugce 1: Tim f7(x)

0.

Buwée 2: Tim cac nghiém x, (i =1,2,...) cua phuong trinh f*(x)
Buge 3: Tinh /"' (x,)

e Néu f "(x,) <0 thi ham 56 f dat cuc dai tai diém x..

e Néu f "(x,) > 0thi ham 50 f dat cyc tiéu tai diém x..
Néu f”(x,)=0thi ta 1ap bang bién thién dé x4c dinh diém cyc tri.
* Tim (diém) cuc tri thong qua dao ham f ’(x) : Ta di dém s6 nghiém boi 1é ctua phwong trinh dao ham
2. Bai tap
Bai tdp 1: Gid trj cyc dai ctia ham s6 £ (x) = x—2v/x” +1 1 56 ndo dudi day?

A. ﬁ B. \3. C. 3. D. —g.

3
Huéng din gidi
Chon C.
Ham sb da cho xac dinh trén R.

2x

\/x2+1.
2x>0

T do: f'(x) =0 < +x* + :2xc>{f | @xzﬁ.
X

Taco: f'(x)=1-

Béng bién thién:

7

X —oo — +o00

3
f'(x) - 0

w

+

NG

f(x) / \

—a0 —a0

3

Viay ham s6 dat cuc dai tai diém x = ? , gia tri cuc dai cua ham s6 1a f (Tj = —\/g .

Bai tap 2: Céc diém cyc dai ciia ham s6 f(x)=x—2sinxcé dang (véi ke Z)




A. x=—%+k27z. B. x=%+k27z.

C.x=-2+k2z. D. x=2+k2r.
6 6
Huéng din gidi
Chon A.

Ham sb da cho xac dinh trén R.
Ta co: f'(x)=1-2cosx . Khid6 f'(x)=0< cosx :%<:> x:i%+k27r,(keZ)
f"(x)=2sinx

Vi f”(%+ k27zj =2sin (§+ k27r] = ZSin% >0nén x = %+ k27 1a diém cuc tiéu.

Vi f”(—%+k27zj=25in(—§+k27zj=2sin(—%)=—2sin%<0nénx=—§+k27r 1a diém cuc dai

Bai tap 3: Cho ham s6 y = f(x)c6 dao ham f'(x) = (x* —1)(x* —=3x +2)(x* —2x).
S6 diém cuc tri cua ham sé y = f(x) 1a
A. 6. B. 2. C.3. D. 5.
Huwéng dén gidi
Chon D.
Tacd: f'(x)=x-2)(x-1\’x(x+D)(x+2)va f'(x)=0c6 5 nghiém boi 1é nén cé 5 diém cuc tri.

Bai tip 4: Cho ham sé y = f(x) ¢6 dao ham f'(x) =x*(x —1)(x —4)*. Tim s6 diém cuc tri cia ham sb

y=f).
A. 1. B. 2. C.3. D. 4.
Huwéng din gidi
Chon C.

Taco: [ £(x%)] =2x /(%) = 2x° (x> ~ (x> ~4)’

Phuong trinh [f(xz)]' =0 c6 3 nghiém boi 1¢ 12 x =0,x = £1 nén s6 diém cyc tri ciia ham sd y = f(x?)

la 3.
Chii y:
Pao ham ciia ham sé hop (f(u (x))), = f’(u(x)).u'(x) hay f!=f'u’.

Bai tidp 5: Cho ham s6 y = f(x)lién tuc trén R , c6 f’(x)23x+i2—%,Vx>O.
X

Ménh d& nao dudi day ding?




A. Ham s c6 ding mét diém cuc tri trén R .
B. Ham s6 c6 it nhat mot diém cuec tri trén (0;400).
C. Ham sb khong co diém cuc tri ndo trén (0;40).
D. Ham s6 ¢6 ding hai diém cuec tri trén R.
Huéng dén gidi
Chon C.
X

2
Véi Vx>0 ta co: f’(x)23x+%—1=§x+§x+i—1233 3 —Z>O.
x> 2 2 2 2 2

Vay ham sé khong co cuc tri trén (0;+00).

Bai tdp 6: Cho ham s y=f(x) lién tuc trénR, c6 dao ham

YA
f1(x)=(x"—x=2)(x’ —6x> +11x—6)g(x)v6i g(x) la ham da thuc
c6 dd thi nhu hinh v& dudi ddy (g(x)ddng bién trén (—o0;—1) va
trén (2;+00) . S6 diém cyc tri cua ham sd y = f(x) 1a X
-1 O 1\ 2
A.5. B.2.
C.3. D. 4.
Huwéng dén gidi

Chon D.

Dua vao dd thi, phuong trinh g(x) =0 c6 3 nghiém bdi 1¢é 1a x =0,x =1,x =2 va mt nghiém boi chan 1a
x=-1.
Toém lai, phuong trinh y'=0 chi ¢c6 x=-1,x=0,x=2 va x =31a nghiém bgi 1¢, nén ham s6 c6 4

diém cuec tri.

Dang 2. Tim (diém) cwe tri thong qua bang xét diu, bang bién thién ciia dao ham

Bai tap 1: Cho ham s6 y = f(x) lién tuc trén R va c6 bang xét ddu dao ham nhu hinh vé& duéi dy.

x | —oo -5 ~1/3 +90

f'(x) - 0 + 0 -

S6 diém cyc tiéu ciia ham sé y = £(x) 1a
A. 1. B. 3. C.2. D. 0.
Huwéng dén gidgi
Chon A.
Dao ham d6i dau tir am sang dwong 1 14n nén c6 1 diém cuc tiéu.

Bai tip 2: Cho ham s6 y = f(x)lién tuc trén R va c6 bang xét diu dao ham nhu hinh v& dudi day

X |- -5 -3 4 +a0

My = 0 + 0 % @ =




S6 diém cuec tri cia ham s6 y = f(x)1a
A. 1. B. 3. C.2. D. 4.
Huwéng dén gidi
Chon C.
Pao ham ddi dau hai 1an nén c¢6 hai diém cuc tri.

Bai tap 3: Cho ham s6 y = f(x)lién tuc trén R va c6 bang xét diu dao ham nhu hinh v& duéi day

f'(x) - 0 + - 0 + 0 -

S6 diém cyc tri cia ham s6 y = f(x)1a
A. 1. B. 3. C.2. D. 4.
Huwéng din gidi
Chon D.
Chéc chin ham s c6 3 diém cuc trilax =—1,x =2,x =3.
Xét tai diém x =0, dao ham doi ddu, ham sé khong c6 dao ham tai diém x =0, nhung theo dé bai, ham
s6 lién tuc trén R nén £(0)xac dinh. Vay ham sb c6 tong cong 4 diém cuc tri.

Bai tip 4: Cho ham s6 y = f(x)lién tuc trén R\ {1} va ¢ bang xét ddu dao ham nhu hinh vé& duéi ddy

X —o0 2 1 2 3 +00

f'(x) + 0 - + 0 - +

S6 diém cyc trj cia ham s y = f(x)1a
A. 1. B. 3. C.2. D. 4.
Huéng din gidi
Chon B.
Ham s6 ¢6 3 diém cuc trila x =-2,x =2,x =3 (ham sb khong dat cuc tri tai diém x =1 vi ham s khong
xéc dinh tai diémx =1).

Bai tap 5: Cho ham s6 y = f(x)c6 bang bién thién ciia f'(x) nhu hinh v& du6i day

X | -0 -5 0 1 5 +o0
3 +0
(%) / \ ; /”‘| \ /
—0 -4
S6 diém cyc tri cia ham s6 y = f(x)la
A. 4 B.2 C.3 D.5

Huwéng dén gidi




x |- 5 0 1 5 400
3 +00
F(x) / \ e /
_r/ v \._4/

D@ thdy phuong trinh f'(x) =0 c6 ba nghiém bdi 1é nén ham sb ¢6 3 diém cuc tri.

Dang 3. Tim (diém) cue tri thong qua dd thi £, f', f"

Bai tip 1: Cho ham s6 y = f(x)c6 dao ham dén cép hai trén R va c6 d6 thi ham s6 y = f"(x)nhu hinh
v& dudi day (d6 thi y = f"(x) chi c6 3 diém chung véi truc hoanh nhu hinh v&). S6 diém cyc tri ti da
ctia ham s6 1a

VA

X
-2 3\
O
A. 1. B. 4. C.3. D. 2.
Huwéng dén gidgi
Chon D.
Ta c¢6 bang bién thién ciia ham s6 y = f'(x) nhu sau
X —0 - - 0 3 +00

f"(x) + 0 - 0 - 0 -

e S T—

Nhan thay truc hoanh cét b thi ham sé y = f'(x) tai tdi da 2 diém nén f'(x) =0 c6 ti da 2 nghiém phan

biét. Vay ham sé y = f(x) ¢6 tdi da 2 diém cuc tri.

Bai tap 2: Cho ham s6 y = f(x) 1a ham da thirc. Trén hinh v& 1a d6 thi ham s6 y = f(x) trén (—o0;a] (va
ham s6 y = f(x)nghich bién trén(—o0;—1]), do thi cia ham s6 y = f'(x) trén [a;b] (va f'(x,)=0), d
thi ciia ham s6 y = f"(x) trén [b;+0)(va ham s6 y = f"(x) luén dong bién trén [b;+), f"(x,)=0).

Hoéi ham sé y = f(x) c6 t6i da bao nhiéu diém cuc tri?




YA
f"(x)
£(x)
\ blx X
E1Ne) ELT >
)\
! I
I
1 f'(x)
[}
A. 1l B. 6 C.5 D.3
Huwéng dén gidi
Chon D
Bang xét ddu bén dudi dugce 14p tir cac suy ludn sau:
X —0 -1 a Xy b X +o0
f"(x) - 0 +

* Ham sd y = f(x)nghich bién trén (—o0;—1)nén f'(x) <0,Vx €(-o0;—1)va dong bién trén (-1;a)nén
f'(x)>0,Vx e(-La).

*Hamsd y = f'(x)c6 f'(x)>0,Vx € (a;xo)vé f'(x)<0,Vx e (xogb)

f'(x) <0,Vx e(x,;b].

*Hamso y = f"(x) ¢6 f"(x)<0,Vx €(b;x,) ma f'(b)<0= f'(x)<0,Vx (b;x,)

Lai c6 f"(x)>0,Vx €(x;+%). Vay trong khoang (x,;+o), phuong trinh f”(x)=0c¢6 t0i da 1 nghiém,
va néu c6 ding 1 nghiém thi f’(x)d6i dau khi qua nghiém ay.

Vay f'(x)c6 toi da 3 nghiém (bdi 16) nén ham sb y = f(x)co ti da 3 diém cuc tri.

Bai tip 3: Cho ham sé y = f(x)c6 dao ham cép hai lién tuc trén R. Trén hinh v& 1 d6 thi ham sé
y=f(x) trén doan[-2;3], d0 thi cua ham s6 y = f"(x)trén(—o0;—2], do thi cua ham s6 y = f"(x)

trén[3;+00). Hoi ham s y = f(x) ¢6 tbi da bao nhiéu diém cyc tri?




A.7. B. 6. C.5. D. 4.
Huwéng dén gidgi

Chon C.
Bang xét dau bén dudi dugce 1ap tir cac suy luan sau:
+ D4 thi ciia ham s6 y= f"(x) trén [3;+00)cét truc hoanh tai diem x=5, f"(x)<0khi x e(3;5)va
/"(x) > 0khi x € (5;+).
+ D0 thi cia ham s6 y = f'(x) trén (—o0;—2] cét tryc hoanh tai diém x =-5, £'(x) < 0khi x € (—o0;—5)va
f'(x)>0khi x e(-5;-2).
+ D0 thi ham s6 y = f(x)trén doan [-2;3]: ham s6 dong bién trén (—2;-1)va(2;3); ham sd nghich bién

trén (—1;2)

X < 5 -3 -2 - 2 3 4 5 4o
£ (x) — 0 +*

f'(x) - 0 + + 0 -0 + \/’

Tir bang xét dau trén, dd thi f'(x)cét tryc hoanh téi da tai 2 diém trén (3;+00), khi d6 trén (2;+o) thi

f'(x) d6i dAu 2 1an, trén (—o0;2) thi f”(x)dodi déu 3 1an nén hamsd y = f(x) c6 tbi da 5 diém cyc tri.

Dang 4: Cuc tri ham bac ba

1. Phwong phap

Burée 1. Ham s6 dat cyc dai (cuc tidu) tai diém x, thi £'(x, )= 0, tim dugc tham sb.
Buwéc 2. Vi gia tri tham sb tim duoc, ta thé vao ham sb ban dau dé thir lai.

Chii y: D6i v6i ham béc ba, ta cd thé 1am tric nghiém nhu sau:

f ’(XO) =0

" (xo) >0

+) Ham s6 dat cuc tiéu tai x = X, < {




: o S'(x)=0

+) Ham s0 dat cuc dai taix = x, < ”( O) .
S (x0)<0
2. Bai tap
5 . 1 c e ae2
Bai tap 1: Tim m dé¢ ham so y =§x3 — mx’ +(m2 —4)x+3dat cuc dai tai diém x = 3.
A. m=-1. B. m=-5. C. m=5. D. m=1.
Huwéng din gidi

Chon C.
Tacoy =x" —2mx+m’ —4= 3" =2x-2m.

Ham s dat cuc dai tai x =3 thi
’ 2 m
y (3)=0®m -6m+5=0<
m=

e Véim=1,y"(3)=2.3-2.1=4>0 suy ra x =31a diém cyc ticu.
® Véim=5,)y"(3)=2.3-2.5=-4<0 suyra x=31a diém cuc dai.

Bai tap 2: Ham s6 y=ax’+x’ —5x+bdat cyc tiéu tai x=1va gia tri cuc tiéu bang 2, gia tri cia

H=4a-bla

A. H=1. B. H=-1. C. H=-2. D. H =3.
Huwéng din gidi

Chon B.

Tacod:y =3ax’ +2x—-5=y" = 6ax+2.

+) Ham s datcuctiéutaile:y’(l)=0<:>a=1.

+) Thaya =1 ta thdy »"(1)=6+2=8>0nén x=11a diém cuc tiéu.

+) Mit khac ta co: y(1)=2<1+1-5+b=2<b=5.

VayH =4.1-5=—1.

Bai tap 3: Ham s6 f(x)=ax’+bx’ +cx+d dat cyc tidu tai diém x=0,f(0)=0va dat cuc dai tai
diemx =1, f(1)=1. Gié trj cia bieu thic T=a+2b-3c+d la

A. T=2. B. T =3. C.T=4. D. T =0.
Huwéng dén gidi
Chon C.
Ta c6 f'(x) =3ax’ + 2bx +c.

Do ham s6 dat cuc tiéu tai diém x = 0, /(0)=0va dat cyc dai tai diém x = 1, /(1) =1nén ta c6 hé phuong

trinh




fI(O)ZO c=0
f(0)=0<:> d=0 :{a=_2:T=4.
f’(l):O 3a+2b=0 b=3

f(1)=1 a+b=1
Bai tap 4: Gid tri cia m dé ham sd y = x* + mx—1¢6 cyc dai va cyc tiéu 1a
A. m=>0. B. m<0. C. m>0. D. m<O.
Huwéng dén gidgi
Chon D.
Ham s6 y=x’+mx—1c6 cuc dai va cuc tiéu khi va chi khi y'=0c6 hai nghiém phan biét hay
3x* +m = 0 c6 hai nghiém phan biét.

Do d6 m < 0.

Chu y: Do ham bdc ba co dao ham la tam thirc bdc hai nén cdc yéu cau sau.: ham sé co cyc tri, ham so co

cwc dai va cuc tiéu, ham so ¢é hai cuc tri cé cach lam giong nhau, tirc la y' =0 c6 hai nghiém phdn biét.

P IR IRIE 5 T 1A ) m , .
Bai tap 5: Vi gia tri nao cuamthlhamsoy:?x3+x2+x+7 co cuc tri?

A. m e (1;+0) U {0}. B. m<]1.
C.me(—oo;l)\{O}. D. m<1.
Huéng din gidi

Chon B.

Tacod: y = mx” +2x+1.

+) Vaim =0, ham s6 tro thanh y=x’+x+7, dd thi 1a mot parabol nén hién nhién c6 cuec tri.
Vay m =0 thoa man yéu cau.

+) Xétm # 0, & ham s6 ¢6 cuc tri thi 3" = 0¢6 hai nghiém phan biét<> A’ >0
Sl-m>0om<l.

Hop ca hai truong hop, khi m < 1thi ham sé ¢6 cuc tri.

Chu y: Voi bai toan hoi “co cuc tri” va hé so cua bdc ba (bdc cao nhat) co chiea tham so thi nén chia hai

trieong hop: Hé sé ciia bdc cao nhat bang 0 va khdc 0.

Bai tAp 6: Tim céc gid tri cua m dé ham s6 y = mx’ —3mx” —(m—1)x + 2 khéng c6 cuc tri.

A.O<m<l. B.O§m<l.
4 4
1 1
C.0<m<—. D.0O<m<—.
4 4




Huwéng din gidi
Chon C.
Ta co: y' =3mx’ —6mx—m+1.
+) V&im =0, ham s6 tré thanh y = x + 2 14 ham ddng bién trén R nén khong c6 cuc tri, nhanm = 0.

+) Xétm # 0, ham s6 khong c6 cyc tri khi y' = 0. c6 nghiém kép hodc vo nghiém

@A'=9m2—3m(1—m)30<:>12m2—3m£0<:>0<m£%.

Hop cé hai trudng hop, khi 0 <m < ithi ham s6 khong co cuec tri.

Bai tip 7: SO gid tri nguyén ctia tham s6 m e [-20;20] d¢ ham s6

y:(m—ljxs +(m2—4)x2 +(m2 —9)x+l c6 hai diém cuc tri trai d4u 1a

3
A. 18. B. 17. C. 19. D. 16.
Huéng din gidi
Chon A.

y'=(m-1)x +2(m2 —4)x+(m2 —9).
Ham s6 ¢6 hai diém cuc tri trai dau khi ' =0 c6 hai nghiém trai dau

m< -3
<:>(m—1)(m2—9)<0<:>[ )
l<m<3
Vaym e {—20;—19;...;—4;2} , cO0 18 gia tri cua m.
Bai tap 8: C6 bao nhiéu gia tri nguyén ciia m dé ham sd y = mx’® +m(m—1)x* —=(m+1)x—1 c6 hai diém
cuc tri ddi nhau?
A. 0. B. 2. C. 1. D. 3.
Huwéng din gidi
Chon C.
Ta co: y' =3mx’ +2m(m—1)x—(m+1).
Ham s6 ¢6 hai diém cyc tri d6i nhau < ' = 0 ¢6 hai nghiém d6i nhau
3mz0 |[m*0
SIN>0 & mz(m—l)2 +3m(m+1)>0= m=1.
§$=0 m-1=0

s oA cs s X A 1s1 J m R - \
Bai tap 9: Gid tri cia m dé do6 thi ham s6 y =?x3 +(m—1)x* +(m+2)x—6c6 hai diém cyc tri c6 hoanh

d6 duong la




A.m<—. B.O<m<%. C. m<Q0. D. —%<m<0.
Huéng din gidi
Chon B.
Taco:y' =mx’ +2(m—1)x+m+2.

Do thi ham s ¢6 hai diém cyc tri ¢6 hoanh d6 dwong< »' =0 c6 hai nghiém phén biét duwong

1
2
m—1) —m(m+2)>0 m<—
O (R IR 3
—(m—l) 1
985 >0 &< ———2>0 = O<m<1©0<m<z.
m
P>0 m+2 m>0
>0
m m<-2

Bai tip 10: Cho ham s y =x* +(1-2m)x” +(2—m)x+m+2. céc gié tri cia m d¢ d thi ham s6 c6 diém

cuc dai, cyc tieu, dong thoi hoanh d6 cia di€m cuyc ti€u nhé hon 1 la

m<—1 m<—1 m<—1 m<-=2
A.| 5 7. B. |5 8. C.|5 7. D. |3 5.
—<m<— —<m<—= —<m<—= —<m<—=
4 5 4 5 4 5 2 2
Huwéng dén gidgi
Chon A.

Taco: y =3x>+2(1-2m)x+2—m.
D6 thi ham sd c6 diém cuc dai, cuc tiéu khi phuwong trinh y'=0c6 hai nghiém phan biét
m<—1

S AN =(1-2m) -32-m)>0<4m> -m-5>0< 5.
m>—

Khi do, gia st x,, x,(vOi x, <x,) la hai nghiém cta phuong trinh ' =0.

Bang bién thién

x | —oo b X, +00
f'(x) + 0 - 0

F(x) _ /CD\_ . /

Khi d6, yéu cau bai toan trd thanh:

— 2_ —
X <1<:>2m I+N4m” —m 5<1<:>\/4m2—m—5<4—2m

? 3




4-2m>0 ms2 7
= = TS m<—.
4m* —-m—-5<4m’ —16m+16 m<§ 5

£ A s . ) T o
Keét hop diéu kién co cuc tri thi m <—1 va Z<m<g théa man yéu cau.

Chii y: C6 thé ding Vi-ét dé loi giai don gian hon nhw sau:

Xeét x, <x,<1

X +x,<2
(x, —D(x,-1)>0
2m—-1<3

<
2-m+2(1-2m)+3>0
m<?2

= 7S m<—
m<§ 5

Bai tap 11: Tim cac gia tri thuc cua tham s6 m sao cho diém cuc tiéu cta d6 thi ham sb
y=x*+x” + mx—1 nim bén phai tryc tung.

A.m<0. B.0<m<§. C.m<§. D. Khong ton tai.

Huwéng dén gidi
Chon A.
Tacod: y' =3x>+2x+m.
P56 thi ham s6 c6 diém cuc tieu khi phuong trinh »'=0 c6 hai nghiém phan biét

<:>A'=l—3m>0<:>m<%(l).

Khi do, gia str x,, x,(v6ix, <x,) lahai nghi¢ém ctia phuong trinh y’ = 0thi

2
X, + X, = —g
o
XXy ?
Bang bién thién
X —c0 X, X, +a0
f'(x) + 0 - 0 +




2 ~ <R <R N X . \ K < A 9 .
Do x, +x, = —§< 0 nén diém cuc tiéu cta d6 thi ham s6 y=x"+ x> +mx—1nim bén phai truc tung

<:>x1.x2<0<:>%<0<:>m<0(2).
Tu (1), (2)taco m<0
Bai tap 12: Gia trj ciia m dé ham s6 =%x3 —(m—2)x" +(4m—8)x+m+1 c6 hai diém cyc trj x,, x, théa

man x, <-2<ux, la

A.m<2. B. m <2 hodac m> 6.
3. 3
C. m <= hodc m> 6. D. m<—.
2 2
Huéng din gidi
Chon D.

Taco: y' =x"—2(m—2)x+(4m—8).

Yéu cau bai toan try thanh
(x5 +2)(x,+2)< 0= (4Am-8)+4(m-2)+4<0<=m <%

Bai tap 13: Goi S 1a tap céc gia tri thuc cta tham sé m dé ham s6 y = (x—m)(x* —2x—m—1) c6 hai diém
cuc tri x, , x, thoa |)c1 .x2| =1. Tong tat ca cac phan tir cia S bang

A.2. B.-2. C.4. D. 0.

Huwéng din gidi

Chon A.
Tacod: y' =3x> —2(m+2)x+m—1.
Ham s6 ¢6 hai diém cyc tri khi ' =0 c6 hai nghiém phan biét
S A =m’+m+7>0 (ludn ding).
Theo dinh li Vi-ét ta co:
m=4

X,.X, :mT_1:>|x,.x2|=1<:>|m—1|=3<:>{m:_2.

Vay tong can tim bang 4+ (-2)=2.
Bai tap 14: Co6 bao nhiéu gia tri nguyén cia m € [—20;20] dé ham s6 y = %x3 —mx” +mx—1 c6 hai diém

cuc tri x, , x, sao cho |x1 —x2|22x/€?

A. 38. B. 35. C. 34. D. 37.
Huéng din gidi
Chon D.




Tacd y' =x>—2mx+m.
Ham s6 ¢6 hai diém cuyc tri khi 3" =0 c6 hai nghiém phan biét
SAN=m"—m>0(*).
) o X +x,=2m
Theo dinh li Vi-ét ta c6 .
XX, =m
Khi d6
5 5 m23 . N
%, —3,|2 276 & (x, +x,)" —dx,.x, 224 < dm® —4m > 24 & _ _, (thoa man(*)).
m S —

Do m nguyén va m €[-20;20] nén m e {-20;-19;...;-2;3;4;...;20} .
Vay c6 37 gia tri cia m.
Bai tap 15: Cho ham s y=x =3(m+1)x’+9x—m. Téng tat ca cac gia tri ciia tham s6 m thoa min ham
sb dat cuc tri tai hai diém X, , X, sao cho 3x,—2x, =m+6 la
A. 0. B. 1. C.-2. D.-3.
Huwéng din gidi
Chon C.
Tacod: y' =3x> —6(m+1)x+9
Ham s6 ¢6 hai diém cuyc tri khi 3" =0 c6 hai nghiém phan biét
S A =9(m+1)"=27>0 (m+1)> >3 (*).

. o X+ x, =2(m+1)
Theo dinh li Vi-ét ta c6
x.x, =3

thé vao x,.x, =3 ta dugc

X, =m

T {xl +X, =2(m+1)<:>{xl =m+2

3x,—2x,=m+6 5

-1
m(m+2)=3 < {m théa man (*).
m 3

Bai tip 16: C6 bao nhiéu gia tri ctia tham s6 m dé ham sd y = 2x° + 9mx® +12m*x ¢6 diém cuc dai Xcp s
diém cuc tiéu x,, théa man x7, = x., ?
A. 1. B. 0. C.3. D. 2.
Huéng din gidi
Chon A.
Tacod: y' =6x" +18mx +12m* = 6(x +m)(x +2m) .
Ham s6 ¢6 hai diém cuc tri khi ' =0 c6 hai nghiém phan biét < m = 0 (*)

Truong hop 1: m < 0 khi d6, 1ap bang xét ddu dao ham dé thay




2 2 3 ~
Xop =Xpp & m” =—2m < m =-2 (théa man).

Truong hop 2: m > 0 lap bang xét dau dao ham ta c6 x,, = —2m, X, = —m.
2 2 1 .
Xpp = Xpp & 4m =—m©m=—z, loai.

Viy m =—2 thoa man dé bai.
Bai tap 17: C6 bao nhiéu gia tri nguyén ctiam €[~18;18]dé do thi ham s6 y = (x—1)(x” +2mx +1) c6 hai
diém cyec tri nAm vé hai phia truc hoanh?
A. 34. B. 30. C.25. D. 19.
Huwéng dén gidgi
Chon A.
Bang bién thién cua ham sd bac ba khi c6 hai cuc tri va hai diém cuc tri cia d6 thi nam vé hai phia truc

hoanh la

X —00 X +00

e et OX

Pé d6 thi ham s6 c¢6 hai diém cyc tri ndm vé hai phia truc hoanh thi y=0cé ba nghiém phéan

biét <> x” +2mx+1=0 c6 hai nghiém phan biét khac 1
m#—1

{12+2m.1+1¢0
& S lm>1

A=m*-1>0 [m<_1.
Do m nguyén va m e[-18;18| nénm e {-18;-17;...;-2;2;3;....;18}
Vay c6 34 gia tri cia m théa méin dé.
Bai tap 18: Cho ham s y = 2x° —3mx* + x+m. Goi S 1a tip hop céac gia tri nguyén cta tham sd m trong
khoéng(—lO;lO)dé d6 thi ham sb dé cho c6 hai diém cuc tri nam vé hai phia ctia duong thang y =x—6.
S6 phan tir ctia tap S 1a

A.9. B. 12. C.7. D. 11.

Huwéng din gidi

Chon C.




Détf(x) =2x" —=3mx’ + m+6.

Taco f'(x)=0<:>(2x3—3mx2+m+6)l :0<:>[x
X

m

Xétg(x) = g(x) —x+6. D6 thi ham s6 da cho c6 hai cuc tri ndm vé hai phia dudng thang y = x = 6

m=z0 m#0
= = .

g(0).g(m)<0 " |(m+12)(-m’+12)<0
Do meZva thu@c(—lO;lO) nénme{3;4; ....... 9}.
Bai tip 19: Cho ham s y =x"—3mx’ +4m* —2¢6 b thi (C) va diémC(1;4). Tong cac gid tri nguyén
dwong cua m dé (C) c6 hai diém cuec trj 4, B sao cho tam giac ABC c6 dién tich bang 4 1a

A. 6. B. 5. C.3. D. 2.
Huéng din gidi

Chon C.
x=0

Tac()y’:0<:>3x2—6mx:0<:>[ .
x=2m

D6 thi (C) ludn ¢o hai diém cuyc tri véi moi m nguyén duong (vi m 1a s6 nguyén dwong nén phwong trinh
y"=01udn c6 hai nghiém phan biét).

Khi d6 4(0;4m> —2), B(2m;~4m’ +4m” -2)

= AB =~4m® +16m° = 2|m|~4m* +1.

x—0 _y—(4m2—2)
2m—-0  —4m’

(AB): &2mix+y—4m* +2=0.
Thé toa d6 C vao phuong trinh duong thang (4B), dé thiy C ¢ (AB ) .

a(c AB)_\2m2+4—4m2+2\ B 2\m2—3\
T a1

2\m* -3
S g = %.AB.d(C, AB)=4 & %.2|m|.\/4m4 +1.M =4

Vam* +1
<:>‘m(m2 —3)‘=2<:>m6—6m4 +Om* —4=0

m=x=1

@(mz_l)Z(m2_4):o@[m:i2.

Do m nguyén duong nén ta nhan duocm =1,m =2. Tong la 3.

Chu y: Hoc sinh nén kiem tra diéu kién dé ham so co hai diem cuc tri va diéu kién dé ba diém A, B, C

khéng thang hang (dii trong bai todn ndy, néu “quén” thi khéng anh hieong dén két qua).




Ta cé thé tinh nhanh dién tich nhir sau:

Tacé OA= (o;4m2 —2) va OB = (2m;—4m3 +4m’ —2)

Khi do: S . =%‘2m(4m2 _2)‘ =4

e . A I4 [N .7 . 5 A A \ A 1 7 . < A
Bai tap 20: C6 bao nhiéu gia tri thuc ctia tham s6 m dé ham s6 y = §x3 -x"+ (m2 —S)x c6 hai diém cuc

trj x,,, sa0 cho gid trj biéu thirc P=|x, (x, —2)-2(x, +1)|dat gié trj 16n nhét?
A. 2. B. 1. C.4. D. 3.
Huéng din gidi
Chon B.
Tacdy =x"—2x+m’ 3.
Ham s c6 hai diém cuc tri khil—(m2 —3) >0 -2<m<2.

) ) X +x,=2
Theo dinh 1i Vi-ét , -
XX, =m" -3

P=|x, (x2 —2)—2(x2 +1)| =|x1x2 —2(x1 +x2)—2|
:\m2 —3—2.2—2\ :\m2 —9\s9.
Déu “=" xay ra khi va chi khi m = 0(thoa mén).

. . ez . 1 1 . . :
Bai tap 21: Goi x,x,1a hai diém cuc tri cla y=§x3—§mx2—4x—10. Gia tri 16n nhat cua

S=(x-1)(x; -16)1a
A. 16. B. 32. C.4. D. 0.
Huéng din gidi

Chon D.
Tacoy' =x*—mx—4. Do a=1,c=—4trai ddu nhau nén y'=01udn c6 hai nghiém trai ddu hay ham sb
ludn c6 hai diém cuc tri.

. e, X +x2 =m
Theo dinh li Vi-ét: .

x.x, =—4

Khi do S =(xx,)" —(16x7 +x7 ) +16 <(x,x,)” = 2,/16x.x; +16 =0.
Dau “=" xay ra khi 16x7 = x} < x, = —4x, = m = 3.
Bai tap 21: Tim m dé do thi ham s6(C): y =x’+(m+3)x’ —(2m+9)x+m+6 c6 hai diém cyc tri va

khoang cach tir goc toa do O dén dudng thang qua hai diém cuc trj dat gi tri 16n nhat




A. me{—6+%;—6—%}. B. me{—3—%;—3+%}.
C. me{-3-6v2;-3+612}. D. me{-6-632;-6+62].
Huwéng dén gidgi
Chon A.
Taco y =3x" +2(m+3)x—2m—9=(3x" +6x-9)+(2mx—2m)
=(x—1)(3x+9+2m).
Ham s6 ¢6 hai cuc tri khi 3" = 0 c6 hai nghiém phan biét < 3+9+2m = 0 < m # —6

Mot trong hai diém cyc tri 1a A(L;1)va OA = (L1)=04= V2 va ki, =1

04)
\ o PP < 7 A A ’ \ 2 2 2
DPuong thing d qua hai di€m cyc tri c6 hé s6 goc lak, = — g(Zm +9) +§(m +3)

Ta c6d[0;d] < 04=12.

Dau “=” xay rakhid 1 04 < ko ki =-1< —{%(2m+9)+§(m+3)2} =-1

<:>m=—6ii.

NG
Bai tap 22: Gia sir 4, B 1a hai diém cyc tri ctia d0 thi ham s6 y = x° + ax® + bx + ¢ va duong thang (4B) di

qua géc toa d0. Gia tri 16n nhat P cta P =abc+ab + cb?mg

min

A. P, =-9. B.P. =l
min :_E D' R‘nin :_2
25
Huwéng dén gidi
Chon D.
2
Dudng thang qua hai cuc tri la (4B):y = (%b—%}xﬂ:—%b.
X A Clb
Do (4B) qua goc O nenc—?: 0< ab=9c.
5V 25 25
Khid(')Pzabc+ab+c=9cz+100=[3c+§j —?Z——,VC’ER.
Viy P, =S khig 9

ab=-5




Bai tap 23: Biét rang d6 thi ham s6 y = x* —3mx +2 ¢6 hai diém cuc tri 4, B. Goi M, N 1 hai giao diém
ciia duong thang (4B) va duong tron(C): (x—l)2 +(y—1)2 =3. Biét MN 16n nhét. Khoang cach tir diém
E(3;1)dén (AB)bang

A3, B. 2. C. 243. D. 2V2.

Huwéng dén gidgi

Chon B.
Ta co: y' =3x" =3m.
Ham s6 ¢6 hai diém cuc tri <> 3" =0 c6 hai nghiém phan biét< m > 0.

Viét ham sb duéi dang y = %(3x2 —3m)—2mx+ 2= gy’—2mx+2

Suy ra dudng thang di qua hai diém cuc trj ctia d6 thi ham s6 da cho 1a(A4B): y = —2mx +2.

Dudng thang (AB)luén di qua diém c6 dinh 1a M (0;2).

Puong tron(C) tdm7(1;1), ban kinh R = J3va d[l;(AB)J < IM =1<+/3 = R nén dudng thing ludn cét
duong tron tai hai diém M, N.

Giasi(1;1)e(AB) = 1=2m+2 & m :%.
Vay khi m = %(théa man ham sd ¢ hai diém cuc tri) thi (4B) qua/ (L,1), cat duong tron(C) tai hai diém

M, Nvéi MN =2R1a 16n nhéat. Khi do:d[ E(3;1);(4B): y+x-2=0]=+2.

Dang 5. Cuec tri ham bic bon trang phuong

1. Phwong phap
Xéthamsd y=ax* +bx* +c, (a#0), co dao ham 1a y' =4ax’ +2bx = 2x(20¢x2 +b).
+ D4 thi ham s6 ¢ ba diém cuec tri khi va chi khi y"=0 c6 ba nghiém phén biét < ab <0.
+ DO thi ham sb co ding mot diém cuc tri khi va chi khi y'=0 c6 ding mot nghiém
< ab>0.
+ D4 thi ham sb hodc co dang mét diém cuec tri hodc c6 ba diém cuec tri, va ludn c6 mot diém
cuc tri nam trén truc tung.
+ DO thi ham sb ¢6 ba cuec tri:
e Néu 2>0 ham sb c6 hai diém cuc tiéu va mot diém cuc dai;
e Néu a <0 ham sd c6 hai diém cuc dai va mot diém cuc tiéu.

Chuy réng ba diém cuc tri cua d6 thi ham sd ludn tao thanh mot tam giac can.




a>0 a<0

+ Khi ham s6 ¢6 mot cuec tri:
a >0 thi diém cuc tri la diém cuc tiéu;

a <0 thi diém cuc tri 1a diém cuc dai.

VA
a=n0 Ya

a<=0

¥ x
¥

\% KR

+ Do thi ham sé y =|ax* + bx* +¢| c6 nhiéu diém cuyc tri nhét (bay cyc tri) khi dd thi ham sb
f(x)=ax*+bx*+c c6 ba diém cyc tri va do thi ciia n6 cit truc hoanh tai bén diém phan
biét.

+ Dd thi ham sb y=lax* +bx* +c| co it diém cuc tri nhat (mot cuc tri) khi dd thi ham sb
f(x)=ax"+bx* +c c6 mot diém cuyc tri va dd thi ciia n6 khong cé diém chung hodc chi
tiép xtic voi truc hoanh.

2. Bai tp
Bai tip 1. C6 bao nhiéu s nguyén m [-20;20] dé d6 thi ham s6 y = mx* +(m2 —9)x2 +1 ¢o ba diém
cuc tri?

A. 20. B. 19. C. 18. D. 17.
Huéng din gidi
Chon B.




Tacéd y' =4mx’ +2(m2 —9)x = 2x[2mx2 +(m2 —9)].

x=0

! = 0 = .
4 {2mx2 +m*=9=0 (1)
Ham s6 6 ba diém cuc trj khi va chi khi ' =0 c6 ba nghiém phan biét hay (1)c6 hai nghiém phan biét

<=3
khic 0 < 2m(m*-9) <0 " .
O<m<3

Vay ¢ 19 gia tri cia m théa min dé bai.
Bai tap 2. Tap hop cac gia tri ciia tham sb m dé dd thi ham sb y = x* +3mx? —4 c6 ba diém cuc trj phan

biét va hoanh do cua chung trong khoang (-2;2) 1a

N

Huéng din gidi
Chon A.
x=0

Tacd y' =4x’ +6mx. Cho y'=0©{2x2 _ 3m(2)

D¢ théa man dé bai phuong trinh (2) c6 hai nghiém phan biét khic 0 va thuoc khoang (-2;2)
¢>0<—%?<4¢>0>m>—§.

Bai tap 3. Biét rang ham s6 y =x* — 2(m2 + 1)x2 +2 ¢6 diém cyc tiéu. Gid tri 16n nhat cia cyc tiéu la

A. 1. B. -1. C.0. D. 2.
Huwéng dén gidgi
Chon A.
x=0

a3 2 :
y' =4x —4(m +1)x:>y =O<::>LC2 YL
RO rang phuong trinh 3" =0 ludén c6 ba nghiém phén biét.
Lap bang bién thién, d& thiy x = £v/m* +1 1a céc diém cuc tiéu cta db thi ham sb.
Gia trj cuc tiéu 1a y,, =2 (m’ +1)2 =1-(m*+2m’) <1 (ddu "=" xay ra khi m =0).

Bai tip 4. Vi gia tri ndo cia k thi hamsé y = kx* + (k —l)x2 +1-2k chi c6 mot cuc tri?

k>1 k>1
A. 0<k<I. B. 0<k<1. C. . D. .
k<0 k<0

Huwéng din gidi

Chon D.




+ V6&i k=0, ham sb tro thanh y =—x? +1 c6 do thi 1a mot parabol nén c6 dung mét cuc tri. Do d6
k =0 thoa man dé bai.

+ V6i k#0.Taco y' =4k’ +2(k—1)x=2x(2k’ +k-1).
DPé thoa min yéu cau dé bai thi phuwong trinh 2kx*+k—1=0 v6 nghiém hodc c6 nghiém

k=1

x=0k(k-1)20< :
k<0
Két hop hai trudong hop ta dugc cac gid tri can tim 1a k£ >1 hodc k£ <0.
Chii y: x=0 la nghiém ctia phwong trinh 2kx* +k—1=0

Bai tap 5. Gid tri cia m déhamsd y =(m+1)x* —2mx” +2m+m* dat cyc dai tai x=2 1a

A.mzi. B.m:—i. C.mz—g. D. .
3 3 4

Huéng din gidi

Chon B.

Taco: y' =4(m+1)x’ —4mx = y" =12(m+1)x> —4m.

Dé ham s6 dat cyc dai tai x =2 thi y'(2)=0:>32(m+1)—8m:0:>m=—§.

Véi m= —% thi y"(2)= 12(—§+1j.22 —4(—%) <0, suyra x =2 ladiém cuc dai.
Chit y: Néu f'(xo) = f"(x0> = 0thi ta ldp bang bién thién hodc bang xét dau dao ham dé kiém tra.

Bai tap 6. Cho hamso y = EX4 —%mx2 +x ¢6 x=m la mot diém cyec tri. Tong cac gia tri cia m la
1
A.l. B. ——. C. 1. D. —.
2 2
Huéng din gidi
Chon D.

Y =2x"-3mx+1=y"=6x" —3m.
Ham s dat cuc trj tai diém x =m = y'(m)=0< 1.

e Véim=1,taco: y"(1)=6-3>0 x=1 ladiém cuc tiéu (cyc tri) nén m =1 théa man.

) 1 2 2 .
e Véi mz—l, ta co: y'| —— =§+3>0 x=—l la diém cuc ti€u (cuc tri) nén m:—l thoa
2 2 2 2 2 2

man.




Vay tong céc gia tri cia m théa man diéu kién trén 13 1+ (—%j = % .
Bai tap 7. Biét d0 thi ham s6 y=ax*+bx +¢ c6 hai diém cuc tri 14 4(0;2), B(2;-14). Gid tri cua
y(l) la
A. y(1)=—5. B. y(1)=—4. C. y(1)=—2. D. y(1)=0.
Huwéng dén gidgi
Chon A.

Tacd y' =4dax’ +2bx.

» o , c=2
Cac diém A(0;2), B(2;—14) thudc do thi ham sO nén (1).
16a+4b+c=-14
Mt khac, ham s dat cuc tri tai diém x =2, suy ra 32a+4b=0 (2) .
Tu (1);(2) taco y=x"—8x"+2.
D& thiy ham s6 ¢6 cac diém cuc trila 4(0;2), B(2;—-14) nén y=x*—8x” +2 1a ham s6 can tim.

Khi d6 y(1)=-5.

Bai tap 8. Biét ring do thi ham s6 y=x*—2(m—1)x"+3m c6 4 1a diém cyc dai va B, C 14 hai diém

cuc tiéu. Gia tri nho nhat cta biéu thuc P = 04 +113_2c 1a
A.9. B. 8. C. 12. D. 15.
Huwéng dén gidi
Chon C.

x=0

2

Tacd: y'=4x’ —4(m—1)x. Cho y'=0<:>{ .
x =m-1

Ham sb ¢ ba diém cuc trj nén m >1.
Khi d6 toa do ba diém cuc trj 1a A(0;3m), B(\/m—l;Sm—m2 —1) va C(—»\/m—l;Sm—m2 —1). Suy ra

OA=3m, BC=2\Vm-1.

Tac()P:OA+;—2C:3m+ 6 2{3(m—1) & & }3

23+3i/3(m_1)( nj’_j =12.

Déau "=" xay ra khi 3(m—1)=

Sm=2.

m—1




Bai thp 9. Cho d6 thi ham sé (C):y=f(x)=x'+ax’+b va dd thi ham sb
(C,):y=g(x)=x"+mx’ + nx+ p nhu hinh v& dudi. Goi B, D 1a hai diém cyc tiéu cua (C,) va 4, C
lan luot 1a diém cuc dai va diém cuc tiéu cia (Cz) (A, C dbi xtmg nhau qua U € Oy). Biét hoanh d6

cia A4, B bang nhau va hoanh d6 cia C, D bang nhau. C6 bao nhiéu gia tri nguyén ctia a dé AB<3?

A. 1. B. 2. C.3. D. 4.
Phaén tich: dva vao do thi ta cé b= p va m=0. Khi do: (Cz):y =x +nx+b

Ta can tim tung d¢ cia diém A va B (theo a).
Huwéng dén gidi
Chon B.

Theo dé baita cd a,n<0 va _—;z?n<:>n=%a.

Khi do:

—a a’ -n —a
Ve f( 2 J L g( 3 j a,/ 2
2 — — J—
a_+2_a.‘/_a =¢* +2¢ trong d6 tz‘/—a>0.
4 2 2 2

Xét ABS3©t4+2t3S3©t£l:>,/_7aslc>a2—2.

Do a <0 nén ae{-2;-1}.
Bai tap 10. Cho hai ham da thiuc y = f(x),y = g(x) c6 do thi la hai dudng cong nhu hinh v&. Biét ring

dd thi ham s6 y = f(x) c6 dung mot diém cyc tri la 4, d6 thi ham sé y = g(x) c6 ding mét diém cyc




tri la B(véi x,=x,) va AB:%. C6 bao nhiéu gid tri nguyén cua me(-10;10) dé ham sé

y= Hf(x) —g(x)| + m‘ c6 dung bay diém cuec trj?
A.5. B. 6. C.3. D. 4.
Huwéng din gidi
Chon C.
Goi x,,x, véi x, <x, 1a hoanh d¢ giao diém cta dd thi y = f(x) va y=g(x) (dua vao do thi da
cho, hai d6 thi chi c6 hai giao diém da ké trén, tirc 1a

X=X

f(x)—g(x)zOC:{x:xz.
Xét h(x)=|f(x)—g(x)|+m.
Tacé: i (x)=[ 1'(x) g’(x)].%.

Cho 4'(x)=0< x=x, =x,. Ta c6 bang bién thién cua /(x) nhu sau

h'(x) s e it eI

s 3 e
h(x) g /
X \m/'z \m

\ 5 <A A 5 A A N ’ 5 \ 7 7
Duya vao bang bién thién cua 4 (x) , yéu cau bai toan tr¢ thanh m <0 <m +E & Y <m<0.

Do m nguyén va me(-10;10) nén m e {-3;-2;-1} .




Bai tap 11. Tim céc gi tri cua tham s6 m dé d6 thi y =x* —2m’x* +1 ¢ ba diém cuec trj tao thanh mot

tam giac vudng can.

A. m=1%1. B. m=0. C.m==12. D. m=1.
Huwéng dén gidi
Chon A.
Lo 3 2 ' x=0
Tacd y'=4x"—4m’x; y'=0&| 5
X =m

Ham s6 ¢6 ba cyc tri khi va chikhi m#0.
Khi d6 toa d0 ba diém cyc tri 1a 4(0;1), B(m;—m* +1),C(-m;—m* +1)
— AB= (m;—m“),z‘ = (—m;—m4) , d& thdy AB = AC.
Do d6 tam gidc ABC vudng can tai 4 khi va chi khi AB.AC =0
oS-m+m' =0 m==1 (do m=0).
Bai tap 12. Gid tri cia tham s6 m dé d6 thi ham s6 y =x*—2(m—1)x" +3m c6 ba diém cyc trj tao thanh
mot tam giac c6 goc bang 60° thudc khoang nao sau day?
A. E,E . B. 2,2 . C. 2;E . D. E,E .
275 5°2 5 575
Huwéng dén gidgi
Chon B.

Tacd y'=4x’—4(m—1)x. Xét y'=0<:>{

Ham s0 c6 ba diém cuec tri khi m >1.

Khi d6 toa d6 ba diém cuc tri 1a A(O;_?)m),B(\/m—l;Sm—m2 —1) va C(—\/m—l;Sm—m2 —1).

Suy ra AB* = AC* =(m~1)+(m-1)'; BC=2Jm~1.

Tam giac ABC 1a tam gidc cin tai A, c6 mot goc bang 60° nén la tam giac déu
& AB=BC & (m—1)+(m-1)" =4(m-1) = m=1+33.

Bai tap 13. C6 tat ca bao nhiéu gia tri ctia tham s6 m dé dd thi ham s6 y =2x* —4mx” +1 ¢6 ba diém cyc
tri tao thanh mot tam giac c6 mot goc béng 30°?

Al B.2. C.3. D. 4.
Huwéng dén gidi
Chon B.

Tacd y' =8x" —8mx; y':0<:>{
x'=m

Ham s6 c6 ba cuc tri khi va chi khi m >0.




Khi d6 toa 9 ba diém cuc tri 1 4(0;1), B(m;—2m® +1),C(~m;-2m’ +1)

= AB* = AC* =m+4m*, BC =2m.
Do d6 tam giac ABC cantai A.

. . 2 _ 2
+ Trwong hop 1: BAC =30°, ta co cosBAC=%@ (2—\5)/132 =BC?

= (2—\/5)(m+4m4) =2m
ea(2-B)mw =B
Phuong trinh nay c6 ding m¢t nghiém thuc.
+ Truong hop 2: ABC = 30°, khi do
BC =+[3.4B & 34B* = BC* & 3m+12m* = 4m < 12m’ =1.
Phuong trinh nay c¢6 ding mt nghiém thuc.
Bi tap 14. Cho @ thi ham s6 (C):y =x"-2(m’ +1)x* +m". Goi 4, B, C la ba diém cyc tri cita (C)
va §,, S, lan luot 1a phﬁn dién tich phia trén va phia dudi truc hoanh cua tam giac ABC . C6 bao nhiéu

p e £ S 1
gid tri ctia tham s6 m sao cho —-=—2?
2

A. 1. B. 2. C.4. D. 0.
Huwéng dén gidi
Chon B.
Taco: y' =4x’ —4(m2 +1)x.

, x=0=y=m'
Choy =0 C=mi+l= y=—2m>-1

Ham s6 1udn cé ba di€ém cuc tri vo1 moi tham sO m .

Goi A(0;m*), B(\/mz +1;-2m? —1), c(—\/m2 +1;-2m? —1) 14 ba didm cyc trj ciia d thi ham b,

Taco OA=m*, h=d(4;(BC))=m"+2m’ +1

—L=-—s
s, 3 S S,

om' - 2mr—1=0m=+J1+2 .

Vay co6 hai gia tri cia tham s6 thoa man dé bai.

S_l SABC—SI:3C>SABC:4®(ij2:4©m4+2m2+1:2

Lwu y: Do hai tam gidc dong dang nén ti 1é dién tich bang binh phwong ti 1é dong dang, voi ti 1é dong

dang la ti Ié duwong cao.




3

Bai tap 15. Cho ham s f(x) =%x3 —(m+1)x’ +m(m+2)x—m? c6 db thi (C) v6i m 1a tham sb. Goi
S 1a tap tat cd cdc gid tri clia tham sb m dé dd thi (C) va parabol (P):y=x" —2mx+8 c6 chung mét
diém cuc tri. Tong binh phuong tat ca cac phan tir cia S 1a

A. 8. B. 10. C. 16. D. 18.

Huéng din gidi

Chon A.

+ (P) c6 diém cyc tri la M( ;—m’ +8).

+  fl(x)=x"=2(m+1)x+m(m+2)

x=m= A(m;m*
= f'(x)=0< ( ) .
x=m+2=B(m+2%y,)#M
Vi hai d6 thi ham s c6 chung mot diémcuctrinén A=M o m> =—-m*+8<>m=12.
Bai tap 16. Biét hai ham s f(x)=x"+ax’ +2x—1 va g(x)=—x’+bx>=3x+1 c6 chung it nhat mot
diém cuec tri. Gia tri nho nhét cua biéu thitc P = |a| + |b| la
A.~30. B. 216 . C.3++6. D. 34/3.
Huwéng dén gidgi
Chon A.

Gid su diém cuc tri chung cua f(x) va g(x) la x,#0, suy ra
Chii y: Khi A va B
’ . Q= l[—?)xo _ij cung ddu thi
f(x0)20®{3xo +2ax,+2=0 2 % |4+ B|=|A|+|B|.  Hién
0

= .
—3x,” +2bx,-3=0 1 3
' ' b:—[3xo+x—) nhién x, va L cung
0 xO
) 1 dau
Khido P= |a| |b| 3x0+— +3|x, +— B ¢ .
X, X, at dang thirc
AM —GM :
1 5 AM — GM]
_E(6|XO|+|XO|J > 2 6|x0| | | \/% yzz\/g’vx’yzo
Dau "=" xdy ra khi 6|x0|=i<:>|x0|=@. Dau "= iy ra
|x0| 6 S xX=Y.

9J_ 114/30

va [ =—=.

Khi do |a| = 0

Dang 6. Cuc tri ham phéan thirc

1. Phwong phap




u(x) u'(x).v(x)—v'(x).u(x).
v(x) v (x)

Goi M (x,;y,) 1a diém cuc tri. Khi d6 »'(x,)=0.

Xét y= .Taco y'=

Suy ra u'(x,).v(x,) =V (%) (%)= 0= y, = ) = ()

u(x) M

+ DPuodng cong qua cac diém cuc tri (néu co) ciia dd thi ham sd y = la y=——.
v(x) V(%)
feoea \ 2 , .2 . X , , PR £ ax2+bx+c
+ Noi riéng, dudng thang qua cac diém cuc tri (n€u c6) ctia d6 thi ham s6 y = e la
x+e
_ 2ax+b
I
Chu y:
a b a c b ¢
adx® +2aex + o2 x+b1 1

! ’
ax’ +bx+c)| d e(ax’+bx+c | |a, b, a, ¢, , G
- 2 ’ 2 - 2 :
dx+e (dx+e) a,x" +b,x+c, (a2x2+b2x+cz)
2. Bai tap

x> +mx+3m—1

Bai tap 1. Gia tri cia m déhamsb y = 6 cyc trj 1a
X
1 1 1 1
A.m>—. B.m>—. C. m<—. D. m<—.
3 3 3
Huwéng din gidi
Chon A.
2
Pidu kién x#0. Taco y' =~ —>m+1
X

Ham s6 ¢6 cyc tri khi x*> —3m+1=0 c6 hai nghiém phan biét khac 0

<:>3m—1>0<:>m>%.

o . . mx+1 -
Bai tap 2. Gia tri cia m d€ ham so yzw datcuc daitai x=1 la
X+m
A.m=2. B. m=-1. C.m=-2. D. m=1.
Huwéng din gidi
Chon C.
Diéu kién: x #—m .
2 2 x=-m-1
Tacc')y’:x +2mx+7121 1;y'=0 _
(x-|—m) x=—-m+l1




Béng bién thién

x | - -m -1 -m -m+1 +00
y' + 0o - = 0 +
Cb
g \ \ /
CT

Dua vao bang bién thién, ham sb dat cuc dai tai x=1< -m—-1=1<m=-2.
Bai tip 3. Cho ham s6 y=x+p +L1 (v6i p, ¢ la tham s6 thuc). Biét ham s6 dat cuc dai tai x=-2,
X+

gié tri cuc dai bang —2. Tong S = p+2¢ bing
A. S=2. B. §=0. C.S=I1. D. §=3.
Huwéng dén gidi
Chon D.
biéu kién: x = —1.

q .
(x+1)2

Ham s6 dat cuc dai tai diém x =-2, gia tri cuc dai bang -2 nén

1-¢g=0 qg=1
<~ .
2+p—qg=-2 p=1

Thilai p=g=1théamannén S=1+2=3.

Taco: y' =1-

2
X" +mx

Bai tap 4. Gia tri cia m dé khoang cach giira hai diém cuyc tri ciia d6 thi ham s6 y = bang 10 1a

A. m=10. B. m=8. C. m=4. D.m=2.
Huwéng din gidi

Chon C.

Diéu kién: x#1.

—x*+2x+m

(1-x)

Ham s6 c6 hai cyc tri khi —x* +2x+m =0 c6 hai nghiém phan biét x,, x, khac

Tacod y' =

—14+2+m=0
AN=1+m>0
X +x,=2

Khi d6 theo dinh 1y Vi-ét ta co { : .
X,.X, =—m




Puong thing qua hai diém cuc tri cua d6 thi 1a (d):y=-2x-m.

Toa d¢ hai diém cuec tri clia dd thi 1a A(x,;-2x, —m), B(x,;-2x,—m)
:Ez(;@ —x32x, —2x,).

Theo yéu cau ciia dé bai ta c6

(x, —x2)2 +4(x, —x2)2 =100 < (x, +x2)2 —4x,.x, =20

< 4+4m=20

Sm=4.

e 4 A r A e . A 5 A A . \ A 1 ) . s A . LA 5
Bai tap 5. C6 bao nhiéu gia tri nguyén cua m dé do thi ham s6 y =mx+— c0 hai diém cuc tri va tat ca

X
cac diém cuc tri déu thudc hinh tron tim O, ban kinh 6?
A. 10. B. 8. C.9. D. 7.
Huwéng dén gidgi
Chon B.
Didu kién: x#0. Taco:y' = m—%.

Ham s6 ¢6 hai diém cyc tri khi m>0.Khidé y' =0 <

, X 1 1
Toa d6 hai di€m cuec tri cua do thila A4 —;2\/; , B ——;—2@)

Theo d¢ bai ta c6 04> = OB’ =i+4m§36®4m2—36m+130.
m

Do meZ, m>0 nén me{l;2;3...;8}.

Viy co6 8 gia tri nguyén cua m théa man.

2
. . x“—\m|\x+4 ,
Bai tap 6. C6 bao nhiéu gia tri cua m dé do thi ham s6 y = % co hai diém cuctri A, B vaba
x—|m
diém A4, B, C(4;2) phan biét thang hang?
A. 0. B. 2. C.3. D. 1.
Huwéng dén gidi

Chon A.

Dicu kién: x #|m|.

., x2—2|m|x+m2—4 (x—|m|)2—4
Taco y' = =

(e=|ml) (e=lml)




Cho y'=0 (x—|m|) ~4=0= i;:nmqlijzj;:::j

Do |m|+2#|m|—2, ¥m nén y'=0 ludn c6 hai nghiém phan biét.

Do d6 d6 thi ham s6 ludén c6 hai diém cuc tri. Khi d6 duong thiang qua hai diém cyc tri la
(4B):y=2x—|m|. Ba diém 4, B, C(42) phén biét thing hang khi va chi khi
C(42)e(4B) |[|m|=6

|m|+2 = 4 < 4|m|=2.

|m|—2 =4 |m| # 6

Suy ra khong c6 gia tri nao ciia m théa man dé bai.

i on ., X +2(m+1)x+m’ +4m
Bai tap 7. Cho ham so (C):y=

> . Co bao nhiéu gi4 tri thuc cia m dé do thi
X+

ham s (C ) ¢ diém cuc dai, cuc tiéu A, B sao cho tam giac OAB vuong?
A. 4. B. 2. C.3. D. 1.
Huwéng din gidi
Chon A.

2 2
A 1A , X +4x+4-m
bicukién: x=-2.Taco y' =

(x+2f
—m-2
Tacéx2+4x+4—m2:0<:>[x mee
x=—-m-—2

Ham s6 ¢6 diém cuc dai, cuc tiéu khi va chi khi m=0.

Toa d cac diém cuc tri cta dd thi 1

A(=m—=2;-2), B(m—2;4m—2)=> AB =(2m;4m)

D& thiy OA, OB, AB#0.

Truong hop 1: Tam giac OAB vudng tai O

< OAOB=0< -m> —8m+8=0< m=-4+26 (théa man)

Truong hop 2: Tam giac OAB vudng tai 4 < OA.AB=0
<:>2m(—m—2)—2.4m=0c>—m—2—4=0<:>m =—6 (thoa man)

Truong hop 3: Tam gidc OAB vudng tai B < OB.AB =0
c>2m(m—2)+(4m—2)4m=0©m—2+2(4m—2)=0©m=§ (thoa man)

Viay c6 bon gia tri thuc cua m thoéa man dé bai.

2
x —mx—1

Bai tap 8. Cho ham s6 (C):y voi m la tham sb. Gid tri thyc ctia m dé d6 thi ham sé (C)

x”+1
c6 hai diém cuc tri 4, B sao cho dudng thing (A4B) di qua diem M (-1;2) la

A. m=8. B. m=6. C.m=4. D.m=2.




Huwéng din gidi
Chon B.

2
Tap xdc dinh: D=R . Ta c6 ) = " T4x=m

(x2 + 1)2

Ham s c6 hai diém cuc tri khi va chi khi mx’+4x—m=0 co hai nghi€ém phan biét

m#0

<9, ) Smz0.
AN=4+m >0
\ . ez ., . . 2x—m
Duong cong qua hai diém cyec tri ¢c6 phuong trinh 1a y = 5
b

2x—m+k(mx2 +4x—m)

Ta viét phuong trinh duong cong duéi dang y = 5
X

Ta chon k sao cho nghiém cua mau la nghiém cua tir dé c6 thé rat gon thanh ham s6 bac nhit. Vi

x =0 13 nghiém ctua mau, nén thé x =0 vao tir ta dugc —m+k(-m)=0=>k=-1.

2x—m—mx’—4x+m m

Véik=-1: y= =—%x—1:>(AB):y=—5x—l.

2x

Piém M (~1;2) e(AB):Zz%—l@m:6 (thoa man) .

Dang 7: Cuec tri cia ham chira cin

Bai tap 1. C6 bao nhiéu gia tri nguyén cta me[-10;10] dé ham s y=-2x+2+myx’ —4x+5 cb cuc

tiéu?
A.7. B. 16. C.8.
Huwéng dén gidi
Chon C.
Ham sb xéc dinh trén R.
x=2 o m

Tacd y=2+m————sr=vd Y = ——o—oaou—
Vx? —4x+5 ()c2—4x+5)3
m(x—2)>0
=0 2(x=2) +1=m(x-2 :
4 @ (x )+ m(x )Q{(m2—4)(x—2)2:4 (1)

\ I .2 C , . , A 2 m>2
Ham s0 c6 cuc tiéu khi va chi khi (1) c6 nghiém = m* -4>0 < .
m<—
C s s - 1Al 1s 2
Khi d6, (1) c6 hai nghiém phén biét 1a x,, =2t——.
m-—4

e V61 m>2, thi x1=2+L
Nm®’ -4

suy ra x, 1a diém cyc ti€u, nhan m>2.

théa man »'(x,)=0 va y"(x)>0,

D. 14.

Chi y: Dé lam tric
nghiém ta c6 thé lam nhie
sau: Ham sé dat cuc tiéu
khi hé sau co nghiém:

y'=0
y”>0




e V61 m<-2,thi x, =2—+ thoa man y'(x2)=0 va y"(xz)<0, m(x—2)>0
m =4 o (m-4)(x-2)" =4

suy ra x, la diém cuc dai, loai, do m <-2.
2 m>0

Do m nguyén, m >2 va me[—lO;lO] nén m 6{3;4;...;9;10}.

=>m>2

m>0,x>2
m*—4>0

Bai tap 2. C6 bao nhiéu gia tri nguyén ctia tham s6 m dé do thi ham s6 y = x+ mA/x* +1 ¢6 diém cuc tri

82

va tat ca cac diém cuc tri thudc hinh tron tam O, ban kinh T ?

A. 4. B. 2. C.3. D. 1.
Huwéng dén gidgi
Chon A.
Tap xac dinh: D=R.

X

Vx®+1 '
Vx® +1

Taco y' =1+m.

Cho y=0=m=- ,(x#0).
X
x> +1 1
Xét g(x)=- =g (x)=———>0, Vx=0.
( ) x ( ) X Alxt+1
Taco lim g(x)=~1; lim g(x)=1; lim g(x)=—o0; lim g(x)=+o.
Béng bién thién:
X —0 0 +a0
g'(x) + '
+o0 —1
g(x) /
1 —0

Ham s6 ¢ cuc tri khi m e R\[-1;1].

Goi A(a;b) 1a diém cuec tri caa do thi ham sd.

2 2
Khido m=-YCL i p—q-2 “z_l:A[a;—l).

a a
Ta co: OA=,/a2+i2£@:>é£a2£9.
a




Va* +1
a

Vay |m|=

:‘{1+%e{@;\/ﬁ}.
a 3
Két hop voi cac diéu kién meZ, m eR\[—l;l],ta duoc m e{—3;—2;2;3}.

co diém cuc tri

Bai tap 3. C6 bao nhiéu gia tri nguyén cua tham sé m dé @6 thi ham sé y =2x+

x2+2
va tit ca cac diém cuc tri thudc hinh tron tim O, ban kinh \/& ?
A. 16. B. 10. C.12. D. 4.
Huéng dén gidi
Chon C.
Tap xac dinh: D=R.
Taco: y=2x+ :>y'=2+2—m3,‘v’xeR.
X' +2 ( X +2
YV=0x"+2 =—%.
Ham s6 ¢6 cyc tr khi va chi khi —m >~2 < m<-22 . Chii y: Ham so

. iR e an e z L, khong thé dat cuc
Goi A(a;b) (a#0) ladiém cyc tri chia do thi ham so, khi do:

Ja* +2=-3Ym vab=2a+—2_ =24+ 2L
Va’ +2 —fm

Theo dé bai ta c6 OAS\/&Qa2+b2S@@a2+a6ﬁ@®azﬁ4.

Ta co:

0<a’<d4V2<VJa* +2 <6 &>V2 <-Ym <6 = -6J6 <m<-22.

Vi meZ vi —63/6 <m<-22 nén me{~14;-13;..;-4;-3}.

tri tai diéem x=0.

=a(2—3 mz)za(—az)z—cf.

Vay ¢6 12 gia tri cia tham sé m thoa man dé bai.

Dang 8: Cuec tri ciia ham béc cao va ham lugng giac

Bai tap 1. Biét ring ton tai cdc s6 thuc a, b, ¢ sao cho hamsé f(x)=x°+ax* +bx’ +3x+c dat cuc tri
tai diém x=2. H¢ s6 goc tiép tuyén ciia dd thi ham sé f(x) tai diém c6 hoanh do x=-2 la
A. 0. B. -3. C. 3. D. 6.
Huwéng dén gidi
Chon D.
Ta co: f'(x)=6x"+4ax’ +2bx+3.
Ham s6 dat cyc tri tai diém x=2 nén f'(2)=0=6.2"+4.a.2° +4b+3=0.

Hé sb goc tiép tuyén cta do thi ham s6 £ (x) tai diém c6 hoanh d6 x=-2 1a




£1(-2)=0= 62" 442" ~4b+3=3-(6.2° + 4.2’ +4b) =6.
Bai tip 2. Biét ring ton tai céc sd thuc a, b, ¢ sao cho ham sd f (x)=a.sin® x—b.cos3x+x+c dat cuc
tri tai diém x = —% . Hé s6 goc tiép tuyén cia do thi ham s6 f (x) tai diém c6 hoanh d6 x =% la

A. 0. B. -1. C.2. D. 2.
Huwéng din gidi
Chon C.

Taco: f'(x)=a.sin2x+3b.sin3x+1.

Ham s6 dat cuc tri tai diém x = —% , suy ra f’(—%j =0= —a.sin%—3b.sin%+ 1=0.
Hé s6 goc tiép tuyén ctia d6 thi ham s6 £ (x) tai diém c6 hoanh do x :% 1a
f’(ﬁj = asinZ +3b.sin = +1=2.

6 3 2

Bai tap 3. Co bao nhiéu gi tri nguyén cua tham s6 m dé ham sb y = x* +(m —4)x5 —(m2 —16)x4 +1 dat
cuc tiéu tai diém x=07?
A.8. B. Vo sb. C.7. D. 9.
Huwéng dén gidi
Chon A.
Taco: y' =8x" +5(m—4)x* —4(m2 —16)x3 =X [8)64 +5(m—4)x—4(m2 —16)] =x".g(x)
o Vi g(x) =8x* +5(m—4)x—4(m2 —16). Ta xét cac truong hop sau:
- Néum’-16=0m=14.
+Khi m=4 tacd y' =8x" = x=0 la diém cyc tiéu.
+Khi m=—4 taco ' =x"(8x —40)= x =0 khong la diém cyc tiéu.
- Néum’-1620<m=+4=g(0)=0.

Ham s0 dat cuc ti€u tai diem x =0

< Pao ham d6i dau tir am sang dwong khi di qua diém x =0

lim g(x) >0

0 < limg(x)>0
limg(x)>0 =0
x—0"

<:>—4(m2 —16)>0<:>m2 —16<0 -4<m<4=me{-3;-2;-1;0,1;2;3} .
Téng hop céac truong hop ta co: m e {—3;—2;—1; 0;1;2;3;4} .

Vay c6 tam gia tri nguyén ciia m thda man yéu cau.




Bai tip 4. C6 bao nhiéu gia tri nguyén ca tham s m dé ham sb y = x* +(m —2)x5 —(m2 —4)x4 +1 dat
cuc tiéu tai x=072
A.3. B. 5. C.4. D. V4 sb.
Huwéng dén gidgi
Chon C.
Ta cé: y' =8x’ +5(m—2)x4 —4(m2 —4)x3 =x3.h(x) voi h(x) =8x* +5(m—2)x—4(m2 —4).
Ta xét cac truong hop sau:
e Néum’—4=0m=1%2.
- Khi m=2 thi y' =8x’ = x =0 l1a diém cyc tiéu nén m =2 théa man.
- Khi m=-2 thi y'=x* (8x3 — 20) = x =0 khong 1a diém cuyc tiéu.
e Néum’-420cm=#+2=h(0)=0.

Ham s dat cuc tiéu tai diém x =0 khi va chi khi gia tri dao ham ddi déu tir am sang duong khi di qua

diém x=0.
lim A(x)>0

Do d6 17" < limh(x)>0
limh(x)>0 0
x—0"

= —4(m’-4)>0 2<m<2=>me{-10;1}.
Téng hop cac trudong hop ta cd m e {—1;0;1; 2} .

Viay c6 bon gia tri nguyén cua m thoéa man yéu cau.

Dang 9:Tim cuc tri ciia ham s6 chira tri tuyét dbi

1. Phwong phap
Buwoc 1. Tap xac dinh va tinh dao ham
Dao ham ham chua tri tuyét ddi véi cong thuc:

(ul) = () =5

ju

Chu y: \u

| _u khiu=>0
| —ukhiu<0.
Buwéc 2. Giai phuong trinh dao ham bang 0 va tim nhimg diém lam cho dao ham khong xac dinh (nhung
ham sd x4c dinh tai nhitng diém do).
Buwéc 3. Lap bang bién thién hodc bang xét ddu dao ham.
2. Bai tap:
Bai tap 1. S5 diém cuc dai cia ham sd f(x) =x—2,/x* —2[x|+2 1
Al B. 3. C.2. D. 0.

Huéng dén gidi




Chon C.

X
X

|
NES —2|x|+2

Ham s khong c6 dao ham tai diém x=0.

Ham sé lién tuc trén Rc6 f'(x)=1-2

e Khi x<O0taco

x=>-1 _
f'(x)=0<:> X +2x+2=2x4+2 & 5 &S x= 3+\/§:xl_
3x"+6x+2=0 3
e Khi x>0tacd
x>1
f'(x)=0<:> X -2x+2=2x-2< ) <:>x:3+\/§:x2_
3x"—6x+2=0 3
Bang xét ddu y':
X — 00 X, 0 X, + 00
f'(x) + 0 - + 0 - 0

Viay ham so6 c6 hai di€m cuc dai.

Bai tap 2. S6 diém cyc trj ciia ham s6 y =(x+1)|x-2| 1a

Al L. B. 4. C.2. D. 3.
Huéng dén gidi

Chon C.

Ta 6 d6 thi cia ham s6 y = (x+1)(x—2)nhu sau. yA

(x+1)(x—2), x=>2

v yz(x+1)|x_2|:{—(x+1)(x—2),x<2

vV x

nén dé vé d6 thi ham sb da cho, ta gir nguyén do -ZY
thi y =(x+1)(x—2) khi x>2va léy ddi xtng qua

truc hoanh phén do thi y=(x+1)(x—2) tng véi
x<2.

D@ théy ham s6 y = (x+1)|x—2| c6 hai diém cyc trj (xem hinh v& du¢i day):




ya

Dang 10: Tim cuec tri ciia ham s tri tuyét d6i néu biét bang bién thién hoic dd thi

1. Phwong phap
Khi cho trudc bang bién thién cua ham sd, tim cuc tri ctia ham sb chira gia tri tuyét ddi:

Ta dung cac phép bién d6i do thi chira gia tri tuyét ddi dé 1ap bang bién thién hodc bang xét du.
Chu y: Cach nham nhanh s diém cuc tri ctia ham sé.

Buéc 1. Tim sb diém cyc tri cia ham sé y = f(x).

Buéc 2. Tim s nghiém boi 1¢ ctia phuong trinh £ (x) =0

Buére 3. S§ diém cyc tri ciia ham s§ y =|f(x)|1a tong s6 diém ctia ca hai budc trén.

Vidy: Cho ham sé y = f(x)c6 bang bién thién nhu hinh v& duéi day.

X —00 -1 3 +o
f'(x) + 0 - 0 +
3 e
e / \ /
. -1

Tim s6 diém cyc tri cia ham s§ y = |f(x)| .
Huéng dén gidgi
D@ thdy truc hoanh cit d6 thi y = f(x)tai ba diém phan biét.

Bang bién thién cta y = |f(x)| :

X +

N D

Suy ra ham s6 ¢6 5 di€ém cuec tri.

Nham nhanh so cuec tri




Dua vao bang bién thién ta thiy ham s6 y = f'(x)c6 hai diém cuc tri.
D& thy truc hoanh cit dd thi y=f(x)tai ba diém phan biét. S6 nghiém bgi 1¢ clia phuong trinh

f(x)=01a3.

Suy ra ham b ¢6 nam diém cuec tri.

2. Bai tap

Bai tip 1. Cho ham s6 y= f(x) c6 bang bién thién nhu hinh v& duéi Cha y: Co thé nham nhanh
day: $6 diém cuec tri nhw sau:

So diem cuc tri cua ham

y=f(|x|) b&ng hai lan s

diém cyc tri dwong cua ham

+00
/() \ / \ 6 = 1 (x)rdi cing them 1.

86 cyec tri ciia ham s y = f(|x[) 1a

A.5. B. 4. C.3. D. 6.
Huwong din gidi

Chon A

Khi x>0thi f(|x])=/(x) nén bang bién thién cia y=f(x) trén

[O; +oo) cling chinh 1a bang bién thién cua y = f(|x|) trén [0; +oo).
Do d6 thi y=f (|x|) nhan truc tung 1am truc d6i ximg nén ta c6 bang

bién thién cia y = f (|x|) trén R nhu sau:

NZANANANG

Suy ra ham s0 ¢6 5 diém cuc tri.

Bai tap 2. Cho ham s6 y = f(x) c6 bang bién thién nhu hinh v& dudi

day:




X — 0 -1 1 2 400

f'(x) -

0 - 0 - 0 +
+ a0 3 -+ 00|
f \ /
(x) 35 \ /
4

Biét £(0)+/(0,5)<0. 86 diém cuc tri ctia ham s6 y = (|| 1a

A. 8. B. 9. C. 10. D. 11.
Huéng dén gidi

Chon D

Ham s6 da cho dong bién trén (~1;1)nén f(0)< £(0,5).

Bai tap 3. Cho ham s6 £ (x) =x(x” —3) c6 4 thi nhu hinh vé

ya

A
-

Goi s6 diém cuc tri ciia ham sd g(x)zx(x+\/§)‘x—\/§‘ va h(x)z(x+\/§)‘x2—x\/§‘ lan luot1a m, n.

A B

Giatricia m+n la
A.7. B. 5. C.4. D. 6.
Huéng din gidi
Chon A.
x(x*=3), x> \/g \ \ \
+) Xétg(x)= x(x+\/§)‘x—\/§‘ _ ] ) , suy ra do thi ciia g(x) gom hai phan dugc suy
—x(x* =3), x<+/3
ra tir d6 thi ban dau nhu sau:
+ Phan 1: 13 dd thi ham £ (x) twong tng véi x>+/3.
+ Phan 2: 12 phan déi xtmg voi phan dd thi ham f(x) qua truc Ox khi x <+/3. D4 thi ham s6 g(x) 1

duong nét lién ¢ hinh dudi day.




Aot

Tir d6 thi ham s6 g (), ta c6 sb diém cuc tri1a 3 hay m=3.
x(x* =3), x e(—oo;\/g] U[0;+0)

+) Xét h(x)=(x+\/§) _x(x2—3),xe(0;\/§)-

x2_x\/§‘=

Suy ra do thi cua h(x) gébm 2 phan dugc suy ra tir d6 thi
ban dau nhu sau:
+Phén 1: d6 thi ham £ (x) Gng véi x>+/3 vavei x<0.

+ Phan 2: 1a phan déi xtmg voi phan d6 thi ham f(x) khi

y A

v <

0<x<+f3.
Do thi ham sb 4 (x) 1a duong nét lién & hinh dudi day.
Tl @6 thi ham s 7(x), ta c6 s6 diém cuc tri la 4 hay

n=4.
Vay m+n=3+4=7.




Bai tap 4. Cho ham s6 y = f(x) c6 d thi nhu hinh v& Chit y:

bé bai hoi so diem cuc tri

'z
trong khodng (—4;4) nén cdac
diem x=+4 khong la diém

i i cuc tri.

” o] oo R

S6 diém cyc tri ciia ham s y = ‘f(|x|)‘ trén (—4;4) la
A.S. B.7. C.09. D. 3.
Huéng dén gidi
Chon B
Ta c6 dd thi y = ‘f(|x|)‘ nhu sau:

Vay sb diém cyc tri cia ham sé y = ‘ f (|x|)‘ trén (—4;4) 1a 7.

Dang 11: Mt sb bai toan sir dung phép dich chuyén db thi

1. Phwong phap
Cho db thi ham s6 (C): y = f(x)
e Do thi hamsb (C)):y=f(x—a) c6 dugc bang cach dich chuyén do thi ham s6 (C) qua bén phai
a don vinéu a>0 va dich qua tréi a don vinéu a <0.
e D6 thi ham s6 (C,):y = f(x)+b c6 duge bang cach dich chuyén do thi ham s6 (C) lén trén b
don vi néu b >0 va dich xudng dudi b don vinéu b<0.
Chii ¥ : Khi tinh tién do thi 1én — xubng, trai — phai thi s6 diém cuc tri ciia ham s6 (C), (C)), (C,) la

bang nhau.

Chu y : SO diém cuc tri cia cac ham so sau la bang nhau:

y=m‘f(|x+p|+q)+t‘+n (1);




y=m‘f(|x+p|+q)+t‘ (2);
y=|f (Jx+ pl+a)+) 3);

v =| (|x[+q)+1] 4);
Tir (1) qua (2): dich chuyén 1én xudng khong lam thay doi sé diém cuc tri.
Tir (2) qua (3): phong to va thu nho khong lam thay doi sé diém cuc tri.
Tir (3) qua (4): dich trai phai khong 1am thay doi sé diém cuc tri.
Dé tim s diém cuc tri ciia ham s6, ta ¢6 thé lam nhu sau:
Buwéde 1. Tim ham sb ¢o cung s6 diém cuc tri véi ham ban dau.
Buée 2. Dya vao do thi, bang bién thién, bang xét déu dao ham cua dé bai ma suy ra s6 diém cuc tri cla
ham tim duogc ¢ budce 1.
2.Bai tap:

Bai tap 1. Cho ham s6 y = f'(x) ¢6 bang bién thién nhu hinh v& dudi day.

X - 0 2 +00
f'(x) - - 0 +
) + 00 + o0
f(x) \ \ /
o 7
S6 diém cuc trj cia ham sd y = |f(x+3) —9| la
A. 4. B. 3. C.2. D. 5.
Huwéng dén gidgi
Chon A.

S6 diém cuc tri cua cac ham so sau day la nhu nhau:

y=|f(x+3)-9; y=|f(x)-9|. Ta cé bang bién thién clia ham s6 y = £ (x)-9 la
X - 0 2 +00
y' - - 0 +
+o0 +.o0 +0
' \ \ /
i -2

Suy ra s diém cyc tri ciia ham sé y = |f(x) —9| 1a 4.
Bai tip 2. Cho ham s y = f (x) xac dinh trén R\{O} va lién tuc trén tirng khoang xac dinh, c6 bang

bién thién nhu hinh vé.




D6 thi ham s6 y =2|f(x—1)—1|+1 c6 bao nhiéu diém cyc tri?

A. 3. B. 4. C.5s. D. 6.
Huéng dén gidgi
Chon B.
S& diém cuec tri ciia cic ham sd sau day la nhu nhau:
y=2|f(x=D=1+1; y=2|f(x=-D-1|; y=|[f(x-D~-1]; y=|f(x)-]

Hamsé y = f(x)-1 c6 bang bién thién nhu hinh v&:

X — 0 2 +00

y' - = 0 +

Suy ra s6 diém cyc tri ciia ham y = |f(x) —1| la 4.
Vay ham s6 y =2|f(x=1)—1|+1 c6 4 diém cyc tri.
Bai tip 3. Cho ham s6 y = f(x) xdc dinh trén R\{+1} va lién tuc trén timg khoang x4c dinh, c6 bang

bién thién nhu hinh v&.

X -0 -2 -1 0 1 2 +00

o 1N/ NN

D thi ham s y=(2f (x+2)-1| c6 bao nhiéu diém cyec trj?

A.S. B.9, C.7. D. 6.
Huwéng dén gidgi
Chon B.
S6 diém cuc tri cla cac ham sb sau day la nhu nhau:
1 1
y=|2f(x+2)—1 ; y=‘f(x+2)—§ ;Y= f(x)—E‘




Ta c6 bang bién thién cia ham s6 y = f(x) —% 1a

- -2 -1 0 1 2 +0

y' = 0 b = 0 +

+ + 0
o Fo 05 T ey
-2,5 |0 —0 72.5

12 9 nén sb cuc tri ciia ham s y=|2f(x+2)—1|

X Do 1
Tt d6 suy ra sO cuc tri cia ham s0 y =‘f(x)—5

cling 1a 9.
Bai tip 4. Cho ham s6 y=f (x) xac dinh trén R\{—l} va lién tuc trén timg khoang xac dinh, c6 bang

bién thién nhu hinh v&.

X —o0 -1 3 +0
f'(x) + + 0 -
+o0 3
f(x) /
— o0 — 0 — 0
Hamsb y = 2f(|x - 2|) —3 ¢6 bao nhiéu diém cuyc tri?
A. 3. B. 4. C.5. D. 6.
Huwdng din gidi
Chon A.

S6 diém cuc tri cla cac ham sd sau day la nhu nhau:
y=2f(x=2))=3: y=21(]x=2]): y=7(x=2): y=r (1))
(vi ba ham dau c6 sb nghiém cua dao ham 1a nhu nhau; tr ham tha tu, ta dich qua phai 2 don vi s€

dugc db thi ham thir ba).

Tir bang bién thién di cho, suy ra bang bién thién cia ham sé y = f (|x|) :

X —-® -3 0 3 +00

+ 0 - 0 + 0 -
3 3
() \ / \
/ 7(0) Xy,

Dua vao bang bién thién, ta c6 ham s y=f (|x|) ¢6 3 diém cuc tri.

Do d6 ham s6 y =2 (|x—2[)-3 ¢6 3 diém cyc tri.




Bai tip 5. Cho ham sb y = f(x) xdc dinh trén R\{-1} va lién tuc trén timg khoang x4c dinh, c6 bang

bién thién nhu hinh v&.

AP VAN

Biét £(0).f(1)<0. Sé diém cyc tri ctia dd thi ham s6 y=[2 (|x—2[)-3| Ia

A.S. B. 9. C.7. D. 6.
Huéng dén gidgi
Chon C.
Quan sat bang bién thién, rd rang ham s6 da cho dong bién trén (-1;3), suy ra £(0)< f(1). Lai do
£(0).£(1)<0 nén f(0)<0< f(1).

Tuong tu nhu ¢ Bai tap 4, sb diém cuc tri cia ham y= ‘2 f (|x—2|)—3‘ bé'mg véi sb cuc tri cia ham

y=|7 ()|

Bang bién thién ciia hams6 y = f (|x|) la:

X —® =5 0 3 +00

+ 0 - 0 + 0 =
3 3
() / \ / \
f(0) 2o

-0

Dén day, ta d& dang suy ra dugc sé diém cuc tri ciia ham y = \ f(|x|)‘ 1a7.
Vay ham s6 y = |2/ (Jx—2[)-3| 6 7 diém cye tri.
Chii y: Néu f(x)>0thi ham 56 y = \2 f(|x—2|)—3\ chi ¢6 5 diém cuc tri.
Bai tdp 6. Cho ham s6 y = f(x) xéc dinh trén R\{-1} va lién tuc trén timg khoang xéc dinh, c6 bing

bién thién nhu hinh v&. D6 thi ham s y =3 /(|x|- 2) +1 c6 bao nhiéu diém cuc tri?




x |- 0 1 5 +o
f'(x-2) 4 ol =
+ o0 3
f(x-2)
=P & e
A. 3. B. 4. C.5. D.2.
Huwdng din gidi

Chon A

S6 diém cuc tri clia cac ham sb sau day la nhu nhau:

y=3f(|x|—2)+1; y=3f(|x|—2) va y =f(|x|—2).
D¢ v& dugce bang bién thién hodc do thi cia ham s y = f(|x|-2), ta dich bang bién thién (d6 thi) cia
hamsd y=f (x) qua phai 2 don vi rdi 1y d6i xtg phan bén phai truc Oy qua Oy (b6 phin bén trai

Oy).
Sau day lan luot 1a bang bién thién cia y = f(x-2) va y = f(|x]-2)

X -0 0 1 5 +o0
f'(x-2) + + 0 —
+o0 3
f(x-2) / / \
X - -5 -1 0 1 5 +00
f'(x|-2) + 0 - -0 + + 0 -
3 40 +00 3
f(|x|-2) / \ \ / / \
- —00 f(_z) — 0 =00

Vay ham s6 ban dau co6 3 diém cuc tri.

Dang 12: Pinh tham s6 dé ham s6 chira déu tri tuyét ddi c6 n diém cuc tri

1. Phwong phap

Xét bai todn: Pinh tham sé dé d6 thi ham s6 y = f(|x|) hodc y = ‘f(|x|)‘ ¢6 n diém cuec tri.
Bure 1. Lap bang bién thién cia ham s y = £ (x)

Buiéc 2. Dya vao bang bién thién, suy ra tham sé théa man yéu cau dé bai

2. Bai tap

Bai tdp 1. C6 bao nhiéu gid tri nguyén cia me[-5;5] dé ham sb Loibinh: Ta cé thé nhin




y= ‘x3 —6x° +(9—m)x+2m —2‘ ¢ 5 diém cuc tri? 16 nhitng ket ludn nay tir

viéc bien doi do thi.

A. 6. B.8 C.5. D.7. )
Hueong dén gidi Tir do thi y=f(x) suy
Chon B ra do thi y=|f(x)|
Xét f(x)=x3—6x2+(9—m)x+2m—2 Va
Cho f(x)=0c>x3—6x2+(9—m)x+2m—2:0
X
S X =6 +9x—2-mx+2m=0 .
— 2_ — —
<:>(x 2)(x 4x+1 m) 0 -
{x:2
= 2
x*=4x+1-m=0 X
6 \\ ,I
Ham s y=‘x3—6x2+(9—m)x+2m—2‘ c6 5 diém cyc trj khi f(x)=0 :

c¢6 3 nghiém phan biét va chi khi x> —4x+1-m =0 c6 2 nghiém phan biét
khac 2

AN'=4—(1-m)>0 m>-=3
=
22 —42+1-m#0

Do mnguyén m €[-5;5] nén m e {-2;-1;0;1;2;3;4;5} .

Vay c6 8 gia tri cua m thoa man d¢ bai.

A

Bai tip 2. C6 bao nhiéu gid tri cia m dé ham s& Loi binh: Ta cé thé nhin

y= |x|3 —(2m+1)x* +3m|x|-5 ¢6 5 diém cyc tri. ro nhitng két lugn ndy tir
| | viée bién doi do thi.
A. me(O;ZJ. B. me(O;ZJu(l;+oo). Tir d6 thi y=f(x) suy
C. me(l;+). D. me(-=;0]. ra do thi y:f(|x|).
Huéng dén gidi y
Chon B '
Xét f(x)=x"—Q2m+1)x*+3mx—5. .
Suy ra f'(x)=3x2 -2C2m+1)x+3m. y

x

Hiam s& y =[x —(2m+1)x* +3m|x|~5 ¢6 5 diém cuc tri khi va chi khi
ham s6 y = f(x) ¢6 2 diém cuc trj dvong < f'(x)=0 c6 2 nghiém phén

biét duong




A'=(2m+1) ~9m >0
=<2m+1>0 <:>{
m>0

4m* —5m+1>0

m>0

m>1

0<m<l
4

Bai tap 3. C6 bao nhiéu sb nguyén cioa tham

£ (x)=x"=2m|x—m+2020|+2021 c6 3 diém cuc tri?

A. 1009. B. 2020.

Chon A.
"(x)=2x-2m———=

/ (x) * m|x—m+2020|

C. 2019.

Huéng dén gidi

x—m+2020 2x—2m, x—m+2020>0
2x+2m, x—m+2020<0.

D@ thdy ham s6 khong c6 dao ham tai diém x = m —2020.

2x-2m=0
x—-m+2020>0
Taco: f'(x)=0<
2x+2m=0
x—-m+2020<0
xX=m
x=m
= X=—m =
x=-m, m>1010.
2m—-2020<0

s6 me(-2021;2020) dé ham s

D. 1008

Néu m<1010 thi f'(x)=0 < x=m va khong c6 dao ham tai diém x =m—2020 nén khong cé dit

3 diém cyc tri. Do d6 loai truong hop nay.

Khi m >1010, ta c6 bang xét ddu dao ham nhu sau:

—0

-m

m-2020

f'(x)

0

+

Vay ham s6 c6 3 diém cuc tri véi m >1010.

Ma m e(—202l;2020) nén m e{1011;1012;...;2019} .

Viay ¢6 1009 s6 thoa man dé bai.

Bai tdp 4. Cho ham sb f (x)=x’ +mx’ +nx—2 v6i m, n 1a cac s thuc thoa man {

cuc tri cia ham s6 y = |f(x)| 1a

A. 1. B. 3.

Chon C.

Huéng dén gidi

C.5.

m+n<l oz
. SO diém
2m—-n>>5




Hamso f(x)=x"+mx’ +nx—2 liéntyc trén R .

lim f(x)z_oo
- lim /(x).f (-2)<0
f(—2)=—8+4m—2n—2:2(2m_n_5)>0 X—>—0

f()=14m+n-2=m+n-1<0 =1 /(=2).f (1)( <0

lim f(x) =+ SO-fim £ (x) <0

X—>+0

Suy ra phuong trinh £ (x)=0 c¢ it nhat 3 nghiém. Ma f(x)=0 la phuong trinh b4c 3 nén c6 t6i da 3
nghiém. Viy f(x)=0 c6 ding 3 nghiém phan biét.

Vay ham s6 y = |f(x)| c¢6 dung 5 diém cuec tri.

Ne A \ A 1 7.e \ A A . 5 \ A ~ J4 A
Bai tap 5. Cho ham s6 y = §x3 +mx~y/x* +1| voi m 1a tham s6 thyc. D6 thi ctia ham s6 da cho c6 nhidu

nhét bao nhiéu diém cyc tri?
A.5. B. 3. C. 4. D.2.
Huéng dén gidi
Chon A.

Xét f(x) :%x3 +mx~+/x* +1c6 tap xdc dinh D=R.

2x* +1 XX +1
T — 2 —; [ — oo -
aco f'(x)=x"+m - (%) SaT

(2x4 —3x +2)

Taco g . Bang bién thién g(x):
()= (2x° +1)2Vx* +1 ()
X —0 0 +0
f'(x) + 0 .

Dua vao bang bién thién ta c6 f’(x)=0 c6 téi da 2 nghiém khac 0 khi m <0. Do ham s6 f(x)lién

tuc trén R nén f (x) =0 ¢6 tbi da 3 nghiém phan biét. Néu tdn tai gia tri cua tham s6 m sao cho

. . ‘ 1 .2 .
phuong trinh f (x) = 0co6 ding 3 nghi¢m phén biét thi ham s6 y = §x3 +mx x> +1| ¢6 5 diém cuc tri.

x=0

Ta co =0
f(x) x2 ==3m\x* +1. (2)

Khi m <0 thi (2)  x*=9m°x* —9m’ = 0 ludn c6 2 nghiém phan biét khac 0.




Vay phuong trinh f(x)=0 c6 ding 3 nghiém phan biét néu m <0.

A A R s LA 5 \ A 1 \
Viy so diém cuc tri toi da cia ham s y = §x3 +mxvx*+1| 1a 5.

Bai tap 6. C6 bao nhiéu s6 nguyén ciia m [0;2021] dé ham s6 y = |x|3 +(m—1)x c6 ding mot diém cuc

tri?
A.2021. B. 2022. C.21. D. 20.
Huéng dén gidi
Chon B.

Ta s€ chiing minh ham so trén luén c6 ding 1 diém cyec tri voi moi tham s6 m.
Hién nhién ham s6 lién tuc trén R .

Tacod: y=—"—+m-1=

|x| -3x* +m—1,x<0.

3x’ {3x2+m—1,x>0
Pao ham khong xac dinh tai diém x=0.

) ., 3x*,x>0
+)Khi m =1 thi y' =
—3x*,x<0
Ham sd khong c6 dao ham tai diém x=0 va dao ham d6i déu khi di qua diém x=0 (vi

lim y' >0, lim y' <0).
x—=0"

x—0"
Viay ham s6 chi dat cuc tri tai x=0.

+)Khi m>1,taco y'>0,Vx>0 va lim y <0.
x—0"

/ -1 P o 2 . =
Cho y=0=x=- m3 va dao ham d6i dau khi di qua di€ém dé nén ham so ciling chi c6 1 diém cuc

tri.

/o N A o~ N . . 1R l—m
+) Tuong tu v&i m <1, ham so cling chi dat cuc tri tai diem x = T

Vay ham s6 ludén ¢6 1 diém cyc tri véi moi tham so m.

Do m nguyén va m e [0;2021] nén c6 2022 gia tri ctua m.

Dang 13: Cho bang bién thién, dinh gia tri tham s6 dé ham s6 tri tuyét doi cé » diém cuec tri

1. Phwong phap

Bai todn: Cho bang bién thién clia ham s6 y = f(x) hodc cho bang bién thién, bang xét dau ctia f"(x).
Yéu ciu tim gia tri ciia tham sé m dé ham sb g(x,m) con diém cuec tri.

Dua ham s6 g(x,m) vé ham s6 don gidn hon (néu c6 thé). Sau d6 sir dung céc phép bién doi do thi ham

trj tuyét doi.




2. Bai tap
Bai tip 1. Cho ham s6 y = f(x) lién tuc trén R\{1}, c6 dao ham trén R\{l} va c6 bang bién thién ciia

ham sé y = f(x) nhu sau

X -0 0 1 +0

+00 +00

Fi(x) \\\*0\\$ ‘//”

—00 || —o0

C6 bao nhiéu gia tri nguyén cua tham sb m e [—20;20] dé ham s g(x) = 2f(|x|—m)+22°2° c¢6 nhiéu

diém cuc tri nhat?
A.21. B. 19. C.22. D. 20.
Huéng dén gidi
Chon D.

86 diém cyc trj ciia g (x) =2/ (|x|—m)+2"" bing véi sb diém cyc trj ciia ham s6 /1 (x) = £ (|x|-m).

Ta co6 h’(x)=i|f’(|x|—m).

|x
Hién nhién ham s6 khong c6 dao ham tai diém x=0.

Px|—m:0 {|x|=m
Cho h'(x) =0

[x|-m=x>1"||]x]=x+m
Ham s6 h(x)=f(|x|—m) c6 nhiéu diém cyc trj nhét khi va chi khi 4'(x)=0 c6 nhiéu nghi¢m duong
nhét hay 0<m.
Do m nguyén va m €[~20;20] nén m e {1;2;3;...;20}.

Bai tip 2. Cho ham sé y = f(x) c6 dao ham trén R va c6 bang bién thién cta ham sé y = f’(x) nhu

sau:

X —0 -1 0 1 400

B e

S6 gid tri nguyén clia tham sb m dé ham sé g(x)= f (‘x4 —4x” + m‘) ¢6 nhiéu diém cyc tri nhat?
A. 2. B. 4. C.3. D.5.
Huéng dén gidi

Chon C.




x'—4x*+m
4

Taco g'(x)= (4x3 —Sx) f'(‘x4 —4x’ +m‘) .

‘x —4x? +m‘

Ta co ‘x4 —4x’ +m‘ >0.
Dua véo bang bién thién, suy ra f’(‘x4 —4x% + m‘) =0 vo0 nghiém (*).
Ham s6 g(x) c6 nhiéu diém cyc trj nhat khi g'(x) =0 c6 nhi¢u nghiém phén biét nhat.

x'—4x’+m=0

c6 nhidu nghiém phén biét nhat
4x* —8x=0

Két hop v6i (*), ta c6 hé phuong trinh

o x*—4x’+m=0 co nhidu nghiém nhit va tit cd cac nghiém déu khéc 0 va khac +v2 (vi
4x’ —8x =0 ludn c6 ba nghiém phan biét 1a 0; +2 ) < m=—-x*+4x* c6 nhiéu nghiém nhat va tit ca
cac nghiém déu khéc 0 va khac ++/2 (**).

Lap bang bién thién ciia y =—x* +4x’ ta co:

x -2 0 V2
y' + 0 - 0 + 0 -

d ‘/'4\‘0/4\

Do doé (**) <@ 0<m<4.

Vay co ba gié tri nguyén 1a m e {1;2;3} .

Dang 14: Cho do thi, dinh tham sé dé ¢6 ham s6 ¢6 n diém cwc tri

1. Phwong phap
Buwéc 1. Tim ham sé don gian hon ¢ cung s6 diém cyc tri véi ham ban dau
Buwée 2. Dya vao dd thi, xac dinh sb cuc tri cia ham don gian ¢ budc 1.
2. Bai tap
Bai tap 1. Cho duong cong nhu hinh v& 1a dd thi cia ham s6 y = f(x). Tim tap hop tat ca céc gid tri
thuc ctia tham s6 m dé ham sb y= f(|x+3|+m) ¢6 5 diém cuc tri.
A. me(—o0;-1]. B. me(-L1).

C. me(l;+). D. me(—o0;-1).




N W

/‘_L

X

T R \i/é 3
11
12

Huéng dén gidi
Chon D.

S6 diém cyc tri cia ham sd y = f(|x +3]+ m) bang véi s6 diem cuc tri cia ham s6 g (x) = f(|x| + m) .

Taco g'(x) =ﬁ.f’(|x|+m).

|x|+m=1 |:|x|=1—m (*)

Dua vao d6 thi, ta co g(x)=0
|x| =—1-m

|x| +m=-1
(cht ¥ ring ham s6 g (x) khong c6 dao ham tai diém x=0).

Ham s6 y=f(jx+3|+m) c6 5 diém cyc tri < g(x)=f(|x|+m) c6 5 diém cyc tri < (*) c6 4

nghiém phén biét < —-1-m>0m<—1.

Bai tap 2. Cho ham s y = f(x) lién tuc trén R va c6 d6 thi nhu hinh v&. Tim tit ca céc gi tri ctia tham

so m dé ham so y = | f(x)+ m| c6 nhiéu diém cuyc tri nhat.

A. me(—2;2). B. me[—2;2].
C. me(-11). D. me[-11].
ya
| _-.2
|
I +1
| ], X
2] -Gk 1 2
A\
I
ol N
Huéng dén gidi

Chon A.




D4 thi ham s6 y = |f(x) + m| c¢6 nhiéu diém cyc tri nhat khi va chi khi y = f(x)+m cit truc hoanh tai
nhiéu diém nhat < —2<m<2.

Bai tip 3. Cho ham s6 y = f'(x) ¢6 d6 thi nhu hinh v&.

ya

Goi S 14 tap hop cac s6 nguyén dwong ctia m dé ham s6 y = f(x+2020)+%m2 ¢6 5 diém cuc tri. Tong

tat ca cac phan tir cia S 1a
A.S. B. 10. C.6. D.7.
Huéng dén gidi

Chon D.

, 4 .2 . , \ 1 N £ L2 . ) .
Ta c6 sO diém cuc tri cia ham y=|f (x+2020)+§m2 bang s0 diém cuc tri cua ham

Xét ham g(x) =f(x)+%m2 .

Dua vao do thi ta ¢4 s0 diém cyc tri cia ham g (x) bang so diém cyc tri ciia ham £ (x) va bang 3.

Suy ra ham so6 y:‘f(x+2020)+§m2 6 5 diém cuc tri thi sO giao diém cua g(x) vdi truc Ox

(khong ké cac diém tiép xuc) 1a 2.

—lm222
o . <:>9<m2<18<:{
—6<——m><-3
3

3<m<32
32 <m<-3.

Do m nguyén duong nén m e {3;4}.

Vay tong cac gia trj 1a 7.




Bai tip 4. Cho ham s6 y = f(x) ¢6 dd thi nhu hinh v& bén dudi. S6 gid tri nguyén ciia tham s6 m dé do

thi ham s6 g(x) = ‘f3 (x)-31(x) +m‘ c6 dung 9 diém cuec tri 12

y A
D X
e \
----- -1
A. 16. B. 17. C. 15. D. 18.
Huéng dén gidi

Chon A.
Xét h(x)=f(x)=3f(x)+m.
Suy ra h’(x):0<:>3f'(x)[f2(x)—1]=O.

x=0

Dua vao d6 thi, ta co f’(x):0<:>{ 5
xX=-

xX=x<-2
f(x)=1<|x=x, €(-2;0) (dao ham déu doi dau khi di qua c4 3 nghiém déu 1a nghiém don va khac

x=x;>0

2 nghiém trén).

f(x)=—1®[

Ta tinh céc gia tri: h(x)=h(x,)=h(x;)=m-2

X=X 2> X . \ ‘n \ ‘n .
) (trong d6 x = x, la nghiém don x =-2 la nghiém kép).
X=-

>

—_
§<

N—
Il

h(—2)=m+2 va h(0)=m+18

Bang bién thién h(x):

X —00 Xy -2 Xz 0 X3 Xa -+a0

h'(x) - 0+ 0-0+0-0+0 -

m+18

h(x) \ 2;'””2\ 2/ \m 22'm+2\ |
i ol i o

Suy ra ham s6 4 (x) luén c6 6 diém cuc tri.
Do thi ham s6 g(x) =‘f3(x)—3f(x)+m‘ c6 dung 9 diém cuc tri twong duong dd thi y =h(x) cit

truc hoanh tai dung 3 diém (khong ké nhimg diém tiép xtic) © m+2<0<18+m < -18<m<-2.




Vay m e {—17;—16;...;—2} hay ¢6 16 gia tri nguyén cua m.

Dang 15. Biét dwgc do thi ciia ham sé f(x) tim (s6 diém) cyc tri clia ham 4n

1. Phwong phap

Buéc 1. Tim dao ham ctua ham sé y = f(u(x)) Dy = u’(x).f’(u(x)).

Buére 2. Tir do thi ham s, xac dinh s6 nghiém boi 1¢ ctia phuong trinh y'=0.
Buére 3. Két luan cyc tri cia ham sb y = f(u(x)) )

2. Bai tap

Bai tip 1. Cho ham s y = f(x) c6 dao ham trén R va c6 do thi nhu hinh v&
dudi (chi dat cuc tri tai 3 diém va cling chi c6 3 diém chung vo6i truc hoanh).

S6 diém cyec tri cia ham s6 g (x) = [f(x)]2 1a

A.S. B. 4.
C.3. D. 6.
Huéng dén gidi
Chon A.
S'(x)=0 ()
Taco: g'(x)=2f"(x).f(x).Cho g'(x)=0<
()220 (). Cho g (=02 7
Dua vao do thi trén, ta co:
X=X,
()< | x=0 (cic nghiém déu la nghiém boi 18).
X=X,
x=-2
(2)< | x=3 (trong d6 x =0 nghiém kép,hai nghi¢m kia la nghiém don).
x=0

Vay phuong trinh g’ (x) =0 ¢6 5 nghiém boi 1é.
Do vy sb diém cuc trj ciia ham s6 g (x)= [f(x)}2 1as.

Bai tap 2. Cho ham s§ y = f'(x)c6 dao ham trén

¥4
13
R va c6 do thi nhu hinh v€ bén dudi (chi dat cuc 1,
tri tai 3 diém va ciing chi c6 3 diém chung véi 1
L X3 E
truc hoanh). S6 diém cuc tri cia ham s6 2\:LD|\] 2 |2
-1 i
¢(x)=/[/(x)] 2 \
b3

A.6 B.7

Chii y: Chi can quan tam
dén nghiém béi 1é hodc
nghiém ma dao ham doi
diu khi di qua cua
phuwong trinh f'(x):O




C.8 D.9

Huéng dén gidi
Chon D
Ta co: g'(x)= f’(x).f’[f(x)].
1(x)=0 @

Cho g'(x)=0< f’[f(x)]=0 2

Dua vao d6 thi trén ta co:

X=X

()< | x=0 (cacnghiém déu la nghiém bdi 1¢).

X=X,

f(x)=x
Q) f(x) =0

f(x) =X,.

Phuong trinh f(x)=x, v6i x €(-2;-1) c6 2 nghiém don khac véi 3
nghiém x=x;x=0;x=ux,.

Phuong trinh f'(x)=0 c6 2 nghiém don la x =-2,x =3 (khac v&i 5 nghiém
don trén) va nghiém kép x=0.

Phuong trinh f(x)=x, véi x, €(2;3) c6 2 nghiém don khéc véi tit ca cac
nghi¢m trén.

Véy phuong trinh g'(x)=0 c6 tong cong 9 nghiém boi 1¢ nén ham sé

g(x)= f[f(x)] c6 téng cong 9 diém cuc tri.

Bai tap 3. Cho hamsd y = f (x) xac dinh, lién tuc trén R va c6 dung 2
diém cuc tri x=—1,x=1 c6 dd thi nhu hinh v& sau:

Hoi ham s6 y =3 (x*—6x* +9x+1)+2020 co bao nhiéu diém cyec trj?

A. 2. B. 3. r— .
2] 14 0 1/ 2 3
/ N \/

C.4. D. 5.

Huéng dén gidi 21

Chon C
Do ham sé y = f(x) 6 ding hai diém cyc tri x=—1,x=1 nén phuong trinh f’(x)=0 c6 hai nghiém

boi 1é phan bist x=—-1,x=1.




Ta co: y':3(3x2 —12x+9)f'(x3 —6x° +9x+l>

=1
3x* —12x+9=0 [x=3
V=0 x —6x’ +9x+1=-1<| x=x,(-10)

X —6x*+9x+1=1 x(x—3)2— '

Vi y'=0 c6 cac nghiém 1¢ la x =x,,x=1va x =3 nén ham s6 y=3f(x3—6x2+9x+1)+2020 c6 tat ca
4 diém cuc trj.

Bai tap 4. Biét rang ham s6 f (x) xéac dinh, lién tyc trén R co dd thi duoc cho

¥
13
nhu hinh v& bén. S6 diém cyc tri cia ham sé y = 5f[f(x—3)+ 1] -201a ls
A.6. B.S. x
C.3. D. 4. -1

Huéng din giai
Chon D.

S6 diém cuec tri ctia ham s y= 5f[f(x—3) + l} =20 bﬁng voi 86 diém cuc tri cua
ham sd y = f[f(x—3)+11 va cling bang véi s6 diém cuc tri cia ham sé g (x)= f[f(x)] .
Ta co: g'(x) = f’(x).f’[f(x)] .

S'(x)=0 (1)
FLF()]=0(2)

Duva vao @6 thi, ta co

g'(x)zO@{

0
(e [x (trong d6 x=0va x =2 la nghiém boi le).

f(x)=2(4)

(3) < x =3 (nghiém don) hodc x =0 (nghiém kép).

(2)©[f(x)=0 o)

(4) & x =x, >3 (nghiém don).
Vay phuong trinh g'(x)=0 c6 4 nghiém boi lé nén g(x) c6 4 diém cyc trj

Suy raham s6 y = 5f[f(x—3)+1]—20 cling c6 4 diém cuc tri.

Dang 16. Tim (s6 diém) cyc tri ham 4n biét do thj ciia ham s6 f'(x)

1. Phwong phap




Bai ton: Cho trude d thi cia ham sé f”(x). Tim (sé diém) cuc tri cta (d6 thi) ham s f(u).

+Néu f'(x)=0 c6 cdc nghiém x,, thi f'(u)=0<u=x,.

+ Chiing ta chi cin quan tim dén cac nghiém boi 1é ciia phuong trinh.

2. Bai tip miu
Bai tip 1. Cho ham s& y=f(x) co A
dao ham lién tuc trén R. Ham s

y=/f"(x) ¢6 dd thi nhu hinh v&.

-1 0 3
Hamsd g(x)= f(3—x2) dat cyc tiéu \

L b

tai diém
A. x=0. B. x=2.
C. x=42. D. x=-2.
Huwong din gidi
Chon A.

Phuong trinh f'(x)=0 c6 2 nghiém boi lé 1a x=—1,x=3.

Ta co: g'(x) =[f(3—x2)]’ = —2x.f'(3—x2).

x=0 x=0
Cho g’(x)zO@ 3-x'=-le|x’ =4
3-x*=3 ¥’ =0

Suyra g'(x)=0 co3 nghiémboilela x=0,x=%2.

Vi g'(3)=—6.1"(6) <0 nén ta c6 bang xét dau g(x) nhu sau:

X 1 2 0 2 o

g'(x) i 0 0 | 0

Bai tip 2. Cho ham s6 y = f(x) c6 dao ham lién tyc trén R. Ham
s0 y=f'(x) c6 dd thi nhu hinh v&.

¥

Luwu y: Do cdc nghiém déu la
nghiém bgi lé, nén g'(x)déi
ddu khi di qua méi nghiém dy.
Chinh vi vdy ma ta chi can biét
ddu ciia mot khodng nao do sé
suy ra dau & cac khodang con
lai. Do ham s6 lién tuc, nén chi
can biét dau tai 1 diém, ta sé
biét dau ¢ khoang chira diém
do.

O bai nay, ta xet tqi diém

x:3€(2;—i—oo).




S4 cuc trj ctia ham sb h(x)zf(x2 —Zx) la Chii y: Ta chi can quan tim

dén nghiém bgi lé, nén trong

A. 2. B. 4.
C.3 D.5. bai nay ta bo qua nghiém x=0
Hudng déin gidi cua phuong trinh f’(x):O
Chon C. (la nghiém béi chan nén dao
Ta c6: h'(x)=(2x—2).f'(x2—2x). ham khéng d@oi dau khi qua

. nghiém nay). Ta ciing khong
X = \ .

O L 5 can xét den phuong trinh
Dua vao do thi, taco h (x)=0<:> x =2x=-1

xP=2x=3 X =2x=-1

Phuong trinh trén chi ¢6 3 nghiém boi 1é 1a x =+1,x =3 nén ham s6

h(x) chi cé 3 diém cuo tri.

Bai tap 3. Cho ham s6 y = f(x) ¢6 do thi ham s y = f'(x) nhu hinh vé&:

d ef %
Biét f(a)> f(c)>0;f(b)<0< f(e).
S6 diém cuec tri cia ham s6 g(x) = [f(x+ m):l2 la
A.S. B.7. C.6. D. 8.
Huwéng dén gidgi

Chon B.
Tur d6 thi cua dao ham, ta c6 bang bién thién sau:

X 1 a b [+ d [ o

f'(x) £ 0 0 + 0 0o - 0 +
f(a) o0

fix) ”c]‘\"‘f{dj /
/ \‘f[ﬂl
f(b)

¥




Dua vao bang bién thién, ta thdy y = f(x) c6 4 diém cuc tri, suy ra ham s6 y = f (x+m) cling c6 4 diém
cuc tri va f'(x+m)=0 c6 4 nghiém boi I¢ phan biét. Khi f(a)> f(c)>0;f(b)<0< f(e) thi db thi
ham s y = f(x) cat truc hoanh tai 3 diém phan biét nén d6 thi ham s6 y = f(x+m) ciing cét truc hoanh
tai 3 diém phan biét.

Taco g(x)=[ f(x+m)] = g'(x)=2f"(x+m).f (x+m).

"(x+m)=0 (1
Cho g'(x)=0 j:((erm)): 0 Ez)).
Phuong trinh (1) c¢6 4 nghiém phén biét, phuong trinh (2) ¢6 3 nghiém phéan biét khac v6i 4 nghiém cua
phuong trinh (1). Vay g'(x) ¢ 7 nghiém (bdi 1) phan biét hay g(x) c6 7 diém cye tri
Bai tp 4. Cho ham s6 y = f(x) c6 dao ham lién tuc trén R, ham s y = f"(x—2) c6 d6 thi nhu hinh

dudi. SO diém cuec tri cia ham s6 y = f'(x) 1a

NI

Al B.2. C.0. D. 3.
Huwéng dén gidi

Chon B.

Ta ¢6 s6 diém cyc tri cia ham s6 y= f(x)bang véi sé diém cuc tri cia y= f(x—2). Vi ham s6

y=f(x-2) c6 2 diém cyc trinén ham s y = f(x) c6 2 diém cye tri.

Bai tip 5. Cho ham s y = f(x) lién tuc trén R ¢4 dd thi y = f'(x—2) nhu hinh v&. S6 diém cuc tri

ciahamsé y=2f(x-3)-4 la

¥




A. 4. B. 5. C.3. D. 2.
Huwéng dén gidi
Chon A.
Nhan xét: S6 diém cuyc tri cia ham s6 y =2 (x—3)—4 bang véi s diém cuc tri clia ham s6 y = f(x)
va bing véi s diém cyc tri ctia ham sé y = f(x—2). Ta c6 d6 thi ham s6 y = f(x—2) cét truc hoanh
tai 4 diém phan biét nén ham s6 y = f(x—2) c6 4 diém cyc tri. Vay hamsé y =2/ (x-3)—4 c6 4 diém

cuc tri.

Dang 17. Biét duge f'(x) hodic bang xét du, bing bién thién ciia f'(x), tim s6 diém cyec trj ciia

ham an

Bai tap 1. Cho ham s6 y = f(x) c6 dao ham f'(x) =(4—x)(x3 —1)+2x, Vx eR. S6 diém cyc tri ctia
ham sé g (x) =f(x2)—x4 -m 1a

A. 2. B. 3. C.4. D. 1.
Huwéng dén gidgi
Chon A.

Taco g'(x)= ZX[

—_—

4—x2)()c6 —1)+2x2]—4x3 =2)c(4—xz)(x6 —1).

Il
H+H <

1
2.

g(x)=0=

R oR X
(I
I+

Lap bang xét déu g'(x):

X i 2 1 0 1 2 o

g'lix) F 0 0 + 0 0 + 0

Dua vao bang xét dau, ta c6 ham s6 g (x) c6 2 diém cyc tiéu.

Lueu y: Khi lam trdc nghiém, ta c6 thé ldp bang xét dau thu gon nhir sau:

Bai tip 2. Cho ham s6 y = f(x) c6 dao ham f'(x)=x’ (x—l)(x—2)4, VxeR. Sb diém cuc tri cia
ham sé g(x) :f(x2 +x—1) la

A. 2. B. 3. C.4. D. 1.
Huéng din gidi
Chon B.




Ta co:

g’(x)=(2x+l)f’(x2+x—l)

=(2x+1)(x2+x—1)2(x2+x—2)(x2+x—3)4

D@ thay g'(x)=0 co 3 nghiém don la x=—2,x=—%,x=1 nén ham s6 ¢6 3 diém cuc tri.

Bai tap 3. Cho ham s6 y = f(x) c6 bang xét dau dao ham nhu sau:

X 0 1 2 o

F(x) -0+ 0 - 0

S6 diém cyc trj cia ham s g(x) = f(x)-x° +%x2 +6x+2020 1a

A. 3. B. 2.
C. 1. D. 4.
Huéng din gidi
Chon B.
Ta co: g'(x)zf'(x)—S(xz—x—Z).
Nhén xét: g'(-1)=g'(2)=0.
lx>2 . f'(x)<0
e Khi thi = g'(x)<0.
x<-1 —3(x2—x—2)<0
f'(x)>0
e Khi -1<x<2 thi ) = g'(x)>0.
—3(x —x—2)>0

Tic la g'(x) doi dau khi di qua 2 diém x=-1 va x=2.
Vay hamsé g (x) co hai diém cuc tri.
Bai tip 4. Cho ham s6 y = f(x) c6 dao ham f”(x)=(x—1)"(x —2x) véi Vx € R.Cé bao nhiéu gia trj

nguyén duong cta tham s6 m dé hamsé f (x2 —8x+ m) ¢6 5 diém cyc tri?

A.17. B. 16.
C. 14. D. 15.
Huwéng dén gidi
Chon D.

bat g(x)zf(x2—8x+m).

Taco: f'(x) (x—l)zx(x—2) suy ra




g’(x)=(2x—8)f'(x2 —8x+m)

=(2x—8)(x2 —8x+m—1)2 (x2 —8x+m)(x2 —8x+m—2).

[x=4
’ (x2 8x+m— 1)2 0 (1)
glx)=0e (x2 8x+m) (2)

0
(x —8x+m— 2) 0 (3)
(

Cac phuong trinh (1), (2), (3) khong c6 nghiém chung timg d6i mot va (1) néu c6 cdc nghiém thi

nghiém 4y 1a nghiém boi chan.

Suy ra g(x) ¢6 5 diém cyc trj khi va chi khi (2)va (3) déu c6 2 nghiém phan biét khac 4
16—-m>0 m<16
16-m+2>0 m<18

= Rt
16-324+m=0 m#16
16-324+m—-2#0 m#18

< m<l16.

Do m nguyén duong va m <16 nén c6 15 gid tri m can tim.
Bai tip 5. Cho ham sb y=f(x) c6 dao ham f’(x)=(x—1)(x—2)(x—3)2 (x2+2mx+5) voi moi
x € R. Cé bao nhiéu s6 nguyén m >—20 dé hamsd g(x)=f (|x|) ¢6 dung 5 diém cuc tri?

A. 6. B.7. C.9. D. 5.
Huwéng dén gidgi
Chon A.
Do tinh chat dbi xtmg qua truc Oy cua do thi ham sb f(|x|) nén ham sb g(x) = f(|x|) c6 ding 5 diém

cyc tri & f(x) c62 diém cuc tri duong < /"(x)=0 co6 2 nghiém boi 1¢ phan biét va duong (*).

x=1
x=2
Xét f’(x)=0c> (x—3)2 o

X +2mx+5= 0(1).
Dé théa man (*) ta c6 céc trudng hop sau:
+) (1) c6 nghiém kép hoac vo nghiém khi va chi khi
—5<0e5<m<A5.
Do m nguyén 4m nén m € {-2;-1;0;1;2} .

+) (1) c6 2 nghiém duong phén biét, trong d6 c6 1 nghiém bang 1, nghiém con lai khac 2.




Ta ¢6 (1) nhan x=1 la nghiém khi I’+2.1m+5=0=>m=-3. Khi m=-3, thé vao (1) ta thiy
phuong trinh c6 2 nghiém duong phan biétla x=1 va x=5. Vay m = -3 thoa man.

+) (1) c6 2 nghiém duong phén biét, trong d6 c6 1 nghiém bang 2, nghiém con lai khac 1.

Néu (1) nhén x=21a nghiém thi 2° +22m+5=0=>m = —%eEZ.

Trudng hop nay khéng co gia tri nguyén cia m thoa man.

Vay m e {—3;—2;—1;0;1;2}.

Bai tip 6. Cho ham s6 y = f(x) c6 dao ham lién tyc trén R va bang xét ddu dao ham nhu sau:

F ! i 2 2 R

f'(x) -0 + 0 0

Hamsé g (x) =3 (-x"+4x” —6)+2x° —3x" —12x” c6 tit ca bao nhiéu diém cyc tiéu?

A. 3. B. 0. C.1. D. 2.
Huwéng dén gidgi
Chon D.

Ta cé: g'(x):—IZx(xz—2)[f'(—2—(x2—2)2)—(x2+1)]
Dua vao bang xét déu, ta c6 f'(x) <0, Vx € (—o00;—2) U (2;+00).
Tacd —2—(x*~2) <2 nén :>f'[—2—(x2—2)2}§0.

Suy ra f’[—2—(x2—2)2}—(x2+1)<0,VxeR.

x=0

x:i\/z

Vi —12f’(—2—(x2 —2)2)—(x2 +1) >0 nén g'(x) cung dau véi h(x) =x(x2 —2) nén dé thay ham sé

Do d6 g'(x)=0< { , ca 3 nghiém déu la nghiém boi 1¢.

g(x) c6 2 diém cyc ticu.

Bai tip 7. Cho ham s6 y = f(x) c6 bang bién thién nhu sau:

flix) W] [ 0 -

e 1\2/5\,




S4 cuc dai cua ham sb g(x)= [f(2x2 +x)]2 1a

A. 3. B. 2. C.1. D. 4.
Huwéng din gidi

Chon B.

Ta co
i 1
"

g'(x)= 2.(4x+1).f’(2x2 +x).f(2x2 +x) =0 ]”(2x2 +x) =0
f(2x* +x)=0.

Dua vao bang bién thién, ta cé

im 2 2x% +x=-2 ¥=-1
f(2x +x)=0<:> = 1
2x” +x=1 X=—.
2
Dua vao bang bién thién ta c6 phuong trinh f(x)=0< x=x, > 1.
Khid6 f(2x* +x)=02x" +x—x, =0.

Vi ac=2 (—xo) <0 nén phuong trinh nay ludn c6 2 nghiém trai du la

1 1[1+8x0 1+V1+8x0
X, =——— X, =——
o4 4 >4 4
, 1 148 . I JI+8 1
Taco x, <—————<~-1va x,>——+ =—,Vx,>1.
4 4 4 4 2

Ta c6 bang xét dau cua g'(x):

X o xl —1

-

g'(x) 0 + 0 o +

Tir d6 suy ra ham s6 g(x) chi c6 2 diém cyc dai.

Bai tip 8. Cho ham s6 y = f(x) lién tuc trén R, c6 bang bién thién f'(x) nhu hinh v& dudi day

X —0 -2 1 0

flrx} | [] -

0
+0 5
f(x) \ / \
2 i

S6 diém cuec tri cia ham s6 g (x) = f(x3 —3x)—éx5 —§x3 +3x+20 trén doan [-1;2] 1a




A. 3. B. 2. C. 1. D. 4.
Huwéng dén gidi
Chon C.
Taco: g'(x)= (x2 —1)[3f'(x3 —3x)—x2 —3].
D@ thay khi x e [—1;2] thi (x3 —3x) € [—2;2] va khi ay f’(x3 —3x) € [—3;1] .

Suyra 3f'(x*-3x)-x" -3<0.

Déau "=" xay ra khi
x*=0

Vay 3f'(x’ =3x)-x" =3<0,vxe[-1;2].

Khi d6 g'(x)=0< x==1 (déu c6 2 nghiém don).

Bang xét dau g'(x),xe[-1;2]1a

g x) 0 | 0

Vay ham sb g(x) = f()c3 —3x)—éx5 —§x3 +3x+20 trén doan [—1;2] chi ¢6 1 diém cyec tri.

Bai tip 9. Cho ham s y=f(x) c6 dao ham f"(x)=(x—1)(x—2)(x—4)(x=5)véi xeR. Cé bao

nhiéu gia tri nguyén ciia tham s6 m dé ham s6 g (x) = f (x)—mx cé 4 diém cuc tri?

A.S. B. 6.
C.7. D. 8.
Huéng din gidi
Chon B.

Tacé: g'(x)=f"(x)-m.

Cho g'(x)=0< f'(x)-m=0<(x*—6x+5)(x* —6x+8)—m=0.

Pit t=(x—3)’, >0, phuong trinh tr¢ thanh:

(t-4)(1-1)-m=0<1"-5t+4-m=0 (1).

Ham s6 g(x)=f(x)-mx c6 4 diém cyc tri khi va chi khi (1) c6 2 nghiém dwong phan biét

A=25-4(4-m)>0
&<85=5>0 <:>—%<m<4.
P=4-m>0




Do m nguyén va m e(—%%j nén m e {-2;-1;0;1;2;3}.

Bai tdp 10. Cho ham s6 y = f(x) c6 dao ham f"(x)=xv/8—x?,Vxe [—\/§;\/§]. C6 tht ca bao nhidu gi4
tri nguyén ctia tham s6 m dé hamsé g(x)= f(x)—m’x—2mc6 2 diém cyc trj?

A.3. B.4. C.s. D.2.
Huéng din gidi
Chon D.
Ham s6 g(x) =/ (x)—m"x—2m xdc dinh trén [ —/8;v8 .
Pao ham g'(x) = f'(x)—m’ = x\8—x* —m’.
Ham s6 g(x)= f(x)-m’x—2m c6 2 diém cuc tri khi g'(x)=0 c6 2 nghiém phan biét va g'(x) doi
déu qua cac nghiémdo  (1).
Taco: xV8—x" —m’ =0 x8—x" =m’  (*).
Xeét ham s6 h(x) = /8- 2", x e[ —8;8 .
8—2x"

Co h'(x)z -

. Cho h'(x)=0<:>x=-|_-2.

Bang bién thién ctua ham /(x):

h'(x) I] 0 t 0

a
hix) | o n/ \\

Dua vao bang bién thién, suy ra (*) c6 t6i da 2 nghiém hay g'(x)=0 c6 t6i da 2 nghiém.

-2<m<2
Vay (1)<:>0<m2<4<:>{ "
m#0.

Vi m nguyén nén m e {—1;1}.




BAI 3. GIA TRI LON NHAT, GIA TRI NHO NHAT CUA HAM SO
A.KIEN THUC CO BAN CAN NAM
Cho ham s6 y = f(x) xéc dinh trén tép D.
+) S6 M duge goi la gid tri 16n nhat (GTLN) cia ham s6 y = f(x) trén tdp D néu f(x) <M véi moi
xeD vaténtai x, € D saocho f(x,)=M.
Ki hiéu: M = mgxf(x)
+) S6 m dugc goi 1 gi tri nhé nhat (GTNN) ciia ham s6 y = f(x) trén tap D néu f(x)2m véi moi
xeD vatontai x, € D saocho f(x,)=m
Kihi¢u: m = mgnf(x)

SO PO HE THONG HOA

S6 M dugce goi la gid tri 16n nhat (GTLN) ciia ham sé y = f(x) trén tap D néu

f(x)<M véimoi xe D vatontai x, € D saocho f(x,)=M .

Ki hiéu: M = mgxf(x)

Cho ham s6
y = f(x) xéc dinh

trén tap D

y

86 m dugc goi 1a gia tri nhé nhat (GTNN) cia ham s6 y = f(x) trén tap D néu
f(x)=m véimoi xe D vatdntai x, € D saocho f(x,)=m.

Ki hidu: m = mDinf(x)




B. PHAN LOAI VA PHUONG PHAP GIAI BAI TAP

Dang 1: Tim GTLN — GTNN ciia ham s6 y = f(x) trén mdt khoang

1. Phuwong phap giai

Ta thuc hién cac budce sau

Buwéc 1. Tim tip xac dinh (néu dé chua cho khoang).

Budc 2. Tinh y' = f'(x); tim cac diém ma dao ham bang khong hodc khong x4c dinh.

Buiéc 3. Lap bang bién thién

Buée 4. Két luan

Luru y: Co thé ding may tinh cam tay dé giai.

Buwde 1. Dé tim gia tri 16n nhat, gia tri nho nhit ciia ham sé y = f (x) trén mién (a; b) ta sit dung may
tinh Casio vdi 1énh MODE 7 (MODE 9 1ap bang gia tri)

Buwdc 2. Quan sat bang gia tri may tinh hién th, gia tri 16n nhét xuét hién 1 max, gia tri nho nhét xuét
hién la min.

b—a

- Ta thiét 1ap mién gia trj cta bién x Start a End b Step (c6 thé 1am tron dé Step dep).

Chu y: Khi de bai lién c6 cac yeu to luong gic sinx, cosx, tanx... ta chuyén may tinh vé ché do Radian.

2. Bai tap

Bai tap 1. Cho ham s6 f'(x)= —%xé - %xs - %xz + x +1.Khang dinh nao sau day ding?
17 47
A. max f(x)=— B. max f(x)=—
ax [ (x) =35 ax [ (x) =35
67 s A TpaA A s i1y £
C. max f (x)= 3 D. Ham s6 khong ton tai gia tri 16n nhat

Huéng dén gidi
Chon B
Tap xac dinh D =R
Tacd f'(x)=-2x"+2x"—x+1= —(x—l)(2x4 +1)
Khido f'(x)=0<e —(x-1)(2x* +1)= 0> x =1

Béng bién thién

b3 -0 1 +o0
f'(x) + 0 -
a7




Duya vao bang bién thién, ta thay max f (x)= % tai x =1

Bai tap 2. Goi a 1a gia tri 16n nhat ciia ham s0 f(x)= 6_8’1C trén khoang (—oo; 1). Khi d6 gié tri cua
X+
biéu thirc P = 62_ 8a bang
a +1
— B. 2 c.-8 p. -+
5 13 65 101
Huéng dén gidi
Chgn C
Ham s0 lién tuc trén khodng (—o0; 1)
. 8x* —12x—8
Ta co f (X)=(2—2
X +1)
x=2¢ (—oo; 1)
Khido f'(x)=0<8x’-12x-8=0< 1
x=——e(-0;1)
2
Bang bién thién
1
X —o 5 1
F'(x) + 0 -
/ 8
-1
. . 6—8a 58
Dua vao bang bién thién, ta thay max f(x)=8= P= =——
' s y(—wu)f( ) a+l 65
2 — 2 2
Bai tap 3. Cho ham s6 y = f'(x) = x2—x+i Trong cac khing dinh sau, khiang dinh nao dung?
X +x+
. . 1
A.rr}R}nf(x)—l B. mﬂénf(x)—g
C. n}Rjnf(x) =3 D. Ham s6 khong c6 gia tri nho nhat
Huéng dén gidi
Chon B
Tap xdc dinh D =R
Ta co
2y o 2P Hxal)-2x(20+1) 2o
y=r()=1e s e = :
X tx+l (x2+x+1) (x2+x+1)

Dodd y'=0=2x" -2=0< x=+1




Béng bién thién

X -0 -1 1 + o
y' + - 0 +
/ 3
y 1 \1 /’,,,—?‘i
3

Duya vao bang bién thién, ta thay min f (x)= % tai x =1

Dang 2: Tim GTLN va GTNN ciia ham s trén mjt doan

1. Phwong phap giai

YA
f(b)
/ﬁ‘:
a/ i X
/o o
fla)

Buéc 1. Tinh f'(x)
Buéc 2. Tim cac diém x, e (a; b) mataido f'(x,)=0 hoac f'(x,) khong xac dinh
Buwéce 3. Tinh f(a), f(x,), f(b)

Buwéc 4. Tim s6 16n nhat M va s6 nho nhat m trong céac so trén.

Khi do M=r[n2117)]<f(x) Vémzr[niﬁf(x)

Chii y:

f(a)

1] I
=

=4
W

f(b)




+)Ham s6 y = f(x) dong bién trén doan [a; b] thi {

+) Ham's§ y = f (x) nghich bién trén doan [a; b] thi {méxf(x) =/(4)

2. Bai tap
e oA | Z x+2 e, . 2 2 s
Bai tap 1. Cho hamso y = . Gid tri cua r[12113r]1 y| + r[121a3>]< y | bang
X — ; ;
A. 16 B. i} C. 25 D. 8
4 4 4
Huéng dén gidi
Chon D
Tacod y' = _—32 <0, Vx #1, do d6 ham s6 nghich bién trén mdi khoang (—oo; 1); (1; +00) = Ham sb
x—1

nghich bién trén [2; 3].

Do d6 r[rzlgi3r]1y=y(3)=§; maxy=y(2)=4

(2:3]

2 2 2

~ . 5 ) 89
Viay |{miny | +| maxy | =|=| +4" =—
'y([z;s]y) ([2;3] y) (2) 4

Bai tap 2. Goi M, m 1an luot 1a gia tri 16n nhat va nho nhit ciia ham s6 y = x +v4 —x°
Gi4 tri ctia biéu thic P = M +m bang

A 2(v2-1) B. 2(2+1) C.\2+1 D.2-1

Huwong din gidi

Chon A
Téap x4c dinh D =[-2; 2]

x  N4-x"-x ‘e
V4 -x’ V4 -x ’

x20
Y =0 V4-x =xc>{

x=42¢e(-2;2)

Tacod y' =1- (-2;2)

y(x/E):Zx/E; y(—x/i)=0; y(2)=2y(-2)=-2
VéyM=2x/5,m=—2:>P=2\/§—2=2(\/5—1)

Bai tap 3. Gia tri nho nhét ciia ham sb y = 2x* —3x? + m trén doan [0; 5] bang 5 khi m bang
A.6 B. 10 C.7 D.5

Huéng dén gidi




Chon A.
Ham sd xac dinh va lién tuc trén D = [O; 5]

x=0eD

Tacd y' =0 6x° —6x=0<
x=1eD

f(O)zm;f(l)zm—l;f(5)=175+m
Dé thay f(5)> £(0)> f(1), Vme R nén r[g;igf(x)zf(l)zm—l

Theo dé bai r[gisr]lf(x):5<:>m—1:5<:>m:6

2
Bai tap 4. Goi A, B 1a gia tri nho nhét, gia tri 16n nhat ciia ham s yzw trén doan [2; 3]. Tat ca
x_
T , £ 2 13 .
cac gia tri thuc cia tham so m dé A+B=? la
A m=1m=-2 B. m=-2
C.m=12 D.m=-1;m=2
Huéng dén gidi
Chon A
Ham sd d3 cho lién tuc trén doan [2; 3]
—(m2+m+1)
Taco y'= —=<0,Vm
(1)
m* +m+3
:>A=y(3)=T;B=y(2):m2+m+2
2
Dodé A+B=D M AME3 o i3
2 2 2
5 m=1
S3mm+m-6=0&
m=-2

Bai tip 5. Biét ham s6 y = x’ +3mx” +3(2m—1)x +1 (v6i m la tham so) trén doan [-2; 0] dat gid tri 16n

nhit bang 6. Cac gia tri ctia tham sé m 1a

A.m=1 B. m=0 C.m=3 D. m=-1
Huéng dén gidi
Chon D
y'=0<::>[x:_1
x=1-2m

Vi y(-2)=-1; y(0)=1 va theo baira max y = 6 nén gia tri 16n nhit khong dat tai x =-2; x =0. Do d6
gid tri 16n nhét dat tai y(~1) hodc y(1-2m).

Taco y(~1)=-3m+3, y(1-2m)=(1-2m)’ (m-2)+1




- Truong hop 1: Xét -3m+3=6=>m=-1
x:—le[—2; 0]

nén m = —1 1a mot gia tri can tim.
x=3¢[-2;0]

Thir lai véi m=—1,tacod y'=0<:>[

V(D) e (1-2m)’ (m-2)=5 (1)
(1-2m)" (m=2)+1=6 _ ) .

- Truong hop 2.: Xét
-2<1-2m<0 E<m<—

Vi %<m<%:>m—2<0:>(1—2m)2(m—2)<0 nén (1) vé nghiém

Dang 3: Tim GTLN — GTNN ciia ham s y = [f(x)| trén doan [a; b]

1. Phwong phap giai
Thuc hién theo cac budc sau
Buwéc 1. Tim gia tri 16n nhét, gia tri nho nhat ciia ham sé f (x) trén doan [a; b], gia st thu tw 12 M, m.

Buoc 2.

2

m|

+) Tim r[ral;agliy = max {|M

+) Tim min
) min y

- Truong hop 1: M.m<0:>r{nj3y=0
- Truong hop 2: m20:>r[nil¥]1y=m
- Truong hop 3: MSO:r[niﬁy=|M|:—M

Burée 3. Két luan.
* Tim tham s6 dé GTLN ciia ham s6 y = |f(x)| trén doan [a, B] bing k

Thuc hién theo cac budc sau

b

Bl}

Buéc 1. Tim nax f(x)= faaﬁﬂA

Buwoc 2. Xét cac truong hop

+) |A| =k tim m, thu lai cac gia tri m d6

+) |B| =k tim m, thir lai céc gia tri m d6

2. Bai tap

Bai tap 1. Gia tri nho nhat cia ham s6 y = |x* —9x” + 24x — 68| trén doan [-1; 4] bang
A. 48 B. 52 C.-102 D.0

Huwong din gidi
Chon A

Bing bién thién ctia ham s6 y = x* —9x” + 24x - 68 trén [-1; 4]




-102

Suy ra bang bién thién ctia ham sé y = ‘xS —9x% +24x — 68‘ trén doan [-1; 4] 1a

X 1 2 4

y' - 0 +
102

y \48 I

Vay gia tri nho nhat cia ham sé y = ‘x3 —9x? +24x — 68‘ trén doan [—1; 4] bang 48.

Cach khac: Theo truong hop 3 thi M = -48 <0 = min y =48
Bai tap 2: Goi S 1a tap hop tit ca cac gia tri thuc ciia tham sb m sao cho gia tri 16n nhét ctia ham s6

X2 +mx+m

trén doan [1; 2] bang 2.
x+1

y:

S6 phan tir ctia tap S 1a

A.3 B. 1 C.4 D.2
Huéng dén gidi

Chon D

. X +mx+m
Xéthamso y = f(x)=———

x+1
2 =0¢|1;2
Tacod y'=L2)ZC:O<:> * [ ]
(x+1) x==2¢[l;2]
Mt khéc f(l)z 2m2+1;f(2):3m3+4
Do dé max y = max |2m+1|;|3m+4|
[1:2] | 3|
- Truong hop 1:
_3
‘2m+1 m=s
max y = =2
[:2] 2 5
m=—-——
2
9 Véim=> ‘3m+4—1—7>2(loai)
2 3 6




= % < 2 (théa man)

+)V(’yim=—§:>‘3m+4

3
- Truong hop 2:
L
maxy:3m+4:2<:> 3
[1:7] 3 10
m=—-——
I 3
Ve m=2 =2 7 5 (thoa man)
3 2 | 6
e m=-2 217 oai)
3 2 | 6

Viy c6 hai gia tri ciia m thda man.
Bai tap 3. Goi S 1a tip cac gia tri nguyén cia tham sb m sao cho gia tri 16n nhat cia ham sb

S(x)=

trén doan [0; 2] khéng vuot qua 30. Téng cac phan tir cia S bang

%x“ —14x* +48x+m—30

A. 108 B. 120 C.210 D. 136
Huwong din gidi
Chon D

Xéthamsé g(x)= %x“ —14x” +48x 4+ m —30 trén doan [0; 2]

x:—6§2[0; 2]
Tacod g'(x)=x"-28x+48 = g'(x)=0 < x=26[0; 2]
x=4¢[0; 2]

2(0)[ <30 (|lm-30]<30
Im+14| <30

[0:2]

Dé max|g(x)| <30 @{

= me{0;1; 2;...; 15; 16}

Tong cac phan tir cua S 1a 136.

Bai tip 4. Biét gi tri 16n nhat cta ham s6 y :‘\/4—x2 +x—% +m bang 18.
Ménh dé nao sau ddy ding?
A.0<m<5 B.10<m<15
C.5<m<10 D.15<m <20

Huwong din gidi
Chon D

Xéthamsé g(x)=v4-x" +x —% lién tuc trén tap xac dinh [-2; 2]




—X —X

Taco g’ +l=¢g'(x)=0 +1=0,xe(-2;2
()= 1= (=00 (22)
x>0
SVd-x =x & , o x=~2e(-2;2)
4—-x"=x
5 —1+4v2 3
g(-2) 2,g(\/) 5 8(2)=7

Do d6 %I%a§]|g(x)| =% khi x =2, suy ra gié tri 16n nhit ctia ham sb bang %4‘ m

Theobéira§+m=18©m=15,5.\/ay 15<m<20

Dang 4: Tim diéu kién tham s6 dé GTLN ciia ham sé y = |f(x) + g(m)| trén doan [a; b] dat GTNN

1. Phwong phap giai

Thuc hién cac budc sau

Buoc 1. Tim o = r[nah>]<f(x); B = fgig]lf(x)
Bude 2. Goi M 1a gia tri 16n nhét cua

= |f(x) +g(m)| thi

M = max{|a+g ||ﬁ+g |} |a+g(m)|+|ﬂ+g(m)|:|a+g(m)|+|—,8—g(m)|

2 2
Déu bang xay ra khi va chi khi |a + g | |ﬂ + g |
Ap dung bét dang thirc |a+g |+| P g | >|a+g( ) B- g | |a ,B|

2 B 2 2
Déu bang xay ra khi va chi khi [a + g(m)][—ﬂ - g(m)] >0

Buée 3. Két ludn min M =

la-Al —a-p
2 g( ) 2

2. Bai tap
Bai tap 1: Biét rang gia tri 10n nhat ciia ham s6 y = ‘x2 +2x+m—4| trén doan [-2; 1] dat gia tri nho nht,
gié tri cia tham s6 m bang
A. 1l B.3 C.4 D.5
Huwéng dén gidi
Chon B
bat f(x) =x"+2x

Tacd f'(x)=2x+2; f'(x)=0=x=—1€[-2;1]




F(=2)=0; f(1)=3; f(-1)=-1
Do d6 maﬁf(x) =3; min f(x)=-1

[-2;1 [-2:1]

Suy ra Elz?ﬁy = max {|m -5

n-1)

b

|m—5|+|m—1| |5—m+m—1|
> 5 > =

Déu bang xay ra khi va chi khi

{|m—5|=|m—1|

(5—m)(m—1)>0:m=3 (thoa man)

Bai t4p 2: Dé gid tri [6n nhit ctia ham s y = ‘\/Zx — —3m+ 4‘ dat gi4 tri nho nhét thi m bing

A.mzé B.m=§ C.mzi D. m=
2 3 3

Huéng dén gidi

1
2

Chon A
Tap xac dinh D = [0; 2]

bat f(x)=\/2x—x2, xeD.

1-x

Taco f'(x)= = f(x)=0=x=1

Bm—4|+[3m-5| _|5-3m+3m-4 1
Suy ra P=maxy=max{|3m—4|;|3m—5|}2 > =—
b 2 2 2

DAu bi , |3m_4|:|3m_5| 3 h o
au bang xdy ra < (5—3m)(3m—4)20:>m_5(t 0a man)

(4 1z A 5 \ A 1x 5 A . 3
Suy ra gia tri 16n nhat ctia ham s6 1a nho nhat khi m = >

Bai tap 3. Gid tri nho nht cia ham sb y = f(x, m) = |x* = 2x+ 5|+ mx dat gid tri 16n nhét bang
A2 B.5 C.8 D.9
Huéng dén gidi
Chon B.
Tacéd min f(x, m)< (0, m)=5, VmeR
Xét m=2taco f(x,2)=|x" —2x+5[+2x>x" ~2x+5+2x>5, VxeR

Déu bang xay ratai x =0. Suy ra min f'(x,2)=5,VxeR




in £ (x, m)<5, VmeR
Do do {mmf(x SR o (min £ (x, m) = 5. dat duge khi m =2

min f(x,2)=5,VxeR
T(fng quat: y = ‘a)c2 +bx + c‘ + mx
Truong hop 1: a.c >0 => max(miny)=c
Dat dwoc khi m = —b
Bai tap 4. Gia tri nho nhit cia ham sé f (x, m)= ‘xz —4x— 7‘ +mx dat gia tri 1on nhat bang
A.7 B. -7 C.0 D. 4
Huéng dén gidi
Chon C
Phuong trinh x> —4x—7 =0 ludn ¢ hai nghiém trdi diu x, <0 < x,
Trwong hop 1: Néu m >0
Ta c6 min f(x, m)< f(x, m)=mx, <0, VmeR

Xét m=0tacd f(x, 0)=‘x2 —4x—7‘20, Vx € R. Dau bang xdy ra tai x =x, , .

Suy ra min f(x, 0)=0, Vxe R

i , <0,V R
Do d6 {mmf(x ") e :max(minf(x, m))=0 khi m=0

min f(x, 0)=0, VxeR
Truwong hop 2: Néu m <0

Ta c6 min f(x, m) < f(x,, m)=mx, <0, Vm € R = max (min f(x,m)) <0
So sénh c4 hai truong hop thi max (min f(x,m)) =0 khi m =0

Truong hop 2: ac< 0= max(rnin y) =0 Dat duoc khi m=0

Dang 5: TIM GTLN-GTNN khi cho db thi - bang bién thién

Bai tap 1. Him s6 y = f(x) lién tuc trén R va c6 bang bién thién nhu hinh bén dudi

X -0 —4 0 8 +00

i o e SRR
m\‘ 9 ;
’ ey \f(a)/

Biét f(—4)> f(8), khi d6 gié tri nho nhat ciia ham sb da cho trén R béng

A.9 B. f(-4) C. f(8) D. -4
Huwong din gidi
Chon C




Tir bang bién thién ta co f(x)> f(-4), Vx e (—o0; 0] va f(x) = £(8), Vxe(0; + ).
Mat khac f(—4) > f(8) suy ra Vx € (—oo; +oo) thi f(x) > f(8)
Vay min f (x) = £ (8)

Bai tip 2. Cho ham s6 y = f(x) x4c dinh trén tap hop D =(—o0; —1] u[l; %} va c6 bang bién thién nhu

sau

X —a -1 1 E 400

2
¥ + =
0 0
y / \
1 —J/5

Khang dinh ding 1a

A. mgxf(x) = 0; khong ton tai mDinf(x)
)=0; mlnf( )= -5
)=

0; min f(x)=-1

D

B. mgxf(x
C. mgxf(x
D. mDinf(x) 0; khong ton tai maxf( )

Huéng dén gidi
Chon B

Dua vao bang bién thién thi mgxf(x) = f(£1)=0; mDinf(x) = f(%) =5

Bai tip 3. Cho ham s6 y = f (x) lién tyc trén doan [—1; 3] va ¢6 dd thi nhu hinh vé bén dudi.

Goi M va m lan lugt 1a gid tri 16n nhét va nho nhat cia ham s6 da cho trén doan [-1; 3]. Gié tri cla
M —m bang
A.1 B.3 C.4 D.5




Huwong din gidi
Chon D
Duva vao dd thi suy ra
M=f(3)=3m=f(2)=-2
Vay M —-m =5
Bai tap 4. Cho d6 thi ham s6 y = f*(x) nhu hinh vé&

YA

. /\ X
1 0 /1 2\/3 g
1-1

Ham s6 y = f(x) dat gid tri 16n nhat trén khoang [1; 3] tai x,. Khi d6 gia tri cua x; —2x, +2019 bang
bao nhiéu?
A. 2018 B. 2019 C. 2021 D. 2022
Huéng dén gidi
Chon B

Dua vao dd thi ciaham sé y = f '(x) ta co bang bién thién nhu sau

X 1 2 3
f'(x) + 0 -
f(2)

F(1) r3

Dua vao bang bién thién suy raham sé y = f (x) dat gi4 tri 16n nhat trén khoang [1; 3] tai x, = 2.

Vay x2 —2x, +2019 =2019

Dang 6. Tim gia tri 16n nhit, gia tri nhé nhit ciia ham s6 lwong gidc

1. Phuwong phap giai

Ghi nho: Dicu kién cia cac an phy

t=sinx

- Néu = -1<¢<1
t=cosx
, t—|cosx|

- Néu =0<r<1
t=cos’ x




X . . T
-Néu t=sinx*cosx = 2.sm(xizj

= V2=t < \/5
Buére 1. Dit an phu va tim diéu kién cho 4n phu
Buwée 2. Giai bai toan tim gia trj 10n nhat, gia tri nhd nhat ciia ham s theo 4n phu
Buwéc 3. Két luan (Chon dap an)
2. Bai tap

Bai tap 1. Gia tri 16n nhat M va gia tri nho nhat m cia ham s6 y = 2cos2x + 2sinx 1a

A.M:%;m:—4 B.M=4,m=0
C.M=0;m=—2 D.M=4;m=—2
4 4
Huwong din gidi
Chon A

Ta co y:2cos2x+25inx:2(1—2sin2 x)+2sinx:—4sin2x+2sinx+2

Pbat t =sinx, t [—1; 1],taduqc y=—4> +2t+2

Ta c6 y'=0©—8t+2=0c>t=%e(—l;l)

Viiy(1)=0 nénM=%;m=—4

cos” x +|cos x| +1

Bai tap 2. Tong gi4 tri 16n nhét va gi4 tri nho nhat cta ham s6 y = ang
|cos x| +1
A2 B.2 c. . D.3
2 2 2
Huéng dén gidi
Chon B

2

+t+1 .
Déttz|cosx|:>0£t£l,taduqc y:f(t):% voi 0<r<1

t+

Vi (1) = (ft:f)’ >0, vt < [0;1] nen min 7(1)= £(0) =1 max /(1) = /(1) =

Suy ra tong gia tri 16n nhét va gia tri nho nhat ciia ham s6 da cho bang




. 3 5
I[I(){lll]lf(t)Jrr[r(};al)](f(t):lJrE:E

Bai tap 3. Gia tri 16n nhat M ciia ham s y = cos* x++/3sin’ x+2 1a

A M=2+3 B. M =3
C.M:%+\/§ D. M =3++/3
Huwéng din gidi
Chon A

Pit t =cos’ x = 0< ¢ <1, taduoc y=t2+x/§(l—t)+2 voi 1 €[0; 1]

3

Ta co y’=2t—\/§=0<:>t=7€(0; 1)

2

Vi y(0) =2++3; y[£]=%+\@; y(1)=3nén M =2++3

‘sinzx—(m+1)sinx+2m+2‘

Bai tip 4. Cho ham s6 y = (v6i m 1a tham s6 thuc).

sinx—2

Gi4 tri 16n nhat ctia ham sb dat gia tri nho nhét khi m bang

A2 B. L c.’ p.-L
2 2 2 2
Huéng dén gidi
Chon A
.2 .
sin” x —sinx + 2
Xét f(x)=
f( ) sinx —2
3 . £ —t+2 .
bat t =sinx = -1<7<1, taduoc f(r)= voi te[-1;1]

Tacs /()= =% —gmp =0 | "0 CEY
(t-2) t=4¢(-11)
Vi f(_1)=%4; F(1)=-2; £(0)=-1 nén max f(¢t)=—1 va mi%f(z):_z

[-11] (-t

. 2 .
Hay _,Sin x s1nx+2£_1’ Yy
sinx —2

Mat khéc y m=|f(x)—m

_|sin® x—sinx+2 ‘ ,V-2<f(x)<-1

| sinx —2

Do d6 mﬂgxyz[r}}%]|f(x)—m|=max{|m+2|, |m+1|} =max{|m+2

—m—1|}

b

|m+2|+|—m—1| . |(m+2)+(—m—1)| 1

= maxy =

2 2 2




s ) |m+2|=|—m—1| 3
Dau bang dat dugc khi eSm=—=
(m+2)(—m—1)20 2

Bai tap 5. Gi tri nho nhét ciia bicu thire P = |1+ 2cosx|+ |1+ 2sin x| bing
A N2-1 B. \/3-1 C.1 D.2-+3
Huéng dén gidi
Chon B

Taco P? :6+4(sinx+cosx)+2|1+2(sinx+cosx)+4sinxcosx

2
- . . V4 . . -1
bat t=s1nx+cosx=\/2.sm[x+zj vOl1 |t|£x/2 = SINXCOSX = ——

—1—2\/§;t2—1+\/§

2

47 +8t+4  khi t<

Xét y=P* =6+4t+2(2* +2~1|=

47 48 khi _1_\/§<t<_1+\/§
2 2
8t+8 khi t< _I_Zﬁ;w _1;\/5
=y =
-8t khi _1_\/§<t<_1+\/g
2 2
Béng bién thién
R S= 1 0 SIS 3z
y + 0 + 0 - + 0
; 124842
Yy 4/ \4*2“‘6 /
12-842
Y 2\/5/

Dua vao bang bién thién, suy ra [_rfgl%}f(t) —4-23= (\/g - 1)2

:>minP=\/§—1

Bai tap 6. Gia trj 16n nhat cia ham s6 £ (x)=sinx +cos2x trén doan [0; 7] la

5 9
A. max y =— B. max y =1 C. maxy=2 D. max y =—
[0 7] 4 4 [0; 7] 4 [0; 7] 4 [0; 7] 4 8
Huéng dén gidi
Chon D

bit ¢ =sinx = cos2x =1-2sin’ x =1-2¢*, v6i xe[O; 7Z']Z>l‘€[0; 1]

Ta duge f(1)=-2¢ +t+1v6i t €[0; 1]

Taco f'(1)=~4+1=01=7(01)




Do f(0)=1;f(%j=§;f(l)=0 nén maly]cf(z):%

[o;

s . . 9
Vay gia tri 16n nhat cia ham so 1a r[I(}a>]( y= 3

Dang 7. Tim gia tri 16n nhit, gia tri nhé nhit ciia ham s6 khac

3
Bai tap 1. Gia tri 16n nhét ctia ham sb y=4( 2x j + 26x —1 bang
x +1 x"+1
A.é B.-5 C. 22 D.3
2 2
Huwong din gidi
Chon A
x
Do x2+122|x|:>2|—|sl
x +1 2
< 1
Ditt=——>lf<=
x +1 2

Khi do y =4¢ +6t—1 voi ze{—%;ﬂ

Vi y'=12¢* +6 >0, V¢ nén ham s dong bién trén {—%; %}

1\ 5
Dod6 max y=y| — |=—
sz y(zj 2
22
Bai tap 2. Gié tri 16n nhat, gi4 tri nho nhat ciia ham s6 y =+/x—1+~/~x+9 1an luot 1a
A. 22 B. 4;2 C. 42 D. 4,242
Huéng dén gidi
Chon D
Tap xac dinh D = [1; 9]

Tacod y' = ! ! =0=>Vx-1=v-x+9=>x=5¢(;9)

2Wx—1 24=x+9
Vi y(l):y(9)=2x/5; y(5)=4 nén max y = 4; min y =22 .

Nhin xét: v6i ham s6 y =~x+a +~-x+b (ra<x<bya+b>0) thi

>0
yi=a+b+2Jx+a~-x+b

Yy >a+b
jd
v <a+b+(x+a)+(-x+b)=2(a+b)

Suyra Na+b<y<2Ja+b ddu bcing [uén xay ra.




Bai tap 3. Gié tri nho nhit ciia ham s y = Vx+1-+v3—x - J(x+1)(3-x) bing

A. _75 B.-2 C.—4 D.2
Huéng dén gidi
Chon A

Tép xdc dinh ciia ham s6 1a D =[-1; 3]

4-r

Pat t=Vat1-B-x = =4-2fx+1)(3-x) = J(x+1)(3-x) =

Do * =4-2,/(x+1)(3-x) <4, Vxe[-1;3], trdo suy ra —2<¢<2

o, Ao s e 1g T r R
Bai toan quy ve tim gié tri 16n nhat, gi4 trj nho nhat cua ham s6 g (¢) = >t t—2 trén doan [-2; 2].

Taco g'(t)=t+1=0=1t=-1€(-2;2)

Laico £(-2) =2 2(2) =2 g(-1) =

e .y =5
Suy ra gia tri nhé nhat bang >

Nhén xét: Véi ham so y=Alx+a—-~-x+b (—anSb; a+b20) thi
Yy =a+b-2Ux+a~N-x+b<a+b
= —a+b<y<a+b

Dang 8. Tim gi4 tri 16n nhit, gia tri nhé nhit cia biéu thirc nhiéu bién

2 2
Bai tap 1. Cho bidu thire P =22 y4i 1?4 12 0 Gi4 tri nho nhét cita P bng
X —Xy + y
1
A.3. B. - C.1. D. 4.
3
Huéng din giai
Chogn B.

e Néu y=0 thiP=1.(1)

x) (x
. Né’uy:«r&Othisz2 24 y2= yz Y .
—| = — [+1
y Y
y X o, £ +t+1
bat t=—,khid6 P= f(t)=— .
y t—t+1




22 +2

't)=————————=0 2 +2=0<t==I.
Y (t* —1+1)
Bang bién thién
t — o 1 1 +00
f'(t) - 0 + 0 -
3
f(t) 1 / \1
\l
3

Duya vao bang bién thién ta co P= f(r)> % 2)

1 . 1
Tu (1) va (2) suy ra P=f(t)2§:>m1nP=§.
Bai tip 2. Cho hai s6 thuc x,y thoa man x>0;y >0 va x+ y=1. Gia tri nho nhét va gi tri 16n nhat ctia

bidu thic P=——+—2 1an luot 1

y+1 x+1

1 . . 2 .
A. — val. B.0Oval. C. —val. D.1va2.

2 3

Huéng din giai
Chon C.
Tacé P y _x(x+1)+y(y+1)_(x+y)2—2xy+1_2—2xy
y+1 x+1 (x+D(y+1) xy+x+y+1 24xy
2-2t

bat t=xy tadugc P= .
2+t

Vix=20;y>20=¢>0.

Mat khac 1=x+y22@<:>xy£%:>t£%.

. . L . . 2-2 |
Khi d6, bai toan tr¢ thanh tim gié tri 16n nhat cia ham s6 g(¢) = 5 ! trén {O; Z}
+i

Xét ham s6 g(r) = =2
2+t

xac dinh va lién tuc trén {O; %}

Tacod g'(t) =
&0=1000

<0 voi VYt e [O;%j

= ham sé g(¢f)nghich bién trén doan {O; i}




min g(¢) = 1.2
Mg #l4)73
Dodo L4
mE}Xg(f)Zg(O):l max P =1
0;—

4

min P =

W | N

Bai tdp 3. Cho x, y 1a cac sb thuc thoa mian (x—3)*+(y—1)>=5. Gia tri nhé nhit cia biéu thic

_3y2+4xy+7x+4y—1

P bang
x+2y+1
A.3. B. 3. c.%. D. 24/3.
Huéng din giai
Chon A.

(x=3+(y=1Y=5=>x"+"—6x-2y+5=0.

_ (3y2+4xy+7x+4y—1)+(x2+y2—6x—2y+5)

P
x+2y+1
_ 4y” +4xy+x" +x+2y+4 _ QRy+x)’ +(x+2y)+4
x+2y+1 x+2y+1
bat t=x+2y.

@ +2)[(x=3) + (-1’ |2[(x-3)+2y-2)]

= (x+2y-5°<25<0<x+2y<10.

' +t+4 4
=t+

Ta duoc P= f(¢) =
’ /® t+1 t+1

,0<¢<10.

t=1€(0;10)
t=-3¢(0;10)

. S 2 _
Xeét f'() =1 D) 0= (+1) 4:>[

Vi f(O):4;f(10)=%;f(l)=3:minP=3 khi 7=1.

Bai tap 4. Goi x,,,,z, 1a ba sb thuc duong sao cho biéu thirc

3 8
2x+y+4/8yz \/2(x2+y2+22)+4xz +3 xXty+tz

P dat gia tri nho nhét.

Tong x, + y, +z, bang

A. 3. B. 1. C. 33. D.

o | W

Huéng din giai
Chon B.




3 8 1
2x+y+22yz  \J2y? 4 2(x+z) +3 X+y+z

Taco P=

3 8 1
> - - .
20x+y+z) (x+y+z2)+3 x+y+z

bat x+y+z=¢>0.Khidd sz(z)zi—i,(t>0).
2t t+3

Tacs £ <006+

23(t+3)°
Bang bién thién
t 0 1 +o0
f'(t) - 0 +
+ 00
0
f(t) \_g//_y
2
-1 1
3 X+y+z= Xx=z=—
SuyraPZ—E.Déu“I”xéyra@ y=2z = { 4.
=X+ = —
y=x+z y >

1 1 1
Dod6 x,+y,+z,=—+—+—=1.
VTRTRTYTYTY

. . P—xy+3=0
Bai tap 5. Cho x,y 1a cac so thuc duong théa man diéu kién oW .
2x+3y-14<0
Tong gia tri 10n nhat va nho nhét ciia biéu thirc P =3x”y —xy”> —2x° +2x bang
A. 8. B. 0. C. 12. D. 4.

Huéng din giai

Chon B.
2
PN . . +
Vi didu kién bai todn x,y >0 v ¥’ —xp+3=0= y= 213 x4 3
X X
Laico

2x+3y—14£0c>2x+3(x+§j—14S0c>5x2—14x+9£0c>xe[1;%}.

=

T d6 P=3x" (er j—x(x+3j 2x3+2x=5x—2.
x

Xét hamsd f(x) = 5x—— Vxe{ }:f(x) 5+%>0‘v’xe[ z}
X

Suy ra ham s6 dong bién trén [1 5}




:>f(1)£f(x)sf(%j:>—4£f(x)S4:>maxP+minP=4+(—4)=0.

Bai tap 6. Cho x, y, z 1a ba s thuc thudc doan [1,9] va x> y,x>z. Gia tri nho nhét cia biéu thuc

p=—2 +l Y = bang
10y—x 2\ y+z z+x

. E B. l C. l D. 1
18 3 2
Huéng din giai
Chon C.
1 1 2 2
That va + > = —b b—-1|>0 dingdo ab>1.
vy l+a 1+b 1++ab (\/; \/—) (\/a_ ) medod

Dau bang xay ra khi va chi khia =b hodc ab=1.

Ap dung bat dang thtc trén P = ! +l ! +l > ! + ! .
10-F 2142 145 0= 4 X
y y z y y

1

07 +% trén doan [1;3].
- +

Dit \/2216[1;3].Xét ham sb f(t) =
Y

2t

- () =01 =20 —24¢* -2t +100=0.
10-7%)"  (1+1)° S

f(n=

< (t-2)( —241-50)=0<1=2 do £ —24t-50<0,Vr €[1;3].

Béng bién thién

| en

-..,
T
i)
ury gy
| =
(=
B~

2

x=4y

| z_x
Suyra P, =— khivachikhi<|y =z {x=4y

2 =

X z=2y

fadgy |

y

Dang 9. Tim gia tri 16n nhét, gia tri nhé nhit cia ham s6 y = f(u(x)),y = f(u(x))£h(x)... khi biét bang
bién thién hodc do thi ciia ham s y = f(x)

1. Phwong phap giai

Thuc hién theo mot trong hai cach




Cach 1:

Budec 1. Dat t = u(x).

Dénh gia gia tri cua t trén khoang K.

Chi y: C6 thé st dung khao sat ham s, bt ding thirc dé danh gid gia tri cua t = u(x).
Buére 2. Tir bang bién thién hodc dd thi ctia ham sd cho ta gia tri 16n nhat va gid tri nho nhat cia ham sd y
= f(t).

Budre 3. Két luan.

Cach 2:

Budc 1. Tinh dao ham y' =u'(x) £ (u(x)).

Buée 2. Tim nghiém y =u'(x) f (u(x))=0.

Budre 3. Lap bang bién thién.

Budre 4. Két luan vé gia tri 10n nhat, gia tri nhoé nhit cia ham sé y = f(x), y = £ (u(x)),
y=fu(x)£h(x)...

2. Bai tap

Bai tip 1. Cho ham s6 y = f(x) co bang bién thién nhu sau

Hamsb y= f(|x— 1|) c6 gid tri nho nhat trén doan [0;2] bang

A. f(=2). B. f(2). C. 1(1). D. £(0).
Huéng din giai

Chon D.

bat ¢ =|x—1 ,Vx e [0;2] =te [0;1].

Dua vao bang bién thién ta ¢6 ham s§ y = £(¢) c6 gia tri nho nhét %111]1 £(t)= £(0).
Bai tip 2. Cho ham s6 y = f(x) c6 d0 thi nhu hinh vé& sau. Khi d¢6 ham s6 y = f(2—x") dat gia tri nho
nhit trén [O;\E] bang

A. f(-2). B. 1(2). C. 1(D). D. £(0).




w

) -1[0

Huéng din gidi
Chon B.
it 1=2-x". Tir xe| 032 | 0<x’ €222 2-x*20=1€[0;2].

Dua vao d thi, ham sb y = f(¢) c¢6 gia trj nho nhat I{I()l%l 7= Q).

Bai tip 3. Cho ham s6 y = f(x) = ax* +bx* + ¢ xac dinh va lién tuc trén R va c6 bang bién thién sau

X =% = | 0 1 +o0

y' - 0 + 0 — 0 +

N~

Gié tri nho nhat ciia ham s6 y = f(x+3) trén doan [0;2] 1a

A. 64. B. 65. C. 66. D. 67.
Huéng din giai
Chon C.

Ham sb c¢6 dang f(x) = ax* +bx” + ¢ . Tir bang bién thién ta co

f(0)=3 c=3 c=3
f()=2 @a+b+c=2b=-2= f(x)=x*-2x"+3.
£ (H=0 4a+2b=0 a=1

batr=x+3,x¢ [0;2] Ste [3;5].
Duya vao dd thi, him sé y = f(¢) dong bién trén doan [3;5].

Do d6 r[13;12r]1f(x+3):r[n3;15?f(t):f(3):66.

Dang 10. Tim gi4 tri 16n nhat, gi4 tri nhé nhat cia ham s6 y =f(u(x)), y=f(u(x))£h(x)... Khi

biét d6 thi ctia ham s y =f'(x)




Bai tap 1. Cho ham sé y= f(x) c6 dao ham va lién tuc trénR .

Biét rang d6 thi ham s6 y = f'(x) nhu dudi day.
Lap ham sd g(x)= f(x)—x* —x.
Ménh dé nao sau ddy dung?
A. g(-D)>g().
B. g(-D)=g().
C. g()=2g(2).
D. g(1)> g(2).
Huwéng dan gidi
Chon D.

L B

Y x

Tacod g (x)=f (x)—2x—1.

— e = = = = ===

Tir @6 thi ham s6 y = f'(x) va duong thang y =2x+1tacod g'(x)=0

x=-1

S f(xX)=2x+1=|x=

x=2
Béng bién thién
X -1 1 2
g'(x) |0 + 0 - 0
g(1)
Q(X) / \
g(-1) 9(2)

Ta chi can so sanh trén doan
[-1;2]. Puong thaing y=2x+1
1a duong thang di qua cac diém
A(-1;-1), B(1;3), C(2;5) nén
d6 thi ham s6 y = £ (x) va duong
thing y=2x+1 cit nhau tai 3

diém.




Dang 11. Ung dung ciia gi tri 16n nhit va nhé nhit trong cc bai toan thuc té

Bai tap 1. Mot chat diém chuyén dong theo quy ludt s =3¢ —¢*. Thoi diém t (gidy) ma tai d6 van toc
v(m/s) ciia chat diém chuyén dong dat gia trj 16n nhét la
A.t=12s B.t=35s C.t=1s D.t=3s
Huéng din giai
Chgn C
Taco v(t)=s'(1)=6t -3 = v(t)=-3(t-1) +3<3,VteR

Gié tri 16n nhét cia v(¢)=3 khi r=1.

Bai tip 2. Mot vat chuyén dong theo quy luat s = —%tS +61% v6i t (gidy) 1a khoang thoi gian tinh tir khi

vat bat dau chuyén dong va s (mét) 13 quing duong vat di chuyén duoc trong khoang thoi gian d6. Hoi
trong khoang thoi gian 7 giay, ké tir khi bat dau chuyén dong, van tdc 16n nhat cua vat dat duoc béng bao
nhiéu?

A. 180 (m/s) B. 36 (m/s) C. 144 (m/s) D. 24 (m/s)

Huéng din giai

Chon B

Taco v(t)=s"(t)=—t"+12¢

V(1) =-2t+12=01=6

Vi v(6)=36;v(0)=0;v(7) =35 nén van téc 16n nhét dat dugc bang 36 (m/s).

Bai tap 3. Mot loai thude duge dung cho mdt bénh nhan va nf‘mg dd thude trong mau cua bénh nhan duoc
giam sat boi béc si. Biét rang ndng do thudc trong méau ciia bénh nhan sau khi tiém vao co thé trong t gio

duoc cho boi cong thirc ¢(r)= o 1(mg/ L). Sau khi tiém thudc bao lau thi ndng d¢ thude trong méu
+
ctia bénh nhén cao nhat?
A. 4 gio B. 1 gio C. 3 giv D. 2 giv
Huéng din giai
Chon B

Xéthamsé c(t) =

-7 t=1€(0;00)

(t2+1)2 =0 t=—1¢(0;0)

Béng bién thién

!




t 0 1 + oo

c'(f) + 0 =

(1) 0/' R

Véi t =1 (gio) thi nong d6 thude trong mau ctia bénh nhan cao nhét.

Bai tip 4. Ngudi ta xdy mot bé chira nuéc v6i dang khdi hop chir nhat khong nip co thé tich bang

gmi Day bé 1 hinh chit nhét c6 chidu dai gip d6i chiéu rong. Gia thué nhan cong dé xay bé la

600.000 ddng /m* . Hay xac dinh kich thudc ciia bé sao cho chi phi thué nhan cong thip nhét. Chi phi d6
la
A. 75 triéu dong B. 85 triéu dong C. 90 triéu dong D. 95 triéu dong
Huéng din giai
Chgn C

Goi x(m) la chiéu rong cua ddy bé, khi d6 chiéu dai cua ddy bé 1a 2x(m)va h(m) 1a chiéu cao bé

BE ¢6 thé tich bing 2x°h = 220 e jy = 220
3 3x
Dién tich can xdy S =2(xh+2xh)+2x" = 6x 25? 22 =200 o
X X
Xét ham f(x)=ﬂ+2x2,(x>0);f’(x)= _5(2)0+4x:>f'(x)=0<:> x=5
x x
Béng bién thién
X 0 5 +oo
f'(x) - 0 +
o +00
f{x) \ /
150

Do d6 (rg;in)f(x)zf(S)zlSO

Chi phi thué nhan cong thap nhét khi dién tich xdy dung 1a nh6 nhat va bang S . =150
Vay gia thué nhan cong thap nhat 1a 150.600000 = 90.000.000 dong.




Bai tap 5. Bac Hoang c6 mot tim thép mong hinh tron, tim O, ban kinh 4 dm. Bac dinh cét ra mot hinh
quat tron tm O, quan rdi han ghép hai mép cua hinh quat tron lai dé tao thanh mot dd vat dang mét nén
tron xoay (tham khao hinh v&). Dung tich 16n nhat c¢6 thé cua d6 vat ma bac Hoang tao ra bang bao nhiéu?
(b6 qua phan méi han va do day cia tim thép)

s
R
A B
@)
A. —1287;\/5 dm’ B. 12887?/5 dm’ C. 16zy3 6;;/5 dm’ D. —64”7\/5 dm’

Huéng din giai
Khi han hai mép cua hinh quat tron, d6 dai duong sinh ctia hinh nén bang ban kinh cta hinh quat tron,
tuc 1a OA =4dm
Chgn A

Thé tich ctia hinh nén ¥ =§7r.r2.h =%7z.(16—h2).h Vi 0<h <4

4B

Taco V'(h) =§ﬂ'.(16—3h2):> V'(h)=0<h

h 0 ﬂ 4

3

V'(h) - 0 =

12873

27

v (h)

0 0
g . . 12873
Dua vao bang bién thién, suy ra thé tich 16n nhat cua hinh non 1a 3 dm’ .

Bai tap 6. Nguoi ta 1am chiéc thung phi dang hinh tru, kin hai ddy, véi thé tich theo yéu cau 1a 2zm’.
Hoi ban kinh dy R va chiéu cao h cua thung phi bang bao nhiéu dé khi lam thi tiét kiém vat liéu nhat

A.R:%m;h=8m B. R=1m;h=2m C.R=2m;h=%m D.R=4m;h=%m

Hwéng din giai
Chon B




- -
-_— —_— -
- —S

Tur gia thiéttacod V =72R*h=27r=h= %
Dién tich toan phﬁn cua thung phi la Stp =27Rh+27R* = 27I(R2 +%)

Xéthamsé f(R)=R’ +% vOi R € (0;+0)

2(R -1
Ta co f,(R):Q,R—%:%
f'(R)=0=R=1
Béng bién thién
R 0 1 +w
f'(R) - 0 +
a0 +00
f(R) /
3

Suy ra dién tich toan phan dat gia tri nho nhatkhi R=1=h=2

Vay dé tiét kiém vat liéu nhat khi lam thung phi thi R =1m;h=2m.
Bai tap 7. Mot duong day dién duoc ndi tir mot nha may dién & A dén mot hon dao & C nhu hinh v&.
Khoang céach tu C dén B 1a 1 km. Bo bién chay thang tir A dén B v6i khoang cach 1a 4km. Tong chi phi
lap dat cho lkm day dién trén bién 1a 40 tri¢u dong, con trén dat lién 1a 20 triéu dong. Tinh tong chi phi
nho nhét dé hoan thanh cong viéc trén (1am tron dén hai chir sé sau dau phay)

A. 120 triéu dong B. 164,92 triéu dong C. 114,64 tridu dong D. 106,25 triéu dong

Hwéng din giai
Chgn C

C




Goi M la diém trén doan thang AB dé lip dat duong day dién ra bién ndi véi diém C
bat AM =x=BM =4—-x=CM = 1l1+(4—x)2 =17-8x+x*,x€ [0;4]
Khi d6 tong chi phi lip ddt 1a y = x.20+40+/x* —8x+17 (don vi: triéu dong)

x—4 Vx*—8x+17+2(x—4)

y'=20+40. =20.
\/x2—8x+17 \/x2—8x+17

V=0 Vx'—8x+17=2(4-x) = x= 12-43

3
12-3
3

Ta co y( ]=80+20\/§z114,64;y(0)=40\/ﬁz164,92;)’(4)=120

Do d6 chi phi nho nhat dé hoan thanh cong viéc 1a 114,64 triéu dong.

Dang 12. Tim m dé F (x;m) =0 c6 nghiém trén tp D

1. Phwong phap giai
Thuc hién theo cac budc sau
Buéc 1. CO 14p tham s6 m va dua vé dang f(x)=g(m)
Buéc 2. Khao sit sy bién thién ciia ham s6 f'(x) trén D
Buéc 3. Dya vao bang bién thién dé xac dinh gid trj tham s6 4(m)sao cho duong thing y = g (m) cat d6
thi ham s6 y = f(x)
Buéc 4. Két luan
Chuy:
+)Néu ham sb y= f(x)lién tuc va c6 gid tri 1én nhat va gid tri nho nhat trén D thi phuong trinh
f(x)=g(m) c6 nghiém khi va chi khi
ml;nf(x) < g(m) < mgxf(x)
+)Néu bai toan yéu cau tim tham sé dé phuong trinh c¢6 k nghiém phan biét, ta chi can dua vao bang bién
thién dé xéac dinh diéu kién sao cho duong thing y = g(m)nim ngang cit do thi ham sé y = f(x)tai k
diém phén biét
2. Bai tap
Bai tapl: C6 bao nhiéu gia tri nguyén ciia tham s m trong doan [—100;100] dé phuong trinh
2\x+1=x+m co6 nghiém thuc?
A. 100 B.101 C. 102 D. 103
Huéng din giai
Chon D




Diéu kién x>—1

t20
bat t:\/x+1:>{

x=t"-1
Ta dugc phuong trinh 2t =1> —1+m < m=—t" +2t +1
Xéthamsd f(t)=—1*+2t+ 120
f'(t)=-2t+2=0=1=1

Béng bién thién

-0

Tir bang bién thién suy ra phuong trinh dd cho ¢6 nghiém khi m <2 = -100<m <2

Viay ¢6 103 gia tri nguyén m théa man

Bai tap 2. Cho phuong trinh m(\/x2 -2x+2+ 1)—x2 +2x=0( m la tham sd). Biét rang tap hop cac gia

tri cua tham sé m dé phuong trinh c6 nghiém thudc doan [0;1 + 2\/5 ] la doan [a;b] . Gia tri cta biéu thuc

T=—a+2bla
7 1
A.T=4 B.T=— C.T=3 D.T=—
2 2
Huéng dén giai
Chgn A

it 1 =vx* —2x+2
Xétham s6 #(x)=~/x"—2x+2 trén doan [0;1+2\/5]

t'(x)zx—_1:>t'=0<:>x=1

VXt —2x+2
Vi £(0) =2;¢(1) =L;¢(1+2v2) = 3nén €[1:3]
Yéu cau ciia bai todn tuong duong véi phuong trinh m(s+1)=#"-2 c6 nghiém thudc doan

2

t
1;3 =
[1:3] < m t+1

c6 nghiém thuc doan [1;3] (1)

2

Xétham sé £ (1) = tt 12
+

trén doan [1;3]




42142

( 1)2 >0,V1 [1;3] khi ham s6 dong bién trén doan [1;3]
t+

/(1)
Pé phuong trinh (1) d4 cho c¢6 nghiém thi r[rlnﬁlf(t) <m< max 1 (t)

<m<

NN

o f()sm< f(3)e-

N | —

Vay az—l;b=Z:>T=4.
2 4

, . , x+y=2
Bai tap 3. Gia tri nho nhat ciia tham s6 m dé hé phuong trinh { . y4 (x, ye IR) co nghiém la m,
X +y =m
Ménh dé nao dudi day dung?
-3 19
A. m, €(-20;-15) B. m, (-12;-8) C.mye| -0 R e

Huéng din giai
Chgon D

Tacé{ f+y4:2 (1)
X' +y =m(2)

Tu (1) suy ra y =2—x thay vao (2) ta duoc (2) :>x4+(2—x)4 =m (3)
Xéthamsd f(x)=x"+(2-x)" ¢6 tap xac dinh D=R
f'(x)=4xz—4(2—x)3 :>f'(x)=0<:>x3 2(2—36)3 Sx=2-xox=1

Béng bién thién

X —oo 1 + o0

'(x)

. 0 -
f(x) \ /
2

H¢ da cho c6 nghiém thuc khi va chi khi phuong trinh (3) c6 nghiém thuc

[=o]

Dua vao bang bién thién ta duge m>2 = my,=2¢ (%,%} .

Dang 13. Tim m dé bt phwong trinh F (x;m) > 0; F (x;m) > 0; F (x,m) < 0; F (x;m) <0 ¢6 nghiém
trén tap D

1. Phwong phap giai

Thuc hién theo cac budc sau




Buéce 1. C6 1ap tham sé m va dua vé dang g(m)> f(x) hodc g(m)= f(x) hodc g(m)< f(x) hodc
g(m)<s(x)

Buéce 2. Khao sit sy bién thién ciia ham s6 f'(x) trén D

Buwdce 3. Dya vao bang bién thién xac dinh céc gia tri ciia tham s6 m

Bude 4. Két luan

Chii y: Néu ham s6 y = f(x)lién tuc va c6 gid tri 16n nhat; gid tri nho nhét trén D thi

+) Bat phuong trinh g(m)< f(x) c6 nghiém trén D < g(m)< max f(x)

IN

+) Bat phuong trinh g (m x) nghiém ding Vxe D < g(m)< mgnf(x)

(m)<f(x)

(m)< /(%)

+) Bat phuong trinh g (m)2 f (x) c6 nghiém trén D < g(m) > min f (x)

+) Bat phuong trinh g (m)> f (x) nghiém ding Vx € D <> g (m) > max f (x)
2. Bai tap

Bai tap 1: Cac gié tri cia tham s6 m dé bét phurong trinh x +i— m >0 c6 nghiém trén khoang (—oo;l)

x—1
la
A. m<5 B. m<-3 C. m<1 D. m=>3
Huéng din giai
Chon B
Bat phuong trinh da cho twong duong véi x + il >m
x—
Xétham s y = x + . trén khodng (—oo;1)
x—
2
, 4 (x—1) -4
y=1- 2 = 2
(x-1) (x-1)
x=3¢(—x;1
x=-1 e(—oo;l)

Béng bién thién

X —o -1 1

1% + 0 =

-3
y




Tir bang bién thién, dé bat phuong trinh x + A ms0ch nghiém trén khoang (—o0;1) thi m<-3.
x J—

Bai tip 2. Goi S 1a tip hop cdc gid tri nguyén ciia tham s me[0;2019]dé bat phuong trinh

xt—m+ (l—x2 )3 <0 nghiém ding v&i moi x € [1;1]. S6 cac phan tir cua thp S 1a
A.l B. 2020 C. 2019 D.2
Huéng din giai
Chon C
bat 1 =+1-x*,véi xe[-L;1]= 1 €[0;1]
Bét phuong trinh d3 cho tré thanh £ -2 +1-m<0e m>£ -2 +1 (1)
Yéu clu cua bai toan tuong duong véi bat phuong trinh (1) nghiém ding véi moi ¢ € [0;1]

Xéthamsd f(t)=0' £ +1= f'(¢)=3¢" -2t

1=0¢(0;1)
fl)=0e t=§e(0;1)

vi f(o)=f(1)=1;f(%j:§_§ nen ma (1) =1

Do d6 bat phuong trinh (1) nghiém dang véi moi ¢ [0;1]khi va chi khi m>1
Mit khac m 1a sb nguyén thudc [0;2019]nén m e {1;2;3;...;2019}
Vay c6 2019 gié tri cia m théa man bai toan.

Bai tdp 3. Cho ham s6 y = f(x) lién tuc trén [-1;3]va c6

Y A
dd thi nhu hinh v&. ~ | R
Bat phuong trinh £ (x)++/x+1++7-x >m c6 nghiém 5
thudc [—1;3] khi va chi khi /
e
A.m<7 i
: : X
B. m>7 ) O 1 3
C.m<2J2-2 14
D. m>2J2-2 ) TN
Huéng din giai
Chgn A

Xétham sé P=+/x+1++7—x trén doan [-1;3]




Tacod P’ =8+2/(x+1).(7-x) <8+(x+1)+(7-x)=16= P <4
Dau bang xay ra khi x =3
Suy ra r[1_11f;13)](P=4 tai x=3 (1)

Mit khéc dwa vao dd thi cua £ (x) ta co I[I}Iz};](f(x) =3 tai x=3 )
Tir (1) va (2) suy ra r{l_lﬁl})]((f(x)+\/x+l+x/7—x)=7 tai x=3
Vay bit phuong trinh f(x)+vx+1++7-x2>m c6 nghiém thuoc [-1;3] khi va chi khi

mSI[I_IIE;I;]((f()C)+ x+1+\/7—x)<:>mﬁ7.




BAI 4. TIEM CAN
A. KIEN THUC CO BAN CAN NAM
Puong thang y = ¥, dugc goi la dudng tiém can ngang (goi tat 1a tiém can ngang) ctia do thi ham s
y=f(x) néu xlggf(x) =¥, hoic lim =y,
¥a

y="Fix)

L R

O

Puong théng x =x, dugc goi 1a dudng tiém can dung (goi tat 13 tiém can ding) cia dd thi ham sb
y = f(x) néu it nhat mot trong cac diéu kién sau dugc thoa man:

lim f(x) = +o0; lim f(x) =+,

X=Xy

lim f(x)=—o0; lim f(x)=—c0.

¥

y =f(x)

o]

B. PHAN LOAI VA PHUONG PHAP GIAI BAI TAP

Dang 1. Xac dinh ciac dwong tiém can dwa vao dinh nghia

1. Phwong phap giai
Tiém cian ngang

Puong thing y = ¥, la duong tiém can ngang cua dd thi ham sé y = f (x) néu lim f (x) =y, hodc

X—>+0

lim f(x) =,

X—>—0
Tiém cin dirng
Duong thang x = x, 1a duong tiém cén dirmg cta do thi ham s6 y = f (x) néu moét trong cac di€u kién sau

duoc théa man:




lim f(x)=+o0; lim f(x)=+00; lim f (x)=—o0; lim f (x)=—0

X=X, XX XXy XX
2. Bai tap

Bai tap 1: Cac duong tiém can cla dd thi ham s6 y= tao v61 hai truc toa dd mot hinh chir nhat co

x—1
dién tich bang
A. 2 (dvdt) B. 3 (dvdt) C. 1 (dvdt) D. 4 (dvdt)
Huéng dén gidi
Chon A

Téap x4c dinh D =R\ {1}
Do thi ham sb ¢ duong tiém can ding x =1 va tiém can ngang la y = 2. Khi d6 hinh chir nhat tao bdi
hai duong ti€ém cén va hai truc toa dd c6 cac kich thudc 1a 1 va 2 nén ¢6 dién tich S =1.2 =2 (dvdt)

_ 6x+1—+x*=2

x—5

Bai tap 2: Biét cac dudng tiém cin cta dudng cong (C):y va truc tung cat nhau tao
thanh mot da gidc (/). Ménh d& nao dudi day ding?

A. (H) 1a mot hinh chit nhat c6 dién tich bang 8

B. (H) 1a mot hinh vudng c6 dién tich bing 4

C. (H ) 1a mot hinh vudng c6 dién tich bang 25

D. (H) 1a mét hinh chit nhét c6 dién tich bang 10

Huéng dén gidi

Chon D

Tap xac dinh (—oo; - \/5} U [\/5, + oo) \ {5}

- . 6x+1-+/x" =2 A A ,
Tacod lim y = lim =5= y =5 latiém c4n ngang cua (C)

X—>+0 X—>+0 x—5

f— 2_
lim y = lim 6x+1-vx 2=7:>y=7létiémcénngangcﬁa (C)

X—>—0 X—>—0 x—=5

lim y = +00; lim = —00 = x =5 Ia tiém cén dung cia (C)

x—5" x5
Vay dd thi co ba duong tiém can1a y=5; y=7; x =5 cung véi tryc tung tao thanh mot hinh chit nhat co

kich thudc 2 x5 nén co dién tich bang 10.

ax+b
cx+d

Dang 2: Tiém cén ciia d6 thi ham s6 y =

1. Phuwong phap giai

Z A . \ n A o aA 1 x £ ax+b . \
beé ton tai cac duong tiém can ctia do thi ham so y = thi c#0 va ad —bc =0

cxX +

Khi d6 phuong trinh cac duong tiém céan la




e, d
+ Tiém céan ding x = ——
c

A a
+ Tiém can ngang y =—
c

2. Bai tap

. : s . 2m—1)x+1
Bai tap 1: Gia tri cia tham so0 thyc m dé do thi ham s6 y = Q c6 duong tiém can ngang y =3
xX—m
la
A.m=1 B. m=0 C.m=2 D. m=3
Huéng dén gidi
Chon C

Diéu kién dé do thi ham sb ¢6 tiém can 1a
—m(2m—1)—17t0<:>2m2 -m+120=>VmeR
Phuong trinh duong tiém can ngangla y =2m—1néncod 2m—-1=3 << m=2.

Bai tap 2: Tap hop cic gia tri thyc cta tham sb m dé d6 thi ham s6 y =

co tiém can dung la

mx—1
A. R B. R\{O} C. R\{l} D. R\{O; 1}
Huéng dén gidi
Chon D
<A . 2 ) . I4 . m i 0 m i 0
bicu kién d€ d6 thi ham s6 c6 tiém can la &
—1+m=0 m#1

. . 5 A A A . \ A - 3 N SR A 7 A
Bai tap 3. Tap hop cac gia tri cua tham so m dé do thi ham s6 y = x—l khong c6 tiém céan ding la
m

A.R B. {0; l} C. {1} D. {0}
3 3
Huéng dén gidi
Chon B
Diéu kién dé do thi ham sb khong c6 tiém can dimng 1a
m=0 m=0
g 1
-14+3m=0 m=—
3
xs oo \ A ax+b ..o A an . A N on 4 I
Bai tip 4: Cho haim s0 y = o Biet do thi ham s6 da cho di qua diem A(0; —1) va c6 duong tiém
X+

canngangla y=1.Gidtri a+b bang
Al B.0 C.3 D.2
Huéng dén gidi
Chon B




Diéu kién dé d6 thi ham sb c6 tiémcan1a a—b = 0

Do d6 thi ham sé di qua diém 4(0; —1) nén b =1

D6 thi ham s6 c6 duong tiém can ngang 1a y = a = a =1 (théa mian diéu kién)
Vay a+b=0

i o s o (a=3)x+a+2019
Bai tap 5: Biéct rang do thi cia ham so y =

nhan tryc hoanh lam tiém cén ngang va

X — (b + 3)
truc tung lam tiém can dung. Khi d6 gia tri cia a +b b'fmg
A.3 B.-3 C.6 D.0
Huéng dén gidi
Chon D

Diéu kién dé d6 thi ham sb ¢6 tiém can 1a —(a—3)(b+3)—(a+2019) =0

Phuong trinh cac dudng tiém cén la

x=b+3 b+3=0 b=-3 T S
3 (théa man diéu kién)

= =
y=a-3 a-3=0 a=
Vay a+b=0
Bai tap 6: Gia tri thyc ciia tham sé m dé duong tiém can dimg ctia d6 thi ham s y = 2x L di qua diém
xX+m
A(L2) 1a
A.m=4 B.m=-2 C.m=-4 D.m=2
Huwong din gidi
Chon B

Diéu kién dé do thi ham sb c6 duong tiémcanla m—2#0< m =2
\ i A, . m m , N
Puong tiém can dung la x = Y = 5" 1< m=-2 (théa man)

mx+1

Bai tap 7: Cho ham s6 y = v6i tham sb m # 0. Giao diém cua hai duong tiém can cua do thi ham

x—2m
s0 thudc duong thang nao dudi day?
A. x+2y=0 B.2x+y=0 C.x-2y=0 D. y=2x
Huéng dén gidi
Chgn C
Diéu kién dé do thi ham sb c6 duong tiém can 1a 2m?> —-1#20=VmeR.
Phuong trinh cac duong ti€ém can 1a x =2m; y =m nén toa do giao diém cua hai duong tiém cén la

1(2m; m) thudc duong thing x =2y

Bai tap 8: Tat ca cac gia tri thuc cia tham s6 m dé @6 thi ham so y = ¢6 tiém can dirmg nam bén

xX—m
phai truc tung l1a




A.m>0vém¢% B. m>0

C.m>0vém¢% D. m<0
Huéng dén gidi
Chon A.

[N [N A A . \ A ST A \ 5
biéu kién dé d6 thiham s6 cHé tiém canla -4m+5#0< m # 2

Phuong trinh duong tiém can dimg la x =m
Dé tiém can dung ndm bén phai truc tung thi m > 0
m>0

Viay diéu kién can tim 1a 5
m#—

Dang 3: Tiém cén ciia dd thi ham s6 phén thirc hiru ty

1. Phuwong phap giai

- Tiém cén ciia 46 thi ham s6 y = v6i A 1a s6 thuc khac 0 va f(x) 1a da thire bac n > 0.

A
/(%)
A . \ A A A 7oA A
- b6 thi ham s6 y = ——— ludn c6 ti€ém can ngang y =0.

(%)

- Puong thang x = X, 1a tiém can dung cia d6 thi ham sé y =

A
khi va chi khi x, 1a nghiém cua
/(%) °
f(x) hay f(xo) =0

Tié P U £ _f(x) iy ., s 1A ,
- Tiém can cta do thi ham so y = voi f(x), g(x) la cac da thirc bac khac 0.

g(x)
(x)

f(x

g(x)

- Diéu kién dé d6 thi ham sé y = c6 tiém can ngang la bac f(x) < bac g(x).

f(x)
g(x)

g(x) nhung khong 1a nghiém cta f(x) hodc x, la nghiém bdi n cia g(x), dong thoi la nghiém boi m

- Diéu kién dé duong thang x = x, 1a tiém can dimg cua do thi ham s6 y = la x,la nghiém cua

cua f(x) va m<n
2. Bai tap

2
Neoon I TR T W , £ 2 A i1r 1a £ mx- =2x+1 , .. . \
Bai tap 1: Tat ca cac gia tri thuc ctia tham so6 m d€ do thi ham so y:T ¢6 tiém can dung la
X+

A. m=8 B.m=0 C.m=#4 D. m=-8
Huéng dén gidi




Chon D

Tap xac dinh D =R\ {—%} bat g(x) =mx’ —2x+1
Dé d6 thi ham s6 co tiém can dimg thi x = —% khong 1a nghiém cua g (x)
@g(—%)¢0©%+2¢0©m¢—8

x—1

Bai tap 2: Biét d6 thi ham sd y = (m, n 1 tham s6) nhan duong thang x =1 14 tiém can

X' =2mx+n+6
ding, gid tri cia m +n bang
A.6 B. 10 C.-4 D. -7
Huéng dén gidi
Chon C

Diéu kién: x* —2mx+n+6= 0. Dit g(x) =x>-2mx+n+6
Do x =1 la nghi€ém cua f (x) = x—1 nén dd thi ham sb di cho nhan duong théng x =1 1a tiém cén dung
thi x =1 phai 1a nghiém kép ctia phuong trinh

1)=-2 7=0 (n=2m-7 =1
g(x):()@{g() m+n+ @{n m O@{m

AN=m>-n-6=0 m* —2m+1= n=-5
Viy m+n=-4.

e oa L eh e s X (2m—n)x* +mx+1
Bai tap 3: Biét d6 thi ham s6 y =

> nhan tryc hoanh va tryc tung lam hai tiém can.
X +mx+n—6

Gia tri m+n bang
A.8 B.9 C.6 D.-6
Huéng dén gidi
Chon B
Piéu kién x> + mx+n—6=0
Phuong trinh dudng tiém cin ngang ciia dd thi ham s6 14 y = 2m —n
=2m-n=0 Q8
bat f(x)=Cm—-n)x’+mx+1va g(x)=x>+mx+n—6
Nhan thiy f (0)#0 v6éi moi m, n nén d6 thi nhan truc tung x=0 la tiém can dung thi
g(O)zO@n—6=O®n=6.Kéthqpvdi(1) suyra m=3.
Vay m+n=9
ax’ +x—1
4x* +bx +9

(C) c6 tiém can ngang y = ¢ va c6 diing mot tiém cén dung. Gia trj cua tong T = 3a + b — 24c¢ bing

Bai tap 4: Cho ham s6 y = c6 d6 thi (C) (a b 1a cc sb thuc duong va ab = 4). Biét rang

A.8 B.9 C.6 D. 11




Huwong din gidi
Chon D
Diéu kién 4x? +bx+9 =0

. A A , X 1s 1N A 1y a a
Phuong trinh tiém can ngang ctia d6 thi hamso la y = ] = 2 =c

D0 thi (C) c6 mot tiém can dimg nén ta c6 céc trudng hop sau:
Truong hop 1: Phuong trinh 4x” +bx+9=0 c6 nghiém kép

ax* +bx+1=0

Sbh -144=0<b=%12.Vib>0 nénb=12:>a=%:>c=é
lx2+x—1
Thir lai ta c6 ham sb y =—5———— (théa mén)
4x” +12x-9
A 1 1
Vay T =3.-+12-24.—=11
3 12

Truong hop 2: 4x> +bx+9=0 c6 hai nghiém phan biét va

ax® +x—1=0. Diéu nay khong xay ra vi ab =4.

x=x, va khong la nghiém cua

mét trong hai nghiém théa man

Chu y: a; b > 0 nén mau so (néu co) hai nghiém déeu dm, tu so hai nghiém tradi dau.

Dang 4 Tiém can cia do thi ham s6 vo ty

Cho hamsé vo ty y = f(x)

- Tim tap xac dinh D cuia ham so.

- Dé ton tai tiém cén ngang ciia do thi ham s6 y = f (x) thi trong tap xac dinh D ctia ham s phai chira it

nhét mot trong hai ki hi€u -0 hodc +oo va ton tai it nhat mot trong hai gi6éi han lim y hodc lim y hitu

han.

2. Bai tap

X—>—00 X—>+00

Bai tap 1: Biét d6 thi ham s& y = 2x ++ax® + bx+4 co tiém can ngang y = —1

Gié tri 2a —b® bing
A. 56 B. -56 C.-72
Huéng dén gidi
Chon B.
Diéu kién ax® +bx+4>0
Dé d6 thi ham s6 ¢ tiém can ngang thi a > 0
Khi d6, ta co

lim y = lim (2x+\/a)c2 +bx+4):+oo

X—>+00 X—>+00

D. 72




—4)x* +bx+4
im y = lim (2 Vi + b+ ) i (TS

Fomet X o Jax® +bx +4 - 2x

a-4=0
a=4 _ ;
= b lc{b 4.Vay2a—b =-56
—a-2 -
Chii y: Pé lim y = —1 thi bdc tir phai bang bdc mau nén phai c6 a—4=0. Khi dé lim y = b >
X—>—o0 X—>—0 —a-—
A 2 —
Bai tap 2: C6 bao nhiéu gi tri ciia tham sé m dé dd thi ham sd y = et 2x 12x+3 c6 mot duong
x J—
tiém can ngang la y =27
A.0 B. V6 s6 C.1 D.2
Huwéng din gidi
Chon D
Tap xac dinh D =R\ {%}
m+1 m—1
Taco limy=——:; lim y=——
x4+ooy 2 xﬁ—ooy 2
m+1

=2
\ . m=3
Do thi ham s6 c6 mot duong ti€ém can ngang la y =2 < 2 &
m—1 m=35
A )
2

Dang 5: Biét dd thi, bing bién thién ciia ham sb y = £ (x), x4c dinh tiém c4n ciia d thj ham s6

y= v6i A 12 s6 thye khic 0, g(x) x4c dinh theo f(x)

g(x)

1. Phuwong phap giai

- Xac dinh tiém can dang:

1a s6 nghiém ciia phuong trinh g (x)=0.

+ S6 tiém can cua do thi ham sé y = 4
g(x)
+ Dya vao do thi, bang bién thién ciia ham sd y=f(x) dé x4c dinh sé nghiém ciia phuong trinh
g(x) =0 dé suy ra sd duong tiém can dung.

- X4c dinh tiém can ngang: dua vao nhanh vo tan cta dd th, bang bién thién caa ham s6 dé xac dinh.

2. Bai tap

Bai tip 1. Cho ham s6 y = f(x) lién tuc trén R va c6 bang bién thién nhu hinh v& dudi day.




X |- 1 + 00
y' - 0 +
3
-2
2 £ 4o n TN £ 1 .
Tong so duong tiém cén cia hamsd y=——— 1a
f(x) +1
A. 2. B. 3. C.1. D. 4.
Huwong din gidi

Chon D.

S6 dudng tiém cén dimg ciia dd thi 1a s6 nghiém ctia phuong trinh f(x)+1=0< f(x)=-1.

Tu bang bién thién ta thay phuong trinh c¢6 hai nghi€ém phén biét nén do thi ham s6 y = W co
xX)+
hai duong ti¢m can ding.
.o 1 1 | B 1 1 | R S A A
Ta c6 lim —— —; lim ————=——=— nén d6 thi ham s6 c6 hai dudng ti€ém cén

e ()11 341 4 o f(x)+1 141

ngang la y = 1 va y= 1
gangla y 1 y >
o . 1 . .
Vay do thi ham s6 y =——— ¢6 bon dudng ti€ém can.
f (x) +1
Bai tip 2. Cho ham s6 y = f(x) x4c dinh, lién tyc trén R va c6 bang bién thién nhu hinh v& bén dusi.
X |- 1 2 +o
y' + 0 o 0 +
3 e
y \ /
0
—a0
A A oA A N tA A , 5 A c 1 A 1 2
Tong s tiém cén ngang va tiém cén ding ciia d6 thi hams6 y=——————1a
f (x + x) +3
A. 2. B. 4. C.3. D. 1.
Huwéng dén gidgi

Chon A.

Piat t =x" +x,tacod khi x - —oo thi # - —0 vakhi x — 400 thi # — 400




Mit khac ta ¢6 #' =3x+1>0,VxeR nén véi moi e R phuong trinh x* +x=¢ c6 duy nhat mot
nghiém x.

Sb duong tiém can ding cua d6 thi 1a s6 nghiém cua phwong trinh

f(t)+3=0e f(t)=-3.

Tir bang bién thién ta thdy phuong trinh c6 duy nhit mot nghiém nén d6 thi ham sé y = 3;
f(x +x)+3
c6 mdt tiém can dung.
.o 1 . 1 . 1 . 1 N x
Ta c6 lim ——— - =lm————=0; lim . = lim =0 nén do thi ham so
o f(xax) 43 o f()+3 T o f (e x) 43 o f(1)+3
=————— ¢6d mot tiém can ngang la y=0.
y S ex)es Ot ti¢m can ngang 1a y

Vay db thi c6 hai duong tiém can
Bai tap 3. Cho ham s6 bac ba f(x)=ax’ +bx” +cx+d(a,b,c,d € R) 6 d6 thi nhu hinh v& dudi day.

YA
3

v X

/

1
f(4-x")-3
A. 2. B. 3. C.4. D. 5.
Huwdng din gidi

Db thi ham s6 g (x) = ¢06 bao nhiéu duong tiém can ding va ti¢ém can ngang?

Chon C.

Pit t=4—-x?,taco khi x > +oo thi t > —o.

Khi d6 lim g(x)=lim =0 nén y =0 1a tiém can ngang ctia d thi ham s6 g(x).

1
x>+ t——0 f(t) -3

. . 4—x*=-2
Mt khac f(4—x2)—3=O®f(4—x2)=3<:>L_x2:4 @k

= D6 thi ham sé g(x) c6 ba dudng tiém can dimg.

Vay d6 thi ham s6 g(x) c6 bon duong tiém can.




Dang 6: Biét dd thi, bing bién thién ciia ham sé y = f(x), x4c dinh tiém c4n ciia d thj ham s6

o(x)

y= v6i ¢(x) 12 mdt biéu thirc theo x, g(x) 12 biéu thirc theo f(x)

g(x)

1. Phuwong phap giai

- Duya vao do thi ham sé y = f(x) tim nghiém ciia phuong trinh g(x)=0 va x4c dinh biéu thirc
g(x).
o (x)

- Rat gon biéu thirc m va tim tiém céan dung, ti€ém can ngang.
Chiui y:

- Diéu kién ton tai cia ¢(x).
- Str dung tinh chat néu da thic g(x) c6 nghiém la x=1x, thi g(x)=(x-x,).g (x), ¥ dd g (x) la mot
da thuc.
2. Bai tap
Bai tip 1. Cho ham s bac ba f(x)=ax’+bx* +cx+d c6

dd thi nhu hinh v&.

(x2—3x+2)\/x—1 | .

1
c6 bao nhiéu :
I

Do thi ham sé g(x)=

x[17(x)=1 (%] /
duong tiém can dung? - / . i
A. 4. B. 6.
C.3. D. 5.
Huéng dén gidi
Chon C.
x>1 x=1
Diéu kién xdc dinh {x # 0 <4 f(x)=0.
SAx)=f(x)=0 | f(x)=1
, e g f()=0(1)
Xét phuong trinh /2 (x)— f(x)=0 < (x)=1 (2)

Dua vao do thi ta théy
- Phuong trinh (1) c6 hai nghiém phén bi¢t x = x, <1 (loai) va x =2 (nghiém kép).
- Phuong trinh (2) ¢6 ba nghiém phan biét x=1, x=x, €(1;2), x=x, >2.

Khi do6




£ ()= 1= @Lf () -1]=a (x=2) (x=2) (x=1) (x=x, ) (x=x)

Suy ra g(x) = azx(x—xl)(x_z)(x_xz)(x_x3),

trong d6 x, <1, x, €(1;2), x,>2 nén dd thi ham sd y=g(x) cb batiém cin dimg 1a x=2; x=x,;

X=Xx.

Bai tip 2. Cho ham s bac ba f(x)=ax’ +bx” +cx+d c6 dd thi nhu hinh v& duéi day.

2
2
—
Pit g(x)= XX pjthiham s y= g(x) c6 bao nhiéu duong tiém can dimg?
S)=2f() - '
A.4. B.2. C.5. D. 3.
Huéng dén gidi
Chon A.
. #0
Diéu kién xac dinh f> (x) - 2f(x) 0 f(x)
f(x) #2

f(x)zO
f(x)=2'

Dua vao dd thitacé f(x)=0 c6 hai nghiém x =x, <0 va x =1 (nghiém kép).

Ta co fz(x)—Zf(x)zoc:{

x=x, e(x;-1)
f(x)=2e|x=0

x=x3>1
Vay biéu thire 12 (x) =21 (x)= f(x)[ f(x)-2]

=az(x—xl)(x—1)2 x(x—x,)(x—x,).

2
Khi dé taco g(x)= Al = !

fz(x)—Zf(x) a’ (x—l)(x—xl)(x—xz)(x—)%).

Vay d thi ham s6 c6 bon duong tiém cén dung.




Bai tap 3. Cho f(x) 1a ham da thirc béc 6 c6 bang bién thién nhu sau

X —oo 1 2 3 + oo
fr(x) - 0 + 0 + 0 +
+ o0 + oo
F(x) 2 /
1 /

(x—?a)()c2 —4x+3)

/(xS (x)-2]

Do thi ham s6 g(x) = c6 bao nhiéu dudng tiém can dirng?

A. 3. B. 2. C.4. D. 1.
Huwong din gidi
Chon A.
L {f’(x) 0
bicu kién .
f(x) #2
Tacod (x—3)(x2 —4x+3) = (x—3)2 (x—l); f'(x).[f(x)—Z] =0 ;’((xx)):;

Dua vao bang bién thién, ta co

/'(x)=0 conghiémla x=1; x =2 (nghiém kép); x =3 (nghiém kép)

:>f'(x):a(x—l)(x—2)2 (x—3)2 voi a>0.

=x <1
f(x)=2 c6 hai nghiém i:i e (23) nén f(x)=(x-x)(x-x,).p(x) véi p(x) la mot da thuc
bac4va p(x)>0,VxeR.
1

Khi do g(x) =

a(x—2)2 (x—xl)(x—x2).p(x) .

Véy do thi ham s6 y = g(x) c6 ba dudng tiém can dimg.

Chu y: Do f(x) la ham da thirc bdc 6 nén f°(x) la ham da thicc bdc 5.
Bai tip 4. Cho ham sé y=f(x) 1a ham da thic bac 6 théa man 3/(1)-2<0 va
3f(a)-a’ +3a>0,Va>2.Ddthiham s6 y = f’(x) nhu hinh v&.




S dudng tiém can ding ciia db thi ham sé 8(x)=7; ( ’;; L —ta
X+ — X +3x

A. 0. B. 2. C.1. D. 3.
Huwong din gidi

Chon B.

bat h(x)=3f(x+2)-x" +3x. Diéu kién h(x)=0.

Taco h'(x)=3f"(x+2)-3x>+3, I'(x)=0< f'(x+2)=x" 1.

bat r=x+2,taduoc f'(t)=1"—4t+3. (%)

V& d6 thi ham s6 y = > —4¢+3 vao cung hé truc c6 d6 thi ham s y = f'(t) ta dugc hinh vé sau

A

N A
\/\.ﬂ i

O 1w

Duya véao db thi ta thay (*¥) co banghiémla r=1;1=3;t=a > 4.
Suy ra phuong trinh h’(x)=0 conghiémdon x=-Lx=Lx=a-2=b>2.

Ta c6 bang bién thién cta /(x) nhu sau

h(1) /
h,x
) \ \\*h(b)
e

Vi h(—1)=3f(1)—2<0 va h(b)sz(a)—(a—2)3+3(a—2)=3f(a)—a3+3a+6a2—12a+2>0

v6i moi a >4 nén phuong trinh /(x) =0 c6 hai nghiém phén biét x = x, <-Lx=x, e (-1;1).




Vay d6 thi ham s6 y = g(x) c6 hai tiém can dimg.

f(x)

Dang 7: Bién ludn s6 duong tiém cin ciia do thi ham so phan thirc y = )’ véi f(x) va g(x)1a

cac da thic

1. Phwong phap giai

f(x)
g(x)

Diéu kién dé do thi ham s y = ¢6 tiém can ngang khi va chi khi bac f (x) < bac g(x). Khi d6 dd
/(%)
2(x)

thi ham s y =

c6 dung mot dudng tiém can ngang.

biéu ki¢n de do thi ham s6 y = ¢ tiém can dimg x = x,

g(x)
Truong hop 1: x = x, 13 nghiém ciia phuong trinh g(x)=0 nhung khong 14 nghiém ciia phuong trinh
f(x)=0.
Truong hop 2: x=x, 1a nghiém bdi n cia phuong trinh g(x)=0, dong thdi 13 nghiém boi m cia
phuong trinh f(x)=0 thi n>m.
Taco f(x)=(x—x)".f,(x) voi f;(x) khong c6 nghiém x = x, va g(x)=(x-x)" g (x) véi g, (x)

khong c6 nghiém x = x,. Khi d6

S(x) _(e=x)" filx) . fi()

y:g(x) (x—xo)”.gl(x) (x—xo)nfm.gl(x)

nén x = x, la tiém can dimg cua dd thi ham sb da cho.
2. Bai tap

<o n T T, A , A 2 X 1: 1y 9 x+2 .
Bai tap 1. Goi S 1a tap cac gia tri nguyén duong ctia tham so m d€ d6 thi ham sd y = co

X +2x+m*=3m

ba tiém can. Tong cac gi tri cia tap S bang
A. 6. B. 19. C.3. D. 15.
Huéng dén gidi
Chon C.
Diéu kién x*+2x+m*—3m#0.

Taco lim y=0= d thi ham s ludén c6 mot tiém cén ngang y =0.
+

X—>T0




S6 duong tiém can dimg cia ham s6 di cho 1a sé nghiém khac -2 cia phuong trinh
x+2

X +2x+m*=3m

x*+2x+m>=3m=0 nén dé do thi ham s6 y= c6 ba tiém can thi phuong trinh

x* +2x+m’ —3m =0 phai c6 hai nghiém phan biét khac -2.

<~

_mi43mso |37V13_ 3+413
m* —=3m#0

m#=0,m#3
Do m nguyén duong nén m € {1;2} .

Vay tong cac gia tri cia tap S bang 3.

2
2 1 o £ 22X 1 Loa A + L s P
Bai tap 2. Tong tat ca cac gia tri thuc cua tham s6 m dé do thi ham so y = 2x 3 e 5 c6 dung hai duong
x"—=3x+
tiém can la
A.-5 B. 4 C.-1 D.5

Huéng dén gidi
Chon A.
Dicukién x#L;x#2.

Vi lim y =1 nén d6 thi luén c6 mot dudng tiém cén ngang y =1 v6i moi m.

xX—>to0
x=1

Ta co x2—3x+2<:>[ .
x=2

Xét f(x)=x"+m.DE dd thi ham s6 c6 ding hai duong tiém cén thi f(x) phdi nhan x=1 hogc

f(1)=0 @[erl:O @V:-l

x =2 langhiém ha

m=—-4’

x’-1  x+l
x> =3x+2 x-2

e V6i m=-1,tacohamsb y= nén dd thi c6 hai duong tiém can la x=2;y=1

(théa man).

x’—4 _x+2

> = nén d6 thi c6 hai duong tiém cén 1a x=1y =1
x =3x+2 x-1

o Vi m=—4,tacoéhamsdo y=

(théa man).

Vay S = {—1;—4} nén téng cac gia tri m bang -5.

x*=3x+2

Bai tap 3. Tinh tong tat ca cac gia tri nguyén ciia tham s6 m dé db thi ham s y = khong

X —mx—m+5
c6 duong tiém can dung
A. -12. B. 12. C. 15. D. -15.
Huéng din gidi
Chon D.

Piéukién x> —mx—m+5#0.




bat f(x)=x2—3x+2,g(x)=x2—mx—m+5.

x=1
Tacd f(x)=0< { 5 la nghi¢ém don cua tir thire.

Pé d6 thi khong co tiém can dung, ta co cac truong hop sau
Truong hop 1. Phuong trinh g (x)=0 vo nghiém A=m’ +4m—20<0< -2-26 <m<-2+26.
Do meZ nén me{-6;-5;...;2}

l-m—m+5=0

Sm=3.
4-2m-m+5=0

Truong hop 2. f(x)=0 nhén dong thoi x=1 va x =2 lam nghiém < {
x*—3x+2

: =1, khi d6 @6 thi ham sé y =1 khéng c6 tiém can = loai.
x°=3x+2

Thu lai, tacod y =

Vay cac gia tri nguyén cta m dé dd thi khong c6 tiém can dung 1a m e {—6; —5;...;2;3} nén téng bé’mg

-15.
2x—1

(mx2 —2x+1)(4x2 +4mx+1) 0

Bai tap 4. Tap hop cac gia tri thuc cia tham sb m dé do thi ham s6 y =

ding mét duong tiém can la
A. {-10} B. {0} C. (—o0;—1) {0} D. (—o0;—1)U(1;+0)
Huwdng din gidi
Chon B.
mx’ —=2x+120

Diéu kién .
4 +4mx+120

-1
4 +1°

- Véi m=0, ham sé co dang y =

Do thi ham s6 c6 ding mot tiém cin ngang y =0.
Do d6 m =0 1a mot gia tri can tim.
-Véi m=0.

Taco lim y =0 nén dd thi ham sé c6 mot tiém cén ngang y =0.

Dé d6 thi ham sb c6 dung mot tiém can thi
+ Truong hop 1. Hai phuong trinh f(x)=mx’-2x+1=0 va g(x)=4x"+4mx+1=0 cing vd
nghiém

1-m<0 m>1 A »
= = = vO0 nghiém
4m’ —4<0 -l<m<l1




+ Truong hop 2. Phuong trinh (mx” —2x+1)(4x” +4mx+1)=0 c6 nghiém duy nhit 1a x = % . Khi do6

x :% 1a nghiém cua mt trong hai phuong trinh f'(x)=0 hodc g(x)=0

ﬂ:() {mzo
| 4 Rt _ 1
1+2m+1=0 "=~

Dom#0 nén m=-1.
Tht lai, véi m =—1 thi ham s6 1a
2x—1 1

I (—x2 —2x+1)(4x2 —4x+1) B (—x2 —2x+1)(2x—1)

Khi d6, do thi ham sb da cho c6 cac tiém can dimgla x=-1=% \/E,x =— = m=—1 khong thdéa man.

N | =

Vay tap hop tham s6 m can tim 1a m e {0} .

Dang 8: Bién luin s6 duwong ti€ém cin ctiia do thi ham s6 chira can thirc

1. Phwong phap giai

Thuc hién theo cac budc sau

Budc 1. Tim tap xac dinh cua ham $6.

Buworc 2. Xac dinh cac duong tiém can.

- Tiém can ngang

+ Piéu kién can: Dé dd thi ham sb chira cin thirc c6 tiém cin ngang thi trong tip xac dinh phai c6 cac
khoang (—o0;a) hodc (b;+x).

+ Diéu kién du la: Ton tai mot trong cac gidi han lim =a hodc lim =5 thi duong théng y=a hodc

X—>—00 X—>+00
y =b la tiém cén ngang cua d6 thi ham s6 da cho.

* Ti€m can dung: Ton tai gia tri x, dé mot trong cac gidi han lim y = —oo hodc lim y =+oo thi x=1x, 1a

xXxg XX,
tiém can dung cua d6 thi ham s6 da cho
2. Bai tip mau

2
Ne A Ae 0 g ego . 5 A g2 aX 4o X mx—4,, A A1
Bai tap 1. Tat ca céc gia tri thuc ctia tham s6 m d€ d6 thi ham s6 y = —3 c6 dang ba tiém can la
x_

A.ng B. m>0 C.0<m<g D. VmeR

Huéng dén gidi
Chon A.




2
A A mx-—4>0
biéu kién .
x#3
Pé do thi ham sb ¢6 tiém can ngang thi m > 0.

2 Néu m<0 thi mx>-4<0

. 2
Khi d6 tap xac dinh cuiahamso la D =| —0;——— |U| —;+00 |\ {3}.
i xic i o M

Nmx® —4 . Nmx’ -4
—3=JE; lim ———
x_

X—>—0 X —

Ta co lim

X—>+00

=—+Jm nén do thi ham so

¢6 hai tiém can ngang la y = +Jm

N e en . 2 4
beé ton tai ti€ém can diing x=3 thi 3>2——=<m>— .
m

O

Két hop lai ta c6 ng.

x+1—-+/x"+3x

Bai tap 2. Tét ca cac gia tri thuc cla tham sb m d& dd thi ham s6 y =—
X +(m+1)x—m—-2

c6 dung hai

duong tiém can la

m=>1
m< =2 m=>1
A. meR B.{|m<=2 C. D.
m#-3 m<=2
m#-3
Huwdng din gidi
Chon D.

N X2 +3x>0 x<-3;x20
Piéu kién

= .
X +(m+1)x—m-2#0 x#Lx#-—m—-2

Tap xéac dinh D = (—o0;—3]U[0;+00) \ {1;—m — 2}

Tacéd lim y=0,Vme D= y=0 latiém can ngang cua do thi ham sd.

Pé @ thi ham sb co dang hai duong tiém can thi phai c6 mot duong ti€ém céan ding.
- Véi m==3 thi D =(—o0;=3]U[0;+0)\{1}.
x+1—\/x2+3x_ -1

x*=2x+1 (x—l)(x+1+\/x2+3x)

Do d6 lim y = -0 va lim y =—o0 nén x =1 1a tiém can dimg ctia d6 thi ham s6 = m = —3 thoa man.

x—l1 x—1"

Khi d6, ta c6 ham sé y =

-Véi m=-3,tacd




. . x+1-+/x" +3x . -1 -1
lim y =lim =lim =

o1l g (mt ) x—m =2 e (x+m+2)(x+l+m) 4(m+3)

= x =1 khong la tiém can dang cua dd thi ham sd.

. o |-m=2<3 m=1
Dé duong x =-m—2 la tiém can diung thi =

-m—-22>0 m< -2
m=1
Khidd lim y=zoo (tuytheom)nén x=-m—2 lati€ém can dung khi {| m<-2.
x—>(-m-2)"
m# -3

>1

. m
Keét hop cd hai truong hop, ta co .
m<-=2

Bai tap 3. Tat ca cac gia trj thuc cta tham sé m dé do thi ham s6 y = x ++mx? +1 ¢6 tiém can ngang 1a
A.m>1 B.0<m<l1 C.m=1 D. m=-1
Huwdng din gidi
Chon C.
Trieong hop 1. Véi m =0 thi ham sd 13 y = x+1 nén dd thi khong cé tiém can ngang. Do d6 m =0

khong phai gia tri can tim.

! } nén khong ton tai lim y

1
[_m ’ [_m X—>—0

Trweong hop 2. Vi m <0 thi ham sb c¢6 tap xac dinh 1a D = [—
va lim y = d0 thi khong c6 tiém cin ngang.
Do d6 m < 0 khong phai gi4 tri cAn tim.

Truong hop 3. V&i m > 0 thi ham s c6 tip xac dinh 1a D=R.

Xét lim (x+'\/mx2 +1) =400,

X—>+0

l—m)x® —1
Xét lim (x+\/mx2 +1) _ i )1
X—>—0 X——0 ¥ — /mx2 + 1

Dé @ thi ham s6 c6 tiém can ngangthi |-m=0&m=1.

NP A Ap m o r e . , Uy U U R S T 4 x—1 1A
Bai tap 4. Tap tat ca cac gia tri thyc cua tham so m dé do thi cua ham s6 y = c6 bon
Nmx* =3mx +2

duong tiém can phan biét 1a

A. (0;+) B. 2;+oo C. §;+oo D. §;+oo \{1}
8 9 9
Huwéng dén gidgi
Chon D.

Diéu kién mx® —3mx+2>0. (¥)




. -1 A - .
Truong hop 1. V61 m=0,tacd y = X7 néndd thi khong c6 dudng tiém can.

NG

Do d6 m =0 khong phai gi tri can tim.

Trueong hop 2. V61 m < 0.

Phuong trinh mx® —3mx+2=0 c6 A=9m*—8m>0,Ym<0 nén  Néu A<O thi ham so
c6O tap xé&c dinh Ia

D=9Y

mx’ —3mx+2>0& x e [)c1 ;xz] (v6i x,,x, 1a hai nghiém cua phuong
trinh mx” —3mx +2 = 0) nén d6 thi ham s6 khong c6 tiém can ngang, chi
c6 tdi da hai tiém cén dang

Do d6 m < 0 khong phai gia tri can tim.

Truong hop 3. V61 m > 0.

Xét phuong trinh mx® —3mx+2=0.
e 2 8 \ A , . A
-Néu A =9m —8m<0©O<m<§.Hamsoxacdmhtren R.
Khi d6 mx® —3mx+2>0,Vx € R nén do thi ham sé khong co tiém can dimg ma chi co hai tiém can

ngang la y=J_rL vi lim =L va lim =

-1
m o Am o m

- Néu A:9m2—8m:0<:>m:§.

3(x—2) 3(x—2)

J8x* —24x+18  N2[x-3]

Khi d6, ham s0 tro thanh y = nén d6 thi ham so6 chi c6 mét tiém can

ding va hai ti€ém can ngang.

—NéuA:9m2—8m>0:>m>§. New x=1la nghiem cia

phuong  trinh g(x) =0,
Ham sé xéac dinh trén cac khoang (—o05x,) va (x,3+0). do phiwong trinh g (x) = 0

. N . . 1
Khi @6 @6 thi ham s6 ¢6 hai tiém can ngang la y =+—. ¢6 hai nghiém phdn biét

Jm

A A . \ A ~ J A \ [N A \ A . \ A 5. nén phu’o'ng trinh
bé d6 thi ham s6 da cho c¢6 bon duong tiém can thi do thi ham s6 phai

e —0 6 mét nehic
c6 hai duong tiém cén ding. g(x) co mot ngiem
Vi x =1 1a nghiém cita tir f(x)=x—1 nén dé db thi c6 hai tigm can ~ "e  x=azl  1h

ding thi x=1 khong phai la nghiém cua phuong trinh g(x)zm(x—l).(x—a).

mx’ =3mx+2=0m-3m+220 m=1. Khi do ham s6 c6 dang
x—1
o X m>— Y=
Vay gié tri ctia m cAn tim 12 9. Jm(x=1).(x—a)
m#1

nén chi co mot tiém cdn




Bai tip 5. C6 bao nhiéu gia tri nguyén cta tham sé m dé& db thi ham sé y =

tiém can dung?

A. 1. B. 2.

Chon B.

L x=-1
biéu kién

dungla x=a.

I+vVx+1

¢O hai
\/xz —(1—m)x+2m

C.4. D. 3.

Huwéng dén gidgi

x2 —(1—m)x+2m>0'

bat f(x)=x"—(1—-m)x+2m

Dé d6 thi ham s6 ¢6 hai dudng tiém can dimg thi phuong trinh f(x)=0 c6 hai nghiém phan biét

xX,Xx, =—1.

Truwong hop 1. f(x) conghiém x=-1< f(-1)=0=m=-2.

Khi d6 ham s6 ¢6 dang y =

dang.

(1-m)’ —8m >0
S 2m+l-m+1>0&
l-m>-2

I++Vx+1
Vx? -3x-4

co tdp xac dinh 1a D =(4;+0) nén chi c6 mot tiém can

A>0
Truong hop 2. f(x) co6 hai nghiém phan biét x,,x, > -1 < {(x, +1)(x, +1)>0

X +x, >-2

m<5-2:/6

m>5+2:/6

= -2<m<5-2/6

m>-2

m<3

0

DomeZ nén m=—-1;m=

Dang 9: Bién ludn s6 dudng tiém cin ciia dd thi ham 4n

Bai tip 1. Cho ham s6 y = f(x) liéntuc trén R va y = f’(x) c6 bang bién thién nhu sau




X —00 —1 1 +a0
f(x) + + 0 -
’ ° \
f'(x) 1
1 -
PR 2020 Y £ A e A
Do thi ham s6 g (x) = W c6 nhiéu nhat bao nhiéu duong ti€ém cén ding?
xX)—m
A.l. B.2. C.3. D. 4.

Huwéng dén gidgi
Chon C.
Diéu kién f(x)#m.

2020

DE 6 thi ham s6 g (x) ZW
X)—m

c6 duong tiém cin ding thi phuong trinh f(x)=m phai c6 nghiém.

. . x
Tur bang bién thién ciia ham s0 y = f”(x) suy ra phuong trinh f'(x)=0 c6 ding hai nghiém la [
x

vol —l<a<l<b.

Tir d6 ta c6 bang bién thién ctia ham sé y = f(x) nhu sau

X - -1 a 1 b +o
f'(x) - 0 + 0 -
f(b)

f(a)

Suy ra phuong trinh y = f(x) c6 nhiéu nhat 1a ba nghiém phan biét.

Véy do thi ham s6 g(x)= _ 2020 nhidu nhit ba duong tiém can ding.
f(x)=m
A . A 2020 . 4 3 )
Bai tip 2. Cho ham s0 g(x)=————F—— vo6i h(x)=mx"* +nx’ + px* +qx. (m,n,p,g e R,m #0),
h(x)—m -m

h(0)=0.Hamsb y =h'(x) c6 dd thi nhu hinh v& bén dusi.




v %

_10

&G

C6 bao nhiéu gid tri nguyén ctia tham s6 m dé d6 thi ham s6 g(x) c6 hai tiém cén dimg?

A.2. B.11. C.71. D. 2019
Huéng din gidi
Chon B.
T @6 thi suy ra A'(x)=m(x+1)(4x—5)(x=3)=m(4x’ —13x" ~2x+15) va m<0 nén

h(x) =m[)c4 —?ﬁ -x +15xj do 7(0)=0.
D6 thi g(x) cé hai duong tiém cén ding < phuong trinh /(x)=m"+m c6 hai nghiém phan biét
4 13 3 2 r . A A A
& x —?x —x~ +15x =m+1 c6 hai nghiém phéan biét.
< s 13 5 2
bat f(x)zx —?x —x" +15x.

Ta c6 bang bién thién ciia £ (x) nhu sau

3 +

- 0 +

O |pl;

+ 00

8575 +.0
768 /
f(x) / \0
32
BN

~J

Vi m <0 nén m+1e(%;lj©me(%‘35;0j.

Viay c6 11 sb nguyén m.

Bai tap 3. Cho ham s0 y = f(x) 1a ham s0 bac 3. D4 thi ham s6 y = f'(x) nhu hinh v& duéi day va

f(-1)<20.




yi\

y =

Do thi ham s g(x)= / (m 13 tham s6 thuc) co bon tiém can khi va chi khi

f(x)=m
A. m< f(3) B. f(3)<m<f(-1) C.m>f(-1) D. f(3)<m< f(-1)
Huéng din gidi
Chon B.
Diéukién f(x)=m.

Tir d6 thi ham s6 f”(x), ta c6 bang bién thién ham s f(x) 1a

X - 1 3 + o0

f'(x) - 0 0 +

-Néu m =20 thi d6 thi ham s6 khong c6 du bon tiém can.

-Néu m # 20 thi hmM
x—to0 f(x)_m

=1= Pudng thing y =1 1a tiém can ngang cta do thi ham sd.

Ta c6 phuong trinh f'(x) =20 c6 mét nghiém x=a >3 vi f(-1)<20.

Suy ra do thi ham s g(x) c6 bon tiém can khi phuong trinh f(x)=m c6 ba nghiém phan biét khac
as f(3)<m< f(-1).

Bai tp 4. Cho ham s6 f(x) lién tuc trén R va lim f(x)=1; lim f(x)=+o. C bao nhiéu gi trj

X—>—0 X—>+0
2
VxT+3x+x

nguyén ctia tham s6 m thudc [—2020;2020] dé dd thi ham sb g(x) = ¢6 tiém can

2f(x)=f*(x)+m

ngang nam bén dudi dudng thang y =—1.
A. 2. B. 0. C.1. D. 3.
Huwéng dén gidgi
Chon C.




x<-3;x>0
Diéukién 10 < f(x) <2

2f(x)=f*(x)+m=0
Do lim f(x)=-+o nénkhi x — +oo thi 2/ (x)— f?(x) —> —o0 vivay /21 (x)— f(x) khong c6 nghia

X—>+00

khi x du 16n. Do d6 khong ton tai lim g(x).

X—>+0

Xét lim g(x) .

X—>—00

Vi lim f(x)=1nén lim 2/ (x)~ > (x) = [lim [2/ (x) = £* (x)] =1;

lim (\/x2 +3x +x) —fm—> —%

) ) —( /1—3+1J
X

T do lim g(x) = Y
X—>—00 m +

vol m # —1.

Khi d6 do thi ham s6 g(x) c6 tiém can ngang la duong thing y = L
m+

Dé tiém cén ngang tim dwoc & trén nam dudi duong thang y = —1 thi

2m+2

<—1<:>—1<m<l
2

VimeZ nén m=0.

ax+b
cx+d

Dang 10: Bai ton lién quan dén dwong tiém can cia do thi ham sé y =

1. Phwong phap giai

N X ax+b
Do thi ham s6 y =
ex +

c6 duong tiém can khi va chi khi ad —bc #0,c#0.
Khi d6, phuong trinh duong ti€ém cén diing 1a x = ——.
c

Phuong trinh duong tiém can ngang la y = e,
c

A s .2 , . \ cn AL 1y e A d a o~ A A, , A 1
- Toa d6 giao diém cua hai dudng ti€m can la diém / (——;— va cling la tam doi xung cua do thi.
c c

- Hai duong tiém can cua dd thi ham sb cung véi hai truc toa do tao thanh mot hinh chir nhat c6 cac

kich thuoc 1a nén co chu vi la

C

va

C




d

c

ad

2
C

C

=

2. Bai tip miu

a A s 1
+ Jva dién tichla S =

L ; 2 ax . -1 . . 2
Bai tap 1. Gia tri cua tham so m d€ do thi ham s6 y = ;nx c6 duong tiém can ding di qua di€ém
X+m
A(—l;ﬁ ) 1
A.m=-2. B.m=2. C.m=+2. D.m=-1.
Huéng dén gidgi

Chon B.

, ~ X aLs 1y A 7z ,in ~ , \ \ 2 m
Ta cé ad —bc =m* +2 # 0,¥m nén d6 thi ham s6 c6 tiém can dimg 1a duong thing x = 5

Dé tidm can ding di qua diém A(—l;ﬁ) thi —% = lom=2.

\en . \ ‘n A o aX reis £ 2x+3 1 A a1y ~ 1Al s
Bai tap 2. Cac duong tiém can cua d6 thi ham s6 y = tao voi hai truc toa dd mot hinh chir nhat co

x—1
dién tich bing
A. 3 (dvdt) B. 6 (dvdt) C. 1 (dvdt) D. 2 (dvdt)
Huéng din gidi
Chon D.

Phuong trinh cac duong tiémcanla x =1y =2.
Do d6 hai duong ti€ém cén va hai truc toa do tao thanh hinh chit nhét dién tich béng 1.2 =2 (dvdt).

\e A Ae o2 g e , A P P £ 2mx+m . A 27
Bai tap 3. Tat ca céc gia tri thuc cua tham s6 m dé do thi ham s6 y = 1 c6 duong ti¢ém can dung,
x J—

tiém can ngang cla dd thi ham s cung hai tryc toa dg tao thanh mét hinh chit nhat cé dién tich béng 81a

A. m#12. B.m=2. C.m:i%. D. m=+4.

Huwong din gidi
Chon D.
Diéu kién dé d6 thi ham s6 ¢ tiém can 1a 2m-m#0< m=0.
Khi d6 phuong trinh hai duong tiémcanla x=1va y =2m.

Theo cong thire tinh dién tich hinh chit nhat tao bdi hai tiém can va hai tryuc toa dj, taco S = |2m| .

Theo gia thiét thi [2m| =8 <> m =+4.




A e p - : 2x+1 1 . 1 : o
Bai tip 4. Cho do6 thi hai ham s0 f(x)= x+1 va g(x)= @ +2 voi a# 5 Tat ca céac gia tri thuc
x+ X+

duong cua tham sb a dé céc tiém can cta hai do thi ham sb tao thanh mot hinh chit nhat c6 dién tich béng

41a

A.a=6. B. a=4. C.a=3. D.a=1.
Huéng dén gidi
Chon A.
Do thi ham sé f(x) = Zxx: ¢6 hai duong tiém canla x=—1va y=2.
ax+1

" . L . . 1
biéu kién dé do thi ham so g(x) = cotibmceanla 2a—-1#20 < a# 5

x+2
Vi diéu kién d6 thi d6 thi ham s g(x) c6 hai duong tiémcanla x=-2 va y=a.

Hinh chit nhat duoc tao thanh tir bén duong tiém can cua hai dd thi trén ¢6 hai kich thuge 1a 1 va |a - 2| .

7 a=
Theo gia thiét, ta co [a—2[.1=4 @{ .
a=-—

Via>0nén a=6.

: +1 X s . . ’ . .
Bai tdp 5. Choham s0 y = x_l c6 do thi (C ) Hai duong tiém can ctua (C ) cat nhau tai /. Puong thang
x —

d:y=2x+b (blatham sé thuc) cit d6 thi (C) tai hai diém phan biét 4, B. Biét b <0 va dién tich tam
y s A5 s
giac AIB bang e Gia tri cua b bang
A.-L. B.-3. C.-2. D. -4
Huéng din gidi
Chon D.
Ta c6 toa dd diém I(1;1).

Phuong trinh hoanh d¢ giao diém cua (C) vad1a

x+1 2rah x#1
o1 T ()= 20 +(b-3)x—b-1=0 (¥)

Duong thing d cdt dd thi (C) tai hai diém phan biét khi va chi khi f(x)=0 c6 hai nghiém phén biét

A=b*+2b+17>0
khac 1 S VbelR.

f(l) =-2#%0
Goi x;,x, la hai nghiém cua (*).

Khi d6 A(x,;2x, +b), B(x,;2x, +b).




Tacod IA=(x, —1;2x, +b—1); IB=(x, =1;2x, +b~1).

1

Dién tich tam giac [4B 1a S = E|(x1 —1)(2x, +b=1)—(x, = 1)(2x, +b—1)|

2
=l =)= L
2
Theo gia thiét thi |b+1| b4+ 2b+17 2%5

b=2

& (b+1)' [ (b+1) +16]=225 & (b+1)’ =9@[b=_4.

Do b<0 nén b=-4.

Chu y:
- Voi tam giac ABC co
AB = (a;b);ﬁ =(c;d)

thi S, = %|ad —bc|.

- Néu phuong trinh bac
hai ax’ +bx+c=0 cb
hai nghiém phan biét

JA

x,,x, thi |xl —x2|=—

Bai tap 6. Trong mit phing toa do Oxy, cho hai duong tron (C,) va (C,) lan lugt c6 phuong trinh

(=1 +(y=2) =1 v (w41 +7 =1. Biée db thi ham 56 p =22
XTtcC

di qua tdm cua (C,), di qua

tam cta (C, ) va c6 cac duong tiém cén tiép xac véi ca (C,) va (C,). Tong a+b+c la

A.S. B. 8. C.2.
Huéng din gidi
Chon C.

D.-1.

buong tron (C,) co tdm 7, (1;2); R =1va (C,) cotam 1,(-1;0); R, =1.

biéu kién dé do thi ham s6 co tifmcanla ac—b #0.

Goi (C) 14 b thi ham s6 y = 2 *2

xX+cC

Khi d6 ta c6 cac dudng tiém cén (C) 1a x=—c va y=a.

atb _, c# =+l
Taco 1,1, e(C) =1t ola=b
—a+b
=0 a=c+1
c—1
: y _ le+1]=1
Puong thang x = —c ti€p xuc véica (C,) va (C,) nén | 1| .
C— =

=a=b=1

=c=0

Khi d6 tiém cén ngang ciia (C) 1a y =1 tiép xtic véica (C,), (C,) théa man bai toan.

Vay a=b=1c=0=a+b+c=2.

+
Dang 11: Bai toan vé khoéng cach tir diém trén dé thi ham s y = ol

b A
dén cac dudng ti€ém can
cx +




1. Phuwong phap giai

TP PP A ax+b , \ . \eoon e 1s A 2x—
Gia su d6 thi ham s6 y = y c6 cac duong tiém Bai tp: Xét ham s0 y = "
cx + x—

c6 hai duong
A 1s d a tiém cén la x=1 va y=2. Khi d6 tich cac

cinla A :x=—-—va A, :y=—. i : Y
¢ ¢ khoang céach tir diém M bit ky trén dd thi dén

ax, +b -2+1

hai duong ti€ém canla d = =1.

Goi M [xo : J 1a diém bat ki trén d6 thi.

cxy +d

d

cx, +d
X, +—

Khi do d, =d(M;A)= va

ax, +b a
4 :d(M;A2)=|0x0+d _Z
0

ad — bc
c

Vay ta luén c6 d,.d, = =K 1a mot sb

khong doi.
Khi  d6 d +d,>2Jdd, =2NK nén

min(d, +d,)=2VK khi d, =d,

§<:>(ch +d)2 =|ad—bc|.

2. Bai tap

Bai tap 1. Goi M 1a giao diém ctia dd thi y = v6i truc hoanh. Khi d6 tich cac khoang céach tir diém

2x+3
M dén hai duong tiém can cla dd thi ham sb da cho béng
A. 4. B. 2. C.8. D. 6.
Huwéng din gidi
Chon B.

Goi d,, d, 1an luot 1a khoang cach tr M dén tiém can ding va tiém cén ngang cua dd thi ham sb da cho.

6+2

=2.

Ap dung cong thirc, ta co d.d, =

Bai tap 2. Cho ham sb y = 2> —>

5 (C). Goi M 1a diém bat ky trén (C), d 14 tong khoang cach tir M dén
x —

hai duong ti€ém cén cua dd thi. Gia tri nho nhit cia d béng
A. 10. B. 6. C.2. D. 5.
Huéng din gidi
Chon C.




Goi d,, d, 1an lugt 1a khoang cach tir M dén tiém can dimg va tiém can ngang ciia d6 thi ham sb da cho.

—4+3
1

=1.

Ap dung cong thirc, ta co d.d, = ‘

Khidé d =d, +d, >2/d,d, =2.

Véy dmin = 2 N

: 1- A s .2 .
Bai tap 3. Cho him s§ y=-—"> c6 d thi (C). biém M c6 hoanh d¢ dwong, nam trén (C) sao cho
—x

khoang céach tir M dén tiém can dting gap hai 1an khoang cach tir M dén tiém cén ngang ciia (C ) . Khoang

cach tir M dén tam déi xtmg ctia (C) bang

A.5. B.3\2. C. 245. D. 4.
Huéng din gidi
Chon C.
~1
Gia sir M[xo;Sxo . j e(C) (x, > 0x, #3).
)CO —

Do thi (C) co tiém can dimg A, : x =3, tiém can ngang A, : y =3 va tdm d6i xtng 1(3;3).

Khi do d, =d (M;A,) = |x, -3| va d, :d(M;AZ):ﬁ_
Xo —
Theo gid thiét d, = 2d, < |x, - 3| __16 o {x‘) =x, =7 (do x, >0).
|xo—3| x, =-1

Vay M (7;5)= IM =24/5..

. 4x- - . . g o
Bai tip 4. Cho ham s6 y = al 15 6 do6 thi (H). Goi M (x,;y,) v6i x, <0 1a mot diém thudc do thi
X+

(H) théa man tong khoang cach tir M dén hai duong tiém can cta (H) bing 6. Gia tri cua biéu thirc
S =(x,+, )2 bang

A. 4. B. 0. C.9. D. 1.
Huwéng din gidi
Chon C.

Do thi (H) c6 tiém can dimg A, :x =—1 va tiém cin ngang A, : y =4.

GOI M[XO;4;)O—+__ISJE(H),XO 75—1,)(?0 <0.
Khidé d, =d(M;A) =|x, +1| va d, =d(M;A2)=L:aII.aI2 =9.

|x0 + 1|




Tacé d, +d, >2./d,d, =6 nén min(d, +d,)=6 khi

9 x, =2
dl :d2 <:>|XO +1|:m:>|:xz :_4.
0

Do x, <0 nén M (-4;,7)= S5 =9.

Dang 12: Bai toan lién quan giira tiép tuyén va tiém cin ciia do thi ham s6 y =

ax+b
cx+d

1. Phuwong phap giai

. A £ +b A s
Gia sir db thi ham s6 y = ¢6 dd thi (C) cb

cxX +

cac duong tifmcan la A, 1 x=——

I(—i;gj.
c cC

Goi M(xo; ax, +b

1a diém bat ky trén do thi.
cx, +d

Khi d6 tiép tuyén ctia (C) tai M 1a

ad —bc ax, +b
diy=—(x—x,)+——.
(cx0+d)2( ) cx, +d
Goi A=dnNA,
_ 2(ad —b
4 _i;Zbc ad + acx, . (a c).
¢ cfex,+d) c(ex, +d)
B=dnA,
2 d
:>B[2x0+£;£j:>IB=m.
c c c
. 4|ad—bc| TR 2.
Do d6 IA.IB=—————= K la mdt s0 khong doi.
c

Do AIAB vudng tai [ nén

1 2|ad—bc| 1 o Zaaa
NV :EIAJB:—:EK l1a mot s6 khong

2
C

doi.
X, +x, =2x,

Yitys=2yy

Ngoai ra, ta co { nén M ludn la

trung diém cua AB.

Ta c6 cic dang cau héi thuwong gip sau
Cau 1: Tinh dién tich tam giac /4B.

1 2|ad—bc|=lK

San =5 AIB ==—— ==

Céu 2: Tim diém M € (C) hogc viét phuong trinh
tiép tuyén ctia (C) biét tiép tuyén tao voi hai truc

toa d0 mot tam giac vudng co

a) Canh huyén nho nhat.

AB = IA* + IB* >2I4.IB = 2K .
Déu bang xay ra khi 14 = IB .

b) Chu vi nho nhét

Ta co

IA+ IB+ AB > 2\JIAIB +\2I4.1B = 2K +2K
Déu bang xay ra khi 4 = IB .

¢) Ban kinh duong tron ngoai tiép nho nhat.

Ta co R:lABZ\/K
2 2

Déu bang xay ra khi /4 =IB.

d) Ban kinh dudng tron noi tiép 16n nhit.

, S K
Tacor=—=———
p IA+IB+ AB

Vay r 16n nhat khi 14+ IB + AB nho nhit va bang
2K +-2K .

Déu bang xay ra khi /4 =IB.

e) Khoang céch tir 7 dén tiép tuyén 16n nhat.

Goi H 13 hinh chiéu cua I 1én d, ta c6




1 1 1 2 2 K
I IAdB :E:”HS\E'
Déu bang xay ra khi /4 = IB.
Nhin xét: Cac cau hoi trén thi déng thire déu xay
ra khi /4 =IB nén AIAB vudng cantail. Goi « la
goc gitra tiép tuyén d va tiém can ngang A, thi
a =(d;A,)=(d;Ox)=45° nén hé s6 goc cua tiép
tuyén 1a k = +tan45° = +1.
Vay céc bai toan trong ciu 2 ta quy vé bai toan viét
phuong trinh tiép tuyén cua d6 thi ham s

+b ...z :
y =272 khibibthé s goc k =1 hodc k =—1.

cx+d

2. Bai tap

. 2x—1 A g X L a2 :
Bai tap 1. Cho hAm s0 y = YT o dd thi (C). Tiép tuyén cia (C) tai diém c6 hoanh do bang 3 thudc
v

(C) cit cac duong tiém cin cia (C) tao thanh tam giac c6 dién tich béng

A.4. B. 2+4/2. C. 4+22. D.2
Huwéng dén gidgi
Chon D.
Ap dung cong thirc, ta co S = M =2.
x—1

(C). Goi I 14 giao diém ctia hai tiém cén ctia d6 thi ham s6 (C).

Bai tap 2. Cho ham s6 y = 3
x_

Khoang céch tir / dén tiép tuyén bét ky ctia do thi (C) dat gid tri 16n nhét bang

]
A — . B.1. Cc.\2. D. 5.
V2

Huéng dén gidgi
Chon A.
N ST A I |
Toa d6 giao diém cua hai duong tiém can la / 5,5

Goi 4, B 1a giao diém cua tiép tuyén d tai M e (C ) bét ky v6i hai duong tiém can.

4lad —bc|  4]-3+2) .

Khi d6ta co I4.IB = 5
c 4




Goi H 1 hinh chiéu cua I trén d, ta ¢ 12 =L2+ 12 > 2 =
IH® 14~ IB~ IA.IB
2

Vay IH_  =—
ay 5

max

2=1IHX<

Sk

Bai tip 3. Cho ham sé y = 2x - c6 dd thi (C). Goi I 1a giao diém ctia hai dudng tiém cén cua (C).

x=2
Biét tiép tuyén A cua (C ) tai M cat cac dudng tiém can dung va tiém cin ngang tai 4 va B sao cho
duong tron ngoai tiép tam gidc IAB c6 dién tich nho nhat. Khi d6, dién tich 16n nhit cia tam giac tao boi

A va hai truc toa d6 thudc khoang nao dudi day?

A. (28;29). B. (29;30). C. (27;28). D. (26;27).
Huéng dén gidi
Chon C.
Taco y' = =3 ~<0.
(x-2)

Theo 1y thuyét thi dé dién tich dudng tron ngoai tiép tam giac /4B nho nhat thi AB nho nhat. Khi d6 hé
sO goc clia tiép tuyén A phaila k = £1.
Do y'<0,Vx nén k =-1.

x=2—\/§
2

Xét phuong trinh y’=k3_—3=—1: .
(x-2) x=2++3

-V6i x=2-\3= y=2-3= Tiéptuyén A :y=—(x-2+3)+2-43
<:>y=—x+4—2\/§.

Khi dé A, cit Ox, Oy tai hai diém M(4—2ﬁ;o),N(o;4—2ﬁ) va S,y =%(4—2\6)2.

- Voi x=2+x/§:>y=2+\/§3 tiép tuyén A, :y=—(x—2—\/§)+2+x/§
<:>y:—x+4+2\/§.

Khi do A, cét Ox, Oy tai hai diém P(4+23;0),N(0;4+243) va Sy, =%(4+2\6)2 ~27,85.

. oA A A x—1 © 1A A A o aX i A . gl X, o A1y
Bai tap 4. Cho ham s6 y = Y goi d 1a tiép tuyen cia do thi ham so tai diém c6 hoanh do bang m -2 .
X+
Biét duong thang d cit tiém can dimg cua d6 thi ham sé tai diém A(xl; yl) va cat tiém can ngang cta do
thi ham sd tai diém B(x,;y,). Goi S 1a tap hop cdc s m sao cho x, +y, =—5. Tong binh phuong cac

phin tir ciia S bang

A. 4. B. 9. C.0. D. 10.




Huwdng din gidi
Chon D.
Diukién m-2#2 < m=0.

Do thi ham sb ¢6 tiém can ding A:x=-2 vatiémcanngang A': y=1.

3 m—3
Taco y' = =>y'(m-2)=—va y(m-2)=——-.
el )=
. \ 2 N 3 m—3
Phuong trinh dudng thang d 18 y =—(x—m+2)+ :
m m

A:dnA:A(—z;m—_6j; B=dNA = B(2m—-2;1)
m

m—=6

Dod6 x, +y, =-5<2m-2+

:—5<:>2m2+4m—6:0<:>{m .
m=-3

m

Vay §=(-3) +1* =10.




BAI 5. TIEP TUYEN

A. KIEN THUC CO BAN CAN NAM

Cho hai ham s6 f(x) va g(x) co dao ham tai diém x,. Ta néi rang y=1()
hai duong cong (C) :yzf(x) va (C’):yzg(x) tiép xtic v6i nhau tai
M (%05 )
diém M (xo;yo) néu M 1a mot tiép diém chung cua ching. 5 -
/ y=g(x)

(C) va (C") ¢o tiép tuyén chung tai M.
Piéu kién tiép xuc:

Hai dudng cong (C): y=f(x) va (C'):y=g(x) tiép xtGc v6i nhau < hé¢ phuong trinh

f(x)=2(x)
f'(x)=¢'(x)
Nghiém ctia hé phuong trinh 13 hoanh d6 tiép diém cua hai duong cong do.

B. PHAN DANG VA PHUONG PHAP GIAI BAI TAP

c6 nghiém.

Dang 1: S tiép xiic ciia hai dwong cong

1. Phuwong phap giai
Cho hai dudng cong (C): y = f(x)vé (C') y= g(x). Diéu kién dé hai duong cong tiép xtic véi

- o Jfx)=e()
nhau la h¢ phuong trinh < , c6 nghiém.
t'(x)=¢'(x)
- Nghiém x =x,, cua hé trén l1a hoanh d¢ cua tiép diém cua hai dudong cong da cho.
- H¢ trén c6 bao nhiéu nghiém thi hai duong cong (C) va (C’) tiép xtc voi nhau tai bay nhiéu diém.
2. Bai tap

Bai tap 1: D6 thi ham s6 y = x* +x +1 tiép xuc voi dudng thang nao dudi day?

A.y=x+1. B. y=-2x+1.
C.y=—=x+1. D. y=2x+1.
Huéng dén gidi:
Chon A.

Ap dung diéu kién tiép xuc cua hai dudong cong (C):yzf(x) va (C'):yzg(x) la hé phuong trinh
{f (x)=g(x)
f'(x)=¢'(x)

Tacd y' =3x"+1>0, Vx € R nén cac phuong 4n B, C bi loai.

c6 nghiém.




] , X x+l=x+1
Xét phuong an A. y=x+1. Ta co hé & x=0.
3x*+1=1
Vay duong thang y = x +1 tiép xtic voi d6 thi ham sé di cho.

Bai tip 2. Tap hop tit ca cac gi trj thuc cua tham sé m dé duong thing y=—-2X+m tiép xuc véi dd thi

ham sb y =X—+1 la
X —
A. {7:-1}. B. {-1}. C. {6}. D. {6;-1}.
Huéng dén gidi:
Chon A.
Puong thing y =-2x+m tiép xtic véi d6 thi ham sb y = x+l khi va chi khi hé phuong trinh sau co
X —
nghiém
x—+1——2x+m x+1 x=0
x—1 ——=-2x+m x+1=—2x+m m=-1
D) ox-1 a1 =
7 =2 (x-1)" =1 X =2x=0 x=2
(x—l) m=17

Vay me{-1;7} thi dudng thing d tiép xtc véi (C).
Bai tip 3: Goi S 1a tip hop tit ca cic gia tri thyc cia tham s6 m dé do thi (C,) ctia ham sb
y=x"—4mx* +Tmx —3m tiép xtic véi parabol (P) :y=x"—x+1.Tong gié tri cac phan tir cia S bang

Al . 31 c.2 D. 4.
4 4 4

Huéng dén gidi:
Chon A.
bé (C,) tiép xtc v6i (P) thi hé phuong trinh sau c6 nghiém:

X —dmx* +Tmx=3m=x*—x+1
3x% —8mx+Tm=2x—-1

x3—(4m+1)x2+(7m+1)x—3m—1:0 (1)
3x2—2(4m+1)x+7m+l=0 (2)

Giai (1), ta c6 (1) < (x—1)(x* —4mx+3m+1)=0
x=1
A 2
x"=4mx+3m+1=0
+ V61 x =1 thay vao (2) dugc m =2
X2 —4mx+3m+1=0 (3)

:>(2m—l)x=m+l(4).
3x2—2(4m+1)x+7m+1:0

+ Xét hé {




« Néu m =% thi (4) vo nghiém.

*« Néu m;r&l thi(4) ©x= mtl .
2 2m—1

2
Thay x = m+l vao (3) ta dugc m+1 —4m mtl +3m+1=0
2m—1 2m—1 2m—1
m=2

SAm’ -11m* +5m+2=0=|m= —% (thda man diéu kién).

m=1
A 1 A LA . AL s 11
Vay S = 2;—1;1 nén tong cac phan tir trong S bang e

Bai tip 4: Goi S la tap hop tit ca cac gia tri thuc cua tham s6 m dé dd thi ham s
3
y =%—E(m+2)x2 +2mx +1 tiép xtic véi duong thang y=1. Tong gia tri cic phan tur ciia S bang

A. 10. B. 2—30 C.

D. 2.
3

W | 0o

Huéng dén gidi
Chon B.

3
X

1
Xét hé phu’(mg trinh ?_5(m+2)_x2 +2mx+1= 1(1)

x? —(m+2)x+2m=0(2)

X=m

Giai phuong trinh (2) ta dugc [

3 -0
+Véi x =m, thay vao (1) ta dugc —%+m2 =Oc>[m .
m=

+ Véi x =2, thay vao (1), ta dugc m :% .

Vay tap hop cac gia tri cua tham sd thuc dé d6 thi ham sb da cho tiép xtc voi duong thang y=1 la
2 , A s 20

S = 0;6;5 nén tong cac phan tu trong S bang 3

Bai tap 5. Biét d6 thi ciia ham s (C) (y=x"+ax’ +bx+ c(a,b,c € R) , tiép xtc v6i truc hoanh tai gdc
toa do va cét duong thfmg x =1 tai diém co tung do b'fmg 3. Téng a+2b+3c bfmg
A. 4. B. 2. C.o. D. 3.
Huéng dén gidi:
Chon B.

Vi (C) tiép xuc véi Ox tai gbe toa dd nén x =0 13 nghiém ctia hé phuong trinh




X +ax’* +bx+c=0 {sz
—
3x* +2ax+b=0 c=0
Mat khéc (C) di qua diém A(1;3) nén a+b+c+1=3=a=2.
Viy a+2b+3c=2.
Bai tap 6. Ho parabol (Pm) ty=mx’ —2(m —3)x+ m—2(m # 0) luén tiép xuc véi dudng thing d ¢ dinh
khi m thay d6i. Puong thang d di qua diém nao dudi day?
A. A(1;-8). B. B(0;-2). C. C(0;2). D. D(1;8).
Huéng dén gidi
Chon B.
Ta co: y=mx’ —2(m—3)x+m—-2 =m(x2 —2x+1)+6x—2
c>y=m(x—l)2+6x—2.
Xét dudng thing d : y = 6x—2 thi hé phuong trinh
m(x-1) +6x-2=6x-2 o
luon c6 nghiém x =1 véi moi m=0.
2m(x—l)+6=6
Vay (Pm) ludn tiép xtc véi duong thing d:y=6x-2.

DPuong thing d di qua diém B (0; —2) .

Nhdn xét: Néu co thé viét lai ham s6 (P,) theo dang y= m(ax+b)2 +cx+d thi (P,) luén tiép xiic voi

duong y=cx+d.

Dang 2. Lap phuong trinh tiép tuyén ciia d thi ham s y = f(x) tai diém M (x,;y,)

1. Phwong phap giai

Thuc hién theo cac budc sau

Buwdéc 1: Tinh y'=f'(x) va f’(xo).

Buwéc 2: Suy ra phuong trinh tiép tuyén can tim 1a y = f (xo ) (x - xo) + Y,

Buwéc 3: Thuc hién cac yéu cau con lai cta bai toan. Két ludn.

Chui y:

- Néu bai toan chi cho x, thi ta can tim y, = f(x,) va f'(x,).

- Néu bai toan chi cho y, thi ta can tim x, bang cach giai phuong trinh f(x)=y,.

- Gid tri f'(xo) 1a hé s6 goc clia tiép tuyén ciia do thi ham sb y = f(x) tai diém M(xo;yo) .

2. Bai tap




. 2 X s . 2x+1 . = . C
Bai tap 1. Goi M 1a diém thudc do thi ham so (C ) 1y= al +1 c6 tung do bang 5. Tiép tuyeén cua do thi
x —_—

O)taiM cit cac truc Ox, Oy lan luot tai A, B. Dién tich tam giac OAB béng

A2 (qvar). B. 17 (avar) c. 2L (avar) . 12 (dvar)
6 6 6 6
Huwéng din gidi
Chon C.
Ta ¢6 M(Z;S)G(C);y’z_—32; y'(2)=-3.
(x=1)
Phuong trinh tiép tuyén tai M(2;5) lad:y=-3x+11.
s o4 % (11 . 11
Khi d6 d cat Ox, Oy tai A ?;0 va B(O;ll):> OA =?; OB =11.
1 111 121
Vay S, =—0AOB=—.—.11=—dvdt
W Baom =5 2°3 6 (dvdt)
Bai tip 2. Cho ham s6 y = il b2 (ab #z-2,a+# 0). Biét rang a va b 1a cac gia tri thoa man tiép tuyén cua
ax —

dd thi ham sé tai diém A(l;—Z) song song v6i dudng thang d :3x+y—4=0. Khi d6 gia tri ciia a—3b

bang
A.S. B. 4. C.-1. D. 2.
Huéng din gidi
Chon D.
Taco: y =_2;ab2:> y’(l) = —2—alz
(ax —2) (a—2)

Do tiép tuyén song song v6i duong thing d:3x+y-4=0<y=-3x+4 nén

y(1)=3e 279%_ 5,
(a-2)
< , ~ A N L A 1+b
Mat khac A(l;—2) thudc do6 thi ham s6 nén -2 = 5 < b=-2a+3.
a_
—2—ab 5
Khi d6 ta c6 h¢ { (a-2)’ 25a2—15a+10=0<:>[a_
a=
b=-2a+3

+Véi a=2=b=-1=ab=-2 (loai)
+Véi a=1= b=1 (thoéa min diéu kién).
x+1

Khi d6 ta co ham sb y = .
x—2




y'=(_—)2:> y’(1)=—3 nén phuong trinh tiép tuyén 1a y=-3x+1 song song véi duong thang
x=2

y=-3x+4.
Viy a-3b=-2.
Bai tap 3. Trong tit ca cac duong thing tiép xuc v6i do thi ham sé y =—x* —3x? +3x+1 thi dudng thing
d ¢6 hé s6 goc 16n nhat. Phuong trinh duong thang d 1a

A. y=6x+2. B. y=2x+2. C.y=1. D. y=3x+1.

Huéng din gidi

Chon A.
Tacod y' =-3x"—6x+3
Goi M (xo; yo) thuoc dd thi ham sb. Khi doé hé sb gbc cua tiép tuyén tai M (xo; yo) la
k=-3x2 —6x, +3=-3(x, +1) +6<6
= Ky =6 < x, =—1 hay M(-1;-4).

Phuong trinh duong thang d 1a y=6(x+1)-4 < y=6x+2.

Nhén xét: Déi voi ham s6 bic ba y=ax® +bx* +cx+d thi tiép tuyén cé hé sé goc 1om nhdt (nhé nhat) la
tiép tuyén tai diém uon cia do thi U(xo;f(xo)), VOi x,, la nghiém cua phuong trinh y"=0.
la nhé nhat.

+ Néu a>0 thi hé sé géc k=f’(x0

+ Néu a <0 thi hé s6 géc k= f'(x,) la lon nhat.

Bai tap 4. Cho ham s0 y =x"—2x” +(m—1)x+2m c6 d6 thi (C, ). Gia tri thyc ciia tham s6 m d¢ tiép
tuyén ctia do thi (Cm) tai diém c6 hoanh d9 x =1 song song v&i duong thang y =3x+10 1a
A. m=2. B. m=4. C. m=0. D. khong ton tai m.
Huwéng dén gidgi
Chon D.
co y =3x"-dx+m—-1= y'(l) =m-2.
Tiép tuyén ctia (Cm) tai diém c6 hoanh do x =1 c6 phuong trinh la
y=(m—2)(x—1)+3m—2 = y=(m—2)x+2m
m—2=3

oli
o Vo

Do tiép tuyén song song véi dudng thang y =3x+10 nén {2 |
m#

Vay khong t6n tai m thoa man yéu ciu bai toan.




Bai tip 5. Cho ham s6 f(x)=x"+mx’ +x+1. Goi k 14 hé s6 goc tiép tuyén ctia d thi ham sb tai M c6
hoanh do x =1. TAt ca céc gid tri thuc clia tham sé m dé thoa mén &.f(~1)<0 la

A.m<-2. B. 2<m«<1. C.m=1. D. m>2
Huéng din gidi
Chon B.
Ta co f'(x)=3x2+2mx+1:>k=f'(l):4+2m.

Do d6 k.f(~1)=(4+2m)(m-1)
Dé k.f(-1)<0 thi (4+2m)(m-1)<0= 2<m<1.
Bai tdp 6. Cho ham s6 y =’ +3mx” +(m+1)x+1, v6i m la tham s6 thuc, c6 d6 thi (C). Biét ring khi

m=m, thi tiép tuyén voi dd thi (C) tai diém c6 hoanh d6 x, =—1 di qua A(1;3). Ménh dé nao sau day

diung?
A, 2<my<-1. B. -1<m, <0 C.0<m,<1 D.1<m,<2
Huwéng dén gidgi
Chon C.

Goi B 1a tiép diém cua tiép tuyén di qua A(1;3) khi m=m,
Tacod y =3x> +6mx+m+1.
Véi x, =-1 thi y, =2m—l:>B(—l;2m—l) va y'(—1)=—5m+4.

Tiép tuyén tai B ctia (C) c6 phuong trinh 13 y = (—Sm + 4)(x + 1) +2m-1.
Do tiép tuyén di qua A(l;3) nén 2(—5m+4)+2m—1 =3 m :%.

Vay m, =%e(0;1).

2
X

¢ do thi (C). Goi M 1a mét diém thudc (C) cé khoang cach tir M dén

Bai tip 7. Cho ham s y= 5

truc hoanh bé‘mg hai lan khoang céach tr M dén truc tung, M khong trung véi géc toa do O va co6 toa do
nguyén. Phuong trinh tiép tuyén cia (C) tai M 1a
A. y=-8. B. y=-64. C. y=-12. D. y=-9.
Huwong din gidi:
Chon A.

2

e a
Gia sur M(a;

2—a

] 1a mot diém thudc (C).




a2 a=0

) =2a 4

Do d(M:0x)=2d(M;0y) nén || =2Ja] e o a=3
“ a =-2a .

2—a a=4

Theo gia thiét thi M khong tring voi goc toa do O va c6 toa dd nguyén nén a =4 = M (4;-8).

4x—x*

()

Khi d6 y' = = '(4)=0

Phuong trinh tiép tuyén can tim 1a y =-8.

x+1

Bai tip 8. Cho ham sb y = > ¢6 @6 thi (C) va duong thing d:y=-2x+m—1 ( m la tham s thuc).
X+

Goi k,, k, 1ahé s6 goc tiép tuyén cia (C) tai giao diém cia d va (C). Tich k, .k, bang

A. 4. B C.2. D. 3.

1
4
Huwong din gidi
Chon A.
Tap xac dinh D =R\ {—2} .
1
(x + 2)2

Tacod y' =

Xét phuong trinh hoanh d6 giao diém cta (C) va (d)

x+1
xX+2

=2x+m—1(voi x#-2)

= 2x’ +(6—m)x+3—2m 20(1)
Dé duong thang (d) cit do thi ham s (C) tai hai diém thi phuong trinh (1) phai ¢ hai nghiém phan biét
khac 2.

=VmeR

A=(6-m) —8(3—2m)>0®{m2+4m+12>0
8-2(6-m)+3-2m#0 ~1#0

Vay (C) ludn cit (d) tai hai diém phan biét A(xl; Y1) va B (xz; v, ) , Vo1 x,,x, 1a nghiém cta phuong trinh

(1).

m—6
X1+X2=T
Theo dinh 1y Vi-ét ta co
‘o _3-2m
1°772 2

1 1 1

Taco k .k, = > > = >
(x1 +2) (x2 +2) [xlx2 +2()c1 +x2)+4]




2
3—2m+2.m—6+4
2 2

Bai tap 9. Cho ham s6 y = x* —2mx® +m ¢6 d6 thi (C) v6i m 1a tham s thuc. Goi A 1a diém thudc dd thi
(C) c6 hoanh d6 bang 1. Gia tri cta tham s thyc m dé tiép tuyén A ciia d6 thi (C) tai A cit dudng tron
(7/) (x4 ( y— 1)2 =4 tao thanh mot diy cung c6 d¢ dai nho nhat 1a

.mz—E. B.ng. C.m:—E. D. 16.
16 16 13 13
Huéng dén gidi
Puong tron (7):x* +(y—1)" =4 cotam 1(0;1), R=2.
Ta co A(l;l—m);y':4x3—4mx:>y'(l):4—4m.

Suy ra phuong trinh tiép tuyén A:y = (4 —4m)(x — 1) +1-m.
~ .z . 2 Lo 3 2 S
Dé¢ thay A ludn di qua diém c6 dinh F (Z;Oj va diém F nam trong dudng tron ( 7/).

Gia st A cit (y) tai M, N, Khi d6 ,

MN =2\[R* ~d&*(I;:A) =2,/4~d*(L:A).

Do d6 MN nhd nhit < d(;A) 16n  nhét
< d(LA)=IF=ALIF.
Khi d6 dudong thing A c¢6 1 vecto chi phuong ulIF = (%;—lj; U= (1;4 - 4m) nén

Zt.ﬁ=0@1.3—(4—4m)=0@m=£.
4 16

Dang 3: Viét phwong trinh tiép tuyén ciia dd thi ham s6 khi biét hé sé géc dwa vao cic quan hé song
song, vuéng goc,...

1. Phuwong phap giai

Thyc hi¢n theo mot trong hai cach sau:

Cach 1:

Buéc 1. Xac dinh hé s6 goc k cua tiép tuyén dua vao gia thiét bai toan.

Buwoc 2. Giai phuong trinh f '(x) =k détim x = X, la hoanh d¢ cua tiép diém.
Tinh y, =f(x0) = M (x,:y,)-

Khi d6 phuong trinh tiép tuyén can tim 1a y =k (x - X, ) + ¥,

Diém M (x,;y,) 1a tiép diém cta tiép tuyén véi do thi ham sé da cho.




Cach 2:

Buiéc 1. Xac dinh hé sb goc k cua tiép tuyén dua vao gia thiét bai toan.

Buéc 2. Vi tiép tuyén c6 hé sd goc 1a k nén phuong trinh tiép tuyén c6 dang y=kx+b. Dya vao
diéu kién tiép xtic cua tiép tuyén voi (C) ta tim gia tri cua b.

Luu y:

- Phuong trinh f '(x) =k c6 bao nhi€u nghiém thi co béy nhiéu tiép diém.

- Mot s6 truong hop xéac dinh hé s6 goc cta duong thang thudng gap.

Cho hai duong thang

d:y=kx+b;d,:y=k,x+b,.

+ Truong hop I: d, 1. d, < k..k, =—1.

k
+ Truong hop 2: d | ]d, << " 2
gHOP < G114, {bl;tbz

k —k,
1+k.k,

+ Truong hop 3: Goc (d;;d,)=a = tana =

Pac biét:
1. Néu goc giita d : y = kx + b véi Ox bang a(O° <a< 90°) thi |k| =tanc .
2. Néu duong thang d cit Ox, Oy tai hai diém A, B ma OB = m.OA thi

|k|=tana=%=m
OA

+ Trueong hop 4- Néu dudng thing d di qua hai diém A(x;3y,) va B(x,;y,) thi k=222
X=X

2. Bai tap

Bai tip 1: Phuong trinh tiép tuyén ctia @6 thi ham s6 y = x* —3x +1 song song vdi truc Ox la

A.y=3y=-1. B. y=3,y=-2.
C.x=3,x=-1. D. y=2y=-1.
Huwéng dén gidi
Chon A.

Do ti€ép tuyén song song vai truc Ox nén tiép tuyén co ti€p diem la cac diém cuc tri va c6 phuong trinh

Y=y, VOi y, la gia tri cyc tri cia ham s6 da cho.




Taco y=3x"-3;y =0 x =+1.

Do ham s6 d3 cho 1a ham bac ba nén céac diém cuc trj 1a A(l;—l), B(—1;3).

Vay phuong trinh cac duong tiép tuyén can tim 1a y=—1; y =3.

Bai tap 2: Cho ham sé y = =~ 1
x_

tuyén nay cat cac truc Ox, Oy lan lugt tai cic diém A, B thoia man OA = 40B 1a

AL 4 4 4 4
_ 1B _ 1B
YT YT
__ L2 __ 1.3
c YTy YTy
y=do 3 LB
RS YT
Huwéng dén gidi
Chon C.
Do tiép tuyén cat Ox, Oy tai hai diém A, B ma OA =40B.
Khi d6 AOAB vuong tai O va ta cé |k| — tan OAB = Oi %@ k= il.

Taco: y'=— ! 5
(x=1)
. ) 1 A

Xét phuong trinh — > =— (v0 nghi¢m).

(x-1) 4

=3

Xét phuong trinh — ! 5 =—lc{x

(x—l) 4 x=-1

+Voéi x=3thi y= % . Phurong trinh tiép tuyén la

+Voéi x=—1thi y =% . Phuong trinh tiép tuyén la

Bai tap 3: Duong théng nao dudi day la tiép tuyén ctia do thi ham s y= 2x +23
X+

tam giac vudng can?

_ ¢6 do thi 1a (C). Phuong trinh tiép tuyén cua dd thi (C) sao cho tiép

chin hai truc toa d6 mot




A.y=x+2. B. y=x-2. C.y=—x+2 D.y=Zx+—
Huéng din gidi
Chon A.
Goi A, B la giao diém cua tiép tuyén lan luot v6i Ox, Oy.
Vi AOAB vubng can tai O nén OA =0B.

— OB
Do d6 [k = tan 0AB =25 —1 & k=41,
OA
Tacod y' = ! >
(x+2)
. . 1 . A
Xét phuong trinh > =—1 (v0 nghi¢m).
(x+2)
. . x=-1
Xét phuong trinh s=1< { .
(x+2) x=-3

+V6i x=—1 thi y=1.Phuong trinh tiép tuyén la y=(x+1)+1=x+2.

+V6i x=-3 thi y=3. Phuong trinh tip tuyén1a y=(x+3)+3=x+6.

Bai tip 4: Cho ham s6 y = %mx3 +(m—1)x* +(4=3m)x+1 c6 dd thi 1a (C,, ). Tat ca cac gia tri thyc cia

tham s6 m dé trén do thi (Cm) ton tai mot diém duy nhat c6 hoanh do 4m ma tiép tuyén tai d6 vudng goc

v6i dudng thang d:x+2y-3=0 la

A.m< 12 hoac m>§. B. m <0 hodcm>1.
g 1 . 2
C. m <0 hoac m>§. D. m <0 hoac m>§.
Huwéng din gidi
Chon D.

1 . 1
Ta co: d:x+2y—3=0<:>y=—5x+% nén hé so goc cuad la 5

Do tiép tuyén vuong goc véi d nén hé sb goc cua tiép tuyén 1a k thi

k.(—lj =1 k=2.
2

Goi M (xo; yo) la tiép diém cua tiép tuyén voi (Cm) thi x, 1a nghiém cua phuong trinh
y'=k<:>mx2+2(m—1)x+4—3m=2.
<:>mx2+2(m—1)x+2—3m=0(*)

Theo bai toan thi ta phai tim m dé (*) c6 duy nhat mot nghiém am.




+ Trudng hop 1: Néu m =0 thi (*) < —2x=-2< x=1 (loai).

+ Truong hop 2: Néu m #0 . Ta thiy phwong trinh (*) c6 hai nghiém 13 x=1 va x = ﬂ
m

7 . 2-3
Do d6 dé (*) c6 mot nghiém am thi =2

<0< m<0 hoac m>2.
m 3

Bai tap 5: Biét tiép tuyén cua d6 thi ham s y=ax* +bx” +2 tai diém A(—l;l) vuong goc voi duong

thing d:x—2y+3=0 . Gia tri a* —b* bang

A. 13. B. 2. C.-5. D. 10.
Huéng din gidi
Chon C.
. 1 3 . 1
Taco: d:x-2y+3=0<y=—x+—=nén k, =—
2 2 2

Vi tiép tuyén vudng goc véi d nén phai co hé s6 goc bang —2.

Tacod y' =4ax’ +2bx = 2)((2ax2 + b)

Vi diém A (—1;1) 1a tiép diém cua tiép tuyén v6i d0 thi nén x=-1 1a nghiém cua phwong trinh
2x(2ax* +b)=—2=>-2(2a+b)=-2<2a+b=1.

Mit khac diém A thudc d6 thi ham s nén a+b+2=1<a+b=-1.

2a+b=1 a=2 s
= =a —b" =-5.

a+b=-1

Vay ta c6 hé {

Bai tip 6: Cho ham s6 y=x’ —3x> —9x+1 c6 do thi la (C). S6 tiép tuyén cia (C) tao v6i duong thang

. 5 .
d:y=—x+1 mot gbc o thoa man cosa =—— la

Ja1
A. 1. B. 2. C.3. D. 4.
Huwéng dén gidgi
Chon D.

Goi k 1a hé s0 goc cua tiép tuyén can tim.

Tac()cosazi(00<a<90°):>tana= 12 —lzi.
Va1 cos” a 5
. CTA A g1k N k+1] 4 g ?
Vid c6 hé s0 goc bang —1 nén tana =|——|=— < 1
1-k| 5 k=——
9
Tacd y' =3x>—6x-9.
\ ) x=0
+ Truonghop 1: k=9 < x" -2x=0< )
X =




Tir d6 ta tim dugc hai tiép tuyén y=-9x+1 va y=-9x-3 .

9++321
9

+ Truong hop 2: k=—é<:>27x2—54x—80=0<:>x=

9++/321

Tir d6 ta tim duogc hai tiép tuyén 1a y = —é(x R ]+ y(xo)

Vay c6 bon tiép tuyén can tim.
. 1 7 A . 2 A >
Bai tap 7: Cho ham s0 y= §x4 —sz c6 d6 thi (C). C6 bao nhiéu diem A thudc d6 thi (C) sao cho ti€p

tuyén cua (C) tai A cat (C) tai hai diém phéan biét M (x1;)’1)§ N (xz;yz) ( M, N khac A ) théa man

Y=Y, =3(xl —xz)
A. 0. B. 2. C.3. D. 1.
Huwéng din gidi
Chon B.

Do tiép tuyén di qua hai diém M (x,;y,); N (x;y,) nén hé s goc cita tiép tuyén 1a k =122 -3,
X=X,

Taco y' :le —Zx .
2 2

1
Xét phuong trinh EX3 —%x =3 x=3x=-1x=-2.

Mit khéac dé tiép tuyén ctia ham sd tring phuong cit duogc do thi tai hai diém phan biét thi tiép diém A chi
c6 thé chay trong phan d6 thi tir diém cuc tiéu thir nhat sang diém cuc tiéu thir hai (trir hai diém udn).
x=0

x=i\/7

Do d6 hai diém cuc tiéu la x =—7 va x= J7 nén hoanh do caa tiép diém X, € (—xﬁ ;\/7 )

Khi d6 phuong trinh y'=0 < x* -7x=0 <

Vay chi c6 x, =—1; x, =2 thoa man.

ax+b

Dang 4: Viét phwong trinh tiép tuyén cia do thi ham sé y = khi biét moi quan hé caa tiép

cx+d
tuyén v6i cac dudng tiém cin cia do thi ham so

1. Phuwong phap giai

g s it ax+b L v 42 .o O RN . \

Voi ham so y= ( véi c#0;ad—bc+#0) thi do thi ham s6 co hai tiem cdn la
cx+d

d a

c

. d a . L2 ’ . \ A o v~ \ A Lo, ’ P
Goi I| ——;— | la giao diém cua hai duong tiém can ( va ciing la tam doi xung cua do thi).

cc




Khi do tié}? tuyén tai diém M(xo;yo) bat ki cia do thi car tiém can dung tai diém

d 2bc—ad+ . ; d
A(——'M] va cat tiém can ngang tai diém B(2x0 +—;£j.

¢’ c(cx0+d) c c
Ta c6 IA = (ad—bc) B = 2(ch +d)
c(exy+d) c
4|ad_bc| Vg S L17a 2.

= IAIB=————=K la hang s6 khong doi.

c

2|ad - b
Suyra Sy, =———5—.

c

Khi dé cac bai toan sau la twong dwong:

Tim diém M e (C ) hodc viét phuong trinh tiép tuyén cua (C) biét tiép tuyén tao voi hai tiém can mot
tam giac vudng co

a) Canh huyén nhé nhit

AB =NIA® +IB* > \2IAIB =\2K

Dau bang xay ra khi JA=1IB.

b) Chu vi nhé nhit

Ta co IA+IB+ AB > 2\JIA.IB +\2IA.IB = 2\JK +2K
Dau bang xay ra khi JA=1IB.

¢) Bdn kinh dwong tron ngogi tiép nhé nhit

Ta co RzlABZ\/K.
2 2

Dau bang xay ra khi JA=1IB.

d) Bin kinh dwong tron ngi tiép I6n nhit

i S K
Tacor=—=——+—
p IA+IB+AB

Vay r 16n nhat khi A+ IB+ AB nhé nhét va bing 2K +~/2K .
Dau bang xay ra khi JA=1IB.

e) Khodng cdch ti I dén tiép tuyén Ion nhit

Goi H 1 hinh chiéu cua I 1én d, ta c6 12=L2+L22L:£:>IHS\/K
IH* IA~ IB~ IAIB K 2

Déu bang xay ra khi IA=1IB.
Nhin xét: Cac cau hoi trén thi dang thie déu xay ra khi JA = IB nén AIAB vudng can tai 1.




Goi a la goc giita tiép tuyén d va tiém cén ngang A, thi o= (d;Az) = (d;Ox) =45° nén hé sb goc cua
tiép tuyén 1a k =+tan45°=+1.
2. Bai tap

x+1

Bai tip 1: Cho ham sé y = 1 c6 dd thi (C). C6 bao nhiéu cip diém A, B thudc (C) ma tiép tuyén tai

d6 song song v6i nhau?

A. Khong ton tai cap diém do. B. V6 s6 sb cap diém.
C.2. D. 1.
Huwéng dén gidgi
Chon B.
Giasir Al 22| B[ 5,24 vsi an b ab=l.
a—-1 b-1
- X £ . ‘e ~ ' , -2 -2 a=b
Do tiép tuyén tai A, B song song v&i nhau nén y (a) =y (b) & > = - &
(a-1) (b-1) a+b=2

Do a#b nénchicd a+b=2.Vay co vo sO cap diem A, B thoa man.

ax+b

Nhén xét: Hai diém A, B phén biét thuéc do thi ham sé y = ma tiép tuyén tai dé song song voi

cx+d

nhau thi A, B d6i xitng véi nhau qua tam doi xirmg I.

Bai tap 2: Tiép tuyén cua dd thi ham s§ y = cung va&i hai ti€m can tao thanh mot tam gidc c6 dién

2x+1
tich bang
A. 6. B.7. C.5. D. 4.
Huwéng dén gidgi
Chon C.

Goi M(x,;y,) 1a tiép diém cua tiép tuyén v6i do thi. Khi d6 tiép tuyén tai M cét hai tiém can tai A, B va
la giao diém cua hai tiém can.

_2H+q

AIAB

Theo ly thuyét da néu thi S =5..

Bai tap 3: Cho ham s6 y= 21 oo db thi (C). Tiép tuyén tai diém M (a;b)e(C), a>0 tao véi hai

tiém can cua (C) mot tam giac co ban kinh dudng tron ngoai tiép bang V2. Gia tri ciia a+2b bang
A. 2. B. 4. C.8. D.5.
Huwéng dén gidgi
Chon C.




Goi A, B la giao diém cua tiép tuyén voi hai duong tiém can va I 1a giao diém cua hai duong tiém can. Do
A A 1s 1 \ . X . 1

AIAB vuong tai I nén ban kinh duong tron ngoai tiep AIAB 1a R= EAB =2 < AB=22.

Theo 1y thuyét, ta c6 JA.IB =4, AB=~/IA* +IB> >\2IAIB =242 .

Déu " =" xay ra khi JA = IB . Khi d6 hé s6 goc cua tiép tuyén k =+1.

Mt khac k= y'(a)=— <0=>k=-1.

(a=1)

=0
Tacc’)—( ! 2:—1@{6‘ ,-Doa>0=a=2=b=3. Viy a+2b=8.

2x+m

Bai tap 4: Goi (C) 1a d6 thi ctia ham s y = , m 1a tham s6 khac —4 va d 1a mot tiép tuyén cua (C).

X—
Goi S la tap cac gia tri thuc cia tham s6 m dé d tao voi hai duong ti€m céan cua (C) mot tam giac céd dién
tich bang 2, tong gia tri cac phan tu cta S bang

A.—11. B. 8. C.3. D.-8.

Huwéng dén gidgi

Chon D.
Goi A, B lan luot 1a cac giao diém cua tiép tuyén voi hai duong tiém can va I 1a giao diém cia hai tiém
can.
Theo Iy thuyét, ta c6 IA.IB=4|m+4|=S,,,, =2|m+4|
m=-3

Vay ta co 2|m+4|:2<:>{
m=-5

= S ={-5,-3} nén tong cac phan tir ciia S bing -8.

sao cho

. . LA Z . 1.2 A X ., . z +2
Bai tap 5: Goi A la tiép tuyen tai diem M(xo;yo),xo <0 thudc @6 thi cua ham s6 y= al N
X+

khoang cach tir 7(~1;1) dén A dat gid tri 16n nhat. Gié tri x,.y, bing
A.-1. B. 0. C.-2. D. 2.
Huwéng din gidi
Chon B.
Goi A, B la giao diém cta A v6i hai duong tiém can.

Theo ly thuyét d(7;A) 16n nhat khi JA=IB = k =+1.

Mt khic &= y'(x,) = ~——— <0= k=—1.




Do x,<0=x,=-2=y,=0=x,.y,=0.

. 2x+2 x . X ‘ S e e
Bai tap 6: Cho ham s0 y = s c6 do thi la (C). Phuong trinh tiép tuyen cua (C) tao voi hai tiém can

b

mot tam giac ¢6 chu vi nho nhat 1a
A.Aty=—x-1vaA:y=—x+17
B.A:y=—x-1vaA:y=—x+7
C.Aty=—x-21vaA:y=—x+7
D.A:y=—x-3vaA:y=—x+2
Huéng din gidi
Chon B.
Goi A, B 1a giao diém cua tiép tuyén tai diém M (xo; yo)e(C ) voi hai tiém can va I 1a giao diém cua hai

duong tiém can. Khi d6 AIAB vudng tai I.

4|ad - be|
———1=16

c

Theo 1y thuyét, chu vi AIAB 1 IA+IB+ AB > 2\JIA.IB +~2IA.IB =8+4~/2 vi IA.IB =

Do d6 chu vi nhé nhét bing 8 +4+/2 khi JA=IB = k =1

Miit khic k= y'(x,) =~ <0= k=—1.
xo—l)
Viytaco ——=—1e| 0"
(Xo—l) X0=—1

Véi x, =3 thi y, =4. Do d6 phuong trinh tiép tuyén la y=—(x—-3)+4=—x+7

Véi x, =—1 thi y, =0. Do d6 phuong trinh tiép tuyén 1a y = —(x +1) =—x—1

c6 dd thi (C). Mot tiép tuyén bat ky véi (C) cat duong tiém can ding

Bai tap 7: Cho ham s6 y = 2x+2

va duong tiém can ngang cua (C) lan luot tai A va B, biét [ (1;2) . Gia trj 16n nhét cua ban kinh duong
tron ndi tiép tam giac IAB bing
A T-32. B. 8-4\2. C.4-22 D. 8-3\2
Huéng din gidi
Chon C.
Goi A, B 1a giao diém cua tiép tuyén tai diém M (xo; yo) € (C ) v6i hai tiém can va I 1a giao diém cua hai

duong tiém can va AIAB vudng tai I.

4lad - b|
C—2= 163 SAIAB =

Theo 1y thuyét, ta co IA.IB = 8.

Khi d6 ban kinh duong tron ndi tiép AIAB 16n nhét xay ra khi




¢ @6 thi (C). Phuong trinh tiép tuyén cua (C) tao v6i hai truc toa do

Bai tap 8: Cho ham s y=—=
xX+2

O S
mot tam giac c6 dién tich bang T la

5
31 2
B. y=—x+—; y=—x+—.
Y 2’ 9
4 4
C.y=—x+—5y=—x+—.
9
D y=—x+l,y=—x+l.
9
Huwéng dén gidgi
Chon A.
Goi M (a; 2a2J(a;t—2) 1 tiép diém cua tiép tuyén. Khi d6 phuong trinh tiép tuyén d cia (C) tai M 1a
a+

, 3 2a _ 4 3 2a
y—y(a)(x a)+a+2®y (a+2)2(x a)+a+2.

Goi A, B 1an luot 1a cac giao diém cua d vdéi hai truc Ox, Oy.

2 2
Toa dd cac diém A, Bla A[—%;OJ, B[O; 2a } .

(a+2)2
4 2 a=1
R 1 a 1 3a°=a+2
Vay S,,, =—OAOB=—22 _—— & o )
2 2(a+2) 18 3a* =—a-2 a:—g

Bai tip 9: Cho ham s6 y = 2x > ¢6 do thi (C). Goi M (x,;Y,), X, >0 1a diém thudc (C), biét tiép tuyen

cua (C)taiM cit tiém cén ding va tiém cén ngang lan luot tai A va B sao cho S o =880 (112 giao hai

duong tiém can). Gid tri biéu thic S = x, —4y, bang




A. E B.-2 C.2 D 7
4 4
Ya
4
A
M
2
1 !
-1 0O 1 2 3 o
A\
Huwéng din gidi
Chon B.
Do goc OIA = OIB nén Mzﬂzl.
AOIB I 8
Ma [k = tan BA =2 nén i =2 & k=%
IB 8 8
< L1s , -2 1
Mat khéc k=y(x0)=—2<0:>k:__
4(x0 1 8
_1 1 x0:3
= =——

Do x, >0 nén x0=3:y0=%:>S:x0—4y0:—2

Bai tap 10: Cho ham sd y= 2x-3 c¢6 d0 thi 1a (C). Phuong trinh tiép tuyén tai diém M thudc (C) cat

X —

tiém can dung va tiém can ngang lan luot tai A, B sao cho cosin g6c ABI béng 4 voi [ (2;2) la

J17
1 3 1 7
A y=—x——; y=——x——
Y 4 2 Y 4 2
1 3 1
B.y=—x-——;y=——x+—
YT T T
1 7
C =—X+—;y=—">"X——
y y 3
D y:—lx+—;y:—lx+Z
2
Huwong din gidi:
Chon D.
Ta co |k|=tanZEI= —/\—1=—:>k=il
cos” ABI 4 4
o, . , -1 1
Gia su M(x(,;yo)e(C) th1k=y(x0)=—)2<0:>k=—z.
X, =2




— 0
Xét phuong trinh —12 =——
('XO — 2) 4 X, = 4

. iy ; 1
+ V61 x, =0 thi y, = % Phuong trinh tiép tuyén la y = —Zx +§.

2
+V6i x,=4 thi y, =>. Phuong trinh tiép tuyén 14 y = —l(x—4)+§———x+z
0 Yo 5 g p tuy y 1 > 1 >
Dang 5. Lap phuong trinh tiép tuyén ciia d6 thi ham s6 y = f(x) di qua diém M (x,;y,) cho truérc.

1. Phwong phap giai
Thuc hién mot trong hai cach sau

Cach 1:
Buiéc 1. Gia st tiép tuyén c6 hé sb goc k, khi d6 phwong trinh tiép tuyén c6 dang y =k (x - X, ) + Y-

Buworc 2. Tim k 1a nghiém cia h¢ phuong trinh
{f(x) = k(x—xo)+y0
f(x)=k
Tir d6 suy ra phuong trinh cua tiép tuyén.
Cach 2:
Buoc 1. Gia st A(a; f (a)) 1a tiép diém cua tiép tuyén v6i d6 thi ham s6 da cho nén phuong trinh
tiép tuyén tai diém A 1a y = f’(a)(x - a) + f(a) )
Buwée 2. Do tiép tuyén d&i qua M (xo; yo) nén a la nghiém cua phuong trinh
f'(a)(x,—a)+f(a)=y,.
Tim a va suy ra phuong trinh tiép tuyén.

2. Bai tap

Bai tap 1: Cho do thi ham so (C ) y= Al . C6 bao nhiéu ti€p tuyén ctia d6 thi ham s6 di qua diém
x —
A(2:-1)?
A. 2. B. 0. C.1. D. 3.
Huéng din gidi
Chon B.
Taco y'= Vx#2.

(x-2)"




Goi toa do tiép diém 1a M(xo;_xo +21] v6i x, #2. Khi 6 phuong trinh tiép tuyén cua dd thi (C) tai
XO —
3 X, +1
diem M la y=%(x—x0)+ LHF
(_xo — 2) Xy — 2

Do tiép tuyén di qua diém A (2; —1) nén ta c6 phuong trinh

X, — 0o o

Vay khong cé tiép tuyén thoa man yéu cau dé bai.

thi khéng cé tiép tuyén nao ciia do thi ham sé di qua diém

A ’ Ao s o322 J £ ax+b
Nhdn xét: Doi voi do thi ham so y =
cx+d

d a v 2 , . \ ‘A A
1 (——;—j la giao diém cua hai dwong tiém cdn.
c c

Bai tip 2: Cho ham sé y =%x4 —3y7 —% ¢6 do thi (C). C6 bao nhiéu tiép tuyén cia dd thi (C) di qua
diém A(O;éj?
2

A. 1. B. 2. C.3. D. 4.
Huwéng din gidi
Chon C.

. : 2 3 . 3
Phuong trinh duong thang A di qua di€ém A(O;Ej va co hé so goc k ¢o dang y = kx +5 .

| , 3 3
L _ —xt =3+ =k = (1 '
beé A tiep xuc véi (C) thi hé phuong trinh § 2 2 2 c6 nghiém x.
2x°—6x=k (2)

. 1 3 3
Thé (2) vao (1), tacd —x* =3x* +==(2x" —6x)x +=

(2) vao (1) > = Jx+
<:>x2(x2—2)=0<:>{

. 3
+V01x=0:>k=0:>A1:y=5.
+V(’yix=\/§:>k=—2\/§:A2:y:—2\/§x+%.

+ Vi x=—x/§:>k=2x/§:>A3:y:2x/§x+%.

Vay c6 ba tiép tuyén thoa man.




Dang 6: Xdc dinh céc diém M dé c6 k tiép tuyén ciia dd thi ham sé (C): y= f(x) di qua diém M

1. Phwong phap giai

Thuc hién theo cac budc sau:

Buéc 1. Xay dyng toa do diem M (a;b).

Buwéc 2. Gia st d 1a duong thiang di qua M va c6 hé sd goc k. Khi d6 phuwong trinh dudng thing
d:yzk(x—a)+b.

f(x)zk(x—a)+b
f’(x):k

Duya vao s6 nghiém ctia hé trén suy ra sé tiép tuyén tuwong ng bai toan yéu cau.

Buwéc 3. Bé d 1a tiép tuyén cta (C) thi hé phuong trinh (*){ c6 nghiém.

Nhin xét:

- Néu f (x) 1a ham sd bac 2, bac 3, bac nhét trén bac nhat thi hé (*) c6 bao nhiéu nghiém thi
tuong tng véi bay nhiéu tiép tuyén.
-Néu f (x) 12 ham sd trung phuong c6 3 diém cuc tri thi néu hé (*) c6 nghiém khong phai 14 hoanh do
ctia 2 diém cuc tiéu (cuc dai) thi mdi nghiém tng véi mot tiép tuyén cua do thi (C).
2. Bai tap
Bai t4p 1: Cho ham s0 y=—x’+6x”+2 c6 do thi (C) va diém M (m;2). Goi S 1a tdp hop céc gié trj

thuc ciia m dé qua M c6 hai tiép tuyén véi do thi (C).

Téng cac phan tir cua S bang

Az B. 2. c.4. p. 1
3 2 3
Huwéng din gidi
Chon A.

Goi d 1a duong thang di qua M(m;2) va co hé s6 goc k.
Khi d6 phuong trinh ciadla y= k(x—m)+2.
Dé c6 dung hai tiép tuyén cta (C) di qua M thi hé phuong trinh

k=-3x>+12x ) ) ] )
phai c6 hai nghiém phan biét.

X +6x° +2=k(x—m)+2
Tur hé trén, ta 6 —x°+6x° +2 = (=3x" +12x)(x —m)+2

x=0

2 ~3(m+2)x +12m] =
&2 3 2)x12m|=0 22 =3(m+2)x+12m =0 (¥)

Dé hé c6 dung hai nghiém, ta xét cac trudng hop sau

+ Truong hop 1: Phuong trinh (*) ¢6 nghiém kép khac 0




m=6
2.

A=9(m+2) ~96m=0
<~ <~
12m#0 m=

3

+ Truong hop 2: Phwong trinh (*) c6 hai nghiém phan biét trong d6 c6 mot nghiém bang 0
A= 2) -
@{ 9(m+2) ~96m>0 _

12m=0
A 2 ao i ooa s 20
Vay S = 6;5;0 nén tong cac phan tir bang 3

Bai tap 2: Cho ham s6 Vx> —2x+3 ¢6 d6 thi (C) va diém A(l;a) . C6 bao nhiéu gia tri nguyén ctia a dé
c¢6 dung hai tiép tuyén cta (C) di qua A ?
A. 3. B.2. C. 1 D. 4.
Huwéng dén gidi
Chon C.

Tacohamsd y=+/x*—2x+3 xacdinhtrén R, y' =X—_1.
Nx?=2x+3
Goi k 1a hé s6 goc cua dudng thang A di qua A(l;a) .

Phuong trinh duong thang A:y=k(x—1)+a.

Puong thang A tiép xuc vai do thi (C) khi hé phuong trinh sau c6 nghiém

Vxt—2x+3 =k(x—l)+a(l)
x—1

VXt =2x+3

Thay (2) vao (1) ta dugc vx* —2x+3 =%(x—l)+a
X —=2x+3

c>x2—2x+3=(x—1)2+a\/x2—2x+3 <:>a\/x2—2x+3 =2

- k(2

2
NxP=2x+3 (3)

Qua A c6 diing hai tiép tuyén ctia (C) khi va chi khi phurong trinh (3) c6 hai nghiém phan biét.

<>a=

Xét ham Sé f(X)Z%
X" —42x+
Taco f(x)= “2(x-) f(x)=0e x=1.

(x2—2x—3)\/x2—2x+3’

Béng bién thién




X —o00 1 + oo
F'(x) + 0 -
V2
f(x) \‘
U/ : 0

Tir bang bién thién ta c6 (3) c6 hai nghiém phén biét thi a € (0;\/5 ] Ma anguyénnén a=1.

Dang 7: Lap phwong trinh tiép tuyén ciia d6 thi ham s 4n tai diém c6 hoanh d¢ x = x, cho trudce

1. Phuwong phap giai

Tir biéu thirc ciia ham an, tim cach tinh céc gia tri Yo=r (xo) va f' (xo ) .

Ap dung cong thirc viét phuong trinh tiép tuyén ciia d6 thi ham sd y=f (x) tai diém c6 hoanh
dox=x,.

Chii y cong thirc dgo ham ciia ham sé hgp: Cho ham s f(x) c6 dao ham trén khodng K, u=u(x) la

ham sé x4c dinh va c6 dao ham trén K va c6 gia tri trén khoang K. Khi d6 (f(u))’ = u’.f’(u).
2. Bai tap
Bai tap 1: Cho ham sb6 y=f (x) c6 dao ham lién tuc trén R théa man
2f(2x)+f(1—2x)=12x2,‘v’x €R. Phuong trinh tiép tuyén cua d6 thi ham sé y =f(x) tai diém co
hoanh d6 bang 1 1a
A. y=2x+2. B. y=4x-6.
C. y=2x-6. D. y=4x-2.
Huéng din gidi
Chon D.
Ta can tinh £(1),f'(1).
Tur gid thiét 2f (2x)+ f(1-2x)=12x",VxeR. (¥)
2f(0)+f(1)=0©{f(0)=—1
2£(1)+£(0)=3 " |£(1)=2
Léy dao ham hai vé (*) ta duge 4.f'(2x)—2.f'(1-2x)=24x,VxeR
f(1 0)=2
©-2110-0 { (0)=2
F)-27(0)=12 [ f(1)=4

Vay f(1)=2;f'(1)=4 nén phuong trinh tiép tuyén1a y =4(x—1)+2=4x-2.

Chon x=0 va x:%,taduqc {

Chon x=0 va x:%,taduqc {




Bai tap 2: Cho cac ham sb y = f(x),y = g(x) = f(f(x)),y = h(x) = f(x3 +2) c6 dao ham trén R va co
do thi 1an luot 1a (C,).(C,).(C,). Puong thang x=2 cat (C,).(C,).(C,) lan luot tai A, B, C. Biét
phuong trinh tiép tuyén ciia (C1) tai A va cua (Cz) tai B lan lugt 1a y=3x+4 va y=6x+13. Phuong

trinh tiép tuyén cia (C3) tai C la

A. y=24x-23. B. y=10x-21.
C. y=—12x+49. D. y=2x-5.
Huéng din gidi
Chon A.

Dé giai bai toan, ta can tinh 4'(2) va h(2).
Phuong trinh tiép tuyén cia (C , ) tai A la

. _ f(2)=3 f(2)=3
y=f (2)(x—2)+f(2)—3x+4:>{_2f’(2)+f(2):4<:>{
Phuong trinh tiép tuyén cua (C,) tai B la

y=r2)£(F(2))(x=2)+f(£(2))=F"(2)-f'(10)(x=2)+ f (10) = 6x +13.

1'(2)-£'(10)=6 7(10)=2
- —2f’(2).f’(10)+f(10)=13<:> f(10)=25

Ta co h'(x)z(f(x3+2))' =3x.f'(x*+2) nén 1'(2)=12/'(10) =24 va h(2)=f(10)=25.
Phuong trinh tiép tuyén cua (C,) tai C la
y=h(2)(x-2)+h(2)=24(x~2)+25=24x-23.

Bai tap 3: Cho hamsd y=f (x) xac dinh c6 dao ham va nhan gia tri duong trén R . Biét tiép tuyén cia

hai d thj ham s6 y = f(x) va y=g(x)= ; ((xz)) cung tai diém c6 hoanh dd x, =1 c6 hé s6 goc lan lugt
X
1a 12 va-3. Gia trj ciia f(1) bing
A. 3. B. 4. C.6. D. 2.
Huwéng din gidi
Chon B.
! 2 . ' _ 2 . ' 2
raso ()| L0 | _SELI0)-r)2er ()
f(x) ()
Tir gid thiét ta co f'(1)=12 va g'(1)=-3, f(x)>0,VxeR




LIWSO27WSO o POy

(1) £(1)

Bai tap 4: Cho ham s y = f (x) c6 dao ham lién tuc trén R . Goi A, A, lan luot 1a tiép tuyén ctia do thi

ham s6 y =f(x) va 'y =g(x) =x2.f(4x—3) tai diém c6 hoanh d6 x =1. Biét hai duong thing AL A,

vudng goc nhau va A, khong song song voi Ox, Oy . Ménh dé nao sau day dung?

A3 <|f(1)<2. B. |f(1)|<2.
C.|r(1)=2. D. 2<|£(1)]<2+3.
Huwéng dén gidi
Chon C.

Taco g'(x)=(f (4 -3)) =20 f (4x—3)+ 427 f"(4x-3).

Ta c6 hé s goc clia céc tiép tuyén A, A, lanluotla f'(1) va g'(1)=27f(1)+4£'(1).
Theo gia thiét thi f'(1).¢'(1)=-1 va f'(1)=0.

< f1(1)(2F(1)+4f'(1)=-1

L
(1)

_4f'(1)32\f(1)\=m+4\f'(1)\24@\f(1)\22.

Bai tdp 5: Cho ham s6 y=f(x) c6 dao ham f'(x) trén R théa man f(x’+3x+1)=2x—1 véi moi

e2f(1)=-

x € R . Phuong trinh tiép tuyén ciia d6 thi ham s tai diém c6 hoanh do x=-3 la
1 1 1 1
A.y=—x. B.y=—x-2. C.y=—x-3. D.y=—x+2.
Y 3 Y 3 Y 3 Y 3
Huéng din gidi
Chon B.
Dé viét phuong trinh tiép tuyén tai diém x = -3, ta can tinh f (—3) va f' (—3) .
Véi x=-1 suyra f(—3) =-3.
Do f(x’+3x+1)=2x—1=(3x" +3) f'(x’ +3x+1)=2.

Vi x=—1:>6f’(—3)=2:>f’(—3)=%.

Do d6 phuong trinh tiép tuyén can tim la
y=f'(—3)(x+3)+f(—3)c>y=%(x+3)—3<:>y=%x—2.
Bai tip 6: Cho ham s6 y = f(x) c6 dao ham trén R. Goi (C,),(C,) va (C,) lan luot 1a d6 thi cia cac

ham s6 f(x),g(x) = f(xz) va h(x) = f(x3). Biét f(l) =1 va tong hé s6 goc cua hai tiép tuyén tai diém




c6 hoanh d6 x =1 cua (C1 ),(Cz) bang —3. Phuong trinh tiép tuyén cua (Cz) tai diém c6 hoanh d6 x =1
la
A, y=—x+2. B. y=-3x-2. C.y=—x-1. D. y=-3x+4.
Huwéng dén gidgi
Chon D.
Ta cAn tinh h(l), h'(l) .

Ta co g'(x) = 2xf’(x2), h'(x) = 3)(2]"(x3

).
Theo gia thiét, taco f'(1)+¢'(1)=-3< f'(1)+2f'(1)=-3< f'(1)=-1.

Dodo h'(1)=3f"(1)=-3 va h(1)=f(1)=1.

Vay phuong trinh tiép tuyén can tim 1 y = —3(x - 1) +1=-3x+4.

Bai tdp 7: Cho hai ham sé f(x), g(x) déu c6 dao ham tréen R va thoa man
f(2-x)-2f*(2+3x)+x°g(x)+36x =0, v6i moi x eR. Phuong trinh tiép tuyén ctia dd thi ham so
y=f(x) tai diém c6 hoanh d6 x=2 la
A. y=—x. B. y=2x-3. C. y=-2x+3. D. y=x.
Huwéng din gidi
Chon D.
Taco f3(2—x)—2f2(2+3x)+x2g(x)+36x=O,‘v’xe]R(1)

~

—~
)

SN—"
I

0
Thay x=0 vao (1)taco f(2)-2f*(2)=0< X
Lay dao ham hai vé cua (1) ta duoc
-3f* (2—x).f’(2—x)—12f(2+3x).f’(2+3x)+2x.g(x)+x2.g’(x)+36=0. (2)
Thay x =0 vao (2) tacod =3/ (2).f'(2)-12f(2).f'(2)+36=0. (3)
+ Véi f(2) =0 thay vao (3) thi 36 =0 (v 1y).

+Véi f(2)=2 thay vao (3) thi f'(2)=1 nén phuong trinh tiép tuyén 1a y=1x.

Bai tap 8: Cho ham s6 y = f(x) c6 dao ham lién tyc trén R théa man Ef(x)]S +6f(x)=-3x+10 véi
moi x € R . Phuong trinh tiép tuyén cua d6 thi ham sé y = f (x) tai diém c6 hoanh d6 x =1 1a

1 2 1 4
A, y=—x+2. B. y=x. C.y=—x+—. D.y=—x+—.
y y y 3773 y '3
Huwéng din gidi
Chon D.

Ta can tinh f(1), f'(1).




Thay x =1 vao ding thie [ £(x)] +6/(x)=-3x+10, taco

[F()] +6£(1)=-3+10[F(1)] +6£(1)-7=0 f(1)=1.

Theo bai ra ta co [f(x)] +6f(x)=-3x+10 ding véi moi x nén dao ham hai vé ta dugc
3.LF ()] f(x)+6f(x)=-3,VxeR.

Thay x =1 vaotac 3[ f(1)] .f"(1)+6£(1)=-3.

Vi £(1)=1 nén f’(l):—%.

iy L s 1 4
Vay phuong trinh ti€p tuyén can timla y = —gx +§.

V2 <|f(1)<2.

Dang 8. Tim céic diém trén do thi ham s6 y=f (x) ma tiép tuyén tai cac diém d6 song song véi
nhau hodc c¢6 cung hé s6 goc k.

1. Phwong phap giai

Gia str hai diém A(x,:f(x,)).B(x5:f (x5))(x, #x,) thudc dd thi ham sé y=f(x) ma tiép
tuyén tai hai diém d6 song song véi nhau hodc cé ciing hé sé goc k thi x ,»X, la hai nghiém cua
phuong trinh f'(x)=k.

Khi d6 ta c6 biéu thic lién hé giita x,,x, . Tr d6 giai quyét yéu cau bai toan dua ra.

PO ax+b
boi véi hamso y =

(¢ #0;ad —be #0) c6 tam ddi xtmg la 1[1;3). Néu A, B 14 hai diém thudc
Cc C

cx+
d6 thi co tiép tuyén tai A, B song song v4i nhau thi I 1a trung diém cta AB.
2. Bai tip miu

Bai tap 1: Cho ham s6 y = 2x+ I c6 do thi (H). Goi A(xl;yl),B(xz;yz) la hai diém phan biét thudc (H)

sao cho tiép tuyén ciia (H) tai A, B song song v6i nhau. D6 dai nho nhat cia doan thang AB bang

A. W2, B. \/3. C. 6. D. 24/6.

Huéng din gidi
Chon C.
Ta c6 Y =ﬁ. Do tiép tuyén cua (H) tai A, B song song v&i nhau nén
2x-1
' ' -3 -3 X=X
y(xl):)’(xz)c> 2 2C>|:l 2_
(2)C1 —1) (2x2 —1) X, +x,=1




Vi x, #x, nén x, +x, =1.

C e, . ., R , 2 .., 1 1 .
Khi d6 do vai tr0 cua A, B nhu nhau nén ta c6 thé gid su xl:—a+5,a>0 thi

A la+l;a+3 , B —la+l;a_3 .
2 2 2a 2 2 2a

Goi [ (%,%j la giao diém cua hai duong tiém can.

X, +x,=1=2x,

yty, :1=2y1

2 2
Taco TA=| L3 |=raz |y ) 2\/27 M:\E
2 2a 4  4a 4 4a 2

Villa trung diém ctia AB nén AB =2IA> 2\E =6 .

Ta thay { nén I 14 trung diém cia AB.

2
Vay ABminz\/g khi %=%3a2=3:>a=\/§
a

Al 11 c6 do thi (H). Goi A(x;;y,),B(x,:y,) 1a hai diém phén biét thudc (H)

Bai tap 2: Cho ham sé y=
x J—

sao cho tiep tuyen cua (H) tai A , B c6 cung hé so goc k . Biét dién tich tam giac OAB bang 5 M¢énh de

nao dudi day dang?

A. k<-9. B. -9<k<-6. C. 6<k<-3. D. -3<k<0.
Huwéng din gidi
Chon D.
Taco: y' = —%
(2x —1)

Tiép tuyén tai A, B cta (H) c6 cing hé sd goc k nén X,,X, la hai nghiém phan biét cua phuong trinh

—%=k3k<0.
(2x—1)
X +x,=1
Suy ra 4kx® —4kx+k+3=0(*) nén k+3
XI.X2:4—k

. . L . , 2 ., 1 1 \
Khi d6 do vai tro cua A, B nhu nhau nén ta c6 the gia su x,=—a+5,a>0 thi

A la+l;a+3 ,B —la+l;a_3 .
2 2 2a 2 2 2a




Ap dung cong thirc tinh dién tich tam gidc ABC néu co AB = (a;b), AC = (c;d) thi S,z = %|ad —bc| .

Tacd OA = la+l;a+3 ,@: —lat+l;a_3
2 2 2 2

2a 2a
s _l£a+lja—3 [—a+1j a+3| 1|a*-3] 1
a2 ) 2a 2a| 4| a | 2
a -3 a-2a-3=0 [a=3 |
=2 = (via>0).
a a*+2a-3=0 |a=1

: 1
+Voia=3=x=2x,=-1=>k=—=

+Véia=1=x =Lx,=0=k=-3.
Vay giatricnakla k=-3; k= —l.
Bai tip 3: Cho ham s6 y=x"—3x+1 ¢6 d6 thi (C). Goi A(x,;y,).B(x,:y,) v6i x, >x, 1a cic diém
thudc (C) sao cho tiép tuyén tai A, B song song v6i nhau va AB = 6/37 . Gia tri 2x, —3x, bang

A. 15. B. 90. C.-15. D.-90.

Huwéng dén gidi

Chon A.
Tacod y =3x>-3.
Do tiép tuyén cua (C) tai A, B song song v6i nhau nén y'(x A) = y'(xB)

& 3x-3=3x; -3 x,+x,=0 (do x, >x,).

Gia st A(a,a’=3a+1), B(-a,—a’ +3a+1) véia> 0 thube (C).
Khi d6 AB® =4a’ +(24* ~6a) = 4a° ~24a* +40a> =63/37

& 4a° —24a* +40a> -1332=0a’* =9=a=3 (via>0)

= x,=3;x, =-3 nén 2x, —3x, =15.

Bai tip 4: Cho ham s y = s

N c6 do thi (C). Goi A, B 1a hai diem phan biét thugc (C) va tiep tuyén

cta (C) tai A, B song song v6i nhau. Pudng thing AB cit cac truc Ox, Oy lan luot tai M, N dién tich tam

gidc OMN bang % . Do dai doan MN bang

A V10 B Y c. 3 p. M0,
2 2 2
Huéng din gidi
Chon B.




Tacod y' = 7 .Goi A(x;3,),B(x,,)-
o

Khido y'(x,)=y'(x,) < (x, —1)2 =(x, —1)2 S x +x, =2,

Do d6 tam ddi xtimg 7 (l; 1) ctia (C) 1a trung diém ciia doan thiang AB.

Goi hé s6 goc cua dudng thang AB 1a k.

Phuong trinh duong thang AB 1a y=k(x—1)+1.

Diu kién d¢ duong thing d:y=4k(x—1)+1 cét (C) tai hai diém phan biét A, B 1a phuong trinh

xX+2

N :k(x—1)+1(*) c6 hai nghiém phan bi¢t x #1.
X—

Ta co (*) & kx® —2kx +k—3=0 c6 hai nghiém phan biét x # 1 khi va chi khi

k#0
kK —k(k=3)>0< k>0
k—2k+k-3%#0
ViM, N 1a giao diém cia AB vé6i Ox, Oy nén M %;Oj, N(O;l—k).
k=2
k-1 1
Suy ra SAOMN=%=Z®2(/<—1)Z=|/€|© k=%

racs v = (-1 + Ly (14 L)

k2

+ V61 k=2= MN =

sl by

+ Vi kzéjMNz

|

Viy trong ca hai truong hop thi MN = % .

Dang 9: Mt sé dang toan khac

Bai tap 1: Goi A 1a diém thudc d6 thi (C) ctia ham sé y = x* —3x* +2 va c6 hoanh d6 a. C6 bao nhiéu s6
nguyén a sao cho tiép tuyén ctia (C) tai A cat (C) tai hai diém phan biét B, C khac A?
A. 1. B. 3. C.2. D. s.
Huwéng dén gidgi
Chon B.




=aec {—1;0;1} .

a;ti—z;an
2

Vay c6 ba gia tri nguyén cta a théa man.

Nhén xét: Poi véi do thi ham so y =ax* +bx* +c ma do thi c6 ba diém cwc tri ( khi ab < 0) thi tiép
tuyén cua do thi tai cac diém co hoanh do nam giita hai diém cuc tiéu (cuc dai), triv diém uon sé luon cat

doé thi tai hai diém khdc nira.

Bai tap 2: Goi A 1a diém thudc d6 thi (C) ctia ham s6 y = x* —3x% +2 va ¢6 hoanh do a . C6 bao nhiéu s6
nguyén a sao cho tiép tuyén cua (C) tai A cat (C) tai hai diém phan biét B, C khac A va dién tich tam giac
OBC bing 2+/3?

A. 1. B. 3. C.2. D. 5.
Huéng din gidi
Chon A.
x=0
Tacod y =4x’ —6x;y' =0 5 -
x=iT

o

y”:12x2—6;y":0<:>x:i7.

Toa d6 cac diém co hoanh do a nguyén dé tiép tuyén tai diém d6 cit truc hoanh tai hai diém nita thi
=ac {—1;0; 1}

+V6i a=-1= A(-1;0). Khi d6 phuong trinh tiép tuyén 1a y =2(x+1).

x=0
Xét phuong trinh xt=3x*+2= 2(x+1) < | x=-1 nén B(O;Z),C(2;6):> Siosc =2 (loai).
x=2




+Véi a=0=> A(0;2). Khi d6 phuong trinh tiép tuyén 1a y=2 nén B(—\/§;2),C(\/§;2) =S5 =233
(thoa man).

+ V6 a=1=A(L0). Khi d6 phuong trinh tiép tuyén la y=-2(x-1) nén
B(0;2),C(-2:6) = S, 5 =2 (loai).

Vay a=0.

Bai tap 3: Cho ham s6 y = x-l
x+2

¢6 d6 thi (C). Goi S 1a tap hop tat ca cc gia tri thuc ctia m sao cho tiép

tuyén cua (C) tai diém c6 hoanh d0 x=m—2 cét tiém can dang tai A(xl;yl), cit tiém can ngang tai
B(xz; yz) théa man x, +y, =-5. Tong gié tri cac phan tir cia S bang
A. 4. B.-2. C.—-4. D. 2.
Huwéng dén gidi
Chon B.

D6 thi (C) co tiém can dimg va tiém can ngang lan lugt1d x=-2 va y=1.

Taco y' =

, 3
y (m—2)=ﬁ.

3
(x+2)2 ’

m-—3

Goi M (m—Z; Je(C),miO, tiép tuyén cua (C) tai M c6 phuwong trinh 1a

m

3 m-3
=2 (x—m+2 .
y=—5(x-m+ )+

Giao diém cuia tiép tuyén véi tiém can dimg 1a A(—2; m- 6] va tiém can ngang la B (2m -2; 1) .
m

., e , m—
Theo gia thiét ta co
m

+2m—2=—5<:>2m2+4m—6©{m_

m=-3

Vay m, +m, =-2.

Bai tip 4: Cho ham sd y = x—*i c6 @6 thi (C). Goi A, B 13 hai diém nam trén hai nhanh cua (C) va cac
x —

tiép tuyén cua (C) tai A, B cit cac duong tiém can ngang va tiém cén

¥
dang lan luot tai cac cap M, N va P, Q. Di¢n tich to giac MNPQ nhé )
nhit bang .
P ! M
A. 16. B. 32. C.8. —= I .
. 2 .. B\L\/
Huong dan gidi Q
Chon A.

Goi I 1a giao diém cua hai duong ti€ém can. Theo tinh chét cua tiép tuyén dd thi ham sd bac nhét trén bac

nhat thi IM.IN =IP.IQ =8.




Ta co Sypp = %MP.NQ = %(IM +1IP)(IN +1Q) = %(IMJN +IP.IQ+IM.IQ +IN.IP)

:l(8+8+1M.1Q+1N.1P)=8+l O L INIP |38+t 26 =16,
2 2\ IN.IP 2

Vay 5. =16 khi —2
IN.IP

=IN.IP= IN.IP =8 hay IN =10 =IM =IP 22 tuc la MNPQ la hinh
vuong.

Bai tip 5: Cho ham s6 y = %x“ —x*—6x> +7 c6 dd thi (C). C6 bao nhiéu gia tri nguyén cta tham sé m
dé co it nhat hai tiép tuyén cta (C) song song hoic tring v6i dudng thang d: y = mx ?

A. 27. B. 28. C. 26. D. 25.

Huwéng dén gidgi

Chon B.
Gia stt M (a;b) la tiép diém. Ta cé y'=2x" —3x" —12x.
Tiép tuyén cua (C) tai M song song hodc trung voi dudng thang d: y =mx nén a 1a nghiém cua phuong
trinh 2x° —=3x* —12x =m(*).
Pé co it nhét hai tiép tuyén ciia (C) song song hodc tring véi duong thang d thi phwong trinh (*) c6 it
nhat hai nghiém.

x=-1

Xét f(x):2x3—3x2—12x co Yy =6x"—6x—12; y'=0<:>LC:2 .

Bang bién thién

Tir bang bién thién, dé phuong trinh (*) ¢6 it nhét hai nghiém thi 20<m<7.
Ma meZ nén me {—20,—19,...,6,7} .
Viay c6 28 gia tri m thda man.

Bai tip 6: Cho duomg cong (C):y =11
x_

va diém 1 (1;1). Hai diém A va B thudc cung mot nhanh cua

d6 thi sao cho 1A =IB. Goi k, va k, lan luot 1a hé s6 goc cua tiép tuyén tai A va B. Khi tiép tuyén tai A

va B cua (C) tao voi nhau mot goc 15°, gia tri biéu thire |kI + k2| bﬁng

A. 24/6 -242. B. 4(2—\/5). C. 246 +242. D. 4(2+ﬁ).




Chon A.
Do IA=1IB nén k.k,=1.

kl _kz
1+k .k,

&k —k|=2(2-+3)

& (k—k) =28-1643

Ta co tan15° =

Huwéng din gidi

& (k+k) =32-1633 = [k +k,| = 432-3 =246 -22.

~ ’ SRR £ ax+b
Nhdn xét: Doi voi do thi ham so y =
cx+d

nhénh cia do thi ham sé théa man IA=IB.

c6 tam doi ximg la I. Cho A, B la hai diém thudc ciing mot

Goi k,,k, la hé $O goc cua tié}) tuyén ctia dé thi ham sé da cho tai A, B.

Ta co kk, =l.
c




BAI 6. PO THI HAM SO VA SU TUONG GIAO

Dang 1: Dya vao Do thi ham s

Bai tap 1. Hinh dang c6 thé co ciia @6 thj ham s6 y =x’ +bx> —x +d 1a nhitng hinh nio trong céc hinh sau
day?

(Hinh T) (Hinh II) (Hinh III) (Hinh IV)
A. (D). B. (1ID). B. (I) hodc (III). D. (II) hodc (IV).
Hwéng din giai.
Chon A.
Ham sd y=x* +bx> —x+d co hé s6 cua x* dwong nén loai (II) va (IV).

Xét y'=3x*+2bx—1 ¢6 A], =b’+3>0,vbeR. Do d6 ham s6 ¢o hai cuec tri.

Bai tap 2. Biét rang ham s y —ax’ +bx* + o +d (a#0) c6 do thi 1a mot trong cac dang dudi day:

(Hinh I) (Hinh II) (Hinh IIT) (Hinh IV)
Ménh dé nao sau day la dung?
A. D6 thi nhu (I) c6 duge khi a<0 va f'(x)=0 c6 hai nghiém phén biét.
B. D6 thi nhu (IT) ¢6 dwoc khi a>0 va (x)=0 c6 hai nghiém phan biét.
C. Do thi nhu (1) ¢6 dugc khi a>0 va f '(x)=0 v6 nghiém.
D. Db thi nhu (IV) ¢6 dugc khi a>0 va f '(x)=0 c6 co nghiém kép.
Huéng din giai.
Chon C.

Bai tip 3. Cho ham s6 y = f (x)=ax* +bx*> +¢ 6 dd thi y
nhu hinh bén (a, b, ce R). Tinh f(2).
A. f(2)=15. B. f(2)=16. 1 L]

Hwéng din giai.

Chon C.
Taco y' = f/(x)=4ax’ +2bx=2x(2ax’ +b).




D6 thi ham s6 di qua cac diém A(0;1), B(1;—1) va d6 thi ham s dat cuc tiéu tai B(1;—1) nén ta c6 hé

phuong trinh: { f (I)=-1<{a+b+c=—1<{b=—4.
f'(1)=0 4a+2b=0 c=1

Do do: y=f(x)=2x"—4x’+1—— f (2)=17.

Dang 2: Bang bién thién

Bai tap 1. Cho haim s§ y = f (x)=ax’ +bx> +x+d c6 bang bién thién sau:

r |—o0 -1 1 +00

Y + 0 — 0

Yy /2\2/30

Db thi nao trong cac phuong an A, B, C, D thé hién ham sb y = f (x)?

Huéng din gidi.

Chon A.

Duya vao bang bién thién, ta thay:

« Ham s6 ¢ gia tri cuc dai béng 2 va gia tri cuc tiéu béng —2. Loaidap an B va C.
* Khi x — 400 thi y — 400 nén chi c6 dap an A 1a phu hop.

Bai tap 2. Cho ham s y = f (x)=x* +ax*> +bx +c¢ c6 bang bién thién nhu hinh vé:

r |—oco —1 3 +c0
Y + 0 - 0 +
a—b+c—1 2
’ / \ /
— 9
Tinh gia tri ctia biéu thirc P =a+b+3c.
A. P=-9. B. P=-3. C. P=3. D. P=09.

Huéng din giai.
Chon B.
Pao ham y’ =3x* +2ax +h.

X 1 a1 X 3-2a+b=0 =-3
Phuong trinh y’=0 c6 hai nghiémla —1 va 3 4:){ ar {a

& :
274+ 6a+b=0 b=-9
Laico f(3)=-24——27+9a+3b+c=—-24——c=3.

Vay P=a+b+3c=-3.




Bai tap 3. Cho ham s y = f (x)=ax* +bx* +¢ (a=0) c6 bang bién thién nhu hinh vé:

Tr |—o00 -1 0 1 400

+ 0o — 0o + 0 -
2 2
Y \ \
//// 1////’

Tinh gia tri cta biéu thirc P =a” +b* +¢*.
A. P=2. B. P=4. C. P=6. D. P=3.
Hwéng dén giai.

Chgn C.

Dao ham y'=4ax® +2bx = 2x(2ax” + b).

Phuong trinh y'=0 c6 nghiém x=1 < 2a+b=0. (1)
f0)=1 =

Laics | T [e=] . 2)
f()=2 |a+b+c=2

Gidi hé (1) va (2), tadugc a=—1,b=2,c=1——P=2a’+b’+c’ =6.

Bai tdp 4. Cho ham s y = f (x)=ax* +bx* (a=0) c6 bang bién thién nhu hinh vé:

r |—o0 -1 0 1 +c0
Y -0 + o — o “+
+0o0 +00
) 0 /
Y / \
a-+b -1

Hiéu a—b bing
A. -3. B. 1. C.1. D. 3.
Huwéng din giai.

Chon D.
Dao ham f'(x)=4ax’ +2bx = 2x(2ax’ +b).
g f'(1)=0 [2(2a+b)=0 =1
Tur bang bien thién, ta co (1) & (2a-+b) @{a .
f(1)-1 at+b=-1 b=-2

Dang 3 : Phép suy dd thi

Bai tip 1. Cho ham s y = x* —6x>+9x ¢4 dd thi nhu Hinh 1. D6 thi Hinh 2 14 ctia ham s6 nao trong bon

dap an A, B, C, D dudi day?
Y\

Hinh 1




A, y=—x>4+6x>—9x. B. y=|x|’ +6[x]" +9|x|
C. y=[x’—6x*+9x|. D. y =[x’ —6x>+9|x|.
Huwéng din giai.
Chon D.
Nhéc lai li thuyét: D6 thi ham s y = f (Ix|) duoc suy ra tir o thi ham s6 y = f (x) bang cach
« Giit nguyén phan d6 thi ham s6 y = f (x) v&i x >0.

« Sau d6 lay ddi ximg phan d6 thi vira giir ¢ trén qua truc Oy .

Bai tip 2. Cho ham s6 y = x> +3x>—2 ¢ d thi nhu Hinh 1. D6 thi Hinh 2 13 ciia ham s6 nao dudi day?

o 10| 1

T
Hinh 2
Aoy =|x[ +3x* 2. B. y=|x’ +3x2—2|.
C. y:||x|3+3x2—2|_ D. y=—x>-3x>+2.

Huéng din giai.
Chon B.
Nhic lai 1i thuyét: D6 thi ham s6 y =|f (x)| duoc suy ra tir dd thi ham s6 y = f (x) bang cach
« Giit nguyén phan d6 thi ham s6 y = f (x) véi y > 0.

« Lay ddi xtg phan d6 thi ham sb y = f (x) v61 y <0 qua truc Ox.

Bai tip 3. Cho ham s6 y=(x—2)(x*~1) ¢6 dd thi ot
nhu hinh v& bén. Hinh nao dudi day 1a do thi cua
ham s y =|x—2|(x*~1)? o e
Y Y y
0
axr I

B. C. o D. O
Huéng din giai.

Chon A.

Xx—=2)(x* =1} khi x>2

Taco y=[x—2|(x*—1)= (x=2)( ) .

—(x—=2)(x* —1)khi x <2

Suy ra do thi cia ham s0 y = |x —2(x* —1) nhu sau:

» Gilt nguyén phan do thi cia ham s6 y = (x—2)(x* ~1) v6i x >2 (bén phai dudng thang x =2).

« L4y ddi xtmg phén d6 thi y = (x —2)(x2 - 1) vOi x <2 qua truc hoanh.

Hop hai phan d thi ¢ trén ta dugc d6 thi ham sé can tim.




Bai tap 4. Cho ham s6 y = (x-2)(x*~1) ¢6 do thi
nhu hinh v€ bén. Hinh nao dudi day trong cac dap
an A, B, C, D la d6 thi ctia ham sb
y =[x +1](x* =3x+2)?

D.
Huwéng din giai.

Chon C.

x—=2)(x*—=1) khi x>-—1

Tacd y=|x+1|(x* —3x+2)= (e=2)x 1) :
—(x=2)(x* =1)khi x <—1

Suy ra d6 thi ciia ham s6 y =[x +1|(x* ~3x +2) giéng hoan toan phan do thi ciia ham s6 y = (x —2)(x* 1)

v6i x > —1 (bén phai dudng thang x = —1).

Pbi chiéu cac dap an ta

Bai tip 5. Cho ham s6 y = ¢6 d6 thi nhu Hinh 1. D6 thi Hinh 2 13 ctia ham s nao trong cac dap

2X +1
an A, B, C, D duéi day?

Ol —_
_i:/| x 170
21 21
Hinh 1 Hinh 2
X ‘ __ I _ X _IIM
AP BT AT IS AT
Huwéng dén giai.
Chon A.

X+2
2x —1

Bai tip 6. Cho ham s6 y = ¢6 @6 thi nhu Hinh 1. D6 thi Hinh 2 1 ctia ham s6 nao trong cc dap an

A, B, C, D duéi day?
yh i yh




2
B.y—L Y=
] y 2[x|-1 C.y

X+2
2x —1

A. y_—[ X+2‘. D. |X|+2.

2x —1

Huéng din giai.

Chon B.

. n A s s £ -1, ax g b i

Bai tap 7. B0 thi ham s6 y = 2x 11 c6 do thi :

X — :

N ~ we 2 . 1 J4 |2X *1| 1

nhu hinh bén. Héi d6 thi ham s6 y =T ol i
X—1 = emmmmmmaaTdaaa dommmm—————————

c6 d6 thi 14 hinh nao trong cac dap 4n sau: \1 I
s z
19) \ 5l -

ukh o yh i

oy R
S
— [l
-
\

mr

)
\:}
_:>w.~
=]
Q
|

Huéng din giai.

y A s Ls £ 2x—1 ©aA 1 Ly £ — M ,
Do d6 d6 thi ham s6 y = | . | duoc suy tir d6 thi ham so y = 2x_11 bang cach:
X — X —

« Giit nguyén phan d6 thi ham s y = 2X—_11 phia bén phai duong thing x = %
X —

« Lay d6i xtmg phan d6 thi ham sb y = % phia bén trai dudng thang x :% qua truc hoanh.

[2x —1|

Hop hai phan d thi ¢ trén ta dugc toan bd do thi ham sé y = —

Bai tap 8. Trong cac dd thi ham sb sau, dd thi nao 1a dd thi ctia ham s6 y = X 9

x—1]




U Uk |
_________ Y T R | 1Y B S
3 x oy z
O i1 - i1 }
A. ’ B. ’
u | uh oo
_________ L I R A T
3 x o] | T
9] 1 o 1 o
C ’ D ’
Huwéng din giai.
Chon B.
« x khix >1
Taco y:—lz x—1 .
Lt I R S
X—1

X

Do d6 d6 thi ham s y = ]

dugc suy tu dd thi ham sb y = ﬁ b'fmg cach:
« Giir nguyén phan d6 thi ham sb y = Ll phia bén phai duong thang x =1.
X —

« Lay d6i xtmg phan d6 thi ham s y = Ll phia bén trai dudng thang x =1 qua truc hoanh.
X —

X

Hop hai phan db thi ¢ trén ta dugc toan bo do thi ham sé y = T
X J—

Dang 4: Xac dinh diu ciia cic tham s6 ciia ham s6 dwa vao tinh chat do thi

. A g (
Bai tap 1. Cho ham s0 y=ax’+bx*+x+d c6 do thi '}

nhu hinh v& bén. Ménh dé nao sau day 1a dung?
A.a>0,b>0,c<0,d>0.
B. a<0, b<0,c<0, d<0.
C.a>0,b<0,c<0,d>0.
D.a>0,b>0,c>0,d<0.

Huwéng dén giai.
Chon C.
Ta cod y' =3ax* +2bx +c.
Do thi ham s thé hién a> 0; cit tryc tung tai diém co tung d6 duong nén d > 0.
Xer >1 Xep +Xer >0
-

Dua vao d6 thi ham sb, ta théy
—1<Xep <0 Xep-Xer <0




2b b a0

b<0
= a . Vady a>0,b<0,c<0,d>0.
a>0 C<O

Bai tip 2: Cho ham s6 y=ax’ +bx> + o +d co do

thi nhu hinh v& bén. Ménh dé nao duéi day dung?
A.a<0, b>0,c>0, d<0. /\
B. a<0, b<0,¢c>0 d<0. / ;
C.a>0,b<0,¢c<0,d>0. \j
D. a<0,b>0¢<0,d<0.

Huwéng din giai.
Chon A.

Bai tip 3. Cho ham s6 y =ax’ +bx’ + o +d c6 dd thi nhuw hinh ¥
v&. Khang dinh nao duéi day 1a dung?

A. ac>0, bd <0. B. ac >0, bd > 0.

C. ac<0, bd <0. D. ac<0, bd > 0.

Huéng din gidi.

Chon A.
Ta cod y'=3ax> +2bx +c.
«Dédangsuyra a>0 va d > 0.
« D6 thi ham s6 6 hai diém cuc tri déu duong nén phuong trinh y’ =0 c6 hai nghiém duong phan biét,

2 A
suy ra 3i>0 va —3—b>0L°>b<0. Vay ac>0, bd <0.
a a

Bai tap 4. Cho ham s6 y = ax* +bx* +c ¢6 d6 thi nhu hinh vé y

bén. Ménh dé nao sau day l1a dung?
A.a>0,b>0, ¢c<0. B. a>0,b<0, c<O. &
C.a>0,b<0,c>0. D.a<0,b>0, c<0. \/O| \./ i

Huwéng din giai.
Chon C.
Do thi ham s6 thé hién a> 0.
Db thi ham sb ¢6 ba diém cuc tri nén ab < 0—=2—b < 0.
Do thi ham sd cit truc tung tai diém c6 tung d6 dwong nén ¢ > 0.
Vay a>0,b<0, c>0.

Bai tap 5. Cho ham s6 y=ax* +bx* +¢ c6 do thi nhu hinh
v& bén. Khang dinh nao sau day dung?
A.a<0,b>0,c=1. B.a>0 b<0,c=1.
C.a>0,b>0,c=1. D.a>0,b>0 ¢>0.




Huwéng din giai.

Chon B.
Bai tap 6. Cho ham s6 y =ax* +bx> +¢ c6 do thi nhu hinh vé& Y
bén. Ménh dé nao sau day 1a dung? /\ /\
A.a<0,b>0 ¢>0. B. a<0,b>0, c<O0. % L
C. a<0,b<0, ¢c>0. D. a<0,b<0, c<0. / \
Huwéng dén giai.
Chon B.

Bai tip 7. Ham s6 y —ax* +bx> +-c (a=0) c6 do thi nhu hinh
v& bén. Ménh dé nao sau day la dung?
A.a>0,b>0,c<0. B. a>0,b<0, c<0.
C.a>0,b>0,c>0. D. a<0, b<0, c<O.

Huwéng dén giai.
Chon A.
Duya vao dang diéu dd thi suyra a>0.
Ham sb ¢4 1 diém cuc tri nén ab>0—=—b>0.
D6 thi ham sd cét truc tung tai diém co tung d¢ 4&m nén c < 0.
Viy a>0,b>0, c<O0.

ax+b

Bai tap 8. Ham sb y= véi a>0 co dd thi
cx +d

nhu hinh v& bén. Ménh d¢ nao sau day 1a dung?
A.b>0,¢c>0,d<0. 1 [
B.b>0,¢c<0, d<0. \ : T
C.b<0,¢c<0,d<0.
D. b<0,¢c>0,d<0.

Huwéng din giai.
Chon A.
Tir d6 thi ham sd, ta thy

» Khi y:0—>x:—E<OL‘)>b>O. * Khi x:0—>y:g<0%d <0.
a

A L L L 4 oea " , d
Do thi ham s0 ¢6 tiém can dimg x = ——>0—""-c>0.
c

Vay b>0, ¢>0, d<0.




Bﬁit@p99.HémSé y:M (a=0; a, b, ceR) coO !
X—a
dd thi nhu hinh v& bén. Ménh dé nao sau day la
d¢ong? I OF T
A.a>0,b>0,c—ab<0. \

B. a>0,b>0 c—ab>0.
C.a>0,b>0 c—ab=0. '
D. a>0,b<0, c—ab<0.
Huwéng din giai.

Chon A.

Do thi ham s ¢6 tiém cén ding x =a > 0; tiém c4n ngang y =b > 0.

Mit khéc, ta thidy dang d6 thi 1a duong cong di xudng (tir trai sang phai) nén suy ra dao ham

,  c—ab

y =( )2<O,VX¢a—>c—ab<O. Vay a>0,b>0, c—ab<0.
X—a

Bai tap 10. Duong cong ¢ hinh bén 14 do thi ham b

s6 y= ax +b v6i a, b, ¢, d 1a cac sb thuc. Ménh dé

X +d !

. A 1x v 1 :
nao sau day la dang ? R B S
A,y <0, ¥x=1.B. y' <0, ¥x =2. No 2 T

C.y >0 v=1.D.y >0,Vx=2. \

Huwéng din giai
Chon B.

Duya vao hinh v&, ta thdy ham sb y = & +3 nghich bién trén mdi khoang xac dinh va dudng thang x =2
(o4

1a tiém can dimg cta do thi ham sb.
Suyra y' <0, vx=2.




Dang 5: Xac dinh s6 nghiém ciia phwong trinh dya vao do thi hodc bang bién thién

Bai tap 1. Cho haim s§ y = f(x) c6 bang bién thién nhu sau

—00 -1 0 1 +00
4\ /,4
/ =2 \
A —00
S6 nghiém thyc cua phuong trinh 2|f(x)|-7=0 la

A. 2. B. 4. C. 6. D. s.
Huwéng dén giai.

Chgn C.

Tacd 2[f (x) -7 =0 & |f (x)] =3 & f (x) =%.

Duya vao BBT, suy ra f(x):% c6 4 nghiém,; f(x):—% c6 2 nghiém.
Céch 2. T BBT ctia ham sb f (x), suy ra BBT cuia ham s6 |f (x)| nhu sau

|— ) T - T9 0 T 1 Ty 400

\/\/\/\x

Dya vao BBT ——2|f (x)|-7=0«|f(x |:Eco6nghlem

Bai tap 2. Cho ham s6 y = f (x) xac dinh, lién tuc trén R\ {0} va c6 bang bién thién nhu sau

r |—o0 0 2 +0o0

y — - 0 4+

+00 +00

v b ~.,
S

—00

Goi m 1a s6 nghiém ctia phuong trinh |f(x))=3 van la sb nghiém ctia phuong trinh f (|x[)=3. Khing

dinh nao sau day dung?

A.m+n=4. B.m+n=6. C.m+n=7. D. m+n=3.
Hwéng dén giai. z |00 a 0 9 Yoo
Chon C. ’ Jo| — | + - 0 +
T BBT cua ham so f (x), suy ra BBT ctia ham Foo|[Fo0 5

s0 g(x)=|f(x) nhu hinh bén(trong d6 a la g(x)|2 \z/
hoanh d6 giao diém cua dd thi y = f (x) véi truc \(]

hoanh).

Dya vao BBT ——|f (x)|=3 c6 3 nghiém.




Tt BBT ctia ham s6 f (x), suy ra BBT ctia ham r |-co -9 0 ) +00

h(x)=f(x|) nhu hinh bén. Dya vao BBT H(x)| — o0 + - 0 +
——f(|x|)=3 co 4 nghiém. hz) \ / \ /
Vay m+n=3+4=7. 2 2

Bai tap 3. Cho ham s bac ba y = f (x) c¢6 do thi nhu

hinh v&. Héi phuong trinh [f (x)] =4 6 bao nhiéu

nghiém?
A. 2. B. 3.
C. 4 D. s.
Huéng din giai. A
Chon C. T
f(x)=2 (1 . T
Ta ¢6 [f(x) =4 () (). Do d6 so nghiém cua \—2
f(x):—2 (2> \yz—?

phwong trinh |f (x)]2 —4 chinh 1a s6 giao diém cua d0 thi
ham sé f(x) voi hai dudng thing y=2 va y=—-2.
Duya vao d6 thi ta thiy: Phuong trinh (1) ¢6 1 nghiém; Phuong trinh (2) c6 3 nghiém. Vay phuong trinh

da cho c6 4 nghiém.

Bai tip 4: Cho ham s6 y = f(x) lién tyc trén [-2;2] va AY
c6 dd thi 1a dudng cong nhu hinh v&. Hoi phuong trinh
|f(x)—1|=1 c6 bao nhiéu nghi¢m phan biét trén [2;2]?

A. 3.

B. 4.

C.s.

D. 6.

Huéng din giai.
Chon C.
f(x)=0 (1)
f(x)=2 (2)

Dua vao db thi, ta théy (1) ¢6 3 nghiém; (2) c6 2 nghiém.

Taco |f(x)-1|=1«

Bai tdp 5: Cho ham s& f(x)=x’—3x>+4 c6 d6 thi nhu

Ff ()]

=1 cb6 bao
3f2(x)—5f(x)+4

hinh v& Hoi phuong trinh

nhiéu nghié¢m ?
A. 4. B. s.
C. e D. s.




Huwéng din giai.

Chon C.
Tacé3fZW;“;:i)+4—1¢>ﬂ(m3f2@)+4—3f2u)5fg)+4
f(x)=0 (1)
s PPx)—6f*(x)+5f(x)=0<|f(x)=1 (2).
f(x)=5 (3)

Dua vao do thi ta théy (1) ¢6 2 nghiém; (2) c6 3 nghiém; (3) c6 1 nghiém.

Bai tap 6. Cho ham bac ba y = f(x) co dd thi nhu hinh vé.
Hoi phuong trinh f (jx —2|)= —% 6 bao nhiéu nghiém?

A. 1. B. 3.
C. 4. D. 6.
Huwéng dén giai.

Chgn C.

Do thi ham sb f (|x —2]), duogc suy tir dd thi f(x) bang cach:

« Liy dbi xtmg phan db thi ham s f(x) phia bén phai Oy (x6a phan d6 thi bén trai Oy) qua Oy (xem
Hinh 1);

* Tinh tién d6 thi & budc trén sang phai 2 don vi (xem Hinh 2).

e=2 [y=f(z-2)

1NN/ y=—0.5

Tir d6 thi caa ham s6 f (jx—2[), suy ra phuong trinh da cho c6 4 nghiém.

Bai tap 7. Cho ham s6 y = (x—1).f (x) xéc dinh, lién tyc trén Y
R va c6 d6 thi nhu hinh v&. Tim tat ca cac gid tri cia m dé
duong thang y=m>—m cit d6 thi ham s6 y=|x—1.f(x) tai _
[ o 1 =

hai diém c6 hoanh d6 ndm ngoai doan [—1;1].

A. m>0. B. m<1. C.0o<m<l1. D. m>1 hoac m<0.
Huéng din giai. Y
Chon D. 7N
T d6 thi ham s& y=(x—1).f(x), suy ra dd thi ham s§ _—LV 5 \“1 -

f (x)[x—1| nhu hinh bén. {
Dya vao d6 thi, suy ra phuong trinh [x —1.f (x)=m?>—m co

hai nghiém c6 hoanh d6 nam ngoai doan [—1;1] khi va chi khi




m>1
<0

m —m>0<

Bai tap 8. Cho ham sb bac ba y = f (x) c6 dd thi nhu hinh

vé. Hoi phuong trinh f[f(x)]=0 c6 bao nhiéu nghi¢m

. —2[
thuc phan biét? T
C. . D. 9. i

Huwéng din giai.
Chon D.
Duya vao do thi ham s6 y = f (x), ta suy ra phuong trinh
f(x)=a(-2<a<-1) (1)
flf(x)]=0«&|f(x)=b(0<b<1) (2).
f(x)=c(1<c<2) (3)

Mdi phuong trinh déu ¢6 3 nghiém.

Bai tip 9. Cho ham s6 y = f (x) lién tuc trén R va c6 dd thi

nhu hinh v&. S6 nghiém thuc ctia phuong trinh f (f(x))==2

la L
A. 2. B. 4.
C. s. D. 9.
Huéng din giai.
Chon C.

Tur @6 thi y = f (x), suy ra phuong trinh f (f (x))=—2 &

Dua vao db thi, ta théy (1) ¢6 3 nghiém; (2) c6 2 nghiém.

Bai tip 10. Cho ham sb bac ba y= f(x) c6 d6 thi nhu hinh
v&. S6 nghiém ctia phwong trinh 27 (x*)+3=0 Ia

A. 0. B. 2.

C. 4. D. 6.

Hwéng dén giai.

Chon C.

bat t=x* (t>0). Khi d6 phuong trinh da cho tr¢ thanh: f(t)= —%. (*)

S nghiém cua (x) chinh la sb giao diém cua dd thi hamsé y = f (x) va duong théng y= —%. Dua vao do
t, <0 (loai)

thi, phuong trinh (x) &[0 <t, <2——x = +,ft,.
L, >2——Xx= i\/g




Bai tap 11. Cho ham s§ y=x*+mx>+n v6i m,neR ¢cob Yy
d6 thi nhu hinh v&. Biét phuong trinh x* +mx> +n=0 ¢6 k

=Y

nghiém thuc phén biét, k € N°. Ménh dé nao sau day dung? O
A. k=2, mn<o. B. k=2, mn>0.
C. k=4, mn<o. D. k=4, mn>0.

Huwéng din giai.
Chon C.
Dua vio d6 thi ham s ta thay phuong trinh x* +mx”> +n=0 c6 4 nghiém phan biét, suy ra k =4.
Do d6 thi ham s6 c¢6 3 diém cuc tri nén m <0, ta théy ham sd cét truc tung tai diém co tung do duong nén

n>0——mn<0.

Dang 6: Bién luin s6 nghiém ciia phwong trinh

Bai tap 1. Cho ham s6 y = f (x) xéac dinh trén R\ {1}, lién tyc trén tirg khodng x4c dinh va c6 bang bién

thién nhu sau:

r |—o00 1 +00
y — +
+00
2 /
Y
\ .
—00

Tim tit ca cac gia tri thuc cta tham s6 m dé dd thi hamsb y=f (x) cat duong thfmg y =2m—1 tai hai
diém phan biét.

A.1<m<%. B.1§m<%. C.lgmg%. D.1<m<2.

Huwéng dén giai.
Chon A.

YCBT <:>1<2m—1<2<:}1<m<%.

w

Nhin xét: Sai lam hay gip lacho 1<2m—1<2<1<m<=.

[\S}

Bai tap 2. Cho ham s6 y = f(x) xdc dinh trén R\ {—1;1}, lién tuc trén mdi khoang x4c dinh va c6 bang

bién thién sau:

+00 +00

— 20 — 00
Tim tat ca céc gia tri thyc cia tham s6 m dé duong théng y=2m+1 cat dd thi ham s6 da cho tai hai diém
phéan biét.

A. m<-2. B. m>1. C.m<-2 m>1. D.m<-2 m>l.

Huwéng din giai.




Chon D.
m>1
m<—2

2m+1>3
2m+1< -3

YCBT <

Nhén xét: Néu yéu cau bai toan c6 duy nhit mot nghiém thuc < —3 <2m+1<3.
Bai tap 3. Cho ham sd y = f (x)=2x> —9x> +12x c6 dd
thi nhu hinh v&. Tim tat ca cac gia tri cia tham sb m dé

phuong trinh f (jx[)+m =0 c6 6 nghiém phan biét.

A. m<-5. B.
—5<m<—4.
C.4<m<s. D. m>—4.

Huéng din giai.
Chon B. S TVa
Trudce tién tir d6 thi ham s6 y=f(x), ta suy ra d6 thi

ham s y = f (jx|) nhu hinh v&.

=Y

|

N

|

R I o
S

Taco f(jx|)+m=0<« f(|x])=-m.

Dodd YCBT ©4<—-m<5< —-5<m<—4,

Bai tap 4. Cho ham s6 bac ba y = f (x) c6 d thi nhu
hinh v&. C6 bao nhiéu gia tri nguyén ctia tham s6 m

dé phuong trinh 2|f(x)-m=0 c6 4 nghiém phan

biét?
A. 3. B. 4.
C. . D. 8.
Huéng din giai.
Chon C.

Trudc tién tir d6 thi ham s6 y = f (x), ta suy ra d6 thi

ham s6 y =|f (x)| nhu hinh v&.

Ta cod 2|f(x)|—m=0<:>|f(x)|:%.

Do d6 YCBT <:>0<%<4<:>0<m<8.
Bai tap 5. Tap hop cac gia tri cia tham s6 m dé dd thi ham s y = (x —1)(x2 +mx 4+ m) cit truc hoanh tai
ba diém phén biét 1a

A. (0;4). B. (4;400).

C. [oo;%]u[l;O]. D. [oo;%]U[%;O]U@;Jroo).

Huwéng din giai.




Chon D.

=1
Phirinh hdgd: (x—1)(x* +mx+m) =0 "

x> +mx+m=0 (1)

P4+ml+m=0

YCBT < (1) c6 hai nghiém phén biét khac 1< { .
A=m’—4m>0

Phuong trinh hoanh d6 giao diém ax® +bx*> + o +d =0.
X=X,

« Néu nhdm dwoc mot nghiém x, thi phwong trinh twong dwong S,
ax" +bx+c'=0

« C6 lap tham s6 m va lap bang bién thién hodc dung do thi.

« Néu khong nham dugc nghiém va khong c¢o 1ap duoc m thi bai toan duoc giai
quyét theo hudng tich hai cuc tri, cu thé:

o PO thi cit truc hoanh ding ba diém phan biét < y,,.y., <0.

o P thi c6 hai diém chung véi tryc hoanh < Yep-Yer = 0.

o D) thi c6 mot diém chung véi truc hoanh < y.,.y., >0 hodc ham s khong c6
cuc tri.

Chu y: Néu y’=3ax> +2bx +¢ =0 nham dugc hai nghiém thi tinh y,,, y., dédang.
Truong hop khong nham duoc nghiém thi ding mbi lién hé hai nghiém do6 1a hé
thirc Viet.

Bai tap 6. Tap hop cac gia tri thuc ciia tham sé m dé d6 thi ham s6 y = x* —3x> cit duong thang y =m
tai ba diém phan biét 1a
A. (—4;0). B. (0;400).
C. (—o0;—4). D. (—o0;—4)U(0;400).
Huwéng din giai.
Chon A.
Xétham bac ba y =x* —3x?, ¢

X=0—— =0
y/ =3x2—6x——y' =0 Yeo .
x:24—>yCT:74

Duya vao dang diéu cta dd thi ham bac ba, ta c6 YCBT « Yor <M<Y, & —4<m<O.

Bai tap 7. Cho phuong trinh 2x* —3x*> =2m+1. Tim tit ca cic gié tri thuc ctia tham s6 m dé phuong trinh
da cho c6 dung hai nghi¢m phéan biét.

A.m:—%, m=-—1. B.m:—l, m:—i.

C.m:l, m:i D.m=1, m=-—=.
2 2
Huwéng din giai.
Chon A.
Xét ham bac ba f (x)=2x*-3x’, co
f/(x)=6x>—6x—— f'(x)=0« X=07 Yo =0

X=1——Y -1




2m+1:ch
2m+1=y.,

2m+1=0

Dua vao dang di€u cta dd thi ham béc ba, ta c6 YCBT Ml — 1

Bai tap 8. Tim tat ca céc gia tri thuyc ctia tham s6 m dé dd thi ham sb y =x® —mx+4 cét truc hoanh tai

ba diém phan biét.
A. m=0. B. m>o0. C. m=3. D. m>3.
Huéng din gidi.
Chon D.
Xx=0
Taco y' =3x>—2mx =x(3x—2m)——y' =0« L 2m-
3

YCBT < Ham s6 c6 hai diém cuc tri va hai gia tri cyc tri trai dau

2_m¢0 m=0

& —4m3 < m>3.

y(0).y

=
4.

2m <0

3

+4]<0

Bai tap 9. Tim gia tri thyc cta tham s6 m dé do thi ham s y = x> —3mx> +2 c6 ding hai diém chung véi

truc hoanh.

A.m=1 B. m=12. C.m——0 D. m=453.
6 &
Huwéng dén giai.
Chgn C.
. =0
Taco y' =3x* —6mx =3x(x—2m)——y' =0 < X
X =2m

YCBT < ham s6 ¢6 hai diém cuec tri va tich hai cuc tri béng 0
2m =0 m =0 1
& & .
y(0).y(2m)=0 " |2.(=4m* +2)=0 5

Bai tap 10. Tim tit ca cac gia tri thuc ciia tham sé m dé phuong trinh x* —3mx+2=0 c6 nghiém duy
nhat.
A. m<O0. B.0<m«<l. C. m<1. D. m>1.
Huéng din gidi.
Chogn B.
Taco y' =3x"—3m=3(x’-m)——y =0 x> =m.
Khi d6 yéu cau bai toan twrong duong véi:
e TH1. Ham s6 khong c6 cuc tri <y’ =0 c6 nghiém kép hodc vo nghiém < m <0.
e TH2. Ham s c6 hai cuc tri y.,, Y., théa man y.,.y., >0
m>0 m >0

m>0
Tly(m)y(ym)>0 7 (2+2m\/ﬁ)(2—2m\/ﬁ)>0©{m < Fosmst
Két hop hai trudong hop ta duge m <1.




Bai tap 11. Tim tit ca cac gid tri thuc clia tham sé m dé duong thang d:y=m(x—1)+1 ct do thi ham s
y = —x* +3x—1 tai ba diém phan biét A(1;1), B, C.

A. m=0. B.m<%. C.0¢m<%. D.m:O,m>%.

Huwéng din giai.
Chon C.
Phtrinh hdgd: —x* +3x—-1=m(x—1)+1
x=1

_ 2 _ —
& (x=1)(x* +x—2+m) 0& ) ey aimeo o

9
YCBT < (¥) ¢6 hai nghiém phan biét khac 1< {ﬁ JRR LS
=
m=0

Bai tap 12. Tim tat ca cac gia tri thuc cta tham s6 m dé do thi ham s6 y=x’—3x>+2 cat duong thing
d:y=m(x—1) tai ba diém phan biét c6 hoanh do x,, x,, x, thoa man x? +x2 +x2 =5.
A. m>-3. B. m=-3. C.m>-2. D. m=-2.
Huwéng dén giai.
Chon D.
x=1

. C 3 ay2 — —
Phtrinh hdgd: x’ -3x*+2=m(x-1)& x> 2x-m-2=0 (¥

2 e o n N A=1+m+2>0
bé (*) co6 hai nghiém phan bi¢t khac 1 < & m>-3.
P-21-m-2=0

X, +X; =2

Gia st x, =1. Khi do x,, x, la hai nghiém cua (*). Theo Viet, ta cé:{ o
; X, X, =—m—

YCBT & x2 +x2 =45 (X, +%,) —2x,X, =4 & 4+2(m+2)=4 = m=-2.

Bai tap 13. Tim tat ca cac gid tri thuc cta tham s6 m dé duong thang d:y=x+4 cat do thi ham s
y=x*+2mx* +(m+3)x+4 (C,) tai ba diém phan bi€t A(0;4), B, C sao cho tam gidc MBC c6 dién tich
bang 4, voi M (1;3).
A. m=3. B. m=2 m=3. C.m=-2 m=-3. D.m=-2 m=3.
Huwéng din giai.
Chon A.
Xx=0

Phtrinh hdgd: x* +2mx* +(m+3)x+4=x+4 | | .
x?42mx+m+2=0 (*)

Dé d cit (C,) tai ba diém phan bigt < (*) c6 hai nghiém phan biét khac 0

m>2

A=m’—m=2>0
2=m<-—1

m+2=0

X, +X, =—2m

Goi x,, x, 1a hai nghiém cua (*). Theo dinh li Viet, ta co: { .
X;. X, =m+2

Gidi siB (x,;X, +4), C(x,5x, +4). Tacd BC=42(x, —x,)’ va d[M,d}:%zﬁ.




YCBT: S, 5 :4<:>%d(M,d)Bc =45 (x,—x, ) =16 & (X, +x,) —4xx, =16

, m = 3(thda man)
&Em -m—-6=0&
m = —2(loai)
Bai tap 14. Tap hop cic gia tri thuc cta tham sé m dé duong thang d:y=—mx cat do thi cia ham sé
y=x>-3x>-m+2 (C) tai ba diém phan biét A, B, C sao cho AB=BC la
A. (—o0;—1). B. (—o0;3). C. (I;+00). D. (—o0;+00).
Huwéng dén giai.
Chon B.
Xx=1

Phtrinh hdgd: x* —-3x’ -m+2=-mx &| | .
X2 =2x+m—-2=0 (x)

D¢ d cit (C) tai ba diém phan bi€t « (*) c6 hai nghiém phan biét khéc 1

1A’>0 @11—(m—2)>0

& < m<3.
P—214m—-2=0

m =3

Goi x,, x, 1a hai nghiém cua (*). Theo dinh li Viet, ta c6 x, +x, =2.

Gidstr x, >1 thi x, =2—x, <1,suyra x, <1<Xx,.

Theo gia thiét BA=BC nén B la trung diém ciia AC do d0 x, =1 va x, =x,, X. =x,. Khi do ta co
X, +X. =2x, nén d ludn cat (C) tai ba diém phan biét A, B, C théa man AB=BC. Viy vdi m<3 thoa

man yéu cau bai toan.

Bai tap 15. Tim tat ca cac gia tri thuc ctia tham s6 m dé dd thi ham s6 y=x* —3mx? +6mx —8 cét truc
hoanh tai ba diém phén biét c6 hoanh d6 1ap thanh cip s cong.
A. m=1. B.m=2m=-1. C.m=-1. D. m=2.
Huwéng din giai.

Chon C.
A 3 2 Viet b X; X3 =2X b
Taco ax’ +bx* +ox+d =0—"55 X, 4+ X, + X, = ———F==1 ), =
) a a
Phuong trinh hoanh d6 giao diém: x* —3mx> +6mx —8 = 0. (*)
Tir gia thiét suy ra phuong trinh (*) c6 mot nghiém x =m.
‘ ‘ m=-—1
Thay x =m vao phuong trinh (*), ta dugc m® —3m.m? +6mm -8 =0« 5
m=
X=—4
Thir lai: * V&1 m=—1, ta dugc x° +3x*> —6x —8 =0 < |x =—1: thoa man.
X=2

*Véi m =2, ta dugc x* —6x* +12x —8 =0« x =2: khong thdéa man.
Vay m=—1 1a gia tri cAn tim.
Bai tap 16. Vi diu kién nao clia tham s6 k thi phuong trinh 4x*(1-x*)=1-k ¢6 bon nghiém phan biét?
A, 0<k<2. B. k<3. C. —1<k<l. D. 0<k<l.
Huwéng dén giai.
Chon D.




Xét ham tring phuong y = 4x* (1-x*) = —4x" +4x°, ¢6

[——

Yy =—16x>+8x——y =0 . 2

YCBT vy, <l-k<y, ©0<l-k<le0<k<l.

Bién ludn s6 nghiém ciia phwong trinh ax* +bx* +c=m (a>0,b<0). (1)

Cich 1. Phuong trinh ax* +bx’> +c=m 1a phuong trinh hoanh d¢ giao diém cuia d6 thi ham tring phurong
y =ax* +bx> +c va duong thing y =m (c6 phuong song song v&i truc hoanh)

Do hé sb a>0, b<0 nén dd thi ham s y =ax* +bx> +c¢ co dang nhu sau:

Dua vao d6 thi ta co: \ Ay /
A LN €T
* (1) vonghiém < m<y,. \ 5 / >
. ‘A m=Yer
* (1) ¢6 2 nghiém & ey \/\—/ T=m

* (1) c6 3 nghiém <m=y,,.

* (1) c6 4 nghiém <y, <m<y,.

Cich 2. Phuong trinh ax* +bx*> +c=m«—ax* +bx> +c—m=0. (2)

Do hé s6 a>0, b<0 nén d6 thi ham s y = ax* +bx> +c—m ¢ dang nhu sau:

Ta ¢6 céc truong hop sau: \ Y] /
A LN €T
* (2) vO nghiém < y.. >0. 5 >
. =0
* (2) c6 2 nghiém <« Yor =7,
Yep <0

* (2) ¢6 3 nghiém < vy, =0.

*(2) c6 4 nghiém <y, <0<y,.

Bai tap 17. Cho ham s6 y=x*—m(m+1)x> +m* véi m 1 tham sd thuc. Tim tit ca cic gi tri cia m dé
d6 thi ham sd cit truc hoanh tai bén diém phan biét.
A.m>1. B. m>—2. C. m>2. D.0o<m=1.
Huwéng dén giai.
Chon D.
Xét ham trung phuong y =x* —m(m+1)x* +m’, ¢
X=0——sy=m’
Y':4X3*2m(m+1)x;’y/:0@Xz_m(m+1) _ m(m+1)

2 4

YCBT < ham s6 ¢ ba diém cuc tri va Yer <0< Yep

1
m(mz+ )>0
& , 5 S0<m=l1.
1
_mmr) (rr:r ) +m’<0<m’




Bai tap 18. Cho ham s y = —x* +2(2+m)x*—4—m v6éi m la tham s6 thuc. C6 bao nhiéu gia tri nguyén
ciia m dé do thi ham s khong c6 diém chung véi truc hoanh?
A. 1. B. 2. C. 3. D. 4.
Huwéng din giai.
Chon C.
Xét ham trung phuong y=—x*+2(24+m)x*—4—-m, ¢
Xx=0

y' =—4x +42+m)x——y' =05 | .
X"=24+m

Dua vao dang di€u ctia ham trung phuong véi hé sO cua x* am, ta c6 cac truong hop sau théa man yéu
cau bai toan:

S —4<m< -2,

\ I . A 24m<0 24+4m<0
e Ham s0 c6 mot cuc tri va cuc tri d6 am <

y(0)<0 “l4-m<o

e Ham so0 c6 ba di€m cuc tri va gia tri cyc dai am

2+m>0 24m>0
= & & -2<m<0.
y(i\/2+m)<0 m*> +3m <0

Két hop hai trudng hop ta duge —4 <m <0—"% m = {-3;—2:—-1}.

Bai tap 19. Tim tat ca cac gid tri thyc cia tham s6 m dé duong théng d:y=x-2m cit d6 thi ham sd

y = );—4__? (C) tai hai diém phan biét c6 hoanh dé duong.
A.0<m<1. B. m<-2 m>s. C.1<m<%. D.O<m<§.
Huwéng dén giai.
Chon C.

Phuong trinh hoanh d6 giao diém: i—:j’ =x-2m (x=-1)

Sx-3=(x-2m)(x+1)& x> —2mx—-2m+3=0. (%)
A'>0
YCBT « (*) c6 hai nghiém duong phan biét < {S>0 <1<m <%.
P>0

Bai tap 20. Goi d la duong thiang di qua A(1;0) va co hé s6 goc m. Tim tat ca cac gia tri thuc cta tham

X+2

s6 m dé d catdd thi hamsd y = (C) tai hai diém phan bi¢t thudc hai nhanh ctia db thi.

A. m<o0. B. m=0. C. m>o0. D. 0<m=1.
Huwéng din giai.
Chon C.
Puong thang d ¢6 dang y=m (x—=1)=mx—m.

Phuong trinh hoanh do giao diém: % =mx—m (x=1)
X —

Sx+2=(mx—m)(x—1)&mx’—2m+1)x+m—-2=0.  (*)

a(x)




YCBT < (*) c6 hai nghiém phan biét x, <x, théa man x, <1<x,

m =0 m=0
< < < m>0.
mg(1)<0 " |m[m—(2m+1)+m—2]|<0

Bai tap 21. Tim tat ca cac gia tri thuc ciia tham s6 m dé duong thing d:y=—x+m cat d6 thi ham s6

y= _2):;1 (C) tai hai diém A, B sao cho AB=22.
X
m=-7 m=-7 m=-2 m=-—1
. B. . . . D. .
m=1 m=>5 m=1 m=1
Huwéng din giai.
Chon A.

—2x+1

Phuong trinh hoanh d6 giao diém: =—x+m (x=-1)

& =2x+1=(—x+m)(x+1)& x> —(m+1)x+1-m=0. (*)
Dé d cit (C) tai hai diém phan biét < (*) c6 hai nghiém phan biét
m>-34+23

S A= m+12—41—m >0& .
( ) ( ) m<—3—2x/§

X, +X, =m+1

Theo dinh li Viet, ta c6
XX, =1-m

. Gia st A(x;;—x, +m) va B(x,;—x, +m).
YCBT: AB=22 & AB* =852(x, —x,) =8& (X, +X,) —4x,x, =4

=1
S(m+1) —4(1-m)=4 = E— 7(‘[h(")amain).

Bai tip 22. Tim gi4 tri thuc cua tham sé m dé duong thing d:y=x-m+2 cét dd thi ham sb y = %

(C) tai hai diém phan biét A va B sao cho d9 dii AB ngin nhat.
A.m=-3. B.m=-1. C.m=1. D. m=3.
Huwéng dén giai.
Chgn C.

Phuong trinh hoanh d6 giao diém: 2_x1 =x-m+2 (x=1)
X —

S2x=(x-m+2)(x-1)= x> —(Mm+1)x+m—-2=0. (¥
Tacd) A=m’>-2m+9>0, VymeR nén d ludn cit (C) tai hai diém phan bi¢t.

. \ . A ) . R , = 1
Goi x,, x, la hai nghiém cua (*). Theo dinh li Viet, ta co XX, =m+ )
XX, =m—2
Gia st A(x;;x, —m+2) va B(x,;x, —m+2) 1a toa d¢ giao diém ctia d va (C).
Taco AB* =2(x, —x, ) =2(x, +x,)" —8x,x, =2(m+1)’ =8(m—2)=2(m—1)" +16 > 16.

Dau "=" xadyra &m=1.




Bai tap 23. Tim gia tri thuc cia tham s6 k sao cho duong thing d:y=x+2k-+1 cit do thi ham sb

= 2x:_r11 (C) tai hai diém phan bi¢t A va B sao cho cc khoang cach tir A va B dén truc hoanh 1 bang
X
nhau.
A. k=-4. B. k=-3. C. k=-1. D. k=-2.
Huéng din giai.
Chon C.

Phuong trinh hoanh d9 giao diém: 2x_:11 =Xx+2k+1 (x=-1)
X

22X+ 1=(X+2k+1)(x+1) < x> +2kx +2k =0. (¥)
Dé d cat (C) tai hai diém phan biét < (*) c6 hai nghi¢m phan biét

k>2
S A =k*-2k>0< .
k<0

Goi x, =x, 1a hai nghiém cta (*). Gid st A(x;;x, +2k+1) va B(x,;X, +2k+1).
YCBT : d][A,0x]=d[B,Ox] < |x, +2k +1| = |x, + 2k +1|
& X +2k+1=—(x, +2k+1) (do x, =x,)

& X, +X, =—4k—2 & -2k =—4k—2 < k = —1(thda man).

2x —1

Bai tap 24. Tim gia tri thuc cua tham s m dé duong thang d:y=x+m cat d6 thi ham sé y = 1
X —

(©)
tai hai diém phan biét A, B sao cho tam gidc OAB vudng tai O, vdi O la géc toa do.
A.m=-2 B.m:—%. C. m=0. D. m=1.

Huwéng din giai.
Chon A.

2x —1

Phuong trinh hoanh d¢ giao diém: —x+m (x=1)

S2x—1=(x+m)(x=1)& x> +(m=3)x+1-m=0. (*)
Dé d cit (C) tai hai diém phan biét < (*) c6 hai nghiém phan biét
SA=m’-2m+5>0, VmeR.

. e A, o . (X +x,=3-m
Goi x,, x, 1a hai nghiém cua (*). Theo dinh li Viet, ta c6 { ] 21
XX, =1-—m

Gia st A(x;;x, +m) va B(x,;x, +m).
YCBT  OAOB =0 & XX, +(X, +m)(X, +M)=0 < 2x,X, +m (X, +X,)+m* =0

S2(l-m)+mB-m)+m’ =0 m+2=0&m=-2.

Bai tap 25. Tim gia tri thuc cua tham s6 m dé duong thang d:y=—3x+m cat do thi ham s y:2x_+11
X J—
(C) tai hai diém phan biét A va B sao cho trong tAm tam giac OAB thudc duong thing A:x—2y—2=0,
v6i O 1a gbe toa do.

A. m=-2. B. m=o0. C.m=—=. D.m=——.




Huwéng din giai.
Chon D.
2x+1

Phuong trinh hoanh d9 giao diém: =-3x+m (x=1)

S 2X+1=(-3x+m)(x—1) & 3x> —(1+m)x+m+1=0. (¥
Dé d cit (C) tai hai diém phan biét < (*) c6 hai nghiém phan biét
m<—1

SA=m*-10m—-11>0< .
m>11

. C e . , . . I+m . m+1
Goi x,, x, lahai nghiém cua (*). Theo Viet, ta cd x, +x, M v X, X, _n+l
3 3

.9 L \ 73 2
Gia sir A(x,;—3%,+m) va B(x,;—3x,+m). Suyra G X, +X,  —3(X +X,)+2m .

>

3
—3(X, +x 2m
YCBT: Gea JitX 5 30utx)+2m
3 3
—(Mm+1)+2m
@H;m 2. ( 3) —2:0@m:—15—1(th6amén).

Cau 65. Tim tit ca cac gid tri thyc cua tham s6 m dé duong th'fmg d:y=2x+m cit dd thi ham sb

y— 2x —4 (C) tai hai diém phén biét A va B sao cho 4S,,, =15, v6i | la giao diém cua hai duong tiém
x—1

can cta do thi.
A.m=-5 B. m=5. C. m=4+5. D. m=o.
Huéng din giai.
Chon C.

Phuong trinh hoanh do giao diém: % —ox4m (x=1)

S2x—4=02x+m)(x—1)<2x> +(M—4)x—m+4=0. (*)

Dé d cét (C) tai hai diém phan biét < (*) c6 hai nghi¢m phan biét

s m<—4
SA=m"-16>0&
m >4
. e . . 4-m 4—m
Goi x,, x, 1a hai nghiém cua (*). Theo Viet, ta co x, +x, = VA XXy =——.

Gid sur A(x;;2x,+m) va B(x,;2x, +m).
YCBT: 4S,,, =15« 2AB.d][I,AB]= 15©2AB.%_15 < 4AB>.m* =1125

&20(x, —x,)'m> =1125 <:>4[(x1 +x,) —4x]x2]m2 =225

& (m? —16)m’> =225 < m* =25 ¢ m = +5(thda man).
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