CUC TRI SO PHUC VA HINH HOC

Cau 1. Cho sb phtic z théa man diéu kién |z — 1 —i| + |z + 1+ 3i] = 6/5. Gia tri 16n nhét cta
z—2-3i1a
(A) 5V/5. 24/5. (© 6+/5. (D) 4/5.
Huéng dan giai
Taco |z —1—i| +|z+143i] = 6v5 < MA+ MB = 65 véi M(x;y)

M
biéu dién s6 phitc z = x +yi, A(1; 1) biéu dién s6 phitc 1 +i, B(—1; —3) @\
biéu dién s6 phirc —1 — 3i. '
. P . C A I B M
Khi d6 diém M nam trén elip tdm I c¢6 do dai truc Ién 6v5va A, Bla
hai tiéu diém.

e |z—2—3i] = MC v6i C(2;3) biéu dién s6 phtic 2 + 3i.

o AB = (—2;—4) = AB = 2./5.
o AC = (1;2) = AC = /5.
e ViAB = —2AC nén A_B), A_(fngIIQC hudéng va AB = 2AC.

Goi M’ 1a diém nam trén elip sao cho A, B, M’ thang hang va M’ khac phia A so véi B.
Ta c6 BM' = MT_AB = 2v/5.

Ta thdy MC < M’'C v6i moi diém M nam trén elip.

Do d6 MC 16n nhat khi va chi khi M = M'.

Khi d6 MC = M'C = CA+ AB+ BM' = v/5+42v/5+2/5 = 5//5.

Chon dap an (A) O

Cau 2. Cho sb6 phtic z théa man |z + 1| + |z — 3 — 4i| = 10. Gid tri nhd nhat Py, cta biéu thuc
P = |z —1+2i| bang

@ Ponin = V17. Ponin = V/34. (©) Prnin = 2V/10. @Pmin = @
Hudng dan giai
Dat z = x + yi, diém biéu dién cta z 1a M(x;vy).
Khi d6 |z + 1|+ |z — 3 — 4i| = 10 <> MA + MB = 10 v6i A(—1;0) va B(3;4).
Suy ra M thudc elip c6 do dai truc 16n 1a 10 = 2a = 10 = a = 5 va hai tiéu diém 1a A, B.
Ma AB = (4;4) = AB =42 = 2c = 4V2 = ¢ = 2V/2.

Ta co

P = |z—1+2i
= Jx-12+(y-22=MH




V6i H(1;2). Dé théy A, B, H thfmg hang nén H thudc doan AB.

Do d6 Ppin & MH ngén nhat khi va chi khi M thudc truc nhé cta elip.

Khi d6 d6 dai MH béng mot ntra truc nho hay MH = b = Va2 —c2 =/17.

Chon dép an (A) 0

Cau 3. Cho cac sb phtc z,w thda man |z — 5+ 3i| = 3, |iw + 4 + 2i| = 2. Tim gia tri 16n nhat cua
biéu thie T = |3iz + 2w|.
(A) V554 + 5. V578 + 13. (©) /578 + 5. (D) v/554 + 13.

Huéng dan giai

Al 9 0O mB

3iz —15i — 9
3i

liw + 4+ 2i) =2 & ‘_71(—2w—4+8i)

Tacé|z—5+3i| =3 &

‘:3<:>|3iz—9—15i|:9.

—2& | —2w—4+8i| =4

Goi A va B la diém biéu dién cta 3iz va —2w, khi d6 A va B 1an lugt thudc cac duong tron tim
0(9;15) ban kinh bang 9 va dudng tron I(4; —8) ban kinh bang 4. Ta tinh dugc OI = /554.

Khido T = |3iz + 2w| = |3iz — (—2w)| = AB.

Do IO = v/554 > 4+ 9 nén hai duong tron ngoai nhau, suy ra ABmax = AO+OI+ 1B = /554 +13.
Chon dép an @ O
Cau 4. Xét s6 phtic z théa man |iz — 2i — 2| — |z + 1 — 3i| = 1/34. Tim gia tri nho nhéat cta biéu thiic
P =|(1+1i)z+2i|

9
@ Pmin = \/T7 Prin = 3v/2. @ Poin = 4./2. @Pmin = \/%

Huéng dan giai
Gia st s6 phtic z ¢6 dang z = a + bi, z c6 bi€u dién hinh hoc 1a diém M(a; b). Khi d6

iz =2~ 2| — |2+ 13 = V3 & /(b + 22+ (a =22 — /(e + 12+ (b -3 = V34 (1)
Goi diém A(2; —2), B(—1;3) khi d6 ta c6 AB = v/34. Két hgp véi (1) ta suy ra MA — MB = AB. =

Diém M trung véi diém B hodc B 1a trung diém cia M A. Ta xét hai truong hgp sau:

e TH1: M trung B = M(—1;3). Suy ra

P=/(a—b2+(a+b+2)?=V32=4v2

e TH2: B la trung diém ctia MA = M(—4;8). Suy ra

P=1/(a—b)2+(a+b+2)?= /180 = 6V5.



Suy ra, min P = 4./2.

Chon dép an (C) [
£ —2i < N
Cau 5. Cho so0 phuc z thoa man % = 1. Gid tri nhé nhat cta |z + 3 — 2i| bang
2v/10 V10
N — 2+/10. (© V0. (D) =

Huéng dan giai
Goiz=x+4+yivoix,yeR

z—2i
z+3—1
Vay tap hop cac diém biéu dién s6 phiic z 1a duong thang d: 3x +y +3 = 0.
Ta c6 |z +3 — 21 = |z — (=3 + 2i)|, v6i Mo(—3;2).

|z + 3 — 2i| dat gia tri nhé nhat bang d(My,d) = [=9+2+3] _ 4 zzm.
VI+1 VAT

=1 z-2i=z43—i|l< |x+(y—-2)i|=|(x+3)+ (y—1)i| ©3x+y+3=0.

Chon dép én (A) O
Cau 6. Cho céc sb phtic z, w théa man |z| = /5, w = (4 — 3i)z + 1 — 2i. Gia tri nhé nhét cta |w|
la

(A) 3V/5. 4+/5. (©) 5V/5. (D) 6/5.

Huéng dan giai

, 142

Theogiéthiéttaeéw:(4—3i)z+1—2i:z=%.
142

Nén |z| = v/5 & %;:.l =5 & |w—1+2i] =55

Vay, tap hop diém biéu dién s6 phitc w 1a duong tron I(1; —2) va ban kinh R = 5+/5.

Tac6 Ol = /12 + (-2)2 =5 < R.

Do d6 min |w| = R — OI = 5v/5 — /5 = 4/5.

Chon dap an ]
Cau 7. Cho s6 phtic z théa man |z — 3 + 4i| = 2. M6-dun 16n nhat ctia z bang
@a7. 8. (©)s. (D)3.

Huéng dan giai

Tap hgp cac diém biéu dién cho s phiic z thoa |z — 3 + 4i| = 2 1a dudng tron c6 tam 1(3; —4) va ban
kinh bang R = 2. Suy ramax |z| = [0+ R =7.

Chon dap an (A) O

Cau 8. Cho sb phtic z théa man |z — 2 — 3i| + |z — 5 + 2i| = /34. Goi M, m lan luot la gia tri 16n
nhét va gid tri nh6 nhat ctia biéu thuc |z + 1 + 2i|. Khi d6 téng M + m bang

30 30 30
@\/ﬁ+\/3_4' \/ﬁ+5' (© V34 +6. @\/ﬁ+6'

Huéng dan giai



Datz=x+yivoix,y € R.

Goi I(x;y) 1a diém biéu dién ctia s6 phic z.

Ta c6 A(2;3), B(5; —2), C(—1; —2) lan luot 1a diém biéu dién cta sd
phtic zy = 24 3i,20 = 5—2i,23 = —1 — 2i. Khi d6 AB = /34 va

|z+1+2i| =CIL @)
Theo dé bai thi AI + BI = /34 = AB nén I thudc doan thrfmg AB.
Phuong trinh ctia duong thang AB 1a 5x + 3y — 19 = 0. C

5.(—1)43-(—2)—19] _ 30
V52 + 32 RVETS

CI dat gia tri 16n nhat nhét khi I trung v6i diém dau muit ctia doan thang AB.
Mat khédc CA = v/34va CB = 6.
Vay gia tri 16n nhat ctia CI 1a 6.

CI dat gia tri nhd nhat khi CI | ABhay CI = d(C, AB) = |

DodéM:6,m:£.
30\/34
Vivay M +m = — + 6.
1y aa
Chon dap én@ [
Cau 9. Cho céc s6 phtic z1 va zp théa man cac diéu kién |z; —i| = |z — 1 +i| va |zp — 1| = |zo + 2i].

Tim gia tri nh6 nhat cda biéu thic P = |z1 — zp| + |z1 — 3| + |z2 — 3|?

4+/3 4+/2
@Pmin:%_- Pmin:%_- @Pmin:4\/§- @Pmin:4\/§-
Huéng dan giai

Goi M, N lan lugt 1a diém biéu dién ctia cac s6 phitc z; = a + bi, zp = ¢ +di (a,b,c,d € R). Ta c6

o |z1—i|l=|z1—1+i|la®+b-1)2=@-1)2+b+1)><=2a—-4b—-1=0.
= M di dong trén duong thang dy: 2x — 4y — 1 = 0.

o zo—1|=|z+2i| & (c—1)2+d> =2+ (d+2)?> = 2c+4d+3=0.
= N di dong trén duong thang dp: 2x + 4y + 3 = 0.

TacOP = |z —zp| +|z1 = 3| +|z22=3| = V(a—c)2+ (b—d)2+/(a—3)2+ b2+ \/(c —3)2 +d2 =
MN + MA + NA véi A(3;0).



Ay d
N 2
A
M 1
dy
Aq

Goi A; dbi xing véi A qua duong thang dy; A, ddi xing véi A qua duong thang dy, ta c6
MN + MA + NA = MN + MA; + NA; > A1 A.

Déng thitc xay ra khi va chi khi bén diém M, N, Ay, A, thang hang.
Goi A1 1a duong thang di qua diém A va vudng goc v6i dy, ta c6 phuong trinh dudng thang A 1a
2x+y—6=0.

5
i 2x —4y—1=0 X ==

Goi H; = A1 Ndy = toa do diém Hj 1a nghiém ctia hé phuong trinh & 2
2x+y—6=0 y=1

= H; (g, 1) = A1(2;2).

Goi A, 1a duong thang di qua diém A va vuong géc véi dy, ta c6 phuong trinh dudng thang A, 1a
2x —y—6=0.

21
) i 2x+4y+3=0 =7
Goi Hy = ApNdy = toa do diem Hj 1a nghiém ctia hé phuong trinh & 9
2x—y—6=0 y=—=
5
21 9 6 18
= i (1—0'—5) A (5*?)-
\ 6 .\’ 18\’
Vay Ppin = A1Ap = 5—2 + —3—2 = 44/2.
Chondépén@ O]
Cau 10. Cho céc so phuc w,zthoaman|w—|—z]:TvaSuJ:(2+z)(z—4).G1atr1ldnnhatcua
biéu thitc P = |z — 1 — 2i| + |z — 5 — 2i| bang
&) 4V/13. 4+2v/13. (©) 2V/53. (D)6V/7.
Huéng dan giai
Tur gia thiét ta co:
) ) . 5i 3v5 )
5w 4 5i| = 3v5 < |(2+i)(z — 4) +5i] = 3V5 < 2—4—1—2_;1. = I2\+fi| & |z —342i] =3.




6

Goi M(a;b) la diém biéu dién s6 phiic z, suy ra M thudc duong tron (T) tdm I(3; —2) ban kinh
R =3.

Goi A(1;2), B(5;2) va E(3;2) la trung diém cta AB. Tac6 P = MA + MB.

Khi d6 P? = (MA + MB)? < 2(MA? + MB?) = 4ME? + AB2. y

Nhan thdy E nam ngoai duong tron (T), goi D 1a giao diém cta 2 4 = B
tia d6i ctia tia IE va duong tron (T) suy ra ME < ED, véi moi M | |
thuoc (T). 1 i
oy e = ol /1 5\ *
Mat khac ta ¢6: AB = (4;0), I[E = (0;4) = AB L IE = DE =
R+IE=3+4=7. )
= P? <4ME? + AB? < 4DE*+ AB* = 4-49 4+ 16 = 212. -
= P < 2+/53, dau “=" xdy ra khi va chi khi M = D.
Vay gia tri 16n nhat ctia biéu thitc 12 Ppax = 2v/53.
D
Chon dép an (C) O]

Cau 11. C6 bao nhiéu sb phtic z thod man dong thdi hai diéu kién sau: |z — 10 + 2i| = |z + 2 — 14i]
valz—1-10i] = 5?

(A) Vo sb. Mot. (C) Khéng, (D) Hai.
Huéng dan giai

Goi M(x;y) la diém biéu dién cta s6 phic z. Tir diéu kién ban dau ta c6 hé phuong trinh

VE =102+ (y+2)2 = \/(x+2)2+ (y - 142 [3x—dy+12=0
A
V=124 (y-102=5 (x—1)*+ (y —10)* = 25.
Dé y duong thang 3x — 4y + 12 = 0 tiép xtic v6i dudng tron (x — 1)% + (y — 10)? = 25, nén hé trén

chi c6 mot cip nghiém (x;y), suy ra chi c6 mot s6 phiic thoa yéu cau dé bai.
Chon dap an [

Cau 12. Cho s6 phtic z thod diéu kién |z + 2| = |z + 2i|. Gid tri nhd nhat ctia biéu thirc
P=|z—1-2i|+|z—3 —4i|+|z—5— 6

dugc viét dudi dang <a + by 17) /2 véia, blacic hitu t. Gia tri cGaa + b 1a

@A) 3. B) 2. ©7. (D)4.

Huéng dan giai



Cach1
e Dit E(—2;0), F(0; —2), A(1,2), B(3,4), C(5,6), M(x,y) biéu dién cho s6 phtc z.
e Tir gia thiét, ta c6 M thudc dudng trung truc A : y = x ctia doan EF va P = AM + BM + CM.
e Ta chiing minh diém M chinh 1a hinh chiéu vudng géc ctia B 1én duong thang A.

— V6i M’ tuy y thudc A, M’ khac M. Goi A’ 1a diém dbi xiing ctia A qua A. Nhan thay rang
ba diém A’, M, C thang hang.
- Tac6 AM' + BM'+CM' = A’M' + BM' + CM' Ma A'M' + CM' > A/C = AAM +CM =
AM + CM. Lai c6 BM’' > BM.Do d6 AM’' + BM' +CM' > AM + BM + CM.
Cach 2.

e Goiz =x+yi (x, y € R). Tir gia thiét |z + 2| = |z +2i|, ddn dény = x. Khi d6 z = x + xi.

e P=/(x—1)2+ (x—2)24+/(x —3)2+ (x —4)2+ /(x = 5)2 + (x — 6)2.

e St dung bat dang thiic

Va2 + 02+ /2 +d2 > \/(a+c)2+(b+d)2.

£ 2 b
Dau dang thuc xay ra khi va chi khi g = Ta co

VE =124 @ =224/ (x =52+ (x—=6)2 = /(x = 1)2 + (x = 2)2 + /(5 — )2 + (6 — x)2
(

WV
<
K
|
—_
_|_
o
I
K
5
_|_
%
|
)
+
Gl
|
K
5

A a2 7
Dau dang thuc xay ra khi va chi khi = Sx =g



e Mat khac
7\* 1 1
_3)2 _4)2 — 2 _ _ _z S
V=324 (x—42= V22~ 14x +25= 2 (x 2> t1% 755
£ 42 o Do e 7
Dau dang thuc xay ra khi va chi khi x = 5
) 4 1+2v17
e Tir hai truong hop trén, ta thay, gid tri nhé nhat ctia P 1a %_ Khidéa+b = 3.
Chon dép én (A) O

Cau 13. Cho s6 phtic z théa man diéu kién |z — 1+ 2i| = /5. Khi d6 sb phtic w = z+1+1i ¢
modun 16n nhat |w|max béng

@ |@|max = 20. W] max = 2+/5. @ |W|max = V5. @ |W|max = 5V/2.
Huéng dan giai
Taco|z—1+2i| =5 |[w—2+i =V5> |w|—2—i| = |w| — V5 = |w| <2V5,dau” = " xay
ra khi w = 4 — 2i. Vay |w|max = 2V/5.
Chon dép an (B) O

Cau 14. Cho hai s6 phtc z;, z; ddng thoi thda man hai diéu kién |z — 1| = /34 va [z + 1+ mi| =
|z + m + 2i| trong d6 m € R, sao cho |z; — z5| 16n nhét. Khi d6 gia tri cta |z + zo| bang

@A V2. V130. (©2. (D)10.
Huéng dan giai
Datz = x +yi, x,y € R. |z — 1| = /34 suy ra biéu dién ctia z thudc dudng tron tam I(1;0), ban kinh
V34, |z+1+mi| = |z+m+2i] & (2m —2)x + (4 — 2m)y + 3 = 0 (d) nén biéu dién ctia z thude

duong thang d, dé thay d ludn di diém K (— g ;— g) cd dinh.

A

Biéu dién ctia z1, z; 1a giao diém ctia dudng tron tam I va dudng thang d, dé thay |z; — zp| 16n nhét
khiddiqual khidézy = —4—3i,zp =6+ 3iva |21 —|—Zz| =2
Chon dép an (C) [



Cau 15. Cho s6 phtc z thda man |2z — 3 — 4i| = 10. Goi M va m lan lugt 1a gia tri 1on nhat va gia tri
nhé nhat cta |z|. Khi d6 M — m bang
(A)5. 15. (© 10. (D) 20.
Huéng dan giai
Gia st s6 phitc z = x + iy v6i x,y € R va diém M (x;y) la diém biéu dién s6 phuc z.
Khi do
22 -3 —4i| =10 < |2 (x +yi) — 3 — 4i| = 10 & |(2x —3) + (2y — 4) i| = 10

suy ra
2
(2x —3)* + (2y — 4)* = 100 & (x— g) + (y—2)* =25
Do d6 tap hgp diém M thudc dudng tron (C) c6 tam [ (%, 2 vaban kinh R = 5.
Ma |z| = OM, & d6 O 1a gbc toa dd. Do OI = 1/ +22 == suy ra O nam trong dudng tron (C).
Do dé max |z| = Ol + IM = 2—1—5— 7vam1n|z| =IM — OI—S—E = g
15 5
Vay M — m_?—E_S,
Chon dap an@ O

Cau 16. Xét s6 phtic z thod man |z+1—i| + |z —3+i| = 6. Tim gia tri nh6 nhét ctia biéu thic
P=|z+1+4i|.

A) 3. B)2+ 2. ©s. (D)5 — V2.
Huéng dan giai
Ta nhan thay tap hop diém M biéu dién sé phic z thod man I
|z+1—1i] +|z—34i| = 6 chinh la duong elip (E) c6 d6 dai truc 16n
bang 2a = 6, truc nhd bang 2b = 4 véi A(—1;1) va B(3; —1) 1a hai dinh

trén truc lon.

Xét diém I(—1;4) nam ngoai elip (E) va I ndm trén dudng trung truc / \
cta doan AB. A o) B
Taco P = |z+1+4i] = MI v6i moi diém M € (E). Tir d6 suy ra gia \/

tri nhoé nhat cua P bang d(I, AB) —b=5—-2=3.
Chon dap én@ [

Cau 17. Trong mat phang phtc, xét s6 phitc z va sb phiic lién hgp ctia né c6 diém biéu dién la
M, M'; s6 phiic z(4 + 3i) va sb phuc lién hgp ctia né c6 diém biéu dién 1an luot 1a N, N'. Biét rang
M, M’, N, N’ 1a bén dinh ctia hinh chit nhat. Tim gia tri nhé nhat cta |z + 4i — 5.

1 2 5 4

Huéng dan giai



bat z = a+ bi. Khi d6 z(4+3i) = 4a — 3b + (3a + 4b)i va
M(a;b); M'(a; —b), N(4a — 3b;3a + 4b), N’ (4a — 3b; —3a — 4b).
MN = (3a — 3b;3a + 3b).

Theo tinh chat d6i xing thi MNN’M’ 1a hinh thang can. Do dé
dé MNN’M’ 14 hinh chit nhat thi MN ciing phuong véi truc Ox
hay3a+43b =0 b = —a.

Ta co
z+4i-5 = \/(a—52+(b+4)
= J(@=52+ (~a+4)2= V22>~ 182 + 41
9\* 1
S 1
V2 9 9 9
Déu bang xay ra khi va chi khia = 5 hay z = 5~ Ei'

3a +4b

—3a —4b

’ N 1
Vay gia tri nho nhat cta |z + 4i — 5| bang —= khi va chi khi z = g - gi.

V2
Chon dap an @

10

O

Cau 18. Cho s6 phtic z va w thda man z + w = 3 + 4i va |z — w| = 9. Tim gia tri 16n nhét ctia biéu

thic T = |z| + |w|.

@maxT:\/m. maxT:14.
Huéng dan giai
batz=a+bi(a,b € R),w =c+di(c,d € R).

Ta co
lz+w|=|3+4i| =5
& |(a+bi)+ (c+di)] =5
& |(a+c)+(b+4d)i| =5
& (a4c)?+ (b+d)? =25
va

|z—w| =9
< |(a+bi)—(c+di)| =9
l(a—c)+(b—4d)i|=9

i

& (a—c)?+(b—d)? =8l

@maxT:4.

(D) max T = /106.
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Ta c6 hé phuong trinh
(a+c)?+ (b+d)*> =25
(a—c)*+(b—d)* =81
a* 4 2ac + c® + b 4+ 2bd + d* = 25
=
a* —2ac + c* + b* — 2bd + d* = 81
= a*+b*+c*+d> =53
Theo bat dang thitc B.C.S ta c6

21+ ]| = |1+ VaZ 4+ B2+ 1+ Ve 2| < /(12 +12) (a2 + b2 + 2 + d2) = V106,

.. 21 47, 51 7 . a _
Véiz = 10 + 0°%Y= 10 10 ludn thoa man gia thiet va |z| + |w| = v/ 106.
Vay max (|z| + |w|) = v/106.
Chon dap én@ [

Cau 19. Cho s6 phtic z = x + yi v6i x,y € R théaman |z — 1 —i| > 1va |z — 3 — 3i| < /5. Goim,
M lan lugt la gia tri nhé nhat va gia tri 16n nhat ctia biéu thirc P = x + 2y. Tinh ti sd %
9

® 7 o N
Hudng dan giai
Goi M(x;y) 1a diém biéu dién s6 phuc z, I(1;1) la y
diém biéu dién s6 phirc 1 + i va J(3;3) l1a diém biéu
dién s6 phtic 3 + 3i.
Theo gia thiét z—1—i] > 1 & IM > 1 & M
khong nam trong (c6 thé thudc) duong tron (C) c6
tam 1a I(1;1), ban kinh R = 1.
Mit khac |z—3-3i < V5 & M < V5 & M
nam trong hinh tron (C’) c6 tdm la J(3;3), ban kinh
R = /5.
Xét duong thang d: x +2y = P
=d:x+2y—P=0.
Vi M € d va M nam trong hinh tron (C’) nén P nho -19 2 3 N i
nhat hodc 16n nhat khi d tiép xtic véi (C') dong thoi ¥+2y=0 ¥+2y—4=0

M phai khoéng nam trong hinh tron (C).
Duong thang d tiép xtic véi (C') khi va chi khi

x+2y—14=0

HVY/U)»PO‘IO\

P=14
V5 P =14.
V6iP=4=d:x+2y—4=0.ViMlatiép diémnén JM L d = JM: 2x —y —3 = 0.
X4+2y—4=0 x=2
&
2x—y—3=0 y=1

d(];d):R’@u:\/E@W—P\:S@ [

Toa d6 diém M la nghiém cta hé { = M(2,1)=IM=1=R
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= M khong nam trong dudng tron (C).
V&iP=14=d: x+2y—14=0.ViMlatiép diémnén JM L d = JM: 2x —y —3 =0.
, x+2y—14=0 x=4
Toa do diém M la nghiém ctia hé & = M(4,5) = IM=5>R
2x—y—3=0 y=2>5
= M khong nam trong dudng tron (C).
A . M 14 7
Vaym:4vaM:14:>E:—:
Chon dép an (B) 0
Cau 20. Cho sb phtic z théa man diéu kién |z2 — 2z + 5| = |(z — 1+ 2i)(z + 3i — 1)]. Gia tri nhd nhat
clia |z — 2 + 2i| bang

@A) V5. 1. ©3. D).
Hudng dan giai
22 =2z 45| = |(z — 1+ 2i)(z+3i — 1)
& |(z—=1-2i)(z—142i)|=|(z—14+2i)(z+3i —1)|
z—(1+20)]-|z—(1—=2i)| = |z— (1 —2i)| - |z+ (=1 + 3i1)|
|z—(1-2i)| =0
|z— (142i)| = |z+ (—=1+3i)]|.
eNéu|z—(1-2{)|=0=z=1-2i=|z-2+2i|=|-1] =1
eNéu|z— (1+2i)|=|z+ (-1+3i)| =y = —%. Gia tri nho nhét ctia |z — 2 + 2i| bang g
Nhgn xét: Khong can xét truong hgp sau, vi trong cac dap an 1 1a gia tri nho nhat.
Chon dép an (B) [
Cau 21. Chosb phtic z théa man |z + z| + |z — Z| = |z?|. Gid tri 16n nhat cta biéu thic P = |z — 5 — 2i|
bang bao nhiéu?
(&) V2 +5V3. B) V2 + 3/5. (© V5 +2V3. (D) V5 +3v/2.
Huéng dan giai
Gia stt z = x + yi (trong d6 x, y € R) 6 diém biéu dién 1la M(x;y).

Ta c6

|z +2 + |z — 2| = |2%| & [2x| + 2pi] = &* +
& 2x| +2ly| = 22+ 12
[ X% + 1% — 2x — 2y = 01a duodng tron tam [ (1;1) ban kinh r = v/2

x? +y?* — 2x + 2y = 01a duong tron tdm I3(1; —1) ban kinh r = V2

(

x2 4 y? + 2x 4 2y = 012 dudng tron tdm Ir(—1; —1) ban kinh r = v/2
(
(=

| x% + ¥ + 2x — 2y = 01a duong tron tam I4(—1;1) ban kinh r = V2.

Ma P = |z —5—2i]| = MAvdi A(5;2) va M chay trén 4 duong tron nhu hinh vé bén dudi.
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?
| I5

Dua vao hinh minh hoa, r6 rang Pmax = LA + 71 = V36 +9 4+ 2 =3v5+ V2.
Chon dap an (B) O
Cau 22. Xét cac s6 phiic z = a + bi (a,b € R) théa man |z —4 —3i|] = 5. Tinh P = a + b khi
Q =|z+2—2i]*>+2|z — 4 +i|* + 3|z + 2i|* dat gid tri [6n nhét.
(A) P =11. (B) P =14. © P =13 (D) P = 12.
Huéng dan giai
Goi M(a;b) va I(4;3) = M nam trén dudng tron tdm I, ban kinh 5. M
Xét A(—2;2), B(4;,—1),C(0; —2) = Q = MA? +2MB? + 3MC>.
Goi H(x;y) la diém thda man
L, { (x+2)+2(x—4) +3x =0
HA+2HB+3HC =0 &
(y—2)+2(y+1)+3(y+2)=0 H

x=1
o = H(1;-1).
y=-1
—_— — >\ 2 — —>\2 e —— —\ 2
Tacé Q = (MH+ HA) 42 (MH—I— HB> +3 (MH+ HC) = 6MH? + HA? + 2HB? + 3HC? +
2MH (ﬁ +2HB + 3H_c’) — 6MH? + HA? + 2HB? + 3HC2.
Do A, B, C, H ¢ dinh nén HA? + 2HB? + 3HC? 1a hang sb, do vay Q 16n nhat khi MH 16n nhét
HM

< M, I, H theo thu tu théng hang < W = mm

Tacd HI =32 +42=5= HM = HI + M[ =5 +5 = 10 = HM = 2IM

a—1=2(a—4) a=7
- = = P =14.

b+1=2(b—3) b=7
Chon dap an (B) O
Cau 23. Chosb phicz = x +yi (x,y € R)théaman [z —1+3i| = [z+3—i|vaP = ||z —1—2i] —
|z 4+ 1 — i|| dat gia tri 16n nhét. Tinh t6ng S = x° + 1°.

(A)S=0. B) S = 16. (© S = 54. (D)S = 27.

Hudéng dan giai
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Goi M(x;y) la diém biéu dién s6 phitc z = x + yi, x,y € R. Ta c6
z—1+4+3il=|z+3—i| < x—y=0.

Goi A(1;2), B(—1;1),khidé P = ||z —1—2i| — |z+ 1 —i|| = |[MA — MB].

Bai toan trd thanh: Tim M thuoc duong thang d: x — y = 0 sao cho [MA — MB| 16n nhét.

Xét P(x,y) = x —y,tacé P(A) - P(B) =2 > 0nén A, B nam ciing phia déi véi d.

Goi I 1a giao diém ctia AB vdi d, ta tim dugc 1(3;3).

Ta c6 |[MA — MB| < AB. Pang thtic xay ra khi M = I. Do d6 P dat gia tri 16n nhat khi toa do M la
(3;3). Vayx =y =3va S =3%+33 =54

Chon dap an (C) O

Cau 24. Cho s6 phic z = a+ bi (a,b € R) thoa |z + 4| + |z — 4| = 10 va |z — 6| 16n nhat. Tinh
S=a+b.

A)S = -3. B)S =5. © S = -5 (D)S = 11.
Huéng dan giai
Goi M(a, b) 1a diém biéu dién cta sb phuc z. y
bat F;(—4;0), F(4;0), 1(6;0). Theo bai ra ta c6
2+ 4+ |z — 4] = 10 = MF, + MF = 10. f

Suy ra diém M thudc elip c6 do dai truc 16n bf?mg 10. A\ F 0 K/ IX
|z—6]=IM < TA" =11.

Suy ra |z — 6 16n nhat khi M(—5;0).
Chon dap an (C) O

Cau 25. Goi z1, z; la hai trong tat ca cac s6 phuc thda man diéu kién |(i — 1)z —3i + 3] = 2 va
21 — 22| = 2. Goi m, n 1an lugt 1a gid tri 16n nhat, gid tri nhé nhat cda P = |z1| + |z5|. Gid tri cta
S = m® + n® bang

&) 72. 90. (©) 54. (D) 126.
Hudng dan giai
Tacé: |(i—1)z—3i+3|=2<|(i—1)(z-3)|=2<|z—-3| = V2. y
Goi M la diém biéu dién ctia z.
Ta c6 M nam trén duong tron (C) tam 1(3;0), R = v/2.
Goi A, B lan lugt 1a diém biéu dién cho z1, zp. Ta c6 |z1 — 22| =2 & AB = 2,
Goi H 1a trung diém AB ta c6 tam giac IAB vuong tai I (theo dinh 1i Pitago
dao) AB
= [H = - =

=1 @)

NN

= H chay trén duong tron tam I ban kinh R = 1.
P = |z;| + |z2| = OA+ OB < /(12 + 12)(OA% + OB?)
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Mt khéc theo cong thire do dai duong trung tuyén ta c6

2 2 2, AB 2, 2 2
OA” +OB” = 20H -I—T:2OH —|—E=ZOH +2.
= maxP =0I+R=3+1=4minP=|0I-R|=3-1=2=m=4n=2=S=64+8="72.
Chondépén@ [

Cau 26. Choz = x + yi v6i x,y € R 1a s6 phuc thoa diéu kién |z +2 — 3i| < [z+i—2| < 5.Goi M, m
lan luot 1a gia tri 16n nhat va gia tri nhd nhét cta biéu thitc P = x? + y? + 8x + 6y. Tinh M + m.

N % —20+/10. 60 — 201/10. © % +20+/10. (D) 60 + 20/10.
Huéng dan giai

zZ+2-3i|<|z+i-2|<2x+y+2<0.

z+i—-2| <5« (x—2)2+ (y+1)?> < 251a hinh tron (C;) tam I;(2; —1) va ban kinh Ry = 5.

e M(z) thoa diéu kién dé bai < M € (S1): 1a phan gach chéo ké ca bién véi A(2; —6), B(—2;2).

P=x>+y?+8x+6y < x> +y>+8x+6y—P=0. (1)
Xét diéu kién dé (1) 1a phuong trinh duong tron véi tam I(—4; —3) va ban kinh R = /25 + P.
M(z) € (51)

. &I —R<R<IA<2V10-5< 25+ P < /45
M e (C)

=40 —-20v/10 < P <20

Suy ra M + m = 60 — 20+/10.
Chon dap an [
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Cau 27. Cho z1, 25 1a hai s6 phitc théa man hé thitc |z — 3 — 4i| = 2 va |21 — zp| = 1. Tim gia tri nho
nhét ctia biéu thic P = |z |* — |z,|*
(A) —10. —5. (© —6 —2/5. (D) —4 — 3+/5.

Huéng dan giai

Goi M, N lan lugt la diém biéu dién cta sb phiic z; va z». Yy M
) M,N € €(I;2) v6i 1(3;4) N
Tix gia thiét ta c6 J
MN = 1.
P = |z1]? = |z)? (%)
— OM? - ON?
- (OM -~ ON) : (OM + ON) 0
X

— NM- <OM + ON)

= 2.NM-0J, (véi ] 1a trung diém MN)

— 2.NM- (57+ T])

= 2.NM-OI, (vi MN L IJ)

— 2.MN-OI-cos(NM,OI)

> 2.MN-OI-(-1)

> —10.
Chon dép én (A) O

Cau 28. Cho sb phtic z théa man |z — 1 + 2i| = 5. Phép tinh tién vec-to T (1;2) bién tap hop biéu
dién s6 phtic z thanh tap hgp biéu dién s6 phirc 2. Tim P = max |z — Z/|.
(A) P =15. (B) P =20 — /5. (© P =10++/5. (D) P = 12.
Huéng dan giai
Xét hai duong tron (I;5) va (I’;5) véi I(1; —2),1'(2;0).
Khi dé max |z —z'| = AB vé6i ABla cac giao diém ctia dudng thang 1’
véi (I;5) va (I';5) (A khong nam trong (I’;5) va B khong nam trong
(1;5))-
Khi d6 AB = 2R + IT' = 10 + /5.

Chon dap an (C) O
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Cau 29. Cho hai s6 phtic z; va z, théa man |z; — 1+ 2i| = 1, |zp — 3 —i| = 2. Tim gia tri 16n nhat
cua |z1 — zp|.

&) V13 +6. B V13 +3. © V13 +4. D) V13 +2.
Huéng dan giai

Giad st z1 = a1 + byi va zp = ap + byi (v6iaq, by, ap, by € R). y

o [z —1+2i|=1% (a1 — 1)+ (b +2)?> = 1.
Tap hop diém M; biéu dién z; la duong tron tam
I(1; —2) va ban kinh Ry = 1.

1
i |22_3_1|:2<:>(112—3)2—|—(b2—1)2:4

Tap hop diém M, biéu dién z; 1a dudng tron tam I (3;1) 0

X
va ban kinh R, = 2.
Ma |z; — 23] = MiMy < CF = R+ 1L + Ry = 1++/13+ »
2 =3++/13.
Chon dap an (B) O

Cau 30. Xét cac s6 phuc z théa man ‘z + \/5‘ + ‘z — \/5‘ = 2v/14. Goi m, M 1an lugt 1a gia tri nho
nhat, gid tri lon nhat cda ’Z + \/5) .Tinh P = m + M.
AP=+vV14++5 (B P=2/5 (©P=2/14+2V5. (D)P=2/14

Huéng dan giai
e Goi N (x;y) la diém biéu dién ctia s6 phic z, Fy (—\/5; 0) ,F <\/§; 0). Khi d6
2+ V5| + |z = V5| = 2v/14 & MF + ME, =2V/14,

M thudc duong elip c6 hai tiéu diém F, F, va d6 dai truc 16n 2a = 2y/14 = a = \/14.

Ta c6 ‘24—\/5‘ :MF1:a+2-vadi—\/14§x§\/14.

Tie d6 suy ram = I+ 2. (~/Td) zm_ﬁvmzm+%.ﬁ=m+ﬁ.

V14 V14
o Vay P =m+ M = /14 — /54 /14 + /5 = 2\/14.
Chondépén@ [

Cau 31. Cho s6 phtic z thod man|z — 3 +4i| =2, w = 2z + 1 — i. Khi d6 |w| ¢6 gia tri 16n nhéat 1a
(&) 16 + V74. 2+ V/130. (© 4+ V74 (D)4 + v/130.

Huéng dan giai

e Tacow=2z+1-icw=2(z—3+4i+3—-4i))+1—-icw—-74+9 =2(z—3+4i).
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Tam I(7; —9)
e Tasuyra|w—7+9i| =2|z—3+4i| & |w—7+9i| =4 = w € duong tron :
R=4
o Vay |w|max = O + R = V72 + 92+ 4 = 4 + V/130.
Chon dép an (D) 2

Cau 32. Goi 7 la sb céc s6 phirc z dong thoi théa man |iz + 1 + 2i| = 3 va biéu thiuc T = 2|z + 5 +
2i| + 3|z — 3i| dat gia tri lon nhat. Goi M la gia tri 16n nhat ctia T. Gia tri ctia tich Mn 1a
(A) 10v/21. 6+/13. (©) 5v21. (D)2V/13.
Huéng dan giai
batz = x +yi, (x,y € R). Khi d6 N(x;y) la diém biéu dién s6 phuc z.
Tir gia thiét, |iz+1+2i| =3 & [z+2—i| =3 & (x +2)2+ (y - 1)2 =09.
Taco T = 2|z + 5+ 2i| + 3|z — 3i| = 2NA + 3NB v6i A(—5; —2) va B(0;3).
Nhan xét rang A, B, I thang hang va 2IA = 3IB (I(—2;1) la tam duodng tron biéu dién cac sb phiic
z).
Tir d6 ta c6 2N A% + 3NB? = 5NI? + 21 A? + 31B% = 105.
Ma T? = (v/2-vV2NA + /3 -/3NB)? < 5(2NA? + 3NB?) = 525 hay T < 5v/21.
Déng thtic xay ra khi N 1a giao ctia duong trung truc doan AB véi duong tron tdm I, ban kinh R = 3.
Vay n = 2 va Mn = 10/21.
Chon dap an @ [

Cau 33. Cho s6 phtic z théoa man |z — 2 +i| + |z + 1 —i| = +/13. Tim gid tri nhé nhéat m ctia biéu
thuc |z 42 —i|.

@m:~1. m:%;_\g. @m:\{—l—; @m:%
Hudng dan giai
batz=x+yi (x,y € R)= M(x;y) biéu bién sb phuc z. y
Xét A(2;—1), B(—1;1), tacé AB = /13.
Do |z—2+i|+|z+1—i] =13 = MA+ MB = /13, suy ra M
nam trén doan thang AB.
Lay diém C(—2;1),tacé |z +2 —i| = MC. i
Vi BC.BA < 0= AABC tii tai B. Do d6 |z +2 — i dat gid trinhé —2 —1 O \ X
nhéat khi M triing véi B hay z = —i +i. Vay m = BC = 1. g

Chon dap an @ [

Cau 34. Xét cacsbd phitcz = a +bi (a,b € R) théaman |z — 3+ 3i| = v2va |z — 1+ 3i| + |z — 3 + 5i
dat gia tri 16n nhat. Tinh P = a + b.

(AP =-2 B) P = -8. ©P=8s. (D)P =2.

Huéng dan giai
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Goi A(3; -3), B(1; —3),C(3; —5) va M(x;y) la diém biéu dién sb phitc z = x + yi.

Theo gia thiét ta c6 |z — 3 + 3i| = v/2 < MA = /2 va MB + MC dat gia tri nho nhat.

Yéu cau ctia bai todn twong duong véi tim diém M thudc duong tron tim A ban kinh R = /2 dé
MA + MB nho nhat.

Ta c6 MB + MC > BC = 2+/2, dang thtic xay ra khi va chi khi M thuoc doan BC.

Phuong trinh duong thang BC: x + y + 2 = 0, phuong trinh dudng tron tam A ban kinh /2 1a

(x=3)+(y+3)>*=2.

x+y+2=0 y=—-x-—2 x=2
Toa @0 M thoa man hé & & .
(x =324+ (y+3)2=2 (x =3+ (—x+1)?=2 y=—4
Vay M(2; —4) = P = 2.
Chon dép an (A) O

Cau 35. Cho s6 phtic z théa man |z +z| < 2 va |z — z| < 2. Goi M, m lan lugt 1a gia tri 1on nhat, nho
nhat cta biéu thirc T = |z — 2i|. Tinh tdng S = M + m.
@A) S =1+ +/10. B®S=v2+v10. (©S=4 (D)S =1.
Huéng dan giai
Goiz=x+4yi, x,y € R, khidotaco y

e z+zZ/<26& 2x| <2 ¥ <1 211

e z—-z|<2& 2| <2« |yl <1

Tix d6 ta c6, tap hop z 1a phan gach soc hinh vé bén.

Goi M la diém biéu dién cho s6 phtc z, suy ra M thudc mién

gach soc.
Lay 1(0,2),suyra T = |z — 2i| = IM, tir d6 suy ra Tax = [A =

IB = /10 va Ty = [H = 1.
Vay S = M+m =1+ /10.

Chon dép an (A) O

Cau 36. Cho s6 phtic z théa man |z + 1| + |z — 3 — 4i| = 10. Tinh gid tri nhé nhét Py, cda biéu thic
P=|z-1+2i.

@ Panin = V17. Pinin = V/34. (C) Puin = 2V/10. @Pmin = @
Hudng dan giai
Gia st diém M(x;y) la diém biéu dién ctia s6 phuc z, M
lay diém A(—1,0), B(3;4) va I(1;2). /
Taco|z+ 1|+ |z—3—4i|=10< AM + BM = 10. &j
Suy ra quy tich diém M la dudng elip voi truc 16n 2a =
10 va hai tiéu diém A(—1;0), B(3;4).

Nhan thdy, I 1a trung diém ctia AB, suy ra I la tam dbi xtiing cta elip.
Mat khac P = |z — 1+ 2i| = IM, suy ra Ppin = b, vdi b la ban truc nho.
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Laic62c = AB = ¢ =2V/2,trdésuyrab? =a> -2 =25-8 =17 = b = \/17.
Vay ta cO Pmin = V17.

Chon dap an (A) O
Cau 37. Cho sb phtc z va z’ théa man |z — 3 —2i| = 1, |z +i| = |2/ — 1 — i|. Gid tri nho nhat cua
5 . R
pP= z— 5 i +|z—2|1a
9v/5 — 10 9v5—5 9v5 9v5+5

Huéng dan giai

Gidstz = x+vyi,z = x +vyivéixyx,y € R T gid thiét ta c6 (x —3)2 + (y —2)?> = 1 va
2x’ + 4y’ — 1 = 0. Nhu vay tap cac diém biéu dién z la duong tron (C) tam I(3;2), ban kinh R = 1
va tap cac diém biéu dién z’ 1a duong thang d : 2x + 4y — 1 = 0.

Goi A(x;y) va B(x'; ') 1an luot 1a diém biéu dién ctaz vaz’,C = (g, 1) la diém biéu dién cta ; —1i
va H 1a hinh chiéu ctia C 1én d. Nhan thdy rang IC_Ld. Tac6 P = AB+ AC > Bl — A + CI — [A >

HI—AI+CI—IA:£+§—2:9‘/§—_1O,

Déau bang xay ra khi \zfg/ihi klzli H =B Vé15A la giao cia doan thang IC vé6i duong tron (C).
y
3
Y S
1

Chon dap an @ [

Cau 38. Cho s6 phuc z théa man |z +2 —i| + |z — 4 — 7i| = 6v/2. Goi M, m 1an lugt 1a gid tri 16n
nhat va gia tri nho nhét cda |z — 1 + i|. Khi d6 P = Ma? + m? bang
171 ®) 171 167 167
2 4 4 2
Hudng dan giai
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Gid st z = x+yi véi x,y € R. Goi P,A,B lan luot la

diém biéu dién cho cic sb6 phic z,—2 +i,4 + 7i. Khi do Y
=|z+2—1
P(x;y), A(~2:1), B(4;7) va { PB = |z —4—7i
AB = 6V/2.

Trdésuyra |z+2—i| +|z—4—7i] = 6/2 & PA+PB =
AB hay tap hop cac diém P biéu dién cho s6 phic z 1a doan |
thang AB. 3
Goi K la diém biéu dién s6 phic 1 —i = K(1;—1), khi d6 i
KA = v/13,KB = /73 va |z— 1 +i| = PK. i
Ta c6 M = max{KA, KB} = v/73. | i
Dé thay tam giac KAB la tam giac c¢6 ba goc nhon, do dé hinh "~ 2 7 1 5 3 4 X

chiéu vuong goéc H ctia diém K trén duong thang AB nam —1—»———K
trong doan AB, do d6 m = KH = d(K, AB).
x+2 y-—
Duong thang AB cé phuong trinh e Rl hay x—y+3=0.
) 1—-(-1)+3] 5 5
Do dO d(K,AB) = — = m =
25 \/5171 V2 \/E
Vay M2 + m? —73+7 =5
Chon dap an @ O

Cau 39. Cho s6 phtic z thoa man |z — 2 + 3i| + |z +2 +i| = 2+/5. Tinh gid tri 16n nhat cia P =
|z — 4+ 4i].

169
@ pmax - T- Pmax - 50 @ Pmax = 34, @Pmax = 3\/5
Huéng dan giai
Giasuz = x+yi, M(x;y), A(2;,—3), B(—2;—1), I(4; —4). Khi d6 ta ¢6
|z —243i|+|z+2+i] =2V5
@\/x— + (y +3) +\/x+2 +(y+1)2=2V5 (D
& AM + BM = 2+/5.

Mat khac, AM + BM > AB = 2+/5, két hop v6i (1) suy ra dau bang xay ra khi va chi khi M ndm
trong doan AB. @)
Kiém tra ta thay IA = (=2;1) va IB = (—6;3) ciing phuong, suy ra A, B, I thang hang.

Tir dé suy ra P = IM dat gia tri lon nhat khi M trung A hodc B.

Ta c6 IA = v/5va IB = 3v/5, suy ra Pmax = 3v/5.

Chon dap an @ O

£ s ) . . . N S .
Cau 40. Biet rang hai sO phtc zj, zp théa man |z; —3 —4i| = 1va |zp —3 —4i| = 5 So phtc z ¢6

phan thuc 1a 4 va phan 4o 1a b théa man 3a — 2b = 12. Gia trinho nhatcta P = |z — z1| + |z — 2z5| + 2
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bang

V9945 /9945
@pmin: 11 Pmin:5_2\/§- @Pmin: 13 @Pmin:5+2\/§-

Huéng dan giai
Patzz =2z thi|z3—6—8i| =1vaP = |z —z1| + |z — z3| + 2.

Goi M, A, B lan luot 1a cac diém biéu dién cho z, z; va z3. Khi dé:
Diém A nam trén duong tron (Cy) c6 tam Iy (3;4), ban kinh Ry = 1;
Diém B nam trén dudong tron (Cs) c6 tdm I3 (6;8), ban kinh Ry = 1
Va diém M nam trén duong thang d : 3x — 2y — 12 = 0.

Bai toan trd thanh tim gia tri nho nhat cta P = MA + MB + 2.

(C1)

A/

I

(C1)

Ta kiém tra thay (C;) va (C3) ndam cung phia va khong cat duong thang d: 3x — 2y — 12 = 0.
Goi duong tron (C}) c6 tam I] va ban kinh R} = 1 ddi xing vdéi (C;) qua d.

Diém A’ d6i xing voi A qua d thi A’ thudc (Cy).

Taco 1I]: 2x+3y—18=0.Goi H = 1I;Nd = H (72 30) suy ra I (105' 8 )

13’13 13713
Tac6 P = MA+MB+2=MA'+ MB+2 = (MA' +R}) + (MB+ R3) > ! M+ LM > I' 5.
. . v994
Tt d6 Ppin khi cac diém 17, I3, A’, B va M thang hang va Ppin = I]I3 = ??’) 5.
Chon dap an (C) O

Cau 41. Cho sb phtic z théa man z—|—§—i = z+§+2i.Biétbié’uth11cQ= |z —2 —4i| + |z —
4 — 6i| dat gia tri nhd nhat tai z = a + bi, (a,b € R). Tinh P = a — 4b.

911 691
AP=-2 ®P=- ©P=-1 @P:ﬁ.
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Huéng dan giai

batz = x +yi, (x,y € R). Gia thiét c6 dugc y

B
5)° 3\?
(x+§) +(y—1)?= <x+§) + (y +2)?
S2x +1 = 6y. =
M
Bi€uthuc Q = /(x —2)2+ (y —4)2+ /(x —4)2 + (y — 6)%. 0 [
A

Goi M(x;y) 1a diém biéu dién ctia z, lic d6 M thudc duong thang d : 2x — 6y + 1 = 0.
Goi A(2;4), B(4;6). Ta cAn tim gia tri nhé nhat cia MA + MB. Kiém tra dugc A, B ndm cung phia
. ) 17
voi d nén goi A’ 1a diém do6i xung véi A qua d. Ta tim duge A’ <39' ) .

10" 10
Do dai MA + MB nho nhéat khi va chi khi M = d N A’B. Duong thang A’B c6 phuong trinh la
151 1813 681 1813 681
~77 — =0.Tudétimdugc M ( ———;— | haya= ——vab=—.
X+y+ 5 0. Ttr do tim duoc (460 460) aya= - o va 160
£ 1oa o9
Ketluan, a — 4b = 160"

Chon dap an O

Cau 42. Cho hai sb phtic z, 2o thod man |z;| = 12 va |z, — 3 — 4i| = 5. Gid tri nh6 nhét ctia |z1 — zp|
la

A)o. B) 2. ©7. (D)17.
Huéng dan giai
Goi M, N 1an lugt 1a diém biéu dién sb phiic z1, z,. y
Ta thay |z1| = 12. M B
= M € (%1) c6 tam O va ban kinh Ry = 12.
Ta thdy |z, — 3 — 4i| = 5.
= N € (6,) c6 tam I(3;4) va ban kinh R, = 5. I
Ta thdy OI = (3;4) = Ol =5 = O € (%).

O X
Ta co |21 —Zz| = MN > OM — ON.
ViOM = 12 nén
min(MN) = 12 —max(ON) =12 - 10 = 2.
Khi d6, ~ VG A, Bla giao diém ctia tia OI v6i (61), (62).
N=A

Chon dép an (B) [

A A . 2 ~ . 176 - 821 . c 2oy 2 A ) . .
Cau 43. Cho so phurcz théoaman (3 —7i)|z| = — + 7+ 3i. Tim gia tri nho nhatcaa | (1 + i)z +2 — i

@ 5v2- V5 B)6v2- V5 ©3vi- V5 D) V5.

Huéng dan giai
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Diéu kién z # 0.

Ta co
176 — 82i
(3 —7i)|z] = T+7+3
o |2 = 19 +17i +7+3i®‘z‘_19+17i_
- (3-7i)-z 3-7i -z
. 19+17: N .
&zl +i= —t l(:)(]z]—i—l)z:19+17z

= |(|z] +1)z| = |19 + 17i| (LAy m6-dun hai vé)
& ||z| + 1] - 2] = 5V26 < y/|z[? + 1.|z| = 5V/26. ©)
bat t = |z| > 0, khi do

2 =25

2) = V241t =5V26< (2 +1)-t2 =650 < t* + 1> — 650 = 0 =
t> = —26 (loai).

V6it? =25 =t =5= |z| =5.

2 — 2 1 3
PatP = |(1+i)z+2—i| = |(1+4) (24 2= )| = V3|2 +Z _Vala— (=143
141 2 2
1
Goi M(x;y), A (_E ;) lan luot 1a diém biéu dién s6 phuc z va
1 3.
Khi d6 P = v2MA va M thudc dudng tron (C) c6 tam O(0;0),
ban kinh R = 5.
5 N E (@) A F
Taco OA = 7 < R =5 = A ndm trong duong tron (C).
Goi E, F 1a giao diém ctia OA vdi duong tron (C) voi AF < AE.
Taco AF < MA < AE.
Vay P nho nhét khi va chi khi MA nho nhat
@MA:MO—OA:S—LEZM
V2 V2
= P =52 — /5.
Chon dap én@ [

Cau 44. Xét cac s6 phitc z, w théa man |z — 1 — 3i| < |z + 2i| va |w + 1 + 3i| < |w — 2i|. Tinh gid tri
nho nhét ctia biéu thic P = |z — w|.

@minP:%. mjnp:%;_q @minP:@. @minP:@.
Huong dan giai
Goiz=x+yi(x, y € R). Taco

|z —1-3i| < |z+2i]

& (x-1)2+ (-3 <2+ (y+2)?
< x+5y >3



25

Suy ra tap hop sb phiic z 1a mién nghiém (E;) ctia bat phuong trinh x + 5y > 3 (phan gach soc).
Goiw=a+bi(a, b€ R). Taco

lw+1+3i| < |w-—2i
& (a+1)2+(b+3)2<a®+ (b—2)>
& a+5b < -3.

Suy ra tap hop sb phitc w 1a mién nghiém (E,) ctia bat phuong trinh x + 5y < —3 (phan gach soc).

SIS 1200777777777,
7 7

777777

77

Goi M, N 1an lugt la diém biéu dién cta s6 phitc w, z. Suy ra M € (E;) va N € (Ey).
Ta co

P=|z—w|=MN = minP = d(dy, da),

trong do
di:x+5 —-3=0vady: x+5y+3=0.

Chon N(3;0) € dy, suy ra

345043 3v26
1+25 13

d(dy,d2) = d(N,d>

3v/26
13
Chon dap an [

Vay min P =

Cau 45. Tap hop cac diém biéu dién sb phiic z trong mat phang toa do Oxy la duong thang c6
phuong trinh v/3x — y — 2018 = 0. Tim gid tri nho nhat ctia P = |z — 2v/3 4 2.

@ min P = 1003\/5 (B) minP = 1015\/5. @ min P = 1013. @minP = 1005.

Huéng dan giai
Goiz=x+yi,x,y € R
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Ta co

P = ‘x+yi—2\/§+2i‘
_ ‘x+<\/§x—2018)i—2\/§+2i‘
= /422 — 4036v/3x + 20162 4 12

2
_ \/ (2x _ 1009\/5) + 10052
> /10052 = 1005.
Vay gid tri nho nhat cua P = 1005 khi z = 1002‘/5 — 102091'.
Chon dép an (D) O

Cau 46. Trén hé toa do Oxy, goi M 1a diém biéu dién sd phitc z c6 mo-dun 16n nhat thdéa man
|z +4 — 3i|] = 5. Toa d6 diém M la

(A) M (—6;8). (B) M (8; —6). (©) M (8;6). (D) M (—8;6).
Huéng dan giai

Gidsuz=a+bivéiabe Rtaco
||z] — [4 - 3i]| < |z +4—3i| < |z| + |4 - 3i

Ma |4 — 3i| = \/42 + (—3)2 = 5 va do gia thiét ta suy ra 0 < |z| < 10. Do d6 max |z| = 10 khi

z| =10 a® + b* =100
-~
lz+4-3i|=5 (a+4)*+ (b—3)> =25

a* +b* =100 a* 4+ b* =100
-~ <~
a*+8a+16+b*—6b+9 =25 4a — 3b = —50
2
(2 1+ 1?2 = 100 a2+(4“;50> — 100
~ =4
b:4a+50 4a + 50
\ 3 b: 3
)
9a® + (4a + 50)* = 900 9a® + 16a* + 400a + 2500 = 900
< p_ 4a+50 < ,_ 4a+50
(" 3 3
a* 4 16a + 64 = 0 1= _8
= =
b:4a+50 b—6
\ 3

Suy ra s6 phtic z = —8 + 6i thoa man bai toan. Do d6 toa do diém M (—8;6).

Chon dap an (D) O
Cau 47. Cho s6 phttc z théaman |z — 2 — 2i| = 2. Tim gia trinhd nhat ciabiéuthic P = |z — 1 —i| +
|z —5—2i|.

&)1+ V10. (B) 4. © V17. (D)5.
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Huéng dan giai
Goiz = x +yi v6i x, y € R c6 diém biéu dién 1a M(x;y). y
S6 phiic 1+, 5 + 2i ¢6 diém biéu dién 1an lugt1a A(1;1), B(5;2). ’
Tacod |z —2—2i| =2 & (x —2)? + (y — 2)? = 41a phuong trinh
duong tron tam I(2;2) ban kinh R = 2.
P=|z—1—i|l+|z—5—2i| = MA+ MB.

Nhan xét: A ndm bén trong dudng tron tdm I, B nam ngoai

duong tron tam 1. ; ~ . .
« 1e - , o . —1 1 2 3 4 5
Dua vao hinh vé ta c6 MA + MB > AB. Dau “=" xdy ra khi M _11

1a giao diém cta doan AB va dudng tron tam 1.

Khi d6 minP = AB=/(5-1)2+(2-1)2=17.
Chon dép an (C) [

Cau 48. Cho s6 phitc z = x + iy (x,y € R) théa man |z + 1| = |(z +i)(z + 2)|. Khi z c6 md-dun
nhé nhat hay tinh gia tri ctia biéu thic P = x2 + 2y.
6 4 4 6
@Pig. P——ﬁ. @P_E. @P——ﬁ.
Hudng dan giai

Tacod |22+ 1| = |(z+i)(z+2)| & |z +illz—i| = |z +i|]z+2| &
lz—i|=|z+2|

e VGiz=—itacd|z| =1.

e Véi z thoa |z — i| = |z + 2| thi tap hop z la duong trung truc d ctia doan thang AB véi A(0;1),
B(—2;0). Khi d6 z c6 mé-dun nhé nhéat khi diém biéu dién ctia z la hinh chiéu vudng géc cta
Olénd.

Ta c6 phuong trinh d: 2x +y + g = 0. Goi H 1a hinh chiéu vudng géc cta O trén d, phuong

trinh OH': x—2y=0.SuyraH(—§'— 5 )

5 10
s R (A AL L 3 3.
Tir hai truong hop trén ta c6 mo-dun z nho nhat khi z = 510"
3 3 6
Suyrax = = Y="7 = P = 55
Chon dap an (D) O

Cau 49. V6i cac s6 phttc z théa man |(1 + i)z + 1 — 7i| = /2, hay tim gia tri 16n nhat cta |z|.

@max|z| = 3. (B) max |z| = 4. (C) max |z| = 7. @max|z| = 6.

Huéng dan giai
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Ditz = a+bi =, véia,bc R. 7
Khi d6
(1+i)z4+1-7i| =2 T
& |(1+i)(a+bi)+1-7i] =2
& (a—b+12+(a+b—7)2=2
& 2412 —6a—8b+24=0
Do d6, |z|max =OI+R=5+1=6. O X
Chon dép an (D) 0

Cau 50. Trong céc s6 phiic z thod man diéu kién |z + 1 — 2i| = |z — i|, tim s6 phtic z c6 m6-dun nhod
nhat.
A)z=—1+i. B z=—-1—1i ©z=1-i @z:1+i.

Hudéng dan giai

Tacd|z+1-2i|=z—i| & (x+1) >+ (y-2)2=x+(y—-1)2> = x—y+2=0.

Vay tap hop s6 phtic z thoa diéu kién dé bai la duong thang d: x —y +2 = 0.

Goi A la duong thang qua O va vudng goc v6i d. Phuong trinh duong thang A: x +y = 0.
x+y=0 x=—1

Goi H = ANd. Toa d6 H la nghiém hé phuong trinh & .Suyra H(—1;1).
x—y+2=0 y=1

Do dai OH la md-dun nhé nhét ctia s6 phuc z thoa yéu cau bai.

Vay s6 phttc thod yéu caubailaz = —1 +1.

Chon dép an @ O

Cau 51. Cho 2 s6 phtic z1,z thda man |z; + 5| = 5, |z + 1 — 3i| = |zp — 3 — 6i|. Tim gia tri nh6 nhat
cua |z1 — zp|.
®3 RS CH RS
Huong dan giai
e Goi M1, M lan luot 1a cac diém biéu dién s6 phtic z1, 2. Ta c6 M; thudc
duong tron (C): (x+5)% +y? = 5va M, thudc dudong thang A: 8x + 6y —
35 =0.
e |z1 — 2| = M{M;. Do d6 |z1 — zp| dat GTNN < My = M, M, = H. Ta

15 5
0 |z1 — z3] :MH:d(I,A)—R:7—5:§.

A H
Chon dép an (C) [
Cau 52. Cho s6 phtic z théa man |z — 4| + |z + 4| = 10. goi M, m 1an lugt 1a gia tri 16n nhat, gid tri
nhod nhéat cta z. Tinh M + m.
(A M+m=2. B M+m=8. ©M+m=09. (D) M +m = 34.
Huéng dan giai
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Goi A(x;y) la diém biéu dién cta sb phitc z = x + iy. Ta ¢6

24+ |z 44 =10 & \/(x— 42+ 12+ 1/ (x +4)2 + 12 = 10.

Nén diém A la diém théa man AF; + AF, = 10, voi F;(4;0) va F,(—4;0). Do d6 tap hop cac diém A
1a e-lip (E) véi tiéu cu 2c = 8, 6 dai truc 16n 2a = 10, d6 dai truc nhé 2b = 2v/a2 — 2 = 6.

Khi d6 m = OAmin =b=3vaM = OAmax =a =5.Vay M +m = 8.

Chon dap an O

Cau 53. Cho s6 phtic z théa man |z — 1+ 3i| + |z + 2 — i| = 8. Gid tri nh6 nhat m cda |2z + 1 + 2i|
la

@m:4. B)m=9. ©m=8. @m:\/@
Huéng dan giai
Goi A, B, M, C lan luot la diém biéu dién cta cac s6 phirc 1 — 3i, —2 + i,z va —% —i. Khi d6, MA +
MB = 8 va ta can tim GTNN ctia 2MC.
Dé y rang C la trung diém ctia AB nén 4MC? = 2 (MA? + MB?) — AB?> > (MA + MB)?> — AB? =
64 — 25 = 39. Vay, GTNN can tim 1a /39, dat dugc khi MA = MB = 4, tac M la giao diém ctia
duong trung truc cia AB va duong tron tam A, ban kinh 4.

Chon dap ém@ [
Cau54. Cho z la s6 phic thod |z—1+i = 2. Tim gid tri lon nhat cta biéu thuc
P=|z+2—i*+|z—2-3i
(A)18. 38 + 8+/10. (©) 18 +2v/10. (D) 16 + 2v/10.
Huéng dan giai
Gidstuz =x+yi,x,y € R, khi do: y
z—1+i=2 & |[(x—1)+(y+1)i|=2 A

S (x—1)7%+(y+1)7? =4

Nhu vay diém M biéu dién sd phitc z thudc dudng tron tam I1(1; —1)
bén kinh R = 2. Ta c¢: I

P = (x+2%4+@y—1>24(x -2+ (y—3)?
= 2+ (y—2)*| +10.

Khi d6 P 16n nhat < x? + (y — 2)? 16n nhéat, hay M A 16n nhéat véi
A(0;2).

Nhan thdy MA 16n nhat khi M,I, A thing hang va I nam
gita M,A. Khi d6 ta <6 MA = AI+R = 24 /10 va

P =2MA2+10 = 38 + 8v/10.
Chon dap an O



30

Cau 55. Cho hai s6 phtic z1;z; théa man |z; — 3i + 5| = 2 va |izp — 1+ 2i| = 4. Tim gi4 tri 16n nhat
cta biéu thice T = |2iz1 + 3z5|.
(A) V/313 + 16. (B) v/313. (©) V313 +38. (D) V313 +2/5.
Huéng dan giai
Gia st 2iz; = a+ bi,—3zp = c +di. Goi A(a; b), B(c;d) 1a cac diém lan lugt biéu dién cho cac s6 phiic
nay. Khi d6
21 —3i+5| =2« (a+6)*+ (b+10)> = 16

nén A thudc duong tron (Cq) 6 tdm 1 (—6; —10) va ban kinh Ry = 4.
lizg—1+2i| =4 (c—6)*+ (d —3)> =144

nén B thudc duong tron (C;) c6 tam Ip(6;3) va ban kinh R, = 12. Ta lai ¢6

T = \/a—c (b—d)? = AB

nén T dat gia tri 16n nhat khi T = AB = Ry + [1 [, + Ry = 16 + /313.
Chon dap an @ [

Cau 56. Cho céc s6 phuc z1,z; théa man |z; — 1+ 2i] = 1va |zp — 2+ i| = |2 + i|. Tim gid tri nho
nhat P, ctia biéu thic P = |z; — z5|.

@A) Pin =v2—1. B Pnin=v2+1.  (C) Pin = 0. (D) Poin = 1.
Huéng dan giai
Goi M, N lan luot la diém biéu dién ctia z1, z; trén mat phang phtic. Tir gia thiét, ta suy ra M nam
trén dudng tron (C) 6 tam I(1; —2), ban kinh bang R = 1, N nam trén dudng thang d: x —y —1 =0
(1a dudng trung truc ctia doan thang ma cac diém dau mut 1a diém biéu dién cta cac s phic 2 — i
vai).
Dé thay d khong cat (C) nén Py, = d(I,d) — R = v2 — 1.
Chon dap an (A) O

Cau 57. Cho z 1a moét s6 phitc ma (z + 1 — 2i) (2 + 3) 1a mot s6 thue. Tim gia tri nhd nhat Py cta biéu
thic P = |z — 3 + 2i].

(A) Py = 4V2. B Py = 3\/_ (© Py = V2. (D) Py = 0.
Huéng dan giai
batz = x + yi vdi x,y € R. Bién ddi gia thiét ta dugc x —y + 3 = 0(d). Goi A(3; —2) 1a diém biéu
dién ctia s6 phtic 3 — 2i, M la diém biéu dién ctia z. Khi d6, M thudc duong thang (d) va P = AM.
Do d6, Py = d(A, (d)) = 4V/2.
Chon dap an @ O

Cau 58. Trong cac s6 phtrc z théa man |z| = |z — 1 + 2i|, s6 phitc c6 mddun nhoé nhét la

@z:1+Zi. z:%+i. ©z=3+i D)z = 5.

Huéng dan giai
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Vilz| = |z|nén |z| = |2 —1+2i] & |z| = [z — 1 +2i]. Y+ g
Goi A, M lan lugt 1a diém biéu dién hinh hoc ctia cac s6 phic z va 1 — 2i. |
Tir dang thiic trén suy ra khodng cach tir diém A dén O bang khoang cach tir o i p
diém A dén M, suy ra A thudc dudng trung truc cia OM. |
Diém thudc dudng trung truc cia OM ma cach O ngan nhat d6 1a trung diém 4
ctia OM, tuong tng la diém biéu dién ctia s6 phirc z = 5~ —2 M
Vay s phttc can tim la z = % +1i.
Chon dap an O
Cau 59. Cho s6 phtic z théa man |z — 3 + 3i| = 2. Gid tri 16n nhét cta |z — i| bang
@A 7. 9. ©e. (D)s.
Huéng dan giai
Ta c6 tap hop cac diém biéu dién s6 phitc z théa man |z —3+3i| =2 ¥
1a dudng tron (C) tam I(3; —3), ban kinh R = 2. Nhu vay bai toan trg 4 3 X
thanh: “Tinh khodng cach 16n nhat tir diém A(0;1) dén mot diém trén
duong tron (C)”. Va d6 chinh la khodng cach tir diém A dén diém Q nhu 1%
hinh vé bén. -3 I
AQ=AI+1Q=/32 +#2+R=5+2=7. >
Vay gia tri 16n nhat cta |z —i|1a 7.
Chon dap an @ [

Cau 60. Gid stt 21,2, 1a hai trong s6 cac s phiic z thda man ‘iz +2— i’ = 1va|z; — z| = 2. Gia tri
16n nhét cta |z1] + |z2| bang
@A) 4. 24/3. (©3v2. (D)3.
Huéng dan giai
Taco |iz+V2—i| =14 |z (1+iv2)[ = 1.
Goi 2o = 1+iv/2 c6 diém bidu dién1a I (1;v2).

Goi A, B lan lugt 1a cac diém biéu dién cta z1,z5. Vi |z1 — zp| = 2 nén [ 1a trung diém cta AB. Ta c6

21] 4 |z2] = OA + OB < /2 (0A2 + OB?) = V4O 1 AB? = V16 = 4.
DAau bang xay ra khi OA = OB.
Chon dap én@ [

Cau 61. Cho s6 phitc z = a + bi (a, b 1a cac s6 thuc) théa man |z| = |z — 3 + 4i| va c6 m6-dun nhod
nhat. Gia tri cia P = ab 1a

@2- (B) 4. ©2. D)3.

Huéng dan giai
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Datz =a+ bi, taco

|z| = |z — 3 + 4i

la + bi| = |a — bi — 3+ 4i
la+bi| = |(a—3) — (b—4)i
Va2 12 = /(a -3+ (b—4)2
a*+b* = (a—3)%+ (b —4)?
—6a+9—-8h+16=0

6a +8b —25 = 0.

r Tt T TO

Tap hop diém ctia s6 phiic z 1a duong thang 6x + 8y — 25 = 0. Vay mo-dun nho nhat ctia s6 phic z
13 hinh chiéu vudng géc ctia gbe toa do O 1én dudng thang.

Xét duong thang qua O va vuéng géc véi duong thang 6x + 8y — 25 = 0 c6 phuong trinh la
8x — 6y = 0.

A 2 , 6x+8y—25=0
Goi H 1a hinh chieu cua O 1én duong thang 6x + 8y — 25 = 0. Ta c6 toa A H thoa hé &
8x—6y =20

L3

=3

y=2

3 iR 1R 1A o A 1. 3 . 3 s

Suyra H 5;2 1ad1emb1eud1encuasophu’cz:§+21.Vaya:§,b:2kh1doP:3.
Chon dép an (D) O

Cau 62. Cho s6 phtc z théa man |z — 1 — i| = 1, s6 phitc w théa man [@ — 2 — 3i| = 2. Tim gia tri
nho nhéit cta |z — w|.
(A) V13 - 3. (B) V17 - 3. (© V17 +3. (D) /13 + 3.
Huéng dan giai
Datz = x4 yi, Dat w = a + bi. Khi d6

z—1—-il=1ax—1+(y-1i|l=1e (x-1)2+(y—-12=1.
Do d6 tap hop cac diém biéu dién s6 phiic z 1a duong tron (Cq) c6 tam I1(1;1), r = 1.
[@—2-3i|=2&|a-2—(b+3)i| =2 (a—-2)*+ (b+3)* = 4.

Do d6 tap hop cac diém biéu dién sb phirc w 1a duong tron (Cp) ¢6 tam (2; —3), ban kinh R = 2.

|z —w| = /(x —a)?2+ (y — b)? day 1a biéu thiic xac dinh khoang céach gitra hai diém biéu dién cho
s6 phtic z va w.
Tacé 11, = V17 > R+ r nén (C;) nam ngoai (Cy).

Khi d6 khoang cach ngan nhéat gitta hai diém lan lugt nam trén hai duong tron la:

d=LL —R—r=+17-3.
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Chon dép an (B) [
Cau 63. Cho hai s6 phtic z1, z; théa man |z; + 1 — i| = 2 va zp = iz;. Tim gid tri l6n nhat m cta biéu
thac P = |z1 — 25|

(A)m=2v2+2. B)m=+v2+1. ©m=2v2 D)m = 2.
Huéng dan giai
Ta c6 |z1 — 22| = |z1 — iz1| = |1 —i| - |z1] = V/2|z1|. Do d6 P 16n nhét khi va chi khi |z;| 1én nhét.
Goi M(x;y) la diém biéu dién s6 phtc z;. Ta c6

Z1+1—i]=2a (x+1)2 4+ (y—1)? =4

= M thudc duong tron tdm I(—1;1), ban kinh R = 2.

z1 16n nhat khi OM 16n nhat == M € OI N (I, R).

Puong thing OIlay = —x. Dodé OIN (I, R) = {A(vV2—1;1—v2);B(—vV2—-1;vV2+1)}.

Ma OA =2 —+/2,0B=2++2.

NénmaxOM = OB =2++v2khiM = B < z; = —2 -1+ (V24 1)i. Vaymax P = m = 2 +2+/2.
Chon dép an (A) O

) 1 1 2
Cau 64. Cho haiso phucz; = 5T ?i, n=-5+ ?i. Goi z 1a s phtic théa man |3z — v/3i| = /3.

Goi M, m lan lugt 1a gia tri 16n nhat, nho nhat cda biéu thie T = |z| + |z — 21| + |z — 2| Tinh md-dun

ctia s6 phttc w = M + mi.

® 22 VIG. GEY) on
Huéng dan giai
va\© 1
Ta c6 x2 4+ (y -3 ] =3 (C). Goi K, A, B 1an luot 1a cac diém biéu dién cua z, z1,z;. Khi d6

T = OK+ KA + KB.

Ta c6 A, B, O thuoc duong tron (C) va tam giac ABO déu. Suy ra m = 20A = 2. Dang thiic xay ra
khi K trung v6i O, A, B

Goi K thudc cung AB, ta c6 KA-KB = OA-BK+ AB-OK <& KA = KB+ OKsuyra T2 = KA =<

43 16 -3 2+/21
2 vay o] = |10 4= 2

Chon dap an @ O]

, z—3-2i <1 ,
Cau 65. Cho hai so0 phtrc z, w thoa man . Tim gia tri nho nhat Py, ctia
w414 2i| <|w—2—i|
biéu thic P = |z — w|.

2v2+1 3vV2 -2 5v2 -2
@Pmin:\/_T- Pmin:\/_—- @Pmin:\/—T- @ mln—\/_+1

2
Hudng dan giai
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Goiz=x+4+yivaw=a+bivdia,bx,yc R

|z—3-2i| <1 lx+yi—3-2i| <1
=
lw+142i] <|w—2—1i] la+bi+1+2i| <|a+bi—2—i

=

\/(x—3)2+(y—2)2§1 - (x =32+ (y—2)2<1
V@t 124 (0 +22<\J(a-22+@p-12 |a+b<0

Vay diém biéu dién hai s phtic z va w trén mat phang toa do Oxy tuong tng la diém thudc hinh

tron (x — 3)%2 + (y — 2)2 = 1 va nita mit phang dugc gidi han bdi phuong trinh x + y = 0. Bai todn

yéu cau tim gia tri nhé nhat ctia P = |z — w| = \/(x — a)2 + (y — b)2, nghia la tim khodng cach ngan
nhéat gitta hai diém biéu dién ctia z va w.
3+2) | _ 5v2—2

V212 2
Chon dép an (C) O]

Khoang cach délad .,y — R =

Cau 66. Cho hai s6 phtc z;, zo c6 diém biéu dién lan lugt 1a My, M; ctiing thudc dudng tron c6
phuong trinh: x2 + y? = 1 va |z; — 22| = 1. Tinh gia tri biéu thic P = |z1 + z3].
@P:\/Tg. B) P =2 @Pz\/?i. (D)P = 3.
Huéng dan giai
Ta c6 My, M, thudc duong tron tam O(0;0) va ban kinh R = 1.
21 — 22| = 1 & MMy = 1 & AOM;M; la tam giac déu canh bang 1.

. 3
Goi H Ia trung diém M; M, = OH = V3,
2
——— P ——— —> 3
Khid6 P = |z + 22| = ‘OMl +OM2) - lon‘ —20H=2- g = V3.
Chon dap én@ ]
% - 1 1 £ 2
Cau 67. Cho so0 phtuc z thoa man ZZ+ i 7 Tim gid tri 16n nhat cta biéu thac P = |z +i| +

2|z —4+7i|.
(A)8. 20. (© 2v/5. (D) 4/5.
Huéng dan giai
z—1 L
z+3i| 2
V2|z—1| = |z + 3|

2(x —1)2 4+ 2% = x> + (y + 3)?

X Hy?—dx—6y—7=0
(x —2)% 4 (y — 3)* = 20.

r ¢ 00

Do d6 tap hgp diém biéu dién s6 phiic z 1a duong tron (C) ¢6 phuong trinh (x —2)2 + (y — 3)% = 20
véi ban kinh R = 2+/5.
P=|z4i|+2F—4+7i] = |z+i| +2|z—4—7i| = MA + 2MB v6i A(0; —1), B(4;7) 14n luot bidu



dién s6 phic zy = —i,zp = 4 + 7i.

Taco A(0; —1), B(4;7) € (C) va AB = 41/5 = 2R nén AB la duong kinh duong tron (C).
= MA? + MB? = AB* = 80.

Mat khac: P = MA +2MB < /5(MA? + MB?) = 20.
Déu bang xay ra khi MB = 2MA. Vay gia tri 1on nhét cta P 1a 20.

Chon dap an (B)
1. A 2. A
11.B 12. A
21.B 22.B
31.D 32. A
41.B 42. B
51.C 52.B
61.D 62. B

3.D
13.B
23.C
33. A
43. A
53.D
63. A

4.C
14.C
24.C
34. A
44. B
54.B
64. A

DAP AN

5A  6.B
15.A  16.A
25.A  26.B
35.A  36.A
45D 46.D
55.A  56.A
65.C  66.D

7. A
17. A
27. A
37. A
47.C
57. A
67.B

8.D
18.D
28.C
38. A
48. D
58. B

9.D
19.B
29.B
39.D
49.D
59. A

10. C
20.B
30.D
40.C
50. A
60. A

35
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CUC TRI SO PHUC PAI SO

Cau 1. Cho s6 phtic z théa man |z| = 1. Tim gia tri 16n nhat cta biéu thic T = |z + 2| + 2|z — 2|
@maxTzS\/E. maxT=2\/E. @maxTzB\/g. @maxT:2\/§.

Huéng dan giai

Gidsttz = a +bi (a,b € R). Khi d6, do |z| = 1 nén a® + b? = 1.

Tact: T = +/(a+2)2+b2+2y/(a—2)2+ b2

Theo bat dang thitc Bunhiacopski ta cé:

2
{\/(a+2)2+b2+2\/(a—2)2+b2} < (12422) [(a+2) + B+ (a =22+ 12] =5 [2(a2 + 17) + 8] =3

Vay max T = /50 = 5v/2.
Chon dép én (A) O

Cau 2. Goi a la phan thyc cta sb phiic z théa man (z — 1) (z + 2i) 1a s6 thuc va |z| 1a nhoé nhéat. Tim

a.
Da-t Do ©i-2 ©a-t

Huong dan giai

Goiz = a+bi, (a,b € R). Theo gia thiét, ta co:

(z—=1)(z+2i)=[(a—1)+billa—(b—2)i] =a(a—1)+b(b—2)+[ab— (a—1)(b—2)]i.

(z—1)(z+2i)laséthuc=ab— (a—1)(b—2)=0&<2a+b—-2=0&b=2—2a.

2
Khi d6z = a+ (2—2a)i.Suy ra |z| = \/a2+(2—2a)2 = V5a2 —8a+4 = \/5(91—%) +§ >
2/5 2/5 4

= Tir day, ta dugc min |z| = = khia = =
Chon dép an (D) O

X ) ) \ ) 1

Cau 3. Goi M va m lan luot 1a gia tri 16n nhat va gia tri nhd nhat ctia phan thyc s6 phic w = 23 + ot
trong d6 z 1a s6 phttc ¢6 |z| = 1. Tinh P = M? + m?.

(AP =8s. (B) P =5. (© P =29. (D) P = 10.
Huéng dan giai

y . 1 5 1 1\° 1 s
batz=a+bi=z+-=2aw=z"+5cw=|z+-] —-3|z+ ) =28s"—6a.

z z z z

Doa?+b?=1=-1<a<1.
Xét ham s6 f(a) = 8a® — 6a véia € [—1;1] cé max f(a) = 2 va min f(a) = —2.
Vay P = M? + m? = 8
Chon dép an (A) O
Cau 4. Cho s6 phtic z thda man diéu kién |z — 2 — i| = 2v/2. Goi M, m lan lugt 1a gid tri 16n nhat va
nho nhét cta biéu thic H = |z + 3 — 2i| + |z — 3 4 4i|. Tinh M + m.

(A) 21/26 + 6v/2. 161/2. (© 11v2. (D)21/26 + 8v/2.

Huéng dan giai
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TacOH = |z4+3—2i|+|—z4+3—4i| > |z+3—2i —z+3 —4i| = |6 — 6i| = 6/2.
Ditw=z-2—i=|w| =22
Détw:a+bitacéa2+b2=8:(a—l—b)2§2(a2+b2)=16$a+b<4
TacoH=|w+5—i|+|w—1+5i=+/(a+5)2+ )2+ +/(a—1)2+ (b+5)2

= H? < (1+1)[(a+5)2+(b—1)2+(a—1)2+(b+5) ]

= H < 2(2a% +2b> +8(a+b) +52) <2(2-8+8-4+52) = 200.

Do d6 H < 10v/2. Vay M + m = 16v/2.

Chon dép an (B) O

Cau 5. Cho s6 phtic z thod man dong thoi hai diéu kién |z — 3 —4i| = /5 va biéu thiic M =

|z + 2% — |z — i|* dat gia tri 16n nhat. Médun ctia s6 phitc z — 2 — i bang

A V5. ®) 9. (©) 25. (D)5.
Hudng dan giai
Datz=x+yi,(Vx,y€R) = [z—3—4i| =5 (x-3)2+(y—4)2=5 (1).

Ta co:
M = |z42P—|z—i]?
= (x~|—2) +y —Xx —(y—1)2:4x—|—2y—|—3
= 4(x—3)+2(y—4)+23
< \/_\/x— + (y—4)2+23=33.

£ -3 4, x=y=5=z=5+5i
Dau " =" xay ra khi chi khi * = — ket hop vdi (1) suy ra
y—4 2 x=1y=3=z=1+3i.
Thirlaitacd Mmax =33 < z=5+5i=|z—2—i| =5.
ChQndépa'n@ O

Cau 6. Cho s6 phtic z thoa man |z — 3 — 4i| = /5 va biéu thic P = |z + 2|2 — |z — i|? dat gid tri 16n
nhat. M6-dun ctia s6 phtic z bang
A 10. 5v2. (© 13. (D) V10.
Huéng dan giai
Datz = x + yi v6i x,y € R va goi M(x;y) la diém biéu dién cta z trén Oxy, ta cd
|z—3—4i| =5 (x —3)2+ (y—4)?> =5.
VaP=z+2P—|z—i>=(x+2)?>+y* - x> — (y—1)? = 4x + 2y + 3.
S P=dx+2y+3=[4(x—3)+2(y—4)]+23 < VEZ+22. /[x—3)2 + (y — 4)2 + 23 = 33.
x—3_y—4_ ; xX=5
Déu “=" x4y ra khi va chikhi ¢ 4 2 Sy=5
4x—3)+2(y—4) =10

t=0,5.
Vay P dat gia tri 1én nhat khi z = 5 +5i = |z| = 5v/2.

Chon dép an O
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Cau 7. Cho s6 phtc z théa man |z| = 1. Goi M va m lan lugt 1a gia tri 16n nhat va gia tri nho nhat
ctia biéu thic P = |z + 1| + |22 — z + 1| . Gia tri cia M - m bang
®22 12v3 ©¥ DRE
i g 3 8
Hudng dan giai
batt=|z+1| <|z|+1=2nént € [0;2]. Vi|z]| =1nénz-Z=1,suyra
P=l|z+1|+|2—z4z-2|=|z4+1|+|z+2—-1]|.

Ta lai co

P=z4+1P=z+1)(E+1) =2+ (z+32)
nénz+z=1—2VayP = f(t) = t+ |t* — 3|, v6i t € [0;2]. Ta viét lai ham s6 f(t) nhu sau:

f(t) =

24rt—3 khiv3<t<?2
P 4t43 Khi0o<t<3

Ta co

2t+1  khiv3<t<2 1
"(t) = (D =0st=-=.
—2t+1 KhiO<t<+3

o 1\ 13
Khido, £(0) =3 f (3 ) = 3 F(V3) = V3 f2) =3.
Vay M = 14—3,-m: V3nén M- m = 134—¢§.
Chon dap én@ [

A s s A - . . . s . 2 A 2 A A - Z
Cau 8. Xét cac sO phuc z; =3 —4i, zp = 2+ mi, (m € R). Gia tri nho nhat cua mo6-dun so phtc =
21

bang
2 1 3
oH ® GH 2

Huéng dan giai

V4 22 £ a2
Taco |2 = 22 = m > Z, Vm € R. Dau dang thuc xay ra khi m = 0.
Z1 ‘Zl| 5 5
) . . 2
Vay gia tri nho nhat cia mé dun so phtuc 2—2 bang 5
1
Chon dap an @ O]

Cau 9. Cho s0 phtic z thdbaman |(z+2)i+ 1|+ |(Z—2)i — 1| = 10. Goi M, m lan lugt 1a gia tri 16n
nhat va gia tri nho nhat cua |z|. Tinh tong S = M + m.

(A)S=9. B)S=8. (© S =2V21. (D)S = —2v/21.
Huéng dan giai
Datz=a+bivoix;y € R, khidoz =a — bi
Xét|(z+2)i+1|+]|(z-2)i—1]=10& |z+2—i|+|z—2+i] = 10.
Trong mat phang toa do Oxy, goi M (z), N (Z), A(—2;1), B(2; 1), C(2;1), khi d6 MC = NB.

AC =4 X2 Y?

Khi d6 ta dugc MA + MC = 10, quy tich diém M la Elip vdi = (E):—=+-—==1
20 =10 25 2
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(phuong trinh Elip v6i hé truc toa do IXY voi I (0;1) 1a trung diém cta doan AC)

/ : X=x 2 (y—=1’
Ap dung cong thuc doi truc toa do ta duge (E) : — + =1.
Y—y—1 25" 21
a=>5sint 5
Dat véi t € [0;27], ta dugc |z|© = OM? = a? + b?
b=1+v2lcost
2
= |z|* = 25sin? ¢ + (1 +4/21 cost) — —4cos?t+2v21 cost +26 = f ().
Xétham s6 f (t) = —4cos®t +2v/21cost + 26, dat cost = a € [—1;1],
2v/21

Ta dugc ham f (a) = —4a®> +2v/21a 426, f' (a) = —8a +2v21 > 0= a < —5
. ) max f(a) =1++v21 khi a=cost=1

= f (a) dong bien trén [—-1;1] = .

min f (a) = =1+ 21 khi a=cost=—1

Vay M +m = 2+/21.
Chon dép an (C) O
Cau10. Cho sb phitcz = a+bi, (a, b € R) théaman 4 (z —%) — 15 = i(z+2z—1)*. Tinh P =
—a+4bkhi |z — % + 31" dat gia tri nho nhét.
AP=7. B) P =6. ©P=5. (D)P = 4.
Huéng dan giai
Ta co
4(z—2)—15i=i(z+2z—1)*
& 4(2bi) —15i = i(2a — 1)?
& 8h—15= (22 —1)?

2 4
Tu(l)suyraZb—14—5>O<:)b>E.
Ta co
) 21
z——+3z a—— +(b+3)?=0b +8b+z
, 21 15
Xét ham sb f(b) = b +8b—|—ztren Y ; +00 | ta c6 bang bién thién
15
= +
b g o
f'(b) +
—+o0
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) 1 . 1 1
Tir bang bien thién trén suy ra |z — 5t 3i| dat gia tri nho nhat khi b = §5, khidéa = 5
1 1
Vay P = —a+4b = —§+4-§5 =7.
Chon dap an @ [

Cau 11. Cho s6 phtic z = cos2x + (sina — cosa)i voi & € R. Gid tri 16n nhét cta |z| 1a
@ . © V2. D)2.
Huéng dan giai

Ta c6

lz| = \/cos2 20 + (sina — cos a)?

= \/1 —sin?2a 4+ 1 — 2sina cos

— /2 —sin?2a — sin 2w

Ao 1 .
Dau bang xay ra khi va chi khi sin2x¢ = — > Vay gid tri 1on nhat cua |z 1a %

Chon dap an (B) O
Cau 12. Trong cac s6 phic z théa man |z — 1 +i| = [z + 1 — 2i|, s6 phitc z c6 md-dun nhoé nhét 1a
@__3+ii §+ii 22y g_ii
5 10~ 5 10 5 10 5 10°

Huéng dan giai
Goiz =x+yi, (x,y € R).

z—1+i=z+1-2i| & |x+yi—1+i=|x—yi+1—2i

& (-1 4 E+1) =+ + (v +2)°

& 2x+1+2y+1=2x+1+4y+4

& dx4+2y=-3= (4x+2y)? =9

3

= 9< (£ +22)(F*+v?) = |z| > Wi
] 2x +y = —3 x:—g 3 3
]E)éngthfrcxéyrakhi{Ez & 3.Véyz——§—ﬁi

2 1 LT

Chon dép an (C) [

Cau 13. Cho hai s6 phtic z1, z théa man z; + z, = 8 + 6i va |z; — zp| = 2. Tim gia tri 16n nhat cta
P = |z1] + [za].

(A) Pmax = 21/26. Prmax = 104. (©) Pmax = 32+3v2. (D) Pmax = 4V/6.
Huéng dan giai
Tacé |z +za* + |21 — 2> = 2 <|zl|2 + |22|2> > (|z1] + |z2])*.
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Suy ra P = |z1| + |z2| < 2v/26, ddu bang xdy ra khi

(117 19,
|21] = |z 175 TE
Z1+ 20 =84 61 < Z1:§—|—Ei'
5 5

‘21_22‘22 22:8+6i—21
Vay Pmax = 2/26.
Chon dép an (A) O
Cau 14. Trong tat ca cac s phuc z thdéa man diéu kién |z + 1| = Ztz + 3|, goi s6 phitc z = a + bi

(a,b € R) 1a s6 phitc c6 mo-dun nhod nhét. Tinh S = 24 + b.

A o. —4. (©2. (D) —2.
Huéng dan giai
z+z

Taco|z+ 1] =

+3‘ s (a+1)2+b2=/(a+3)2 < b*>=4a+8.

Lai c6 |z| = Va2 + b2 = Va2 + 4a + 8 nho nhat khia = —2 = b = 0.

Viay S =2a+b = —4.

Chon dép an (B) [

Cau 15. Cho s6 phtic z théa man |z| < 2. Gia trinhd nhat cta P = 2|z + 1| + 2|z — 1] + |z — Z — 4i]

bang
14 7
4 + 24/3. 2 3. 4+ —. 24+ —.
A)4+2V3 B2+ /3 ©+¢E @+¢E

Huéng dan giai
Gidstz=x+yivdix,y € R.Tacd |z] <2& x> +y?> <4.Suyrax,y € [-2;2].
Khi do

P2/ 172y =2 =2 (e  Ju e +2y-2)

Bang phép bién déi tuong duong véi chu ¥ |x| > x, ta c6: Véi moi s6 thuc a, b, ¢, d,

Va2 + b2+ /2 +d2 > \/(a+c)2+(b+d)2;

dau “=" xay ra khi ad = bc > 0. Ap dung bat dang thicnay véia =x+1,c=1—x,b=d =yva

tinh chat cda gia tri tuyét ddi ta c6

P2>2\/(x+1+1-22+ (y+y)2+22—y) = 4/1+y2 2y +4.
Xét ham s6 f(y) = 4y/1+y2 — 2y + 4 lién tuc trén [—2;2]. Tacod f'(y) =0 & y = i% € [-2;2].
Tacé f(2) =45, f(—2) =4V/5+8, f (L) =4+2V3, f (—i) =4+ E.Suyra min f(y) =

V3 V3 V3 [~22]
4+2V3=f (%) .
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(x+1Dy=y(1-x)=>0
Khi d6 P > f(y) > 4+2v3, Yy € [-2;2]. Ddubing xdyra < ¢ 2— Y =20 &
1
e
x=0
1 - Vay gid tri nhé nhat ctia P bang 4 + 2/3.
R
Ch(_)ndépén@ ]
Cau 16. Trong cac s phuc z théa man |z —2+i| = |Z+ 1 —4i|. Tim phan thyc ctia s6 phtc c6
mo-dun nho nhét.
@A -1. B) —2. (© 4. (D)3.
Huéng dan giai
Giés&Z—x+yiV6ix'yE]R,khidétacé]z—2+i|:|Z+1—4i\
s @-22+y+12=Jx+1)+y+4 ex=—2-y.
Tacé|z| = V2 + 2 =/ (2+y)* + —\/W—\/ (y+1)*+2> 2.
Déu bang xdy rakhiy = —1 = x =
Ch(_)ndapan@ O

Cau 17. Xét s6 phtic z va s6 phtrc lién hop ctia n6 c6 diém biéu dién 1a M, M'. S6 phtic z(4 + 3i) va
s6 phirc lién hgp ctia n6 c¢6 diém biéu dién lan lugt 1a N, N'. Biét rang M, M/, N, N’ 1a b6n dinh ctia
hinh chi nhat. Tim gia tri nh6 nhat caa |z + 4i — 5].
2 1 5 4

® v ® © = O 7
Huong dan giai
Dat z = a + bi. Khi d6, cac diém M, M’, N, N’ 1an lugt c6 toa dd M(a,b), M’ (a, —b), N(4a — 3b,3a +
4b),N'(4a — 3b, —3a — 4b). Vi M, M’, N, N’ 1an lugt 1a 4 dinh ctia mot hinh chit nhat nén c6 2 truong
hop xay ra.

e Truong hop 1: Tu giac MM'N’N 1a hinh chit nhét.
e Truong hgp 2: Tt giac MM’ NN’ 1a hinh chir nhat.

Taco P = |z +4i — 5| = |z — (5 — 4i)|. Dat K(5; —4). Khi d6 P = |MK]|.

Goi I 1a giao diém ctia hai dudng chéo ctia hinh chi nhat.

Vi M déi xiing v&i M’ qua truc Ox, N dbi xitng vdi N’ qua truc Ox nén I thudc truc Ox hay diém I

c6 tung do bang 0.

Truong hop 1: Ta giac MM'N'N 14 hinh chit nhét.

Tung d6 ctia diém I bang 0nén —3a —3b =0 < a+b = 0.

Do d6 diém M thudc duong thang dy: x +y = 0.

Doan MK ngéan nhat c6 do dai bang khoang cach tir diém K dén duong thang d; va bang
5-1-4-1] 1
VErr V2
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. Trudng hop 2: Tt gidc MM'NN' 1a hinh chir nhat.

Tuong ty truong hop 1, ta dugc diém M thudce duong thang d, : 3x + 5y = 0. Doan thang MK ngan
4. 2 an qai1s [3°5+5-(—4)| 5

nhat c6 do dai la =

V32452 \/%

Vay gia tri nho nhat cda |z +4i — 5| = 7
Chon dap an O]

N X NPy Ay o ? % > zZ+1
Cau 18. Goi M va m lan luot la gia tri 16n nhat va nho nhat cua P = ‘%

, Vi z 1a s6 phirc khac 0

N 2 ~ s ? A M
va thoéa man |z| > 2. Tinh ti so —.

m
M M M 3 M 1
7 5, 73 z_ 2
@Dm~ m ©m 4 ®m 3
Huong dan giai
Véi z 1a s6 phitc khac 0 va thdéa man |z| > 2, ta c6
e P— z+i| |z +i| < 1z| + |i :1+i§1+1:_.
z 2| 2| k4 2 2
3 3
Réréngkhiz:2ithiP:E.Dod()M:5.
o P— zZ41 _ |z + i > llz| — i :1_i21_1:1.
z |z| |z| |z| 2 2
1 1
Réréngkhiz:—ZithiP:i.Dodém:E.
3
oM 2
2
Chon dap an (B) O

Cau 19. Trong céc s6 phttc z c6 phan ao duong théa man |z? + 1| = 2|z|, goi z1 va 2, lan luot 1a cac

s6 phitc c6 mod-dun nhd nhat va 16n nhat. Khi d6 mé-dun cta s phicc w = z1 + 23 la

@) [w] =2v2. (B) |w| =2. © |w| = V2. D) |w| =1+ v2.
Hudng dan giai
‘zz—kl’ =2|z| & ‘zz+1‘2:4|z|2
4P = (¢+1) (77)
(z2+1) <22+1> —4z.%
(z-2)*4+22+22+1-42-2=0
(z4+2)%+(z-2)*—6(z-2)+1=0
(z+2)2+ |z —6|z7 +1=0
zZ[* =6z +1=—(z+2)* <0
3-2v2 < |z <3+2V2
V2-1<]z| < V2+1.

L
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) l=v2-1 o
Do do6 . Dau “=" xay ra khi
22| = V2+1

= (\/E 1> i
|Zl|:\/§_1 =< \/§>1 (loai)
| =V2+1 < = |w| = |z1 + 22| = 2V2.
- = (\/5 1) i
z+z=0
ul (1 \/§> i (loai)
Chon dap an (A) O

Cau 20. Trong céc s6 phitc z thda man |z + 1 — 5i| = |z + 3 — i|, gia st 56 phitc c6 md-dun nho nhéat
codangz=a+0bi. Khido S = % bang bao nhiéu?
2 1 1 3
@3 ® 5 ©4 WF
Hudng dan giai
Gidsuz=a+bi(a,beR)=2z=a—bi.

Khi do
z4+1-5i|=|z+3—
e@+1)?+(b—-5>%=(a+3)*+ (b+1)>
Sa+3b—4=0<a=4-3b.
Do doé

2| = Va2 b2 = \/(4—3b)2 + b2 = /1002 — 24D + 16

12 \? 16 4
= \/ﬁb——) +—>—.
\/( V10 10 = /10

. 6 2 4
Pang thucxayrakhib = - = a4 = —=.Suyramin |z| = —.
8 3; z z- Suy 2l = 75
a
Vay S = - = —.
ay b3
Chon dép an (B) O

Cau 21. Cho s6 phtic z théa man |(1 + )z 4+ 2| + |(1 + i)z — 2| = 4v/2. Goi m = max |z|, n = min |z|
va s6 phitcc w = m + ni. Tinh |w|?18,

@ 41009 51009 @ 61009 @ 21009

Huéng dan giai
e Chia ca hai vé dang thtic trong gia thiét cho |1 + i, ta dugc

4=|z—1+i|+|z+1—i
>lz—1+i+z+1—i
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= 2|z],
hay |z| < 2, dang thitc xay ra khiz = v/2(1 — i). Do d6 m = 2.
e Gidstwz =x+yi, voix,y € R. Suyra
16=[lz4+1—i]+|z—1+i]]?
2
= {\/(x—1)2+(y+1)2+ \/(x+1>2+<y—1)2}

§2[(x—1)2+(y+1)2+(x+1)2+(y—l)z]

:2<2x2+2y2+4>,
suy ra x> +y2 > 2, hay |z| > v/2, ddu bang xay rakhiz = 1+i. Do dén = /2.

Vay w = 2+/2i, suy ra |w| = 610%.

Chon dép an (C) [
Cau 22. Cho s6 phitc z = x + yi (x,¥ € R) c6 mo-dun nhoé nhat théoa man diéu kién |z — 4 — 2i| =
|z —2|. Tinh P = x% 4 2.

(A) 32 16. ©s. (D) 10.
Huéng dan giai
Tacd |z —4—2i = |(x—4) + (y—2)i| = \/(x — 4>+ (y - 2)°.

‘:
Tuong tu |z —2| = |(x —2) +yi| = ,/(x_2)2_|_y2.

Do gia thiét ta c6

z—4-2i|=|z—2] & \/(x—47+ (-2 =/ (x—27+12
& (x—4 4+ y-27=(x-2"+y
& ¥ —8x+16+y* —4y+4=x"—4dx+4+y?
& xty-4=0oy=4-x

Khid6 P =x2+ (4—x)? =2x2 —8x+16 =2 (x —2)* + 8.
Vi (x—2)2 >0, Vx e Rnén P > 8, Vx € R. Déudénthfrcxéyrakhix =2suyray = 2. Vay
min P = 8.
Chon dép an (C) [
Cau 23. Cho s6 phtic z thda man |z — 3 — 4i| = /5. Goi M va m 1an luot la gia tri I1én nhat va gia tri
nhd nhat ctia biéu thic P = |z + 2|? — |z — i|2. Modun cta s6 phitc w = M + mi 1a

@) |w| = 3v/137. |w| = v/1258. © |w| = 2v/309. D) w| = 2V/314.
Huéng dan giai
Goi z = a+ bi. Khi do6 ta co



P=la+240bil*>—|a+ (b—1)i|
= (a+2)?+b*—a*>—(b—1)
=a® +da+4+b*—a®>—b*+2b—1

— 4a+2b+3.
Vay P = 4a +2b+ 3.

Taco|la—3+i(b—4)|=vV5=|a—3+i(b—4)>=5= (a—3)2+ (b —4)%2 =5.

, a=3++5sint
Do d6 ta c6 thé dat ,Voit € [0; 7]
b=4+5cost

= P = 4+/5sint +2+/5cost + 23.

Xét f(t) = 4y/5sint +2v/5cost.

Chia hai vé ctia f(f) cho / (4v/5)? + (2V/5)2 = 10.
LA 25

sint + — cost.
+ 5

10 5
NG 2 NG 2 cosu = —2\/5
2 , B
Vi (T5> + (;) = 1 nén ta c6 theé dat \/55 voiu € [0; 7).
sinu = ?

t
Khi do fl(_O) = cosusint + sinu cost = sin(t + u).

\/“1—1§sin(u+t)§lnén—1§j%é)§1:>—10§f(t)§102>13§f(t)+23§33

hay 13 < P < 33.

SuyraM = 33;m =13 = w = 33 + 13i.
Khi d6 |w| = /332 + 132 = /1258.
Chon dap an

Cau 24. Cho s6 phtc z thda man _2__2?iz + 1‘ = 2. Gid tri 16n nhat cia mo-dun s6 phuc z 1a
(&) V3. 3. (©2. (D) V2.

Huéng dan giai

Ta 6 _2__2?Zz+1‘ e izl =2 i | —iz+1] =2 |z4i] =2

Str dung bét dang thitc vé mo-dunta c62 = |z +i| = |z — (=i)| > |z| — | — .

Suy ra |z| < 3.

Chon dap an

46

O

Cau 25. Cho s6 phtic z théa man |z| = 1. Goi m, M lan luot 1a gia tri 16n nhat, gia tri nh6 nhat cua

P=|z"+2>+6z|— |zt +1|. Tinh M — m

AM-—m=1. B)M—m=3. ©M-m=6. DM —m =12

Huéng dan giai
Tacolz| =1 || =1e224+Z2 c Rva-2<22+2° <2
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Taco P =
_ z5+23+6z‘ _ ‘z4+1‘

=3
= z<z4+z—+6> 22<22+12>’
z z

= Z4+Z4+6’ - ‘z2+22(

= (z2+22)2+4‘—)z2+22’
- <ZZ+ZZ>2+4—2‘22+EZ‘
_ (’ZZ+22’—1>2+3.
Khi d6 m = 3; M = 4. Vay M —m = 1.
Chon dap an (A) O

. 1 £ .
Cau 26. Cho hai s6 phtic zy, z; théa man |iz; + V2| = 5 va zp = izy. Gia tri nho nhat ctia biéu thic
|z1 — zp| bang
1 1 1 1
24+ —. 2 —. V2 — —. V2 -+ —.
B2+ L . ovi-l Vil
Hudng dan giai
1
Taco 5 = |izy + V2| ‘|izl|—\/§‘ - ]|zl| —ﬁ].
1 1
Suyra |z — V2 > —5® 21| > V2 — 5
. . . 1 1
Do d6 |21 — za| = |21 — izy] = |(1 — i)z1| = V2|z1| > V2 (f_ _> oL

£ a2 1
Dau dang thuc xay ra khiz; = <\/§ - —) L.

2
Chon dap an [
Cau 27. Xét cac s6 phiic z thdéa man |iz — 3| = |z — 2 — i|. Tim phan thyc ctia s phtc z sao cho |z
nho nhét.

o CR) o
Hudng dan giai
Goiz =x+4yi, voix,y € R.
liz=3|=1z—2—1i] & |xi—y—=3]=|(x—2)+ (y—1)i
& P4+ (y+3)°=(x-2"+@y-1)>°
& x+2y=-1x=-2y—-1.

2\* 1.1

Khi d¢, |z| = \/x% + 2:\/(—1—2y)2+y2:\/5(y—|—5) —1—52—5.
1 . 2 1
Suy ra, |Z|minzﬁkhly:_§:>x:_g'

Chon dép an (C) [
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Cau 28.
Trén mat phang toa do, duong thang d trong hinh vé bén la tap hop céc Yy
diém biéu dién s6 phtrc z. Khi d6 |z| ¢ gid tri nh6 nhéat bang
oF B2 © DY 2
5 5 . > ]
X
o N

Huéng dan giai

Moé-dun ctia s6 phiic z 1a do dai doan thang OM véi M la diém biéu dién ctia z trén mat phang
toa do. Goi M 1a hinh chiéu vuéng goc ctia O 1én d, M chinh 1a diém biéu dién ctia s6 phiic |z| c6
mo-dun nhé nhat. Goi A(1;0), B(0;2), xét tam gidc vuong OAB c6 cac canh OA = 1, 0B = 2, ta c6

OA -OB 2
OM=—"% =74
Chon dép an (B) [

Cau 29. Xétcacsd phicz =a+bi (a,b € R)théaman |z+3+2i|+|z—3—6i] =10.TinhP =a+b
khi |z + 8 — 2i| dat gia tri nhé nhat.
@P:%. B)P=09. (©P=-5. @P_—g
Huéng dan giai
Goi A(—3;—2),B(3;6) va diém M(a; b) biéu dién s6 phic z = a + bi.
Ta cé |z +3 +2i| + |z — 3 — 6i| = 10 & MA + MB = 10 = AB.

Suy ra M(a; b) thudc doan thang AB. Phuong trinh dudng thang AB : y = %x +2.

. 4
Vi M(a; b) thudc duong thang ABnén b = 30T 2,a € [-3;3].

|z+8—2i|:\/(a+8)2+(b—2)2:\/(a+8) () \/—a2+16a+64

25 72\% 1024 32
\/9 (a+25) + 55 2 S,Vae[ 3;3]
72 46 118

A . . s . 2 A M 32 . _ _
Vay |z + 8 — 2i| dat gia tr;nhonhatbangg khia = ~5E vab = 55 =8 +b= R

ChQﬂdépéﬂ@ [
z—3+4i[+1 _ 1
3z—3+4i|—-3 2

Cau 30. Cho s6 phtic z = a + bi, (a,b € R) théa man va mo-dun |z| 16n nhét.

Tinh tong S = a + b.

A)S =2 B)S=-1. ©s=-2 (D)S =1.

Huéng dan giai

t+11 1
Détt:|Z—3+4i|,tadudcphu'0ngtrinh3:__3—5 2t+2=3t-3=1t=>5.
z—3+4i| =5 [a+bi—3+4i] =5 |(a—3)+ (b+4)i| =5 (a—372+ (b+4)? =25

a® +b*> —6a+8b =0 < a® + b*> = 6a — 8b.
Ta c6 (6a — 8b)? < 100(a® + b?), suy ra |z|* < 100|z|? & |z|* —100|z]> < 0 & 0 < |z|> < 100 &
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a? + b* =100
. . 6a — 8b = 100

0 < |z| < 10. Gia tri 16n nhat caa |z| bang 10 khi ¢ a2 + b2 =64 — 80 = &
b 4a+3b =0
c="%

a==6

=S=a+b=-2.
b= -8
Chon dép an (C) [

Cau 31. Xétsb phircc z = a+bi (a,b € R,b > 0) théa man |z| = 1. Tinh P = 2a + 4b? khi |23 — z + 2|
dat gia tri nho6 nhét.

(AP =4 B P=2-+2 ©P=2 D)P =242
Huéng dan giai
z=a+bi|zl=1=a+P =1 =1-ad
|2

DEy |2125| = |z1] - |22| vaz - Z = |z]* nén

9z
,22—14——Z

| = |22 —1+2z| = |(a+ bi)> — 1 —2a — 2bi| =
|(a> —b? — 1) +2b(a — 1)i| = /(a2 — b2 — 1)2 +4b2(a — 1)2.
Thay f(a) = (a> +a—1)2+ (1 —a?)(a —1)?> = 42> — a®> — 4a + 2 trén [-1;1].

2 1
f/(a):12a2_2a_4:0<:>a:§hoéca:_§'

fen=1f(-3) =2 (3) - 2 rm-1

1
Suy ra max |z° — z + 2| :13khia:—E:b:\/Tg:Pzza-i—élbz:Z

Chon dap an (C) O

2
|z3—z+2]:’z<22—1+2)‘:|z|-

Cau 32. Xétcacsbdphticz = a+bithéaman |z — 3 — 2i| = 2. Tinha+bkhi |z + 1 — 2i| +2 |z — 2 — 5i|
dat gia tri nho nhét.

(A)4+ /3. B) 2+ /3. (©4— 3. (D)3.
Hudéng dan giai
Ditz—3-2i=a+bi—3-2i=t=x+yi=|t|=2vax’>+y> =4
Tacd|z+1—2i|+2]|z—2—5i| = [t +4|+2|t+1-3i| = /x2+8x+ 16+ y2 + 2|t + 1 — 3|

4+1
:2,/%+8x+2|t+1—3i| =25 +2x+ 2|t +1 - 3i

=2 (x+1)2+y2+2\/(x+1)2+(3—y)222(\y|+y3—y\) > 6.

x=-1
Diu b . ( ) x=—1 a—3=-1 a=2
aubang xayra< ¢ y(3—-vy) >0 < A A .
. y=13 b—2=13 b=2+V3
x“+y =4

Chon dap an @ O]

Cau 33. Cho hai s6 phtic z1, z, théa man diéu kién 2|z; +i| = |z — z; — 2i| va |zp — i — 10| = 1. Tim
gia tri nho nhat ctia biéu thuc |z — zp|.

(A) V10 + 1. (B) 3v/5 - 1. (© V101 + 1. (D) V101 — 1.
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Huéng dan giai

Goi z1 = x + yi khi d6 ta ¢6 2|z1 + i| = |21 — z1 — 2i| tuong duong vdi
40+ (1-y)*) = (2y +2)?

4x + 4 — 8y +4y* = 4y* + 8y + 4
x2
x2:4y(:>y:Z(P).

Goi zp = a + bi khi d6 ta c6 (a — 10)? + (b — 1) = 1, tir d6 suy ra zp ndm trén dudng tron
(x —10)* + (y — 1)* = 1(C).

Nhan thay duong tron (C) c¢6 tdm I(10;1) va ban kinh R = 1.

Tacé |z1 — z2| +1 > |z1 — 29| & |21 — 22| > |z1 — 20| — 1 (I 1a diém biéu dién ctia zp).

) x? 2ot x2
Xét ham sb f(x) = |z1 — z9]?> = (x — 10)> + (Z - 1) =1 + > —20x + 101,
2

e f(x) = %3+x—20:0(:> (x —4) (xz+x+5) =0 x=4
Tir d6 suy ra ham s6 f(x) dat cuc tiéu tai x = 4, suy ra f(x) > f(4) = 45, Vx € R.

Vay ta c6 |z1 — zo| > |z1 — zo| — 1 > V45 — 1 = 3y/5 — 1. Dau bang xay ra khi va chi khi z; = 4 + 4i
va z; la giao diém gitta IM va duong tron (C) (M 1a diém biéu dién cua z).

Chon dép an (B) [
Cau 34. Cho hai s6 phitc z,w théaman |z — 1| = |z +3 — 2i| vaw = z +m + i v6i m € R 1a tham s0.
Gia tri ctia m dé ta luon c6 |w| > 2+/5 1a

m>7 m>7
N : : ©-3<m<7. D)3<m<7.
m<3 m< -3
Huéng dan giai
Tacoz=w—m—inén|w—m—1—i| =|w—m+3—3i|

Goiw =a+bi,a,b € R.Tacod

(a—m—1)+((b-1)i|=](a—m+3)+(b-3)i| & (a—m—-1)2+(b—-1)>= (a—m+3)>+ (b—3)?
Suyrab = 2a—2m+ 4. Talai co

|w]? = a® + b? = a®> + (2a — 2m + 4)? = 52> + 8(2 — m)a + 4m? — 16m + 16.

Dé |w| > 21/5 < 5a% + 8(2 — m)a + 4m? — 16m — 4 > 0 véi moi a.

Tuwong duong v6i A < 0 < 16(2 — m)? — 5(4m? — 16m — 4) < 0 < "= :
m< -3

Chon dép an (B) 0
Cau 35. Cho hai s6 phtic z1,z théa man |z; + 1 — i| = 2 va zp = iz;. Tim gid tri nhd nhat m cta biéu
thuc |z1 — z3].

Am=+v2-1. B) m = 2v/2. ©m=2 D)m =22 2.

Huéng dan giai



Taco |zi| +1—i| > |z1 +1—i| =2 = |z1| >2— V2.
, z1=k(1—-1),(ke R, k>0
Dau “=" xay ra < ( 2 )(:)zl = (V2-1)(1—1).
|Zl+1—i|=2
Laico' |Zl—Zz| = |Zl—i21| = |21(1—i)| = |Zl|~|1—i| = |Zl|~\/522\/§—2.

Chon dép an @
1.A 2.D 3.A 4.B 5.D 6.B 7.A 8. A 9.C
11.B 12.C 13. A 14. B 15. A 16. A 17.B 18. B 19. A

21.C 22.C 23.B 24. B 25. A 26.B 27.C 28.B 29.D
31.C 32. A 33.B 34.B 35.D

10. A
20.B
30.C
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