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Chuong I. PHUONG PHAP TIEP TUYEN

Trong khuén khd sang kién, t6i chi dé& cap dén mot tng dung nho cua dao ham trong
viéc ching minh bat dang thuc, d6 chinh 1a phwong phdp tiép tuyén. Y tudng chinh cua
phuong phap tiép tuyén 1a st dung cong thirc phuong trinh tiép tuyén ctia mot do thi ham sb dé
tim mot biéu thirc trung gian trong cac danh gia bat dang thuc.
1.1 Kién thirc chuén bi

Trude hét ta nhéc lai mot bai toan sau: Cho ham sb f (t) lién tuc va c6 dao ham trén
D. Khi d6, néu tiép tuyén tai mot diém ¢, € D (gia st c6 phuong trinh y =a(t—¢,)+5b) ludn
nam trén (nﬁm dudi) dd thi ham sb f trén mot 1an cdn D, < D nao do cua ¢, thi hién nhién ta
co f(t)<a(t—1,)+b(hay f(t)2a(t—1,)+b),VieD,.

T tinh cht ndy ta thiy véi moi ¢,,¢,,...,¢, € D, thi

F)+f(6)++f(t,)<a(t,+t,+..+t,—nt))+nb.

Nhu vdy, néu mot bat dang thirc ¢6 dang “tong ham” nhu ¢ vé trai cua bat dang thirc
trén va c6 gia thiét ¢ +1, +...+t, =nt; voi dang thirc xdy ra khi tat ca cac bién t, déu bang
nhau va bang t, thi ta co thé thr ching minh né bang phuong phap tiép tuyén, nghia Ia ta s&
tim phuong trinh tiép tuyén y= a(l —t0)+b tai diém t, cua dd thi ham sb v=f (z‘) , roi sau
d6 tién hanh kiém chimg BDT f(¢)<a(t —t0)+b(hayf(t) > a(t—t0)+b),‘v’t eD, .

1.2 Mot s6 vi du minh hoa
% Vidu 1. Cho a,b,c,d >0 théa man a+b+c+d =4.Ching minh
a b c d < 1

+ + + <.
5+43a> 5+43b° 5+43¢* 5+3d° 2

Loi giai

+ Tur gid thiét suy ra a,b,c,d €[0;4]. Dau dang thirc xdy rakhi a=b=c=d =1.

+PTTT ctia d6 thi ham s6 f(¢) =

2

: 1 1
tatdiem M| 1;— | la y=—/(¢+3).
‘ ( 8} y=5(t+3)

5+3¢
: I —(t+5)(t-1)
+T ——(t+3)= <0,vtel0:4] (¢
RSPy 32( +3) 32(5+3z2) Vee[04] ()

+ Thay a,b,c,d vio t trong bat dang thirc (*), cong vé theo vé ta c6 dpem.

& Nhdn xét:
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- Khixéthiéu f(¢)—(a(r—t,)+b), ta thuong tich dugc nghiém kép ¢ =1, (diém dau

dang thirc xay ra).
- Khi trinh bay 16i giai, c6 thé ta khong can viét ra cac giai doan tim tiép tuyén ma dwa ra
ludn bat dang thire ddc trung cho bai toan can chirng minh.
Twong tir, ta yéu cau hoc sinh lén trinh bay Vi du 2 va Vi du 3.
*Vidu 2. Cho a,b,c,d >0 théa man a+b+c+d =4.Ching minh rang

( a Y p Y ( c Y d f 4
+ + + > —.
a+?2 b+2 c+2 d+2 27

Loi gii

+ Tur gia thiét suy ra a,b,c,d (0;4). Dau dang thic xdyrakhi a=b=c=d =1.

3
L , L 1 2 1
+PTTT cua do thi ham so f(¢) :(ij tai diem M(I;Ej la y =2—7t—2—7.
+

3
, ) t 2t—1 ) 2 .
+ Ta chitng minh (t+2j > > NVie(0;4) (*) < 2(t-1) (12—6t—4)£0Vz‘e(0,4)

(ludn ding vi ¢* —61—4=1(1—4) -2t -4 <0,Vt €(0;4))
+ Thay a,b,c,d vao t trong bat dang thic (*), cong vé theo vé ta c6 dpem.

*Vidu 3. Cho a,b,c>0 thoaméin a+b+c=1. Chimg minh rang

a b c 9
— 1 —+——<—.
I+a” 1+b~ 1+4+c¢ 10
Huéng dan
# Xeétham f (1) =< ttz trén (0;1)
s Al r e s z a2 I 3., 18 3
+ PTTT cta do thi ham s0 () tai diém M| —;— | 1a y=—t+—.
310 25 50
, ) 18 3
+ Ta chitng minh ~<—t+—,Vte(0;1).
1+¢ 25 50

% Vidu4. Cho a,b,c,d >0 théaman a+b+c+d =1.Chliing minh
6Qf+b3+€4%#)2a2+b2+cz+d2+%.

Loi giai

+ Bét dang thirc can chirng minh c6 dang
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(6a3—a2)+(6b3—b2)+(6c3—c2)+(6d3 —dz)zé

+PTTT cuia d0 thi ham s6 f(¢)= 6" —¢* tai diém M(%,%) la y= —Stg_l :

5t—-1 1

+Ta c6 (6t —zz)—T=§(4t—1)2(3t+1)ZO,Vze(O;l) = f(t)2 S

+ Thay a,b,c,d vio t trong bat dang thuc (*), cong vé theo vé ta c6 dpem.
Qua Vidu 4, yéu cau hoc sinh twong ti lam Vi du 5.
*Vidu 5. Cho a,b,c >0 théa man a+b+c=3. Ching minh
2 2 2
a +9 4 b"+9 4 ¢ +9 <5
2a2+(b+c) 2b2+(c+a) 202+(a+b)

Hudng dan
+ Bat dang thirc can chirng minh twong duong vai
a’+9 b* +9 c’+9
+ +

S > ; > - ~<5.
2a +(3—a) 2b +(3—b) 2c +(3—c)

2
+ PTTT cita d thi ham s6 £ () =——2 tai diém M(l;éj y=""%
2> +(3-1) 3 3
2
+ Ta di chirng minh 49 2St+4,Vte(O;3)
21 +(3-1) 3
2 2
Thét vay t"+9 - Zt +9 :l+ 2t+26 gl+2t+6:t+4
202 +(3—¢) 3 —6t+9 3 3(r-1)+6 3 6 3

& Nhdn xét:

Vi e(01) (%).

Qua cac vi du trén ta thay viéc xac dinh du cua biéu thiuc f (1)- (a(t —1,)+ b) trén D

¢6 thé lam nhu sau:

- Dua vao dau cua bat dang thirc can ching minh.

- Dy doan bang cach thay mot gia tri bat ki cia reD vao biéu thuc

f(t)—(a(t-1,)+b).

- Phantich f(¢)—(a(t—1,)+b)=(1—1, )’ .A(t) va xéc dinh ddu cua h(¢) trén D.

Trong cac vi du trén ta déu st dung cach 3. Tuy nhién trong mét so bai toan vi¢c phan

tich nhu trén gip kho khin vi bai toan chira cin thirc. Do d6, ta c6 thé goi v cho hoc sinh st
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dung phuong phap ham sd, tdn dung luon két qua ma cic em tinh dao ham ctua ham f (t) khi
lap phuong trinh tiép tuyén va chu y dao ham ctia ham s6 f(¢)- (a(t —1,)+ b) van c6 nghiém
t =t,. Taxét tiép vi du sau:

* Vi du 6. Cho céc s thyc duong x, y,z théa min x+ y + z = 1. Chirg minh rang

AR S 2\/6
JI-y Jl-z 2

Huéng dan

1

X a2 1 J3
taidiem M| —;— | la y=—+~(15x-1).
1-x (3 ﬁ} Y 12ﬁ( )

(15x-1),Vx €(0;1)

+PTTT ciia d6 thi ham s6 f(x) =

x 3
Ji—x 1242

x A3
Ji-x 1242

+ Ta di chiing minh

Xétham s6 g(x)= (15x-1) trén (0;1)

g'(x)=0x= 3 Tur bang bién thién ta ¢ diéu phai chirng minh.
Bai tap twong tu. Cho a,b,c >0 théoa man a+b+c =1. Chung minh

\/a2+i2+\/b2+%+\/c2+%2\/8_2.
a b c

Hudng dan

+Xéthamsé f(1)= /r2+ti2 trén (0;1).
1 /82

+ PTTT cta d6 thi ham s6 f ( ) tai diém M (E —J ay=-—

404/82 - 27482
41 '

41

+ Ta ching minh  |£° L 40\/— ;/1— Vvt € (0;1) (str dung bang bién thién).
1

Cac vi du trén déu can co gia thiét a,+a, +...+a, =na, dé s dung phwong phap tiép

tuyén. Tuy nhién trong cdc bai toan, co sw dong bdc cua tr va mau trong tung so hang hodac
dong bdc cua hai vé bat dang thurc can chung minh, ta van co thé nghi den phwong phap tiép
tuyén nho viéc chuan hoa bai toan. Ta xét vi du sau:

*Vidu 7. Cho a,b,c>0. Ching minh
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(2a+b+c)2 s (2b+c+a)2 s (2c+a+b)2
2a° +(b +C)2 2b° +(c+ a)2 2¢? +(a +b)2 -
Loi giai
+ Do mbi s6 hang c6 tir va mau 1a cac biéu thirc dang cip nén khong mat tinh tong quat ta gia
sit a +b+c =3. Khi d6, bat dang thirc can chirng minh 13

a +6a+9 b*+6b+9 c +6¢+9

<24.
a’-2a+3 b2—2b+3 ¢t —2¢+3

> +6t+9

+PTTT cua do thi ham s6 f(¢) = P
—2t+

tai diem M (1;8) 1a y =4t +4.

2
+ Ta di chirng minh Tﬂs 4t+4,vt e(0;3).
t"=2t+3

a b c
- -

*Vidu 8. Cho a,b,c>0. Chimg minh (a+b+c) 0 )2 ( )2 ( b)2
+c c+a a+

>2
4

Loi giai
+ Do mbi s6 hang c6 tir va mau 1a cac biéu thirc dang cip nén khong mat tinh tong quat ta gia
sir a +b+c =3. Khi d6, bat dang thirc can chirmg minh c6 dang

a N b N C Zi

(3-a) (3-b) (3-¢) 4

+ PTTT cua do thi ham sé f(¢) = > tai diém M(l;lj ay=2"1
(3-1) 4 4
2
+ Ta chimg minh —~— > 2071 e(0;3) = (=) (0 _Zzt) >0,V €(0;3) (ludn dung).
(3-1) 4 4(3-1)

*Vidu9. Cho a,b,c 1a do dai ba canh mot tam giac. Chirng minh

I 1 1 9 ( 1 1 1 j
—4—+—+—24 + + .
a+b b+c c+a

Loi giai

+ Vi vai tro ciia a,b,c nhu nhau va sy dong bic cua hai vé nén khong mat tinh tong quat ta gia

st a+b+c=1.Matkhac, a,b,c 1a ba canh tam gidc nén a,b,c € (O;%). Bit dfmg thie can

chl'rngminhtréthémh( 4 —lj+(i—l)+(i—ljé9.

l-a a
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+PTTT cua d6 thi ham s6 f(t)z%—% tai diém MG;3) la y=18-3.
4 2 1
+ Tacd - : —(18t—3):(3t—1) (ZZ—I)SO,Vte 0;5 (*).

+ Thay a,b,c vao ¢ trong bat dang thirc (*), cong vé theo vé ta co diéu phai chimg minh.

Bai tap twong tu:
a(b+c) . b(c+a) c(a+b)

1) Cho a,b,c > 0. Chung minh > 3 2
(b+c) +a’ (c+a) +b? (a+b) +cf

<&
5

(b+c—a)2 ((:Jra—b)2 (a+b—c)2
5 + 5 + 5 >
(b+c) +a’ (c+a) +b? (a+b) +c?

2) Cho a,b,c > 0. Chirng minh

W | W

Huréng dan: Néu dem céc sd hang cua vé trai bat dang thirc trir di 1 thi ta c6 duoc cac
s6 hang cua bat ding thic & bai 1.

3) Cho a,b.c>0. Chimgminh —*—+—2 4 >3
b+c c+a a+b 2

Hudng dan
Bat dang thtc trén c6 rat nhiéu c6 cach ching minh ngan gon. Tuy nhién trong chuyén
dé nay chung ta hudng dan hoc sinh str dung phuong phap tiép tuyén. Khong mat tinh
tdng quat ta chimg minh bat dang thirc cho trudong hop a + b+ ¢ = 3. Khi d6, bt dang
b c
+ +
3—a 3-b 3-c

thirc can chting minh c6 dang > % Ta di ching minh

t 23l‘—1

3—t 4

,te(0;3).

Viéc sir dung tinh chdt ciia logarit log, (bc) =log, b+log, c (a,b,c>0,a#1), ta co thé
st dung phwong phdp tiép tuyén dé chimg minh bai todn bdt dang thirc voi gid thiét
a,.a,..a, = " nho sit dung an phu.

% Vidu 10. Cho a,b,c >0 théa man abc =1. Chirng minh

2 2 2
\/a +1+\/b +1+\/c +1£a+b+c.
2 2 2

Loi giai

Tacd abc=1=Ina+Inb+Inc=0.DPat x=Ina,y =Inb,z=Inc. Khi d6 ta c6 bai toan

Cho cac s6 thuc x, v,z thoa man x+ y+z =0. Chirng minh
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2x 2y 2z
e +1—ex N e +1_ey N e +1_ez <0.
2 2 2

e* +1

—¢' trén R.

+Xéthamsd f(t)=

+PTTT ctia d6 thi ham s6 f(¢) tai diem O(0;0) 1a y = —%t

2t
+ Ta di ching minh © 2+1—et£—%t,VteR.
2t 1 1 2t 1
Xétham g(t)= ¢ —et+—t:>g'(t)=e——et+—=0<:>t=0.
2 2 2(e” +1)

Bai tap twong tu:

a b c >3\/§'

+ + >
\/1+a \/l+b \/l-i-c 2

1) Cho a,b,c >0 théa man abc =1. Chiing minh

Huréng dan
bat x=Ina,y=Inb,z=1Inc. Ta cb bai toan
Cho cac s6 thuc x, v,z thoa man x+ y+z =0. Chirng minh

X y z >3\/§

e N e N e
\/1+ex \/1+ey \/1+e2_ 2

t

e
Vi+eé
e' S 32 2

2 W2 2

tai diém M| 0;— | 1a y=""f4+—
2 8

PTTT ciia do thi ham sé f(¢) = s

Ta chirng minh > t+—,VteR
Vite' 8 2
t
2 £ .
Xétham g(t)= ¢ = — 3\8/— t , 1ap bang bién thién suy ra dpcm.
I+e

1 1 1
5 +— +— >1.
a—a+1 b°=b+1 c " —c+1

2) Cho a,b,c >0 thdéa man abc =1. Chung minh

Trong mdt s6 bdi todn viéc xét hiéu f(x)—[a(x—xo)+b] mdc du tach dwoc nghiém
boi x —x,, nhung hiéu do khong gitt nguyén mot ddu trén D. Trong truong hop do, ta cé thé

chia truong hop dé chirng minh. Ta xét mét s6 vi dy sau:

% Vidu 11. Cho a,b,c >0 théa man a+b +c =3. Chirng minh
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1 1
—+—S+—52a’+b’+c

@ b
Loi giai
Nhdn xét: Néu xét ham sb f(¢) = tlz —¢* trén (0;3) thi phuong trinh tiép tuyén tai diém
M (1;0) la y =4t +4
(1—1)2(t+\/§—1)(1+\/§—t)
2

t

. 1
Khi d@o6 t—z—tz —(—4t+4)= lic 4m, luc duwong trén (0;3). Do do
ta can chia khoang gia tri cho cac bién a,b,c.
Loi giai
Cach 1.

+Néu 3>a>2,4 thi b+c<0,6.Khido, VP=a>+b*+c* <(a+b+c) =9,

1 1 1 1 2 1 2 1 2
VT:—2+—2+—22—2+—2—+—22—+ 3 >0,
a b° ¢ 3 bc 9 ([H-cj 9 ((),3)

2

+ Ta chi xét cac s6 a,b,c € (0;2,4) . Khi d6, str dung phuong trinh tiép tuyén ta co

(t=1) (e+v2-1)(1442 1)

t

%z—ﬁ—(—4t+4):

Cach 2.

>0,V €(0;2,4).

A A ’ A A A 5 1 . Je
Ta thay néu c6 mdt so trong ba s06 a,b,c¢ nho hon 3 khi do

I 1

1 .
—2—1-?+—2>9:(a+b+c)2 >a’ +b* +¢*, bat dang thirc luon dung.
a c

Vay ta chi xét a,b,c 2%. Via+b+c=3= a,b,ce{%;g}.

(—1)’2-(t-1)
Khi do iz—tz—(—4t+4)=( ) [ 2( )}>0,Vt€[l;z]
t t 3'3
a’ b’ c?
*Vidu 12. Cho a,b,c > 0. Chung minh >+ >t
a2+(b+c) b2+(a+c) cz+(b+a)

2

>3
5

Hudng dan
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+ Khong mét tinh tong quét ta gia sit a + b+ ¢ = 3. Khi d6, bit dang thirc cAn chimg minh c6

a’ b’ ¢’ 3
dang — +— +— >=,
2a”—-6a+9 2b"-6b+9 2¢°—6¢c+9 5
2
+PTTT ciia db thi ham s6 /(1) = ———— tai diém M| 1,2 | 1a y=12"7
26— 61 +9 5 25
£ 120-7 3(t-1)(21-8)

+ Xé

¢ — _ zo,we(o;ﬂj *)
20 —6t+9 25 25(2t2—6t+9) 8

: 21 3 . A P ,
+ Vaynéu a,b,c e (0;§j thi thay ¢ lan lugt boi a,b,c trong (*) va cdng céc bat dang thirc
theo vé ta c6 diéu can chimg minh.

. . . .21 . 21
+ Néu c6 1 s6 nao d6 trong ba s6 a,b,c 16n hon hoac bang < Gia st a Z?

Ta co a = ! > ! —£>§
2a° —6a+9 3. 2 500 s
a
(Vi3>a22:1<3£ﬁ:>0<3—1£i).
8 a 21 a 21

Trong cdc bai todn trén dau dang thirc chi xdy ra tai diém cdc bién bang nhau. Tuy
nhién cé nhitng bdi todn ddu bang con xay ra tai nhitng diém khdc nita hodc c6 mét ddu bang
nhing khéng phdi tai cdc bién bang nhau, ta phai ddnh gid nhw thé ndo. Khi @6, phwong phdp
tiép tuyén cé gidi quyét dwoc khong ?

Nhitng bai todn nhw vy thuong la nhitng bai todn kho, viéc sir dung tiép tuyén tuéng
nhir khéng thé. Tuy nhién, trong mdt s6 truong hop, ta van cé thé sir dung phwong phdp tiép
tuyén theo tirng truong hop dang thirc. Cy thé ta xét vi du sau:

% Vidu 13. Cho a,b,c >0 théa man a+b+c =3. Chirng minh

a’ b? c? 1
- Tt — 7+t — ~<—.
5a +(b+c) 5b +(c+a) 5¢ +(a+b) 3
Loi gidi
a’ b* ¢’

+ Viét lai bat dang thirc dudi dang

5 +— +— <1
2a”—2a+3 2b"-2b+3 2c¢°—2c¢c+3
+ Ta thiy dau déng thirc xdy ra khi va chi khi a =b=c=1 hodc a=b =%,C=O (cung cac

hoan vi).
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s , ? . 1 4t -1
+ PTTT cua d6 thi ham so f(;):zt— tai diem M| 1;— | 1a y:t—.
2t =2t+3 3 9

£ 4-1 (3-8t)(t-1)

22 -2t+3 9 9(2r* ~ 2t +3)

+ Khi do6
A 5 A 3 \ y A e ’ .
+ Néu ca ba s0 a,b,c> 3 thi ta c6 di€u phai chirng minh.
A 7 A 5 3 co0 9 3 v oA : 9 ] 7 A \ \ \
+ Néu c6 1 s6 nho hon 3 Gid str c < 3 thi diém roi cua bai toan khong conla a=b=c=1 va

b= %,c =0 machicon a=b= %,c = 0. Do d6, rat ty nhién ta nghi dén 1ap phuong trinh

a=
tiép tuyén ctia dd thi ham s6 f(t)—L tai diem M(i-l) Phuong trinh d6 la
pHY ‘ 200 -2t+3 2°2) s
4 +3
18
2 2t —-1)(2¢-3)’
+Taco — ! —4t+3=( ) ) <0,Vre(0;3) (%)
20 -20+3 18 18(2° -2t +3)
: 2 4a+3)+(4b+3
+ Ta str dung (*) cho a,b ta c6 —; a +— b S( ¢ ) ( ):1—£
2a°-2a+3 2b°-2b+3 18 9
2
+ Tir déy ta chi can ching minh ZC—S£®C<402—13c+6)20.B§td§mg thirc nay
2¢°=2¢c+3 9

.2 A 4 . 3
hién nhién dung voi ¢ < 3
Ta dd biét c¢é nhiéu bat dang thirc lién quan dén tong cdc s6 dwong. Vi du nhie
a+b+cY
2 - I ~ A g e . ., .4
(a+b+c) < 3(a2 +b? +c2) hodc abc < (Tj . Do do, trong mot so bai toan gia thiet

c6 thé khéng cho dwdi dang tong a+b+c hay két lugn cia bai todn cdc s6 hang chira dong
thoi cdc bién (nghia la chua xdc dinh dwoc ham ddc trung cho bat dang thirc) ta van cé thé sir
dung phwong phdp tiép tuyén. Ta xét vi du sau:

*Vidu 14. Cho a,b,c >0 théa min a’ +b*> +c* =1. Ching minh

é+%+%—(a+b+c)22\/§.

Loi giai
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t

+PTTT cua d6 thi ham s6 f(t)zl—t tai diém M[L;éJ 1a y=—4t+2:/3.

J3
(-]

+Tacod %—t >4+ 23,V e (0;1) = >0,Vt e(0;1) (luén dung).

+ Do d6, ta co l+%+l—(a+b+c)2—4(a+b+c)+6\/522\/§
a c
(Vi (a+b+c)2 S3(a2+b2+c2)=3:>—(a+b+c)2—\/§).
% Vidu 15. Cho a,b,c >0 théoa man a +b+c =1. Chirng minh
a b c 9

+ + >
l+bc 14+ac 1+ab 10

Loi gii

, . _ 1 _ ,
Nhdn xét: Trong bai toan trén dau dang thuc xdyrakhi a=b=c= 3 Tuy nhién trong két

luan cua bai toan ta chua xac dinh dugc ham dac trung.

. a a a 4q
+ Ta co > - = ==
1+ bc (b+cj (]—a) a” —2a+5
1+ I+ —
2 2

+ Ta di chirng minh — 4a +— 4b +— 4 22

a —2a+5 b°-2b+5 ¢ —2c+5 10
+PTTT ctia d6 thi ham s6 f(z):thaidiémM Lo y=23

" =2t+5 310 100

4 99%-3 (3t-1)'(15-11r)

+ Tacd 5 = ;
2 -2t+5 100 1oo(z —21+5)

>0,V1e(0;1) (%),

+ Thay a,b,c boi ¢ trong (*) va cong cac bat dang thic theo vé ta co dpem.
Bai twong tu: Cho a,b,c >0 théa man a + b+ c =3. Chiing minh

1 1 1 <§.

+ + <
9—ab 9-bc 9-—ca &

* Vi du 16. Cho céc s6 duong a,b,c thoa man a* +5* +¢* =3. Ching minh

! + ! + ! <1.
4—ab 4-bc 4-ca

Loi gii
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2

FTaco 4—ab < 8—(a2+b2)

1 1 2 2 2
< + +

4—ab+4—bc+4—ca B 8—(a2+b2) 8—(b2+cz) 8—(cz+a2)

+ Tuwong tu, ta co

+Pé van dung giéthiét at+b*+¢* =3, ta dat x=(a2+b2)2,y=(b2+cz)2,2:(02+a2)2.

Khi do

x,y,z>0
{x+y+z:(az+bz)2+(b2+c2)2+(c2+c12)2 32(a4+b4)+2(b4+c4)+2(c4+a4):12
= x,,z€(0;12)
1 1

1 1
+ + <—
8—Vx 8-y 8-z 2

+ Du doan dau dang thic xayratai x=y=z=4.

+ Ta di chirng minh

+PTTT cua dd thi ham sd f(t)= ! tai diém M(4;1j la y= Lt +i.
8-/t 6 144 36

| 1 s
< t+— |,Vte(0;12) (*).
8 i (144 36) =(0:12) ()

+ Thay x,y,z boi ¢ trong (*) va cong cac bat dang thirc theo vé ta co dpem.

+ Ta cd

Tuy nhién trong bai todn sau (nhin twong tw nhw Vi du 14) thi phwong phdp tiép tuyén
khéng gidi quyét duoc.
* Vidu 17. Cho a,b,c >0 thda min a” +b” +c*> =3. Ching minh

1 1 1

+ + >3
2—-a 2-b 2-c

Nhén xét: Ta thdy, phwong phdp tiép tuyén ciing chi la trieong hop riéng ciia bdi todn sau:
Cho céc so thuc a,,a,,...,a, € D théa man diéu kién g(a,)+g(a,)+..+g(a,)=ng(a) véi
a € D. Chung minh f(a,)+ f(a,)+...+ f(a,)2nf (a) (<nf(a))

Dé giai bai toan trén ta thudng nghi dén mot phuong 4an 1a biéu dién f (al.) qua g(ai ) ,
nén ta xét ham s h(t)= f(t)-m.g(t) véi te D. O day, m 1a s dugc x4c dinh sao cho « 1a
diém cuc tiu (cuc dai) ctia ham s6 dong thoi 4 () 1a gia tri nho nhét (16n nhat) ciia ham s6

trén D.
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Vi a 1a diém cyec tiéu (cyc dai) ciia ham so nén i(a)=0=>m=

Vi h(a) 1a gia tri nho nhat (16n nhit) ctia ham sb trén D nén

h(t)=f(t)-mg(t)2h(a)(<h(a)),VteD (*)
Khi d¢6 thay qa,,a,,...,a, vao t trong (*) va cong theo vé cac bat dang thuc ta c6 diéu
phai chung minh.

Ta giai bai todan theo phwong phap trén
+Xétham g(¢)=7>, f(1)= .Chgnm:ﬂ:

+ Xét ham sb h(t):%—%tz trén (0;\/5).

+ Tir bang bién thién ta thay A(¢) >

Ve (0:43) (%),

1
2
+ Thay a,b,c vao t trong bat dang thirc (*), cong vé theo vé ta co diéu phai chimg minh.
Yéu cau hoc sinh thir giai 1ai cac vi du theo phwong phap trén.
Khéng chi trong cdc bat dang thire dai s6, ma ngay cd trong mét sé bat dang thirc
lirong gidc, phiong phdp tiép tuyén con c6 nhiéu ap dung. Ta xét vi du sau:
% Vi du 18. Chiing minh rang

33

1) SinA+sinB+sinC£T,VAABC.

2) cosA+cosB+cosC£%, VAABC .

3) tanA+tanB+tanC > 3\/5, VYAABC nhon.
Loi giai
I
Nhin xét: Pdy la mot trong nhitng bdt dang thire co bdn ciia tam gidc. Hoc sinh hodn toan ¢6
thé gidi quyét theo kién thirc I6p 11 nho sir dung bat dang thirc

sinx +sin y <sinx+y Yy ye(O'ﬁ)
2 - 2 9 3 3
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Khi d6, ta co

c+Z A+B+C+Z .
<4sin =4sin—
4 3

(sinA+sinB)+(sinC+sin%j <2sin A+B +2sin

33

Vay sin 4A+sin B+sinC ST,VAABC.

Tuy nhién, trong phwong phdp trén hoc sinh can nhé dwoc bat ddang phu. Do doé,

phwrong phdp tiép tuyén ta thdy twong doi dé vin dung doi véi hoc sinh:

E;\/gJ 1a 1(r-£j+\/§

+PTTT ciia d0 thi ham s6 f'(¢) =sint,¢ € (0;7) tai diém M( 3 :

2
+Xétham s g(¢) = sint—%(t—%)+? trén (0;7).

7). V3

Tir bang bién thién = g(¢) < g(%) =0,Vte(0;7) = sin¢ S%(t—?j+7,‘w e(0;7) (*).

+ Thay 4,B,C bai ¢ trong (*) va cong cac BPT theo vé ta co dpem.
2)

+PTTT cuia d6 thi ham s6 f'(¢) = cost,t € (0;7) tai M(%,%} la y= —ﬁ(t—£j+l.

2 3)2
ﬁ(yz

+Xétham sé g(¢) :cost+7 t—;j—% trén (0;77).

Tur bang bién thién = g(¢) < g[gj =0,Vt e(0;7)

= cost < —ﬁ(t—£j+l,w‘ e(0;7) (%).
2 3 2

+ Thay 4,B,C bai ¢ trong (*) va cong cac BPT theo vé ta co dpem.
3)
Cach 1.

+PTTT cta dd thi ham sb f(t)ztant,te(o;%J tai M(%,\/gj la y =4(t—§j+\/§.
+ Xét ham s6 g(t):tant—4(t—§j—\/§ trén (0;%).

T bang bién thién = g(1) > g(%) =0,V e (o;%j — tant > 4(1 —%} +3,Vt e (o;%j (*).
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+ Thay 4,B,C bai ¢ trong (*) va cong cac BPT theo vé ta co dpem.
Cach 2.

Ap dung dang thirc trong tam gidc ta c6

tan 4 + tan B + tan C = tan 4 tan Btan C,VYAABC nhon.

Ap dung bat dang thirc TBC-TBN

tan A + tan B + tan C > 33/tan Atan Btan C = tan Atan Btan C > 3/3 = dpcm.
% Vidu 19. Chung minh sin%singsin% < %,VAABC.

Loi gidi
Cach 1.
A 11 AL 2l , A , . iy . A . B . C 1
+ Viét lai bat dang thirc can ching minh dudi dang In smE +In smE +1In smz <3 lnE .

+ Phuong trinh tiép tuyén cua dd thi ham sb f(t) =In siné,t c (();7;) tai diém M(%;lnéj 1a

\/5( 7[) 1
y=2 0
3 2

2

stham ()= Insin’— 317 )—inL wen (0:
JrXethamg(t)—lnsm2 2(t 3) ln2 trén (0;7).

+ Tur bang bién thién = g () < g(%) =0,Vt e(0;7) (dpem).

Cach 2.
+ Ap dung ding thirc co ban trong tam giac

cosA+cosB+cosC =1+ 4sin§sin§sin%

+ Theo chung minh ¢ Vi du 18, ta c6 cos 4+ cos B +cosC S% = sinésinﬁsing S%.
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1.3 Bai tap tu luyén

>5.

1 11 2(a2+b2+cz)
1) Cho a,b,c>0 va a+b+c=3.Chung minh _2+b_2+_2 3
c
2) Cho a,b,ceR théamin a+b+c=6. Chimgminh a*+b*+c* 22(a* +5° +¢7).
3) Cho a,b,c >0 va a+b+c=3.Ching minh
2(\/Z+\/3+\/Z)29—(a2+b2+02).

4) Cho a,b,c >0 va a+b+c=3.Chiing minh

1 1 1
> +— +— <I.
a +b+c b +c+a c +a+b

5) Cho a,b,c >0 va a+b+c=3. Chirng minh Ja ++b ++Je >ab+bc+ca.
6) Cho a,b,c,d >0 va a+b+c+d <4.Ching minh

1 1 1 1
+ + + >1.

(1+a)2 (1+b)2 (1+c)2 (1+d)2_

7) Cho a,b,c20 vi a+b+c=1.Chingminh 10(a’ +5°+c*)-9(a’ +5° +¢*) 21.

(b+c—3a)2 N (c+a—3b)2 N (a+b—30)2 >l
(b+c)2+2a2 (c—i-a)2+2b2 (a—l—b)2+202 2

3 3 3
9) Cho a,b,c > 0. Chitng minh \/ a +\/ b +\/ ¢

>1.
a3+(b+c)3 b3+(a+c)3 c3+(a+b)3

8) Cho a,b,c > 0. Ching minh

a N b N c_
\/b+c x/a+c x/a+b_

11)Cho a,b,¢ > 0. Ching minh b+c+c+“+a+bz4( a b, c j
a b c b+c c+a a+b

10)Cho a,b,c > 0. Ching minh

%(a+b+c).
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Chuwong 11
KHAI THAC TiNH CHAT CUA HAM SO Y=AX+B
TRONG CHUNG MINH BAT PANG THUC

2.1 Kién thirc chuin bj

Cho ham s6 y = f(x)=ax+b. Néu xét trén doan [a; 3] thi d6 thi cua né la mot doan

thang c6 hai diu mut 13 hai diém A(a;f(a)) va B(,B,f(ﬂ)) Do do,

! (’“PO’Vxe[a;ﬂ]@{;E;;ig
/ (’C)SO’WG[a;ﬂ]@{;EZEE.
min / (x) = min{f (@) / (B)}.
ma>]<f<x) =max{f(a);f(B)}

[a:8
2.2 Mot s6 vi du minh hoa
*Vidu 1. Cho a,b,c €[0;2]. Chimg minh 2(a+b+c)—(ab+bc+ca)<4.
Loi giai
+Ycbt & f(a) :(Z—b—c)a+2(b+c)—bc—4 <0, Vae [0;2],Vb,c € [0;2].
0
,Vb,ce[0;2].
f(2)<0
+ Ma f(O) = —(2—b)(2—c) <0; f(2) =—-bc<0,Vb,ce [0;2].
Do d6, f(a)<0,Va,b,c €[0;2] (dpcm).
% Vidu 2. Cho a,b,c >0 théa min a+b+c=1. Ching minh ab + bc + ca —2abc Si.
Loi giai
Bai todn trén da xudt hién nhiéu trong cdc tdi liéu va déu dwoc gidi theo phwong phdp
ung dung dao ham.
Vi vai tro binh ding ngang nhau cia cdc bién a,b,c nén viéc chon phan tir nhé nhdt

(I6n nhat) cé thé lam cho gid thiét ciia bdi todn dwge sang té thém hay nhir dwoc cho thém gid
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thiet. Tuy nhién, viéc danh gia dé qui vé mot bién ciing khong hé don gian. Ta xem lai cach
giai sau:

Cach 1.
+ Vi vai tro cua a,b,c binh déng nén ta ludn c6 thé gia st a = min{a,b,c} =0<a<

+Taco VT =(ab+ca)+(bc—2abc)=a(b+c)+bc(1—2a)

Sa(l—a)+(b;c) (1-2a) (vi 1-2a<0)

:a(l—a)+(1_2aj2(l—2a)

2
+Xétham f(a)=a(l—-a)+ (I—Taj (1-2a),v6i ae [O;%}. Lap bang bién thién, tim GTLN

cua ham f(a) trén {O;%}, ta c6 diéu phai chimg minh.

Cach 2.

+Ycbt < f(a):(b+c—2bc)a+bc—2l7ﬁO,Vae[O;l],Vb,cZO,a+b+c:1
f(O)zbc—%,Vb,cZO,b+c=l

= .
f(1)=b+c—bc—2l7sO,Vb,cZO,b+c=0

2
FVbe20bte=1, f(0)=be—L<[ 2} T 1 T
27 2 27 4 27
+‘v’b,cZO,b+c=O:>b=c=0:>f(0)=—27—7<0.

Ta c6 diéu phai chimg minh.

Trong cdch gidi trén, khi quan st bdt dang thirc can chieng minh ta thay cé thé qui vé
ham sé bdac cao nhdt la 1, véi bién a, tham sé b,c. Khi do, bai toan co hai tham s6, ma viéc
khai thac diéu kién cho hai tham sé trong timg truong hop tai a=0, hodc tai a=1 khéng
phdi hoc sinh nao ciing phat hién dwoc. Do dé, ta c6 thé hwdng dan hoc sinh sir dung nhing
bién doi dai s co ban dé dwa vé ham sé chi con chira mét tham s6 nhw Céach 3 sau day:

Cach 3.

+ Bién ddi bat dang thirc can ching minh vé dang
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a(b+c)+bc(l—2a)—2l730<:>a(1—a)+bc(l—2a)—2l730.

2 2
Fyebt @f(”)=a(1—a)+u(1‘2a)—%so voi OSuzbcﬁ(bJZrcj ) (1_4a) :

Ya e[O;l].

f[M] <0,Vae[0;1].

4

Vidu 3. Cho a,b,c >0 théa man a+b+c=3. Chimg minh a’ +b° +c* +abc > 4.
Loi giai
Cach 1.

+ Khong mét tinh téng quat, ta gia st a = min{a,b,c} =0<a<l.

+ Khi @0, a2+b2+cz+abc:a2+(b+c)2+bc(a—2)

Za2+(3—a)2+(b;cj (a—2) (via-2<0)

2
+ Ta di tim GTNN cta hams6 f(a)=a’ +(3 —a)2 +(3_Taj (2—a) trén [0;1]

Cach 2.

Bién do6i bat dang thirc can chimg minh vé dang

a2+b2+cz+abcz4<:>a2+(b+c)2—2bc+ach4<:>a2+(3—a)2+bc(a—2)—420

2
+ Ycbt & f(u)z(a—2)u+2a2—6a+520 VOl OSuzch(b;CJ :i(3—a)2,Vae[O;3]
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Do do, f(u)>0,Vue {0;%(3 - a)z} diéu phai chimg minh.

* Vi du 4. Cho a,b,c >0 théa min a+b+c=1.Chiang minh o’ +b3+c3+6abczi.

Loi gii
Cich 1.

+ Vi vai trd clia a,b,c binh ddng nén ta ludn c6 thé gia sit @ =min{a,b,c} =>0<a<
+Khi 6, @’ +b* + ¢ +6abc =a’ +(b+c)3 —3bc(b+c)+6abc
=a +(1—a)3 +3bc(3a —1)

b+c

>a*+(1-a)’ +3.
a’+( a)+(2

) (3a—1) (vi 3a—1<0)

2
:a3+(l—a)3+3(1_2aj (3a-1)
, N £ 3 3 l1-a 2 , . 1 . ) .
+Xétham s6 f(a)=a’+(1—a) +3(Tj (3a—1),v6i ae {0;5}. Tim GTNN cua ham
f (a) trén {O;%} ta c6 diéu phai chimg minh.

Cach 2.

+ Bién doi bat dang thirc can ching minh vé dang (a + b)3 —3ab(a+b)+c’ +6abc 2%

<:>(1—c)3—3ab(1—c)+c3+6abczl <:>ab(9c—3)+3c2—30+320
4 4

2 2
+ Ycbt <:>f(u)=(9c—3)u+3cz—3c+%20, VOl OSu:abS(a;bj = (1_40) ,‘v’ce[O;l]

2 2
+ Ta cod f(O):3(c—%j >0; f{%]—%c(3c23c+l)>0, Ve e[0;1] = dpem.
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*Vidu 5. Cho a,b,c,d €[0;1]. Chimg minh (1-a)(1-b)(1-c)(1-d)+a+b+c+d >1.
Loi giai

+ Ycbt
& f(a)=[1-(1-b)(1-c)(1-d)|Ja+(1-b)(1-c)(1-d)+b+c+d -120,Ya[0;1],
b,c,d €[0;1].

- £(0)=0

f(1)=0

+Ma f(1)=b+c+d>0,Vb,c,d €[0;1].

,Vb,c,de[O;l].

+ Ta can ching minh £(0)=(1-b)(1-c)(1-d)+b+c+d—-1=>0,Yb,c,d [0;1].
+ Ta xét bai toan: Chimg minh (1-5)(1—c)(1-d)+b+c+d -1>0,Vb,c,d €[0;1] (1).
Ta thdy badi todn (1) twong tir bdi todn ban dau, tuy nhién da giam bét di mét bién. Do
do, tiép tuc cach lam trén ta cé thé gidi quyét triét dé dwoc bai todn ban dau.
Yobt (1) < g(b)=[1-(1-c)(1-d)|b+(1-c)(1-d)+c+d =12 0,¥b €[0;1],Vc,d €[0;1]
0)>0
= g(0) ,\Ve,d €[01].
g(l) >0
+ Ma g(l)=c+d ZO;g(O) =(l—c)(1—d)+c+d—l =cd >0 = g(b)z 0vb,c,d E[O;l]
Ta c6 diéu phai chimg minh.
M6t 56 bai todn, khéng phdi lic nao ciing ¢é san dang ham sé y = ax+b. Tuy nhién,
trong mot so truong hop, nho nhitng bién doi, danh gid bat dang thire dai s6 thich hop ta cé
thé dp dung tinh chdt ham sé y = ax+b trong chitng minh. Ta xét cdc vi du sau:

b c

% Vi du 6. Chirng minh + +
b+c+1 c+a+1 a+b+1

+(1—a)(1—b)(1—c) <1 Va,b,c e [0;1]

Loi gii

+ Khong mét tinh tong quat ta gia sit @ = max {a,b,c} . Khi d6

a+b+c
Vrs——r +(1-a)(1-b)(1-c¢)

_a+b+c
b+c+1

+ Ta chimg minh f'(a) +(1-a)(1-b)(1-¢)-1<0,Va €[0;1],¥b,c €[0;1].

+ Vb,ce[0;1], ta co
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b+c ¢
f(O)—b+c+1+bc—(b+c)— < <

f(1)=0

Ta c6 diéu phai chimg minh.

*Vidu 7. Cho a,b,ce [0;1]. Chung minh a”> +b> +c¢> <a’b+b’c+c’a+1.
Loi giai

+ Bién d6i bt dang thirc vé dang (b—1)a’ +c’a+b’c+1-b>—c* 20

+Viae[0;1] nén a>d’, suyra

(b—l)a2 +cla+bc+1-b" - Z(b—l)a2 +cta’ +bc+1-b>—c .

+ Ta di chimg minh (b—1)a* +c*a® +b’c+1-b* —c* >0, Va,b,c €[0;1].

<:>f(u)=(b+02—1)u+bzc+1—bz—c2 >0, voi 0<u=a"<1, Vb,ce[O;l].

+Taco f(0)=bc+1-b"~c’ =(1-c)| c+(1-5") |20 vb,ce[0;1]
f(1)=b'c+(b-b")20Vb,ce[0:1]
Vay f(u)=0,Vu e[0;1] (dpem).
*Vidu 8. Cho x,y,z>0 va x+ y+z=1. Chimg minh x2y+yzz+zzxszi7.
Loi giai
+ Khong mét tinh tong quat ta gia st x = min{x; y;z}:OSxSé.
Khi dé, x*y+y’z+z x<;xy+y z+z x-( y+z jx+yzz

+chtc>f(x):(%y+z jx+yz<— Vxe{ }Vy,zzo,x+y+z:l

f(O)S%,Vy,ZZO,y+Z:1
<Y (1) 4 2
—|£—,Y,z220,y+z=—
f(3j g7 ESHYTESS
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1 2 2
Vix=—thi y4+z=—=2z=—-7vy nén
3 Y 3 3 Y

1 | 4 ) 1 4 4
f(§j=—y +y —§y+E=—y(y _y+§J+ESE
Vay ta c6 diéu phai ching minh.

Ta dd biét, bat dang thirc xudt hién rdat nhiéu trong cdc bai todn (cé thé tryee tiép hodc
gidn tiép), va & mot sé trwong hop nhdt dinh viéc khai thac tinh chdt cia ham sé6 y =ax+b dé
chirng minh bdt dang thirc van con hiéu qua trong viéc gidi quyét I6p bai todn dé. Ta xét mot
s6 Vi du sau:

Vidu9.
1) Tim m déhamsd y =(4m—5)cosx+(2m—3)x+m’ —3m+1 nghich bién trén R.
2) Tim m déhamsd y = x+msinx dong bién trén R.
Loi giai
1))
+Ycbt < y'=(5-4m)sinx+(2m-3)<0,vxeR
< g(u)=(5-4m)u+(2m-3)<0,Vx e[-11]

\ , q “1)<0
+ Do d6 thi ham so y = g (u),u €[~1;1] 12 mot doan thang nén ycbt < {ggl) ) 0
g <
2) Hoc sinh trinh bay tuong tu.
Vi dy 10. Tim x dé bat phuong trinh x* +2x(sin y+cos y)+1>0 ding véi moi y e R.
Loi gidi

+ Dat u:siny+c0sy:>ue[—x/§;x/§]

+Ycbt < Tim x dé f(u):2x.u+x2 +1>0,Vu e[—ﬁ;ﬁ]

f(_\/E)ZO {x2—2\/5X+120
o =
f(\/i)zo X +22x+120

Page 24/26



Vi dy 11. Ching minh v6i moi m <2 thi x> —(2m+1)x+3m+2<0, véi moi x e[-4;1].
Loi giai
+Yebt < x° —(2m+1)x+3m+2<0,Vx e[-41],Vm e (—o0;-2].
o f(m)=(2x+3)m+x —x+2<0,Vm e (—o0;-2],Vx e[-41] (1).
+ Vi f(m) la ham bac nhét véi hé s6 goc —2x+3 > 0,Vx €[—4;1] nén
(1)< f(-2)<0,Vx e[-41] < x* +3x—4 <0,Vx € [-4;1] (ludn dung) = Diéu phdi ching
minh.
2.3 Bai tap tu luyén
1) Cho a,b,c 1a ba canh cua tam giac c6 chu vi bang 1. Chimg minh a? + b + ¢ +2abc < 2.
2) Cho x,y,z>20 va x+ y+z=1. Chirng minh 7(xy+yz+xz)£2+9xyz.
3) Cho x,y,z>0 va x+ y+z=1. Chirng minh 5(x2 +yz+zz)é6(x3+y3 +z3)+1.
4) Cho 1<x,y,z<3 théamin x+ y+z=6. Chiang minh ring x>+ > +z* <14.
5) Cho 0<x,y,z<2 thoaman x+ y+z=23. Chimng minh rang x’ + y° +z° <9.

6) Cho a,b,c >0 thoamin a+b+c=1.Ching minh 4(a3+b3 +c3)+15abc21.

7) Ching minh rang véi moi m <1 thi x> —=2(3m—1)x+m+3>0, véi moi x >1.
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