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LOI NOI DAU

Téni liéu nay ra ddi tir chinh nhitng trdi nghiém thuc té cia ban than minh. Xut phat diém chi I3
mot hoc sinh trudng thudng tai THPT Tung Thién va hién dang |a sinh vién n3m 4 cla Trudng Dai hoc
Khoa hoc Tu nhién - DHQGHN (VNU-HUS), minh viét cudn sich ndy véi muc tiéu rat rd rang: mang dén
cho cac ban mét tai liéu 6n thi mén Toan thuc su gan giii, truc quan va dé tiép can cho cac ki thi nhu

THPTQG, HSA hay V-SAT.

Ly do minh b&t tay vao viét tap tai lidu nay dén tir chinh nhiing khé kh3n thsi ban than con tu on thi. La
hoc sinh trudng thudng tu hoc, minh hiéu rat rd cdm giac bé tic khi boi giita mét bién tai liéu troi ndi
trén mang: nhiéu ngudn viét qua n3ng tinh han 1am, toan chif va céng thiic khé khan, thiéu hinh v& minh
hoa, ho3c I5i giai t5t nhidu budc khién ngudi doc khéng hiéu dugc ban chat. Viéc tu hoc vi thé mat rat
nhiéu thdi gian ma ké&t qua lai khéng nhu y. Do d6, minh quyét dinh danh thai gian hé théng lai kién thirc,
tu tay vé chi tiét tirng do thi, bang bién thién va phan tich cin ké tirng dang bai dé cac ban nhin vao Ia

hiéu duoc ngay mach tu duy.

Mt tap tai lieu day hang trdm trang do mot minh minh tu bién soan, tu thiét k& tirng hinh vé& va g tiing
dong lénh LaTeX chic chin khé tranh khdi nhitng hat san hay so suit nhé. Minh rat mong nhan dugc su
théng cam tir quy thay c6 va cac ban hoc sinh. Moi y kién déng gép, phan hdi hay phat hién 15i sai xin
vui long gii vé& théng tin lién hé dinh kém; minh lubn tran trong dén nhan dé hoan thién tai liéu t&t hon
trong cac lan cip nhat tiép theo.

V& vin d& ban quyén: Minh chia sé tai liéu nay hoan toan mién phi dé st dung. Cac ban hoc sinh va thay
cd c6 thé thodi mai in 4n, chia sé d& phuc vu viéc hoc tap va gidng day phi thuong mai. Tuy nhién, xin
vui 1ong khdng tu y xo0a tén tac gid, gin d& logo ca nhan hay trung tdm lén d& nhan 13 cda minh. Hang
gid ngdi gob tirng dong m3, tu tay trau chubt tiing nét vé& do thi 13 cong siic nghiém tic clia minh, va su
ton trong chat xdm clia nhau |3 didu t&i thiéu minh mong nhan lai.

Hy vong cudn sach s& 13 ngudi ban dong hanh tin cdy, gitp cac ban bét di phan nao ap luc va dat két qua

that tot trong ki thi quan trong s3p téi.
Ha Néi, Thang 9 nam 2026

Bui Quang Chién
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PHUGNG TRINH VA HE PHUGNG TRINH

Dai cuong vé phuong trinh

Phuong trinh mét an

Dinh nghia: Phuong trinh mét an

Phuong trinh an z 13 ménh d& chira bién c6 dang:

trong d6 f(x) va g(z) 13 nhiing biéu thitc clia z. Ta goi f(x) 1a vé trai, g(z) |a v& phai ctia phuong
trinh (1).

Néu c6 sb thuc z, sao cho f(z,) = g(x,) |2 ménh dé ding thi z, dugc goi l1a mét nghiém cda
phucng trinh (1). Giai phuong trinh (1) 1a tim tit cd cic nghiém cla né (nghta 1a tim tap nghiém).
Néu phuong trinh khéng c6 nghiém ndo thi ta néi phuong trinh vé nghiém (ho3c tap nghiém I3

réng).
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vh
) =g)|--------------

—
=Y

f(0) = 5(0)

Chu y: Diéu kién xac dinh cha phuong trinh

Khi giai phuong trinh (1), ta can luu y didu kién d6i v6i 4n s6 2 dé f(z) va g(z) c6 nghia (tic 13

moi phép toan déu thuc hién dugc). Ta goi d6 13 diéu kién xac dinh clia phuong trinh.

Phuadng trinh tuong duong

Dinh nghia: Phuong trinh tuong duong

Hai phuong trinh dugc goi la tugng duong khi chiing cé cung tap nghiém. Ki hiéu la <.

Dinh ly: Phép bién ddi tuong duang

Néu thuc hién cic phép bién di sau day trén mdt phuong trinh ma khéng 1am thay ddi didu kién xac
dinh cta né thi ta dugc mét phuong trinh méi tuong duong:

= Cdng hay trir hai v& vi cling mét sb holc cling mdt biéu thirc.

= Nhan ho3c chia hai vé& vé6i cling mét sé khac 0 ho3c véi cing mét biéu thirc lubn c6 gia tri khac

0.

Phuong trinh hé qua

Dinh nghia: Phuong trinh hé qua

Néu moi nghiém cda phuong trinh f(z) = g(x) déu 1a nghiém cla phuong trinh f;(z) = g;(z) thi
phuong trinh f;(z) = g,(z) dudc goi |13 phudng trinh hé qua cia phuong trinh ban dau. Ki hiéu:

f(x) = g(x) = fi(z) = g1 (2).

Khi gidi phuong trinh hé qua c6 thé c6 thém nghiém khéng phai 13 nghiém cta phuong trinh ban diu. Ta
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goi d6 13 nghiém ngoai lai (can thir lai dé loai trir).

Phuong trinh bac nhit va bac hai mét 4n

Giai va bién luan phuong trinh dang ax +b =0

Xét phuong trinh dang az +b = 0 (v6i a,b 13 cic hdng s6 dd cho). Khi a # 0, phuong trinh dugc goi Ia

phuong trinh bic nhat mdt 4n. K&t qua gidi va bién luin duoc tém t5t trong bang sau:

Hé sb Két luan
. . n x b
a*+0 Phucong trinh cé nghiém duy nhat z = ——
a
b#0 Phuong trinh v6 nghiém
a=0
b=0 Phuong trinh v6 s6 nghiém (ding véi moi = € R)
vh vA
e
0 -
y=b *
—
b
a+0 a=0,b#0 a=0,b=0

Gii va bién luan phuong trinh sau theo tham sé m:

m2x +2 = x + 2m.
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[# Loigiai

Ta bién ddi tuong duong phuong trinh d3 cho vé dang az + b = 0:
m?z—z+2-2m=0s (m?>—1)z—2(m—1)=0 (%)

Xét cac truong hgp sau:

» Truong hop 1: m?2 —1+£0 < m # +1.
Phuong trinh (%) c6 nghiém duy nhit:
2(m—1) 2(m—1) 2

S :(m—l)(m—l—l) T mt 1l

= Trudng hop 2: m = 1.

Phuong trinh (x) tré thanh 0z + 0 = 0. Phuong trinh nghiém ding véi moi = € R.
= Trudng hop 3: m = —1.

Phuong trinh (k) tré thanh 0x + 4 = 0. Phuong trinh v6 nghiém.

Két luan:
= Néu m = —1: Phuong trinh v6 nghiém.
» Néu m = 1: Phuong trinh c6 v6 sb nghiém (z € R).
2

» Néu m # 41: Phuong trinh c6 nghiém duy nhdt x = ————.
m+1

Giai va bién luan phudng trinh dang az? + bz +c =0

Phuong trinh bac hai mdt an c6 dang tong quat 13 az? + bz + ¢ = 0 (a # 0). Biét thirc cta phuong trinh

la A = b? — 4ac. K& qua gidi va bién ludn dugc tém tit trong bang sau:

Trudng hgp a =0 Trd vé gidi phuong trinh bac nhit bx + ¢ = 0.
—b A
A > 0: Phuang trinh c6 hai nghiém phéan biét: =, , = ?7\/»
i a
3 b
Trudng hop a # 0 A = 0: Phuong trinh c6 nghiém kép:x; = 24 = 5
a

A < 0: Phuaong trinh v6 nghiém.
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A>0 A=0 A <0

Dinh Ii Vi-ét va cac tinh chat nghiém

Dinh Iy: Dinh Ii Vi-ét

Néu phuong trinh bac hai az? + bx + ¢ = 0 (a # 0) c6 hai nghiém z,, z, thi:
1> T2

b
O =m oy =—=
1T 2 a
P=xx,=-—
0o
Nguac lai, néu hai s6 u va v c6 téng u+ v = S va tich uv = P thi u va v 13 hai nghiém clia phuong

trinh:
z?2—Sz+ P=0.

(Diéu kién dé tan tai hai s6 u,v 13 S — 4P > 0).
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iem va diéu kién D6 thi minh hoa

f(x) =ax*+bx+c

. .n se g% Nhan thay ring hai
Hai nghiém trai dau (z; < 0 < z,): nghiem ¥, va X, déu
trai dau nhau dan dén

tich ctia 2 nghiém phai

c
P=zxy=-<0
a

mang dau am.

X1 X2
X
y
Hai nghiém duong phan biét
(0 < 2y < 23): f(x) =ax*+bx+c
Hai nghiém X va X, déu mang dau
A > 0 duong dén dén tich va téng clia 2
c nghiém phai mang dau duong, tranh
P = - > O trudng hop 2 nghiém am sé co tong
a b e\ x; mang dau am
S=——>0
a O X3 X

f(x) =ax®>+bx+c

Hai nghiém am phan biét (z; < z, < 0):

A>0 .
Tuong ty, 2 nghiém mang dau
P = E > O ﬁ:rn Fhivtich ,Sé mang d'fni dtrdng,
a tong cua chung mang dau am.
b
S=--<0
a
O «x
— 2
flx) =ax"+bx+c y
« nam giira hai nghiém (z; < a < z,):
c
a-fla) <0 a
! O X
Vi & niim trong khoang 2 !
nghiém nén f(@) luén trai !
dau véi he sb a. !
Suyraa-f(a) <0 1
— Nl fl@) <0
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Tinh chat nghiém va diéu kién tuong duong D6 thi minh hoa
Y 2
flx) =ax"+bx+c
a>0
Hai nghiém 16n hon o (o < 27 < z,): f@)>0
A>0
a- fla)>0
Sz +m,
2~ 2 ¢
0 x
Y f(x) =ax® +bx+c
Hai nghiém nhé hon o (z; < 2, < a): f@)>0
A>0
a-fla)>0
S m+@,
3~ 2 =°
x

y f(x) =ax*+bx+c

Trudng hop a < z; < f < x4

fl@) > o ===~
: Doa<x; <f<x
a - f(O[) >0 i va o n{imlngoai khogng
' hai nghiém nén
a- f(ﬂ) <0 i a- f(a) > 0.Tréi lai,
' véi laa- f(B) <0
(@) a X
J{O 1] P
y
Trudng hop 2, < a < 1, < f3: fe)>0
a- fla)<0
a-f(B)>0
O x

fl@)<0
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Tinh chat nghiém va diéu kién tuong duong D6 thi minh hoa
y x) = ax*+bx+c
‘ 0
Truong hop a < z; < x4 < f5:
fB >0
A>0
fley>0
a-fla) >0
a-f(B)>0
S
a < 5 < ,8 0 X
Y
R \
Truong hop v, < a < 8 < x4
a- fla) <0
@)
a-f(B)<0 x
f@ <o
@ <0

Ham sb bac hai
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Phuong trinh dang tdng quat

Dinh nghia - y x = -b y=ax’+bx+c
2a
Ham s& bac hai 13 ham sb cho bdi i
cong thirc:
y=ax?+bxr+c : ]/=2ax+_ll7)=O
E — X = ?
1 a
trong d6 x 13 bién sb, a,b,c 13 cac :
hing sb va a # 0. ' f[—b] _ A
,,,,,,,,, : 2a 4a
4a '
:
O —b X
2a
Sir bién thién va d6 thi ham sb6
= Tap xac dinh: ¥ =R.
? b A N X s _ b
= Dinh: <—%, —£> va truc doi xiing x = 5
Phuong trinh dang dinh
Néu parabol ¢ dinh 13 diém I(h; k), phuong trinh clia né y y=ax+by+c

c6 thé duoc viét duéi dang:
y=alzx—h)? +k (a#0)

Trong d6 toa dd dinh dugc x4c dinh thdng qua cic hé s

clia phuong trinh téng quat:

= F---@-mm oo

b S
» h =—— la hoanh d6 dinh.
2a ) 0 X
A
» k= —— la tung do6 dinh.
4a
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Phuong trinh dang nghiém

Néu parabol cat truc hoanh Oz tai hai diém phan biét ¢ Y = a(x - x1)(x - x2)
hoanh d8 1an lugt 1a z; va xz,, phuong trinh cé thé duoc

viét dudi dang:

y=alr—z)(r—15) (aF0)

Dang nay dudc suy ra truc tiép tir viéc phan tich da thirc

thanh nhan tir khi phuong trinh az? + bz + ¢ = 0 cé hai

nghiém phan biét.

Truong hagp a > 0 Trudng hop a < 0
Bang bién thién Bang bién thién
T —00 —i +00 x —00 —i +00
2a 2a
+00 +00 A
. \ A / y / 4a \
da —00 —00
D6 thi ham sb D6 thi ham sb
Y y=ax’>+bx+c Y
-A

— s ‘ y=ax2+bx+c
4a !

X1

< p b N ¢ o ax B b p
Ham s6 nghich bién trén (—oo; —%) va dong bien Ham s6 dong bién trén (—oo;—%) va nghich bién
. b . b
trén (—%7‘*‘00)- trén <—%,+oo).

A b A b
miny = —— khix:—Q—. maxy:—4— khi:z::—Q—.
Q a Q
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Cach tim dinh cGa parabol bang may tinh Casio

- Budc 1: An [ MoDE|[ 5[ 3] - Budc 1: An [menu[ 9)[ 2] [ 2]

= Budc 2: Nhap hé sé clia phuong trinh parabol. = Budc 2: Nhap hé sé clia phuong trinh parabol.

= Budc 3: An @ doc két qua. » Buéc 3: An @ doc két qua.

Doc gia tri X-Value Minimum va Y-Value Minimum Doc gi4 tri GTNN ho3c GTLN ctia y = az? 4 bx + ¢ dé

(ho3c Maximum) dé suy ra toa do dinh I. suy ra toa d6 dinh I.
v v
BCMPLA | 11 and+brY=ch X+ 28 |[oo
EEASE-N | 22 ani+tbry+onz=dn | 080 (8] (2) (2] B g &3 o [55]4
BMATRIY | [31aXE+bR+c=0 Y g i g A g B
BEVECTOR | 7 ars +bRE +CA+H=0 1:Ptinh thudng
0] Math [0] Math VA <
b c - i i = | [1:Hé phwong trinh |Phuong trinh
b o m #A-¥alue Minimum 2:Phuong trinh  |da thitc bac?
0 -1 Chon 2~4
lIl. ) Math A ax2+bx+‘lg, [R] i GTNN\IFV I,';I_ 2.'_':b .|:A
T=Yalue Hinimum= vz 0ce o |OINN y=ax2+bx+c
0 0 -1

W/ D3iu cia tam thirc bac hai

Dinh li vé diu cha tam thirc bac hai

Cho tam thiic bac hai f(z) = ax?® + bz + ¢ (a # 0).

» Né&u phuong trinh f(x) = 0 vd nghiém (A < 0) thi bang xét diu cda f(x):

x —0 —+00

f(x) cung dau a

i b i
= Néu phuong trinh f(z) = 0 cé nghiém kép =, = % (A = 0) thi bang xét dau cua f(z):
a
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T —00 o) “+00

f(x) cingdidua 0 cung diua

= Néu phuong trinh f(x) = 0 cé hai nghiém phan biét 2,2, (z; < z,) thi bang xét ddu cta f(z):

T —00 Ty Lo +00

f(x) cung ddu a 0 trai ddua O cung ddua

Cach giai bat phuong trinh bac hai bang may tinh Casio

May tinh 570VN May tinh 580

= Budc 1: An , chon . = Budc 1: An @ chon @ @
= Budc 2: Chon loai bt phuong trinh can giai. = Budc 2: Chon loai bat phuong trinh can giai.
« Budc 3: Nhap hé s6 a, b, c. « Budc 3: Nhap hé s6 a, b, .
BINED BERATIO | 1:ax2+bE+c == ||Bat Ptrinh
BLDIST ZiaxE+bEz+CrE+d %ééd da thitc bac?
23 I A § oo g
AiBat Ptrinh Chon 2~4
[0] Math V& O o O
é: a§§ +E§+E}g | b 0 [+ . a><2+k1><+cl>lj2 ) 0 x<a, b<{x
HE=| + +1C < wes O
21Kz +hH+CE0 SRZ+bR+C>0
4 anZ+bhE+ce0 [u] 0 %<0, 24X

Mét s diéu kién vé diu cha tam thiric bac hai

Cho tam thiic bac hai f(z) = az? + bz + ¢ (a # 0) véi A = b* — 4ac.

a>0 a>0
» f(z)>0,VreR< » f(x) >0,V eR&

A <O A<LO

a<0 a<0
» f(z)<0,VzeER< » f(x) <0,VxeR<

A <O A<O0

Mot s6 phuong trinh quy vé phudng trinh bac nhat hoac bac
hai
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Phuong trinh chira an duéi diu gia tri tuyét dbi

Dang co ban thudng gap:
» Dang |A|=|B| < A= B hodc A= —B.

B>0
» Dang |[A|=B < A=RB

A=-B
Phuong trinh chira an duéi dau can

D& gidi cac phuong trinh chira 4n duéi diu c3n bac hai, ta thudng binh phuong hai vé dé dua v& mot

phuong trinh hé qua khong chira 4n dudi ddu c3n.

x 0
e @ =gy {2
f(@) = [g(@)?
. \/X:B@ B=0
A= B?
i B JAZ0 ey B20)

A=B

M6t sé dang phuong trinh d3c biét khac

Dang phuadng trinh Phuong phap

azt +br> +¢c=0 (a#0) Ditt=22>0
b
(x+a)t+ (z+b)t=c D“aftt:x—i—a;
xt —4a3 +ar? +br+c=0
batt=x-1
(v6i b =8 —2a)
(ax? + bx + ¢)(az? + bx +d) =m D3t t = ax? + bx
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Dang phuadng trinh Phuong phap

(z+a)(z+d)(z+c)(z+d) =m Tinh (z 4+ a)(z + d) va (z + b)(z + ¢),
(véia+d=0b+c) dua vé dang trén
2t +axd + bz’ +akr+k2=0 Chia hai véchon,déttzaH—S
ar*—br* +cxl—br+a=0 Chiahaivéchon,détt:eré
(ax® + bx + ¢)(azx® + dx + ¢) = ma? Chia hai vé& cho 22, sau d6 d3t 4n phu thich hop

Hé hai phuong trinh bac nhét hai 4n

Hé hai phuong trinh bac nhit hai 4n cé dang téng quét:

ax +by=c
(1)

adr+by=c

Trong d6 z,y 13 4n sb; cac hé sb a,b,c,a’,b’, ¢’ |a nhitng s6 cho trudc (Vi a? + b2 + 0 va a’2 + b2 £ 0).
g ’y v ) ) ) b g

Dinh ly: Giai va bién luan hé phudng trinh bang dinh thirc cap hai

Ta 13p cac dinh thic (dinh thic cip hai) nhu sau:

a b
D= =ab —a’db
a b
c b a c
D, = =cbt —c'b, D,= =ac —d'c
¢ b a

K&t qua bién luan hé (1) dua vao céc dinh thic trén:
z A , aR < D Dy
= Néu D # 0: Hé (1) c6 nghiém duy nhat (z;y) = 3’”; D)
= Néu D =0va (D, # 0 hodc D, # 0): Hé (I) v6 nghiém.
= Néu D =D, = D, = 0: Hé (I) c6 vb s6 nghiém. (Tap nghiém cia hé lic nay tring véi tap

nghiém cla phuong trinh az + by = ¢).
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Nhan xét: Y nghia hinh hoc

M&i phuong trinh trong hé (1) 13 phuong trinh clia mét dudng th3ng trong m3t phing toa d6. Gia
str (d) 13 dudng thing az + by = ¢ va (d’) 13 dudng thing o’z + b’y = ¢’. Khi dé:

= Hé c6 nghiém duy nhit < Hai dudng thgng c3t nhau.

= Hé v6 nghiém < Hai dudng thing song song véi nhau.

= Hé c6 vd s6 nghiém < Hai dudng thgng trung nhau.

7 Y\ ) )

@) / o7 &
\ @) P . _
/;O @) X [8) / x

I /
; @) X X
|Hé c6 nghiem duy nhét| |Hé c6 v6 s6 nghiem

Phuong trinh dudng thang trong miat phang

Phuong trinh dang tdng quat

Dinh nghia: Phuong trinh tong quat cha dudng th%ng

Trong mit phing toa d6 Ozy, mdi dudng thing déu cé phuong trinh dang az + by + ¢ = 0, trong
d6 a va b khéng dong thsi bang 0 (tic 13 a® + b? # 0). Phuong trinh nay dudc goi 13 phuang trinh
téng quat cla dudng thing.

Nguac lai, mdi phuong trinh dang az + by + ¢ = 0 (a® + b? # 0) déu |3 phuong trinh tdng quat clia mot
dudng thgng xac dinh. Déi véi dudng thgng A:ax+by+c=0, ta co:
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(A):ax+by+c=0

-
X

ol

= 7 = (a; b) 13 vectd phap tuyén clia dudng thing (vecto c6 gia vudng goc véi A).

= i = (—b; a) 12 vectd chi phudng clia dudng th3ng (vecto cé gia song song hodc triing véi A).

Cha y: Cac truong hop dac biét

Xét phuong trinh téng quat az + by 4+ ¢ = 0 (a? + b # 0):

= Néu b = 0, phuong trinh tr§ thanh 2 = -y Day 13 dudng thing vudng géc véi truc Oz tai
a
d C
diem (——; 0).
iem ( - )
= Néu a = 0, phuong trinh tré thanh y = —g. Day |3 duong thgng vudng gbc véi truc Oy tai
id c
diem (0; —-).
ém (0, )

= Néu ¢ = 0, phuong trinh cé dang az + by = 0. Dudng thgng nay di qua gbc toa d6 O(0; 0).

Phuodng trinh duong tha&mg theo hé sé goc

Trong m3t phing toa d6 Ozy, dudng thing A khéng song song va khéng triing véi truc Oy ludn c6 phuong
trinh dang:
y=kxr+b

Trong d6, dai luong k dudc goi 13 hé sb goc cha dudng thing. Néu o 13 géc tao bdi A va chidu duong

cha truc Oz (« # 90°) thi k = tan «. Dai luong b 13 tung do giao diém clia dudng thing véi truc Oy.
= k> 0: Géc o nhon, dudng thing di [&n tir trai sang phai.
» k< 0: Géc a tu, dudng thgng di xubng tur trai sang phai.

» k= 0: Duong thgng song song hoac trung véi truc Oz, c6 phuong trinh y = b.
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) YA YA
\b___ (d)
N b
O X
o x £ ) 0 ~

Hé sd goc k > 0 He s6 goc k < 0 He s6 gock =0

Phuong trinh dudng thang di qua hai diém

Cho hai diém phan biét A(zy; y,) va B(xy; y,). Phuong
tAnh dudng thing di qua A va B dugc xac dinh nhu sau:
Yo — W1

Ty — Ty

= Néu x, # x,, dudng thing c6 hé sb géc k =

Khi dé phuong trinh |a:

yQ_yl(

r—XT
p— 1)

Yy—uy =

hodc viét dusi dang tuong duong:

r—x1  Y—UY

Ty — Xy Y2 — U1

= Néu z, = z,, dudng thing vudng géc véi truc Oz va

c6 phuong trinh la z = z;.

Phudng trinh dudng thang dang doan chan

Dudng thing A cSt cac truc toa d6 Oz va Oy lan luct
tai hai diém A(a; 0) va B(0; b) (véi a # 0 va b # 0) c6
phuong trinh:

Phuong trinh nay dugc goi la phuong trinh dudng thgng
theo doan chan. Trong dé a va b |an luct 13 doan chin

cha dudng thing trén truc Oz va Oy.
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Phuong trinh theo doan chin khéng ap dung dudc cho cac dudng thgng di qua gbc toa d6 O hoic

vuong gbc v6i mot trong hai truc toa do.

Phuong trinh dudng thang dang tham s6 va chinh tic

Dudng thing A di qua diém My(xg; yp) va
nhan vecto @ = (uy; uy) (Vi u? +u3 # 0)
lam vectd chi phuong c6 phuong trinh

tham sb Ia:

T =xy+ uqt (teR)

Y = Yo + ust

Khi tham sb ¢ thay di trén tap R, diém
0 Xo x

- » ” N z
‘Vectd 1 = (uy; Uy) 1a vectd chi phuong ctia duong thang A

M(x; y) s& di chuyén quét qua toan bb

dudng thing A.
Trong trudng hop u; # 0 va uy # 0, néu
ta khir tham s6 ¢ thi nhan dugc phuong

trinh dang chinh tic:

r—yg Y—Yo

Uy Ug

Khoang cach tir diém dén dudng thang

Trong m3t phing Ozy, khodng cich tu (A):ax+by+c=0
mot  diém  M(zy; y,) dén dudng thing

A: ax + by 4+ ¢ = 0 dudc tinh theo cdng thiic:

azxy + by, + ¢
d(M,A):—' 0 Tty Tl
va? + b?
D3c biét, khodng cach tir goc toa d6 O(0; 0) 0 X
den A Ia: Ta hoan toan c¢6 thé chiing minh cong thic khoang cach trén:
— R
IL.MH=t-n
’C| 2. Thay toa do H (theo an t) vio phuong trinh A dé tim ¢
d(0, A) = o dn £) vio plutong i
< 5 ) s 3. Tinh d6 16n vecto |MH| = |t| - |n| va thé gia tri t vira tim dugc.
va? + b?
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Vi tri tuwong dbi va gbc giita hai dudng thang

Trong m3t phing, cho hai dudng thing ditaz+biy+cg =0vady: agxr + byy + ¢y = 0. Vi tri tuong

ddi clia chiing dugc xét thong qua ti 18 cac hé sé nhu sau:

Vi tri tuong dbi Diéu kién hé sb6
. a b
Cat nh Y147
at nhau . + b,
a b o
Song song 2 =121

Trung nhau —=—==—

Vuéng géc a6y +bby =0

Géc ¢ (0° < @ < 90°) giita hai dudng thing d; va d, c6 y (dy) 1y =kox+ by

hé s géc 1an lugt 1a k; va k, dugc tinh béi:

kl _k2
]. + k1k2

tan = ‘

(Ap dung khi diéu kién 1+ k,ky # 0 dugc thda man). Néu
xay ra truong hop 1+ kiky = 0, hai dudng thgng vudng
gbc véi nhau (¢ = 90°).

0 \ X
(d])ly = k1x+b1

Hoc sinh can phan biét rd hai didu kién tuong duong khi chirg minh hai dudng thing vudng géc:

Chu y: Diéu kién vudng géc

= Dung hé sé géc: k, - ky = —1.
= Dung vectd phap tuyén/chi phuang: Tich v6 huéng bang 0, tiic 13 7i; -7iy = 0 ho3c @y -1y = 0
(hay a1a2 + blb2 = 0)

© bravee9.github.io/bravemath | Trang 26 /434


https://bravee9.github.io/bravemath/

Chuang 1. PHUONG TRINH VA HE PHUGNG TRINH

Bit phudng trinh va hé bit phuaong trinh bac nhit hai 4n

B4t phuong trinh bac nhat hai an

Dinh nghia: B4t phudng trinh bac nhat hai an

B4t phuong trinh bac nhat hai an z,y cé dang 13 ax +by < ¢ (ax+by > ¢, ax+by < ¢, ax+by > c),

trong d6 a, b, ¢ 13 nhiing sb thuc, a va b khéng ddng thai bing 0, = va y 1a cac an sb.

= Cip s (z;y,) dudc goi 13 mot nghiém clia bat phuong trinh bac nhat hai 4n az + by < ¢ néu bit
ding thirc axy + by, < c dang.

= B4t phuong trinh bac nhit hai an ludn c6 vo s6 nghiém.

Nhitng diém nim trén
nét ditt sé thoa man
bat phuong trinh!

Nhitng diém nim trén

nét diit s¢ khong thoa

man bat phuong trinh!

Dinh nghia: Biéu dién mién nghiém cta bat phuong trinh

= Trong mat phgng Ozy, tap hop cac diém c6 toa do 1a nghiém clia bat phuong trinh az + by < ¢

goi 13 mién nghiém cita bat phuong trinh.
= Dudng thing d: az + by = ¢ chia m3t phdng Ozy thanh hai nira m3t phing bs d:
— Mb6t nira m3t phing (khong ké bs d) 13 mién nghiém chia bt phuong trinh az + by > .

— Mb6t nira m3t phing (khéng ké bs d) 13 mién nghiém clia bat phuong trinh az + by < c.
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yA
axg+byg+c>0 (True)| ax; +by; +¢ <0 (F”15€)|

7('x1/ ]/1)

<Y

Cach biéu dién mién nghiém cta b4t phudng trinh az + by < ¢
= Budc 1: V& dudng thing d: az + by = ¢ trén mit phing Ozy.
= Budc 2: Liy diém M (zy;y,) (thudng 13 gbc toa d6 O) khong thudc d.
» Budc 3: Tinh az, + by, va so sanh véi c.

= Budc 4: Néu az, + by, < c thi nlra m3t phing bd d chita M, 13 mién nghiém chia bt phuong trinh.

Néu az, + by, > c thi nira mit phing bd d khéng chira M, 13 mién nghiém chia bt phuong trinh.

Mién nghiém clia bat phuong trinh az + by < c 13 mién nghiém cla bat phuong trinh axz + by < ¢
bd di dudng thing az + by = ¢ va biéu didn dudng thing b3ng nét diit.

H3y v& mién nghiém cla bat phuong trinh 2 +y —2 <0

@ Loigiai
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B(2,0)

Mién nghiém \VO B(2,0)

[1-0)+1-0)-2= -2<0] @)

Ta chon mot diém ngiu nhién trén do thi dé kiém tra.
Dé thuan tign nhit thi nén liy diém O(0, 0). Va ta
thay n6 thod man yéu cau clia bat phuong trinh.

®)

Hé bat phuong trinh bac nhat hai an

Dinh nghia: Hé bt phudng trinh bac nhat hai an

= Hé bt phuong trinh bac nhat hai an 13 mot hé gdm hai hay nhiéu bat phuong trinh bac nhat hai
an.
= C3p sb (x4;y,) 1a nghiém ctia mot hé bat phuong trinh bac nhat hai an khi (z;,) dong thai la

nghiém cla tat c3 cic bat phuong trinh trong hé.

Dinh nghia: Biéu dién mién nghiém cta hé bat phudng trinh

= Trong mit phing Ozy, tap hop cac diém cé toa db |3 nghiém cla hé b4t phuong trinh bac nhat

hai 4n 13 mién nghiém cta hé b4t phuong trinh d6.
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= Mién nghiém clia hé 13 giao cdc mién nghiém ciia cac bat phuong trinh trong hé.

Cach biéu dién mién nghiém cta hé b4t phuong trinh bac nhat hai an

= Budc 1: Trén cling mit phing Ozy, x4c dinh mién nghiém cia m&i bat phuong trinh bic nhat hai

an trong hé va gach bé mién con lai.

= Budc 2: Mién khong bi gach 13 mién nghiém clia hé bat phuong trinh bic nhit hai an.

Biéu di&n mién nghiém clia hé bt phuong trinh y>0

r4+y<4

O day, ta dang loai bd mién

Tuong ty, ta ciing loai bé mién
khong thod man x > 0

khong thod méan y > 0

& y<0
2

QX

%S
RRRRRRRRRK
SRRRRKRKKK
SRIKIKANKRAER
RIS

>0 Mién nghiém khi nay
xr=z chinh la da giac OAB
y=0
x+y<4

®) ©
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Tim gia tri 16n nhat, nhoé nhat cha biéu thirc

Néu bai todn yéu cu tim gia tri 16n nhat (hay nhd nhat) cta biéu thirc F(z;y) = ax + by, véi (x;y)

1a cac nghiém chia hé bat phuong trinh bic nhat hai 4n, ta lam nhu sau:
= Budc 1: Xac dinh mién nghiém clia hé bt phuong trinh bac nhat hai 4n. Gia sir @ 12 mién da
gidac A1 A, ... A,.
= Budc 2: Tinh gid tri cGa biéu thiic F(x;y) tai cac dinh A, (z1;91), Ag(Ta59s), vy Ay (2,3Y,)
clia da giac trén.

= Buéc 3: So sanh cic gié tri thu dugc, ta dugc gid tri 16n nhat F  (hodc nhd nhat F, . ) can

axr

tim.

4 Ay(xy; ]/4)

Fo = F(0;0)

F1 = F(x1;11)
Fy = F(x2; 1)
F3 = F(x3;3)

Ar(x2; Y2) F, =F(xy; yn)

Frax = max{FO;Fl; Fn} Foin—= min{FOl- Fy; - Fn}

Trich dé thi THPTQG 2025 - Phan Il - Cau 3 - M3 dé 0101

D& gay quy tir thién, ciu lac bd thién nguyén cta mét trudng THPT t8 chiic hoat ddng ban hang
v6i hai m3t hang 13 nudc chanh va khoai chién. Cau lac bo thiét ké& hai thuc don. Thuc don 1 c6 gia
30 nghin déng, bao gdm hai céc nuéc chanh va mét tii khoai chién. Thuc don 2 cé gid 50 nghin
ddng, bao gdm ba cdc nuéc chanh va hai tii khoai chién. Biét rang cau lac bd chi lam dudc khéng
qué 165 cdc nuéc chanh va 100 tai khoai chién. S6 tién 16n nhat ma ciu lac bd ¢ thé nhan dugc

sau khi ban hét hang b3ng bao nhiéu nghin dong?

© bravee9.github.io/bravemath | Trang 31 /434


https://bravee9.github.io/bravemath/

Chuadng 1. PHUONG TRINH VA HE PHUGNG TRINH

[# Loigiai
Goi z, y 1an lugt 12 sb lugng thuc don 1 va thuc don 2 dugc ban ra (z > 0,y > 0).

S6 cbc nuéc chanh st dung 13 22+ 3y. S6
thi khoai chién sir dung 13 = + 2y. Ta c6
hé bat phuong trinh:

(22 + 3y < 165

x4+ 2y <100

x>0

y=0

Ham muc tiéu (sb tién thu dugc tinh theo nghin dong): F' = 30z + 50y, can tim max F.
Giao diém clia x + 2y = 100 va truc tung: A(0;50).

Giao diém clia 2z + 3y = 165 va z + 2y = 100: gidi hé ta dudc = = 30, y = 35 = B(30;35).
Giao diém clia 2z + 3y = 165 va truc hoanh: z = 165/2, y = 0 = C(82,5;0).

Cac dinh clia mién da giac: O(0;0), A(0;50), B(30;35), C(82,5;0).

F(0;0)=30-0+50-0=0, F(0;50) = 2500,
F(30;35) =900 + 1750 = 2650, F(82,5;0) = 2475.

F_.. = 2650 nghin dong, dat dugc khi ban 30 thuc don 1 va 35 thuc don 2.
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Gidi han cha day so6

Day sb c6 gidi han 0

Dinh nghia: Gidi han 0

Ta néi rang diy sb (u,,) cé gi6i han 0 (hay cé gi6i han 13 0) néu véi mdi s& duong nhd tuy y cho
truéc, moi s& hang ciia dy s6, ké tir mdt sb hang nao d6 trd di, déu c6 gia tri tuyét dbi nhd hon sb
duong dé.
Khi d6 ta viét

lim(u,) =0 hodc limwu, =0 hodc wu, — 0.

(Ki hiéu "limu,, = 0"cdn dugc viét " lim u, = 0", doc 1a diy sb (u,,) cé gi6i han 13 0 khi n dan dén
n—oo

vb cuc).

Tt dinh nghia suy ra ring:
< i 2 1
a) D3y so (u,,) c6 gidi han 0 khi va chi khi day s6 (|u,,|) cé giéi han 0. Chang han, ta c6 lim — = 0
n
1 1" —nH"
—’( ) vélim( ) =0.
n

N
| —

n
b) D3y s khong déi (u,,), v6i u,, = 0 c6 gi6i han 0.

n
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Dinh ly: Mot s6 day sé c6 gidi han 0

Dua vao dinh nghia, ngusi ta chitng minh dudc rang:

1 1
a) lim— =0; lim— =0.

vn vn

b) Néu |g| < 1 thi lim¢™ = 0.

Dinh ly: Dinh Ii kep

Cho ba day s6 (u,,), (v,) va (w,). Néu u, <wv, < w, v6i moi n (k& tir mét s& hang nao d6 tré di)
va
limu, =limw, =L
thi
limv, = L.
Truong hop dic biét (Giéi han 0): Néu |u,| < v, (tc 1a —v, < u, < v,) va limv, = 0 thi

lim u,, = 0.

Chitng minh ring lim 22—,

LD

[# Loigiai
Ham s6 lugng giac sinn ludn dao ddng nhung bi chdn trong doan [—1;1]. Lgi dung tinh chit nay,

ta ¢ thé ding Dinh Iy kep dé ép gi6i han clia toan bd phan thic.

Vi |sinn| < 1 v8i moi n, ta cé:

0 < sinn < 1
V| T Vn
X < < 1
Mat khac, theo dinh Ii vé mot s6 day so cé gidi han 0, ta cé limT = 0.
n
Do dé, ap dung dinh Ii kep, ta suy ra:
sinn
li =0.
i T

< 5 1
Cho k la mot s6 nguyén ducng. Chimg minh rang lim — = 0.
n
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[# Loigiai

1 1 < PR
Ta cé — < — v6i moi n > 1. Tur d6 thiet 1ap dugdc bat ddng thic:
n n

1

0< <

S|

n

1 1
Vilim0 = 0 va lim — = 0, nén theo dinh Ii kep ta suy ra lim — = 0.
n n

1 —2)"
Tinh céc gidi han sau: a) limQ—n b) lim ( 3")
[# Laigiai
.1 } 1\"
a) hm2—n = lim <§> =0
—_\"n —\"
b) hm< ) —hm<—> =0
3
nm
X cos —
Chiéng minh rang lim 4n5 = 0.
[# Lodigiai
Ta cé
nm
cos — B 1 (1>n
qn | T 4n 4
nm

1 n
Vi lim (Z) = 0 nén lim — 2= = 0.
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Day sb c6 gii han hiru han

Dinh nghia: GiGi han hiru han
v

Ta néi rang diy s6 (u,,) c6 gi6i han 13 s6 thuc L néu lim(u, — L) = 0.
Khi d6 ta viét
lim(u,) =L hodc limu, =L hodc wu, — L.

D3y sb c6 gi6i han 1a mot s6 thuc goi |a day sbé cé gidi han hitu han.

D3y s6 khong ddi (u,,) v6i u,, = c (c 1a h3ng s6) c6 gi6i han 13 ¢ vi

lim(u,, — ¢) = lim(c —¢) = lim0 = 0.

s "
Ching minh rang lim << ) — 1) =—1.

[# Loaigiai

Vi lim(u,, — (—1)) = lim ( NG =0 nén limu,, = —1.

Chiing minh r3ng:

a) lim<<§>n+1> =1, b 1im<2;n5n> :,g_

[# Loigiai

o (2=Bn  ('B5\Y . /1 5 5\ 1 _/2-Bny 5
b)Tacohm( 5 —(—7>>—hm<ﬁ—§+§)—hmn—0:>hm( o™ )- 5
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1) Tir dinh nghia vira néu, suy ra rang limu,, = L khi va chi khi khoang cach |u,, — L| tir diém u,,
dén diém L trd nén nhd bao nhiéu ciing dugc min 13 n da 16n; néi mét cach truc quan, khi n
ting, cac diém u, ngdy cang tién gin dén diém L.

2) Khéng phai moi ddy s& d&u c6 gi6i han hitu han. Ch3ng han dy s& ((—1)™), tic 13 day sb
1,1,—1,1,...

khong cé gii han hitu han.

M6t sb dinh li quan trong

e

Gia str lim u,, = L. Khi dé:

1. lim |u, | = || va lim ¥u, = VL;
2. Néu u,, > 0 véi moi n thi L >0 va lim \/u, = VL.

2
Tinh gii han lim /9 + “— "
n
[# Loi giai
. cos 2n O cos 2n
\ﬁhm<9+ >:9nenhm 9+ =v9=3.
n n

. 3/2Tn% —n
ﬁm lim T

[# Loi giai

27n? — 1
Ta 6 lim 2 "™ _lim (27—f> — 27. Do d6
n n

2 _
lim /27" yar 3,

n2

© bravee9.github.io/bravemath | Trang 37 /434


https://bravee9.github.io/bravemath/

Chuang 2. GIGI HAN VA TiNH LIEN TUC CUA HAM SO

e

Gia st limu,, = L, limv,, = M va c |a mt h3ng s6. Khi dé:

lim(u, +v,) =L+ M lim(u,, -v,) =L-M

lim(u,, —v,)=L—M lim(c-u,)=c-L

N
limu—":M (néu M + 0).

Un,

2 +4n—7

Tim limw,,, véi u,, = 5

n
[ Loigiai
Ta cé

4 7 4 7
lim u,, = lim (3—1—5—?) :limS—i—limE—limﬁ

1 1
zlim3+4limf—7lima2:3—|-4-0—7-0:3.
n n

2n3 —4n? +3n+3

Tim limu,, véi u,, = E—
n3 —bn

[ Lodigiai
Chia tlr va mau clia phan thiic cho n? (n3 1a lu§ thira bic cao nhat clia n trong ti va miu cda phan

thirc), ta dugc

4 3 3
2——+5+
. — n_n n
n 5 7
1_ﬁ+$
Vi
4 3 3 4 3 3
lim(2—7+7+f3>:limQ—Iim—+lim—2+lim—3:2
n o n n n n n
va
. 5 7
llm(l—ﬁ—i—ﬁ):l#O
nén

o2n% —4n? +3n+3 _2_2

= 7 1
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Tim giéi han cla diy sb (u,,) véi u,, = 717213)__:;7;3
[# Loigiai
Chia ca tir va mA3u cho n3, ta dugc
1.3
w, = n? 5 n3
1+

1 3

1 2 0
\ﬁlim(E—n2+$>:Ovélim<1+ﬁ>zl#Onénlimun:I:O.

Téng chia cip s6 nhan lui vé han
Xét cip sb nhan vo han
ul,ulq,u1q2,...,u1q”,
c6 cobng bdi ¢ véi |q| < 1 (goi 1a moét cap s6 nhan Iui vé han).
Ta biét r3ng téng clia n s6 hang dau tién cha cip sb nhan dé 13

uy (1 —q") Uy

S, =uy +uq+-+u gt = 4 14

Vi |g| < 1 nén lim¢™ = 0. Do d6

lim S, = Bty
—dq

Ta goi gidi han d6 |3 téng cha cip sé nhan d3 cho va viét

S=u +uqg+ug®+- =
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Gidi han vo cuc

Dinh nghia: Gigi han v6 cuc

= Ta néi diy sb (u,,) cé giéi han 1a +o00 khi n — +00 néu véi mdi s6 duong tuy y cho truéc, moi
s6 hang clia day s6, ké tir mét s6 hang nao d6 tré di, déu 16n hon sb6 duong dé.
Ki hiéu:
lim(u,) = +00 hodc limu, =+oco hodc u, — +oo.
» Ta néi day sb (u,,) c6 gi6i han 12 —oo khi n — +00 néu lim(—u,,) = +oo.
Ki hiéu:

lim(u, ) = —oco0 hodc limu, = —oco hodc wu, — —oo.

D3y s6 cé gidi han 13 +o00 hodc —oo dudc goi chung 13 ddy sb cé gi6i han vé cuc.

Dinh ly: Mét s6 lién hé giira gi6i han hiru han va gi6i han vé cuc

> 1
a) Néu limu,, = 400 hodc lim u,, = —oo thi lim — = 0.
un
< 1
b) Néu limu, = 0 va u,, > 0 v6i moi n thi lim — = +oco.
un
< 1
c) Néu limu,, = 0 va u, < 0 v8i moi n thi lim — = —o0.
u

n

Nhan xét: Mot vai gidi han dac biét

» limn* = 400 véi k 13 s& nguyén duong.

= limg" = +oo véi ¢ > 1.

Tinh cac gi6i han sau:

2n? +1
a) lim (n® —2n +1) b) lim nt
n—3
[Z Loigiai
a) Tacéd

2 1
lim (n® —2n + 1) = limn? (1———1——3).
n n
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2 1
\ﬁlimn3:+oovélim<1——2+—3>:1>0nénlim(n3—2n+1):+oo.
n n
b) Ta cé
1
2 _
241 .”<2+n2> 2t
i 3 = lim 3 =limn 3
e n<1——) 1-2
n n
2—1—1
= 2, q
Vi limn = 400 va lim 7132:2>Onénlim not = 400
1-2 e

yAA Gidi han cia ham so

Gidi han cia ham sb tai mot diém

a) Gigi han hiru han

Xét bai toan sau:

2x2 —

Cho ham s f(z) =

moi n) sao cho limz, = 2. (1)

va mét diy bat Ki zy,z9,..., T nhitng s thuc khac 2 (tic 1 z,, # 2 véi

ny e

H3y x4c dinh diy cac gia tri tuong ang f(x,), f(zy),..., f(z,,), ... cha ham sb va tim lim f(x,,).

Vi x, # 2 nén
2 _
fla,) = 202D

=2 2) v6i moi n.
pa— (x,, +2) véi moi n

Do dé
flzy) =2(xy +2), f(zy) =2(x9+2), ..., flz,)=2=,+2), ..

Tu (1) suy ra
lim f(z,) =lim2(z, +2) = 2(limz,, + 2) =2(2+2) = 8.

Ta néi rang ham s6 f c6 gi6i han 1a 8 khi = dan dén 2.

M&t cach téng quat, ta c:
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Dinh nghia: Gigi han hitu han tai mét diém

Gia st (a;b) 12 mbt khoang chira diém z, va f 13 mdt ham s6 xac dinh trén tap hop (a;b) \ {z,}.
Ta néi rdng ham sb f cé gi6i han 13 sb thuc L khi z dan d@én z, (ho3c tai diém T,) néu v6i moi diy
s6 (z,,) trong tap hop (a;b) \ {zo} (tic 13 z,, € (a;b) va x,, # xy v6i moi n) ma limz, = x,, ta
déu cé lim f(z,) = L.
Khi d6 ta viét

lim f(z) =L hodc f(x)— L khiz — x,.

T—Tq

1
Tim gidi han: lim (a:cos—).
z—0 T
[# Lodigiai

B 1 ;
Xét ham s6 f(z) = x cos —. Vi moi ddy s6 (z,,) théa man x,, # 0,Vn va limz, =0, ta cé:
x

()] = |2,]

<z

1
cos — nl

n

Vilim|z,| = 0 nén lim f(z, ) = 0. Do dé:

1
lim (3: cos —) =0.
x—0 x

Khir dang v6 dinh g

o o’ —3x 42
Tinh gi6i han: il_)ﬂ% 21
[# Loaigiai

2 P4 0
Thay z = 1 vao biéu thirc, nhan thay gi6i han cé dang v6 dinh o

Ap dung quy tic L'Hbpital:

©) bravee9.github.io/bravemath | Trang 42 /434


https://bravee9.github.io/bravemath/

Chuang 2. GIGI HAN VA TiNH LIEN TUC CUA HAM SO

Cum tir ", # x,"hay tip xac dinh (a;b)\ {z,} trong dinh nghia mang y nghia rit quan trong: Khi
tim giéi han ctia f(x) khi = dan dén x,, ta khéng quan tam dén gia tri ciia ham sb tai chinh diém
Tg-

Thuc chat, ham s f(x) tham chi c6 thé khdng xac dinh tai x5, hodc cé xac dinh nhung f(x,) # L.

Diéu duy nhit quyét dinh gi6i han 13 hinh dang ctia ham s6 & viing 1an can (rat gan) diém z,.

i \ YA YA
Lp-------- Lp-------- Lp--------
I I I
| I I
| | |
| feeo)f ----- - |
Pe | 1 | Ce 1
I I I
| | |
I I I
| = | o | e
O Xo X @) Xo X O Xo X

Hinh 2.1. C3 ba trudng hgp ham sb déu c6 lim f(z) = L bat chip gia tri tai f(x).

T—Tq

Ap dung dinh nghta, d& dang chimg minh dugc rang:

a) Néu f(x) = c v6i moi € R (c 1a mot hing s6), thi véi moi z, € R,

lim c=c.
T—xq

b) Néu g(z) = z v6i moi x € R thi véi moi z, € R,

lim z = z.
T—xg

Gidi han mét bén

Trong dinh nghia lim f(z), ta xét cac gia tri cha x tién gan dén z, tir ca hai phia. Tuy nhién, khai niém
T

giéi han mot bén xuat hién khi ta chi xét cac gia tri cia ham so6 véi x > x, hodc chi xét véi x < z. Dieu

nay cuc ky hitu ich d8i véi cac ham sb c6 dd thi bi gidn doan tai diém nao dé hodc ham sb cho bdi nhidu

cong thirc.
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Dinh nghia: Gidi han bén trai va bén phai

= Gia sir ham s6 f x4c dinh trén khodng (a;z,). Ta néi rdng ham s f c6 gi6i han bén trai |3 s6
thuc L khi  dan dén z, néu ta c6 thé lam cho cic gia tri clia f(z) tién gin dén L tuy y bang
cach chon x dd gan z, va = < z,.
Khi d6 ta viét
lim f(x) =L hodc f(x)— L khiz— ;.

Ty
= Tuong tu, gia s ham s6 f xac dinh trén khoang (z,;b). Ta néi rang ham s6 f c6 gidi han bén
phai 13 s6 thuc L khi = dan dén z, néu ta c6 thé lam cho cic gia tri cha f(x) tién gan dén L
tly y b3ng cich chon z di gan x, va = > x,.
Khi d6 ta viét
lim f(z) =L hodc f(z)— L khiz— z].

=z

N

L
— A L
f) I
(0 x—»x; 5 0 Xg=—x ¥
Hinh 2.2. (a) lim f(z)=1L Hinh 2.3. (b) lim f(z) =L

B3ng céch so sanh dinh nghia gi6i han tai mot diém va giéi han mdt bén, ta ¢ dinh Iy v6 cling quan trong:

Dinh ly: Su ton tai chia gi6i han

Ham sb f(z) c6 gi6i han 13 L khi  — =z, khi va chi khi giéi han bén trai va gii han bén phai cda

né tai x, cung ton tai va bang nhau. Ky hiéu:

lim f(z) =L khivachikhi lim f(zr)=L va lim f(x)=1L

T—T( T—Ty "E‘}ajg
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Gidi han vé cuc tai mét diém

N P .
Tim lim — néu nd ton tai.
z—0 T

[# Loi giai

Khi z tién gan t6i 0, 22 ciing tién gan t6i 0, va

phan thirc % trd nén rat 16n. Tir bang bién thién ]
hodc db thi, gia tri cia f(x) c6 thé 16n tly y khi
x tién d0 gan 0.
Vay gia tri cha f(x) khong tién t6i mot sb thuc
hitu han nao. Ta dung ki hiéu sau:
lim — = 400 ) x

s A A 2+ N A A R . 1 A 7 ~ N [y N X . N
Ki hiéu oo khéng phai 1a mot s6 thuc. Viet hn%—2 = 00 khdng cé nghia la gi6i han nay ton tai, ma
x—0

né biéu thi mét cach thiic dic biét ma tai d6 gii han khong ton tai (gia tri ham sb ting khéng c6

gigi han).

Dinh nghia: Gigi han v6 cuc

Cho f 12 ham s6 xac dinh & c3 hai phia cta x(, ngoai trir cé thé tai chinh Zg-
» Ta viét IILI;l f(z) = 400 nghia |2 gia tri cia f(z) c6 thé dugc lam 16n tiy y b3ng cach chon x
da gan x,, ;hu’ng khéng bang z.
= Tuong tu, mlgg f(z) = —oco nghta |a gia tri cha f(x) cé thé 1am am 16n tuy y (giam khong gidi
0

han) b3ng cach chon z di gan z,.
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YA X =X
i y=f)
- O Exo 7(

Céc dinh nghia tuong tu hoan toan cé thé dugc dua ra cho gidi han vé cuc mot bén. Dudi day 13 bén

truong hdp minh hoa truc quan:

vh ; vk vh . /W
I
I I . !
| | ! |
| | \ ! |
1 1 | |
7 1 1 | |
1 1 [ |
1 1 [ |
' . L - ' - ' -
(a) lim_f(x) = +00 (b) im f(x) = +o (c) lim_f(x)I: -0 (d) lim f(x)= —o0

N .1
Tim lim —, lim — va lim —.
20" a0tz a0 |z

[# Loi giai

< 1
a) Xét giéi han clia ham s6 y = —:
x
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Ta cé:
. R .1
Iim —=—-—oc0 va lim — = +oo.
x—0" X z—0t I

Vi lim — # lim — nén khéng ton tai
z—0" X x—0T T

1 X
lim —.
x—0
Z Y 2 b A 1
b) Xét gi6i han cla ham s6 y = W:
T
. 1 2 y
Ta ¢é lim — = +oo. Do dé: +00
x—0 |33|
. 1 . .
lim — =+o0c0 va lim — = +o0.
x50 || a0+ ||
0~ O+ X

Gigi han chia ham sb tai v6 cuc

Khai niém ndy xét gia tri cia ham s6 khi bién x trd nén rat 16n vé gia tri duong (tién téi +o00) hodc rat

16n vé gia tri Am (tién t&i —oo).

Dinh nghia
| 4

= Gia sir ham s6 f xac dinh trén khodng (a;+00). Ta néi rang ham s6 f cé gi6i han |a s thuc L

khi z dan dén +oo néu véi moi day sb (z,,) trong khodng (a; +00) (tlc 13 z,, > a véi moi n) ma
limz,, = 400, ta déu cé lim f(z,,) = L.
Khi d6 ta viét

lim f(z)=L hodc f(x)— L khiz — 4o0.

T—+400
= Cac gi6i han wEELHOO f(z) = +o0, Iginoo flx) = —o0, wginoo flx) =L, xEEHOO f(z) = 400 va

lim f(z) = —oo dugc dinh nghia hoan toan tuong tu.

T——00

© bravee9.github.io/bravemath | Trang 47 /434


https://bravee9.github.io/bravemath/

Chuang 2. GIGI HAN VA TiNH LIEN TUC CUA HAM SO

y N1y=fe
y=f y=L L
L y=1L
AN —— 0 x
> X tién dan dén —oo
\° x
X tién dan dén +oo

Hinh 2.4. Minh hoa giéi han cta ham sé f(z) tai vé cuc

Ap dung dinh nghia, ta chitng minh dugc rang véi moi s& nguyén duong k, ta co:
k

a) lim z" = 4o0;

T—+00

N +o0o  néu k chin

b) lim z" =

Tr——00 Pe 2

—o0o0 néu k lé

c) lim — =0

Tr—4+00 I

Mot sb dinh i vé giGi han hitu han

Ap dung céc dinh Ii v& gi6i han cta d3y sb, c6 thé chiig minh dugc cac dinh If sau day vé gi6i han cla
ham sb.

TS

Gid st lim f(z) =L va lim g(x) = M (L, M € R). Khi dé
Ty

T—Tq

) Jim [/(@) + g(a)) = L+

b) lim [f(x)g(z)] = LM; (D3c biét, néu c 13 mot hing s6 thi lim [cf(z)] = cL).
Ty T—To
L

5 o J®)
c) Néeu M # 0 thi xlirgom—ﬁ.

Céc dinh Ii trén van didng khi thay = — z, bdi © — +00, £ — —oc ho3c gi6i han mot bén.
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Néu & 13 mot s6 nguyén duong va z, 13 mot hing s6 thi véi moi z, € R, ta c6

lim axk = axlg.
T
x2—r—2
Tim gidi han: a) lim(a® = 52% 4 7); - b) lim =57

[Z Loigiai

a) Ta c6 lim (23 — 522 + 7) = lim 2% — lim (52%) + lim 7 =23 — 5. 22 4 7 = —5.
T—2 T—2 T—2 wﬁ2l

b) Gigi han nay c6 dang vé dinh 0/0 va s& dugc gidi quyét 8 muc sau.

e

Gia st lim f(z) = L. Khi d6

T Ty
a) lim [f(z)] =L
b) liﬁm Vf(x) = VL,
T
c) Néu f(z) > 0 v6i moi = € J \ {z,}, trong d6 J 1a 1an can chira z,, thi L > 0 va

Jim Vi) =VL.

. 2t — a3+
-nm 1:1—1>gloo .’E4 + 21‘2 — 7

[Z Loigiai
. 2t — P+ R . 2t — P+
Vi ey 2 I e = V2

M6t vai quy tac tim gidi han vé cuc

Trong muc ndy, ta gi6i thiéu cac quy tic tim gidi han v6 cuc. Cac quy tic nay ap dung cho moi trudng

hop: © — x4, © — zF, v — +o0.
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e

% : = i i : -
Néu Jim [7(0)] = +oc thi Jim 75 =0

D& dang suy ra dinh Ii trén tir dinh nghia gi6i han.

Quy tic 1: Tim gidi han cha tich f(z)g(z)

Néu lim f(x) = +oo va lim g(z) = L # 0 thi gi6i han cia tich tusn theo quy tic nhan dau:
T

T—=xg

Diu cta L
+0o0o + +00
400 - —00
—00 + —00
—00 — +00
Tim a) lim (22% — 2% + 32 — 5); b) lim ! .
T——00 z——o0 23 — 12 +3xr—5
[# Loigiai
a) Taco
3_ .2 3 1.3 5 Lo
22° —x*+3z—-5=12°(2— -+ — — — | v6imoiz+0.
x x

1 3 5
Vi lim 23 =—ocova lim (2—7+———):2>0nén
T x

T——00 T——00

lim (223 — 22 + 32 —5) = —cc.

Tr——00

1
. 3,2 2 _ A . _
b) Vi mgrglw(2x z® + 3z —5) 00 nén mBEﬂoo ST p— 0

Tim lim V322 -5z

r——00

[# Loigiai
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Véi x <0, ta cé
) )
v3x2—51‘:\/x2<3——):|x| 3——.
x x

5
Vi lim |z| =4ocova lim {/3—>==+3>0nén lim V322 -5z = 4oo0.

T——00 T——00 €T T——00

Dinh ly: Dinh i kep d6i véi ham sb

Gia str f(z) < g(x) < h(x) v6i moi 2 ndm trong moét khodng chita x, (c6 thé ngoai trir tai chinh
diém ). Néu
lim f(z) = lim h(z) =L

T T,
thi
lim g(z) = L.

T—Tq

Dinh Ii kep (dbi khi con dugc goi la dinh Ii banh sandwich
- Sandwich Theorem) phat biéu rang: Néu dd thi clia mét
ham s6 g(x) ludn bi "kep"giita hai dd thi clia ham sé f(z)
va h(z) khi x & gan x,, va hai ham sb bao ngoai ndy cling

cé gi6i han 13 L khi 2 — x(, thi ham sb & giita budc phai

c6 cung giGi han L tai dé.

1
Tinh gi6i han lim 22 sin —.
z—0 T

[# Loi giai

X < . . < 1 X
Dau tién, ta nhan thay khéng thé ding quy tac gidi han cha tich truc tiép vi lin% sin — khdng ton
xT— T
tai.

Tuy nhién, ham sin luén bi chan:
1 .
—1<sin—<1 vdimoiz=#0
x

Nhan cac vé& clia bit d3ng thirc trén véi 22 > 0, chidu bt ding thiic khong ddi, ta duoc:

—22 < 22%sin - < 22
T
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Ta biét rang gi6i han cta hai ham bao ngoai khi z — 0 la:
lim(—z?)=0 va limz?=0

x—0 x—0

Do dé, theo dinh Ii kep, ham sb bi kep & giita ciing phai c6 gi6i han bang 0:

lim z2sin — =0
z—0 xT
< .. - , f(z)
Quy tac 2: Tim gidi han cua thudng ﬁ
g\x

Néu lim f(z) = L #0, lim g(x) = 0 va g(z) mang diu khong ddi trén 1an can clia z, thi giéi han cia
T T

thuong tuan theo quy tic chia dau:

f(z)

T=zH g (J,' )

D3u cha L Dau cia g(z) lim

Cac dang vé dinh va quy tic L’Hépital

Khi gidi cac bai todn vé gi6i han, ta thudng g3p cac dang v dinh khéng thé tinh truc tiép b3ng cac dinh
0 oo <
li co ban nhu 0 = 000, oo — 0. Viéc khir cac dang vd dinh nay sé tré nén cuc ky gon nhe néu ta s
00

dung cbng cu dao ham.

Dinh ly: Quy tac L’Hépital

Gia sir f(x) va g(x) |13 cAc ham sb c6 dao ham trén mdt khodng chira z, (c6 thé trir diém z,). Néu
O /

gidi han Tim 2%) <6 dang v6 dinh 2 hodc 22 va gidi han lim f, (z)

sz g(z) 0 00 2=z g’ ()

)

ton tai, thi:

i
xirélo g x) T—Ty g’(ac)

(Quy tic nay van diing khi x — +o0o hodc tinh gi6i han mét bén).
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Khir dang v6 dinh g

[Z Loigiai

3 —3x+2

Tim gi6i han: li
Im gidi han: lim p—

Thay 2 = 1 vao tif va miu, ta thiy gi6i han y
. 0 ¢ S A < _xP-3x+2
c6 dang o Ap dung quy tac L'Hdpital, ta lay y=—>5——"

dao ham c3 tr va mau:

Khir dang v6 dinh > va 0 - 0o
o0

[# Laigiai

1
a) Tim lim T
r—+o00 I

Gidi han c6 dang ey Ap dung quy tic L'Hépital:
00

~

1
1 1 -

fm B8 g 3z

r—+0o0 I T—+00 (.T ’ 1

b) Tim lim zlnz.
x—0T

c a2 N . 1
Gi6i han cé dang 0-(—oc0). Ta bién doi vé dang > bang cach nghich ddo mot biéu thicc: zlnx = ?
00
x
1
Inx ) T .
AT T T = e =0
x x?

Ham s6 lién tuc va diém gian doan
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Tuy giéi han clia ham s6 tai diém z, khong phu thudc vao gia tri f(x,), nhung véi nhitng ham da thirc,
phan thirc hitu ti, luong gic thudng g3p, gi6i han va gia tri ctia ham sb tai diém xac dinh 13 bing nhau.

Cac ham s6 nay dudc goi 13 cdc ham sé lién tuc.

Ham s6 lién tuc tai mot diém

Dinh nghia
v

Gia str ham s6 f xac dinh trén khoang (a;b) va x, € (a;b). Ham sb f dudc goi |a lién tuc tai diém

Zo héu

lim f(x) = f(x,).

T—Tq

Ham s6 khéng lién tuc tai diém xo dudc goi la gian doan tai diém Zg-

. 2 +1 véiz# -1 )
Xét tinh lién tuc cda ham s6 f(z) = tai diem = = —1.
véi x = —1

1
2
[# Loi giai

Ta cé

y=x>+1
. o ) 1
lim f(z)= lim (z°4+1)=2 va f(-1)==.
z——1 z——1 2
Vi liml f(x) # f(—1) nén ham sb f
T—— !
gian doan tai diém z = —1.
1 1
N SRR Z
=350 2
-1 O X
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Ham s6 lién tuc trén mét khoang, trén mét doan

Dinh nghia

a) Gia str ham s6 f xac dinh trén tap hop J. Ta néi rang ham sé f lién tuc trén J néu né lién tuc
tai moi diém thudc tap hop dé.
b) Ham sb f xéac dinh trén doan [a;b] dugc goi 1a lién tuc trén doan [a;b] néu né lién tuc trén
khoang (a;b) va

lm () = fla), lim f(x) = ().

r—at r—b~

Xét tinh lién tuc cla ham sb f(x) = V1 — 22 trén doan [—1;1].

[Z Loigiai
Ham sb d3 cho xac dinh trén doan [—1;1]. Vi Vvéi y

moi z, € (—1;1) ta cb

lim V1—a2=4/1—122= f(z),

T—xg

nén ham sb f lién tuc trén khodng (—1;1). Ngoai

ra:

lim +f(x) =0=f(—-1) va lim f(z)=0= f(1).

z—(—1) r—1"

Do d6 ham sb d3 cho lién tuc trén doan [—1;1].

Tinh lién tuc cha ham sb trén cac nlra khoang [a;b), (a;b], [a; +00) va (—oo;b] dugc dinh nghia

tuong tu nhu trén mot doan.

1) Téng, hiéu, tich, thuong cta hai ham sb lién tuc tai mét diém 13 nhitng ham s6 lién tuc tai diém
d6 (mAu sb phai khic 0).
2) Ham da thic va ham phén théc hitu ti (thuong cGa hai da thirc) lién tuc trén tap xac dinh cla

chiing (tirc 13 lién tuc tai moi diém thubc tap xac dinh).
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e

Cac ham s6 lugng gidc y = sinz,y = cosx,y = tanz,y = cot = lién tuc trén tap xac dinh clia ching.

Tinh chit cta ham s lién tuc

Dinh ly: Dinh li gia tri trung gian

Gia st ham s f lién tuc trén doan [a;b]. Néu f(a) # f(b) thi v6i mdi s6 thuc M n3m giita f(a) va
f(b), ton tai it nhat mét diém c € (a;b) sao cho f(c) = M.

Dinh I gi4 tri trung gian kh3ng dinh ring Y
< b
mot ham soO lién tuc s€ nhan moi gia tri f©)
trung gian n3m giifa cic gia tri cla ham

s6 tai hai dau mat f(a) va f(b). Luu y

rang gid tri M c6 thé dat dusc mdt lan
ho3c nhiéu Ian trén khoang (a;b).

Diéu kién ham sb f lién tuc trén doan [a; b]

I3 b3t budc; dinh If néi chung khéng con a O
diing néu ham sb bi gian doan.

ms HE qua

Néu ham s6 f lién tuc trén doan [a;b] va f(a)f(b) < O thi ton tai it nhat mét diém c € (a;b) sao
cho f(c) =0.

Y nghia hinh hoc cia hé qua: Diéu kién f(a)f(b) < 0 y
chi ra ring hai ddu mat cta db thi nd3m vé hai phia déi
dién nhau ddi véi truc hoanh Ozx.

Vi d6 thi |3 mot dudng cong lién tuc, lién mach ndi tir phia
ndy sang phia kia, nén né bt budc phai cit truc hoanh it

nhat tai mét diém c6 hoanh d6 ¢ € (a;b). Diém nay tuong

ing v8i nghiém cla phuong trinh f(z) = 0.
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Chitng minh r3ng cac phuong trinh sau c6 3 nghiém phan biét:
a)2?—32+1=0b)2x+6V1—2=3

[ Loigiai
a) D& thdy ham sb f(z) = 2> — 3z + 1 lién tuc trén R.

Y4 fo)=x-3x+1
Ta co: f(—2) = —1 va

f(=1) =3 = f(-2)f(=1) < 0. Ton tai
2y € (—2;—1) sao cho f(xz;) =0.
F0)=1va f(1) = -1 = £(0)f(1) < 0. Tén
tai z, € (0;1) sao cho f(zy) = 0.
F(1)=—1va f(2) =3 = f(1)f(2) < 0. Ton
tai x5 € (1;2) sao cho f(z3) =0.

Do ba khodng (—2;—1), (0;1) va (1;2) d6i mdt khéng giao nhau nén phuong trinh 22 — 3z +1 =0
c6 it nhat 3 nghiém phan biét. Ma phuong trinh bac 3 chi cé téi da 3 nghiém, nén phuong trinh d3
cho ¢6 ding 3 nghiém phan biét.

b) Ditt = V1 —2 <= x =1—t3. Phuong trinh trd thanh:
21 —t3) +6t=3 < 2t3—6t+1=0.

Xét ham sb g(t) = 2t — 6t + 1 lién tuc trén R.

Ta c6 g(—2) = g(— ) =5;g(0) =1; g(1) = =3; g(2) = 5. Tir d6 suy ra g(—2)g(—1) < 0;
9(0)g(1) <0; 9()()

Ton tai 386 ty,1,,t5 1an lugt thudc 3 khoing khéng giao nhau 13 (—2;—1), (0;1) va (1;2) sao cho
g(ty) = g(ty) = g(t3) = 0. Vi day la phuong trinh bac 3 nén ¢(t) = 0 c6 ding 3 nghiém phan biét.
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gty =22 -6t +1

=Y

Ung v6i mdi gia tri t1,ty, 5, ta tim dugc duy nhit mdt gia tri x thod man z = 1—#3 va hién nhién

3 gi4 tri nay khac nhau. Vay phuong trinh ban dau cé ding 3 nghiém phan biét.
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Dinh nghia
v

Cho ham s6 y = f(z) xac dinh trén khoang (a;b) va diém z, thudc khodng dé.

f(z) — f(zg)
T — "'EO
s& d3 cho tai diém x, ki hiu 13 f'(z,) hodc y/(z,), nghia I3

Gi6i han hitu han (néu cé) cla ti s6 khi z dan dén z, dugc goi 1a dao ham cla ham
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Trong dinh nghia trén, néu dit Az = z — z, va

Ay = f(zy + Az) — f(z,) thi ta cb

y R f(%“‘AiU)_f(fBo)_ g Ay
f(xo) = AI;UIEO Az - AI;}EO Az’ fxo +4%)

1) S6 Az = x — z, dudc goi 1a sé gia cia bién sé tai .
0

diém xy; s6 Ay = f(xy + Ax) — f(x,) dudc goi 1a s6

gia clia ham s6 (g véi sb gia Ax tai diém x,.

Xxo +Ax x

2) S6 Az khéng nhit thiét chi mang diu duong.
3) Az va Ay |3 nhiing ki hiéu, khéng nén nham Ian

rang: Az 13 tich clia A v6i =, Ay |3 tich cha A véi 3.

Tinh chat: Quy tac tinh dao ham bang dinh nghia
Mubn tinh dao ham ctia ham sb f tai diém x, theo dinh nghia, ta thuc hién hai buéc sau:
» Buéc 1: Tinh Ay theo cong thilc Ay = f(z, + Az) — f(z,), trong d6 Az 13 sb gia cla bién
s6 tai z.
Ay

= Budc 2: Tim gidi h lim —.
(o im gii han Aim =

Tinh dao ham ctia ham s6 y = 2 tai diém 2, = 2.

[ Loigiai
D3t f(x) = 22, ta thuc hién quy tic trén nhu sau:
Budc 1: Tinh Ay

Ay = f(2+ Azx) — f(2) = (2 + Ax)? — 22 = Az(4 + Ax).

Budc 2: Tim giGi han

. Ay : B
Al Ay~ AU AD

Vay f/(2) = 4.
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Y nghia hinh hoc ctia dao ham

Cho ham s6 y = f(x) c6 dd thi (C), mét diém
M, cb dinh thudc (C') c6 hoanh d6 x,. V&i mbi yA
diém M thudc (C) khac M,, ta ki hiéu z,, 1a f(%)

(©):y = f(x)

hoanh d6 clia né va k,, 1a hé sb6 gbc cha cat

tuyén MyM. Gia sk ton tai gidi han hitu han

ko= lim k.
IM—):EO f(X())
Khi d6, ta coi dudng thing M,T di qua M, va —

cé hé sb gbc ky 1a vi tri giéi han cha cat tuyén
MyM khi M di chuyén doc theo (C) dan dén Af

M, / 0

Duong thing M,T ducc goi |3 tiép tuyén clia

(C) tai diém M,, con M, goi |3 tiép diém.

Dinh ly: Y nghia hinh hoc

Dao ham clia ham s6 y = f(z) tai diém x, 13 hé s6 géc clia tiép tuyén clia dd thi ham sb d6 tai diém
Mo(zo; f(20))-

Néu ham sb y = f(z) c6 dao ham tai diém z, thi tiép tuyén cla dd thi ham sb tai diém M (zy; f(z,))
c6 phuong trinh I3

y = f(zo)(x — x0) + f(z0)-

Viét phuong trinh tiép tuyén clia dd thi ham sé y = 2 tai diém c6 hoanh do xy = —1.

[# Laigiai

Trudc hét ta tinh dao ham cta ham sb f(z) = 23 tai 2, = —1.
Tuong tu quy tic 2 buéc, ta tinh dugc f/(—1) = 3.

Ngoai ra, ta cé f(xy) = f(—1) = (—1)3 = —1.

Vay phuong trinh tiép tuyén can tim la:

y=3(x+1)—1, hay y=3z+2.
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Y nghia co hoc ctia dao ham

Xét su chuyén déng ctia mdt chat diém. Gia sir quang dudng s di dudc clia né 13 mot ham s6 s = s(t) clia

thai gian t (s = s(t) con goi 1a phuong trinh chuyén dong cia chat diém).
Tuong tu nhu vi du m& dau, khi |At| cang nhd (khéc 0) thi ti sb

s(tg + At) — s(ty)
At

cang phan anh chinh xac dé nhanh chim cla chuyén dong tai thoi diém to. Gi6i han hitu han nay dudc

goi la
o s(tg + At) — s(tp)
ty) =1
vlto) AtD0 At

(néu c6) la van téc tirc thsi clia chuyén dong tai thoi diém t,.
Tir d6, ta cé thé phat biéu y nghia co hoc clia dao ham nhu sau:

=T

Van téc tlic thai v(t,) tai thai diém ¢, (hay van tdc tai t,) clia mot chuyén dong cé phuong trinh

s = s(t) bang dao ham clia ham sb s = s(t) tai diém t,, tirc |3

v(tg) = s'(to)-

Mbt vat chuyén dong th3ng c6 phuong trinh s(t) = t3 — 6t> + 9t (don vi: m, s). Tim gia téc tai
thsi diém t = 2 s.

[Z Loigiai

Van téc: v(t) = s'(t) = 3t — 12t + 9.

=/ (t) = 8"(t) = 6t — 12.
2)=6-2—12=0 (m/s?).
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Somh s =1 - 612+ 0t om/sh O =30 1249 a(m/s?)\ 8
i
alb-7 &
| I
| 2 S
: o[ 1 13 1) :
: | 0] 2 t@
l :
: I
0O 1 3 t(s>) gh----2 I

Vay gia téc tai thai diém ¢ = 2 s bng 0 m/s? (vat dang ddi chidu gia tbc).

Céc cong thitc dao ham dang nhé

Pao ham cia ham so cap Dao ham cha ham hgp (vdi u = u(z))

(C) =0 (v6i C 13 hing sb)

(@) =1
(z%) =a- 227! (u*) =a-u*t
’ 1 / u’
(\/5) — ﬁ (\/a) = 2\/6

(az+b>/ ad — be
cx+d)  (cx+d)?

ax® +bxr +c /_adx2—|—2ae:l:+be—cd
dz +e N (dx +e)?

(sinz)’ = cosx (sinw) =u' - cosu
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Pao ham ciia ham so cap

Dao ham cta ham hop (voi u = u(z))

(cosz) = —sinx (cosu) = —u' -sinu
1 u’
t [ t /=
(tanz) cos? (tanw) cos? u
1 /
(cotz) = —— (cotu) = — .u2
sin” z sin” u

(a®) =a"Ilna

(@) =u' -a* -Ina

(e?) =e” (e") =u e

(log, z)" = ! (log, u)" = /

08q " zlna 08q U "~ ulna
1 u’

Inz) = — nw) — %
(Inx) - (Inw) "

Cac quy tac tinh dao ham

N&i chung, viéc tinh dao ham b3ng dinh nghia thudng rit phirc tap. Bai nay s& cung cip cho ching ta
nhitng quy tic tinh dao ham, nha d6 viéc tinh dao ham ctia mét ham s6 phiic tap sé dugc quy vé tinh dao

ham clia nhitng ham s& don gian hon.

D& tién cho viéc dién dat, ké tir bai ndy, ta s& sir dung ki hiéu J dé chi tdp con cta R gdm mét khoang

ho3c hop clia nhiéu khoang.
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Dao ham cia téng hay hiéu hai ham s

s

Néu hai ham s6 u = u(z) va v = v(x) c6 dao ham trén J thi ham sb y = u(z)+v(z) va y = u(x)—v(x)

cling c6 dao ham trén J, va
a) [u(z) +v(z)]" = u'(z) + V() ;
b) [u(z) —v(z)]" = u'(x) —v'(x) .

Céc cbng thirc trén c6 thé viét gon |a

(u+v) =uv+v va (u—v) =u —v

Dao ham cia tich hai ham sé

=T

Néu hai ham s6 u = u(z) va v = v(z) cé dao ham trén J thi ham s6 y = u(z)v(z) ciing c6 dao ham

trén J, va
[u(z)v(z)]” = u'(z) - v(z) + u(z) - V' (2);

D3c biét, néu k 13 hang sb thi [ku(x)]’ = ku'(z).

Céc cbng thirc trén c6 thé viét gon |a

(uwv) =vw'v4+uv’ va (ku) =ku'.

Dao ham cita thuang hai ham sé

St dung dinh nghia, ta ciing chirng minh dugc dinh Ii sau
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e

Néu hai ham s v = u(z) va v = v(z) cé dao ham trén J va v(z) # 0 v6i moi z € J thi ham sb

= cling c6 dao ham trén J, va

v(x)

Céng thirc trén cé thé viét gon la

ma  Hé qua

a) Trén (—o0;0) U (0; +00) ta cb
() =2
x)  x?
b) Néu ham s6 v = v(z) cé dao ham trén J va v(x) # 0 v6i moi = thudc J thi trén J ta cé

/

Céng thirc thir hai trong hé qua trén c6 thé viét gon Ia

/

(5) =%
v) 2

Dao ham chia ham sé hgp

a) Khai niém ham sé hgp
Cho f(u) = u? va u(z) = 2% + 3z + 1. Him s6 hop g(z) = f(u(x)) 1a gi?

[ Loigiai

Néu trong f(u), ta thay thé& bién s& u bdi u(z) thi dusc f(u(x)) = (2% + 3z + 1)3. D3t
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g(z) = f(u(x)) = (22 + 3z + 1)3. Ta goi g 13 ham s6 hop ctia ham sb f qua ham sé trung gian w.

Mbt cach tdng quat, ta cé khai niém ham s6 hop nhu sau (& day ta chi xét cac ham s6 dudc cho bai biéu

thirc).

Dinh nghia

Cho hai ham s6 y = f(u) va u = u(x). Thay thé bién u trong biéu thirc f(u) bdi biéu thiic u(z), ta
dugc biéu thiic f(u(x)) v6i bién z. Khi d6, ham sé y = g(z) véi g(x) = flu(z)] dudc goi I3 ham sb

hgp clia hai ham s6 f va u; ham s& u goi 13 ham sé trung gian.

Trong dinh ngha trén, tip xac dinh clia ham s6 hop y = g(x) 13 tip cac gia tri clia = sao cho biéu thirc

f(u(z)) cbé nghia.

b) Cach tinh dao ham ctia ham sb hgp

e

a) Néu ham s6 u = u(z) c6 dao ham tai diém x, va ham sb y = f(u) c6 dao ham tai diém v, = u(z,)

thi ham sb hop g(z) = f(u(x)) c6 dao ham tai diém z,, va

g'(2g) = f'(ug) - v’ (o).

b) Néu gia thiét trong phan a) dugc thod man déi véi moi diém x thudc J thi ham sb hop y = g()
c6 dao ham trén J, va

g'(x) = flu(@)] - v (z).

Dbi véi ham sb g(x) = (22 + 3z + 1)3, tinh dao ham bang quy tic ham hop.

[Z Loigiai

Ta cé f/(u) = (u3)/ = 3u?. Do u(x) = 22 + 3z + 1 nén
flu(@)=3(2*+3z+1)? va u'(z)=(22+3z+1) =2x+3.

Vay ¢'(z) = f'[u(x)] - v/ (z) = 3(2? + 3z + 1)%(2z + 3).

Tong quat ta xét ham s6 y = (u(z))™ (véi n € N va n > 2). C6 thé xem ham s& nay |3 ham sb hop cla
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ham s6 f(u) = u™ va ham sb trung gian u = u(x). Do d6, néu ham sb u = u(x) cé dao ham trén J thi

ta ap dung dinh If 4 dé tinh dao ham clia ham s6 hop y = (u(z))™ (con viét |3 y = u™(x)) nhu sau:

fw)=u" = f'(u) =n-u"" = flu@)]=n-(u)"
[w(2)]" = f'lu(@)] -’ (2) = n- (u(z)" " (2).
Vay ta cé

Néu ham sb6 u = u(z) cé dao ham trén J thi ham sb y = u"(z) (v6i n € N va n > 2) cé dao ham
trén J, va

[u"(x)], =n-u"Hz) v (x).

Cong thirc néu trong hé qua 1 dugc viét gon I3

Vi phan

Vi phan cta ham sb tai mot diém

Cho ham sb y = f(z) c6 dao ham tai diém x,. y
Khi dé ta cé y = F()
Ay e f
(z) = lim =2,
1 (o) Ao Az rdy = df(xo)
D3ng thiic trén cho thiy : Néu |Az| kha nhd thi
Ay ,
ti 56 ?y rdt gdn véi f'(z,), do dé ta cé thé coi [
x

5 Ay !
rang f'(z,) ~ Ay hay i

Ay ~ f'(z)Az. (1) o / X0 Xo +Ax x
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7 s N . A x X . A - R
Ta c6 khai niém vi phan ctia ham so tai mot diém nhu sau:

Dinh nghia
4

Tich f'(x,)Az dudc goi la vi phan ctia ham sb y = f(x) tai diém z, (ing véi sb gia Ax) va dugc
ki higu 13 df(a), tic 13

df(zg) = ['(zg)Az.

' . L2 T a
Vi phén cta ham s6 f(x) = sinz tai diem z, = 1 [a bao nhiéu?

[Z Loigiai

. . T
Vi phén ctia ham so f(x) = sinz tai diem z, = 1 Ia

Ung dung chia vi phan vao tinh gan ding

Tur (1) va dinh nghia vi phan clia ham sb tai mét diém, ta thiy :

Khi |Az| kha nhd thi sb gia clia ham s6 tai diém xz, (ng véi s6 gia Az x3p xi bang vi phan clia ham s6

tai z, Ung véi sb gia Az d6, tic 1a

f(zg + Az) — f(xg) = f'(zg)A.

Tu do tacd
f(zg + Az) ~ f(xg) + f'(zg)A. (2)

Cong thiic (2) cho phép ta tinh xap xi gia tri ciia ham sb f tai diém xo+ Az khi viéc tinh cac gia tri f(z)
va f'(xy) la kha don gian.

Tinh gia tri cla sin30°30" (14y 4 chit sb thap phan trong két qua).

[Z Loigiai

. N < . . 4R ™ .z . 7T
+ —— nén ta sé xét ham s6 f(z) = sinx tai diem z, = 6 vGi s0 gia Az = ——

T v
D o / — .
0 30730" = ¢+ 350 360
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Ap dung céng thirc (2), ta dudc

™ ™

75+ 360) < F(5) 7 (5) 3600 o

T T o T\ T 1 V3
SID(E—F%‘) NSIDE‘F(COSg)%—ﬁ‘FT%N0a5076
m s
Vay sin30°30" = si (— —)%0,5076.
ay sin sin 6 + 360

Néu dung may tinh bé tdi, ta tinh dugc sin 30°30" ~ 0,5075. So sanh véi két qua trén, ta thiy viéc

4p dung cong thirc (2) cho ta k&t qua khé chinh xac.

Vi phan cia ham sé

Néu ham sb f c6 dao ham f’ thi tich f/(z)Ax goi la vi phan clia ham sb y = f(x), ki hiéu 13

Di3c biét véi ham s6 y = z, ta ¢6 dz = (z)’ Az = Az. Do d6 ta c6 thé viét (3) duéi dang

df(z) = f'(z)dz hay dy=y'dx.

Dao ham cép hai va y nghia cd hoc

Dao ham cp hai

Xét ham sb f(z) = z® — 22 + 1. Ham sb nay c6 dao ham f’(z) = 322 — 2z. Hién nhién, y’ = f'(x) ciing

13 moét ham s6 c6 dao ham va dao ham cla né 13

[f'(x)] = (32® — 22)" = 62 — 2.
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Ta goi d6 |3 dao ham c3p hai clia ham s& ban d3u. M6t cach téng quat, ta cé dinh nghia sau day

Dinh nghia
4

Cho ham sb6 f c6 dao ham f’. Néu f’ ciing c6 dao ham thi dao ham clia né dugc goi 13 dao ham

cap hai clia ham f va ki hiéu I3 f7, téic 13
=,

J/ con goi l1a dao ham cap mét clia ham s6 f. Dao ham cip hai cia ham sé y = f(x) con dugc ki

hiéu 12 y”.

Y nghia co hoc ciia dao ham cép hai

Néu mét chit diém chuyén déng cé phuong trinh s = s(t) thi van tbc tai thsi diém ¢, cha chit diém d6

la v(ty) = s (ty)-

Bay gid néu ¢, nhan mot sb gia At thi v(t,) nhan mét sb gia 1a Av = v(ty + At) — v(ty). Khi |At| cang

nhé (khac 0) thi Av cang phan anh chinh xac su bién thién van téc clia cht diém tai thai diém t,,.

B . Av x ax <
Trong co hoc, gi6i han hitu han (néu cd) cua ti so At khi At dan den 0 dudc goi |a gia toc tic thoi tai

thoi diém t, (hay gia toc tai thai diém t,) clia chat diém d6, va dugc ki hiéu 13 a(t,). Vay

Av
= lim —.
alty) = Jim

Do d6, ta c6 thé phét biéu y nghta co hoc clia dao ham cip hai nhu sau:

T

Gia t6c (tirc thai) a(t,) tai thai diém ¢, ciia mét chit diém chuyén dong cho bai phuong trinh s = s(t)

bing dao ham cip hai ca ham sb s = s(t) tai diém t,, tirc 1

a(ty) = 5" (to)-

Gia tbc tai thai diém t, dic trung cho su bién ddi van téc clia chuyén déng tai thai diém do.

Mbt chit diém chuyén dong cé phuong trinh S(t) = Asin(wt + ¢).

(Phuong trinh nay goi 1a phuong trinh dao déng diéu hoa). Khi d6, van téc titc thsi cha chuyén dong tai
thoi diém ¢ 13

v(t) = 5'(t) = Awcos(wt + ).
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Gia téc tirc thai tai thai diém ¢ 1a

a(t) = 87 (t) = v/'(t) = —Aw? sin(wt + ).

Dao ham cap cao

Dao ham cip mét f/ va dao ham cap hai f” cla ham sb f con ducc ki hiéu 13n luct 13 ) va f2). Néu
@) 13 mét ham sb c6 dao ham thi dao ham clia n6 goi |3 dao ham cip ba ctia ham sb f, ki hiéu 13 f©).

Tuong tu, dao ham cip n clia mét ham s6 dugc dinh nghia bang quy nap nhu sau:

Dinh nghia

Cho ham s f c¢6 dao ham cadpn—1 (v6in € N,n >2) 1a f»~U. Néu £~ 13 ham sb c6 dao ham

thi dao ham clia né dugc goi 13 dao ham cip n cta ham s6 f va ki hiéu 13 £, Néi cach khac,

f(n) — [f(nfl)]/, (ne N,?’LZQ)

Dao ham cip n cta ham sé y = f(x) con dugc ki hiéu 1a y™).
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PHUGNG TRINH LUQNG GIAC

Gia tri lugng giac ciia géc luong giac

Goc luogng giac

Dinh nghia
v

Cho hai tia Ou va Ov. Néu mdt tia Om quay quanh gbc O clia né theo mdt chiéu ¢ dinh b3t dau

tir vi tri Ou va diing & vi tri Ov thi ta néi tia Om quét mdt géc lugng gidc cé tia dau Ou, tia cubi
Owv va ki hiéu 13 (Ou, Ov).

Cha y: Quy udc

Chiéu quay ngugc véi chidu kim ddng hd 13 chiéu duong, cling véi chiéu quay ctia kim dong ho 13

chiéu am.

= Khi tia Om quay mét géc a°, ta néi sé do clia géc lugng gidc (Ou, Ov) bang a°. Ki hiéu (Ou, Ov) = a°.
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= Cé v sb gbc luong giac cé tia dau Ou va tia cudi Ov. Sé do clia cac géc lugng gidc cb cling tia dau
va tia cubi sai khac nhau mét bdi nguyén clia 360°, nghia 13 (Ou, Ov) = a° + k360° (k € Z), véi a° |a

s& do clia mdt géc lugng giac cé tia dau Ou va tia cudi Ow.

e

Vi ba tia Ou, Ov, Ow bat ki, ta cé

(Ou, Ov) + (Ov, Ow) = (Ou, Ow) + k360° (k € Z).

Doadn vi do goc va do dai cung tron

Dinh nghia

Trén dudng tron, 1y mdt cung tron c6 do dai bing ban kinh thi gbc & tam chin cung dé ¢ sb do 1

radian, 1 radian con viét tit 13 1 rad.

= Mai lién hé giira d6 va radian

i T 180\°
a—a-@rad arad-(a-7>

Khi viét sb do ctia mét géc (hay cung) theo don vi radian, ngudi ta thudng khéng viét chii rad sau

s6 do.

Bang chuyén doi cac goc dic biét

bo 0° 30° 45° 60° 90° 120° 135° 150° 180°
. s s s s 2 3m 5%
Radlan O 6 Z g 5 ? Z F Y
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. Y

M6t cung clia dudng tron ban kinh R va cb sb

Gia tri lugng giac cha goc lugng giac

Dudng tron lugng gige_ p |

Dinh nghia
v

y
R R P NP M
= DPudng tron lugng giac |a dudng tron c6 tam
tai gbc toa dd, ban kinh bing 1, dugc dinh
huéng va lay diém A(1;0) lam diém gbc caa
dudng tron. \
a
!

= Diém trén dudng tron lugng giac biéu dién
gbc lugng giac c6 sb do o (dd hoic radian) Ia
diém M trén dudng tron luong gidc d6 sao cho
(OA,OM) = o

Cac gia tri lugng giac ctia goc lugng giac
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Dinh nghia
v

Trén dudng tron luong gidc, goi M 13 diém biéu
dién géc lugng giac c6 s6 do a. Khi d6
= Hoanh d6 z, cia M dudc goi la cbsin cla «,
ki hiéu 13 cos a.

= Tung d6 y, cia M dugc goi la sin cla «, ki

hiéu 13 sin a.

B . z Sina .
= Néu cosa # 0, ti s6 —— dugc goi |3 tang
cos o

, Sl sin «
cta «, ki hiéu 13 tana = )
cos
A . z COSQ Sy A
= Néusina # 0, ti sO — dugc goi la cotang
) a1 cos
cla «, ki hiéu la cotaa = ——.
sin «

= VG&i moi gia tri cha a, ta cé

- —1<sina<1.

— —1<cosa<1.

- sin(a+ k27) =sina (k € Z).

— cos(a + k2m) = cosa (k € Z).
= tana xac dinh khi o # g +kr (k€ Z).
= cota xac dinh khi a # k7 (k € Z).

» DAu cla cic gia tri lugng giac

() (1) (1) (V)
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Meo nhé: Hinh Pacman kha gidng véi gia tri duong cda sin va cos. Tir day ta hoan toan cé thé suy ra

dudc dau clia cic gia tri luong gidc con lai.

Cong thirc lugng giac cd ban

L9 9 sin o COS (v
sin“ o« + cos“a =1 tan o = cota = —
COS sin o
2 1 2 1
tana-cota =1 1+ tan a=—F 1+cota= 5
COS“ v sSin- Q.

Gia tri lugng giac chia cac goc co lién quan dac biét

Hai cung d6i nhau Hai cung bu nhau
cos(—a) = cosa sin(m — ) = sin«
sin(—a) = —sina cos(m —a) = —cosa
tan(—a) = —tan« tan(m — ) = —tan
cot(—a) = —cot cot(m — ) = —cot v
Hai cung han kém nhau 7 Hai cung phu nhau
. . LT
sin(m + a) = —sina sin (§—a> = cosa
7r
cos(m + o) = —cos cos (E—a) =sina
7r
tan(m + a) = tan « tan (§ — oz) =cota
™
cot(m + o) = cot & cot (5 —a) = tan «

V6i moi géc luong gidc o va sb6 nguyén k, ta cb
sin(a + k27) = sina.  cos(a + k27) = cos .

tan(a + km) = tana.  cot(a + k) = cot .

Cong thirc lugng giac
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Cong thic cong

cos(a —b) = cosacosb + sinasinb | cos(a+ b) = cosacosb —sinasinb

sin(a —b) = sinacosb — cosasinb | sin(a+ b) =sinacosb + cosasinb

t —tanb t tanb
tan(a — b) = ana T iany. tan(a +b) = ana t tap

1+ tanatanb 1 —tanatanbd

Cong thirc nhan doi

2 2

a=2cosla—1=1-2sina

cos 2c¢ = cos® a — sin
2t
sin 2ac = 2sin avcos « tan 2a = LC;
1 —tan” «
Céng thirc ha bac
9 14+cos2a | . o 1 —cos2a 9 1 —cos2a
cos°a=————|sin“a=——— | tan"a= ———
2 2 1 4 cos2a
Cong thirc bién ddi téng thanh tich
cosa—f-cosﬁchosOH_’Bcosa_ﬁ
2 2
cosa—cosﬂ:—Qsina+Bsina_ﬁ
2 2
sina+sinﬁ:2sina+ﬁcosa_6
2 2
sina—sinﬁz?cosa—{—ﬁsina_ﬁ
2 2
T T
sinoz—i—cosa:\/isin(awLZ) :\/icos(a—z)
sina—cosazx@sin(a—%) Z—\/§COS<OJ+£>
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Cong thirc bién ddi tich thanh téng

cosa - cos B = %[cos(a + 8) + cos(a — B)]

sina - cos 8 = %[sin(a + B3) + sin(a — §)]

sina - sin 8 = —%[cos(a + B) — cos(a — f3)]

Ham s6 luong giac

Su bién thién cta ham sé lugng giac

Ham s6 y = sinz Ham sé y = cosx
Tap xac dinh 2 =R 2 =R
Tap gia tri T =[-1;1] T =[-1;1]
Tinh chan lé L3 ham sb 1& L3 ham sb chin
L3 ham sb tuan hoan véi chu ki T = 2. L3 ham sb tudn hoan véi chu ki T = 27.
Tinh tuan hoan Ham s6 y = sin(ax + b) cé chu ki tuan Ham sé y = cos(axz + b) cé chu ki tuan
. 2T . 2
hoan T = —. hoan T'= —.
la] la]

Ham s6 déng bién trén

4 (—E rkem Ty k27r). Ham sb dong bién trén (—m + k2m; k27).
Su bién thién 2 2 . j y
Ham s6 nghich bien trén Ham so nghich bién trén (k2m; 7 + k27).
T 37
Ham s6 y = tanx Ham sé y = cotz
Tap xac dinh @:R\{g+kw|kez} 2 =R\ {knlk € 7}
Tap gia tri T=R T=R
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Ham sé y = sinz Ham sb y = cosz
Tinh chan lé La ham sb 1& Ld ham sb &
L3 ham s6 tuan hoan véi chu ki T' = 7. L3 ham s6 tuan hoan véi chu ki T = 7.
Tinh tuan hoan Ham sé y = tan(ax + b) cé chu ki tuan Ham sé y = cot(az + b) cé chu ki tuan
™ ™
hoan T'= —. hoan T'= —.
la la]

< Ham s dong bién trén i} .
Su bien thién T T Ham s6 nghich bién trén (km; 7 + k).
(*5 + km; 5 + kTF).

Do thi ham sé y =sinz

/) Chuki T = 27 :
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Phuong trinh sinz = m

» Diéu kién c6 nghiéem —1 <m < 1. » M6t sb6 trudng hgp dac biét
» Diéu kién xac dinh z € R. - sinz =0« 2 = kn.

= Cong thirc nghiém

. T
. . o — o+ ko smz—1<:>x—§+k27r.
- sinz =sina <
r=m—oa+ k2w

x = a’ + k360°
x = 180° — a® + k360°

sinxz—l@x:——gij‘Zw.

— sinx =sina’® < [

\ yA
: 21

y = sin(x)

{\ y:m :
/a—ZTc (n—a‘)—Z @ ”_“\/a+2ﬂ:x

Phuong trinh cosz =m

= Diéu kién c6 nghiém —1 <m < 1. = M6t s6 trudng hop dac biét
» Diéu kién xac dinh z € R. —cosx:O(:)x:g—Hm.

= Cong thirc nghiém
—cosr=1<x=k2m.

[ r=o+ k27

— COSX = Cos o &

= — k2

. @+ kem —cosr=—1 =7+ k2w

' T = a° + k360°
- CcosSx = cosa’ &
r = —a’° + k360°
y“ 27

Yy = cos(x)
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Phuang trinh tanz = m

» Diéu kién c6 nghiém m € R. = M6t sé trudng hop dac biét
- Didu kién xac dinh = + g 1 k. — tanz =0 < z = k.
= Cong thirc nghiém —tanr =1 =~ + k.
- tanx =tana < = o + k. s
- tanx=—-1<o=——+ k7.
— tanz = tana® < x = a° + k180°. 4
y = tan(x) YA ChukiT =7,
5 ' : : y=m
! o/ i L .
/04—277: =T a | a4+ a+2n X
XX} Phuong trinh cotz = m
= Diéu kién c6 nghiém m € R. = M6t sé trudng hop dac biét
= Diéu kién xac dinh x # kr. = cot:p:()@x:nglm.

= Cong thirc nghiém —cotz=1sx= Z + k.

- cotx =cota = x =+ k. T
—cotx=—-1<x=——+km.
— cotx =cota® <z = a° + k180°. 4
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HAM SO MU VA HAM SO LOGARIT

Liiy thira véi s6 mii thuc

Dinh nghia

Lily thira véi s6 mii nguyén

Dinh nghia: Dinh nghia 6.1

Cho n 13 s& nguyén duong.

» Véiatuyy tacd| a”=a-a-a---a |, véi ald cosd va n |13 sé mii.
N ——— —

n thira s6

. Vc'jialéséthL_rckhécO,tacé a®=1|vala"=—|

Lily thira v6i sé6 mii hitu ti

Dinh nghia: Dinh nghia 6.2

Cho sb thuc a va sb nguyén duong n. S6 b dugc goi 13 can bac n clia sb a néu | V" =a |
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chinh la a.

= Néu n 13 s6 1& thi mdi s6 thuc a chi c6 mot cdn bac n va ki hiéu 13 /a. C3n bac 1 cla sb a

= Néu n 13 s6 ch3n thi mdi sb thuc duang a cé hai cdn bac n 13 hai s& d6i nhau, gia tri duong ki

hiéu 13 {/a (goi |12 c3n sb hoc bac n cla a), gi4 tri 4m ki hiéu 12 — {/a.

Dinh nghia: Dinh nghia 6.3

A by A ~, 2 m 7 by A S A BN by A n
Cho s0 thuc a ducng va s6 hitu ti » = —, trong dé m la mét s6 nguyén va n 3 s6 nguyén duong.
n

Liiy thira clia a v6i s& mii r, ki hiéu 13 a”, xac dinh bdi cong thiic | a” = a

Lily thira véi s6 mii thuc

Dinh nghia: Dinh nghia 6.4

Cho a 13 sb thuc duong va « 13 mét s6 vo ti. Xét day sb hitu ti (r,) ma limr, = a. Giéi han cla

diy s6 (a") goi I3 liiy thira ctia a véi sé mii «, ki hiéu a®, nghia 13| a® = lima"™ |

Tinh chit

Tinh chét cia liiy thira

a™-a" =agmm" (a™)™ =a™m (ab)™ =a™ - ™
am _ mn (2)’“ _a” <b>"" _ (9)’"
an b bm a b

n>0
O<a<b<—a™" <bd”

n<0
O<a<b<—a">bd"

a>1
a” >a"<—=—m>n

O<a<1
a” >a"e——m<n

a>1 a>1

=am>1 =a" <1
m >0 m <0
O<a<l1 0<a<l1

=am <1 =am>1
m >0 m <0
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Tinh chét cha can bac n

a- Vb= Vab i i (ayr = Var
a, khinlé
n\/a": n{c/&: n\k/&
la|, khin chan
n tu nhién 1& n tu nhién ch3n
' = Ya< Vb ' = Ya< Vb
a<b 0<a<bd

Logarit

Khai niém logarit

Dinh nghia: Dinh nghia 6.5

Cho a,b > 0 va a # 1. S6 thuc a dé a® = b dudc goi |3 logarit co s6 a cha b va ki hiéu I3 log, b.

Nghia la | a =log b < a® =10 |
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Cac quy tac tinh logarit

log, a=1 al%8.b = log (a%) = «

log,1=0

b
log_ (bc) =log, b+log, c log,, o= log b—1log, c

1
log,.b= —log b
!

log, b* = alog, b
log . b 1
]Ogab::]ogca ]Og“b::]Og a
c b

log, b-log,a=1

log, b -log, c =log, c
0<a,b<1 0<a<1l<b
log, b >0« log, b <0<
1<a,b O0<b<l<a

O<a<1
log, b>log, c————=0<b<c

a>1
logab>logac<:>:>b>c>0

Logarit thap phan va logarit ty nhién

Logarit thap phan

» Logarit co s6 10 clia mét s6 duong a goi 1a logarit thap phan cla a, ki hiéu I3 loga ho3c lga. Nghia

la | loga =log,,a |

Logarit tu nhién

Ina =log_ a |

» Logarit co s6 e clia sb duaong a goi |3 logarit tu nhién clia a, ki hiéu 13 Ina. Nghia |3

1 xr
Trong d6 e = lim (1 + —) ~ 2,7183.
x

T—+00

Ham s6 mii va ham so6 logarit
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Dao ham ciia ham sé mii va ham sé logarit

e

\ A ~ \ N R . e N . . e N P 7z .
Ham s6 mii va ham so logarit c6 dao ham tai moi diém ma né xac dinh.

Ham sb sd cap Ham hop u = u(z)

m= HE qua

Dao ham clia ham logarit chira tri tuyét ddi:

(In|z|)" = % (Vi z # 0); (In|u]) = 1;/ (v6i u(x) # 0).
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Khao sat ham s6 mii y = a”

Tap xac dinh: 9 = R.

Tap gia tri: T = (0; +00).

Dao ham: vy = a*lna. Ham sb lién tuc trén R.

Su bién thién:

a>1 O0<ax<l1

Dong bién trén R Nghich bién trén R

7

O<ax<l1

Khao sat ham s6 logarit y = log, «

— Tap xac dinh: 2 = (0; +00).
— Tap gia tri: T = R.

- Dao ham: y/ = . Ham s6 lién tuc trén 2.

zlna

— Su bién thién:
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Déng bién trén (0; +00) Nghich bién trén (0; +00)

] y =log x

a>1 O<ax<l1

— Tiém can: lirg log # = —o0 (néua > 1) va lir%r)l+ log = 400 (néu 0 < a < 1). Db thi nhan
r—0t @ — a

truc tung (z = 0) lam tiém can ding.

— D4 thi ludn di qua diém (1;0), (a;1) va ndm hoan toan & bén phai truc tung.

Nhan xét

— V& ban chat, phuong trinh y = log_ = hoan
toan tuong duong véi x = a¥. Tap xac dinh
clia ham sb6 y = a” chinh 13 tap gia tri cla
ham s6 y = log, « va ngugc lai.

— Néu goi (G,) 12 dd thi cla ham s6 y = a®
va (G,) la d6 thi cia ham s6 y = log, «

thi (G,) va (G,) déi xitng v&i nhau qua

dudng phan gidc clia géc phan tu thir nhat
(duong thing y = z).

That vay, xét diém M (p; q) bat ki, diém déi xiing v6i M qua dudng thing y = 2 13 M’(¢;p), ta cé:

M(p;q) € (Gy) & q=aP < p=1log, q= M (¢;p) € (Gy).
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m Phuong trinh, bit phuong trinh mii va logarit

Phuong trinh va b4t phudng trinh mii

Phuong trinh mii

- Phuong trinh mii co ban: | a/®) =b < f(z) =1log, b |

— Phudng phap dua vé cling co s6: | a/®) = a9%) < f(2) = g(x) |

Bat phuong trinh mii

a>1 0<ax<l
af(z>>b<:>f(m)>logab al®) >b< f(z) <log, b
af@ > a9 o f(z) > g(x) af@ > a9 o f(x) < g(x)

— Phuong phap giai bat phuong trinh mii tuong tu phuong phap gidi phuong trinh mii.

— B4t phuong trinh a® > 0 c6 tap nghiém 13 S = R.

Phuong trinh va bit phudng trinh logarit

Phuadng trinh logarit

— Phuong trinh logarit co ban: | log, f(z) =b <
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flx)>0
— Phuong phap dua vé cung cd s6: | log, f(x) = log, g(z) < < g(z) >0
f(z) = g(x)
Bat phuang trinh logarit
a>1 0<a<l1
>0
log, f(z) >b< f(z) > a’ log, f(z) >b< f@)
flz) <a’

g(z) >0
f(x) > g(z)

flz)>0

log, f(zx) >log, g(x) < {
f(z) < g(z)

log, f(z) >log, g(x) < {

— Khi giai phuong trinh va bt phuong trinh logarit phai tim diéu kién xac dinh.

— Phuong phép gidi bat phuong trinh logarit tuong tu phuong phap gidi phuong trinh logarit.
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KHAO SAT HAM SO VA PO THI
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Dinh nghia tinh don diéu va dau cha dao ham

Gia sif K 13 mot khodng, mot doan hodc mét nira khodng va f 13 ham sb xac dinh trén K.

Dinh nghia: Tinh don diéu cia ham sb

Ham sé f dugc goi | déng bién trén K néu

Ve, oo € K, x7 <xy= f(z;) < f(xy);

Ham sb6 f dugc goi 13 nghich bién trén K néu

Vo, 29 € K, 17 <z9= f(T1) > f(T2).
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N6i mét cach khac, néu ham sé f xac dinh trén
K thi
Ham s& f dong bién trén K khi va chi khi véi x

tuy y thudc K, ta cé

- f(x+Ax)

[z + Az) — f(z) w9 X |
AL > 0 v8i moi Ax #0 ma z+Ax € K. . 777777 )

X x+Ax |O X

D6 thi ham s6 dong bién trén IR.

Ham s& f nghich bién trén K khi va chi khi véi
x tuy y thudc K, ta cé

flz+Az) — f(z)
Az

< 0 véi moi Ax # 0 ma z+Ax €>\
FFN

flx+Ax)

O X X+ Ax X

D6 thi ham s6 nghich bién trén IR.

Tur dinh nghia, ta c6 mdi lién hé giita su bién thién cla ham sé v diu cia dao ham nhu sau:

Dinh ly: Diéu kién can

Gia st ham sb f(xz) c6 dao ham trén khoang K.
— Néu f dong bién trén K thi f/'(z) > 0 v6i moi v € K.
— Néu f nghich bién trén K thi f’(x) < 0 véi moi z € K.

Nguac lai, ta cé dinh If quan trong lam didu kién di dé xét tinh don diéu:

Dinh ly: Diéu kién da

Gia st ham sb f(x) c6 dao ham trén khoang K.
— Néu f/(z) > 0 v6i moi x € K thi ham sb f dong bién trén K.
— Néu f/(z) < 0 v6i moi x € K thi ham sb f nghich bién trén K.

— Néu f’(z) = 0 v6i moi z € K thi ham s6 f khong ddi trén K.
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M$ rong clia Dinh ly 6.1 Gia st ham s6 f(x) cé dao ham trén khodng K.

— Néu f/(z) > 0 v6i moi z € K va f'(x) = 0 chi tai mét sb hitu han diém cla K thi ham s6 f(x)

ddng bién trén K.

— Néu f/(z) < 0 v6i moi z € K va f'(x) = 0 chi tai mét sb hitu han diém cla K thi ham s6 f(x)
nghich bién trén K.

Dinh Iy 6.1 cho ta mét diéu kién da dé ham sé don diéu trén mét khoang.

Khoang K trong Dinh ly 6.1 cé thé dugc thay bdi mét doan hodc mdt nira khoang. Khi dé phai bé

sung gia thiét “Ham s& lién tuc trén doan hojc nia khoang d6”. Ching han:

Néu ham sb f lién tuc trén doan [a; b] va cé dao ham f/(z) > 0 trén khodng (a;b) thi ham sb f déng

bién trén doan [a; b].

Ngudi ta thudng di&n dat khdng dinh ndy qua bang bién thién nhu sau:

T a b
/() +
f(b)
f(a)

Khéng dung ky hiéu hgp (U) dé nbi cac khoang khi két luan vé tinh don diéu. Khai niém nay

chi dugc xét trén tirng khodng, nira khodng hodc doan riéng biét.

< 1 < N
Xét ham s6 f(x) = —, nghich bién trén tung khodng (—o0;0) va (0; +00). Chirng minh rang
x

két ludn ham s6 nghich bién trén tip (—o0;0) U (0; 4+00) 13 sai.

[# Loigiai

That vy, néu ham s6 nghich bién trén tap K, thi véi moi z;, 7, € K, ta phai cé:

Ty < Ty = f(21) > f(79).
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Tuy nhién, chon z; = —2 va z, = 1 ciing thudc tip (—o0;0) U (0; +00), ta ¢é x; < x4 nhung:

f(=2)=—5 va f(1)=1= f(z;) < flzy).

X1 = -2

:—2<XZ=].

1
f(=2) < f(1)

D4 thi minh hoa cho thiy khi x ting tir —2 sang 1, gia tri ham s6 thuc chat d3 ting lén. Diéu

ndy vi pham nghiém trong dinh nghia ham nghich bién.

Ki nang st dung may tinh cam tay CASIO

id d id
St dung chirc nang tinh dao ham tai moét diem L (f(x)) deé giai phuong trinh f'(xz) =0, tir d6
x _
T=T(
du doan hoanh dé cac diém cuc tri va xét chiéu bién thién cda ham sb.

Phuong phap 1: Tim nghiém cia dao ham bang lénh SOLVE

1. Phim tat 2. Man hinh nhap liéu 3. Kiém tra két qua
MECHCMEmD |4 "~ ° R
E{D}lﬁﬂi =0 H x'—3% |x=x =0
x= 1
L—-R= 0

Nhap biéu thic dao ham caa St dung Iénh SOLVE va nhap
ham s6 f(x) can tim nghiém giad tri z khdi tao. May tinh s&
vao may. trad v& hoanh d6 diém cuc tri

gan nhit v6i x khéi tao dé.
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Cha y: Han ché cia phuong phap SHIFT SOLVE
Phuong phap nay yéu ciu thr nhidu gia tri 2 khdi tao khac nhau dé tranh bd sét nghiém. Ddng

thai, khong thé két ludn truc tiép nghiém vira tim duoc 13 diém cuc dai hay diém cuc tiéu.

Phuang phap 2: Xét dau dao ham bang Bang gia tri (TABLE)

Thiét 1ap cac thong sb B&t du (Start), Két thic (End) va Buéc nhdy (Step) phi hop véi tap xac

dinh can khao sat.

Chua y: Thiét 1ap may tinh ew & @ (1) (1)

Nén t3t hién thi ham g(z) dé may tinh c6 thé tinh toan 1:f¢x)
dudc nhidu gia tri = hon, gilip thu hep khodng cach xap 2:1{x), 8(x)

xi, phan anh chinh xac hon su bién thién.

1. Nhap dao ham TH1: Pao ham déi dau TH2: Dao ham khéng ddi dau
ver @
ver B
[ED - G E® X)) o -l t =),
17 -1 | I
a i o
f(x}— < (% —3x)| 0 —
2 (Mo Pham vi bang
5 | et
| e
Ve B ks Budc :0.25
Pham vi bang 0 —
Bdau :-5 .. N 2. % 20| -0.25|0. 1875
Kthiac:5 Gia tri dao ham dai dau. 21 0 -
Budc :(5-—5)+40 | — Dydoan hamsécsthédsi = T O

chiéu bién thién tai lan can. Pao ham ludn gitt du (+) hoiic

(—)-
= Du doan ham sb6 don diéu

trén khoang khao sat.

Cha y: Canh bao nguy bién logic khi dung TABLE

Viéc dung Bang gia tri (TABLE) chi xét trén cac diém rdi rac. Néu buéc nhay (Step) qua 16n,
may tinh c6 thé bd qua cac diém nghiém cta dao ham n3m giita hai budc tinh. Do d6, day chi
13 cong cu du doan trac nghiém, khéng thé thay thé chirng minh b3ng toan hoc tu luan dinh
Ii.

Xét tinh don diéu qua bang bién thién va dé thi
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Dua vao bang bién thién
Gia st ham sb y = f(x) xac dinh trén tap D C (a;b). Cac diém x,, 2, ..., 7, € (a;b) 13 cic diém tai
d6 dao ham f’(x) = 0 hodc dao ham khéng xac dinh.

Phuong phap: Quan sat ddu cta dao ham f’(z) trén tirng khoang con lién tuc dé két ludn vé tinh don

diéu theo ddng dinh Ii:
— Néu f’(x) > 0 trén khodng (z,;x;,,) thi ham sb f(x) dong bién trén khodng do.
— Néu f’(z) < 0 trén khoadng (z;;x;.,) thi ham sb6 f(x) nghich bién trén khoang dé.

Xét ham sb f(x) cé bang bién thién tdng quat nhu sau:

f() o0+ - - - 0+
) oo o
e / \ L yd
(@) I

Dua vao bang bién thién téng quét, ta phan tich:

— Trén céic khoang (a;x,), (z1;25) va (z,;b) ham sb6 f(x) dong bién do f’(z) > 0. D3c biét, du
f’(xz,) = 0 nhung dao ham khéng ddi diu nén theo hé qua mé rong, ham sb ddng bién trén hin

khoang (a;zs).
— Trén cac khodng (z4;x, ;) va (z,_q;x,) ham sb f(x) nghich bién do f’(x) < 0.

— Tai z,,_;, cA ham sb va dao ham déu khéng xac dinh (ki hiéu hai gach song song kéo dai). Tap
xac dinh bi chia cit. Tuyét d6i phai két ludn ham s6 nghich bién trén tirng khoang (z;x, ;) va

(,,_1;x, ) rieng biét.
Duwa vao d6 thi ham s6 f(z)

Ban chit cha dinh nghia don diéu biéu dién trén hé toa db chinh 13 su ting hodc giam cla tung do

khi hoanh d6 di chuyén tir trai sang phai:
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— Ham sb dong bién trén cic khodng ma db thi c6 huéng di Ién (tir trai sang phai).

— Ham s6 nghich bién trén cac khoang ma db thi c6 huéng di xudng (tir trai sang phai).

7 y=f(x)

Ham s6 dong bién trén khoang tuong tng.

Ham s6 nghich bién trén khodng tuong ting.

Tur dd thi, ta cé:
— Ham sb dong bién trén: (z1;2,), (z3;24) va (x5; +00).
— Ham sb nghich bién trén: (—oo; z4), (z9;23) va (xy;x;5).

Duwa vao dbé thi ham sb f'(z)

— Ham sb6 f(z) ddng bién trén cic khodng ma phan db thi f/(z) n3m hoan toan phia trén truc

hoanh (f'(z) > 0).

— Ham s6 f(z) nghich bién trén cic khodng ma phin dd thi f’(x) ndm hoan toan phia dusi truc

hoanh (f'(z) < 0).
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y1= f/(x)

Ham sé dong bién trén khodng tuong tng
B Ham s6 nghich bién trén khodng tuong tng

Xét tinh don diéu bing du dao ham
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Ham s6 bac ba khéng chira tham sb6

Xét ham sb y = az® + ba? + cx + d (v6i a # 0).
Dao ham clia ham s6 13 tam thiic bac hai: ¥’ = 3az? + 2bx + c.

Goi A, la biét thirc cla tam thirc y':

A, = (2b)*> — 4 3ac = 4(b* — 3ac).

Tuy thudc vao dau ctia A/, dua theo dinh Ii vé dau tam thirc:

- Khi A, <0:y ludn cung diu véi hé sb a véi moi = € R. Do d6, ham sb luén don diéu trén R.

y=f@ YA y = f(%) v = () A

/

+) i

y=f)

)

O X

f(9)=0
a>0,Ap <0 a<0,Ap <0

- Khi A, =0: y" =0 c6 nghiém kép. y’ khong déi dau (van cling dau véi a). Ap dung hé qua mé

réng (chi bing 0 tai 1 diém), ham s6 tiép tuc don diéu trén R.

- Khi A, > 0: y’ = 0 cé hai nghiém phén biét z; < x,. Khi d6 y" dan diu ("trong trai, ngoai

cling”), 1am cho ham s ddi chidu bién thién khi di qua cac diém =, va z,.
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a>0,Ap >0 a<0,A7>0

Ham sé bac ba chira tham s6

Xét ham s6 f(z;m) = az® + bx? + cx +d (a # 0, m 1 tham sb). Ta cé f'(x;m) = 3az? + 2bx + ¢

vaA, = b? — 3ac. Khi xét tinh don diéu ctia ham s bac 3, ta thudng gip 2 trudng hop sau:

Trudng hop 1: C6 lap dudc tham sb

Néu bat phuong trinh ¢’ > 0 (ho3c 3’ < 0) bién ddi dugc vé& dang m > g(x) hodc m < g(z) trén K:
— f dong bién trén K < m > m;étxg(x) (ho3c m}éng(:v) tly chiéu bpt).
— f nghich bién trén K < m < m}}ng(m) (hodc m}z{auxg(x) tuy chiéu bpt).

Luu y: Néu khéng tn tai max / min trén khodng mé K, ta tinh gi6i han clia g(z) tai bién dé lam co

s6 chdn gia tri cho m.

Nhan xét: Tong quat phuong phap c6 1ap tham sé trén (a, j3)

Dbi véi cac bai toan c6 thé ¢ lap dugc tham sb m, ta thuc hién theo cac budc sau:
1. Lap bat phuong trinh tir diéu kién dao ham:
— Déng bién trén (o, B): ¥’ >0, Vx € (o, ).
— Nghich bién trén (o, 8): v/ <0, Vx € (a, B).

2. Pua bat phuong trinh vé dang tach biét:

m > g(x) Vo € (o, ) hodc m < g(x) Va € (o, B).
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3. Khao sat ham phu g(z) trén (o, 8) dé I3y can:

m > max g(x) hoac m < min g(x).
T (a,B) 9(@) ' o (a,ﬂ)g( )

Trudng hop 2: Khéng cb 1ap dudc tham sb

Ta ap dung dinh I v& vi tri nghiém clia tam thitc bac hai. Phuong trinh 4’ = 0 c6 thé c6 hai nghiém
x, < xy. Goi xy = ~34 1a hoanh do dinh cha parabol 3. Viéc ép mét khoang (c, 3) ndm ngoai hay
a

nam trong khoang 2 nghiém (z, z,) dugc téng quét chit ché nhu sau:

Yéu cau don diéu Diéu kién tuong duong

Truong hap a > 0

f ddng bién trén R A, <0

f ddng bién trén (—oo, ) {A ;>0
A

f dong bién trén (v, +00) A, >0

f ddng bién trén (a, )

f nghich bién trén (a, 8)
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Yéu cau don diéu

f nghich bién trén R, (—o0, ), (a, +00)

Diéu kién tuong duong

Khéng ton tai

Truong hop a < 0

f nghich bién trén R

f nghich bién trén (—oo, )

f nghich bién trén (o, +00)

f nghich bién trén (o, 8)

f ddng bién trén (a, B)

A, >0
y'(a) 20

y'(B) >0

f dong bién trén R, (—o0,a), (a, +00)

Khéng ton tai

Tim cac gia tri nguyén am clia m dé ham s6 f(x) = 2° + 3ma + 1 ddng bién trén (3,7).

[ Loigiai

D& ham s6 dong bién trén khoang (3,7), didu kién cin va dd la:

y =322 +3m >0,

V€ (3,7).

O bravee9.github.io/bravemath | Trang 106 / 434



https://bravee9.github.io/bravemath/

Chuang 6. TINH DGN DIEU CUA HAM SO

Ta tién hanh c6 1ap tham sé m dé dua vé& ham phu:
3m > 322 <= m > —2% Vze(3,7).

Xét ham sb phu g(z) = —22 trén khodng (3,7). Ta cé dao ham ¢/(z) = —2x <0, Vz € (3,7).

Suy ra ham s6 g(z) lién tuc va nghich bién trén khoang (3, 7).

X |-o0 3 7 +00
g'(x) —
g(3)
3) s
g(7)

Tir bang bién thién (dd thi) trén, ta thiy tap gia tri cla g(z) la:
—49 < g(x) <=9, Vz e (3,7).

D& bat phuang trinh m > g(x) ludn diing véi moi = € (3,7) thi m phai 16n hon ho3c b3ng cin
trén cGa ham g(z). Suy ra:

m > —9.

K&t hop véi diéu kién bai todn 1a m € Z~, ta dugc:

m € {—9,—8,—7,—6,—5,—4,—3,—2,—1}.

Tim t4t ca cac gia tri cla tham s6 m dé ham sb
L 2 2
y=ge —ma +(m*—m+ 1z +1

dong bién trén khoang (1;3).

[ Loigiai
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Tap xac dinh: 9 = R. Ta cé dao ham:
y =x%—2mz+m?—m+1.

Day Ia tam théc bic hai c6 hé s6 a = 1 > 0, hoanh d6 dinh x, = m va biét thic phay
AN=m?—m?—m+1)=m-—1.
Vi m xubt hién dudi dang béc hai trong v’ nén ta khéng thé cb 1ap m.
Truong hgp 1: A’ <0
AN<em—-—1<0em<l.

Khi dé ¢’ > 0 véi moi « € R. Suy ra ham s6 dong bién trén R, do dé chic chin ddng bién trén
khodng (1;3). (Trudng hgp nay nhdn m < 1).
Trudong hgp 2: A’ >0

A">0em>1.

Khi d6 4/ = 0 c6 hai nghiém phan biét z; < z,. D& ham sb dong bién trén khoang (1;3),
khodng nay phai n3m ngoai viing am clia dao ham, titc 13 xdy ra mdt trong hai trudng hop:

— Trudng hop 1: (1;3) n3m bén trai nghiém x, (2, ndm bén phai s6 3).

y
Néu f”(x) duong, ham s6 f(x) s&
dong bién trén khoang do
Ty >3 m >3
=
y'(3) >0 32—2m-34+m?2—-—m+1>0
f(x)
m >3
=
m2—Tm+10>0 0 X
m >3
& m<2 < m2>5(Théa manm >1).
m > 5

— Trudng hgp 2: (1;3) ndm bén phai nghiém z, (2, nd3m bén trai s6 1)

Tp <1 m<1 m<1
= =

y' (1) >0 12—2m-14m?2—m+1>0 m2—3m+2>0

Tuy nhién, trudng hop ndy yéu ciu m < 1, mau thuan hoan toan véi didu kién dang xét 13
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A’ >0 (m > 1). Do d6 trudng hgp nay loai.

K&t luan: Hop cac trudng hop lai, ta dugc cac gia tri can tim cla m |a:

m € (—oo; 1] U [5; +00).

Ham sé triing phuadng

Xét ham sb y = az* + ba? + ¢ véi a # 0.

Tinh dao ham: y/ = 4ax® + 2bz = 22(2az? + b).
z=0

Choy =0« b

2
¢ =——
2a

Su bién thién ctia ham s& phu thudc vao dau cia tich ab:

— Trudng hop ab > 0: Phuong trinh i = 0 chi c6 mét nghiém duy nht z = 0. Ham s6 d8i chiéu

bién thién ding mot 1an.
* Néu a > 0: Ham s6 nghich bién trén khodng (—o0;0) va dong bién trén khodng (0; +00).

* Néu a < 0: Ham s dong bién trén khoang (—oo;0) va nghich bién trén khodng (0; +0c0).

YA YA

y=f)
y = f(x)

O

1<0,b<0

<Y
—

)
U

=Y

[ b
— Trudng hop ab < 0: Phuong trinh ¥’ = 0 c6 3 nghiém phan biét: z; = — g’ Ty = 0,
a

b

D6 thj ham sb c6 hinh déng chit W (néu a > 0) hoc chit M (néu a < 0), cdc khodng dong bién

va nghich bién dan xen nhau qua 3 mébc nghiém nay.
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7 YA
y=f)
y=f(x)
C ) |
o |
X1 O .XI'3 :x ’ xll O X3 \ :x

Ham phan thirc bac nhat (bac nhat/bac nhat)

. b
Xét ham so y = véi ¢ # 0 va ad — be # 0.

+d
N d
Tap xac dinh: 2 =R\ {—}
c
Dao ham clia ham s6: 3’ = m.

iy >0¥re

nén doé thi ham sb

luén dong bién trén I

Viy' <0Vxe

nén do thi ham sb

luon nghich bién trén

Tinh chat: Su bién thién cia ham nhat bién

D3u ctia ' khdéng ddi trén mdi khoang xac dinh. Do d6, ham s6 ludn don diéu trén timng khoang

dy . d
<—oo,——> va (—f,—koo).
c c

— Néu ad — bc > 0: Ham s6 ddng bién trén mdi khoang.

— Néu ad — bc < 0: Ham s6 nghich bién trén mdi khoang.
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Dudng tiém can va tdm déi xirng cia ham nhit bién

Tinh chat: Cac yéu té hinh hoc co ban

. ) b
Cho db thi (C) clia ham s6 y = ‘“”:d (c # 0,ad — be # 0). Ta ludn cé:
CI

— Duong tiém cén ding: © = ——.
c

RN a
— Duong tiém cén ngang: y = —.
c

— Tam dbi xiing I (13 giao diém cha hai dudng tiém can):

I(—d; g)
¢ c

Tinh chat dbi xirng: V6i moi diém A(z4;y4) € (C), ludn ton tai diém A’ (x,;y4/) € (C)

sao cho I 13 trung diém cta doan thing AA’. Toa d théa man hé thic:

l’A+l’A/:2l‘I

Yatya =2y
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Ham phan thirc c6 tham sé m

Tinh chat: Diéu kién can va da dé ham phan thicc don diéu

b (v6i ¢ # 0,ad — be # 0, cac hé sb c6 chia tham sb m).

Gy (oS % axr
Xét ham s6 y =

cr+d
D& ham sb don diéu trén khoang K cho truéc, ta can thda man ddng thai hai didu kién sau:
< < d—b
— Ham sb ddng bién trén K < ¢/ = = 7° S 0 < ad — be > 0.
(cx + d)?
N P . LK A ’ ad — bC
— Ham s6 nghich bién trén K < ¢y’ = —— = <0< ad — be < 0.
(cx + d)?
g d X : .
Diém gian doan x = —— 1a noi d6 thi bi gian doan. Do dé, d& ham so6 lién tuc trén khoang K,

c

2 d

khodng K khong dugc phép chira diém ——.
c

_ d
€ c
IIIII:I:IIII%III:I:II/ \I:IIIlIIII:I:II III:I:III:II:I:I‘Q \I:IIIlIIlII:I:IIIlIII‘
\ U T \ / ! T
TH1: K = (¢;8) va —— < « TH2'K:(a7ﬁ)vaf§25
c
¢ d
c c
] ( \ 1
o \ T / 1 T
@ B
TH3: K = (a; +00) va ¢ <« TH4: K = (—o0;8) va — > 8
(& c

2r+m

m déng bién trén khoéng (273)

Tim m dé ham sé y =
[ Loigiai
Tap xac dinh: 2 = R\ {m — 1}.

Dao ham clia ham sé:
2(—m+1)—m  —3m+2
(x—m+1)2  (z—m+1)2

/

y:
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Ham sb dong bién trén khoang (2;3) khi va chi khi:

2
m < -
—3m+2>0 3
= m—12>3
m—1¢(2;3)
L m—1<2
<2
m< =
3 2
L m <3

NS X 2
Vaycacglatr!mcantmIam<§.

sinxz +m

Tim tham s& m dé ham sé y = ddng bién trén khoang (g;w).

2sinz —m —1
[ Loigiai
Dao ham clia ham sé:

1(—m —1)—2m —3m—1

/

Yy = - (sinzx)" = sz —m—1)2 COS .

(2sinz —m —1)2

Xét trén khoang (g;ﬂ>:
- bat u = sinzx, v6i x € (g;w> thi
u € (0;1).

T
— cosx < 0 véi moi x € (5;77).

-1

1
m > —— m > ——
m1 = <0 = m<—1 < m > 1.
—— ¢ (0;1) ma1
2 =1 m>1
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Vay m > 1 13 cac gia tri can tim.

2 +r+1

Tim tap hop tht ca cac gia tri thuc cla tham sb m dé ham s6 y = —————— ddng bién trén

r—m
khoang (—o0; —3).
[ Loigiai

2?2 —2mxr —m—1
(x —m)?
Ham sb xac dinh trén khodng (—oo0; —3) & m ¢ (—o0; —3) <& m > —3.

Tacdby =

Khi d6 dé ham s& dong bién trén khoadng (—oo; —3) thiy’ >0 Yz € (—oo; —3).
S —2mr—m—1>0 Vze (—o0;—3)

< 2?2 —1>m(2x + 1) v6i Vr € (—oo; —3).

P =1 i Vi € (—o0i —3)
g r 1 =MV Ve 00; .
. x2—1 ) 222 4 22 + 2 B
b3t g(x) = o1 tacod g'(x) = RTESCl > 0 véi YV € (—o0; —3).
Bang bién thién:
x —00 -3
9'(x) +
8
5
—00

Vay m > —g (Théa man diéu kien m > —3).
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Dinh nghia va quy tac tim cuc tri

Khai niém cuc tri cha ham sé

Dinh nghia
v

Gia st ham sb f xac dinh trén tap hop Z (2 C R) va z, € 2.

a) z, dudc goi 13 mét diém cuc dai clia ham s6 f néu ton tai mdt khoang (a;b) chita diém z,
sao cho (a;b) C 2 va
f(z) < f(xo) véi moi x € (a;b) \ {zo}-

Khi d6 f(z,) dugc goi la gia tri cuc dai cla ham s6 f.
b) x, dudc goi 13 mot diém cuc tiéu clia ham s& f néu ton tai mét khoadng (a;b) chira diém z,
sao cho (a;b) C 2 va
F(@) > Fzg) v6i moi @ € (a:5)\ {ao}.
Khi d6 f(x,) dugc goi |a gia tri cuc tiéu chia ham sb f.

Diém cuc dai va diém cuc tiéu dugc goi chung I3 diém cuc tri.

Gia tri cuc dai va gia tri cuc tiéu dugc goi chung |3 curc tri.

Néu z, 12 mot diém cuc tri cia ham s& f thi ngudi ta néi ring ham sb f dat cuc tri tai diém z,.
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y=fx) gid triyi ______

cuc dai

(xo, f(x0)) i tri
deia o

)| e o

|
[

|

[

|

., . |
] |

[

|

[

|

[

|

diém
cuc tidu
¢ ¢ * ® -
diém diém O diém X
cuc tidu cuc dai cue dai

gia tri

-0 'TCLIC tiéu

1) Gia tri cuc dai (ho3c cuc tiéu) f(z,) khéng ddng nhat véi gia tri 16n nhit (hoic nhd nhit)
clia ham sb trén toan bd tip xac dinh 2. Thuc chat, f(z,) chi 13 gi4 tri 16n nhit (ho3c nhé
nhit) trén mot khoang (a;b) nao d6 chira diém z,.

2) M6t ham sb cé thé dat cuc tri tai nhidu diém, hodc hoan toan khéng cé cuc tri trén tip xac
dinh. Ching han nhu & d thi minh hoa phia trén, ham sb dat cuc tri tai bén diém phan biét
(hai diém cuc dai va hai diém cuc tiéu).

3) Can phan biét rd cuc tri cia ham sb va cuc tri ctia dd thi: Néu z, 13 diém cuc tri cla ham

s6 f, thi diém c6 toa d6 (x; f(z,)) dudc goi 1a diém cuc tri cda db thi ham sb f.

Diéu kién can dé ham s6 dat cuc tri

Dua vao dd thi clia ham s& y = f(z), néu ham s& f dat cuc tri tai diém z, va néu dd thi cia ham s6

c6 tiép tuyén tai diém (z,; f(x,)) thi tiép tuyén d6 song song vdi truc hoanh, tiic 1a f/(x,) = 0.

D6 1a ndi dung cha dinh i ma ta thira nhan sau day.

Dinh ly: Diéu kién can

Gia str ham s6 f dat cuc tri tai diém z,. Khi d6, néu f c6 dao ham tai z, thi f'(z,) = 0.

Didu ngudgc lai c6 thé khdng diing. Dao ham f/ c6 thé bing 0 tai diém x, nhung ham s& f khong dat

cuc tri tai diém Zg-
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Diéu dt dé ham sb dat cuc tri

Dinh Ii sau cho ta mét diéu kién di dé ham sé dat cuc tri.

Dinh Iy: Didu kién d

Gia sir ham sb f lién tuc trén khodng (a;b) chita diém z, va c6 dao ham trén cac khoang (a; )
va (zy;b). Khi d6

a) Néu f/(z) < 0 véi moi x € (a;2) va f'(z) > 0 véi moi z € (x,;b) thi ham sé f dat cuc tiéu
tai diém x,.

b) Néu f/(x) > 0 véi moi x € (a;z,) va f'(z) < 0 v6i moi x € (zy;b) thi ham sb f dat cuc dai

tai diém z,.

No6i mét cach khac,

a) Néu f’(z) di dau tir 4m sang duong khi 2 qua diém z, (theo chiéu ting) thi ham sb dat cuc tiéu

tai diém z,.

b) Néu f’(z) ddi dau tir duong sang am khi 2 qua diém z,, (theo chidu ting) thi ham sb dat cuc dai

tai diém .
Chirg minh

a) Vi ham sb f lién tuc trén nlia khodng (a;x,] va f'(z) < 0 v8i moi = € (a;x,) nén ham sb f nghich
bién trén (a;x,]. Do dé

f(x) > f(xy) v6i moi z € (a;xy).

Tuong tu, vi ham s f lién tuc trén nlra khodng [z(;b) va f'(x) > 0 v6i moi x € (xy;b) nén ham s

dong bién trén [z,;b). Do d6
f(x) > f(zy) v6i moi x € (4;b).

Vay f(x) > f(zy) v6i moi z € (a;b) \ {z,}, téc 13 ham s6 f dat cuc tiéu tai diém x,.
b) Phan b) dugc chiing minh tuong tu.

Dinh Ii 2 dugc viét gon lai trong hai bang bién thién sau:
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(a) Cuc dai (b) Cuc tiéu

Tir dinh I 2 ta c6 quy tic tim cuc tri sau day:
QUY TAC 1
1. Tim f'(x).

2. Tim céc diém z; (i = 1,2,...) tai d6 dao ham clia ham sb bang 0 hozc ham s6 lién tuc nhung khong

c6 dao ham.

3. Xét ddu f'(x). Néu f’(x) déi dau khi z qua diém z; thi ham sb dat cuc tri tai ;.

B 1 4
Tim cuc tri cia ham s6 f(x) = gac?’ —z2 -3+ 3

[ Loigiai

Ham sb d3a cho xac dinh trén R.

Ta cé

f(z) =2%—2z 3.
Tu dé6
f'(z) =0« 2 =—1 hodc z = 3.

Sau day 13 bang bién thién:

x —00 -1 3 +00
1 (x) + 0 - 0 +
3 400
—0 3
Vay ham s6 dat cuc dai tai diém 2 = —1, gia tri cuc dai cia ham s 13 f(—1) = 3. Ham sb dat
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. 2 . < 23
cuc tiéu tai diém x = 3, gia tri cuc tiéu cia ham so la f(3) = —3
Tim cuc tri cla ham sé f(z) = |z].
[# Loigiai
Ham sb d3 cho xac dinh va lién tuc trén R.
Ta cé
—x v8ix<O0
flz) =
T véi x > 0.
Do d6
, -1 viiz<O0
f(x) =
1 véi z > 0.
(Ham s6 f khong c6 dao ham tai diém = = 0).
Sau day 13 bang bién thién va d6 thi ham sé:
A
X |-o0 0 +00 y = |x|
f®) - I +
+0o0 400
) \ /
£ .
(cyc tiéu) -
o) >

Vay ham sb dat cuc tiéu tai = = 0 va gia tri cuc tiéu cda ham s6 13 f(0) = 0.

C6 thé sir dung dao ham cip hai dé tim cuc tri clia ham s&. Ngudi ta d3 ching minh dinh Ii sau day.

Gia str ham s6 f c6 dao ham cap mét trén khoang (a;b) chita diém z,, f'(z,) = 0 va f c6 dao

ham cap hai khac 0 tai diém z,.
a) Néu f”(z,) < 0 thi ham sb f dat cuc dai tai diém z,,.

b) Néu f”(xy) > 0 thi ham s& f dat cuc tiéu tai diém x,.

T dinh If 3, ta c6 mét quy téc khac dé tim cuc tri cha ham sé (néu ham s6 c6 dao ham cip hai).
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QUY TAC 2
1. Tim f/(2).
2. Tim cac nghiém z; (i = 1,2,...) cba phuong trinh f’(z) = 0.
3. Tim f”(z) va tinh " (x,).
— Néu f”(z;) < 0 thi ham sb dat cuc dai tai diém z,.

— Né&u f”(x;) > 0 thi ham s dat cuc tiéu tai diém x;.
St dung CASIO fx-580VN X tim cuc tri ham bac ba

May tinh CASIO fx-580VN X (va cic dong tuong duong) cé tich hop sin tinh ning tim toa d6 diém

cuc dai, cuc tiéu ctia ham s6 bac ba v6 cling nhanh chéng ma khéng can giai phuong trinh dao ham.

— Buédc 1: Nhan @ — chon @ (Phuong trinh /Hé phuong trinh) — chon @ (Phuong trinh
da thirc) — chon (Béc 3).

— Buéc 2: Nhap cac hé s6 a, b, c,d cha ham sb6 y = az® + ba? + cx + d.

MENU] (9] 2] |3
vir 0 i
AxIHhEE+C R+
I+ sz + NP3
+ 1]
0

- Budc 3: Nhan [ =] lién tuc dé bd qua cac nghiém 2, x,, 5 13 nghiém cla f(z) = 0. May tinh

sé hién thi 1an lugt:

v d IB_ . i VA e m_ . i YA
Cuc dai cua Cuc dai cua
yv=ax3+bxe+cx+d yv=ax3+bxe+cx+d
W= V=

-1 2

\IE'_IH i VA @_m i ry
Cuc ti&u cua Cuc ti&u cnua
y=ax3+bxe2+cx+d y=ax3+bxe+cx+d
W= V=

1 -2
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- . < 1 4
Ap dung quy tac 2 tim cuc tri cia ham s6 f(x) = gaz?’ — 2?2 -3z + 3

[# Loigiai
Ham sb d3 cho xac dinh trén R.

Tacé f/(x) = 2% — 22 — 3;

f'(x) =0« x=—1 hodc = = 3;

f(z) =2x —2.
Vi f”(—1) = —4 < 0 nén ham s6 dat cuc dai tai diém z = —1, f(—1) =
B ; ? 2
Vi f”(3) =4 > 0 nén ham so dat cuc tiéu tai diem x = 3, f(3) = —?3.

Ta nhan dugc cac két qud d3 biét trong vi du 1.

2> —m(m+ 1o +m?+1

r—m

Chiing minh rang v&i moi gia tri ciia m, ham s6 y = ludn cé cuc

dai va cuc tiéu.

[ Loigiai
Tap xac dinh: 2 = R\ {m}.

Ta tinh dao ham clia ham sb:

2z —mm+1))(xz—m)— (2> —m(m+Dx+m3+1)-1

/

' (& —m)?
222 —2mz —m(m+ Dz +m?> + m? — 2 + m(m + 1)z —m3 — 1
y (x—m)?
2?2 —2mx +m? — 1
 (@—mp

Cho 3y’ = 0, ta c6 phuong trinh:

r=m-—1
> —2mr+m?—1=0&(r—m)?=1%

r=m-+1
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Nhan thiy hai nghiém z; = m — 1 va

x —00 m—1 m m—+1 +00
Ty = m + 1 ludn phan biét v6i moi m
(Vim—1<m < m+ 1) va khac diém y' + 0 - - 0 +
gian doan m. Yep +oo +00
Tk sb 13 tam thic bac hai c6 hé
< < Y
so a = 1 > 0, nén ¥y mang dau
ducng ngoai khodng nghiém va am trong —00 —00 Yer

khodng nghiém.
T bang bién thién, ta thiy ham sé ludn
dat cuc dai tai z = m — 1 va dat cuc

tidu taix =m+ 1.

[ Xét cuc tri cia ham s6 théng qua bang bién thién va do
thi

Dwa vao bang bién thién

D& xac dinh cuc tri cia ham s6 y = f(z) théng qua bang bién thién, ta déi chiéu truc tiép véi dinh
nghia. Ban cht cla cuc tri 13 viéc so sdnh gia tri cla ham sb tai x, v6i cac gid tri trong mét khodng

Ian can (a;b) chira n6. Théng qua dong f(x) va f’(x) trén bang bién thién, ta cé:

— Diém cuc dai: Tai 2, € 2, néu dong f(x) cho thdy f(x,) I6n hon moi gia tri f(z) lan can né
(tuong (ng véi chidu miii tén di 1én t6i f(z,) rdi di xudng), thi z, 13 diém cuc dai. Didu kién da

tuong tng 13 f’(z) déi diu tir (+) sang (—) khi qua .

- Diém cuyc tiéu: Tai z, € 2, néu dong f(z) cho thiy f(z,) nhd hon moi gia tri f(z) lan can né
(tuong (g véi chidu miii tén di xubng téi f(z,) rdi di lén), thi z, 1a diém cuc tiéu. Didu kién da

tuong Gng 13 f’(z) déi du tir (—) sang (+) khi qua .
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(a) Cuc dai (b) Cuc tiéu

Luu y quan trong tur dinh nghia:

— Tai diém z,;, néu dao ham f’(z) khéng xac dinh (ky hiéu | & dong f’), nhung ham sé f(z) vin
lién tuc va f(x;) thda man tinh chit 16n nhit/nhd nhit trong mét 1an can, thi z; van 13 diém cuc

tri.

— Tai diém x;, néu cd dao ham va ham sb déu khéng xac dinh (ky hiéu | kéo dai qua c3 hai dong),

thi ham s6 khéng dat cuc tri tai z; vi vi pham diéu kién z, € 2.

Xét bang bién thién minh hoa sau:

f(x) + 0 - + 0+ - - 0 +
flxy) +0o0 | +00 +00
w | N0 T S
o0 f(z3) f(zy)

Dua vao bang bién thién trén, dbi chiéu véi dinh nghia, ta thiy:

- Tai x; va z,,: Ton tai cic 1an cAn ma f(z) 13 gia tri 16n nhat va f(x,) 13 gia tri nhd nhit. Do

dé z; la diém cuc dai, z,, 1a diém cuc tiéu.

— Tai z4: Ham sb xac dinh, lién tuc va f(x,) nhd hon cac gia tri 1an can. Du dao ham khéng ton

tai, 2, van 13 diém cuc tiéu.

— Tai x3: Khong ton tai an cin ndo dé f(z3) 13 16n nhat hay nhd nhit (dao ham khéng di dau),

nén x5 khong phai cuc tri.

- Tai x,: Ham sb khéng xac dinh tai x,, do d6 khdéng théa man dinh nghia. Diém x, khong phai

la cuc tri.
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Dua vao d6 thi ham s6 y = f(z)

V& mit hinh hoc, diéu kién f(z) < f(x,) trong mdt 1an can (a;b) cha dinh nghia mang y nghia diém
M (zy; f(x)) ndm cao han moi diém khac trén do thi thudc 1an can dé. Do vdy, cuc tri cia ham s6

thé hién qua dd thi nhu sau:

— Diém cuc dai cha d6 thi: La diém ma tai d6 tung d6 cha nd 16n hon tung d6 cla tit ca cac

diém l1an can trén do thi.

— Diém cuc tidu cha d6 thi: La diém ma tai d6 tung d6 clia né nhd hon tung d6 cla tat ca cac

diém l1an can trén d6 thi.

YA y=f(x
Cb
CD

Xq ! ’fs . X5 -
i 2 0 BN "
! CT !

| CT

CT N

Quan sat d6 thi minh hoa, dbi chiéu véi tinh chat hinh hoc trén, ta thiy ham s dat cuc dai tai cac

diém z,, z, va dat cuc tiéu tai cac diém z, x5, x5.

Dua vao d6 thi dao ham y = f'(z)

Khi biét dd thi cia ham sb dao ham y = f/(x), ta can 4p dung Dinh Ii (didu kién d0) dé xét cuc tri.
Ham s6 f(z) lién tuc tai z, sé dat cuc tri tai z, néu dao ham f’(z) déi dau khi di qua z,. Trén dd

thi f/(z), su d6i dAu nay tuong (ing vé6i viéc dd thi cit ngang qua truc hoanh Ou:

— Néu dd thi f'(x) cit truc hoanh va di tir trén xudng dudi (ddi dau tir duong sang am) khi qua

Ty, thi ham sb f(z) dat cuc dai tai z,,.

— Néu dd thi f'(x) cit truc hoanh va di tir duéi 1én trén (d6i diu tir 4m sang duong) khi qua z,

thi ham sé f(z) dat cuc tiéu tai z,.
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Luu y: Néu do thi f'(x) chi cham (tiép xic) véi truc hoanh réi quay lai cing phia (dao ham khong

d6i dau), thi ham sé khéng dat cuc tri.

y=f'x)

DPiém uon CT

Dua vao d6 thi f/(z) minh hoa, ta phan tich:

- Tai z; va x,: D4 thi f/(z) di tir dudi 1&n trén truc hoanh (ddi ddu (—) sang (+)), ham sb dat

cu’c tidu.

— Tai z, va z5: Db thi f/(z) di tir trén xubng dudi truc hoanh (d8i ddu (+) sang (—)), ham sb dat

cuc dai.

— Tai x5: DS thi f/(z) tiép xic truc hoanh va n3m hoan toan phia dusi, khéng c6 su ddi dau nén

ham s& khéng dat cuc tri.
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Ham da thirc, phan thirc

Tim céc diém cuc tri cta ham sé y = 223 — 322 — 12z + 1.

[ Loaigiai
Tap xac dinh: 7 =R.
Cach 1: St dung bang bién thién (Quy tac 1)

Ta tinh dao ham clia ham sb:

y = 62?2 —6r — 12 =6(2® —x — 2).

Cho
r=—1
y’:O@xQ—x—2:O<:>
r=2
Ta c6 bang bién thién ctia ham sé:
x —00 —1 2 +00
y + 0 — 0 +
8 400
, / \ /
—00 —19

Tur bang bién thién, ta di dén két luan:
— Ham sb6 dat cuc dai tai x = —1, gié tri cuc dai ycp = y(—1) = 8.
— Ham sb dat cuc tiéu tai z = 2, gia tri cuc tiéu ycr = y(2) = —19.
Cach 2: Sir dung dao ham cap hai (Quy tac 2)
Dao ham cp hai clia ham sé 1a: y” = 122 — 6.
Xét didu dao ham cip hai tai cac nghiém cla phuong trinh 3’ = 0:
- Taiz=—1:9y"(—1) = 12(—1) — 6 = —18 < 0, suy ra ham s6 dat cuc dai tai z = —1.
- Taiz=2:y”(2) = 12(2) — 6 = 18 > 0, suy ra ham sb dat cuc tiéu tai = = 2.
K&t luan: Gia tri cuc dai 13 y(—1) = 8 va gia tri cuc tiéu 13 y(2) = —19. Ca hai cich déu cho

ra ciing mot két qua.
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2
L 4R . e s P - —2x+3
Tim cac diém cuc tri cGla ham s6 y = ——1
l’_

[ Loigiai
Tap xac dinh: 2 =R\ {1}.

Tinh dao ham bang cong thitc thuong:

, e —2)(x—1)— (2 —22+3)-1
a (x—1)?
_2x2—4x+2—x2+2x—3 2 —2r—1

(x —1)2 GRS

Cho i/ = 0: 22 — 2z — 1 = 0. Giai bang cdng thiic nghiém:

24 A+4
mz%zli\/@

Ca hai gia tri x; = 1—v2va T =1+ /2 déu thudc 2.

x —00 1-V2 1 1+V2 +00
Y + 0 < - 0 +
—2/2 +00 400
o 0 2V/2

Cuc dai tai 2 = 1 —V2: f(1—V2) = —2V2.
Cuc tidu tai z = 1+ v2: f(1+V2) =2V2.

Ham lugng giac

Tim cuc tri cGa ham sb y = sin 2z — 2sinz trén (0, 27).

[# Loigiai
Yy =2cos2z —2cosz = 2(2cos?x — 1) —2cosz = 4cos? z — 2cosx — 2.

1
Ditt=cosz: 42 —2t —2=0< (2t +1)(t —1) =0, suy rat:—§ hodc t = 1.
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Ve 1 A 2 4 A
af =L el
cos [ 2] , 3+27I .
§TI §7I
%=x=ir2n+k2n(kEZ)

cos(x) = — 3

Vi ta chi I3y nghiém x n3m trong (0,27), nén ta chi Iy 2 nghiém trén |3 thod man.

1 2 4
Trén (0,27m): cosz =1 (loai viz =0 ¢ (0,27)); cosx = —pEr= ?Tr hodc x = ?ﬂ
Ta cé bang bién thién clia ham sb y = sin 2z — 2sin:
2T a7
x 0 — — 2
3 3 "
Y - 0 + 0 -
0 ~__ 3v3
y _— 2
3v/3 T~
2 0

N % n % ~ N % Y Y/ U R . 4R
Tu bang bien thién, ta két luan: ham so dat cuc dai tai diem x = 3 va dat cuc tiéu tai diém

_27‘(’

T3

Ham sé mii va logarit

% 1
Tim cuc tri cia ham so y = 563‘” — 562”” + 2€”.

# Loigiai
— Tap xac dinh: D =R.

— Tinh dao ham:
y = e3% — 3e?® 4 2¢e”.

— Gidi phuong trinh v = 0:
e3% — 3e2* 4 2e* = 0.

D3t t = e > 0. Phuadng trinh tré thanh:

3 —3t24+2t=0x=t(t—1)(t—2)=0.
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Vit > 0 nén ta chi nhdn ¢t =1 hodct =2.
+ Véit=1=e*=1<2x=0.
+ Véit=2=e"=2< 2 =1n2.

— Lap bang bién thién:

T —00 0 In2 +00
Y + 0 - 0 +
5 400
! / 6 /
0 3

— T bang bién thién, ta két lun:

* Ham sb dat cuc dai tai z =0, f(0) = %
i ? 2
* Ham so dat cuc tiéu tai x = In2, f(In2) = 3

Tim cuc tri clia ham sb y = x(an:v —3lnxz +3).

[ Loigiai
— Diéu kién xac dinh: x > 0. Tap xac dinh D = (0, +00).
— Pao ham (4p dung quy tic (uwv) = v'v + wv'):

1 3
y =1-(Inz—3Inz+3)+z- (21nm-;—;>

:lnz:p—3lnx+3+2lnx—3

—In®z—Inz.

— Gidi phuong trinh ¢ = 0:

In’z —Inz = 0.

Ditt=Inz (t€R), tacét? —t=0<1t(t—1)=0<t=0hodct=1.
+t=0=hx=0<x=1.
+t=1=>hex=1<x=cec.

— Lap bang bién thién trén (0, +00).
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x 0 1 e +0o0
y’ + 0 - 0 +
3 +00
0 e

— Ti bang bién thién, ta két lun:
* Ham s6 dat cuc dai tai z = 1, gia tri cuc dai y(1) = 3.

* Ham sb dat cuc tiéu tai = = e, gia tri cuc tiéu y(e) = e.

Ham sé bac 3

Cho ham s6 y = az® + ba? + cx + d (v6i a # 0). Ta tinh dao ham:
y = 3ax? + 2bx + ¢

Biét thitc clia dao ham dugc tinh béi:

A, = 4(b* — 3ac)

Trudng hop
b?> —3ac <0 Ham sb khéng cé cuc tri.
b? —3ac >0 Ham s6 c6 hai diém cuc tri.

Déi véi trudng hop ham bac ba cé hai diém cuc tri, ta thudng gdp bai todn téng quat sau day:

Bai toan: Cho ham sé y = f(z;m) = az® + bx? + cx 4 d. Tim tham s6 m dé ham sb c6 cuc dai, cuc

tiéu tai x,, z, thda man diéu kién K cho truéc.
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— Budc 1: Tap xac dinh 2 = R. Tinh dao ham:

y = 3ax? + 2bx +c

— Budc 2: Lap didu kién dé ham sb c6 hai diém cuc tri phan biét. Diéu ndy tuong duong véi phuong

trinh y* = 0 c6 hai nghiém phan biét:

A=3a#0 a#0
= =me 9,
A, =4b* —12ac >0 b* — 3ac >0

— Budc 3: Goi x4, x5 la hai nghiém cda phuong trinh " = 0. Theo dinh Ii Vi-ét, ta cé:

2b

S:xl—l—%:—%

— Budc 4: Bién déi didu kién K cia bai toan vé& dang tdng S va tich P. Thay hé thirc Vi-ét vao dé

gidi ra tham sé m € %,.

— Buéc 5: Ddi chiéu diéu kién va két luan. Gia tri m théa man la m € 2, N 9,.

Tim m dé ham sé y = 2% — 3ma? + 3(m? — 1)z + 1 cb cuc dai va cuc tiéu

[ Loigiai

y' = 32% — 6max + 3(m? — 1) = 3(2® — 2ma + m? — 1).
Ham s c6 hai cuc tri <> ¢/ = 0 c6 hai nghiém phan biét.
Cach 1:

Tacéd: A =m?—(m?—1) = 1 > 0 v6i moi m. Vay phuong trinh ' = 0 ludn c6 hai nghiém phan
biét. Do d6, ham s ludn c6 hai diém cuc tri v6i moi gia tri m. Hai diém cuc tri: 2, = m — 1,

Ty =m+ 1.
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Cach 2

Ta c6 thé bién déi phuong trinh 3/ = 0 nhu sau:

T—m = {w:m—l—l
<~

r=m-—1

22 —2mr+m?—1=0<(zr—m)?’=1<
r—m=—1

Vi m +1 > m — 1 v6i moi m, phuong trinh luén c6 2 nghiém phan biét, nén ham sb ludn cé 2

diém cuc tri.
x —00 z,=m—1 Ty =m+1 ~+00
Yy’ + 0 - 0 +
f(m—1) o0
o f(m+1)

Bién luan theo hoanh d6 cac diém cuc tri

Khi b2 — 3ac > 0, ham sb c6 hai diém cuc tri A(zy, f(z,)) va B(z,, f(x,)).

Theo Vicét: § — — 22 vy p— &
3a 3

Truong hgp

f(x)=ax® +bx?+cx+d

Hai diém cuc tri n3m

R 2D\ L b? —3ac > 0
cung phia bén phai
truc tung 5>0
(z1 > 0,25 > 0) P >0
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Truong hgp
M
fea) =00 e flx1)
f(x2) =0
Hai diém cuc tri ndm X;
R L b? —3ac >0 ! ) x
cung phia bén trai !
truc tung 5<0 3
(2, < 0,25 < 0) P>0 | fx)
f(x1)=0
f(x2) =0
Hai diém cuc tri n3m x
vé hai phia cla truc P=S <o
3a
tung (zy24 < 0)
vk
fx1) =0 fexn)
f(x2)=0
Hai diém cuc tri dbi X _
, % 2b ! X
xirng nhau qua goc =" = !
PR 3a |
toa d6 (chi xét hoanh p_ 3£ <0 3
@) ‘ fe) |---N

’xl <0<xy,x1+x, =0
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Truong hgp

Khoang cach hoanh
d6 bing k cho trudc
(|2 — 2| = k)

Binh phuong hai vé

va dung Vi-ét:

1
1
|
1
1
|
1
1
|
1
l

X
|
1

(z,+3y)*—4x 20 = K k
= 82 4P = k?

Tim m dé ham

0<z; <xy.

[ Loigiai

Ta cé

s6 y = 23 — 3mx? + 3(2m — 1)z + 1 ¢é cuc dai, cuc tiéu tai 1, Ty VOI

y = 3z* — 6max + 3(2m — 1) = 3(z® — 2max + 2m — 1).

Ham s c6 hai cuc tri khi ' = 0 c6 hai nghiém phan biét:

A=m?>—02m—-1)=m—-1)2>0&m+ 1.

Theo Vi-et cho 3/ = 0:

T, + xy = 2m, T1Ty = 2m — 1.

Diéu kién hai hoanh d6 déu duong:

A>0 m # 1

1
Ty +ry >0 = <$2m >0 <:>m>§,m7é1.
T1Ty >0 2m—-1>0

1
Viay m € (5, 1) U (1, +o0).
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Bién luan theo tung d6 cac diém cuc tri

Néu d& bai cho cac dit kién lién quan dé&n gia tri cha cac cuc tri, ta cé thé 4p dung cong thic bén

dudi:

Diéu kién tuong

Truong hgp . Db thi minh hoa
uong

y=f®
Hai gid tri cuc tri
ciing duong {f(xl) + f(wy) >0
(f(z1), f(zg) > 0) f(zy)- f(zg) >0
[
Hai gia tri cuc tri y=fx)
cling am {f<x1)+f($2) <0
(f(zy), f(zy) <0) f(xy) - flzg) >0
Y
y=f®
N fxq)
Hai gia tri cuc tri trai | )
dau flzy) - flzy) <0 o -
(f($1)f(l'2) <O) !
fe |- ‘
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Tinh chat hinh hoc cha hai diém cuc tri

Xét ham s6 bac ba f(z) = ax® + ba? + cx +d (a # 0). Gia sk dd thi ham s c6 hai diém cuc tri phan
biet 1a A(zy,y,) va B(zy, ).

Goi A p: y = kx + m |a phuong trinh dudng thing di qua hai diém cuc tri A va B. Khi d6, toa d

clia A, B cuing cac hé sb a, b, c,d va hé sb géc k s& c6 mbi lién hé mat thiét dé gidi quyét cac bai toan

hinh hoc (nhu géc, khodng céch, vi tri tuong dbi).

Yéu cau bai toan Diéu kién tuong dudng D6 thi minh hoa

Agp y=fx
. AN\ | fe)
Gidi phuong trinh hé s6 géc: ‘:
Dudng thing AB ; \\\\\\
k= P . sz

song song vGi x| o\ \%. / x
d:yzpa:+q k = tan(a) ! "’}'\\
A lld || N ] <
f(x2) B o

Gidi phuong trinh:
Dudng thing AB

vudng géc vdi kop=-—1

d:y=pr+q

Mg Y v = f@®)
- fx1) x 9
””””” 1
St dung cong thiic tang: ‘, ~
Dudng thing AB tao k—p 0y
— ! X
véi d: y = px + q gbc ‘1+k ‘:tanﬂ

P X1 0| ﬁ 3 x
p s

@ud=p el
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Yéu cau bai toan Diéu kién tuong duong D6 thi minh hoa

Asp — v =f@)

A, B n3m cling phia
so Vél (aml‘i_byl +C>(a/$2+by2+0) > O

A va B nim cung mét phia so véil
dung thing A :ax + by +c =0

fl)f-mmmmmes

A:ar+by+c=0

A, B n3m khéac phfa
5o Véi (ax;+by,+c)(axy+bys+c) <0

A:ax+by+c=0

y=f
Gidi phuong trinh:
Hai diém cuc tri cach
déu dudng thing d d(A,d) = d(B,d) -
cho truéc
!’ v = @)
A I
Tinh
Dién tich ATAB ) a2 x
bing S (I 13 diém Sarap = 5d(I, AB)- AB - 5 * -
cho truéc)
7
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Dudng thang di qua hai diém cuc tri

Goi hai diém cuc tri 13 A(z,, f(z,)), B(zy, f(z,)). Y
D3t f(x) = ax® +bx? + cx +d. Ta chia da thic f(x)
cho f’(zx) dugc:

f@=(5+5) 1@
+ [—Wﬂc +d— SZ] .

Vi f'(zy) = 0va f'(z5) = 0 nén phuong trinh dudng

thing qua hai diém cuc tri 13 phan du:

2(b? —3ac)x+d_ be

AB:y=—
4 9a 9a

Cho ham sb y = 23 — 322 + 2. Tim phuong trinh dudng thing di qua hai diém cuc tri cta dd
thi,

[ Loigiai
Ta c6 dao ham: iy’ = 322 — 6.

Choy =0<3z(z—2) =0«
x=2

Khi dé:
— Véiz =0, tacé y(0) = 0> —3-0%+2 =2, suy ra diém A(0;2).
- Véiz=2,tacéy(2) =2%—3-224+2= -2 suy ra diém B(2;-2).
Vay db thi c6 hai diém cuc tri 1a A(0;2) va B(2;—2).
Goi phuong trinh dudng thing cin tim ¢6 dang y = az + b. Vi dudng thing ndy di qua A va
B, ta c6 hé phuong trinh:

Yygs=a-x4+b 2=a-0+1b
=

yp=a-rp+b —2=a-2+1b

Lan lugt nhap cac hé sb tuong (ing theo cac dong d3 thiét 1ap & hé phuong trinh trén:
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[ J &8 f [2] 4 L:He phuong trinh

2:Phuong trinh
VgD gBREg
1:Ptinh thudng

VD] Ve o
I + [y = 1] { Qs + lw= 2
0w + Oy= 1] S vE-
0 -2
VA0 v vir A
W= v=
-2 2

May s& trd vé két qua: a = —2, b = 2.
Vay phuong trinh dudng thgng di qua hai diém cuc tri cdn tim 13 y = —2z + 2.

Tong hap phuong trinh qua cac diém cuc tri

Bén canh ham sb bic ba, cic dang ham sb thudng gip khac (nhu ham phan thic, ham trling phuong)

cling c6 cong thirc giai nhanh dé xac dinh dudng thgng ho3c parabol di qua cac diém cuc tri.

Phuaong trinh qua cuc tri D6 thi minh hoa

Dudng thgng qua 2 diém

cuc tri:
~2(b? — 3ac) d be
Ham s bac ba V=TT g, Ty,
y=ax3+br?>+cx+d
Hoac:
(a+0)
) f(@)f" ()
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Phuong trinh qua cuc tri D6 thi minh hoa
y
B ax? +bx +c
- mx +n
Duong thang A qua 2 ycr
Ham phan thirc diém cyc tri:
ax? +bx +c
y=—— 2ax + b
mx +n y=
(a#0, m#0) m
Yop Ls
A 3 1
e / Xep \ Xcr X
y flx) =ax* +bx* +¢
| x X2 X3 |

Parabol qua 3 diém cuc tri:

Ham trang phuong

y=ax*+bx?+c y:gaxQ—&—c
(ab < 0)

Tim tham s6 dé ham s6 dat cuc tri tai diém bat ki
V6i bai toan yéu cau ham sb dat cuc tri tai diém = = x,, ta ap dung quy tdc dao ham cip hai nhu
sau:
— Diéu kién can: Ludn phai cé f'(z,) = 0.
— Quy tac 2:
x Néu f”(xy) > 0 thi z, 13 diém cuc tiéu.
* Néu f”(xy) < 0 thi z, 13 diém cuc dai.

- Luu y: Néu f”(x,) = 0 thi chua thé két ludn dugc. Khi d6 ta phai quay lai Quy tic 1 (xét su ddi

diu chia bang xét dau f’(z) xung quanh lan can diém z;).

Tap hop céc s6 thuc m dé ham sb y = 2% + (m + 4)z2 + (5m + 2)z + m + 6 dat cuc tiéu tai
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rz=-—213

(®) 0. R. (©12s. (@) -2}

[ Loigiai

Tacdy =322 +2(m+4)x+5m+2; 9y =62+ 2(m +4)

) , y'(—2) =0 12—4(m+4)+5m+2=0
Ham so dat cuc tiéu tai z = —2 < &
y'(=2) >0 —12+2m+8>0
m =2
<~
m > 2.

Vay khong cé gia tri m théda man yéu ciu bai toan.

Chon dap an (A) ... o O

Tim gia tri thuc cda tham s& m dé ham s6 y = 2® — 322 + ma dat cuc dai tai z = 0

R)m=1. ®) m=2 ©m=-2 @) m=o.

# Loigiai

Tap xac dinh 2 =R. Tacé v/ = 322 — 62+ m, y” = 62 — 6.

Ham sb y = 22 — 322 + max dat cuc dai tai x = 0 nén 3/(0) = 0 < m = 0.
Vé6i m =0 ta c6 4”(0) < 0. Suy ra 2 = 0 | diém cuc dai cia ham sb.

Vay m = 0 13 gia tri can tim.

Chon dap an (D). ..o O

Tim tap tit c3 cac gia tri cia m dé ham s6 y = 2% + (3m — 1)z + m2z — 3 dat cuc tiéu tai
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r = —1.

(B) (51} ®) (5. ©o. @) (1.

[ Loi giai

Tacéy =322 +2(3m — 1)z +m?, y" =6z +2(3m —1).

Ham sb dat cuc tiéu taiz = —1 nén y/(—1) =0 m? —6m+5=0<

m = 5.
y' =6z +4 .
- Véi m =1, ta dugc . Suy ra ham so dat cuc dai tai x = —1.
y'(~1) = —2<0
y” =6x + 28 . R
— V6i m = 5, ta dugc . Suy ra ham s6 dat cuc tiéu tai z = —1.
y'(—1)=22>0
Vay m = 5 théda min yéu cau bai toan.
Chon dap an (B) . ... .o O

i i : B 1
Tim tat ca cic gia tri cha tham s6 m dé ham s6 y = ga:?’ —maz?+ (m? —m+ 1)z +1 dat cuc

dai tai diém z = 17?

@m:2hoécm:—1. m:2hoécm:1.
@mzl. @m:2.

[ Loigiai
Tap xac dinh 2 =R. Tacdy =22 —2maz+m? —m+1, vy’ =2z — 2m.

< . m=1
Ham s6 dat cuc dai tai diém z=1nény' (1) =0 m? —-3m+2=0<%

m = 2.

-Véim=1,tadudcy =a?>—2x+1=(x—1)2>0, Vo € R. Suy ra ham sb khong cé
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cuc tri.

y' =2x—4 3 ,
- Véi m = 2, ta dugc . Suy ra ham so dat cuc dai tai diem x = 1.
y'(1)=-2<0

Vay m = 2 théda man yéu ciu bai toan.

Chon dap an (D). ..o O

Tim m dé ham sb y = 2® — 2ma® 4+ max + 1 dat cuc tiéu tai = = 1.

@ Khéng ton tai m. m = +1.
©m=1 (@) m e {1;2}.

[ Loigiai

Tacé ¢y =322 —dmz +m; y’ = 6z — 4m.

. ) y'(1)=0 3—4dm+m=0 m=1
Hamso dat cuctiéutaiz =1 < & = 3 Sm=
y"(1) >0 6 —4m >0 m<§

Vay m = 1 thda man yéu ciu bai toan.

Chon dap an (C). ..o O

Tim m dé ham sb y = ma* + (m? — 1)z + 1 dat cyc dai tai z = 0.

(&) m=o. B)m=-1. ©m=1 @ -1<m<1.

# Loigiai
Tacdy =4dma®+m2—1. Himsbdatcuctritaiz =0 ¢y (0) =0 m?>—1=0< m = +1.

- V6im =1, tadusc y = z* + 1, v = 42%. Khao sit ham sb ta thdy ham sé dat cuc tiéu

tai x = 0 nén khong thda.
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- V6i m = —1, ta dugc y = —2* + 1, 4/ = —423. Khado sat ham sb ta thdy ham sb dat cuc

dai tai x = 0 nén m = —1 thda man.

Chon dap 0 (B) . ..o O

Tim m dé ham sé y = 2® — 3max + 2 dat cuc tiéu tai z = 1.

[ Loigiai

Tap xac dinh: 9 = R. Ta tinh cac dao ham:

y = 322 — 3m, y” = 6x.
D& ham sb dat cuc tiéu tai z = 1, didu kién can va da la:

y' (1) =0
y"(1)>0
Tu phuong trinh /(1) =0« 3(1)2—3m=0<m=1.

M3t khac, thay z = 1 vao dao ham cép hai ta dugc 3”(1) =6 -1 = 6 > 0. Didu kién cuc tiéu

dugc théa man.

Vay| m=1|

Tim t4t ca cac gia tri cha m dé dudng thing di qua diém cuc dai, cuc tidu clia db thi ham sb
y = 2% — 3ma + 2 cSt dudng tron tdm I(1;1), ban kinh R = 1 tai hai diém phan biét A, B sao
cho dién tich tam gidc I AB dat gia tri I6n nhit?

1+3 2++/3 245 2+3
@=L @u-2E8 Qu-2EL @u-2£7

[ Loigiai
Tacéby=2%—3mz+2=1y =322 —3m.

Ham s6 y = 2% — 3max + 2 c6 2 diém cuc tri khi ' = 0 c6 hai nghiém phan biét < m > 0 (1).
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1
Ta céyzgx-y’—2mx+2.
Suy ra phuong trinh dudng thing A di qua hai diém cuc dai va cuc tiéu 13

y=—"22mzr+22mr+y—2=0.

Yy

Dudng thing A ct dudng tron tam I(1;1), ban kinh R = 1 tai hai diém phan biét A, B khi

2m —1
(1) < R 21
4m? 4+ 1

<lePP2m—1<Vim?2+1< —4m <0 (*)

1 — 1
Do m > 0 nén (x) ludn ding. Ta c6 Sa;ap = §-IA-IB-sinAIB: 5 -sin AIB <

D3u bing xay ra < sin AIB =1« AIB = 90°.

Khi d6 tam giac IAB vuéng can tai I c6 IA =1 nén

2 2m —1 2 2 3 N
d(I;A) = £ & 12m =11 = £ < 4m?—8m+1=0<m = £ V3 thda man dieu kién (1).
2 Vam?2 +1 2 2
< 2 3
Vay dién tich tam gidc IAB dat gia tri I16n nhat khi m = 12\[.
Chon dap an (B) ... ... i O

Ham tring phuong y = ax* + bx? + ¢

Ta c6 dao ham clia ham sbé:

y' = dax® + 2bx = 22(2ax® +b).
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Cho 3’ = 0, ta thu dugc:

z=0
22(2a2% +b) =0 < b
z2=——
2a
Su bién thién va sé diém cuc tri cia ham s& phu thudc truc tiép vao sé nghiém cha phuong trinh
b
2?2 = —— nhu sau:
2a

Dac diém va Diéu kién D6 thi minh hoa

Yy fx) = ax* +bx* +c
Ding 1 diém cuc tiéu
a>0
—ab>0
b>0
C
O X
o fo=ax*+mx+c
Cc
. (@) X
Diang 1 diém cuc dai
a<0
= ab>0
b<0
Yy flx) = ax* + bx* +c

C6 2 diém cuc tiéu, 1 diém

cuc dai

X
a>0 O
= ab<0 C
b<0
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Yy
fx) = ax* +bx* + ¢
C6 1 diém cuc tiéu, 2 diém B
cuc dai
a<0 X
= ab <0 o
b>0

Tim m dé y = z* — 2ma? + 1 c6 ba diém cuc tri.

[ Loigiai

y =43 — dmzx = 4z(z? —m).

Ham s c6 ba cuc tri < 22 —m = 0 c6 hai nghiém phan biét khac 0 < m > 0.

Vay| m >0 |.

Toa dé ba diém cuc tri va tinh chat hinh hoc

y=ax*+bx*+c

X
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Tinh chat: Cong thirc cho tam giac ABC

Gid sit ab < 0 v3 d5t a = BAC. Khi d6:

2b b bt
=4/——, AB=AC =\/——
BC 2 C % + 1602’

b® + 8a b°

Cosa:m, SABC': -

V6i tam gidc ABC' & trén, ban kinh dudng tron ngoai tiép 1a

|b3 — 8al

R=———.
8|ab|

Mbt sb diéu kién thusng dung (gia sir ab < 0):

Cong thi'c nhanh

AABC déu b +24a =0
AABC vubng tai A b3 +8a=0
BAC = 120° 36° + 84 = 0
B,C € Ox b?> —4dac =0
AABC nhon b(b® +8a) >0
O 13 trong tam AABC b? — 6ac =0
O la truc tam AABC b3 + 8a — 4abc = 0
OA=0B=0C b3 — 8a — 8abc = 0
2 b2
Diém (0;m) |a trong tAm AABC m=c— o
4 b3 +8
Piém (0;m) I3 tryc tim AABC m=c— 4; a
.2 NP LR b3 — 8a
Diém (0;m) 13 tdm ngoai tiep AABC m=c—
Ba dinh A, B, C cach déu truc Oz b% = 8ac
BC =k AB (k> 0) b3k — 8a(k? —4) =0
Phan dién tich phia trén va phia dusi Oz bang nhau 5b% = 36ac
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Do tam giac can tai A(0,¢) va déi xiing qua Oy, cac diém dic biét déu thuéc Oy. Cu thé:

b2 b3 + 8a b3 —8a
G(O’C_G_a>’H<O’C_ 1db ),I(O,c— Sab ),

v6i G, H,I |an lugt |3 trong tdm, truc tAm va tim dudng tron ngoai tiép cha tam gidc ABC.

Tim m dé dd thi ham sb y = 2* + 2ma? + 1 c¢6 ba diém cuc tri tao thanh tam gidc déu.

@ Loigiai

Xac dinh:a=1,b=2m, c=1.

_ A ndfR2
Ham s6 c6 ba cyc tri khi va chi khi: fo9 = xt-2VBet 41

ab<0e2m<0<m<0. (%)

Tam gidc ABC déu khi va chi khi (ap dung

cbng thirc trong bang):

b3+ 24a=0< (2m)3 +24 =0

< 8m3 =—-24
< md=-3
s m=—V3.

Kiém tra: m = —V/3 < 0, thda man (). Vay | m = —v/3 |.

(B 0) Cuc tri cia ham phan thirc bac 2 trén bac nhat c6 tham sb6

Xét ham sb
ax® +bxr +c

y=" S (a#0,d#0).

Tap xéc dinh 7 = R\ {—2}. Pao ham:

,  adxz?® + 2aex + be — dc
(dz +e)?

Dit g(x) = adx? + 2aex + (be — dc). Dé gon ki hidu, d3t

D, = (ae)? — ad(be — dc).

g
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Ham s6 nay c6 2 trudng hop khéng cé cuc tri hoc ¢6 2 cuc tri (1 cuc dai, 1 cuc tiéu).
S S |
Tinh chat: Diéu kién cé cuc tri

— Ham s6 khéng cé cuc tri < g(x) = 0 c6 nghiém kép hodc v nghiém

ad # 0
<~
D, <0

Khi d6 ham sb dong bién trén tiing khodng xac dinh (néu ad > 0) hodc nghich bién trén
ting khoang xac dinh (néu ad < 0).

— Ham s6 ¢6 2 cuc tri < g(x) = 0 c6 2 nghiém phan biét khac —2

ad #0
ad # 0
= Dg>0 =
D >0
e g
o(~3) #0

(Diéu kién g(—7> #+ 0 lubn tu déng théa man. Thit vy, ta c6 hing ding thiic

[ISHI e

D,=a-d- g(—g) nén khi D, > 0 thi chdc chin g(—%) #0).

Dic diém va Diéu kién D6 thi minh hoa

Khoéng cé cuc tri

g(x) = 0 cb nghiém kép hoic vo

nghiém

{ad>0
D,<0
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Khong cé cuc tri

g(x) = 0 cb nghiém kép hodc vd

nghiém
ad <0
D, <0

Cé6 cuc tri (1 cuc dai, 1 cuc tiéu)
g(x) = 0 cb 2 nghiém phéan biét
ad >0

Dg>0
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Cé cuc tri (1 cuc dai, 1 cuc tiéu)
g(x) = 0 ¢ 2 nghiém phan biét
ad <0

Dg>0

Chi y: Truong hop a hodc d chua chac khac 0

Néu dé& bai khdng cho chic chdn a # 0 va d # 0 (vi du khi a,d phu thudc tham s& m) thi phai

xét thém cac truong hop a = 0 va d = 0 trudc khi 4p dung bang trén.
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Dinh nghia va quy tic tim GTLN va GTNN

Dinh nghia

Giad sif ham s6 f xac dinh trén tap hop 2
(2 CR).

a) Néu toén tai x, € Z sao cho
flz) < f(zy) v6i moix € P

thi M = f(z,) dugc goi la gia tri 16n nhat
cta f trén 2, ky higu M = max f(x).
€D

b) Néu ton tai x, € Z sao cho
flz) > f(zy) v6imoixze P

thi m = f(x,) dugc goi |a gia tri nhé nhat

cta f trén 2, ky hiéu m = min f(z).
€D

L/

GTLN:M = f(xy)
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Dinh ly: Dinh ly vé gia tri cuc tri

Néu ham sb f lién tuc trén mét doan [a; b], thi f ludn dat dugc gid tri 16n nhat 13 f(c) va gié tri

nhd nhit 13 f(d) tai cac diém ¢, d nao dé thudc doan [a;b].

YA 17\ v
y=f(x)

> —
Ola c d=b x Olacldcsz

Gia tri 16n nhat va gia tri nho nhat ctia ham s6 lién tuc trén doan [a; b]

c6 thé dat dugc tai cac diém nim trong khoang (a; b), tai cdc dau miit

ciia doan, hodc dat ciing mot gia tri tai nhidu diém phan biet.

Quy téac tim trén doan [a; b]

Gia st ham sb f lién tuc trén doan [a;b] va c6 dao ham trén khoang (a;b), trlr mdt s6 hitu han diém.
QUY TAC

1. Tim cac diém x,29,...,2, € (a;b) tai d6 f'(z;) = 0 hodc f’(x;) khong tén tai.
(i=1,2,,k—1,k).

2. Tinh cac gia tri cua f(xy),..., f(xy), f(a), f(b).

3. So sanh céc gia tri ta vira tim dugc: gi4 tri 16n nhat trong cac sb d6 1a 1[na>]<f, gia tri nhé nhat 13
a;b
min f.
[as b] d
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Quy téc tim trén khoang (a; b)

Khi tim GTLN, GTNN cdia f trén khodng mé (a,b) (trong d6 a hodc b c6 thé I3 +o0):
1. Tim cac diém t6i han trong (a,b): nghiém clia f'(x) = 0 va diém lam f’(z) khong xéac dinh.
2. Tinh gia tri tai cac diém cuc tri va hai gii han bién:

A= lim f(z), B = lim f(z).

z—at T—b~

3. So sanh dé suy ra GTLN, GTNN (néu cé).

4. Néu GTLN (ho3c GTNN) chi dat tai gi6i han bién thi ham s& khéng c¢6 GTLN (hosc GTNN)

trén khoang mdé dé.

YA
flxo)l------ f(xo) khong ton tail A .
|
|
|
|
!
sx) |
!
|
|
f(@) f(a)¢ l
- I .
a X a X0 X
Ham s6 f(x) c6 gié tri nhé nhéat Ham s6 g(x) lién tuc nhung khong
f(b), nhung khong c6 gia tri 16n nhat c6 gia tri 16n nhat va gia tri nhdé nhat

Ky thuat sit dung may tinh cdm tay (Casio fx-580VN X)
tim GTLN, GTNN

Phuong phap st dung Bang gia tri (Table) trén may tinh cam tay gilp ta quét cic gia tri clia ham sb

y = f(z) trén mot doan [a;b] dé tim ra gia tri I6n nhat va nhd nhat mét cach nhanh chéng.
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Céng thiic tinh budc nhay (Step) dé chia 40 khoang (dat d6 chinh xac cao nhat) Ia:

End —Start b—a
St =—— 10~ 10

D& may tinh c6 di bd nhé quét dugc 41 dong gia tri, ta bat budc phai tit ham g(z) bing
cach bam lién tiép:

(menu) (] [v] (1] (Bang gia tri) (1] (f(2)).

Quy trinh thao tdc bAm may

Bué&c 1: Thiét 1ap chi dung 1 ham f(z) (nhu chi y & trén) dé giai phéng bd nhé.

— Buéc 2: Vao phuong thitc Bang gia tri bang cach tY(E):D
bam [ menu][ 8],
— Buéc 3: Nhap biéu thic ham sb f(z). Bam [ =),
— Budc 4: Nhap thong s& pham vi quét: T
* Bt dau (Start): a [ =] Pham vi bing
Bdau : a
* K&t thic (End): b [ =) Kthiic - b
* Bubc nhay (Step): (b—a) =40 [ =] BN Pt )
— Buédc 5: Dung phim [ v]va [ a]dé do doc theo c6t R T £
T
(). S5 16n nhit x3p xi GTLN, s6 nhé nhit xap xi : = | A
3 g f($3§
GTNN. 4 La flzy 1

Xét GTLN va GTNN théng qua bang bién thién va dé thi

Dwa vao bang bién thién

D& xac dinh gia tri 16n nhat (GTLN) va gia tri nhd nhat (GTNN) ctia ham sb y = f(z) trén mdt mién

9 cho truéce théng qua bang bién thién, ta quan sat dong biéu dién gia tri clia f(z):
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— Gia tri 16n nhit: Tuong (ng v6i vi tri cao nhat clia cic miii tén (chiéu bién thién) trén mién

dang xét.

— Gia tri nhé nhat: Tuong (ng véi vi tri thAp nhat cha cic miii tén (chiéu bién thién) trén mién

dang xét.

Chi y: Luu y quan trong khi xét bang bién thién
— Ham s6 chi dat GTLN, GTNN b3ng M khi tén tai hoanh d6 x, € 2 sao cho f(x,) = M.

— Néu gia tri 16n nhit hodc nhd nhit roi vao cac vi tri dau mit cda khoadng mé (hodc khi x
tién t6i +-00) ma bién x khdng thé dat t&i, thi ham s6 khéng c6 GTLN, GTNN trén khoang
dé.

Xét bang bién thién minh hoa clia ham sb f(x) trén R:

x — o0 xl z, Foo
£ () - 0 - 0 +
f(zy) o0
f(z) / \ /
—00 f(xs)

Dua vao bang bién thién trén, ta xét trén cic mién khac nhau:
— Trén R: Ham s6 khéng c6 GTLN va GTNN do giéi han clia ham sb tién vé —oco va +oo.
— Trén doan [z; z,]: [maX]f(x) = f(z,) (dat tai z = z;) va [min]f(a:) = f(z,) (dat tai z = z,).
T1;To T15T2

— Trén khoang (x,;z,): Gia tri ham sb n3m trong khoang (f(w,); f(x1)) nhung khéng ton tai
z € (z,;1,) dé f(z) = f(z;) hodc f(x) = f(z,). Do d6, ham s6 khéng c6 GTLN va GTNN trén
khodng nay.

Duwa vao do thi ham sb

Khi quan sat do thi ham sé y = f(z) trén mién 2:
— Gia tri I6n nhat chinh 13 tung d6 cla diém cao nhat trén phan dd thi bidu dién mién 2.

— Gia tri nhé nhat chinh 13 tung d6 cla diém thap nhat trén phan do thi biéu di&n mién 2.
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Chd y: Phan tich diém dau mat trén db thi

— Néu dd thi kéo dai vo tan 1&n phia trén (ho3c xudng duéi) thi ham sé khéng c6 GTLN
(hosc GTNN).

— Néu diém cao nhit ho3c thip nhit 13 mét diém rdng (tuong Gng véi cac ddu mat cha
khoang md, khéng ldy diu b3ng), thi tung d6 clia diém d6 khong dudc céng nhan |3
GTLN hay GTNN.

Y GTLN va GTNN ciia ham sb khéng chita tham s6

Tinh toan truc tiép trén doan, khoang

Tim gié tri 16n nhat va gia tri nhd nhat cta ham sé f(z) = 23 — 3z + 2 trén doan [-3; 2].

[ Loigiai

Ham sb lién tuc trén [—3; 2], nén dat GTLN
va GTNN trén doan nay.

Ta tinh dao ham:

fl(x)=322-3=3(x—1)(z+1).

Luu y: Hinh vé& minh hoa nay ti le
khong chinh xéc. Chi minh hoa cho
do thi ham s6 y = f(x).

Cho f'(z) = 0: x = —1 hodc = = 1, c3 hai

X -16
deu thudc (—3; 2). m=-16
Tinh gia tri tai cac diém can thiét:

F(=3)=—2T+9+2=—16, f(—1)=—-1+3+2=4,
fF)=1-3+2=0, f(2)=8—6+2=4.

So sanh: —16 < 0 < 4. Vay:

max f =4 (taiz=—1vax=2), min f=—16 (tai x = —3).
[—3;2] [-3;2]
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Tim gia tri 16n nhat, gia tri nhd nhit ca ham s6 y = V4 — 2.

[ Loigiai
Diéu kién xac dinh: 4 — 22 > 0 < x € [-2;2].

D3t f(z) =4 —22 Tacé f/(z) = —2x. Cho f/(z) =0 2 =0 € [-2;2].
Bang bién thién cla f(x) trén [—2;2]:

x -2 0 2
f(@) + 0 -
f(z)
0 0

Tu bang: 0 < f(z) < 4 v&i moi x € [—2;2]. Vi ham c3n ddng bién:

- [max]y:\/ézzl dat tai x = 0.
—2;2

- [n%irzl]y = /0 =0, dat tai z = +2.

Phuong phap dat an phu / déi bién

Véi cac ham luong gidc, mii, logarit, ta thudng d3t 4n phu ¢ dé dua bai toan vé& tim GTLN — GTNN

clia mdt ham dai sb trén mét doan [p; q] xac dinh bdi mién gia tri cla t.

Tim gia tri 16n nhat va gia tri nhd nhat cta ham s6 y = 2sin® z 4 sinz — 1.

[ Loigiai

Ddt t =sinz. Visinz € [-1; 1] nén t € [—1; 1].

Bai toan trd thanh: tim GTLN — GTNN cda g(t) = 2t + ¢ — 1 trén doan [—1; 1].
1

Tinh dao ham: ¢'(t) =4t + 1. Cho ¢'(t) =0 <t = 1 € (—1; 1).

Bang bién thién caa g(t) trén [—1; 1]:
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t 1 L 1
B 4
g'(t) - 0 +
0 2
g(t) \ /
2
8
g(t)4
max : g(1)

9
miny = ~3 va maxy = 2.

Tim gia tri I6n nhat, gia tri nhd nhit cla y = 22 — In(1 — 22) trén doan [—2;0].
[ Loigiai

B 1
Ham s6 xac dinh trén (—oo; 5) chira [—2;0].
Dao ham:
2 —da?+2r+42

/
:2 p—
U 1— 22
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Choy =0 —422 4+ 22 +2=0:

[ z =1 (loai, 1 ¢ [~2;0])

1
z=—7 (thod man)

Bang bién thién trén doan [—2;0]:

1
T ) -5 0
Yy’ - 0 +
4—1Inbd 0
y \ /
i—ln2

Két luan:

1
min y = - —In2 va maxy=4—1Inb.
20" 4 [-2;0]

XD B:i toan GTLN va GTNN chita tham sb

GTLN, GTNN bang mét sb cho trudc

3

Tim m dé I[nullf(:c) = —5V6i f(x) =23 —3x +m.

[# Loigiai
Tinh dao ham:
f(x) =322 -3=3(z—1)(z +1).

Cho f/(z) =0: x = 1 (thod méan) hodc z = —1 (loai, —1 ¢ [0; 2]).
Bang bién thién cla f(x) trén [0; 2]:
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x 0 1 2
f'(z) - 0 +
m m 4+ 2
f(@) \ /
m— 2

TU bang: 1[101i;]1f(:17) = m — 2. Theo yéu cau:

m—2=-5&| m=-3|

Hé thirc lién hé giita GTLN va GTNN

V6i ham don diéu trén doan [a;b], tong max f + min f = f(a) + f(b) bat k& ham s& d6 dong
bién hay nghich bién.

id z 1
Tim m dé ham s6 y = co maxy—l—miny:?.

r—1 [2;4] [2;4]

# Loigiai

Ham s6 lién tuc trén [2;4] (diém gian doan = = 1 ¢ [2;4]).
. —1—m

Dé_lo ham: y/ = (?—T)z

THL:m=-1=y=1.
16
: iny =2+ — (loai).
Suy ra I[Izlili(y—FIél;li]ly +* 3 (loai)
TH2: m #+ —1. Ham s6 don diéu, va ham s6 s& dat dugc GTLN va GTNN tai 2 dau mit z = 2
va x = 4.

Ta gidi phuong trinh:

16 m+4 16
y2)+yd) = e m+2)+ —— = —
3 3 3

3

< 4m+ 10 =16 < m:i.
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m Ung dung cia GTLN va GTNN vao phuong trinh va bat
phuong trinh chira tham s6

Bai toan trén doan [a; b]

Khi ham sb y = f(x) lién tuc trén doan [a;b], né ludn c6 gié tri 16n nhit (GTLN) va gia tri nhd nhit

(GTNN) trén doan d6. Do vay, dé gidi cic bai todn bién luan bat phuong trinh chira tham s6 m, ta
chi can so sanh m v&i GTLN ho3c GTNN cta f(z) trén doan [a; b).

Bai toan Diéu kién tuong dudng
m > f(z), Y € [a;b] m>r[%3)>]<f(x)
m > f(z), Yz € [a;b] mzr[r;;e?](f(x)
m < f(z), Vx € [a;b] m<r{2%1f(x)
m < f(z), Yz € [a;b] mgr[llrlug]lf(x)
m > f(z) cb nghiém z € [a; D] m > r[glbr]lf(x)
m > f(x) cb nghiém z € [a; b] m > 1{211;]1 f(x)
m < f(x) cb nghiém z € [a; )] m < r[r;al,)}](f(x)
m < f(x) cb nghiém z € [a; )] m < r[r;ab?f(x)
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Y

m > max f(x)

max f(x) = f(b)
[2;0]

=Y

m < min f(x)

Tim t4t ca gia tri m dé bat phuong trinh 2% — 3z + m > 0 ding véi moi x € [0; 2].

[ Loigiai
Yéu cau bai toan tuong duong véi: m > —(x® — 3z) véi moi z € [0;2]. Diéu nay xdy ra khi va
chi khi:

m > r[%a;](f(m), v6i f(z) = —23 + 3.

Dao ham f'(x) = —322 +3 = —-3(x — 1)(x +1). Cho f'(z) =0 =z =1 € (0;2) (théa man).
Tinh cic gia tri tai ddu mat va diém t6i han: f(0) =0, f(1) =2, f(2) = —2.

Suy ra r[na)]if(:v) = 2. Vay diéu kién can tim 1a: | m > 2 |.
0;2

Bai toan trén khoang (a;b)

Khac véi doan, khi xét trén khodng (a;b), ham sb cé thé khong dat dusc GTLN hay GTNN thuc su

do hai dau mut 13 khodng mé.
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a |O b

Goi U 13 gi6i han can trén va L 13 gi6i han can dudi clia ham sb. Ta c6 quy tic xét dau bang (=) nhu

Sau:

- Yéu ciu ding v6i moi x: Ludn cé dau bang khi so sanh véi mat mé U, L. (Vi du: m > f(z) tré
thanh m > U, vi dudng y = m cham vao diém rdng U thi van 16n hon toan bd phan db thi thuc

su).

- Yéu ciu c6 nghiém: Ludn bé dau bang khi so sanh véi miat mé U, L. (Vi du: m < f(z) tré

thanh m < U, vi néu m = U thi dudng ngang di qua diém rdng, khdng cit db thi tai diém nao).

Y o Céan tudng 'ng dat dugc (Co Céan khéng dat dugdc (Chi c6

U, L)
m > f(x), Yz € (a;b) m>I(I;;ab>)cf(m) m>U
m > f(z), Va € (a;b) mzr(r;%(f(x) m>U
m < f(z), Yz € (a;b) m<]glng)1f(a:) m< L
m < f(z), Va € (a;b) mgr(lal;ig)lf(x) m<L
m > f(z) c6 nghiém m > glubr)l f(z) m > L
m > f(x) c6 nghiém m > I(l;ug)l f(x) m > L
m < f(x) cb nghiém m < r(r;&?)(f(x) m<U
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m < f(z) c6 nghiém m < max f(x) m< U

Phuong phap dat an phu va cb 1ap tham sb

Déi v6i cac phuong trinh ho3c bat phuong trinh chira tham s m cé dang phiic tap, ta quy vé dang

co ban f(x,m) = 0 ho3c bat phuong trinh thong qua phép d3t an phu.
Quy trinh 4 budc thuc hién:
1. Buéc 1: Tim diéu kién xac dinh clia bién z.

2. Buédc 2: D3t an phu t = u(z) hodc = = u(t). Khao sat ham s& u(z) dé tim chinh xac tap gia tri

K cla bién t.

3. Buéc 3: Dua bai todn vé dang cb 1ap tham s6 g(t) = h(m) (ho3c bt phuong trinh tuong (ing)
véi t € K.

4. Budc 4: Khao sat, tim GTLN va GTNN cta g(t) trén mién K dé bién luan sb nghiém theo m.

Nhan xét: Mot s6 phép dat an phu dac biét d6i vai ham vo ti

— V6i phuong trinh chita Var +b + Vexr +d va \/(ax +b)(cx +d): Ta uvu tién dit
t=+Vazr+b+Ver +d.

— Véi phuong trinh chira Va + bz va Ve — bz (diéu kién a +c > 0): Dua vao hing dgng thirc

lugng giadc co ban sin @ + cos? a = 1, ta c6 thé dat:

Va+br =+va+ csina

véi a € [0; g] .
vVe—br =+a+ccosa

Néu hé thirc phia sau phirc tap, c6 thé tiép tuc st dung phép thé ¢t = tan% (véi t € [0;1])

dé chuyén hoan toan vé& ham phan thic theo bién t¢.

Tim tat c3 cac gia tri clia tham s& m dé bat phuong trinh 62 ++/(2+2)(8 —z) < 2% +m —1
nghiém dang véi moi x € [—2;8].

[# Loigiai
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Ta bién d3i bat phuong trinh d3 cho vé dang 6 1ap tham s& m:
m>—z?+6r+1++(2+2)(8—1)
< m > (—2? 46z + 16) + /(2 + z)(8 — x) — 15.

Nhan thdy —22 + 62+ 16 = (2+2)(8 — ). Dit t = /(2 + 2)(8 — z).

Xét ham s6 biéu thirc trong c3n u(z) = —x% + 62 + 16 trén doan [—2;8], ta cé:
u(r)=—22+6=0<z=3¢c[-2;8].

Tinh cac gia tri: u(—2) =0, u(3) = 25, u(8) = 0.

Suy ra 0 < u(z) < 25. Do d6, diéu kién caa t 1a ¢ € [0;5].

Bai toan tr thanh: Tim m dé bit phuong trinh sau nghiém ding

m>t2+t—15 Vt e [0;5].

Xét ham s6 f(t) =t +t — 15 trén doan [0;5]. Dao ham f/(t) =2t + 1 > 0 véi moi t € (0;5).

Ta c6 bang bién thién cla f(t) trén doan [0;5] nhu sau:

t 0 )
1) +
15
o /
—15

D& bat phuong trinh 4n ¢ nghiém ding véi moi t € [0; 5], dudng thdng y = m phai n3m trén
ho3c cham dinh cao nhit clia dd thi f(t) trén doan nay. Tic Ia:

m > max f(t) < m > 15.

[0 5]

Vay gia tri cAn tim clia tham s6 13| m > 15 |

Tim m dé bt phuong trinh 46 + 2z — 22 — 3z < m (\/x +2+2V3— :L‘) ¢ nghiém thuc.

[ Loigiai

Diéu kién xac dinh: z € [—2;3].
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Pitt=vVz+2+2vV3—xvéize[-2;3].

V33— —2yr 42

2V +2V3 -z

Chot' =0 V3—z=2Va+2<3—c=4(x+2)cx=—-1¢€[-2;3].

Ta c6 bang bién thién cla ¢ trén doan [—2;3]:

Tacét =

x -9 —1 3

¢ + 0 -
5
t / \
2v/5 V5

Suy ra tip gi4 tri cha t 1a ¢t € [V/5;5].

Mt khic: 2 =14 — 32 +4V6 + 2 — a2 = 46 + v — 22 — 30 = 12 — 14.
BAt phuong trinh ban dau trd thanh: t2 — 14 < mt.

Vit € [vV/5;5] nén t > 0, ta chia hai vé& cho t:

2 —14
>
t

. t2—14 JE5] t? 4+ 14 VB
Xét ham s6 f(t) = trén doan [V5;5]: f'(t) = e 0,Vt € [V5;5]. Suy ra f(t)
lubn ddng bién trén [vV/5;5].
D& bat phuong trinh cé nghiém thuc, ta can:
5—14 9v5
m > min f(t) = f(v/5) = — .
min £(t) = f(V5) = === = =7
\ B 9v5

Vay gia tri can tim cla tham so m la| m > —\5[ .

Tim m dé bat phuong trinh /z + V9 — z > \/—22 4 92 4+ m c6 nghiém.

# Loigiai
Diéu kien: 0 <x <9 va —22 49z +m > 0.

Binh phuong hai vé& clia bat phuong trinh, ta dugc:

r+9—2+2/2(9—2) > —2%>+9r+m
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S 9+2vV 22492 > 22+ 92 +m (%)
81 9
Ditt =+ —22+9z. Do x € [0;9] nén —22 + 9x € [0; Z] suyrate [0; 5}
B4t phuong trinh (x) trd thanh:

9+ 2t >t 4+mem< —t2+2t+9

Xét ham s6 f(t) = —t?+2t+9 trén doan [O; 2] Tacd f'(t) = —2t+2;cho f'(t) =0t =1.
Bang bién thién cta ham sb f(t):

9
t 0 1 B
7t o0 -
10
(0 / \
9
9 4

D& b4t phuong trinh c6 nghiém, dudng thgng y = m chi cdn ndm dudi hojc cham vao diém

cao nhit clia d6 thi ham s6 f(t). Tic la:

< t) = 10.
™S

Vay diu kién dé bt phuong trinh c6 nghiém la | m < 10 |.

Cho ham sb6 f(z) = mvz —1 (m 1a tham s6 thuc khac 0). Goi my,m, 13 hai gia tri cda m

thda man r[12115111 flz)+ 1[121a>]<f(:c) = m? —10. Gia tri m; + m, bang
; i5

(A) 3. 5. (© 10. (D)2

[# Loigiai

m < s .

Véi moi x € [2;5] ¢b f'(xr) = ———. Ta thay dau cta f’(x) phu thudc vao dau cta m.
i € (2:5] 66 f'(a) = S Ta thiy diu cia f'(o) phy this

Vm # 0 thi f(z) don diéu trén [2;5] = r[r2115r]1f(x) +I[Izl%)](f(w) = f(2) + f(5) = m+ 2m.
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< m =23
Tir gid thiét ta dugc m?—10 = m+2m < m?—3m—10 =0 & . Vay my+mqy = 3.
2

Chon dap an (A) ... o o O

< 2 2 s <
Cho ham sb y = (23 — 3z +m +1)". Tong tit c3 cic gid tri cla tham sé m sao cho gi4 tri

nhd nhit clia ham sb trén doan [—1;1] bang 1 13

(A) 2. 4. © -1 ®o

[ Loigiai

D3t y = f(z) = (2% — 3z +m+1)° I3 ham sb xac dinh va lién tuc trén doan [—1; 1].

Ta cb y' = f(x) = 2(2® =3z +m+1) (322 — 3);
T =41

() =0
ft) < m=—x3+ 3z — 1 = g(x).

Ta khdo sat ham sb g(z) trén doan [—1;1]. Bang bién thién cla g(z)

T —00 —1 1 +00
g () - 0 - 0 -
9() - \ / | \
-3 —00

Néu m € [—3;1] thi ludn tén tai z, € [—1;1] sao cho m = g(z,) hay f(z,) = 0. Suy ra

[min]y = 0, tlrc 13 khdng ton tai m théa man yéu cau bai toan.
—1;1

Néum ¢ [=3;1] thi f/(z) =0 2z =4+1¢€ [-1;1].

Ta cé: [I_Illi.Ill] f(z) =min{f(1); f(—1)} = min{(m — 1)%; (m + 3)?}.

)

m =2 (TM)

Trudng hgp 1: m > 1 ticldm+3 > m—1> 0= min f(z) = (m—1)? =1«
[—1;1] m=0 (KTM)
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N T . 2 m = —4 (TM)
Truong hgp 2: m < —3tlhclam—1 < m+3 <0 = min f(z) = (m+3)* =1<
151 m = —2 (KTM).
Vay c6 hai gia tri cia m thda man yéu ciu bai todn: m = 2;m = —4, tir d6 tong tat ca céc gia
tri cia m 13 —2.
Chon dap an (A) . . . O

trén doan [0; 3] bdng 20 (véi m 13 tham

PN P < 36
Biet rang gia tri nhé nhat ctia ham s6 y = mz + 1
x

s6). Ménh dé ndo sau day dang?

Mo<m<2  @4<m<s (©2<m<s ([Dm>s

[# Loigiai

36 20 — 16
mx + ——— > 20,Vx € [0;3] >y Vo € (03]
Tacé31[%li3>l]ly=20<:> z+1 A #e+1) 20z, — 16
% Iz € [0;3] : + =20 3 13l im=———
zo € [0;3] : mag To 1 zo € (0;3] :m Zo(@o + 1) (*)
(vi y(0) =36 > 20).
) 20z — 16
Xét ham s6 g(z) = h trén (0;3)].
—20x? + 32z + 16 z =2 (tm)
Ta cé: ¢'(z) = ;g (1) =0=—2022 +322+ 16 =0 = 2
[z(z +1)]? z=—=(l).
5
Bang bién thién
T 0 2 3
9'(x) + 0 -
4
9(a) / T~
_w o

Do dé, tur (%) suy ram =4. Vay 2 <m < 4.
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Chon dap an (C). ..o O

7

Bai toan t6i uu thuc té

\

Nhiéu bai toan thuc té (tim kich thuéc tdi uu, chi phi nhd nhat, Igi nhuan 16n nhit, ..) déu quy

vé tim GTLN — GTNN clia mét ham sb trén mot doan ho3c khodng xac dinh béi diéu kién thuc

t

S‘D>\

Tir mdt tam bia hinh chif nhat cé chiéu réng 30 cm va chiéu dai 80 cm, ngudi ta cit & bén géc
bén hinh vudng c6 canh = (cm) vé6i 5 < = < 10 va gip lai d& tao thanh chiéc hép cé dang hinh
hop chit nhat khéng ndp. Tim z dé thé tich chiéc hop 12 16n nhat (két qua 1am tron dén hang
phan trdm).

[ Loigiai

80cm

waNg

h(cm)]

f———MMM8M88M8M8M8M8
7 80-2x(cm) ~

Khi cit bon gbéc va gap lai, chiéc hop tao thanh cé kich thuéc nhu sau:
— Chiéu cao clia hép: h = z.
— Chiéu rong clia day hop: w = 30 — 2z.
— Chiéu dai clia day hop: [ = 80 — 2.

Thé tich cta chiéc hop 13 mét ham s6 theo bién z:

V(z) = x(30 — 22)(80 — 2x)
= (2400 — 60z — 160z + 42?)
= 423 — 22022 + 2400z
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véi diéu kién z € [5;10].

Dao ham ctia ham s6 thé tich:
V’(x) = 1222 — 440z + 2400.

2z = 30 (loai vi 30 ¢ [5; 10])
Cho V'(z) = 0 < 322 — 110z + 600 = 0 < 20
z=- (théda man)

Bang bién thién clia V(z) trén doan [5;10]:

20
T 5 — 10
3
V'(x) + 0 -
200000
27
7000 6000

< < ? < < 20
Tu bang bién thién, ta thay thé tich chiec hop dat gia tri 16n nhat tai x = 3

Thuc hién 1am tron dén hang phan trim, ta dugc:

x ~ 6,67 (cm).

Vay ngudi ta can c5t cac hinh vudng ¢ canh | z ~ 6,67 cm | dé thé tich hdp 16n nhat.

Mt cong ty ndng sdn cé cong sudt ché bién khéng qua 200 tin nguyén lieu mét thang. Néu
cdng ty ché bién = tin nguyén lieu trong mét thang (1 < x < 200) thi chi phi san xuit va
doanh thu 1an lugt 13 C(z) = 0,001z + 30x + 10 (triéu dong) va R(z) = 60x (triéu dong). Lgi

nhuan 16n nhat ma céng ty dat dugc trong mdt thang 13 bao nhiéu triéu dong?
[ Loigiai
Ham sb biéu dién Igi nhuan cta doanh nghiép trong mét thang 1a:

P(z) = R(x) — C(z)
= 60z — (0,00123 + 30z + 10)
= —0,001z3 + 30z — 10
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Ta can tim gia tri 16n nhit cda ham sé P(z) trén doan [1;200].
Dao ham: P’(x) = —0,00322 + 30.

Cho P’(z) = 0 < —0,00322 + 30 = 0 < 22 = 10000.

Vi z € [1;200] nén ta nh&n nghiém = = 100.

Béng bién thién clia ham sb P(x) trén doan [1;200]:

T 1 100 200
P'(z) + 0 -
1990
‘19,999 —ZOIQ

Tir bang bién thién, ta thy ham sé dat gi4 tri I6n nhat tai 2 = 100 véi P(100) = 1990.

Vay Igi nhun 16n nhit ma cong ty dat dugc trong mot thang 13 | 1990 | triéu dong (khi ché

bién 100 tin nguyén liéu).

Cho (S) 1a mét m3t cau cb dinh c6 ban kinh R. Mét hinh tru (H) thay d8i nhung ludn cé hai

dudng tron day ndm trén (S). Goi V; la thé tich clia khdi ciu (S) va V, 13 thé tich 16n nhat
. -V

ctia khéi tru (H). Tinh ti s6

®p-vz @®f-: ©-vi ©@f-v6

[ Loigiai
Goi ban kinh day hinh tru 13 r va chiéu cao
2

h
la A, tacér2+Z:R2.

4 3
e Vi 3™ 4R 4R
T2 h 2N .
Vi T h gy <R2h> ShR? — O
4 1
3 9
Xeét f(h) = BRRP—"1° = ['(h) = BRP— .
2R
Tacd f(h)=0< h =2
f(n) NG

Ta c6 bang bién thién:
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2R
h 0 73 2R
4R3\/3
f(h) / 3 \
0 0

T bang bién thién, ta thiy thé tich khéi tru dat gia tri 16n nhat khi biéu thitc f(h) dat cuc dai.

V; 4R3 4R3
Khi d6 V, = |74 L= = =/3.
i d6 V, = max trU:>V2 max () IR V3
3
V
Viy ti s6 —L = /3.
dy ti so v, V3
Chon dap an (C). ... o o O

Ngudi ta mubn lam mét con dudng di tir thanh phd B
A dén thanh phdé B & hai bén bd séng nhu hinh V&,
thanh phé A cich bs séng AH = 3 km, thanh phé = T
B cach bd séng BK = /28 km, HP = 10 km. Con .

dudng 1am theo dudng gap khic AM N B. Biét chi phi

————————e
=
el

2 16
xay dung mot km dudng bén bs B nhieu gap = lan

bS

chi phi xdy dung mét km dudng bén bs A, chi phi lam
cau & doan nao ciing nhu nhau. M 13 vi tri dé xay cau
sao cho chi phi it ton kém nhit. Tim ménh dé ding

trong cac ménh dé sau.

@AMe(lf;?). AMe(lgo;4>.
@AME(fﬂ). @AM€<4;136>.

[ Laigiai

bat HM =z v8i 0 < z < 10. Khi d6, NK = MP =10 —=z.
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Ta c6 AM = /AH? + HM? = \/22 + 9, BN = /BK? + NK2 = /28 + (10 — z)2,

Goi m la gia thanh x3y dung mot km dudng bén bo A, suy ra gid thanh xdy dung mot km bén

16
bs B la Bm Vay gia thanh xay dung hai doan dudsng AM va BN |a

1 1
T=m x2+9+6m\/28+(10—x)2:m< x2+9+1§\/28+(10—x)2).

15

, . . B 16
Dé gi4 thanh x3y dung thip nhit thi ham s6 f(z) = V22 +9 + 1—5\/28 + (10 — )2 dat gia

tri nhd nhit.

x 16 10—
Tacd fl(z) = —ne — — - .
f) x2+9 15 /28 + (10 — z)2
16 10 —
f@) =06 ——=1 o

22+9 15 /28 + (10— )2
& 152/28 + (10 — )2 = 16(10 — 2)v/22 + 9
& 22522%(128 — 20z + 22) = 256(100 — 20z + 22)(z% +9)
< 312t — 62023 — 89622 — 460802 + 230400 = 0
< (z—4)(3123 — 49622 — 2880z — 57600) = 0

~ ~
31x® — 4962% — 2880z — 57600 = 0 x =~ 23,375 (loai)

) 1
Vay khi z = 4 thi gi thanh s& nhd nhat, khi d6 AM = /42 + 9 = 5 (km). Nén AM € (4; 36>

Chon dap an (D). ..ot O

Béc An du dinh xdy dung mét bé chita nuéc sach cho gia dinh sir dung dang hinh hép chit nhat
c6 téng dién tich cadc mit bing 36 m? va d6 dai dudng chéo bing 6 m. B& nudc d6 c6 thé chira

duoc téi da V' m3. Gia tri cia V' & trong khodng nao trong cic khoang dudi day?

(A) (12:13). (11;12). (©) (9:10). (D) (10;11).

[ Loigiai

Goi cac kich thuéc clia bé nuéc 13n luct 1a a, b, ¢ (m), véi a,b, ¢ > 0.
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2(ab + bc + ca) = 36 ab + bc + ca =18
Theo bai ra ta cé <

Va2 +b2+c2=6 a® +b% + ¢* = 36.
Tudétacd (a+b+¢)>=72=a+b+c=6V2.

Ap dung BDT Cauchy-Schwarz ta c6
20 + ¢®) > (b+¢)? © 2(36 —a?) > (6vV2—a)? = ala — 4V2) <0 = a < 4V2.
Thé tich bé nuéc 13
V =abc=a(l8 —ab—ac) =a[l8 —a(b+c)] =a [18 —a(6v2— a)] = a® — 6v2a® + 18a.

Xét ham sb f(a) = a® — 6v2a2 + 18a v6i 0 < a < 4V/2.

Ta ¢6 f'(a) = 3a2 — 12v/2a + 18, f'(a) = 0 < a=V2
a=3V2.
Bang bién thién cta ham sé f(a) nhu sau:
a 0 V2 3v2 W2
f(a) + 0 - 0 +
8v2 8v2
f(a)
0 / \ O /

Vay maxV = 82, diu bi3ng x3y ra ching han khi « = 4V2,b = ¢ = V2. Do
8v/2 ~ 11,31 € (11;12) nén ta chon dép an B.

Chon dap an (B) ... .. O

Dudng day dién 110 KV kéo tir tram phat (diém A) trong dat lién ra Cén Dao (diém C). Biét
khodng cach ngdn nhit tir diém C dén diém B trén dat lién 13 60 km, khodng cach tir A dén
B 1a 100 km, goéc ABC = 90°. M&i km day dién dudi nudc chi phi [a 5000 USD, chi phi cho
mdi km day dién trén bs 13 3000 USD.
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o "o °

B G A
Hi diém G cach A bao nhiéu dé méc day dién tir A dén G rdi tir G dén C' chi phi it nht.

(R) 60 km. 55 km. (©) 45 km. (D) 40 km.

[ Loigiai

Goi = (km) 13 khoang cach tir diém A dén G. Ta c6 BG = 100 — z véi 0 < z < 100.

Tam gidac CBG vuéng tai B c6 CG = \/CB? + BG? = /3600 + (100 — z)2.

Chi phi tién m§c dién 13 T = 3000z 4 50001/3600 + (100 — z)2 (USD).

Xét ham s6 f(z) = 3000z + 5000+/3600 + (100 — z)2 trén doan [0;100].

100 — x
/3600 + (100 — x)2

Ta ¢6 f/(z) = 3000 — 5000

F/(x) = 0 < 3000+/3600 + (100 — x)2 = 5000(100 — x)

< 34/3600 4 (100 — z)2 = 5(100 — )
< 9[3600 + (100 — x)?] = 25(100 — z)?

100 —x =45 xr =155
< (100 — x)? = 2025 < &

100 — z = —45 x = 145 (loai).
Ta c6 f(0) = 583095 (USD): f(55) = 540000 (USD); £(100) = 600000 (USD).
Vay T dat gia tri nhé nhat khi 2 = 55 km.

Chon dap 0 (B) . ..o O

© bravee9.github.io/bravemath | Trang 178 /434


https://bravee9.github.io/bravemath/

Chuang 8. GIA TRI LGN NHAT VA GIA TRI NHO NHAT

Cho mét t& gidy hinh chit nhat ABC D véi chiéu dai AB =9 (cm) va chiéu réng BC' = 6 (cm).

Gap t& gidy mot 1an sao cho khi gp ta dugc dinh B n3m trén canh C'D (xem hinh sau).

A P

[ [
D O C D Q C
D& d6 dai nép glp PM 13 nhd nhit thi gia tri nhd nhat dé bing bao nhiéu?
27 — 1/ _
(R) Py = 729\/5 (cm). (B) Py = f) (cm).
9 9v/3
(© Pv = 5 (cm). (D) Pm = —— (cm).
[ Loigiai

Diat PB=2,BM =MQ=yvéi0<x <9val<y<6.Suyra

MC=6—y, QC=+/12y—36, QB=+/12y.

Ta chitng minh dugc PM 1 BQ nén suy ra

2
Yy oo 3

2. == .
VI2y 3y y—3

PM = /2?2 +y? =

2 3 3
KhidéPM:\/gy+y2:\/y =/ f(y). Xét ham sb6 f(y) = i véi 3 < y < 6.
y—3 y—3 y—3

Ta cé
y*(2y —9)
(y—3)?

N ©

f'y) = = f(y) =0=y=; €(3;6).

Ta c6 bang bién thién:
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Y 3 g 6
f' () - 0 +
400 72
f() \ 243 /
4

B < s 243 9
Dua vao bang bién thién ta c6 f(y) dat gia tri nhd nhat bang v khiy = 7 Do @6 PM dat

. 243 9v3
gia tri nhd nhat - = \2[

Chon dap an (D). ..ot O

Cac dang toan lién quan khac

Bai toan hinh hoc véi hai dudng tiém can

b d
Véiy = Z;Cj—_d' goi I 1a giao diém cda hai

dudng tiém can. Ta cé cac tinh chat:

— Hai dudng tiém can c3t hai truc toa do
tao thanh mot hinh chir nhat cé dién

tich khéng déi:

s=|-
c

2
|
- Véi diém M (zy,y,) bat ky ndm trén
dd thi, tich khoang cach tir M dén hai \
i g cich t o] N
dudng tiém can |a hang so: \ ! \
d<M,x:—f>-d<M,y:—) I\ |
C C !

ad — be
2

KY
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Tiép tuyén clia ham nhat bién

ar +b

va A 13 tiép tuyén tai M. Gia sir A c3t hai dudng
cx +d

Cho M (zy, f(x,)) thudc db thiy = f(z) =

tiém can 1an luct tai A va B.

v d

Dién tich tam giac

1. Tiép diém M ludn |3 trung diém

SAIAB khéng dél

chia doan thing AB.

2. Dién tich tam giac IAB ludn la
o Hen tam glac 24 M(xo; f(xo))
mot hang s6 khéng doi:

2lad —be|  mmmeecpeooo-@smgiethe oo y=-

SAIAB - 2

[(4) 1y = f/(x0)(x = o) + f(x0)]

Céc bai toan yéu cau: AIAB can tai I, d6 dai AB ngin nhét, chu vi ATAB nhd nhit, khodng céach
tir I dén AB 16n nhit, hoic ban kinh dudng tron ngoai tiép/ndi tiép nhd nhit... déu dugc quy vé mét
diéu kién chung:

[/ () = 1.

Khi d6, hé sé géc clia tiép tuyén b3ng +1, dudng thing hop véi truc Oz mét géc 45° hojc 135°.

Ham phan thirc bac hai trén bac nhét

Xét ham s phan thiic cé dang:

ar® +bx +c
= 0,d £ 0).
Tap xéc dinh: 2 = R\ { -
. KX TR < Lot _ f(l’) Lot Ao 2
Viét lai ham s6 duéi dang y = véi f(x) = ax® + bz + c.
dr +e
bat z, = —2 [3 hoanh d6 cha dudng tiém can ding.

Goi A = b? —4dac. Néu A > 0, ky hiéu 1,75 13 cdc nghiém thuc cla phuong trinh f(x) = 0.
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Y
ax*+bx+c
. dx+e
Khi thuc hién phép chia da thic, ta dugc: | w“ a
\‘\ | [—e.bd—Zae]r \2,/‘()
_ RN VT
- Xz + + \\ 1
y=prraT . +e’ ‘e
. s ~ Puong phan giac clia,
trong dé - *~._[2 duong tiem can
a bd — ae cd? — bde + ae? S~ /
p:77q: 2 ’T: 2 . /,’/ 1 \x\
d d d - = -
— © | R
—e
X ==
| d

D6 thi ham s6 c6 cac tinh chat hinh hoc sau:

N . w , €
— Dudng tiém can ding: z = —

— Dudng tiém can xién: y = pz + q (khi r # 0).

— Tam dbi xting I (giao hai dudng tiém cén):

e bd—2ae
If——, ———].
(5% )

— Truc d6i xitng: D& thi ham s6 nhan hai dudng phan giac clia cac géc tao bdi hai dudng tiém can

lam truc di xiing.

Cac dang d6 thi cag ban

ar? +bxr +c

phu thudc vao sb6 nghiém clia phuong trinh 3/ = 0 va
dr +e

Dang diéu db thi cia ham sb y =

dau clia hé s6

ISHES]
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Dic diém dao ham va diu % Hinh dang do thi
d

Truong hop 1: 4/ = 0 c6 hai nghiém phan biét va

a e
5> 0. 1
N PN X PN .2 X LY 2 X
D3 thi ham sb cé cuc dai va cuc tiéu. Db thi ndm & b
P x , % N , o . N i 10 Xcr X
gbc phan tu thir nhat va thir ba tao bdi hai dudng L
tiém can.
Yep a
Ay >0,->0
d
Yer
Trudng hop 2: 4/ = 0 c6 hai nghiém phan biét va
a
- <0.
. d : s . *cp
Do thi ham so6 ¢6 cuc dai va cuc tiéu. Do thi nam & - ‘
xcr Of o x

géc phan tu thi hai va thir tu tao bdi hai dudng tiém

A

can.

%

Truong hop 3: iy’ = 0 vd nghiém ho3c nghiém kép v

a
a>0.

D4 thi ham sb ludn dong bién trén tirng khodng xac

dinh. Khéng c¢é cuc tri.
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Dic diém dao ham va diu ; Hinh dang do thi
a

a

Truong hop 4: iy’ = 0 vd nghiém hodc nghiém kép va

a
- <0.
~ Z d < z N
D6 thi ham so6 ludén nghich bién trén ting khodng xac ol - x
dinh. Khéng c¢é cuc tri.
Ay <0,-<0
2
2 s IS PN N~ X . 2 N 3 Tt -+ 1
Khao sat su bién thién va vé do thi cia ham s6 y = ——1
:L'_
[ Loigiai
Téap xac dinh: 2 = R\ {1}.
Tacdby=a2+ —— Vi lim y = +oo0 va lim y = —oo nén dudng thgng x =1 la tiém can

T — z—1+ ) z—1-
ding. Vi lim (y —x) = 0 nén dudng thang y = z 13 tiém can xién.
T—r£00

Dao ham:
, Qe —-1)(z—-1)—(2—2+1) a*—2
~ (z—1)? T @
xTr =
Choy =022 -2r=0%
rT=2
Bang bién thién:
z —00 0 1 2 400
Y + 0 - - 0 +
-1 +o00 +00
’ / \ \
—00 —00 3

Ham sb ddng bién trén cac khodng (—o0;0) va (2;+00).

Ham s nghich bién trén cic khodng (0;1) va (1;2).
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Ham sb dat cuc dai tai . =0, ycp = —1.
Ham sé dat cuc tiéu tai z = 2, Y1 = 3.

Tam d6i x(ing cha d6 thi 1a I(1;1).

<Y

Tiém can xién chira tham sé

ax® +bxr +c

dr+e
toan chira tham sb, ta thudng gip yéu cau tim tham sb dé dudng tiém can xién di qua mot diém, song

Phuong trinh tiém can xién ctia d6 thi ham s6 y = c6 dang y = px + q. Trong cac bai

song v6i mdt dudng thing, holc tao thanh tam giic c6 dién tich khéng déi.

2 +mx—1

Cho ham s6 y = . Tim m d& dudng tiém can xién clia dd thi di qua diém A(2;5).

z—1
[ Loigiai
Thuc hién phép chia da thirc, ta dugc:

2 +mx—1
—— =+ (m+1)+

y:

xr—1 r—1

D& dd thi c6 dudng tiém can xién thi m = 0. Khi d6, dudng tiém cin xién A c6 phuong trinh:
y=x+m+ 1.
Dudng thing A di qua A(2;5) khi va chi khi:

5=24+m+lesm=2
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Gi tri m = 2 théda man diéu kién m # 0. Vay m = 2.

x2 4 2max —

< 1 \ . <
Cho hamso y = . Goi A la dudng tiém can xién cta do thi. Tim m dé A cat hai

rz—1

truc toa d6 Oz, Oy |an lugt tai A, B sao cho dién tich tam gidc OAB bang 8.
[ Loigiai

Thuc hién phép chia da thirc, ta dugc:

224 2mx —1 2m
——— =+ (2m+1)+ —.

V& r—1 r—1

Diéu kién ton tai tiém can xién 13 2m #+ 0 < m #+ 0. Khi d6, A cé phuong trinh: y = 2 +2m+1.
Tim toa d6 cac giao diém clia A véi cac truc toa dd:

— Giao v&i truc Oz (y = 0): A(—2m — 1;0).

— Giao véi truc Oy (x = 0): B(0;2m + 1).

Dién tich tam gidc vuéng OAB tai O la:

1 1 1
Soap = §OA OB = §|5UA| Nyl = §|2m+ 112,
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\

7 T .

Theo gia thiét, Sy 5 = 8, suy ra:

3
1 2m+1=4 m=c

—2m+1)2=8<(2m+1)?=16 < & 2.
2 om+1=—4 m=—->

Ca hai gia tri déu théda man m # 0. Vay m € {;,—g}
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Khoang cach ngan nhét giita hai nhanh dé thi

Khoang cach ngdn nhit giita hai nhanh dd thi cda ham phan thic ludn dat dudc tai cac giao diém
clia d thi véi dusng phan giac clia géc tao bdi hai dudng tiém can (chon dudng phan gidc c6 cit db

thi ham s8).

7

Khoang cach ngin nhat
gitta 2 nhanh dd thi

=Y

ax +b ax? +bx +c
= - y:
cx +d dx + e

Phuong phap giai bang dudng phan giac:
— Buéc 1: Xac dinh tdm dbi xiing I va hé sb gbc clia hai dudng tiém can.
— Buéc 2: Xac dinh hé s6 géc kog cla dudng phan gidc.

* V6i ham bac nhit trén bac nhit: Hai tiém can vudng géc nén dudng phan giac ludn cé hé sb

goc k,, = 1.

* V6i ham bAc hai trén bac nhat: Néu tiém cin xién hop véi truc hoanh géc o, hé sb géc dudng
1
phan gisc I3 ki = tan (45 + 7 ) hosc kpy = ———.
pg
— Budc 3: Viét phuong trinh dudng phan giac di qua I va tim giao diém A, B véi dd thi. Doan AB

chinh 13 khodng cach ngn nhat can tim.
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. < . P 2 1
Tim khodng cach ngan nhat gitra hai nhanh do thi ctia ham s6 y = < +1 .
T —

[# Loigiai
D4 thi c6 dudng tiém cin diing x = 1, tiém can ngang y = 2. Tam ddi xting 1(1;2). Dudng
phan gidc clia géc tao bdi hai tiém cin c6 hé sbé géc kog = £1.

Xét dudng phan giac cé hé sb goc k =1 di qua I(1;2):
y=1llz—1)+2<y=ao+1.

Phuong trinh hoanh d6 giao diém:

1
r+1= o2 1=2r+1e22-22—-2=0<x=1+V3.

vk

Khoang cach ngan nhat

’
ma ta can tim chinh 1a ‘N R R ’ 3(1 +V3;2+ \/g)
do 16n cua AB

y= S

x—1 Re -
Al1-V3224/3) O 11 *
4
/,, le

Hai giao diém 13 A(1—v/3; 2 — V3) va B(1+ v/3; 2+ V/3). Khoang cich ngén nht bing do
dai doan thing AB:

AB =1/(2V3)? + (2V3)? = V21 = 216,
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2 +r+1

Tim khoang cach ngdn nhit gitta hai nhanh dd thi ham sé y = :
$ —

[ Loigiai
A . . , 3 A A A
Thuc hién phép chia da thic: y = = + 2 + =7 Tiém can ding: x = 1; tiém can xién:
x JR—
y=x+2. Tam I(1;3).
Hé s6 géc tiém can xién p =1 = tana = 1 = a = 45°. Hé sb gbc dudng phan giac la:

o

4
;’ ) = tan67.5° = V2 + 1.

k = tan (45" +
Phuong trinh phan gidc qua I(1;3):
y=(\2+1)(z—1)+3.
Ta xét phuong trinh hoanh d6 giao diém cGa dudng phan gidc va dd thi ham sb y:
3

(m—1)+ﬁ+3:(\/§+1)(x—1)+3.

Datt=x —1, ta cé:

3 3 3 3
t+-=(V2+te - =V2aetl="T=t=14,"F=
= e s 7 7
; b i Lo - A 3
Khodng cach giita hoanh d6 hai giao diem: |z 4, —z 5| = 2 7

Khoang cach ngin nhat d . = AB:

min
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Yi

—

Puong phan giac

cua 2 dudng tiém can

xién va tiém can ding

1

1

1

:

1

! Khoang cach ngin nhét
X gitta 2 nhanh do thi
1

1

1

1

1

1

1

-
X

Trich d& KSCL Toan 1an 1 THPT 2025 chuyén DH Vinh - Nghé An

O mét vinh bién, ngodi xa c6 mét hon
dao nhd. Ngudi ta tién hanh Ian bién
dé xay mét khu d6 thi va lam mét
tuyén cap treo ndi khu dé thi véi hon
dao dé phat trién du lich. Xét trong
hé toa do Oxy véi don vi tuong Gng Khu d6 thi
1 km, hon dao n3m & vi tri gbc toa d6

O. DPudng bao clia phan dat Ian bién

c6 dang 13 mét phan clia dd thi ham

(x <0).

[# Loigiai

Gia sir tuyén cap treo dugc thiét ké ndi dao v6i dudng bao clia khu d6 thi sao cho cé d6 dai

ngdn nhit. Tinh d6 dai tuyén cap treo (Iam tron dén phan musi).
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2+ 1

1 B i
=z + — cb tdm doi x(ing la goc toa d6 O(0;0). Tiém cén
x

ding la d; : x = 0 va tiém can xién la dy : y = x.

D6 thi (C) clla ham sé y =

Khoang cach ngdn nhat tir O dén mot diém trén (C) chinh 13 khoang cach tir O dén dinh cda
hypebol (C). Dinh nay n3m trén dudng phan giac ctia géc tao béi d; va ds.

Tiém can xién dy : y = 7 c6 hé sb géc k = 1 = tana = 1 = a = 45°. H& sb gbc cha dudng
phén giac la:

o

45
+ 5 )ztan67.5°:\/§+1.

k g = tan (45"

i 1
(Dudng phan giac con lai cé hé s6 géc k, = = 1—2).
Pg
Nhanh db6 thi dang xét c6 x < 0, < 0 (géc phan tu tha 111), nén ta chon dudng phan gidc A
di qua géc phan tu thir | va Ill, tic 13 dudng thgng cé hé sb géc duong: y = (1 + \/i)x

Phuong trinh hoanh d6 giao diém cta (C) va A:

1
T+ _= +\f):n<:>— Vo2r e a?=— =

Dudng phan gidc: y = (1 + \/E)x di qua O

”‘fi '14
Aoy s

Khodng cich ngdn nhat d,;,, = OM véi M € A la:

OM = \/m—\/:ﬁ 14 V2)222
:|x|\/1+(3+2\@)=\/$2(4+2\/§)

S FERA v

Suy ra OM =~ 2,197 ~ 2,2 (km).

Vay d6 dai ngdn nhit cla tuyén cap treo |3 khoadng 2,2 km.
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DPudng tiém can cha do thi ham so

Duong tiém can dirng va dudng tiém can ngang

x < 1 x N x <

D6 thi cia ham s6 f(z) = — 1a dudng hypebol gom hai nhanh nam trong géc phan tu thr nhat va
x

thit ba clia mit phing toa db.

Ta cé
. N
va
. o1
lim f(x)= lim —=0.
r——00 T—>—00 I
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Diéu d6 c6 nghia 13 khodng cach
MH = |f(z)| tir diém M cla db thi
dén truc hoanh dan dén 0 khi diém M theo
dudng hypebol di xa ra vo tan vé phia phai
hodc phia trai.

Truc hoanh dugc goi la dudng tiém can ngang

clia db thi ham sb y = —.
x

Ta ciing c6

1
lim f(xz) = lim — = +o0

z—0t z—0t I

va

)= g g = e

Khi d6, khodng cach NK = |z| tir mot diém N trén dd thi dén truc tung tién vé& 0 khi |y| — 4-oc.

N < 1
Truc tung dugc goi la dudng tiém can ding cta do thi ham s6 y = —.
X

| 4

Dudng thing y = y, duoc goi 1a dudng tiém can ngang (goi tit 13 tiém can ngang) ciia dd

thi ham sb y = f(x) néu

lim f(z) =y, hodc lim f(z)=y,.

T—+00 Tr——00

/) yA

N
O
<Y
©)
<

Dudng thing Y = Yo la tiém can ngang Dudng thing Y = Yo la tiém can ngang
ctia d6 thi ham s6 y = f(x) khi x — +o0 ctia dd thi ham s6 y = f(x) khi x — —oc0

Dinh nghia

Dudng thing z = r, dugc goi |3 dudng tiém can dirng (goi tit 13 tiém can dirng) cda dd thi
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ham s6 y = f(z) néu it nhat mét trong cac diéu kién sau dugc thod man:

lim f(z)=+o0; lim f(z) = +o0;

T—Tg 7]
lim f(z)=—o0; lim f(z)=—00
T—Tq ac—>:r5r
X = Xy X =X
YA | ! yA
: y=
y=f(x) ! : f(x)

/ 1 X0 . xoi .
/O X=Xy, X 1= Xy @) x
lim f(x) = +o0 lim+ f(x)= +o

X =Xy X =Xy
]\ : ! vA
y=f( !
N ! |
: s S
:xO o xOE o
O X—UCF Vx r - x5 O Vx
lim f(x)= —o0 V lim f(x) = —o0
x—xp x> x5

Ki nang sir dung may tinh cam tay CASIO tim Tiém can

Tim Tiém can ngang (TCN) Tim Tiém cén dimg (TCD)

1. Thao tac trén may tinh CASIO
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Tim Tiém can ngang (TCN) Tim Tiém can dirng (TCD)
Buédc 1: Nhap biéu thirc ham sb f(x). Buéc 1: Nhap biéu thirc ham sb f(x).
Buéc 2: Bim phim [ cALc) Buéc 2: Bim phim [ cALc)
Budc 3: Kiém tra gi6i han tai vd cuc: Budc 3: Kiém tra giéi han mdt bén tai Zy:

- & 400 Bam (1] 0 24 8] =) ~ & o Nhap () (1) 0[] - 9] =)
- & —oc: Bam [ 1) o) M 8] =) - & a5 Nhap () (1] 0 [ - 9] =)

2. Phan tich két qua hién thi

. ) . — Néu man hinh hién thi so cé tri tuyét doi rat I6n
— Néu man hinh hién thi mét s6 thuc y, (vi du: 2; 0;
o . (vi du: 10! ho3c —10'°), nghia 13 gi6i han 13 v6 cuc,
ho3c gi tri rAt gan 0 nhu 1.2 x 107'2), ta két lun ] . o 9
, ta két luan dudng thang x = x la tiém can ding.
dudng thang y =y, la ti€ém can ngang.

D Math

D Math f(:c)

flx)

—2000000005

1.999999995

B N s 2 — Néu man hinh hién thi mét s6 thuc, nghia la gii
— Néu man hinh tr3 vé s6 co tri tuyét doi rat 1&n (vi
o . han hitu han, do d6 x = x4 khéng phai la tiém can
du: 10%°) ho¥c bao I16i Math ERROR, tiic |13 gi6i han 5
R . . Lo . dirng (trudng hgp nghiém cta mau bi triét tiéu bai
khéng hitu han, do thi khong cé tiém can ngang. )
tlr s0).

n < 2z — 1

Tim tiém cin ngang va tiém cin ding cla do thi ham so y = $+ 5
x
[ Loigiai
x=-2Y
L y=f()
Tép xac dinh: 2 = R\ {—2}.
Ta c6 lim y = 2 nén dudng thgng y=21a
T—=+00 !

dudng tiém can ngang cia dd thi ham sb. - yo2
Mat khac, ﬁ':Errnyy = —00 Va mgr_nry = 400 0 /""
nén dudng thang r = —2 la dudng tiém can -2 4 x
dirng clia d6 thi ham sb.

Kiém tra nhanh bang CASIO fx-580VN X:
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TCN khi x — 400 (CALC z = 10°): TCN khi z — —oo (CALC z = —10°):
D Math D Math
2x — 1 2¢ — 1
T+ 2 T+ 2
1.999999995 2.000000005

TCD khiz — (=2)* (CALC2z=—2+10"9): TCP khiz — (—2)~ (CALCz =—2—10"9):

D Math D Math
2¢ — 1 2z —1
T+ 2 z + 2
—4999999998 5000000002

. < 241
Tim tiém cin ngang va tiém cin ding clia do thi ham so y = e
x
[ Loigiai
Ham s6 d3 cho c6 tip xac dinh I3 Y
9 =R\ {0}. y=f(x)
Ta cé
”””””””””””””””””””””””” y = 1
z4/1+ m% 1 1
lim y= lim — = lim 1+—5 =1
Tr—+00 T—+00 €T Tr——+00 X
0 X
Do d6, dudng thing v = 1 1a dudng
tiém can ngang cha dd thi ham s6 (khi ~ ~—™— IO y=-1
T — +00).
Tuong tu,
—x4/1+ ;7 1
lim y= lim ——— =~ lim 4/1+ — =—1
T——00 T——00 €T T——00 €T

Do d6, dudng thing y = —1 13 dudng tiém cin ngang cta dd thi ham sb (khi z — —o0).
Vi lim y = +oo vd lim y = —oo nén dudng thing 2 = 0 13 dudng tiém can ding cla dd thi

=0t z—0~

ham sb (khi z — 0" va khi z — 07).

Kiém tra bang may tinh CASIO fx-580VN X:
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TCN khi z — 400 (An 10° [ =)):

1

TCP khiz — 07 (An 1070 [ =)):

1 x 10°

TCN khi z — —oo (An —10° [ =)):

D Math D Math
2+ 1 2+ 1
xT X

=1l

TCP khiz — 0~ (An —1079 [ =)):

D Math D Math
2 +1 2 +1
T x

-1 x 107

Dudng tiém can xién

Cho (€) 1a dd thi cia ham s& y = f(z) va (d) 13 dudng thing phuong tAnh: y = az + b (a #0).

Goi M va N Ia hai diém clia (%) va (d) c6 cling hoanh d6 x. Néu d6 dai ciia doan thing M N dan
dén 0 khi 2 dan d&n 400 (hodc khi = dAn dén —oco) thi dudng thing (d) dugc goi 13 dudng tiém cén

xién cla (%¢).

Vi MN = |f(z) — (ax + b)| nén ta c6 dinh nghia sau:

Dinh nghia
| 4

Dudng thing y = az + b, a # 0, dugc goi |3 dudng tiém can xién (goi tit |3 tiém can xién)

clia @6 thi ham sé y = f(z) néu

lim [f(z) — (ax +b)] =0,

T—+00

lim [f(x) — (axz +b)] = 0.

T——00
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]

pd
Cd
-~ 0| X —

=V

Duong thang y = ax + b 1a tiem can
xién ctia do thi (khi x — +00)

Duong thang y = ax + b 1a tiem can
xién ciia do thi (khi x — —0o0)

Tim c4c dudng tiém cin (néu cb) cha do thi ham sb f(z) =z +

[# Loigiai

D& thi ham s6 f(z) = & + ——
$ O
T — 400 va khi z — —o0.

2 —1

7 nhan dudng thgng y = x lam dudng tiém can xién khi

y . ,
: ! /’
Ve
i 2 1 ] ’/’
' oLy =x+
: v xr-1
A I
i ¥
' ,’: I
V3N L
o\ v X
| R4 1
b |
el I
’ ' !
* I,: : !
\\//,," N 3V3
/.\ : 2
/’ 1 ||
xX=- x=1
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Chiing minh ring dudng thing y = 2z + 1 13 dudng tiém cin xién clia dd thj ham sé:

1
= = 2 ]_ .
y=f(x) =2z + +x—2
[ Loi giai
Tép xac dinh: 2 = R\ {2}.
Xét hiéu:
1
—(2 1) = .
fla) = o +1) = —
Ta cob:
. . 1
i [f(@)~ 22+ 1) = lim —— =0,
va

lim [f(z)— (22 +1)] = lim —— =0

T——00 z——00 L — 2
Theo dinh nghia, dudng thing y = 22+ 1 13 dudng tiém can xién clia d6 thi ham sé d3 cho (ca

khi x — +00 va x — —00).

D& xéc dinh cac hé sb a, b trong phuong trinh cta dudng tiém can xién, ta c6 thé ap dung cac

cong thirc sau:

o= T 0= ) -

hodc
a= lim M; b= lim [f(z)— ax].

z5—0 I T ——00
(Khi @ = 0 thi ta c6 tiém can ngang).
That vay, xét trudng hop x — +00, gid sir ham sb f xac dinh trén khodng (a; +o0) va dudng
thdng y = ax + b 13 dudng tiém cén xién cla db thi ham s6 y = f(z) (khi z — +o0). Khi d6,

theo dinh nghia, ta cé

i [f(2) — (az +b)] =0. (1)
Do dé
lim f(z) — (ax +b) o,
T—+00 €T
tirc 13
lim [f(:v)—a—b]:O.
T—+00 9L 9L
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Vi lim 9 =0 nén
T—+00 I
a= lim m (2)
r—+oo I
Tu (1) suy ra
b= lim [f(2)— asl. ©

Dao lai, néu a va b thod man (2) va (3) thi tir (3) suy ra (1). Do d6 dudng thing y = ax + b
|a dudng tiém cin xién cla dd thi ham s6 y = f(x) néu a # 0 va |a tiém cin ngang néu a = 0.

Trudng hop x — —oo dudc chirtng minh tuong tu.

Ki nang sit dung CASIO tim Tiém can xién

Dua trén dinh nghia va cong thitc tinh hé sb a,b cla dudng tiém can xién y = ax + b, ta ¢ thé sk
dung tinh n3ng tinh giéi han (phim ) trén may tinh CASIO d& tim nhanh cac hé sb nay ma

khong can thuc hién phép chia da thirc thi cong.
Phuong phap thuc hién:

— Buéc 1 (Tim hé s a): Nhap vao man hinh biéu thiic @. An phim va nhap mdt gia
T

tri « duong rat 16n (vi du: = = 10°). K&t qua tra vé trén man hinh chinh 13 hé s6 a.

D Math

f(=z)

xT

— Buéc 2 (Tim hé s6 b): Nhap vao man hinh biéu thiic f(z) — az (véi a vira tim dugc). An phim
va tiép tuc nhap = = 10°. K&t qua trd v& chinh |3 hé sb b.

D Math

f(z) —azx

Néu & Budc 1, may tinh trd vé a = 0 thi d6 thi ham sb khéng cé tiém can xién ma chi cé tiém

can ngang y = b. Néu may bao 16i Math ERROR ho3c ra mét sb v6 cling 16n, ham s6 dé khong

cé dudng tiém can xién. Cac buéc tuong tu 4p dung cho 2 — —oo bang cach nhap z = —10°,
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222 — 3 + 2

prarie bang méy tinh CASIO

Tim dudng tiém cin xién ctia d6 thi ham s6 y =

[ Loigiai

Ta nhap vao méy tinh biéu thirc ham sb chia cho z:

22% — 3z + 2
x(x+1)
Nhan phim va nhap z = 10°, 4n [ =)
D Math
222 — 3z +2
z(z+1)
2
May tinh tra v& két qua bing 2. Vay ta c6 a = 2.
V6i a = 2, ta nhap tiép bidu thirc f(x) — 2x vao may tinh:
222 — 3z + 2
— =2z
z+1
Nhan phim va nhap z = 10°, 4n [ =)
D Math
222 — 3z +2
= —— — Op
T il
—4.99999999

May tinh trd vé& két qua xap xi —5 (két qua hién thi c6 sai sé rat nho do lam tron cta may).
Vay ta cé b= —5.

Dudng tiém can xién clia d6 thi ham sb cé phuong trinh 1a iy = 22 — 5.

Xac dinh tiém can qua bang bién thién va dd thi
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Dua vao bang bién thién

Gia st ham sb y = f(z) xac dinh trén mot tap 2. D& xac dinh cac dudng tiém cin thong qua bang

bién thién, ta quan sat cac gi6i han tai bién clia tap xac dinh va tai cac diém gian doan:

— Dudng tiém can ngang (TCN): Quan sat & hai dau * — —oo va © — +oo. Néu gia tri f(x)
tién d&n mdt h3ng sé hitu han, thi dudng thing y = h3ng s6 13 dudng tiém cin ngang clia dd thi

ham sb.

— Pudng tiém can dirng (TCD): Quan sat tai cac diém x, ma ham s& khéng xac dinh (dugc ky
hiéu b3ng 2 gach soc ||). Néu gi6i han clia f(z) khi z — x} hodc x — z; 13 +00 hodic —oo (chi
can it nhit mét bén 13 vé cuc), thi dudng thing = = x, 1a dudng tiém cin diing ciia dd thi ham

SO.

Xét ham s& f(z) c6 bang bién thién téng quét nhu sau:

f'(@) - + - +
Y1 Y2 | o0 Ys
w N/ TN
—0 | —o0 Y3 | Ya

Dua vao bang bién thién tdng quat trén, ta phan tich cac trudng hop xay ra di véi dudng tiém can:
— Duong tiém can ngang (TCN):

* Ta co:

lim f(z) =y,

T—r—00

Suy ra dudng thing y = y; 13 dudng tiém cin ngang cia do thi.

* Ta co:

lim f(z) = ys

Tr—+00

Suy ra dudng thing y = ys 12 dudng tiém can ngang cla do thi.

- Pudng tiém can dirng (TCD): Xét gi6i han tai cac diém gian doan xy, x5, x5
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* Tai x = x,: Ta co:

o, ) =

Suy ra dudng thing z = x, 13 dudng tiém can ding cla do thi.

* Tai x = x4: Do cé it nhat mot gi6i han bén tién dén vé cuc:

lim f(x) =400

T—TH
Suy ra dudng thing = = T 12 dudng tiém can ding cla d thi.

* Tai x = x4: Cac gi6i han mdt bén déu mang gia tri hitu han:

lim f(z) =y; va lim f(z)=y,

=Ty Tz

Do d¢, dudng thgng x = x4 khong phai la dudng tiém cdn ding.

Bién luan s6 dudng tiém can chira tham s6

Diéu kién dé tiém can dirg khong bi khir

P ~ 2
Cho ham phéan thirc y = ﬁ Gid st x, 1a nghiém cta phuong trinh mau Q(z) = 0. Dudng thang

Q(x)

x =z, s& 13 dudng tiém can ditng néu x, thda m3n mét trong cac diéu kién sau:
1. z, khdng phai 13 nghiém cla da thic td P(x).

2. x, la nghiém cta P(z), nhung bdi clia nghiém x, 6 miu Q(z) 16n hon boi cla nghiém dé & tir

P(z) (khi rdt gon, duéi miu van con thira s6 = — ).

Ngugc lai, néu z, 13 nghiém cla ti v6i bdi 16n hon hodc bang bdi & mau, thi nghiém dé bi khir hoan

toan va z = x khong phai la dudng tiém can ding.

r—1

C6 bao nhiéu gia tri nguyén ducng clia tham s m dé d6 thi hamsb y = ——————
4 —8x+m

c6 ding

3 dudng tiém can?
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[ Loaigiai

Tap xac dinh: 2 = {x € R | 2? — 8z +m # 0}.

Ta cé rl—l)gloo g%% = 0. Suy ra d6 thi ham s6 luén cé ding mét dudng tiém cin ngang
lay=0.

Do d6, db thi ham s6 c6 3 dudng tiém can khi va chi khi @ thi ham s6 c6 ding 2 dudng tiém
can diing. Diéu ndy tuong duong v6i phuong trinh miu sb 22 — 8z +m = 0 c6 hai nghiém phan
biét khac 1 (dé khong bi tir s6 khir).

Ta c6 hé diéu kién:

AN=16—m>0 m < 16
&

12-8(1) +m#0 m#7

Két hop véi dieu kién m 13 sb nguyén duong (m € Z%), tacé m € {1;2;3;...; 15} \ {7}.

VAy cé tat c3 14 gia tri clia m thda man yéu cau bai toan.

Cé bao nhiéu s6 nguyén clia tham s& m thudc doan [—100;100] dé db thi ham sb6

1 s N .
= c6 dang hai duong tiém can?

(x —m)V2x — a2

[ Loigiai

Ta cé diéu kién xac dinh 1a:

T FEm TEm
<~
2z — 2% >0 z € (0;2)

Do tap xac dinh clia ham sé bi ch3n trong khoang (0;2), bién x khéng thé tién t6i +oo hosc
—o00. Do d6, db thi ham s6 khéng cé dudng tiém can ngang.
Xét cac gidi han tai hai ddu mat cla tip xac dinh:

lim y=+40c va lim y=+o0
z—0* T—27

Suy rax =0 va z = 2 ludn 13 hai dudng tiém can diing cla d6 thi ham sb véi moi gia tri cla
tham s6 m.
D3 thi ham s6 d3 c6 s3n 2 dudng tiém can. Vay dé dd thi cé ding hai dudng tiém can, thi

phucng trinh m3u khong dudc sinh thém bat ky dudng tiém can ditng nao khac thudc khoang
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(0;2).

Tac la dudng thgng x = m khong dudc 13 dudng tiém can ding. Didu nay xdy ra khi z = m
khéng thudc mién xac dinh (0;2):

0

2

m

vV IA

m

Theo gid thiét, m 13 s6 nguyén va m € [—100;100]. Tap hop cic gid tri cla m la:
S ={-100;—99;...;0} U {2;3;...;100}.
S6 lugng gia tri m théa man 1a: 101 + 99 = 200 gi4 tri.
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Toa d6 giao diém ctia hai do thi ham s6

Cho 2 ham s6 y = f(z) va y = g(x) c6 dd thi 1an luct I3 (C) va (C”). Dé tim toa do6 giao diém, ta

thuc hién cac budc sau:

Yl (C) 1y = g(x)

©):y=f
— Budc 1: Lap phuong trinh hoanh dd giao
diém cta (C) va (C):

‘ fx3) = g(x3)

X3

=

— Buéc 2: Gidi phuong trinh () tim z. S6

nghiém clia (x) chinh 13 s6 giao diém clia f(r1) =8(x1) ¢~ f(x2) = g(x2)
(C) va (C"). Y=
f)-g) =0=|x=1x;
X = X3

— Buéc 3: Tir cac gia tri = tim dudc, thay vao y = f(x) (hodc y = g(x)) dé suy ra tung d6 y. Tir

d6 két luan toa d6 giao diém.

Tim toa dé giao diém chia dd thi ham s& y = 2% — 3z va dudng thing y = .
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[ Loaigiai

Phuong trinh hoanh d6 giao diém:

P-3r=ze1)-dr=0c2(1-4)=0& | 2=2

<Y

x=-2
f)-gx)=0e=x*-3x-x=0=|x=0
x=2

Thay 13n luct cac gia tri clia & vao phuong trinh y = z, ta dudc ba giao diém tuong Gng 13:
A(0;0), B(2;2) va C(—2;-2).

Bién luan sé nghiém phudng trinh chira tham sé m
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iIHY Tuong giao dua vao dd thi ham sé y = f(z)

Nhan xét: Bién luan bang do thi

Khi d3 c6 san d6 thi ham s& y = f(x),
ta coi phuong trinh f(x) = m la phuong
trinh hoanh d6 giao diém cia:
- D6 thi (C):y = f(x) (d3 v& cb
dinh).

y y=f)

— Dudng thing d: y = m (dudng

th3ng di déng, lubn ciing phuong véi

truc hoanh Ox). O *

S6 nghiém cla phuong trinh f(z) = m
chinh 13 sb giao diém. Ta cho dudng thing fQ)=me fR-m=0es | ¥ =1
X=X

y = m di chuyén doc theo truc tung Oy
dé dém sb giao diém tuong (g véi dd thi
(©).

i) Tuong giao dua vao Bang bién thién

Cho ham s6 y = f(z) xac dinh trén R\ {—1}, lién tuc trén mdi khoang x4c dinh va cé bang

bién thién nhu hinh vé sau:

r | =00 —1 3 400
Y + - 0 +
2| +oo +o0
Y \ /
—00 —4

Tim tap hop tat cd cac gia tri thuc cla tham s6 m sao cho phuong trinh f(z)+1 = m cé ding

ba nghiém thuc phan biét.

O bravee9.github.io/bravemath | Trang 209 /434


https://bravee9.github.io/bravemath/

Chuang 10. BAI TOAN TUGNG GIAO DO THI

# Loigiai
Phuong trinh f(x) + 1 = m < f(x) = m — 1 c6 ddng ba nghiém phan biét khi va chi khi d
thi ham s6 y = f(x) va dudng thgng n3m ngang y = m — 1 c5t nhau tai ba diém phan biét.

C3n cif vao bang bién thién cla ham sb y = f(x), ta dugc:
—4<m-1<2&-3<m<3.

Vay m € (—3;3).

Chon dap an (D). ..ot O

iIWAY Tuong giao ctia ham sb bac ba

D& giai quyét bai toadn tuong giao giita dudng th:&ang d:y = pr+qva dd thi hdim sb bic ba
(C) : y = az® + bx® + cx + d, ta thudng |ap phuong trinh hoanh d6 giao diém va dua v& mét trong

cac phuong phéap sau:

Phuong phap 1: Phan tich nhan t&r (Nham nghiém — Sa d6 Horner)

Day 13 phuong phap nén tang va thudng gip nhit khi phuong trinh hoanh d6 giao diém c6 thé nhim

dugc mét nghiém dep (thudng nghiém nay doc 1ap v6i tham sb m).
— Buéc 1: Lap phuong trinh hoanh d6 giao diém cia d va (C):
ar® +bx’+cx+d=pr+qear® +bx’+ (c—plx+(d—q) =0 (%)

Nham mot nghiém dic biét © = z, (thdr z = 0, +1, 42 ho3c chon z sao cho tham s& m bj triét

tiéu). Stir dung so dd Horner dé phan tich () thanh nhan ta:

T = x

o—) - a(z) = 0
( o) 9(@) élg(x)_axz—kb/x—i-c/—o (1)

— Budc 2: Xir ly diéu kién dé d cit (C) tai 3 diém phan biét. Didu nay tuong duong véi phuong
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trinh (1) phai c6 2 nghiém phan biét khac z:

Ag(x) >0
9(330) #0

= Tim dugc diéu kién cta tham sé m € 2.

- Budc 3: Goi toa do 3 giao diém 13 A(zq; pro + q), Blxy;pz, + q), Clxe;pry + q) VS 21,75 13
hai nghiém cla phuong trinh (1). Ap dung dinh ly Vi-ét cho (1), ta cé:
+ v
T+ Ty =——
1T % a

C/
LTy = o

- Bué&c 4: Bién ddi yéu ciu hinh hoc/dai sb chia bai toan (didu kién K) vé dang tdng va tich
clia zy,z,. Thé hé thiic Vi-ét vao, gidi phuong trinh/b4t phuong trinh tim m € %,. Két luan
m € P, N Ds.

Tim tt c3 cac gia tri thuc cha tham s6 m dé db thi ham sb y = 23 — 322 + 2 c5t dudng thing
d:y=m(x — 1) tai ba diém phan biét z,, z,, 2.
[ Loigiai

Phuong trinh hoanh dd giao diém:
23— 322 +2=m(z—1)

Nhan thay téng cac hé sb clia vé& trai 1 — 3 + 2 = 0 nén V& trai c6 nghiém = = 1. Ta phan tich

thanh nhan ta:

(x—1)(22 =22 —-2)—m(x—1)=0
S @—1)(22—2z2—m—2) =

r=1

glx) =22 -2 —m—-2=0 (1)

<~
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fx) =x3-3x2+2

=Y

g(x) =m(x-1)

D& d thi c5t dudng thing d tai 3 diém phan biét thi phuong trinh (1) phai c6 2 nghiém phan

biét khac 1. Diéu ndy tuong duong véi:

A">0 1—(—m—2)>0 m+3 >0
<~ = < m > —3.

g(1)#0 12-2(1)—m—2+#0 —m—3%0

Vay m > —3 13 cac gia tri can tim.

Phuong phap 2: Céng thirc giai nhanh lién quan dén cip s6 cong va cip s6 nhan

Xét phuong trinh hoanh d6 giao diém: az® +b2z®> +cx +d =0 (a +#0).
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Ba nghiém lap thanh Cap s6 cong Ba nghiém 1ap thanh Cap s6 nhan

Gid st 3 nghiém z,, 7y, 24 thda min z; + x5 = 22,. | Gid st 3 nghiém =, 2,5, 5 théa min z, - x4 = 3.

Diédu kién can: Doéng nhit hé thirc | Diéu kién can: Tuong tu, tir viéc ddng nhat hé thirc,
(x — zy)(x — x9)(x — x3) v6i phuong trinh | ta ludn suy ra nghiém & giita la:

gbc, ta ludn suy ra nghiém & giita |a:

s/ d
b 2T\
$2 == _3704
«X en 3 x A -z - 3 d BN
b Diéu kién da: Theé truc tiép gid tri x5 = {/ —— vao
Thé truc tiép gia tri 2, = ——— vao phuong trinh a
S e TSP gla T T3 3q V2 PhUONg trin phuong trinh ax® + bx? + cx +d = 0. Ta s& thu

3+ ba? d = 0. Ta s& thu dugc mdt phuo )
ar® +baTher 8 s& thu dlige Mt phifang dugc mot phuong trinh chira tham s6 m. Gidi tim m.

trinh chira tham sb m. Gidi tim m.

R Thay cac gia tri m vira tim dugc vao lai phuong trinh
Diéu kién da: Thay cac giad tri m vua tim dugc vao N < L, v N . "
) y gla i ban dau, bam may tinh kiém tra su ton tai 3 nghiém

lai phuong trinh ban dau, bA ay tinh huo . Y
al phidng trinh ban €4, bam may tinh xem phiong phan biét théa man cap s6 nhan.

trinh c6 ding 3 nghiém phan biét 1ap thanh cp s

cdng hay khéng dé loai nghiém ngoai lai.

Cho ham s6 y = 2® — 3ma? 4+ 2m. Cé bao nhiéu gia tri cha tham s6 thuc m dé dd thi ham s6

cSt truc hoanh tai ba diém phan biét c6 hoanh d6 1ap thanh cip sé cong?

[ Loigiai
Phuong trinh hoanh d6 giao diém: 2% — 3maz? +2m =0 (%)
Diéu kién can: Gia st phuong trinh cé 3 nghiém phan biét 1p thanh cip sb cong z,, 75, 5. Khi
dé, nghiém & giira phai la:
b —3m

i T

Thé x = m vao phuong trinh (*), ta dugc:

0

m*—3m-m24+2m=0< 2m3+2m=0< | m=1

3
I

m=—1

— V6i m = 0: (%) tré thanh 23 = 0 <> 2 = 0 (chi c6 1 nghiém, loai).
— V&i m = 1: (%) tré thanh 23 — 322 +2 =0 < (2 — 1)(2® — 22 — 2) = 0.
Phuong trinh c6 3 nghiém phan biét: z; =1 — V3; To=1; z3 =1+ V3.
Ta thiy 2, + 23 = (1—V/3) + (14+V/3) = 2 = 2x,. Ba nghiém |4p thanh cp s6 cong (thda
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man).
- V6i m = —1: (%) tré thanh 2® + 322 =2 =0 < (z + 1)(2? + 22 — 2) = 0.
Phuaong trinh c¢6 3 nghiém phan biét: x; = —1 — V/3; Ty=—1; x5 =—1+ V3.
Ta thdy z; + 253 = (—1 —V/3) + (=1 +V/3) = —2 = 2x,. Ba nghiém |4p thanh cip s6 cong
(théa man).

Vay cé ding 2 gia tri clia tham s6 m thda man yéu ciu bai todn 3 m =1 va m = —1.

Phuong phap 3: Sir dung gia tri cuc tri cha do thi ham sé

Nhan xét: Dau hiéu nhan biét va quy téac tinh

Khi phuong trinh
flz,m) =0 (1)

chira tham s6 m & bac cao (ta khdng thé c6 13p thanh f(z) = g(m)) va khéng nham dugc
nghiém nguyén nao dé dung so dd Horner.

Ta coi y = f(z,m) 12 mét ham sb bac ba 4n z. S6 nghiém cia (1) chinh 13 sb giao diém cla
dd thi ham s ndy véi truc hoanh (y = 0). Ta bién luan hoan toan dua vao gia tri cuc dai (ycp)

va cuc tiéu (yer):

S6 nghiém Diéu kién cuc tri Do thi minh hoa

Yep Ycr >0
(1) c6 ding 1 nghiém (ho3c ham sb khéng cé cuc

tri)
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S6 nghiém Diéu kién cuc tri D6 thi minh hoa
Y
y=f)
(1) c6 ding 2 nghiém Yep "Y1 =0
Yer
I xcr X
Y
™ yc
‘ y=f(x)
! Xcr
(1) c6 ding 3 nghiém Yep - Yot <0 e O *
yerf---

iIP¥'Y Tuong giao clia ham sé phan thirc

ar +b
cr+d

Bai toan tdng quat: Tim tham s6 m dé dudng thing d: y = kx—+p cit dd thi ham s6 (C): y =

tai hai diém phan biét A, B théa man diéu kién K cho trudc.

— Buéc 1: Lap phuong trinh hoanh d6 giao diém cta d va (C):

ar+b
cx +d

=kr+psglx)=A2>+Bx+C =0 <Vaz7’:—d).

C

Dé d c5t (C) tai hai diém phan biét thi phuong trinh g(z) = 0 phai c6 2 nghiém phan biét khac
d

A0

S <A>0

(940

Giai hé diéu kién ndy, ta tim dugc tap gia tri cla tham s6 m € 2.

— Buéc 2: Goi A(xy;kx,+p) va B(zy; kxy+p) V6i x, x4 |a hai nghiém cla phuong trinh g(z) = 0.
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Theo dinh ly Vi-ét, ta cé:
B
S = = ——
Ly +$2 Aa

Bién ddi diéu kién K v& dang biéu thitc chira téng va tich clia z,,z,. Thé hé thic Vi-ét vao, ta

thu dugc phuong trinh ho3c bat phuong trinh theo bién m. Gidi tim dugc m € %,.

Két luan gia tri m can tim la m € 2, N 9.

xr—2 r—1 T r+1

M3 104 - THPTQG 2019 Cho hai h3 6 =
a 10 Q 019 o hai ham so y x_1+ . +x+1+x+2

y = |z + 1 — 2z —m (m 13 tham s thuc) cé dd thi 1an lugt 1a (C;) va (C,). Tap hop

va

tat ca cac gia tri cia m dé (C)) va (Cy) cit nhau tai diing bén diém phan biét |3

@ (—o0; —3). [—3;4+00). @ (—o0; —3]. @ (—3;400).

[ Loigiai
Xét phuong trinh hoanh dé giao diém:

r—2 x-—1 T r+1
+ + + =lz+1l—z—m
r—1 T z+1 T+ 2

r—2 x—1 x r+1
& - 1 =— 1
it tr i lt +1|+2=—-—m (1)

S6 nghiém clia phuong trinh (1) I3 sb giao diém cta dd thi ham s6 y = F(z) va dudng thing

nam ngang y = —m.
Ta co:
r—2 x—1 T r+1
F = — 1
() :r:—ljL T +$—|—1+IE—|—2 o+ 1+
—2 -1 1
T T T Tl g khi 2> —1

x_1+ T +:13+1 :E—|—2_

T lz—2 2-1 1
v a Y T Lor 41, Khiz<—1
x—1 X r+1 x+ 2
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Dao ham:
1 1 1 1
12 T2 khi —1: -1
-1 2T arz @ i € (—1;+00) \ {0; 1}
F'(z) =
1 1 1 1

m+?+(m+l)2+($+2)2+2’ khi z € (—oo; —1) \ {—2}

Suy ra F’(z) > 0 v8i moi = thudc tap xac dinh.

M3t khac, ta tinh dugc cac gidi han:

lim F(x)=—oc0; lim F(z)=3

T——00 r—+00

lim F(x)=4o00; lim F(x)=—o00; lim F(z)=4o0; lim F(z)=—00

T——27 T——2% T——1" r——1*t

lim F(z) = +o0; lim F(z)=—o0; lim F(z)=400; lim F(z)=—0c0

z—0~ z—07t r—1- rz—1t

Bang bién thién:

T | —00 -2 -1 0 1 +00
F' () + + + + +
+00 +00 +00 +00 3
o AN S
—00 —00 —00 —00 —00

Dua vao bang bién thién, dé phuong trinh (1) c6 diing 4 nghiém phan biét thi dudng thing
y = —m phai cit dd thi ham sb6 y = F(z) tai ding 4 diém.

Quan sat bang bién thién, ta thiy dudng thing y = —m ludn c5t 4 nhanh d3u tién cda dd thi

(trén cic khodng tir —oo dén 1) véi moi gia tri clia m.

Do d6, dé phuong trinh c6 ding 4 nghiém, dudng thgng y = —m khdng dugc cit nhanh thir 5
(nhanh trén khodng (1;+00)). Diéu nay xdy ra khi va chi khi:

—-m>3<m< -3

Vay m € (—oo; —3].
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Chon dap an (C). ..o O

Cho ham s6 y = f(x) xac dinh trén R\ {—1}, lién tuc trén mdi khodng xac dinh va c6 bang

bién thién nhu hinh vé

T —00 -1 3 +00
Y + - 0 +
2 +00
Y /
—00 +oo — —4

Tim tap hop tit cd cac gia tri thuc cla tham s6 m sao cho phuong trinh f(z)+1 = m cé ding

ba nghiém thuc phan biét.

A) (—4:2). (—00;2]. © [-42). @) (-33).

[ Loigiai
Phuong trinh f(z) +1 =m < f(z) = m — 1 cé ding ba nghiém phan biét khi va chi khi d6

thi ham sb6 y = f(x) va dudng thing y = m — 1 c5t nhau tai ba diém phan biét.
C3n clr vao bang bién thién cta ham sb y = f(z) tadugc -4 <m—1<2< -3 <m < 3.
Vay m € (—3;3).

Chon dap an (D). ..o O

Cho ham s6 y = 1& (C) va diém A(—1;1). Tim m dé duong th3ng d : y = max —m —1 c5t
-
(C) tai hai diém phan biét M, N sao cho AM? + AN? dat gia tri nho nhat.

@m:—l. m:O. @m:—Q. @m:—g.
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[ Loigiai

Phuong trinh hoanh d6 giao diém clia (C) va d 13 . S | (dk z # 1)

— T

=z = (1—-z)(mx—m—1) &z =mz—m—1-—mz?+mz+x < mr?—2mz+m+1=0 (%)
D& (C) va d c5t nhau tai hai diém phan biét M, N thi (%) phai c6 2 nghiém phan biét khac 1

m # 0
SqA =m2—m(m+1)=—-m>0m<0 S m<O.

m—2m+m-+1+%0

1
Giad st M (z1;y1), N(z9;y5). Theo hé thirc Viét x; + x5 = 252, - x5 = &
m
Suy ray; +y, =m(x; +25) —2m—2=2m —2m — 2 = —2

Va Yy - Yp = (mxy —m —1)(mzy —m—1) = m2x1x2 —m(m+1)(zy + z9) + (M + 1)2

=m(m+1)—2m(m+1)+(m+1)?=m+ 1

Ta cé

AM? + AN? = (27 + 1?2 + (y; — 1)? + (29 + 1)2 + (y5 — 1)?
= (2 +2y+2)? —2(x; + ) (@y+ 1)+ (y; +y2 —2)% —2(y; — 1) (g — 1)
=@ + 2y +2)° 2@ @+ + 2+ 1)+ (4 +92—2)2 =2y — (Y1 +142) + 1)

(2 +2)? —+2+1) (—2—2)2—=2(m+1—(=2)+1)
1 1 1
:18—2<£>—2m:18—2—2-——2m:16+2' [—Jr(—m)]
m m —m

>1642-2=20.
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< 1
Suy ra AM? 4+ AN? dat gia tri nhd nhat 13 20 khi — = —m < m? =1 m = +1.

Vay m = —1 (vi m < 0).

Chon dap an (A) ... o o O

i[IRJ Tuong giao cia ham sb bac 4 (trung phudng)

Bai toan téng quat: Tim m dé dudng thing d: y = o cit dd thi (C): y = ax? + ba? + ¢ tai n diém

phan biét théa man diéu kién K.

Phuong phap gidi: Lap phuong trinh hoanh d6 giao diém:

azt +br?’ +c—a=0 (1)
Dit t = 22 (t > 0), phuong trinh tré thanh:

at? +bt+c—a=0 (2)

Tuy thudc vao sb giao diém n yéu ciu ma ta bién luin sé nghiém ¢ cGa phuong trinh (2). Ap dung

b _
dinh Iy Vi-ét cho phuong trinh (2) v6i S =1, +ty = —— v P =t ty = ——
a
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Sé nghiém - X
a (1) Dieu kién caa PT (2) Do thi minh hoa
cha
Y y=ax*+bx®+c
(2) c6 nghiém t; < 0 =t, hodc y=at*+bt+c
(1) cé ding t, =1, =0.
1 nghiém P=0
&
S<0
< 0 t = 0 23
Y y=ax*+bx®+c
= -2/t
t, <0<ty n= Vh »
| @ <o ngniem <0 h>0 %
(1) 6 ding 0<t, =t
2 nghiém
phan biét P <0
& A =0 y=at>+bt+c
S>0

L/
y=at>+bt+c y=ax*+bx?+c

(1) c6 ding (2) c6 2 nghiem 0 =t; < t,.

3 nghiém A>0

phan biét =s<{dp=0
x

S>0
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Sé nghiém - X
a (1) Dieu kién caa PT (2) Do thi minh hoa
cua
y=at>+bt+c y=axt+bx?+c

(1) c6 ding (2) c6 2 nghiegm 0 < t; < ts.

4 nghiém A>0 X,

phan biét S<P>0 X1 X2 21 X4 ty b

S>0

Bai toan: Tim didu kién dé dd thi ham s& y = az* + ba? + ¢ cit truc hoanh tai 4 diém phan biét c6

hoanh d6 1ap thanh cap sé cong.

Diéu kién can: Gia st phuong trinh ax* +bx% +c = 0 (1) c6 4 nghiém phan biét. D3t t = 22 (¢t > 0),

ta dugc phuong trinh at? + bt +c = 0 (2) c6 2 nghiém duong 0 < t; < t,.

Bbn nghigm cda (1) 1an lugt 13 —\/ty; —/t1; \/t1; /t2- DE 4 nghidm ndy 13p thanh cip sé cong thi

khodng cach giita chiing phai bang nhau:

VB~ (—VB) = Vs = /B = 8y/E =/l &ty = 9.
Theo dinh ly Vi-ét cho phuong trinh (2):

2

C
a

b b
th+ty=—— 10t = —— —b —b
Ny a :>t1:—=>9<m>

c c

thty = — 97 = -

12 = - 1=

Rat gon ta dugc didu kién rat gon: 9b? = 100ac. Gidi phuong trinh ndy ta tim dugc m.

Diéu kién da: Thir lai cac gia tri m vira tim dugc vao phuong trinh ban dau dé dam bao phuong

b
trinh thuc su c6 4 nghiém phan biét (b? — 4ac > 0, —— >0, LS 0).
a a

Tép tt ca cac gia tri clia tham s& m dé phuong trinh z* — 422 + 3+ m = 0 c6 4 nghiém phan

biét I3

®) (-1;3). (~3;1). © @9 @) (-3;0).
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[ Loaigiai
Tach: z* —422+34+m=0< —z*+ 422 -3 =m.

Xét ham sb Yy = —x* + 422 — 3, khi dé:

T =+V2

=0

y =—4x3+8z; ¢y =0 <

Suy ra yep = 1; yer = —3.

yA

Vay dé phuong trinh d3 cho c6 4 nghiém phan biét thi: =3 <m < 1= m € (=3;1).

Chon d8P 4N (B) .. oo O

Tap tit ca céc gi tri cla tham s& m dé phuong trinh 2* — 2ma? + (2m — 1) = 0 c6 4 nghiém

thuc phan biét Ia

®) <;;+oo> {1} (1; +00).
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@ (;;—l—oo). @ R.

[# Loigiai

Xét phuong trinh: 2* — 2ma? + (2m — 1) = 0.

Ditz?2 =t (t > 0).

Phuong trinh d3 cho trd thanh 2 —2mt + (2m —1) =0 ().

Dé phuong trinh ban dau cé bén nghiém thuc phan biét thi phuong trinh (%) cé hai nghiém
phan biét duong

A" >0 m? —2m+1>0 VYm # 1 1
m> - 1
S95>0 S 92m>0 Sim>0 < 2 haym€<§;+00)\{1}-
1 m=#1
P>0 2m—1>0 m> o
Chon dap an (A) . . . o 0

Biét dd thi ham s& y = (x — 1)(x + 1)(x? — 7) — m cSt truc hoanh tai 4 diém phan biét

c6 hoanh d6 13 2, 2,, 24,2, HOi c6 tit ca bao nhiéu gid tri nguyén ctia tham s& m dé
1 1 1 1

> 1.

(A) 9. ®) s. © 6. @) 7.

[# Loigiai
Tacby=(r—1)(x+1)(2?>-7)—m=a*—822+7—m.
z=0

M3t khac ta cé iy =423 — 162 =0 < [ . Ta c6 bang bién thién nhu sau:
T =42
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z —0o0 —2 0 2 400

Yy’ - 0 + 0 - 0 +

1NN

D& phuong trinh ¢6 4 nghiém phan biét thi —9 < m < 7. Vi ham s6 ch3n nén c6 2 c3p nghiém

déi xting. Gid st oy + x4 = 0 va x5 + 2, = 0.

Theo dé bai ta cé:

LS SRS SN S S 4 —2(x3 + x7) o1
l—z, 1+z l1—2y 14z 1-—22 1—22 11— (22+22)+aia?
4—2-8
= >1&0<m<12.
1-8+(7T—m) "
Két hop diéu kién suy ra 0 <m < 7 = m € {1;2;3;4;5;6}.
Chon dap an (C) ..o O

© bravee9.github.io/bravemath | Trang 225 /434


https://bravee9.github.io/bravemath/

Dinh nghia tiép tuyén

T y

Dao ham ciia ham sé y = f(z) tai diém z,

y = f(xo)(x = x0) + f(x0) /;

chinh 13 hé s6 géc cia tiép tuyén véi do thi
(O) tai diém M (z; f(x))-

) i A . f(xo)
Phuong trinh tiép tuyén cta do thi (C) tai tiep

diém M, c6 dang:

y = f(zo)(x — o) + f(x0).

=2\

O X0

tan(a) = f"(xo)

Cac dang viét phuong trinh tiép tuyén
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IFWRD Tiép tuyén tai diém thudc do thi

Bai toan cho trudc hoanh d6 x, ho3c tung do y,. Ta can tim day dd ba dai lugng: hoanh d6 tiép diém

Ty, tung do tiép diém y, = f(x,) va hé s6 géc k = f'(x,).

Viét phuong trinh tiép tuyén ctia ham s6 y = 2 — 3z + 1 tai diém c6 hoanh d6 z, = 1.

[ Loigiai

Tinh toa do tiép diém: y, = f(1) =13 —3-1+1 = —1. Vay tiép diém I3 M(1;—1).
Tinh dao ham: i/ = 322 — 3. Hé sb géc tiép tuyén tai M 1a: k=19/(1) =312 -3 =0.

Ap dung cdng thiic, phuong trinh tiép tuyén can tim 1a:

y=0-(z—1)+(-1)ey=—1.

YA

y=x>-3x+1

\ xO:1
1
-1 y=-1

(Day la mét tiép tuyén ndm ngang, song song véi truc hoanh).

<Y
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i8] Tiép tuyén khi biét hé s6 goc

Bai toan thudng yéu ciu tim tiép tuyén c6 hé sb
géc¢ k cho truéc (hodc théng qua dif kién tiép k= flxo) ¥=lok=x i)
tuyén song song hodc vudng géc véi mét dudng
thing).
— Néu tiép tuyén song song véi dudng thing f(xo)
y=ax+bth k=a.
— Né&u tiép tuyén vudng géc véi dudng thing
y = ax + b thi k:—l.
a
Ta giai phuong trinh f'(z,) = k dé tim hoanh

do tiép diém Ty, tir d6 viét phuong trinh tiép o

tuyén.

Viét phuong trinh tiép tuyén clia dd thi ham s6 y = 23 — 3x, biét tiép tuyén song song véi

dudng thing d : y = 9z + 1.

[ Loigiai

Vi tiép tuyén song song véi dudng thgng d:y =9z + 1 nén hé sb géc clia tiép tuyén 13 k = 9.

Ta ¢y = 322 — 3. Gia st x, |3 hoanh db tiép diém, ta giai phuong trinh 3/ (z,) = 9:

Ty =2
32 —3=9oa2=4s | °

- V6i 1y = 2 = y, = 22 — 3 -2 = 2. Phuong trinh tiép tuyén la:
y=9(r—2)+2<y=9zx—16.
- V6i 1y = —2 = 1y, = (—2)3 — 3(—2) = —2. Phuong trinh tiép tuyén la:

y=9r+2)—2<y=9zx+ 16.
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A

y:9x+16 y y:9x+1 |

|

|

|

|

|

x=-2 @) L
: x=2 jC
|
|
|
|
|
: y=x-3x
y=9x-16

Ca hai dudng thing nay déu khéng triing véi d. Vay c6 hai tiép tuyén théa man I3: y = 9z — 16
va y = 9z + 16.

NI Tiép tuyén di qua diém cho trudc

- Goi Mizy; f(z)) la tiép diém.
Phuong trinh tiép tuyén A tai M cé

v
dang:
y = f'(zo)(x — o) + f(20)

- Vi tiép tuyén A di qua diém A(a;b) f(xo)
Xo

cho trudc, thay toa d6 =z = a,y = b \

vao phuong trinh trén ta dugc:

b= f'(xg)(a—zy) + fzg).

y = f(xo)(x = xo) + f(xo)

— Giai phuong trinh nay dé tim x,. Cé bao nhiéu gia tri x, thi c6 biy nhiéu phuong trinh tiép tuyén

tuong Ung.
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Viét phuong trinh cac tiép tuyén chia parabol (P) : y = x2 di qua diém A(2;3).
# Loigiai
Nhan xét: A(2;3) khéng thudc (P) vi 22 =4 + 3.

Goi tiép diém 1a M (xq;23) € (P). Ta c6 y’ = 2x nén hé s6 géc tiép tuyén tai M 13 k = 2x,.
Phuong trinh tiép tuyén A tai M:

y = 2xy(x — xg) + x5 = 2xox — 2.

Vi A di qua A(2;3), thé z = 2,y = 3 vdo ta dugc:

2 2 &=
3=2x)-2—af S xj—4r,+3=0%

1‘0:3

- Véizy=1:Tiéptuybnlay=2-1-2— 12 y=2r—1.
- Véiz,=3:Tiéptuyénlay=2-3-2—-32 < y=6x—0.

Vay cé hai phuong trinh tiép tuyén théa man ld y =2z — 1 va y = 62 — 9.

Can phan biét rd ngit nghia: Diém A cho truéc khéng nhat thiét thubc db thi.

— Tiép tuyén tai A: A chic chin |2 tiép diém (n3m trén dd thi f(x) ma d& bai cho).
— Tiép tuyén di qua A: A c6 thé chi 13 mét diém n3m trén dudng thing tiép tuyén chir khéng
phai |3 tiép diém cta do thi f(z).

Sy tiép xiic cda hai dd thi ham sb
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Hai dd thi ham sb (Cy):y = f(x) va 7 (Ca):y =g(x)

(Cy): y = g(x) tiép xiic v6i nhau tai diém
cé hoanh d6 x khi va chi khi hé phuong

trinh sau cé nghiém z:

flwg) = g(zo) (1) (di€m chung)

f'(xg) = g'(xg) (2) (cling h& s6 géc) 0 X

Nghiém z, cta hé phuong trinh chinh I3

hoanh d§ cia tiép diém. flxo) = gxg)|- =\ M(xo; f(xo)
0r 0

Dudng thing di qua tiép diém d6 véi hé s6 géc k = f(xy) = ¢ (z,) dudc goi |3 tiép tuyén chung cha
hai do thi tai tiép diém.

Tim gia tri tham s6 m dé dd thj ham s6 y = 2 tiép xtic véi dudng thing y = 2z + m tai diém
[ Loigiai

Goi , |3 hoanh d6 tiép diém. Hai dd thi tiép xtic v6i nhau khi z, 1a nghiém clia hé phuong
trinh:

3 =2x5+m z3 =2xy+m (1)
A

(x3) = (229 + m)’ 2z = 2 (2)
Tu phuong trinh (2), ta ¢ 2, = 1. Thay vao phuong trinh (1):

1?=2-1+m=m=—1
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y=f(x)=x>
y=2x-1 (m=-1)

y=2x+m

=Y

Vay m = —1 13 gia tri can tim.
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Phan Il

CAC DANG TOAN VA CHUYEN DE
NANG CAO
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CAC PHEP BIEN DOI DO THI VA DO THI

CHUA GIA TRI TUYET DOI

Céc phép bién déi dd thi cd ban

Cho ham s6 y = f(z) x4c dinh va lién tuc trén tap D, cé dd thi 13 (C) nhu hinh minh hoa duéi day:

Yi (C):y = fx)

/N

Ta xét cac phép bién ddi dd thi co ban nhu sau:
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PN Phép tinh tién theo phuong thang dirng

Dinh nghia

Cho ham s6 y = f(x) c6 d6 thi (C) va sb thuc m # 0. D6 thi (C”) clia ham sb y = f(z) +m
duac suy ra tir @ thi (C') bing cach tinh tién doc theo truc tung (phuong thing dimg).

m >0 m <0

Tinh tién (C) 1én trén m don vi, ta dugc db thi méi | Tinh tién (C) xudng dudi |m| don vi, ta dugc db thi

(. méi (C).
y (©):y = f@)+m Y (©):y = f)
/| 7
Flxo) +m flxo)|----
/ X0
©):y = f(x) / X
Vd

f(x0)

I

fx) +m |-

C):y=f(x)+m

iIVRWA Phép tinh tién theo phuong ngang

Dinh nghia

Cho ham sb y = f(x) c6 dd thi (C) va s6 thuc m #+ 0. D6 thi (C’) cha ham sé y = f(z + m)
dugc suy ra tir d6 thi (C') bang céch tinh tién doc theo truc hoanh (phuong ngang). Cu thé nhu

Sau:
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Tinh tién (C) sang trai m don vi, ta dugc do thi méi Tinh tién (C) sang phai |m/| don vi, ta dugc dd thi
méi (C”).
y N
©):y=flx) (C):y = flx+m)

().
y

©):y = f)

(C):y = f(x+m)

IVRY Phép db6i xirng truc
5 (C) 1y = ()

Dinh nghia
Cho ham sé y = f(z) c6 db thi (C). D6 thi ca cAc ham s6 (C7) : y = —f(z) va (C') : y

dudc suy ra tir dd thi (C) théng qua phép dbi xitng truc. Cu thé nhu sau:

D6 thi ham s6 y = f(—xz)

Db thi (C”) dugc suy ra tir dd thi (C) bang cach lay

D6 thi ham s6 y = —f(x)
dbi xirng qua truc tung Oy.

M3i diém M (zq; f(z,)) € (C) bién thanh diém
M’ (=g f(z)) € (C7).

y

Db thi (C7) dugc suy ra tir dd thi (C) bang cach lay
dbi xitng qua truc hoanh Ozx.

M3i diém M (zo; f(z4)) € (C) bién thanh diém

M’ (z; —f(20)) € (C").
C)iy=-fx) ¥ : (C):y = f(-2)

I,f'(:o—) | M (~x0; f(-%0)

:' II 0 *

Xxo)
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Nhan xét: Lién hé véi lugng giac

Céc cong thic luong giac thudng gip ¢ thé dudc xem nhu két qua clia phép tinh tién dd thi.
Vi du:
) s
Sin (:13 + 5) =coszT
Diéu nay mang y nghia hinh hoc 13: dd thi ham s6 y = cosz c6 thé thu duoc bing cach tinh
tién db thi ham sb y = sin x sang trai mdt doan bang g don vi doc theo truc hoanh.

Y (©):y=sin(x)

Minh hoa: Tinh tién dé thi y = sinx sang trai g don vi thu dudc iy = cosx

S A / ™ . ~ > 5 Allg LS % . y
Tuong tu, tur cdng thic cos (l‘ — 5) = sinx, ta ciling rit ra dugc: do thi ham s6 y = sinx ¢é

thé thu ducc bing céch tinh tién dd thi ham sb y = cosz sang phai mdt doan bing g don vi.

IPEWY Phép co — din db thi theo phuong thiang dirng

Dinh nghia

Cho ham sé y = f(x) c6 dd thi (C) va hing sb duong k > 0. Db thi (C’) clia ham sby = k - f(x)
dugc suy ra tir dd thi (C') bing cach nhan tung d6 ctia moi diém thudc (C) véi k (trong khi giit

nguyén hoanh dé).
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kE>1

0<k<l1

D3n dd thi (C) ra xa truc hoanh Ox theo hé s6 k.
M3i diém M (z4; f(z,)) € (C) bién thanh
M’ (zg; kf(x)) € (C7).

y N =
(©):y = kf) Q=IO

Co d6 thi (C)) vé phia truc hoanh Oz theo hé sb k.
M3i diém M (xy; f(x,)) € (C) bién thanh
M’ (g3 kf(xy)) € (C7).

Y (C):y = kf(x)

flxo)p------mm e ‘

©:y=f0) [
kfeo) N/ ;

v X

IIO Xo

iIVRWY Phép co — din d6 thi theo phuong ngang

Dinh nghia

gilt nguyén tung do).

Cho ham s6 y = f(x) cé dd thi (C) va h3ng s6 duong m > 0. Db thi (C’) chia ham sy = f(ma)

dugc suy ra tir dd thi (C') bing cach chia hoanh d6 clia moi diém thuéc (C) cho m (trong khi

m > 1 O<m<1

Co db thi (C) vé phia truc tung Oy theo hé sb m.
M3i diém M (xy; f(x,)) € (C) bién thanh
/ @ 4
M (22 f(wy) ) € (C7):

N @ :iy=fomx) ©:y= f)

f(xo)

D3n d6 thj (C) ra xa truc tung Oy theo hé s6 1/m.
M3i diém M (xy; f(xo)) € (C) bién thanh
/ @ 4
M’ (22 f(wg) ) € (C").

Y ©):y = f(x)

/']
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— Trudng hop hé s6 am (vi du k < 0 hodc m < 0): Ta thuc hién iy dbi xiing d6 thi qua truc
toa dd tuong (ing (truc hoanh Oz dbi véi k va truc tung Oy dbi v6i m), sau dé tiép tuc

co/dan db thi véi hé sb 1a gia tri tuyét db6i (tuong (ng 13 |k| hoZc |m]).

IPBN) Tinh chin 1& va tinh ddi xitng ctGa d6 thi ham sb

Dinh nghia
v

Cho ham sb y = f(x) cé tap xac dinh D. Tap D dudc goi 1a mét tap ddi xiing néu théda min

diéu kién: v6i moi x € D thi —z € D. Khi dé:
— Ham s6 f dugc goi 13 ham s6 chin néu f(—z) = f(z) v6i moi = € D. V& mit hinh hoc, d
thi cia ham s6 ch3n ludn nhan truc tung Oy lam truc déi xiing.
— Ham s6 f dugc goi 1a ham sb 1€ néu f(—x) = —f(x) v6i moi x € D. V& m3t hinh hoc, d6

thi clia ham sb 1& ludn nhan gbc toa d6 O lam tam dbi xiing.

Chiing minh ham s6 ch3n

Xét ham sb y = f(z) = x2. Chitng minh rang f(z) |3 ham s6 ch3n.

[# Loigiai

Tap xac dinh clia ham s6 13 D = R. Ta thiy D |3 mét tap dbi xitng vi v6i moi x € D, ta ludn

c6 —x € D.

Mat khac, véi moi z € D, ta cé:
f(=z) = (—2)* = 2% = f(x)

V& m3t hinh hoc, dd thi clia ham s& ch3n nhan truc tung Oy lam truc dbi xing.
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“ (€):y =7

(—x0; f(=x0)): ' (x0; f(x0))

s

Diéu nay chitng t6 rang (ing véi mdi gia tri = bat ky thudc tap xac dinh, gia tri cia ham sb tai

x va tai —2 lubn bang nhau. Do d6, ham s6 y = 22 13 mot ham s6 ch3n. (DPCM)

Xét ham s6 y = f(z) = sinz. Chirng minh r3ng f(x) 13 ham sb 18,
[ Loigiai
Tap xac dinh clia ham s6 13 D = R. Ta thay D |3 mét tap dbi xitng vi v6i moi = € D, ta ludn

c6 —x € D.

Mat khac, véi moi z € D, ta cé:

f(—=z) =sin(—x) = —sinz = — f(x)

Vé m3t hinh hoc, d6 thi clia ham sb 1& nhan gbc toa d6 O lam tam dbi xiing.

©) bravee9.github.io/bravemath | Trang 240 /434


https://bravee9.github.io/bravemath/

Chuong 12. CAC PHEP BIEN DOI DO THI VA DO THI CHUA GIA TRl TUYET DOI

(—xo; — f(=x0))

Diéu nay chitng té rang (ing véi mbi gia tri = bat ky thudc tap xac dinh, gia tri cia ham sb tai

x va tai —z ludn d6i nhau. Do d6, ham s6 y = sinz 1a mét ham s6 1&. (DPCM)
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Db thj ham sb chira diu gia tri tuyét dbi

D6 thi ham sé y = |f(7)] D6 thi ham sé y = f(|z|)

Dinh nghia co ban:
Dinh nghia co ban:

f(x) néuxz>0

f(—z) néuxz<0

{f(x) néu f(z) >0 y = f(lz]) = {

. R Quy tac vé tir do thi (C):
Quy tac vé tir do thi (O): N R
A N — Giit nguyén phan do thi (C) ndm bén phai truc
— Gilt nguyén phan do thi (C) n3m phia trén truc ) A
. tung Oy (Ung v8i mién = > 0).
hoanh Oz (ing v6i mién f(x) > 0). - . R
o N . — Lay doi xiing phan do thi vira gilt qua truc tung
— L&y doi xing qua truc hoanh phan d6 thi (C') nam . .
N Oy (vi ham s6 y = f(]x|) 1a ham s6 chan).
phia duéi truc hoanh (ing véi mién f(z) < 0). R o
N ) — Xéa bd phan do thi (C') ban dau nam bén tréi truc
— Xba bd phan do6 thi nam dudi truc hoanh. ,
tung (néu cd).

C):y=

! QI y ©):y = fx)

@) ~ X /O\V -

y 7

(C):y = |f@) y (C):y = f(IxI)
| f(x0)]
f(xo) * p
= - f(xo)

f(lxol) = f(=x0)
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Db thi ham s6 y = |f(|z|)|

1. V& d6 thi (C,) cha ham sb y; = f(|z|).
— Giif nguyén phan dd thi (C) ndm bén phai truc tung Oy ((mg véi = > 0).
— L3y d6i xtrng phan db thi vira giif qua truc tung Oy.
— Xbéa bd phan dd thi (C) ndm bén trai truc tung (néu cd).
2. V& d6 thi (Cy) ctha ham s6 y, = |y| = |f(|z])].
— Giit nguyén phan do thi (C;) ndm phia trén truc hoanh Oz (ting véi y, > 0).
— L3y ddi xirng qua truc hoanh Oz phan db thi (C;) ndm phia dudi truc hoanh.

— Xéa bd phan dd thi (C,) n3m phia dusi truc hoanh.

Y (C1):y1 = f(Ix)) Y (C2):ya = If(IxD)

‘
L4
N~ | O NS X NP 0O s’ x
!
! (C1):y1 = f(Ix))
©:y=f@ 7 l
1. V& do thi (Cq) ctia ham s6 y1 = f(|x]). 2. V& do thi (Cy) ctia ham s6 ¥ = |y1| = | f(1x])].

VIR Do thi tinh tién két hgp lay tri tuyét doi
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D6 thi ham sé y = f(|z| +m)

1. Tinh tién truéc: Tinh tién db thi (C) sang trai (néu m > 0) hodc sang phdi (néu m < 0) mét doan bang

|m| don vi, ta thu dugc dd thi (C}) :y = f(z +m).
2. Lay dbi xting sau: Tir @b thi (C;), gilt nguyén phan d thi ndm bén phai truc tung Oy, rdi lay dbi xting phan

dd thi d6 qua truc Oy, ta thu dugc d6 thi (Cy) : y = f(|z| +m).
Y} (C):y = flx+m) @)y = fxl+m)
1
! (©:y=f
]
P S l’
¢ \\ ", ",
I' ), AY ll "
; “-"’ L]
H O * H \./\./ %
I 1
1 ]
H HCq):y = f(x+m)
" 1
2. Lay ddi xitng qua truc Oy

1. Tinh tién sang ngang m don vi

D6 thi ham sé y = f(|z +m|)

1. Liy d6i xtmg truéc: Tu dd thi (C), gilt nguyén phan db thi n3m bén phai truc tung Oy, rdi lay dbi xiing

phan d6 thi d6 qua truc Oy, ta thu dugc dd thi (C3) : y = f(|z|).
2. Tinh tién sau: Tinh tién d6 thi (C3) sang trai (néu m > 0) hodc sang phai (néu m < 0) mét doan bang |m|
don vi, ta thu dugc dd thi (C,) : y = f(|x + m]).
Y (C1):y = f(Ix) (Ca):y = f(lx+ml) Y (Cl)i}/:f(w)
‘l "
1 1
\ I
1 1
' i ]
‘\ I" ~~\ ;
©):y=f(x) ' \ ~ H
\ y) . U
l' j ‘\ r/ \\ "l
',' N’ Vs’ e Tvas? X
N [ NS x
f
]
1. Lay déi xing qua truc Oy 2. Tinh tién sang ngang m don vi
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i3 Giadi quyét bai toan dang y = |u(z)| - v(x)

Cho db thi (C) : y = u(x) - v(x). D& vé dd thi (C") : y = |u(x)| - v(x), ta bién ddi dua vao diu cia

Ta céb:
u(x) - v(x), khi u(x) >0
y= lut@) - vla) = | 0 =
—u(x) - v(x), khiu(z) <0

/ y=u) o) |

<Y

TUr d6, quy tic vé (C’) tir (C) gdm hai phan:
— Phan 1: Giit nguyén phan db thi (C) trén cac khodng ma u(x) > 0.

— Phan 2: Liy dbi xiing phan dd thi (C) trén cac khodng ma u(x) < 0 qua truc hoanh Ox. Chii y

x6a bd phan dd thi cii ctia (C) trén cic khoang nay.

YA ’
y = |ux)] - v(x)
LN
7 (Y
! )
I \‘
]
‘
' "
! ' O | X
X1 X5 X

y = —u(x) o(x)
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Tinh don diéu cGia ham sb chira diu gia tri tuyét dbi

Nhan xét: Cong thirc dao ham ham tri tuyét déi

Trong nhiéu trudng hop, dé xét tinh don diéu ctia ham sb y = |f(z)| mét cach nhanh chéng, ta

c6 thé ap dung truc tiép céng thitc tinh dao ham (véi didu kién f(z) # 0):

Y = f'(x) - f(z)

£ ()]

Ban chit clia céng thiic ndy xuit phat tir viéc bién déi | f(x)| = v/ f2(z). Viéc ndm viing cong

thirc s& gitp ting tdc d6 xir ly cic bai toan.

pwn ™ fiéu kign tham sb @8 ham s dang da thirc ddng bidn,
" nghich bién trén tap D cho truéc

Tinh don diéu cta y = |f(x)| trén [a, b]
Xét f(x) lién tuc trén [a; b].

— y = |f(x)| dong bién trén [a; b] khi x3y ra mdt trong hai trudng hop:
1. f(x) dong bién trén [a; b] va f(a) > 0 (tlic f(x) > 0 trén [a; b]).
2. f(z) nghich bién trén [a; b] va f(a) <0 (tlc f(x) <0 trén [a; b]).

- y = | f(x)| nghich bién trén [a; b] khi x3y ra m&t trong hai trudng hop:
1. f(z) nghich bién trén [a; b] va f(b) > 0 (tic f(z) > 0 trén [a; b]).

2. f(z) dong bién trén [a; b] va f(b) <0 (thc f(z) <0 trén [a; b]).
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vk 7\
(5] M
If)l = f(x)

y=1fl

=Y

-
L O x
@) a
f(0)
F()>0,fa) >0 VYx € [a,b]] () <0, fa) <0 VYx € [a,b]]
Trudng hop 1: Dé | f(x)| dong bién trén [a, b] thi ta xét didu kién nhu 2 nhanh trén.
vk s
f(ll) : ]/ =~ |f(x)|
: .
f®) N !
f(b)
-
@) X
f@}

£/(x) <0, f(b) >0 Vx € [a,b]|

£/(x) >0, f(b) <0 Vx € [a, b]|

Trudng hop 2: D& |f(z)| nghich bién trén [a,b] thi ta xét didu kién nhu 2 nhanh trén.

C6 bao nhiéu gi4 tri nguyén ctia tham s6 m dé ham sb y = |z° — 522 + 5(m — 1)z — 8| nghich

bién trén khoang (—oo;1)?

(@A) 2. ®) o. ©« O

[ Loigiai
Xét ham sé f(z) = 2° — 522 + 5(m — 1)z — 8.

TH1: f(z) = 0 c6 nghiém z, € (—oo;1) thi ham s6 y = |f(x)| khéng thé nghich bién trén
khodng (—o0;1).

TH2: f(x) = 0 khong cé nghiém z, € (—o0;1).
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Ta cé: f/(x) = 5az* — 10z + 5(m — 1).

Khi d6 y = |25 — 502 + 5(m — 1) — 8| = |f(@)] = v/F2(@) nén y = L& @),

f2(x)
Ham sb nghich bién trén (—oo; 1) khi va chi khi ¥’ < 0 véi Vo € (—oo;1)
f(@)- f(z) <0 flz) <0
, Vo € (—o0;1) & , Vo € (—oo;1)
flz) #0 f(x) 20
(i lim_f(z) = —o0)
f(z) =52* —10x +5(m — 1) > 0, Vo € (—o0; 1)
<~
f1)=5m—17<0
m > —z*4+2r4+1, Vo € (—oo; 1)
<~
17
m< —
5
m > max (—z* +2z+1) = > +1
o T (oo 22
17
m< —
5
K 3 11< < 17 mez 3
m<— —m=
2v2 T 5
Chon dap an (D). ..o O
Tim tit cd cac gia tri cla m dé ham s6 y = |2* + 22% + ma + 2| ddng bién trén khoang

(—1;400)?

A)m=>1. ® meo. ©Qo<m<1.  ([@m<o.

@ Loigiai
Dit f(z) = 2* + 223 + mz + 2 = f/(z) = 42 + 622 + m.

Ta 6 ham sb y = |2 + 223 + ma + 2| = | f(2)].
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Vi lim f(z) = +00 nén ham sb ddng bién trén (—1;+00) khi va chi khi:

T—+00

f/(x) >0, Vo € (—1;+00) 423 + 622 +m >0, Vo € (—1;4+00)
<~

f(=1)>0 1—-m>0

m > —4x3 — 622, Vo € (—1; +0o0)

&
m<1
m > max (—4x% — 62?) m >0
o (=1;+00) N S0<m<1.
m<1 m<1
Chon dap an (C). ... O

Tim diéu kién tham s6 dé ham s6 dang phan thirc hitu ti

dong bién, nghich bién trén tap D cho truéc

r—2m+1
r+m

®%<m§1. mE[—l;l]\{;}.
@—1§m<é. @%<m§1.

Tim m dé ham sb y = ‘ ‘ dong bién trén (1;+00)

[ Loigiai
-2 1 N
bit f(x) = % Dieu kién: x # —m.
3m —1
Khi d6 f'(z) = ———.
d6 f'(w) (x+m)?
D& ham s ddng bién trén (1;+00) < ¢ = W >0, Vo € (1;+00)
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Trudng hop 1 (1):

3Im—1>0
f(x) >0, Vx € (1;+00) 1
< m<1 ©g<m<l
f(1)=0 2—2m
>0
1+m
Truong hop 2 (11):
3m—1<0
f'(x) <0, Va € (1;400)
S<-m<1 < m e (.
f(1)<0 2—2m
<0
1+m
o1
Vay§<m§1.
Chon dap an (A) . . . O

Tim tit ca cac gia tri thuc clia m sao cho ham sb y = ‘

A) m < 1. ® m>1. ©-1<m<t (D) -1<m<l

TT?‘ ddng bién trén khoang (1; +0o0)

[# Loigiai

BKXD: z # —1.
T+m 1—m
Pt flx) = T = £ =

Ham sb ddng bién trén (1;4+00) néu y’ > 0, VY € (1;4+00)

& f(z)- f(x) >0, Vo € (1;+00)
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THI1:
f'(z) >0, Vo € (1;+00) 1-m>0 m<1
< 14m = s —-1<m<1.
f(1)>0 5 >0 m>—1
TH2:
f'(x) <0, Vo € (1;400) 1-m<0 m > 1
91 4m o < me .
f(1) <0 5 <0 m< —1

Vay m € [—1;1) la gia tri can tim.
Chon dap an (D). ..o O

Tim diéu kién tham s6 dé ham sb6 chira can dong bién, nghich

12.3.3

bién trén tap D cho truéc

Cho ham s6 f(x) = ‘\/952 +2r+2—x+ m‘ trong d6 m 13 tham s thuc. S 13 tip hop tit
ca cac gia tri nguyén cla m trén doan [—2019;2019] dé ham s& f(x) ddng bién trén khoang

(—1;400). S6 phan tir clia tap S 12

(A) 2018, 2017. (©) 2019. (D) 4039.

[# Loigiai

Xét ham sb g(z) = Va2 + 22 + 2 — x + m trén khodng (—1; +o0).

1 1—Vz2+2 2
Tach, g/(a) = = 1 =ZF VI XEFT v s 1
V2 4+ 2z +2 V2 + 2z +2

(Dox+1—vVa?24+2z+2=(x+1)—+/(z+1)2+1<0, Ve > —1)

Vay ham s g(z) nghich bién trén khoang (—1; +o0).
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Suy ra, ham s6 f(z) = |g(x)| dong bién trén khodng (—1; +0o0)

< g(x) <0,V >-—-1 (1)
Do ham s6 g(z) lién tuc trén [—1;+00) va nghich bién trén khodng (—1; +00) nén ham sb g(z)
nghich bién trén [—1; 400).

Viy (1) & max g(z) <0< g(—1)=m+2<0<m< -2,

[~13+00)
Két hop diéu kién, ta c6 S = {—2019; —2018;...; —2}, nén suy ra dap an 1a A (c6 2018 phan
thr).
Chon dap an (A) ... o O

C6 bao nhiéu gia tri nguyén 4m ctia tham s& m dé ham s6 y = ’3\/ 22+ 1+x+ m‘ ddng bién
trén khoang (1; +00)?

(A) 5. 6. ©u« (D) ve ss.

[ Loigiai

3x

Xét ham sb f(z) =3Va2+1+z+m= f'(z) = NS +1.
T
Trén khoang (1;+o00) = f'(z) > 0.
Bang bién thién:
z 1 400
f'(x) +
400
f(a) /
3V2+1+m
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Nhan thdy: ham sb y = |f(z)| dong bién trén khodng (1;+00)

S3V2414+m>0em> —3vV2 1.

meZ
Lai do =m € {—5;—4;—-3;—2; —1}.

m <0
Vay cé 5 gia tri clia m thda man yéu cau bai toan.

Chon dap an (A) .. O

Tim diéu kién tham s6 dé ham sb ludng giac dong bién,

nghich bién trén tap D cho truéc

Cho ham s6 y = |sin3 r —msinzx + 1|. Goi S 1 tap hop tat ca cac s6 tu nhién m sao cho ham

s& dong bién trén khodng (0; g) Tinh s6 phan ti cia S

O ®) 2. © 3. D) o.

[ Loigiai

s

Trén khodng (O; g) ham s6 y = sinx déng bién. D3t t = sinx, x € (O; ) =te (0;1).

[\)

Khi d6 ham s6 y = |sin3x—msin:r;+1| dong bién trén khodng (O;g) khi va chi khi
y = g(t) = |[t> — mt + 1| dong bién trén (0;1).

Xét ham s6 y = f(t) = t3 —mt + 1 trén khoang (0;1) cé f'(t) = 3t> —m.

+) Khim =0: f/(t) =3t >0, Vt € (0;1) = y = f(t) = t3 + 1 dong bién trén (0;1) va db thi
ham sb y = f(t) =t + 1 ludn duong trén (0;1) vi f(0) =1 > 0.

=y =g(t) = [t3 — mt + 1| dong bién trén (0;1) = m = 0 théa man.

+) Khi m > 0: /() = 0 c6 2 nghiém phan biét ¢, = —, /%, ty = ,/%.
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Ham sb y = f(t) dong bién trén cac khoang (—oo; —\/?) va (, / %; —i—oo).
THI: —\/?<0<1/T;L<1<:>O<m<3.

N A . R A 2 m \ X R A~ 2 m
Ham s6 y = f(¢) nghich bién trén khoang (0; \ /3) va dong bién trén khoang (1 / 3 1)_

= Khéng thdéa min diéu kién don diéu trén toan (0;1).

St3—mt+1<0,Vte (0;1) & mt>t3+1, vVt e (0;1)
5 1
Sm>t —i—g,VtE(O;l)
. 2 1 A ~ X . .7 . N ? 2 ~
Do thr(r)1+ t —|—¥ = +00, nén khdng ton tai gia tri nao cia m thdéa man.
—

Vay S = {0}, do d6 tap S c6 1 phan td.

Chon dap an (A) .. o O

. . . N . T
Céc gia tri cia tham s6 m dé ham s6 y = | sinx — cos x + m| dong bién trén khoang (_Z; 5)

la

®m>\/§. m2\/§. ©m>1. @mzl.

[ Lai giai
Xét ham sb f(x) = sinz — cosx +m = V2sin <:1:— %) +m.

Suy ra f'(z) = V2 cos <x — %)
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Khi dé y = |sinz — cosz +m| = |f(z)| = W Nén y = M

f2(x)
Ham s6 y = | sinx — cosx + m/| ddng bién trén khodng (—%; g) Sy >0,Vre <—g; g)
fl@)- f(z)>0
(@) (=) , Vo € (—Z,g) (1).
f(x) #0
L. T T T T T T
le—Z<x<§:>—§<x—z<Z:>COS<{E—1>>0,V[E€<—Z,2>
= f'(x) >0, Vo € (—Z; g) :
A LT
Nén (1) < f(z) > 0, Va € (——,2>
<:>f<——)>0<:>\f2-(—1)+m20<:>m2\/§.
Chon dap an (B) . ... O

Tim diéu kién tham s6 dé ham s6 mii déng bién, nghich bién

12.3.5
trén tap D cho trudc

Cé bao nhiéu gia tri nguyén duong clia m dé ham s6 y = 9% + 3° —m + 1| dong bién trén

doan [0; 1]

O ®) 4. ©s. D).

[# Loigiai

Pt 3* =t =1t € [1;3] viz € [0;1].

:>y:|t2—|—t—m+1|:\/(t2+t—m—|—1)2
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2. (2 +t—m+1) - (+t—m+1)
2[4+t —m+ 1]

/

=y =

D& ham s6 dong bién trén doan t € [1; 3] thi:

2+ 1) (2 +t— 1
y= HEVEFE=mAD) ey
[t2 4+t —m + 1]

V6i moi gia tri clia t € [1;3] thi 2t + 1 > 0 nén dé ' > 0, Vt € [1; 3] thi:
+t—m+1>0,Vte[;3]=m—1<t2+t=g(t), vVt €[1;3]
:>m—1§1[nir]19(t):2:>m§3.
1;3

Vay cé 3 gia tri nguyén duong {1;2;3} théa min yéu cau bai toan.

Chon dap an (C). ..o O

C6 bao nhiéu gia tri m nguyén ducng va nhd hon 2020 dé ham sb y = |4atj —m -2 fom 42

ddng bién trén khoadng (0;1)?

(A) 2018. 2019. ©2 (D) 3.

[ Loigiai

Xét ham sb f(z) = 4% —m - 2°"1 +m +2 (1) trén khoang (0;1).

Dit t =22, t € (1;2).

Ham s (1) tr& thanh h(t) = t* — 2mt + m + 2 trén khodng (1;2). Suy ra h/(t) = 2t — 2m.

Ta c6 y = |f(x)| ddng bién trén khodng (0;1)

dong bién trén (0;1)

(%)
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Vi ham s ¢t = 2% dong bién trén (0;1). Do d6, (x)

h(t) dong bién trén (1;2) 2t —2m >0, Vt € (1;2)
3—m >0 3—m >0
A <~
h(t) nghich bién trén (1;2) 2t —2m <0, Vt € (1;2)
| 13—m <0 | (3—m <0
m<1
m <3 m<1
= <~
m > 2 >3
i m >3

Vay c6 2018 sb nguyén duong nhé hon 2020 (gobm m = 1 va 3 < m < 2019) thda man yéu cau

bai toan.
Chon dap an (A) ... o O
Tim diéu kién tham s6 dé ham sb logarit dong bién, nghich

12.3.6 .
bién trén tap D cho trudc

Cé bao nhiéu gid tri nguyén thubéc khodng (—100;100) cla tham s& m dé ham sb6

y = |In3z — 4z2 + m| ddng bién trén doan [1;€%]?

(A) 101. 102. (©) 103. (D) 100.

[ Loigiai
Y= |1n3x — 422 + m|. Diéu kién: z > 0.
Xét ham s6 g(z) = In 3z — 422 + m trén doan [1;¢?].

1 1 —8a2°
ég/(:n):;—&v: <

<0, Vx € [1;€%] = g(z) nghich bién trén [1;¢?].
T
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xr 1 62
g () -
In3—4+m
e T

In3—4e*+2+m
|

= ham sé y = |g(x)| = |In 3z — 42% 4+ m| dong bién trén doan [1;¢?]
h3—4+m<0<em<4—In3.
Ma m nguyén thudc khodng (—100;100) nén m € {—99;—98;...; —1;0; 1;2}.

Vay c6 102 gia tri m nguyén théa min yéu cau bai toan.

Chon d4p A0 (B) ..o O

Cé bao nhiéu s6 nguyén m < 2020 dé ham s6 y = | In(ma) — = + 2| nghich bién trén (1;4)?

(A) 2018. 2019. © (D) vé sb.

[# Loigiai
Xét f(x) =In(mz) —z + 2.
Dé thdy Vz € (1;4) : ma > 0 < m > 0.

Khi dé:
1
f(z)= - 1<0, Vz e (1;4).

Do d6 f(z) ludn nghich bién trén (1;4).

Yéu cau bai toan tuong duong véi:

e2

f(4)ZO<:>ln(4m)—220<:>mZZ%1,84.
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Vay m € [2;2019] c6 2018 sb nguyén thda man.

Chon dap an (A) .. o O

Cuc tri cha ham s6 chira dau tri tuyét doi

VBN Cuc tri ham tri tuyét d6i y = |f(x)]

S6 diém cuc tri cla ham s6 y = |f(z)]
bing téng sb diém cuc tri cé san cla ham
s6 y = f(z) (ki hiéu I3 a) va s giao diém
cit xuyén qua truc hoanh, tuong (ing Vvéi
cac nghiém don hodc nghiém bdi 1é cla
phuong trinh f(z) = 0 (ki hiéu la §).

Tu d6 ta c6 cong thirc: S = a + S.

VW3 Cuc tri ham tri tuyét d6i y = f(|z|)

S6 diém cuc tri cta ham s& y = f(|z|) Y

b3ng hai 13n s6 diém cuc tri c6 hoanh d6 ©):y = f(x), (©):y = f(Ix)
duong cta ham s6 y = f(z) ban dau (ki “‘

higu 13 p) va cong thém 1. @ \ ®

®

Coéng thirc: S =2p + 1.

® @ ® @
0 X

Gia tri "1"chinh 13 diém cuc tri dugc sinh ra tai truc tung (khi z = 0). Tuy nhién, gia tri nay chi dugc

cong thém khi dong thdi théa man hai diéu kién:
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— 0 thudc tap xac dinh D ctia ham s& f(z) (tirc 13 diém z = 0 tdn tai trén db thi).

— Tai lan can = = 0, ham s f(x) khong phai 13 ham h3ng (néu f(z) 13 h3ng sb trén mot khodng

chtra 0, thi y = f(|z|) cling 1 ham h3ng trén khoang d6, do d6 khdng cé cuc tri tai x = 0).
IVH %Y Cac dang toan chira tham sb

D& tim s6 diém cuc tri clia dd thi ham s6 y = | f(x)], ta cé:

(Ap dung dinh nghia). y = /f2(2) = ¢ = 2]20%) = f(x?ff(/ai:)p)

flz)=0 (1)
f@)=0 (2)

y =0=
S6 nghiém cta (1) chinh |2 s& giao diém cta dd thi y = f(x) va truc hoanh y = 0. Con sb nghiém

ctia (2) 12 sb cuc tri cia ham s6 y = f(x), dua vao dd thi suy ra (2). Vay téng s6 nghiém boi Ié cia

(1) va (2) chinh la sb cuc tri can tim.
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Cau 1. Cho ham s6 y = f(z) c6 bang bién thién nhu sau:

x —00 —2 4 +00
Yy’ + 0 - 0 +
6 +o00
Y /
—00 2

Ham s6 y = f(Jx — 3|) ¢6 bao nhiéu diém cye tri?

@) 5. ®) 6. ©s. 1

[ Loigiai

y=f(lx—3]) (1). Patt=|x —3],¢ > 0. Thi (1) trd thanh: y = f(¢) (¢t > 0)

Cot= /w832t — L3
(z—3)?
Co6 y, =t f'(t)
z=3
t, =0 t=—2L)=z€l
yo=0t,.fH)=0& | ° & L)
ft)=0 x="7
t=4=

x —00 -1 3 7 +00

Yy’ - 0 + - 0 +
+00 Cb +oo
CT CT

Duya vao BBT thi ham s6 y = f(|z — 3|) ¢6 3 cuc tri.

Chon d&p A1 () ..o O

Cau 2. Tim s6 cic gid tri nguyén ctia tham s6 m dé d6 thi ham s6
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Y= |:U4 —2ma® +2m? +m — 12| cb bay diém cuc tri.

@1 ®) 4. ©o. ) 2.

[ Loigiai
D6 thi ham s6 y = |x4 —2ma? +2m? +m — 12| c6 bay diém cuec tri khi va chi khi dd thi ham s6
y = z*—2ma?4+2m2+m—12 cat truc hoanh tai bén diém phan biét < z*—2ma?+2m2+m—12 =0

¢6 bén nghiém phan biét khi va chi khi

m? —(2m?+m—12) >0 —4<m<3

-1+ V97
&> —<m

2m > 0 < 4m>0 <3

—1—+/97 —1++/97
Vot . +/97

2m? —12>0
m°+m m < 1 m 1

Vay khong c6 gia tri nguyén ciia tham sé m dé do thi ham sb y = |:1:4 —2ma? +2m? +m — 12

c6 bay diém cuc tri.

Chon dAp A1 () ..o\ O
Cau 3. C6 bao nhiéu gia tri nguyén ctia tham sé m dé ham sb y = |3x4 — 423 — 1222 + m?| ¢

ding 5 diém cuc tri?

@) 5. ®) . © 6. ) 4.

@ Loi giai
Xét ham s6 f(z) = 3ot — 423 — 1222 + m?; f/(z) = 1223 — 1222 — 242
f(x) =0z, =0;25 = —1;25 = 2. Suy ra, ham s6 y = f(x) c6 3 diém cuc tri.

= Ham sb y = |3x4 — 423 — 1222 + m2| ¢6 5 diém cuc tri khi do thi ham s6 y = f(z) cat truc

hoanh tai 2 diém phan biét < 3z — 423 — 1222 + m? = 0 ¢6 2 nghiém phan biét.
Phuong trinh 3z — 423 — 1222 + m? = 0 & —32% + 423 + 1222 = m?  (1).
Xét ham s6 g(z) = —32* + 423 + 122%; ¢/(z) = —1223 + 1222 + 242.

Bang bién thién:
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x —0o0 —1 0 2 400
g (x) + 0 - 0 + 0 -
5 32

g(a) / \ / \

—00 0 —00
\ i m? <0
Phuong trinh (1) ¢6 2 nghiém phan biét < < V5 < |m| < V32
5<m?® < 32

Vay m € {3;4;5; —3; —4; —5}.

Chon dAP A1 (C) ..ottt e O
Cau 4. C6 bao nhiéu gié tri nguyén duong ctia tham s6 m dé ham sb y = |3x4 —4x3 — 1222 + m|

c6 5 diém cuec tri.

@) 16. 44, (©) 2. ®) 2.

[ Loi giai
bat: g(z) = 32* — 423 — 1222 +m

r=2=y=m—32
Tacé: ¢'(x) =122 — 1222 — 242 =0 | z=—1=y=m—5

r=0=>y=m

T —00 —1 0 1 400
g’ (x) - 0 + 0 - 0 +
9(x) \ / \ /
m—>5 m — 32
Dya vao béang bién thién, ham s6 c¢6 y = |g(x)] 6 5 diém cuc tri
m <0
m < 0
< m—52>0 =
5<m <32
m—32<0
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Vi m 1a s6 nguyén duong cho nén cé 26 sb m thoéa dé bai.

Chon dap an @ ............................................................................. [l

Cau 5. Tap hop céc gid tri ciia m dé ham sd y = |3a:4 — 423 — 1222 + m — 1| c6 7 diém cuc tri la:

@) (0;6). (6:33). ©) (1;33). ®) (1:6).

[ Loigiai
Xét ham s6 f(z) = 3zt — 423 — 1222 + m — 1,

Cé lim f(x) =400, lim f(x)= 400

T——00 r—+00

f(x) = 1223 — 1222 — 242 = 122(2? — x — 2)

=0
fllx)y=0& | z=—-1
=2

Bang bién thién:

x —00 —1 0 2 +00
f'(x) - 0 + 0 - 0 +
+00 m—1 +o00
fo) \ / \ /
m—6 m— 33

Tit bang bién thién, ta c6 ham s6 y = |f(x)| c6 7 diém cuc tri < d6 thi ham sb y = f(x) cit Oz
tai 4 diém phan biét & m —-6<0<m—1<1<m <6.

Chon dAp A1 (D) ... oe et e O
Cau 6. Cho ham s6 y = f(x) = 2® — (2m — 1)2? 4+ (2 — m)z + 2. Tim tat ca céc gid tri ctia tham

s6 m dé ham s6 y = f(|z]) c6 5 diém cuc tri.

@Z<mg2. —2<m<g. @—Z<m<2. @Z<m<2.

[ Loigiai
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Ta cé: y =322 —2(2m — )z +2—m

Ham s6 y = f(|z]) ¢6 5 diém cyc tri khi chi khi ham s6 f(x) cé hai cuyc tri duong.

A>0 (2m—1)2-32—-m)>0 4m? —m—5>0
_ 5
<9S5S>0 < 2(Qm?)l)>0 & m>% ©Z<m<2
2_
P>0 3m>0 m < 2
Chon dAP A1 (D) ...t O

Cau 7. Cho ham s6 y = f(z) c¢6 dao ham f'(x) = (23 — 22?)(23 — 22) v6i moi z € R. Ham s6

y = |f(1 —2021x)| c6 nhidu nhit bao nhiéu diém cuc tri?

@) o. 2018, (©) 2022. ®©) 1.

@ Loi giai
Ta c¢6 f/(x) = 23(x — 2)(2% — 2) = 0 c6 4 nghiém va ddi ddu 4 lan nén ham sé y = f(x) cb 4 cuc

tri. Suy ra f(x) = 0 c6 t6i da 5 nghiém phéan biét.
Do d6 y = |f(1 — 2021z)| c6 t6i da 9 cuc tri.

Chon dap 40 (A) ... ..o O
Cau 8.

Hinh vé bén 1a do thi ctia ham s6
y=f(=z)
Goi S 1a tap hop céc gia tri nguyén

=Y

duong ctia tham s6 m dé ham sb

y = |f(x — 1) + m| ¢6 5 diém cuc

tri. Tong gid tri tat cd céc phan ti

ctia S bang

@) o. 12. ©) 1. ®) 15.

[ Loi giai

Nhén xét: S6 diém cuc tri va sb giao diém véi truc Oz cta (C) : y = f(z) bang v6i d6 thi
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(C):y = flz—1).

Vim > 0 nén d6 thi (C”) :y = f(x — 1) + m c¢6 dugc bang cach tinh tién (C’) : y = f(z — 1) 1én

trén m don vi.

Sau khi ldy tri tuyét doi thi ta sé dudc ham s6 ma dau bai yéu cau véi 4 trudng hop ng véi mdi

m:

Y
g y = 1f(c=1)+m| y = 1f(c=1)+m|
0<m<§
2
O ," x 5
\ ; e’
\ " 2
Jy=fle=1)+m y 1
- e} X
5 5
TH1:0<m<§ TH2:mz§
Y
Y 15
y=If(x-1)+m] X
y=If(x-1)+m]|
§<m<6
2
o C va @) X
5
TH3:§<m<6 TH4: m > 6

5 s . .
THI: 0 <m < 5 D6 thi ham so ¢6 7 diém cuc tri. Loai.

TH2: m = —. D thi ham s6 c¢6 5 diém cuc tri. Nhan.

N[ Ot

5 R . .
THS3: 3 < m < 6. Do thi ham s6 ¢6 5 diém cuyc tri. Nhan.
TH4: m > 6. D6 thi ham s6 c¢6 3 diém cuec tri. Loai.

)
Vay 2 <m < 6.DomeZ" nénm e {3;4;5}.

Vay tong gid tri tit ci cdc phan ti cia S bing 3+4 + 5 = 12.
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Chon dap AN (B) - ..o vttt O
Cau 9. C6 bao nhiéu gia tri nguyén ctia tham s6 m dé ham s6 y = ‘3:1:4 + 423 — 1222 + % b7

diém cuec tri?

@) 3. ®) o. © 6. o

[ Loigiai

2
Ta c6y = ‘33:4 + 423 — 1222 + %| = \/(3304 + 43 — 1222 + %)

(122 + 1222 — 24z) (3;134 tda® 1222 + @)

2
2
\/(3:}64 4+ 423 — 1222 + %)

/

=y =

1223 + 1222 — 242 =0 (1)
"=0&

=9y =
3x4+4x3—12x2+%:0 (2)

x=0

x=—-2

Vay dé ham sb c¢6 7 diém cuec tri thi (2) phéi c6 bén nghiém phan biét khac {0;1; —2}.

z=0
Xét ham s6 f(x) = ?mt:‘l—i-4aﬂ3—129L“2—i——772z = fl(z)=1203+122° 242 = f'(2) =0& | z=1
T =2

Bang bién thién:

x —00 —2 0 1 +0o0
f/($> - 0 + 0 - 0 +
400 m 400
f(x) N PN e
m m
—32+ 5 —5+ 5
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Dé (2) c¢6 4 nghiém phan biét thi f(z) cit truc hoanh tai 4 diém phan biét

m
-5+ —<0 m < 10
&9 2 N <0< m<10.

Vay c6 9 gid tri nguyén ciia tham sb m dé ham s6 y = [32* + 42> — 1222 + —‘ c6 7 diém cuc tri.

Chon dAp A1 (B) « ..ottt e 0
Cau 10. C6 bao nhiéu gia tri nguyén ciia tham sé m dé ham sé y = |x3 — 322+ m| c6 5 diém cuc

tri?

@) 5. ®) 3. © 6. ) 4.

[ Loi giai

Ham s6 y = |:1:3 — 322 + m| c6 5 diém cue tri < dd thi ham s6 y = 2% — 322 + m ¢6 hai diém cuc
tri v nam vé hai phia ciia truc hoanh < phuong trinh 2 — 322 4+ m = 0 (1) ¢6 ba nghiém phan

biét.

Xét bbt clia ham sb y = 2% — 322 ¢/ = 322 — 62 =0 <

=2
Bang bién thién:
z —00 0 2 +00
Yy’ + 0 J 0 +
0 +00
y \ /
—00 —4

Tu d6 ta duge (1) ¢6 ba nghiém phén biét < —4 < —m < 0 < 0 < m < 4. Vay c6 3 gid tri nguyén

ctia m thdéa man.

Chon dap 41 (B) . ..ottt O

Cau 11. C6 bao nhiéu gia tri nguyén ctia tham sé m dé ham sd y = |3x5 — 2523 + 60z + m| 67

diém cuec tri?

@) 42. 21. (©) 40. D) 20.
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[ Loi giai
y = 325 — 2523 + 60z +m
=y = 152* — 7522 + 60

T=-2=y=m—16
22 =1 r=—-1=y=m-—38
22 =4 r=1=y=m+ 38
r=2=y=m+ 16

Bang bién thién:

z —0o0 —2 —1 1 2 +00
Yy’ + 0 — 0 + 0 — 0 +
m — 16 m + 38
/NN /
m — 38 m + 16

Suy ra y = |3:c5 — 2523 + 60z + m| c6 7 diém cuec tri

{m—38<0<m—16 [16<m<38 [me{l?;...;?)?}
& REN =

m+16 <0< m+ 38 —38 <m < —16 m € {=37;...;—17}

C6 tat ca 42 gia tri nguyén ctia m.

Chon dap an @ ............................................................................. O
Cau 12. Cho ham s6 y = f(z) c6 bang bién thién nhu hinh vé

x —00 1 2 +00
f(x) + 0 - 0 +
11 +00
| N
—0o0 4

Do thi ham sé y = | f(z) — 2m| ¢6 5 diém cyc tri va chi khi
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@) m e (4:11). m€<2;121>. © m=3 @m€[2;121].

[ Loi giai

Tt BBT ciia ham s6 y = f(z) ta c6 bang bién thién ctia ham s6 y = f(x) — 2m nhu sau

D6 thi ham s6 y = | f(z) — 2m| gom hai phan:
— Phan db thi ctia ham sé y = f(x) — 2m nam phia trén truc hoanh.

— Phan dbi xtmg v6i dd thi ciia ham s6 y = f(x) — 2m nam phia dudi truc hoanh qua truc Oz.

content...
Do d6, do thi ham s6 y = |f(z) — 2m| c6 5 diém cuc tri khi va chi khi

(4—2m)(11 —2m) <0< m € (2121>

Chon dAp 41 (B) .. oot O

GTLN va GTNN ctia ham s chita diu trj tuyét déi

IVENE Quy tac tim GTLN va GTNN cia |f(z)|

Cho ham s6 y = f(x) lién tuc trén D. D3t A = max flz)vaa= ml%n f(x).

© bravee9.github.io/bravemath | Trang 270 / 434


https://bravee9.github.io/bravemath/

Chuang 12. CAC PHEP BIEN DOI DO THI VA DO THI CHUA GIA TRI TUYET DOI

Cac trudng hop Do thi minh hoa

YA
A = max|f(x)]

TH1: a >0 (f(z) >0, Vz € D)

max |f|=A, min|f]=a

a = min| f(x)|

©)
<Y

la] = max|f(x)|

TH2: A<0 (f(z) <0, Vax € D)

|A| = min| f(x)|
max |f| = |al, min|f|=]A] L) E
5 X
maxf(X) 777777777777777 ’ >
04
&
i T o e
K st Y f&)
l"
L min f(x)

TH3: a <0 < A (f ddi ddu trén D)

max|f| = max{4, |al}, min|f| = 0
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Cho ham s6 f(x) lién tuc trén D, dit A = max f(z), a= mDinf(:r) (suy ra A > a). Khi dé
max |f(z) +m| = g(m) = max{|A + m|, |a + m|}.

D& thi clia g(m) 1a dudng bao trén cla hai d6 thi y = |A + m| va y = |a + m|. Hai d6 thi nay
—a
. Do d6

s o 2R p 5 A a A
cat nhau tai diém c6 hoanh d6 my = — va tung dé g(m,) =

nrlrllnmgx\f(x) +m| = 5

YA
|m + al |m + Al

Gi4 tri 16n nhat ctia ham s6 dat
nhé nhét so véi cac gia tri 16n
nhét khac véi m tuong ing

|
b
=y

VR Y Ham sé chira diu gia tri tuyét déi y = |f(x) + m|
Luu y: Moi bai todn Max/Min theo m déu dua trén ding thiic

mgx|f(x) +m| = max {|A + m|, |a + m|}.

Phuong phap vé va phac hoa db thi:
1. Tim A = max f(z) va a = min f(x).
D D
2. Trén hé truc Omy, vé y = |m + A| va y = |m + al.

3. Ham max |3 dudng phia trén, ham min 13 dudng phia dudi. Diing tuong giao véi y = k dé bién

ludn m.
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Tim m dé I[na)](|$3 — 3z +m| =11
0;3

[# Loigiai
Dit f(z) =23 -3z = f'(z) =3(x —1)(z+1). Trén [0;3], f'(z) =0= 2 = 1.
F0)=0, f(1)=—2, f(3) =18 nén A =18, a = —2,
Yéu cau trd thanh max{|m + 18|, |m — 2|} = 11.
Céch 1:
— THL: [m—2| = 11 va |m + 18] < 11 = m = —9 (thod m3n).

py

max|x® - 3x + (-9)| = 11
[0; 3]

11}
y = |f(x) +m|

w e
<Y

1

O

— TH2: |/m 4 18| = 11 va |m — 2| < 11 = m = —7 (thod man).

py

max|x® = 3x + (=7)] = 11
[0; 3]

y = |f(x)+m]

x
Vay m € {—9; —T7}.
Cach 2: Sir dung phuong phap vé do thi
V& y = |m+ 18] vd y = |m — 2|. Dudng phia trén (ham max) cdt y = 11 tai m = —9 va

m = —T1.
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.

lm - 2| lm+ 18| Yi

Tong hop cac bai toan bién luan gia tri 16n nhat, nhé nhat

12.5.3 .
theo tham so

Dang toan Diéu kién dai s6 D6 thi minh hoa
|m +al |m+ A|
' / y=k
Dang 1: \/
max |f +m| =k N Ak ml =k la+m| <k .
(k> 0) ja+m| =k, [A+m| <k
\‘/' | . "Q-I"
-A MMy O mi -a m
Y
|m +al [m+ Al

| '
Dang 2: N |

max |f +m| <k S|A+m|<kvala+m| <k
(k> 0)
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Dang 3:

|m +al

|m+ Al

\/// y=k
< max(f +m) > k ho3c
max |f +m| >k D D
min(f +m) < —k . .
(k>0) D NS
-A my Olm 4 m
N O
m < my m 2 m
y
|m +al [m+ Al
Gia tri 1on nhit clia ham s6 dat
nhé nhit so véi cac gia tri lon
Dan 4: ﬂm m dé A —a nhat khic vi 1 tuong ing
ang = max{|A +m|, |a+ m|} > ‘
max |f + m| dat gia tri i ATa
nhd nhit Dau “=" xdy ra tai m = < 9
RN : o
-A _A+ta (0] —a m
2
v y -
Dang 5: .
' & | f(x)+m| >k, Vo € D va ton Im + Al “J I+ al
min|f +m| =k ] o s y=k /
tai xy € D sao cho |f(zy) + m| =k . ‘
(k > 0) \ /
my -A O —a m; m
- y -
Dang 6: < Bat phuadng trinh i+ Al -+ al
min|f +m| <k —k < f(x) + m < k cb nghiém trén o ‘ y=k /
(k> 0) D \ /
My -A @] —-a m; m
my < m < my
Y
-
m +al
A .
Dang 7: N
< min(f +m) > k hodc <)
min|f +m| >k D y=k
max(f +m) < —k ‘ —— ‘
(k> 0) D \ /
my; A (@] -a m
m < My my <m
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IPIWY Cac vi du cu thé

Cau 1. Biét rang gid tri 16n nhat ctia ham s6 y = |22 4 22 4+ m — 4] trén doan [—2;1] dat gid tri

nhé nhéat, gid tri cia tham s6 m bang

@1 ®)s. © s D 5.

[ Loigiai

bat f(z) = 2% + 2z — 4.

Taco: f/(z) =22+2; f(x) =0 x=—1¢c(—2;1).

Tinh cac gia tri: f(—2) = —4; f(—1) = =5; f(1) = —1.

Suy ra trén doan [—2;1], ta ¢c6 A = max f(x) = —1 va a = min f(z) = —5.

Ap dung 1y thuyét Dang 4 (Tim m dé max |f + m| dat GTNN):

A—a —1—(-5)

Y T p @l T e
Ya

y=Im-1]|
\ly = Im-5|
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<
[l
Y
N
+
N
=
+
I
|
anl
S
I
Il
W

=Y

) 0 1

Gi4 tri 16n nhat nay dat gid tri nhoé nhat bang 2 khi va chi khi:
A -1+ (—
m=— ta _ _ﬁ 3.
2 2
Vay m = 3 1a gid tri can tim.
Chon dap 41 (B) . ..ot O

Cau 2. Goi S la tdp hop cic gid tri ctia tham s6 m dé gid tri 16n nhat ctia ham s
2 —max +2m| N ; . PR, N
y =|———————| trén doan [—1;1] bang 3. Tinh tong tat c& cdc phan tit cia S.
x_

@ _g 5. © g ® -1

[ Loigiai

. ) 2 — -2 2
Ta bien do6i lai ham so: y = z”—mi@ >‘ S m’
x—2 Tz —2
) 2
Xét ham so f(z) = trén doan [—1;1].
2_4 z=0¢e|-1;1
Tacb f/(x) = ———: f/(z) =0 < =11
(x—2) r=4¢[-1;1]
. L 1
Tinh céc gia tri: f(—1) = —3 f(0)=0; f(1) = —1.
Suy ra trén doan [—1;1], ta ¢c6 A = max f(x) =0 vd @ = min f(z) = —1.
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Ap dung Iy thuyét Dang 1 (max |f(z) + m| = k), yéu cau bai toan trd thanh:
[max] |f(x) —m| = max{|0 —m|,| — 1 —m]|} = 3 < max{|m|,|m + 1|} = 3.
—1;1

i

Truong hop 1:

m=3
Im| =
Im+1] <3
—4<m<2
Truong hop 2:
m =
Im+1| =3
Im| <3
—3<m<3

Vay S = {—3;2}. Téng cac phan tit ciia S 1a —34+2 = —1.

Chon dap an @

............................................................................. O
Cau 3. Cho ham s6 y = |x3 —2?—x —i—m‘ v6i m € Z. C6 tat ca bao nhiéu sb nguyén m dé
miny < 37

[1;3]

@) 21. 22. © 4 ®) 20.

[ Loi giai

Xét ham s6 f(z) = 23 — 2% — z trén doan [1;3].
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r=1€](1;3]

Tacd f/(r) =322 —2r—1=0% 1 .
r=—3¢ [1; 3]

Tinh céc gia tri: f(1) = —1; f(3) = 15.
Suy ra trén doan [1; 3], ta ¢c6 A = max f(x) = 15 va a = min f(x) = —1.

Ap dung 1y thuyét Dang 6 (min |f(z) + m| < k), yéu cau bai toan tuong ducng véi viée khoang
gia tri ctia ham s6 f(z) + m phai giao véi khodng (—3;3).

Téap gid tri cia f(x) + m trén doan [1;3] 1a [a +m; A +m] = [m — 1;m + 15].

Dé doan [m — 1;m + 15] giao v6i khodng (—3;3), ta can:

m—1<3 m <4
= < —18 < m < 4.

m+15> =3 m > —18

-18<m<4 (meZ)

Vim € Z nén m € {—17;—16;...;3}.
Vay c6 3 — (—17) + 1 = 21 s6 nguyén m théa man.

Chon dAP A1 (A) ... O
Cau 4. Cho S 1a tap hop tat ca céc gia tri thuc ciia tham sb m sao cho gid tri 16n nhat clia ham

sy = |—:B4 + 222 + m| + 1 trén doan [0;2] bang 6. Téng tit ci cic phan tit ciia S bang

@ . 17. © -s. ® .
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[ Loi giai
Yéu cau bai todn < I[na>]< |—x4 + 222 + m| =>5.
0;2

Xét ham sb f(z) = —x* + 222 trén doan [0; 2].

z=0¢€0;2]
Taco f(z) =—4a+40 =04 | z=1€[0;2]
r=—1¢ 02

Tinh cac gia tri: f(0) =0; f(1) =1; f(2) = —8.
Suy ra trén doan [0;2], ta ¢6 A = max f(z) =1 va a = min f(z) = —8.

Ap dung Iy thuyét Dang 1 (max |f(z) + m| = k), ta cb:

maxe|f(x) + m| = max([L+ m|.| 8-+ m[} =5,

Ban hdy thit vé so do clia 2 do thi trén zudng dudi nhé!

Trudng hop 1:

m =
Im+1] =5
&= =_—6 =>m=4
m—8| <5
3<m<13
Truong hop 2:
m =13
lm—8|=5
& m=3 =m =
lm+1/ <5
—-6<m<H4

Vay S = {3;4}. Tong céc phan tit ctia S 14 3 +4 = 7.

Chon dAD A1 (A) ... O
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Tudng giao chira diu gia tri tuyét doi

Cau 1. Cho db thi ctia ham s6 y = 23 — 622 4+ 92 — 2 nhu hinh vé.

y = fx)

<Y

Khi @6 phuong trinh |x3 — 622 + 9z — 2| = m (m 1a tham s6) c¢6 6 nghiém phan biét khi va chi
khi

2<m<2  ([B)o<m<2 ©o<m<2 D 2<m<2

[ Loi giai

Do thi ham s6 y = |2% —62? + 92 — 2| ¢6 duge bang cdch bién doi do thi (C) ctia ham sb

y=a%—6x%+ 9z —2:
— Giit nguyén phan d6 thi (C) nim trén truc hoanh.
— LAy db6i xting phan do thi ciia (C') nam dudi truc hoanh qua truc hoanh.

— X6a phan do thi con lai ctia (C') phia dudi truc hoanh.
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y=m

=Y

O 1 2 3

S6 nghiém ctia phuong trinh |x3—6m2 +9x—2| = m la sb giao diém citia d6 thi ham sb

Yy = |a:3 — 622 + 97 — 2‘ v dudng thing y = m.
Dua vao do thi, dé phuong trinh c6 6 nghi¢ém phéan biét thi diéu kién can va di1la 0 < m < 2.

Chon dap an @ ............................................................................. O
Cau 2. C6 bao nhiéu sé nguyén m dé phuong trinh 22(|z| —3) 42 —m?2(|m| —3) = 0 c6 4 nghi¢m

phan biét.

@) 3. ®) 12. ©r=" ®) 5.

[ Loi giai
Ta ¢6 22(|z] —3) + 2 —m?(|m| —3) =0 & |z]> = 3|z + 2 = |m|> — 3|m|* (%)

Xét ham s6: y = f(z) = |z|> — 3|z|> + 2 ¢6 d6 thi nhu hinh vé:
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Tt d6 thi ctia ham s6 ta c6: Phuong trinh (%) c6 4 nghiém phéan biét

& —2< |m]?—3m|? <2
Ma m € Z suy ra |m|3 — 3|m|? € Z & m?(|m| — 3) € Z do d6 m?(|m| — 3) € {—1;0;1} tut day ta
co

m =43

m =20

Chon dAD A1 (A) ..o O
Cau 3. Tim tat ci cic gid tri ctia tham s6 m dé phuong trinh |a;4 —5x% + 4‘ = m c¢6 8 nghiém

phan biét.

@_79<m<4. _Tg<m<0. ©%<m<4. @O<m<%

[ Loi giai
Xéthamy =2% 522 +4 =19 =42 — 102 =0 & 5

Ta c6 bang bién thién:
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" o 5 0 )

1 (z) - 0 + 0 - 0 +

too 4 +00
/@) S . / \ . e
i i

Ta c6 bang bién thién ham y = |z* — 522 + 4|:

x —00 —2 _ /8 —1 0 1 o 2 +00
2 2
f'(z) -0 + 0 — 0 + 0 — 0 + 0 — 0 +
+00 9 4 9 +0oo
4 4
w NN NSNS
0 0 0 0

Vay phuong trinh c¢6 8 nghiém < dudng y = m cat do thi ham sb y = |:U4 —5z% + 4| tai 8 diém

phén biét < 0 <

Chon dap an @

m < —.

4
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Tinh don diéu cda ham hgp

1. Nhac lai dao ham ctia ham s6 hgp

T

Néu ham sb6 u = u(z) cé dao ham theo bién z va ham s6 y = f(u) c6 dao ham theo bién u thi

ham s6 hop y = f(u(z)) cé dao ham theo bién x Ia:

Céng thirc ndy cho thiy su bién thién clia g(x) phu thudc dong thdi vao dao ham cda ham trung gian
u’(z) va dao ham cla ham sb f xét tai u.

2. Su bién thién ctia ham sé hop

Khi xét ham hop g(z) = f(u(z)), ta c6 chudi bién ddi:

inh st dung ham f
:Utm—u>u:u(x)—>y:f(u)

Trong ham sé y = f(x), bién doc 1ap = bién thién truc tiép. Ddi v6i ham hop y = f(u(x)), khi x thay
ddi, gia tri u thay d6i theo quy ludt clia ham s6 u(zx), din dén chiéu bién thién clia y = f(u) ciing

thay ddi theo.
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Cho ham sé y = f(z) cé dao ham f/(z) = z2(x —9)(x — 4)%. Khi d6 ham s6 y = f(z?) nghich

bién trén khoang nio dudi day?

@ (3;+00). (—3;0). @ (—o00;—3). @ (—2;2).

[ Loigiai

Ta céd

y = [f (22)] = (22) 2% (22 = 9) (22 — 1) = 225(2 — 3) (2 + 3) (2 — 2)(w + 2)2.

Choy’ =0« 2 = —3 hodc x = —2 hodc z = 0 hodc x = 2 hodc z = 3.

Ta c6 bang xét dau cia 7'

Dua vao bang xét dau, ham sé y = f (z?) nghich bién trén (—oo; —3) va (0;3).

Chon dap an (C). ..o O
Cho ham s6 y = f(x) xac dinh va lién tuc trén R Y
c6 d thi ham f/(x) nhu hinh v& bén. Héi ham s& y=f®

y = f (22 — 1) nghich bién trén khodng nao sau day?

(®) (-1;0). (0:1). (©) (—o030). (D) (0: +o0).
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[ Loaigiai

Tacdy =2z f' (2% —1).

x < T =-—2
Dua vao d6 thi f'(x), ta thay f'(z) =0 < . Do dé:
z=0
z=0 z=0
/ =0
Y =0& | 22—1=-2 < | 22 =—1 (v6 nghiém) <
r=+1
22 —1=0 2 =1
Ta c6 bang bién thién:
T —00 —1 0 1 +00
Y - 0 + 0 - 0 +

NSNS

Dua vao bang bién thién, ham s y = f (? — 1) nghich bién trén cic khodng (—oo; —1) va

(0;1).

Chon d4p AN (B) ..o O

Cho ham sb y = f(z) c6 dao ham f'(x) = 2*(z + 2) (2? + mx + 5) v&i moi z € R. Sb gia tri
nguyén am cla m dé ham sb g(x) = f (22 + x — 2) dong bién trén khoang (1;+o0) I3

(@A) 3. 4 ©s. D).
[ Loigiai

Tacd g (z) =2z +1)- f (22 +2—2).

Dé ham sb g(x) dong bién trén khoang (1;400) thi ¢'(z) > 0, Va € (1;+00).
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Nhan thiy véi moi x € (1;+00), ta c6 22+ 1 > 0 va 22+ — 2 > 0. Khi d6, bit phuong trinh
tuong duong véi: f/ (22 + 2 —2) >0, Yz € (1;+00).

Ditt = 22 +2 —2, v6i € (1;400) thi t € (0;400). Bai toan tré thanh tim m dé
f(t) =0, vVt € (0;+00)

S 2 (t+2) (12 +mt+5) >0, Vi € (0; +00).
Vit >0 nén t3(t+2) > 0. Do dé diéu kién tuong duong véi:

)
t*+mi+520, Vi€ (0;+00) & m 2 —t — -, Vt € (0;+00).
A 3 % 1 A 5 5 X “ ”
Ap dung bat dang thirc AM-GM (Cauchy), ta c6 ¢t + n > 25 = —t — n < —2v/5. Dau “=
xay ra khi t = v/5.

5
Suy ram > max (—t — 7> = —2V5 ~ —447.
t€(0;4+00) t

Vi m 12 sb nguyén 4m nén m € {—4; —3; —2; —1}. Vy cb 4 gid tri théa man.

Chon dap an (B) ... O

Cho ham s6 y = f(x) cé bang xét diu clia dao ham nhu sau:

x —00 —1 0 3 +00

f(z) - 0 + 0 - 0 +

B4t phuong trinh f(z) < € + m ding véi moi & € (—1;1) khi va chi khi

@A) m=r0)-2 ®m>f-1)—c ©m>f0)-1. @ m=f(-1)—ec

[ Loigiai
Tacod f(z) < e +m, Ve e (—1;1) & m> f(z)—e*, Vo e (—1;1). (1)
Xét ham sb g(x) = f(z) — e trén khoang (—1;1).

Tacé ¢'(z) = f/(x) — 2z - e D& thdy ¢’(0) = f/(0)—0=0=2 =0 € (—1;1) 13 mét
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nghiém cda ¢'(z) = 0.
Dong thdi:

— V6i Vo € (—1;0): 2 < 0 = —2z - €* > 0. K& hop v&i f/(z) > 0 (tir bang xét diu), ta

suy ra ¢’'(x) > 0.

— V6i Vo e (0;1): 2> 0= —22- e < 0. Ké& hop v6i f/(z) < 0 (do (0;1) C (0;3)), ta suy
ra g (z) <0.

Ta c6 bang bién thién cta ham s6 g(z) trén (—1;1):

x -1 0 1
g (x) + 0 3
f0)—1
f§—1> —e f(1) —e

Dua vao bang bién thién, ta thiy (max) g(x) =¢g(0) = f(0) —1.
—1;1

Do d6, bat phuong trinh (1) ding v6i moi = € (—1;1) < m > max g(z) < m > f(0) — 1.

Chon dap an (C). ..o O

Cho ham s6 y = f(z). Ham s6 y = f/(z) c6 bang bién thién nhu sau:

x —o0 -3 0 3 +00

4 3 3
1 1
BAt phuong trinh f(x) < 3e**2 4+ m c6 nghiém = € (—2;2) khi va chi khi

R) m > f(-2) - 3. ®) m > f(2) - 3¢".
(© m > f(2) - 3¢*. @) m > f(-2) 3.
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[ Loaigiai

BAt phuong trinh d3 cho tuong duong véi:

m > f(z) —3e**2,  cb nghiém z € (—2;2). (1)

Xét ham sb h(z) = f(z) — 3e®*? trén khodng (—2;2). Ta cé h/(z) = f/(x) — 3e®T2.
— Dua vao bang bién thién ctia f/(z), v6i x € (—2;2) C (—3;3), ta thdy f/(z) < 3.
— M3t khac, 7 € (—2:2) = 7+ 2 € (0;4) = 3¢7+2 > 3¢0 = 3.

Do dé, h'(z) = f'(x) —3e""2 < 3—-3 =0, Vz € (—2;2). Suy ra ham sb h(z) ludn nghich bién
trén khoang (—2;2).

Tap gia tri cla h(z) trén (—2;2) 1a khodng (h(2); h(—2)) = (f(2) — 3e*; f(—2) — 3).
Do ham sé h(z) ludn nghich bién va lién tuc trén khoang (—2;2), nén ta cé:
h(z) > 111121 h(z) = h(2), Ve (-2;2).
T—2"

Tap gia tri cda h(x) trén khoang nay la (h(2); h(—2)).

D& bat phuong trinh h(z) < m cé it nhat mdt nghiém = € (—2;2), gia tri m chi can 16n hon

gidi han duéi cia tap gia tri:

m > h(2) & m > f(2) — 3et.

Chon dap a0 (B) . ..o O
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Cho ham sb f(z). Ham sb y = f’(x) c6 db thi nhu hinh bén. Ham s6 g(z) = f(1—22)+ 2> —x

nghich bién trén khoang nao dudi day?

% y=f(x)

=Y

[ Loigiai

Tacdg(x) = f(1—2z)+2>—2= ¢ (v) =—-2f (1 —22) + 22 — 1.
i i 1-2
Ham s nghich bién ¢ g'(x) < 0 ¢ [/(1—22) > —~— <

Xét su tuong giao clia d6 thi ham sé y = f/(t) va y = —3

% y=f(@

DN | o+

Duya vao db thi ta c6 f/'(t) > —
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Khi d6 ta tra lai bién z:

1 3
—2<1-2x<0 5 <T< g
J(r) <0< o | 2 3 2
1—2x>14 r << ——.
2
Chon dap an (A) .. o O

Cuc tri cia ham hogp

Cho ham s f(z) c6 dao ham f/(z) = (z + 1)*(2® — 4x). Cé bao nhiéu gi4 tri nguyén duong

clia tham s6 m dé ham sb g(x) = f (222 — 122 + m) c6 ding 5 diém cuc tri?

(@A) 1. 17. © 1. @) 1.

[# Loigiai

x = —1 (nghiém kép)
Tacd f'(x)=0< | 2=0
z=4.

Dao ham ¢/(z) = (4o — 12) f’ (222 — 12z + m).

x=3
g(@)=0& | 222 - 1224+ m=0<222—122 = -—m (1)
202 — 12z +m=4<222—12r=4—m (2).

(Bé qua phuong trinh 222 — 122 4+ m = —1 do chi sinh ra cac nghiém bdi ch3n, khéng tao cuc

tri).

Xét ham s6 h(z) = 222 — 12z, c6 dd thi 13 mét parabol bé 16m huéng lén, dat cuc tiéu tai diém

(3; —18).
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Dé g(z) c6 ding 5 diém cuc tri thi cac phuong trinh (1) va (2) phai sinh ra 4 nghiém phan biét
khéac 3. Didu nay tuong duong véi viéc hai dudng thing y = —m va y = 4 — m phai cSt dd thi
h(z) tai 4 diém phan biét.

Nhén thiy dudng thing y = 4 — m ludn n3m phia trén dudng thing y = —m. Do dé, ta chi

can dudng thing thap hon n3m trén dinh cuc tiéu cta Parabol:
—m > —18 & m < 18.

Vi m 13 sb nguyén duong nén m € {1;2;3;...;17}. VAy c6 17 gia tri théa man.

Chon dap an (B) ... O

Cho ham s6 y = f(z) c6 diing ba diém cuc tri 13 —2; —1;0 va cé dao ham lién tuc trén R. Khi

d6 ham sb g(z) = f(x? — 2x) c6 bao nhiéu diém cuc tri?

(A) 6. ®) 4. ©s. D) 3.

[ Loigiai
Vi f(z) c6 ba diém cuc tri 13 —2; —1;0 nén f’(z) = 0 c6 ba nghiém boi lé 1a z = —2, z = —1

vax =0.

Dao ham ¢'(z) = (22 — 2) - f'(2? — 2x).

rz=1
20 —2=0
V& nghiém x =1 (nghiém bdi ba)
) 22— 2 = —2
g (z) =0« &S | (#—=12=0 < | z=0 (nghiém don)
22— 22 =—1
x=0 x = 2 (nghiém don).
22 —2x =0
=2

Nhan thiy z = 1 13 nghiém boi ba (dugc gbp tir mdt nghiém don va mét nghiém kép), do dé
g’ (x) vin ddi diu khi di qua 2 = 1. Cac nghiém z = 0 vd x = 2 13 cac nghiém don nén ¢’ (z)

ciing ddi dau.

Vay phuong trinh ¢/(z) = 0 c6 3 nghiém bdi 18, suy ra ham s6 c6 3 diém cuc tri.
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Chon dap an (D). ..o O

Cho ham sb bac ba y = f(x) c6 dd thi nhu 7\ Y= ()
hinh v& bén. Goi S |13 tap hop tit cd cac

giad tri nguyén clia tham s m dé ham sb

g(x) = f((x—1)2+m) c6 3 diém cuc tri.

Téng cac phan ti cla S 13

(®) 2. 4. ©s. (D) 10.

[# Loigiai
Dua vao db thi, ham sb f(x) dat cuc tri tai z = —1 va o = 3.

Ta c6 dao ham: ¢'(z) =2(z —1) - f/ ((x —1)> + m).

r=1 z=1 (nghiém don)
J@)=0&| z—124+m=—-1 & | (z—12=—-1—m (1)
(x—1)24+m= (x—1)2%2=3-m (2)

Nhan thdy 3—m > —1 —m. D& ham s6 g(z) c6 ding 3 diém cuc tri thi phuong trinh ¢/(z) = 0

phai cé ding 3 nghiém baoi Ié.

Do x = 1 d3 Ia mot nghiém don, nén hai phuong trinh (1) va (2) chi dugc phép sinh ra thém 2
nghiém phan biét khac 1. Diéu nay xdy ra khi va chi khi phuong trinh (2) c6 hai nghiém phan
biét, dong thdi phuong trinh (1) v6 nghiém hodc c6 nghiém kép x = 1 (nghiém kép khéng lam
di dau):

3—m>0
&S —-1<m<3.

—1—-m<0

Vim € Z nén m € {—1;0;1;2}. Tdng cac phan tir cta S la: —14+0+1+2=2.

Chon dap an (A) ..o o O
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K Gia tri 16n nhat - Gia tri nhé nhat cha ham hop

Cho ham sb y = f(x) c6 dao ham cAp hai trén R. Bang bién thién clia ham sé y = f/(z) nhu

Sau.
T -1 1 3
1 (x) + 0 -
3
() / \
1 2

: 2 1
Tim m dé bat phuong trinh m + 22 < f(z) + §x3 nghiém ding v6i moi = € (0;3).

(B) m < £(0). m<f(1)—§. (© m < f(0). (@) m < £3).

[ Loigiai

1 1 1
Tacom+22 < flz)+ §x3 < m < f(x)+ gx?’ — 22 Xét ham h(z) = f(z) + gx?’ — 22 trén
(0;3). C6 W/ (z) = f'(x) + 2% — 2. Dua vao bang bién thién, ta c6 1 < f’'(z) < 3, Va € (0;3).

Khao sat ham s6 y = 22 — 22 ta cé bang bién thién:

T 0 1 3
y’ - 0 +
0 3
—1

T bang bién thién ta c6 —1 < 22—2x < 3véimoi z € (0;3). Suyra b/ (z) = f/(z)+x*—2x > 0
v6i moi z € (0;3). Ciing tir bang bién thién ta c6 ham sb6 y = f(z) c6 dao ham tai x = 0, lién

;) 1 <
tuc trén [0;3). Do d6 ham s6 h(x) = f(z)+ §x3 — 22 ciing lién tuc trén [0; 3). Bang bién thién:
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T 0 3
h'(x) +
h(3)
h(x) /
h(0)

Phuong trinh d& cho nghiém ding véi moi z € (0;3) < m < h(0) < m < f(0). Vay m < f(0).

Chon dap an (C) ... . O

Cho ham sb f(x) = cos? 2z + 2(sinz + cosx)® — 3sin2x + m. S6 cac gia tri m nguyén dé

f?(x) <36, Vr la

(A o. ®) 3. © OP

[# Loigiai

Ta c6 cos? 2z + 2(sin z + cos )3 — 3sin 2z +m = 1 —sin® 2z + 2(sin z + cos x)® — 3sin 2z + m.
Datt =sinx +cosz, t € [—\/5; \/5] = t? — 1 = sin 2z.

Khi d6, ta dugc 1 — (12 —1)2 +2t> —3(t* — 1)+ m=1— (> = 1)(t* + 2) + 2> + m.

Xét h(t) =1+42t3 — (2 —1)(#2 +2) = —t* + 2t3 — 2 + 3.

Ta cb f%(z) < 36, Vo < |h(t) + m| <6 < ( B &

0

Taco W(t)=—4t> +6t> =2t = h'(t) =0& | t=1
1

2

Ta c6 bang bién thién:
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t V2 0 % 1 V2
h'(t) + 0 — 0 + 0 -
3 3
h(t) / \ 47 / \
—3— 42 16 —3+ 4\(5

max h(t)<6—m

<6—m /. - 3<6—m
Khi dé = o JrElVE A
h(t) > —6—m min _ h(t) > —6—m —3—4V2>—6-—m
te[-v2;v2]

< 4v/2 — 3 < m < 3. 56 gia tri m nguyén théa man 13 1.

Chon dap an (C). ... O

Cho y = f(z) = |22 — 5z + 4| + mx. Goi S 13 tap hop tat ca cac gia tri nguyén clia m sao cho

gia tri nhé nhit ca ham sé f(z) 16n hon 1. Tinh s6 cac phan tir cla tap hop S.

(A) s. ® 7. ©e. D) 5.

[ Loigiai

Ham sb f(z) cé tap xac dinh 2 = R.

Ta cé mi[gf(m) >1s f(z)>1, Ve e R
e

Vi f(0) =4 > 1 nén

1— |2? — 5z + 4]

m>ma(>)< , Ve >0
2 x> X
|z Sr+4|+mx>1, Ve #0< ' 1_|$2_5m+4| (%)
m < min , Vo < 0.

<0 T

3 .
Xét ham sb g(x) = = 57

z x+——>5 khize[l;4].
T
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= V6ix € (—0030)U (03 1)U (45 +00). Ta c6 ¢ (x) = _”% -0 [ i _ _fiﬁ(lzi:an).

Bang bién thién cta ham sé g(z) nhu sau:

x —00 —V3 0 1 V5 4 400
g'(x) - 0 + + - 0 + e
+00 +00 1 1
9(x) \ / : \ / N \
5+2V3 9(v/5) —00

Dua vao bang bién thién ta c6 () xay ra khi 1 < m < 5+ 2v/3.

Vay c6 7 gia tri nguyén clia m thda man bai toan.

Chon d4p N (B) ..ot O

Cho ham sé y = f(x) lién tuc trén R va c6 bang

. 6 i R S S e
bién thién nhu hinh vé&. Dat S = 3t—m /
véi t = f'(z) = (e +a—c). Khing dinh ding | /()| + 0 =0 + 0 -

v6i moi = € [b;c] 1a 0

A) 9<s<-4 (B)sS<-o. ©s>-3. (D 4<s5<-3.

[# Loigiai

Dua vao bang bién thién ban dau, ta trich xuit riéng doan [b; c]:
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x b c
fi@)] 0 + 0
f(e)
fw |
f(b)
TU day, ta dé dang thdy f/(z) > 0, Yz € [b;c]. (1)

M3t khac, véi moi z € [b;c], tacbz < c < x—c <0< z+a—c < a Nhin lai khodng

(—o0; a] trén bang bién thién gbc, ham sb dat cuc dai tai x = a véi gia tri f(a) = 0. Suy ra:

flx+a—c) < fla) =0, Vz € [byc]. (2)

Tu(1)va(2),tacét=f'(z)—flzr+a—c)>0—-0=0, Vz € [b;].

Xét ham sb g(t) = 3t — trén nlra khoang [0; +00).

6
vVi+1+1

1
Tacédg'(t) =3+ 0 . >0, Vt > 0.

(VEFT+ 1>2 2Vt +1

Ham s6 g(t) lubn dong bién, ta cé bang bién thién cla g(t):

t 0 400
g'(t) +
+00
-3

Do vay, g(t) > g(0) = =3, Vt > 0.
Vay ta dugc S > —3 véi moi x € [b; c].

Chon dap an (C). ... O
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Cho ham sb f(z), d6 thi cla ham sb y
y = f’(z) la dudng cong trong hinh bén. Gia
tri 16n nhit cla ham sb6 g(x) = f(2z) — 4x

3 o
trén doan [—2;2} bang

X
® 100). J(=3) +6.
[ Loigiai
< . 3
batt =2x, véix € [—5;2] =t e [-3;4].
Xét ham h(t) = f(t) — 2t trén [=3;4], c6 b/ (t) = f'(t) — 2.
=0¢€[-3:4
Choh/(t)=0< f'(t) =2 < [ !
=2¢€[-3;4].
Ta c6 bang bién thién cta ham sb h(t) trén [—3;4]:
t -3 0 2 4
R (t) + 0 + 0 -
h(2)
TU bang bién thién suy ra maax] g(x) = [m:?ff] h(t) = h(2) = f(2) — 4.
—5;2 -9
Chon dap an (C) ... o O
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Phucong phap ghép truc

KRN Y tudng phuong phap

Khi xét ham hop g(z) = f(u(z)), ta cé s dd bién ddi:

Tinh St dung ham f

Xét vi du: Cho ham sb y = f(x) = 22 lién tuc trén R va c6 db thi nhu hinh V&.

“ y = f(x)

w=(x2-1)=2x=0=x=0

fu)

Gia s ta can 13p bang bién thién ca ham sb g(x) = f(2? — 1) dua vao dd thi clia ham sb gbc f(x).
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Xét ham trung gian u(z) = 22 — 1. Ta ¢6 dao ham v’ = 2z; v’/ = 0 & o = 0. Khi 2 — 400 th

u — 4-00. Tai diém cuc tri z = 0, ta c6 u(0) = —1.
x | —oo -1 0 1 +00
= =
U | +oc0 u(-1)=0 | u(1) =0 +00
+00 +00

f=1) = 1
fw)

f(0)=0 (0) =

=) = (2-1)
1 O 1 x

Quan sat dd thi ham s6 gbc y = f(z), ta thy ham sb dat cuc tri tai diém c6 hoanh dé bing 0 (tic

u = 0). Dé xac dinh diy di cac diém cuc tri clia ham hop, ta giai phuong trinh:
wr)=022—-1=02=+1.
Nhu vay, dong 1 gbm cac gia tri « dudc s3p xép theo thir tu ting dan:

—o0, —1, 0, 1, 4o0.
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Tuong Gng & dong 2 (hang gia tri cda u), ta cé:

u(—00) = 400, u(—1) =0, u(0) = —1, u(l) =0, u(4+o00) = +oo.

Su bién thién clia u va chiéu miii tén dugc xac dinh nhu sau:

— Khi z ting tir —oo dén 0, gid tri u giam tir +00 v& —1. Trén khoang gia tri nay, u di qua diém

cuc tri 0 (tuong (ng x = —1).

— Khi z t3ng tir 0 dén 400, gia tri u tdng tir —1 1&n +o00. Trén khodng gia tri ndy, u tiép tuc di qua
diém cuc tri 0 (tuong (g = = 1).

Tir chiéu bién thién clia u va dang d6 thi ham sb gbc f(z), ta hoan thién dugc chiéu bién thién cla

f(z? —1) & dong 3.

Trong ham hop y = f(u(x)), bién x gian tiép tac dong lén y théng qua ham trung gian u = u(x),

sau d6 u déng vai tro 13 bién s6 doc 1ap clia ham f(u).
Ban chit clia phuong phap ghép truc |a: khdo sat chiéu bién thién cta u = u(z), sau dé déi
chiéu truc tiép khodng gié tri clia u véi dd thi (ho3c bang bién thién) clia ham s6 gbc f dé suy

ra dang diéu bién thién cta ham hop f(u).

KWW Cac budc téng quat lap bang ghép truc

— Budc 1: Tim tap xac dinh D cla ham s6 g(x) = f(u(z)).

— Buédc 2: Lap bang bién thién ghép truc gom 3 dong:

X aq ap An-1 ay
= -

u=ux) |u; b, b, by Uy Uy u,
8(b1) 8(12) /g(un)

/ \ g(up-1)

Fu(x)) g(b1) \ / \ l

8(by)
8(11)
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— Dong 1 (x): Dién cac diém bién chia tap xac dinh va cac diém t6i han (nghiém cia v/ (z) = 0

hodc diém lam w’(x) khéng xac dinh) theo thir tu ting dan: a; < ay < - < a,,.

— Dong 2 (u): Dién céc gia tri mbc u; = u(a;) v6i i = 1,n. Trén mdi khodng giita hai mbc lién tiép
u; va u,,,, bd sung cac diém cuc tri by, by, ..., b, clia ham s6 gbc y = f(z) theo diing chidu ting

v -2 N A
hodc gidam tur u; dén u,_ ;.

— Dong 3 (f(u)): Dién chiéu bién thién (cac miii tén) va cic gié tri cuc tri tuong (ing ctia f(u) bang

céch tra cliu truc tiép tir bang bién thién ho3c do thi cda ham sb gbc y = f(z).

— Buéc 3: Dua vao bang bién thién cta g(x) = f(u(x)) dé tra 18i cc ydu ciu bai toan (cuc tri,

tinh don diéu, gia tri 16n nhat/nhd nhit ho3c s6 nghiém phuong trinh).

B6 sung diém dic biét cho cac ham sb chira dau gia tri tuyét dbi:

— Diém d3c biét clia ham s6 gbc y = f(z) bao gdm: diém cuc tri va diém tai d6 ham s& ho3c
dao ham khoéng xac dinh.

- Dang 1: Ham s6 g(x) = |f(u(x))|
D& thi ham s6 nhan dudc bing cach giit nguyén phan phia trén truc hoanh va |3y dbi
xng phan phia dudi truc hoanh qua truc hoanh. Do d6, can bd sung thém cac nghiém cla

phuong trinh f(u) = 0 (giao diém véi dudng thing y = 0).

X a, a, Ap-1 a,
e e

u=u(x) |[u by b, by Uy U1 u,

8(b2) 8(u2) 8(uy)

Fu) /‘o;(bﬂ \

lg (1)l lg ()l

o |g(up-1)l
| f(u(x)|

— Dang 2: Ham sb g9(z) = f(ju(z)])

Ham trung gian d6i chiéu bién thién tai cic diém u(z) = 0. Vi vay, 6 Dong 1 can bd sung
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thém cac nghiém cla phuaong trinh u(z) = 0.
~ Dang 3: Ham 58 g(z) = f(u(lz]))
Day 13 ham s6 ch3n, db thi nhan truc tung Oy (z = 0) lam truc d6i xting. Do dé, & Dong

1 bt budc phai dién mbc = = 0.

Dang bai toan truy ngugc ham

KN Y tudng phuong phap

O bai toan thuan (phuong phap ghép truc), ta di dung bang bién thién cho ham hop g(x) = f(u(x))

dua trén quy luat bién thién d3 biét cda ham gbc f(x).

Ngugc lai, dang todn truy ngugc ham cho trudc théng tin (bang bién thién ho3c dd thi) cda ham
hop g(x) = f(u(x)) cling biéu thitc ham trung gian u(z). Yéu ciu cha bai toan 13 xac dinh tinh don

diéu va cuc tri clia ham s6 gbc f(z).

Xét dao ham clia ham hop:

Phuong trinh ¢’(z) = 0 x3y ra khi v/(z) = 0 ho3c f’(u(x)) = 0. V& m3t ban chit, qua trinh truy
nguac |3 phép anh xa cic diém d3c biét tir dd thi ham hop vé dd thi ham gbc théng qua viéc dong

nhit bién s6 u va z.

Cho ham s6 g(x) = f(x? — 1) cé bang bién thién y 200 = F(x2-1)
va do thi nhu sau:
z —0o0 —1 0 1 +00
g'(z) - 0 + 0 — 0 + 1

+00 1 +o0o
g(l’) \ / \ / -1 O 1 X
0 0
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Hay xac dinh khoang don diéu va diém cuc tri cia ham sé gbc y = f(z).
[ Loigiai

Xét ham trung gian u(z) = 2% — 1, ta cé v/(x) = 2x. Phuong trinh v/(z) =0 < 2 = 0.

Ta thiét 13p bang bién thién kép dé dong bd cac mbce gia tri clia z, u va f(u):

X |[—o0 -1 0 1 +00

u(x) | +o0 G w0 =-1 ) +o0

o/

Dua vao bang trén, ta thuc hién qué trinh dbi chiéu:

— Tai z = 0 (13 nghiém cla u/(z) = 0), ta tinh dugc u(0) = —1. Chiéu xubng dong f(u), ta
c6 f(—1) = 1. Day chinh 13 mét diém thudc db thi ham s6 gbc f(z).
— Tai cac diém cuc tri z = —1 va z = 1 cGa ham hop g(z), ta tinh dugc u(+1) = 0. Chiéu

xubng dong f(u), ta c6 f(0) = 0. Day I diém cuc tri clia ham sb gbc f(z).

X [—o0 -1 0 1 +00
u(x) |+oo 0 u0) = -1 0 +00

% +00
1 \
f(u) 0

Ham f(x) ban diu ma

ta can truy ngudc

J

Khi x ting tir 0 d&n +oo, bién u t3ng don diéu tir —1 dén +oo. Su bién thién cla f(u) trén
nhanh ndy phan 4nh chinh xac su bién thién clia ham s gbc f(z) trén nlra khodng [—1; +00).
Ddng nhit bién u thanh bién z, ta trich xuit dudc bang bién thién va dd thi ctia ham sb gbc

y = f(z) nhu sau:
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y=f(
T —1 0 400
f(x) - 0 +
1 +00 1
| T
— N\
-1 O 1 X

Ham s6 y = f(x) nghich bién trén khoang (—1;0) va dong bién trén khodng (0; +00). Ham sb
dat cuc tiéu tai = 0, gia tri cuc tiéu Yor = 0.
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Phan IV

BAI TAP TONG HOP
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m xn

Cau 1. Tinh L = lim — %
r—1 1‘—1

@L:O. L:m—n. @L:+oo. @Lzm—i—Tb.

Céu 2.

Cho AABC déu c6 canh bang 1. Goi A,,B;,C; lan lugt 1a trung
diéem BC,CA, AB ta dugec AA,B,C,. Tuong tu AA,B,Cy c6 céc dinh
la trung diém ctia cdc canh B;C;,C A, A;B;. Qué trinh lip lai sau
n bude (n € N*) ta duge AA,B,C,. Goi S,,S, lan lugt 1a dién
tich ANABC va AA,B,C,. Dat T, 1a tong dién tich cdc tam gidc
ABC, A, B,Cy, ..., A, B,C,. Héi T, khong vugt qui sb6 nao sau diy

19v/3 100v/3 11v3 V3
CD‘ﬂH‘ ‘D 209 CD‘?T' CDTF
ViZ—z+4-2 e 1

Cau 3. Tim céc gid tri ctia m sao cho ham sb f(z) = z—1 lién tuc trén R.
mx + 1, =1

@n-L  @n-2  @n-t @l

Cau 4. Cho day sb (u,,) thda man

v8i m,n € N*.

Uy = U, +2(n+1) véin=1,2,3,..

1 1 1 s
Khi d6 lim ( + —+-+ ) bang

Uy Ug U,

(@A) +oo. ®) 2. © 1 ®) o.
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Cau 5. Tinh lim T o T2+ 4+ Q=1
(2n+1)%2(n+1)

@) o. ®B) +oc. ©

Cau 6. Tinh gi6i han T = lim (\/16"+1 F4n /167 1 3n).
1

@r=o. T:é. @T:Z @T:%.

Cau 7. Cho phuong trinh 2° + 322 — 14z — 7 = 0. Ménh dé nao dudi day la ding.

©)

N | =
e

@ Phuong trinh ¢6 ding 3 nghiém trong (—1;2).
Phuong trinh cé it nhat 2 nghiém trong (—1;2).
@ Phuong trinh khéng ¢é nghiém trong (1;2).

@ Phuong trinh ¢é 1 nghiém trong (0;1).

2
+4x + :
w, (a € R,a#0). Khidé lim f(x) bang

3z — 2az2 T o0
1 a
®- ! ®~ @ ®
Cau 9. Cho ham s6 f(z) = az® — x4+ 1. Tim dicu kién ctia a dé ham sb lién tuc tai 2 = 0.

@azO. azl. @a#O. @Va.

_ 2u, +1
n+1l — 5

@I:; I:\f @I:%. D) +oc.

Cau 8. Cho ham sb f(x) =

Cau 10. Cho day sb (u,,) x4c dinh béi . Tim gi6i han limu,,.

u

) ax+5H x>2 , s
Cau 11. Ham so f(z) = lién tuc trén R néu a bang

3z—1 <2

@r. 0, © -1 ®) 3.

Cau 12. Cho ham s6 f(r) = tanx + cot z. Nghiém ctia phuong trinh f/(z) = 0 1

@x:—g—i—lm(leZ).
@2?:%"_14371'(]{362).

T T

® ®

T T
=—— 4+ k= (k€?).
x 4+ 2( €Z)
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Cau 13. Tinh giéi han ligl (\/:6100 — 2250 4+ 7 — a:50>.
T—+00

@) o. 1. © -2 ®) -1

4—x
2T \hiz+44
Cau 14. Tim gi4 tri cia m dé ham sb f(z) = { VT +5—3 lién tuc tai z = 4.
1—m khi z =4
@m:Q. sz. @m:?. @m:—
V242 1
Cau 15. Tim lim Y2 2+ 1
T——00 20 — 1

@) 1. % © ® —%.
Cau 16. Tinh limn (\/4n2 13— /3803 + n)

@ —. ® oo ©:. ®2

Cau 17. Tinh lim (3z* + 922 —5).

r——00

@) 2. 2. (©) . ) +.

Ve+1l—vz+1

Cau 18. Gié tri cua lim bang:
z—0 xT
1
®! @ ® ~
4
) khi z >4 . ) ;
Cau 19. Cho ham s6 f(z) = Ve —2 . Tim a dé ham s0 lién tuc trén toan truc so.

ar+8 khiz <4

@) a=-3. ®) a=-2 ©a=-1 @ a=-4

? —2a2® + dax — 8
Cau 20. Gidi han lim © 200 FAT =8 4
T2 z? —4

@3- ®) 2. %“. ®) o.

Cau 21. Cho f(z) xédc  dinh  trén  khodng  (a;b) chta diém 0 v
/()| 7‘ ¥ € (a:0) \ {0} Tinh lim f(x).
T—

2017 +1

@) i ) = -1 ® i 1) =
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I Ham s6 khong c6 gi¢i han tai 0.
@ xlg(l) f(z @ am sO khong cé gidi han tai 0
T2z — VIT6 , -
Cau 22. Cho lim VI 20— VIH6E M d6 mn 1 cde sb by nhien, " 1a phan s t6i
r—> X n n

gian. Gid tri ctia bicu thitc A = m +n 14

@) 11. 10. ©s. D 9.

Cau 23. V6i n 1a s6 nguyén duong, dit

1 1 1
Sy = + 4+
IV2+2V1  2vV3+43V2 nvn+1+ (n+1)vn

Khi d6, lim S,, bang

1 1 1
on ® -, © 5 ®

Cau 24. Tinh lim Y2212 —2]
T2+ |4 — 22|

@ i. ®B) . ©o. D) +oc.

2an® — 4n? + 2 1
Cau 25. Cho a,b 1a cc hing s, b khac 0. Tinh 11I+noo C;Zg - 5Zn i 32”_—E

%‘1. 0. © 2 ® 1

Céu 26. Gidi han lim (\/xQ far+1—+va2+ 1) (a > 0) 6 két qua 1a
T——+00
a
®: ®. ©o ®

2 up =2 1 1
Céau 27. Cho day so (u,,) v6i . Goi S, = + I
Uy oy = U, + 3 Uity UplUg UpUp 1

. Tinh

lim S,,.
@) 1ims, = 1. limSn:é. @thn:%. D) lim S, =o.
Cau 28. Gié tri ctia lim(v/n2 + 2n + 3 — n) bang
@) 3. ©o. ) 2.

Cau 29. Cho ham s6 y = f(x) lién tuc trén [a;b] va f(a)f(b) < 0. Khing dinh nao sau day 1
ding?
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@ Ham s6 lién tuc tai z = a. f(x) =0 1udn cé it nhat mot nghiém.
@ Ham s6 lién tuc trén tap sd thue. @ Ham s6 lién tuc tai x = b.

Cau 30. C6 bao nhiéu s6 tu nhién cé nim chit s6 ma téng céc chit s6 trong mdi s6 bang 37

@) 36. 19. ©) 2. ©) 15.

z? — 16 _
. khi z £ 4 ) .
Céu 31. Cho ham so f(z) = T — . Tap hogp céc gid tri cia a dé ham so lién tuc

ar — 1 khi z =4

taiz =4 1a

@ {_Z}' ®) s} © {Z}. ®) {0}

. 1 4 N
Cau 32. Cho ham s6 f(z) = gac‘r’ + §x3 — bx 4+ 3. Ménh de nao sau day sai?
@ Ham s6 f(x) lién tuc trén R.
Sz e . . 1
Ham so0 da cho gidn doan tai z, = 5
@ Phuong trinh f(z) = 0 ¢6 nghiém trén khoang (—1;1).

@ Phuong trinh f(x) = 0 ¢6 nghiém trén khoéng (0; +00).

4
i2ii néu x # 032 #+ —1
Cau 33. Cho ham s6 f(z) =< 3 néuz=—1
1 néuz =0

@ lién tuc tai moi diém trir diém x = 0.

lién tuc trén R.

@ lién tuc tai moi diém trit diém = = —1.
@ lién tuc tai cac diém thudc doan [—1;0].
Cau 34. Trong bén gisi han sau diy, gii han nao khéng ton tai?
. (x—1)? . 2x+5 . z+2 . 2
lim ———. 1 . 1 : lim ———.
@wlﬁn}x2+3$—4 ;E)%'%Q_g ©winfllx2—1 @xlg%afz—i-l'—Fl

) 92— )z —
Cau 35. Biét lim 2-Y*—3
T——+00 €T — m2 + 1

= +00 (v6i a 1a tham s6). Gi4 tri nh6 nhat ctia P = a? —2a + 4
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la

@) 5. ®) ©3s. ) .

2
Cau 36. Tuh lim (5_2)
=400 2+ 1

@) 4. i.
@ Khong ton tai gidi han. @ D.

32 _ 93
Cau 37. Tim lim x 2V + 1.
z—1 (x — 1)2

@) o. 9. © -1 ® %.

Z S 3 1_ 1_b
Cau 38. Biet rang b >0,a+b =5 va lin% Vax + vV x
r— €T

= 2. Khéng dinh nao duéi day la

sai?

@a-1>6. (B)1<a<i. ©a-b>0. @) a2+ > 10.
Cau 39. Tinh gi6i han T = lim (\/332—{—2:1:—1—5—1").

xr—+00
@r=1 ®T=o0 ©7T=- ®7T-2
3—=x
27 % Khiz#3
Cau 40. Tim tit ci céc gid tri thuc clia m dé ham sé f(z) = { V&2 +1-2 lién tuc
m khiz =3
tai x = 3.

@m:—l. m:4. @m:—4. @mzl.
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) 1 . ,
Céau 1. Cho ham so y = i i 5 c6 do thi (C) va duong thang (d): y = —2x +m — 1 (m la tham
x

s6 thuc). Goi ky, ky 13 hé s6 goc ciia tiép tuyén tai giao diém ctia (d) va (C). Khi d6 ky - k, bang

@) 4. ®) 3. © 2 @%

Cau 2. Dao ham ctia ham s6 y = Vcot z la:

@y sin x\/m .y - 2 sin” x\/m
©v =

Cau 3. Cho khai trién (x —2)% = ay + ayz + agz? + -+ + agyz®’. Tong S = a; + 2a, + - + 80ag,

1
/ — AN
cot T @ Y 2 sin? xv/cotx

c6 gid tri la

@) so. —70. (©) —so. ®) o.

Cau 4. Tim sb tiép tuyén ctia do thi ham s6 y = 42® — 622 + 1, biét tiép tuyén d6 di qua diém
M(—1;-9).

@) 3. ®) o. © 2 )

Cau 5. Tinh dao ham ctia ham s sau y = /(2 + 1)2017,

@ , (2w 41)2017 , 2017
Y75 (2 + 1)2017° Y 2¢/(2x 4 1)2017°

@ , 2017(2x 4 1)2916 @ 2017(2x + 1)2016
vy = 2./ (z + 1)2017 /(2x + 1)2017

2 95— N 2 2 N
Cau 6. Cho ham s6 y = +§ ¢6 do thi (C). Tim phuong trinh tiep tuyen véi do thi (C) sao cho
x
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tiép tuyén dé song song véi d: x4+ 7Ty —5 = 0.

1 1 )
y=—cr— y=—cr+-
7 _ L j _ 1 23 T
@ S § ‘y ©y-= T © _1
Y= O
. ma3
Cau 7. Cho ham so f(x) = T—i’w +max — 5. X4c dinh cdc gid tri cia m dé f'(x) > 0, V.

@ m>s. ®) 0<m<s. © 3<m<3 (@D m>o0.

Cau 8. Cho ham s6 y = z cosz. Chon khing dinh ding?

Cau 9. Cho ham sb y = sin2z — x + 17. Gidi phuong trinh 3’ = 0.

@x:i%Jrkw,k:EZ. x:j:g+k27r,k€Z.

T
T=¢ + k2w -
© . keZ @x:ig—i—kﬂw,kez.
r=—+ k27
6
Cau 10. Tinh dao ham ctia ham s6 sau y = /(2z + 1)2017,
@ , 2017 , 2017(2x + 1)2916
Y 2y (2z + 1)2017' y 2/ (x + 1)2017 ’
@ 2017(2x + 1)2016 @  (2z+ 1)
/(22 +1)2017 v (2z + 1)2017'

2

Cau 11. Cho f(x) = (1 + ) (1+g)

@) o. ®) n. @% D

3—2x ), ar —b
Vdr —1 (4z —1)Vdz —1

@ E=4 ® E=-1 (© E =16 ®E=-4

Cau 13. Tim tat ca cic gid tri ndo ctia m dé do thi ctia ham s6 y = 2% + 322 +3(2m— 1)z —m?2 +2

(1 + E) . Gid tri f/(0) bang
n

Cau 12. Cho ( Tinh E = %

cb tiép tuyén ciing phuong véi truc hoanh.

@ m € R. Khoéng ton tai m.
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@mgl. @m>1.

1
Cau 14. Cho f(z) = V3sin®z + 5 sin 2z — 2z. Phuong trinh f'(z) = 0, z € [0;27] ¢6 bao nhiéu

nghiém?

@) 3. ®) 2. © 1 D) o.

Cau 15. Cho ham s6 y = sin 2z — z + 17. Giai phuong trinh 3" = 0.

@x:ig—i—ka,keZ. xzj:%—l—lmr,kez.

x:%—i—k%r -
© o keZ. @x:ig+k2w,kz€z
l‘:F—I—k‘Qﬂ'

Cau 16. Cho ham s f(x) = (322 — 22 — 1)°. Tinh dao ham cip 6 ctia ham s6 tai diém z = 0.

@) 79(0) = 60480. F6(0) = 34560,
@ F19(0) = —60480. @ f(0) = —34560.

A 2 1
Cau 17. Tong S = 205 (2-3C3)17 +3-32Cig1p +4-33C5017 + -+ k- 31CK 7 + -+ + 2017 - 32916CIT)

bang

@ 32016 42016 @ 32016 _ 1 @ 42016 _ {

T+ 2

Cau 18. Cho ham s6 y = 1 c6 do thi (C). Phuong trinh tiép tuyén v6i do thi ham sb tai giao
77

diém ctia d6 thi (C) véi truc tung 13

@y:—x—Z. y:—:z+2. @y:x—Q. @y:—w—i-l.

Cau 19. Gia tri ctia téng S = 1-Cly1r + 2 C2y17 +3 - C3y7 + -+ + 2017 - C2917 bang

@) 5 = 2016 - 22017, S =2016-2205. (C) 5 = 20172215, (D) § = 2017 - 22017

Cau 20. Cho ham s6 (C): y = z® — 322 + 1. Tiép tuyén ctia (C) song song v6i dudng thing
(d): y = —3z + 6 ¢6 phuong trinh 1a

@y=-3c+5 @By=-32+2 (©y=-3-2 @Dy=-3c+L

sin 3x cos 3x

Cau 21. Cho ham s6 f(z) = 3 +cosz—V/3 (sin:z: +
trinh f’(z) = 0 trén doan [0; 7] 1a

). Khi d6 s6 nghiém ctia phuong
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(&) Pép 4n khéc. 1. © 3. ) 2.

Cau 22. Cho ham s6 y = \/z + V22 + 1 va P = 2/22 + 1 -9/. Khi d6 nhan dinh nao dudi day
ding?

@P:%. ® P-=y @P:Z ® P=2y

Cau 23. Cho ham s6 f(z) = (z® 4+ 2 + = + 1)°. Tinh £®)(0).

@) 100 = 22—001. £3(0) = 144720. (C) £®(0) = 1206. (D) f%)(0) = 15120.

Cau 24. Cho ham s6 f(z) = 2% — 622 + 92 + 1 6 do thi (C). C6 bao nhiéu tiép tuyén ctia do thi
(C) tai diém thudc dd thi (C) c6 tung do 1a nghiém phuong trinh 2f/(x) — 2 - f”(x) — 6 = 0?7

@)1 4. © 2 ®) 3.
Cau 25. Cho ham sb y = cot®(cosz) + 4 /sinz — g Khi d6 y = ?

1
@ Yy’ = 2cot(cosz)—5——— -sinx + &

sin(cos z) Vsine — T
y = 2COt(COS£B)¥ sing 4 ——28
i 2( ) 2\/sinx — 3

S (COS T

1 cosx
@ Yy’ = —2cot(cos x) + -

sin®(cosz)  2y/sinz— %

1 cosx
@ Yy’ = —2cot(cosx) + —=

sin’(cosz)  \/sinz—7F
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Cau 26.

Néu y = F(x) va y = G(z) 1a nhitng ham s6 c6 do
thi cho trong hinh bén. it P(z) = F(x)-G(z). Tinh
P’(2).

®@; ®;
©« ®) 6.

Cau 27. Cho ham s6 y = f(z) = 2® — 322 + 12. Tim z dé f’(x) < 0.

@) = € (0:2). ®) = € (-2,0).
@ x € (—00;0) U (2; +00).

C)

x € (—00;—2) U (0; +00).

Cau 28. Tim sb tiép tuyén ctia dd thi ham s6 y = 423 — 622 + 1, biét tiép tuyén dé di qua diém

M(—1;-9).

@) 2. ®) 3. ©o. on

Cau 29. Phuong trinh tiép tuyén ctia d6 thi ham s6 y = —2z* + 22 + 3 tai diém M(1;2) 1a

@y=-6c+8 (B y=-6r+6. (C)y=-6c-8 (D y=—6z—6.
Cau 30. Xét cic ménh dé sau
(1) Ham sb f(z) = |z| ¢6 f/(0) = 0;
(2) Ham s6 f(z) = [2917] 6 f/(0) = 0;
(3) Dao ham ciia ham s6 f(x) = |22 — 3z + 1| bang 0 tai ba diém phan biét.

Nhitng ménh dé ding 1a

@) 2);3). (1); (2). © . D) (1); (2);(3).

£ 1 R . £ N
Cau 31. Cho ham so y = §x3 — 322 4+ 3z + 1 ¢6 do thi (C). Tiép tuyén véi do thi (C) ctia ham

s6 song song véi dudng thing y = —22 — 1. Phuong trinh tiép tuyén véi do thi (C)1a

@y:—2x+?;y:—2x+%. y:—2:1:—10;y:—2:c—%.

10 10 22
@yz—Qm—E;y:—Qx—QQ. @y:—Q:U—I—?;y:—Qx—?.
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Cau 32. Cho ham s6 y = —a® + 3z — 2 ¢6 do thi (C). Viét phuong trinh tiép tuyén ctia (C) tai
diém M, biét M 1a giao diém ctia (C) véi dudng thing c6 phuong trinh y = —z — 2 va z,, > 0.

@y=-9r+14 B y=-9-12 (©y=-9z-14 @Dy=-90+12

Cau 33. Cho ham s6 y = V22 — 22 ¢6 dao ham cap hai. Ménh dé nao sau diy dung?
1
2./ ’ 3,/ ’ 2 ’ ”
+y =1. +1=0. = +y —y” =1.

@yy Y yy @y Woree @y Yy —y
Cau 34. Tinh dao ham ctia ham 86 y = z(z — 1)(z — 2) - (z — 2016) (z — 2017) tai z = 0.

@) v (0) = —2017. y'(0)=2017..  (C) y(0) =0. @) v (0) = 2017.

Cau 35. Cho ham 86 y = 2% — 3ma? + (m + 1)z — m. Goi A 13 giao diém ctia dd thi ham sb véi

truc Oy. Tim gid tri ciia m dé tiép tuyén ctia do6 thi tai A vuéng géc v6i duong thing y = 2z — 3.

@mz—& m:—; @m:% @mzl.

. . -3
Cau 36. Tinh dao ham cap n ctia ham so y = $2 i
l‘ —_—
—z? + 62 —1 (—1)"n! (—1)"n!
@ (22 —1)2 (z —1)(n+D) ™ (x4 1)n+t”

(1)"n! (—=1)"n! (—=1)"n! (—=1)"n!
1) —+2 —. 1) +2 -
@ ( ) (x _ 1)(n+1) + (l‘ 1L 1)n+1 @ ( ) (:L‘ _ 1)n+1 + (x + 1>n+1
Cau 37. Cho ham sb y = sin 2z. Hay chon phat biéu ding

@4y—y”=0. 4y—|—y”:0. ©y2+(y’)2:4. @y:y’taan.

3 2
Cau 38. Cho ham s6 f(x) = % + % + . Tap nghiém ctia bat phuong trinh f/(z) < 0 bang
@S:(Z). S:(O;+oo). @S:(—oo;+oo). @S:[—2;2].
Cau 39. Dao ha A (v6i n 14 sb én duong) ctia ha 5 L &
u 39. Dao ham ca a so e cia hAmsd y = ——— 1a
: m cap n (véi n nguyén ng) ctia ham s y 2016

(—1)"n! (—1)"n! (—1)"*+in! (—1)"*+in!
@ (x +2016)"+1 (z +2016)" @ (z +2016)" @ (x +2016)"+1
Cau 40. Cho ham s6 y = f(z) xdc dinh va c¢6 dao ham trén R, thoa man
f(2z) =4f(z)cosz — 2z, Vz € R.

Viét phuong trinh tiép tuyén ctia do thi ham sé da cho tai giao diém ciia d6 thi v6i truc tung.
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@y:—a:. y:2—$. @y:2x—1. @y:x.

Cau 41. Phuong trinh tiép tuyén ctia d6 thi ham s6 y = 22% — 3z + 2 tai diém M (2;12) 1

@y=212-3. B y=212+12. (©)y=21z+30. (D)y=21z—42

2x+ 3

Cau 42. Cho ham s6 y = T c6 dd thi (C). Phuong trinh tiép tuyén ctia do thi (C) c6 hé s6
T

gock=11a
@y:m—Q,y:x—i—G. y:x+2,y::c—6.
@y:x+2,y::v+6. @y:x—Q,y:x—ﬁ

Cau 43. Ham s6 y = —2° + 322 +2 ¢6 d6 thi (C). Tiép tuyén ciia dd thi (C) tai M(1;4) cat truc

hoanh va truc tung lan lugt tai A, B. Dién tich clia tam gidc OAB 1A
OF 1 ©3 ®;
5 . 3 5
Cau 44. Cho ham s6 y = V2x — 22 c6 dao ham cap hai. Ménh dé nao sau day ding?

@zﬁy“ry’:l. y2+y’—y”:1. ©y/:2\/2x1ﬁ' @y3y”+120.

. 1
Cau 45. Cho ham s6 f(z) = =(m —1)2® — (m —2)22 + (m — 3)z + (m? + m + 1) v6i m 1a tham
3

s6. Tim m dé phuong trinh f’(z) = 0 ¢6 hai nghiém x,,z, sao cho z; + 74 + 1774 < 1.

@) m>2 ®) m > 3. ©1i1<m<2 @ 1<m<s.

1
Cau 46. Cho f(z) = V3sin®z + 3 sin 2x — 2z. Phuong trinh f'(x) = 0,2 € [0;27] ¢6 bao nhiéu

nghiém?

@) 2. ®) o. © 3. ® 1

4 . 5 1
Cau 47. Cho do6 thi ham s6 (C): y = 2* — 422 + 2017 va duong thang d: y = 1 + 1. C6 bao

nhiéu tiép tuyén ctia (C) vudng géc véi dudng thang d?
@ 3 tiép tuyén. Khéng c6 tiép tuyén nao.

@ 2 tiép tuyén. @ 1 tiép tuyén.

Cau 48. Cho ham s6 y = f(z) = 2% — 322 + 12. Tim z dé f/(z) < 0.

@) = € (0:2). ®) = € (-2,0).
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@ z € (—00;0) U (2; 4+00). @ x € (—o0; —2) U (0; 400).

Cau 49. Cho ham s6 y = c6 dd thi (C). Goi M (x5 yar), N(znsyn), (zy < 0) 14 cac diém

x
\ E+2, \
trén do thi (C) sao cho tiép tuyéen véi (C) tai M, N song song v6i nhau, dong thoi khoang cach

gitta hai tiép tuyén nay 1a 16n nhat. Tinh 2% + 23,.

@) s. 16. © v&. ®)o.

Cau 50. Cho ham sb y = —a° + 322 + 2 ¢6 dd thi (C). Biét rang, tai diém M thudc (C) tiép

tuyén ctia (C) c6 hé sb géc 16n nhat. Tim phuong trinh tiép tuyén do.

@yziﬂx—i—l. y:—3x—1. @y:—Bx—i—l. @y:3x—1.

. N 1 2 . .
Cau 51. Dbiem M c¢6 hoanh do 4m trén do thi (C): y = §x3 —x+ 3 530 cho tiep tuyen tai M
. e 1 2 1 2.
vuong géc véi dudng thang y = —gar + 3 la

4 —16 19
@) M(-20). M (—1; 5). © um (—3; T) ® M (—5; g)‘
Cau 52. Cho ham sb y = z - cosz. Chon khing dinh ding?
@ 2(cosx —y') —z(y” +y) =1. 2(cosz —y')+x(y” +y) =1
@ 2(cosx —y') —z(y” +y) =0. @ 2(cosz —y') +x(y” +y) =0.

Cau 53. Biét rang d 1a tiép tuyén ctia dd thi ham s6 y = song song véi truc hoanh.

) ) ) ) . x2+2x—5
Hoanh do tiep diem cta tiep tuyen d bang

@) 2. 1. ©o. ® -1

Cau 54. Tinh S = C},,,—22C2,,,+3-22C3,,,—4-23C5y 1, ++—2016-22015C2016 1-2017.22016 02017

@) 5= —2017. S = —2016. (©) 5 = 2017. D) 5 = 2016.

Cau 55. Cho ham s6 y = f(x) khéc ham hang, xdc dinh trén R, c6 dao ham tai moi diém thudc

R va dao ham xac dinh trén R. Xét 4 ménh dé sau:

(I) S6 nghiém ctia phuong trinh f’(x) = 0 luén bé hon sé nghiém ctia phuong trinh f(z) = 0.
(IT) Néu y = f() 1a ham s6 chan thi y = f/(z) 1& ham s6 18.

(I1I) Tiép tuyén ciia dd thi ham s6 y = f(z) tai diém c6 hoanh d6 x, c6 hé s6 goc k = f'(x,).
(IV) Néu f/(z;) = f'(x4) va x; # x, thi tiép tuyén ctia do thi ham sé y = f(z) tai céc diém c6

hoanh do x,, x4 song song v4i nhau.
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S6 ménh deé ding la

@) ®) 2. ©3s. ) .

Cau 56. Cho ham s6 y = V22 — 1. Nghiém ctia phuong trinh ¢’ -y = 22 + 1 1a

@x:—l. :Uzl. @Vénghiém. @x:z

. 1 2 N 2 2 . ax
Cau 57. Cho hai ham so f(x) = —= va g(x) = r Goi dy, dy lan lugt 14 tiép tuyén ciia moi do

/2 V2

thi ham s6 f(z), g(x) da cho tai giao diém ctia chiing. Héi géc giita hai tiép tuyén trén bang bao

nhiéu?

@) 45 ®) 60°. (©) 9. ®) 30°.

Cau 58. Cho ham sb y = f(x) c6 dao ham trén tap sé thuc R, m # 0. Khing dinh nio sau day

ding?

) (r—1)2 khiz>0 v
Cau 59. Dao ham ctia ham so f(z) = tai diem z; =0 la

—x? khi x <0

@) 7(0) = —2. 7/(0) = 0. (C) Khong ton tai. (D) f/(0) = L.

. T\ » ) .
Cau 60. Cho ham sb y = sin 3z cos & —sin 2z. Gié tri ctia y19) (5) gan nhat véi s6 nao dudi day?

(&) 454492. 454491 (C) 454490. (D) 454493.

2

Cau 61. Cho ham s6 f(z) = Tinh 69 (x).

—r+1
@) 789(z) = —301(1 — 2) 5. £ (@) = 301(1 — )31,
(©) 789(z) = —301(1 — z) 3. D) 189(z) = 301(1 — ).

. 1 N . . .
Cau 62. Cho ham so y = —§x3 — 222 + 62 + 2 c6 do thi (C). Goi k 1a hé sb gbc clia tiép tuyén
ctia d6 thi (C). Gia tri 16n nhat ctia k 14

@) 6. 6. © 1. ©) 10.
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2

Cau 63. Cho f(z) = (1 + ) (1 + %)

@) n. % ©o. O

Cau 64. Biét ham s6 f(x) — f(2x) c6 dao ham bang 5 tai x = 1 va dao ham bang 7 tai x = 2.
Tinh dao ham ctia ham 86 f(z) — f(4z) tai x = 1.

@) 12. 8. (©) 16. ®) 19.

20+ 1 N N oA z 5
T Tim phuong trinh tiep tuyen ctia

(1 + E) . Gid tri f/(0) bang
n

Céu 65. Cho duong cong (C) ¢é phuong trinh y =

T+
dudng cong (C) biét tiép tuyén vuong goc véi duong thang d: y = —4x + 3.

1 5 . 1 13 1 7
@yzzx—i-zvayzzxwLZ. yzix—z

1 3 . 1 5
yzix—i—f. @y:—zaﬁ—z—lvayzix—i—z.

b Z 1 2 2 2
Cau 66. Cho dd thi ham s6 (C): y = —; diém M c6 hoanh d6 x,, = 2 — v/3 thudc (C). Biét tiép
x
tuyén ctia (C) tai M lan lugt cit Oz, Oy tai A, B. Tinh dién tich tam gidc OAB.

@SAOAB:L SAOAB:4.
@ Spoap = 2. @ Snoap =2+ V3.

Cau 67. Cho ham s6 y = 23 — ma? — ma + 2m — 3 ¢6 do thi 1a (C), v6i m 1a tham s6 thye. Goi
T 14 tap hop tit ci céc gid tri nguyén ciia m dé moi dudng thing tiép xiic véi (C) déu cb hé sb

géc duong. Tinh téng cic phan ti ctia 7.

@) -3. ®) 6. © 3. ) .
ah)
v (1)
9 -1 2 1
3 3 ©5 O

1 4 s .z
Cau 69. Cho (C,,): y = Zx‘l — SmT—i_mQ +3m+3. Goi A € (C,,) ¢6 hoanh d 1. Tim m de tiep

tuyén tai A song song véi dudng thang d: y = 6z + 20177

@m:—B. m:3. @m:5. @m:(].

) . 522 — 3z — 20
Cau 70. Tinh dao ham cip n clia ham s6 f(z) = %
Xr< — L4 —

Cau 68. Cho ham sb f(x) = cos2x, g(x) = tan 3z. Tinh
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(—=1)"n! (—=1)"n! (—=1)"n! (—=1)"n!
@3 orpm o @t et g
(—1)"n! (—1)"n! ‘ (—=1)™n! (—1)"n!
@ (:l? + 1>n+1 + (.’E _ 3)n+1 ' @ 3 (33 + 1)n+1 + (ZE _ 3)n+1 :

Cau 71. Tt diém M(—1;—9) c6 thé ké dudc bao nhiéu tiép tuyén dén dd thi ham s
y = 42> — 622 + 17

@) 2. ®) ©o. ©) 3.

, > +ax+b véiz>2 .
Cau 72. Cho ham so f(x) = . Biét ham s6 ¢6 dao ham tai x = 2.

23— —8x+10 véiz <2

Gié tri ctia a® + b? bang

@) 1. 17. (©) 20. ®) 25.

2 1 s . < .
Cau73. Goi M e (C):y= v +1 c6 tung do bang 5. Tiep tuyen cua (C') tai M cat cic truc toa
T

do Oz, Oy lan ludt tai A va B. Hay tinh dién tich tam gidc OAB.

123 125 121 119
) mx3  ma? . )
Cau 74. Cho ham so f(x) = 5 T g + (3 —m)x — 2. Tim tat cé céc gid tri ciia tham so6 m

dé f'(z) > 0 v6i moi z € R.
12 12 12
@0<m<€. O§m<€. m<—5~. @m<0.
Cau 75. Khai trién (1+x+22—23)10 = ay+ a7+ +a5023°. Tinh tong S = a; +2ay+++30as,.
@) 5-2v. 0, ©) 4. D) 2.

Cau 76. Tim tat ci cdc gid tri ctia tham s6 m dé phuong trinh f/(x) = 0 c6 nghiém, biét

f(z) =mecosz +2sinz — 3z + 1.

@m<0. |m|2\/5. ©m>0. @—\/5<m<\/5.

i (x—1)2 néuz>0 i
Cau 77. Cho ham so f(z) = . Pao ham ctia ham so tai x = 0 la:
—224+1 néuz <0

@ —2. —4. @ 2. @ khong ton tai.

Cau 78. Cho ham sb y = sin (2x -~ g) xéc dinh véi moi z € R. Tinh dao ham cip 101 clia ham
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so da cho.

@ y10D) = cos (236 — g) y10h) = 9101 . ¢og (2.%' — g)
@ y(lol) = —cos (21’ — g) @ y(lol) = 2101 . cos (2:13 — g)

Cau 79. Tim tat ci céc gid tri thuc ctia tham s6 m dé bat phuong trinh f’(z) < 0 c6 tap nghiém

3 2
1a R, bibt f(z) = —% + % —(B—m)z+2.
@m€(0;+oo). mE[O;m]. ©m6[0;+oo). @me[g;jLoo).
5 5
A S vz ar+b .z PP IS TOR
Cau 80. D6 thi ham s6 y = cat truc tung tai diem A(0; —1), tiep tuyen cta do thi tai
diém A c6 hé s6 goc k = —3. Gia tri cia a va b 1a

@azQ;sz. azl;bzl. @azl;bzz @a:2;b:1.

3
Cau 81. Cho ham s6 y = :% + 322 — 2 ¢6 do thi (¢). Viét phuong trinh tiép tuyén ctia (€) biét

tiép tuyén c6 hé sé géc k = —9.
@) y+16=—9(z +3). ®B)y—16=—9(z-3).
© y=-9+3) D) y—16= -9z +3).

Cau 82.

Cho ham 86 y = f(z) = az® + bz? + cx + d, (a,b,c,d € R,a # 0) ¢6 do thi la
(C). Biét rang dd thi (C) di qua gbc toa dd va dd thi ham s6 y = f/(x) cho bsi
hinh vé bén. Tinh gid tri H = f(4) — f(2).

@H=51. @®H=64 (OH=5 (D) H=4b

N . N 19
Cau 83. Cho d6 thi ham s6 (C): y = f(z) = 22% — 3224 5. T diem A (E’ 4) ké duge bao nhiéu
tiép tuyén t6i (C)?

@) 2. ®) 1 © 3. ) 4.

Cau 84. Cho ham s6 y = 2* —2(m + 1)z? +m +2 c¢6 do thi (C). Goi (A) 1a tiép tuyén véi do thi

(C) tai diém thudc (C') ¢6 hoanh dd bang 1. Véi gia tri ndo cia tham sb m thi (A) vudng goc véi
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2 ].
duong thang (d): y = Vil 20167

@m:—l. mzl. @m:O. @sz.

Cau 85. Cho ham s6 y = 2® — 222 + (m — 1)z + 2m ¢6 d6 thi (C,,). Tim m dé tiép tuyén c6 he

s6 géc nho nhit ciia do thi (C,,) vudng géc véi dudng thing A: y = 3z + 2018.

m
1 7
@m:Q. mzl. @m:—g. @m:§
Cau 86. Dao ham cia ham s6 gy = tan’z — cot’z ¢6 dang
1 s
y’:a(taner >+b<tan3:c+ 3 ).Khidéa—bbéng
tanx tan” x

@) 2. 4. © 2 ®) o.

Cau 87. Mot vien dan duge bén lén troi tit mot vi tri cdch mit dit 1000m theo phuong thing
dimg véi van téc ban dau v, = 294m/s (bd qua stic can ctia khong kh{). Héi khi vién dan dat do

cao 16n nhat va sé bit dau roi thi vién dan cdch mit dit bao nhiéu mét?

(@) 4307,5m. 4062,5m. (C) 5410m. (D) 4410m.

. 1
Cau 88. Mot vat chuyen dong theo quy luat s(t) = —§t3 +12t2, trong d6 t (gidy) 1a khodng thdi
gian tinh tir Iic vat bit dau chuyén dong, s (mét) 1a quang dudng vt chuyén déng duge trong t

gidy. Tinh van toc ttc thoi ctia vt tai thoi diém t = 10 giy.

@) 90 m/s. 100 m/s. (©) 70 w/s. D) 80 m/s.

. 1 . . . N .
Céu 89. Cho ham so y = 5333 — 222 + 3z. Viét phuong trinh tiép tuyén ctia do thi (C') c6 hé sb

géc nhoé nhat.

@aety-2=0 B)3c+3y+8=0 (©)3c+3y-8=0. @a+y+2=0.

2 +x—1
4+ 1

@s={-1u1y. B S5=0 ©) s = {0;1}. ®) s = {0}

Cau 91. Cho ham s6 y = f(z) = (z —2)V22+ 1. Khido 3/ = ?

Cau 90. Cho ham s6 f(x) = . Tim tap nghiém S cta phuong trinh f’(z) = 0.

@ _23: —2x—1 . _2x —2x+1
y ’\/71 . y ’\/71 .
@ 222 +2l‘+1 @ 222 +2x—1

\/xZ ' \/:c2 '
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. . . 3—4
Cau 92. C6 bao nhiéu tiep tuyen véi do thi (C): y = 5 x dl qua diém M (0;1).
T —
@1 3, ©: ®o.
A N <2 , N A A A X PN £ 1 3 2 <%
Cau 93. Tim diem M c¢é hoanh d6 &m trén do thi ham s6 (C): y = gl‘ —x+ 3 sao cho tiep
P , 1 2
tuyen tai M vudng goéc v6i duong thang y = —gac + 3

@M( 3; —1??) M(—l;;l). (©) M(-20). @M(—;g)

Cau 94. Cho ham s6 y = 2% — 3(m + 1)2? + 92 — m (v6i m 1a tham s6). Tim m dé 3’ = 0 c6 hai

nghiém phan biét z,, z, thoa x3 + 23 = 10.

@m:—3. mzl;m:—3. @mzl. @mzl;m:&

sin 3z

Cau 95. Gi4 tri clia lim la

z—0 X
Cau 96. Cho ham sb f(z) = /22 + z + 1. Ding thitc nao sau day ding véi moi z € R?
@y’+y-y”=1- (y/)2—|—2-y-y”:1.
@(y’)z—y-y”zl- @(y')2+y-y”:1.

$3 2

Cau 97. Cho ham s6 f(x) = 3 + % + . Tap nghiém ctia bat phuong trinh f/(z) < 0 bang

@) 5 = (—o0;+00). (B) S =1[-2:2). © s=0. D) 5 = (0; +00).

. 4
Cau 98. Cho ham so y = x +
l’ p—

3 ¢6 do thi (C). Tim diém M nam trén (C) sao cho tiép tuyén
v6i (C) tai M song song véi dudng thing d: y = —3z + 2.

@) M,(2;-2), My(4:8). ®B) M, (2 -2), My(5: 7).
(©) M, (4:8), My(0;2). (D) M,(0;2), My (5:7).

Cau 99. Tinh dao ham ctia ham s6 y = z(z — 1)(x — 2) -+ (x — 2016)(z — 2017) tai z = 0.

@) v (0) = —2017. y(0) =207 (©y()=2017. (D) y(0)=

. . . N . T+ 2
Cau 100. Viet phuong trinh tiép tuyén ciia do thi ham so y = 5 4__1_ 3
x

tung va truc hoanh tai hai diém phéan biét A, B sao cho tam gidc OAB can.

biét tiép tuyén d6 cit truc

© bravee9.github.io/bravemath | Trang 328 / 434


https://bravee9.github.io/bravemath/

Chuang 15. BAI TAP DAO HAM

@yza:—?. y:—x+2. @y:x-i-?. @y:—$—2.
Cau 101. Cho ham 86 y = V22 — 2x. Tap nghiém bat phuong trinh f'(x) < f(z) 1a

<0 x>0

345 3+5" ©¢« <o

<
2 =T

©
e
%

T >

Cau 102.
Ngudi ta khio sat gia toc a(t) cla q(t)
mot vat thé chuyén dong (¢ 1a khodng

thoi gian tinh bang gidy tir ldc vat thé

chuyén dong) tit gidy thit nhat dén gidy

th@ 10 va ghi nhan dugc a(t) la mot

ham sb lién tuc c6 do thi nhu hinh bén
dudi. Hoi trong thoi gian tu gidy thit
nhat dén gidy tht 10 duge khao sat do,
thoi diém nao vat thé c6 van tdc 16n

nhat?
(@A) gidy thit 10. gidy thit 3. (©) gity thit 7. (D) gidy thit nhét.

2 ax 2 2 2 5 1
Cau 103. Néu do6 thi ham sb y = 23 —3x c6 tiép tuyén vuong géc vdi dudng thang y = 550—1—\/ 2017

thi s6 tiép tuyén do6 1a

@) o. ®) 1. © 2 D) 3.

Cau 104. Mot chat diém chuyén dong c6 phuong trinh S = t3 — 3t — 9t + 2, trong d6 t duge tinh

bang gidy va S dudc tinh bang mét. Gia tdc tai thoi diém van toc bi triét tiéu 1a

@A) -9 m/s”. —12 m/s”. (©) 9 my/s’. D) 12 m/s”.

Cau 105. Cho ham s6 y = 4z + 2 cos 22 c6 do thi 1a (C). Hoanh d6 ctia cic diém trén (C') ma tai

dé tiép tuyén ciia (C) song song hodc tring véi truc hoanh 1a

@ a=k2r (ke2). x:%—i—kw (k € 7).
©e=r+kr (ke2). @x:g—i—kﬂ (k € 2).
Cau 106. Cho ham s y = zsinz. Khing dinh nao sau day 13 khiang dinh dang?

@ xy +yy” —xy” = 2sinx. xy” +vy — xy = 2cosx + sin .
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@ xy” +yy —xy = 2sinz. @ xy” — 2y 4+ xy = —2sinz.

2 ) 3\"
Cau 107. Tim s6 hang khong chita 2 trong khai trién nhi thitc New-ton ctia (2:}62 - —) ,(x £ 0),
x
biét rang 1-CL +2-C2 +3-C3 + .- +n-C" =256n, (CE 14 t5 hgp chip k clia n phan ti).

(&) 48988. 49888, (C) 4898ss. (D) 4889888.

. . 7
Cau 108. Phuong trinh tiép tuyén ciia dudng cong y = tan (% - 3:1:) tai diém c6 hoanh do % 1A

@92255—%—1- y:2x+7§+1.
@y=—6x—77r+1. @y:_6x+77r_1,

. . . 1
Céu 109. Dao ham ca 41 n 1a so én duo Ga ham s0 y = ————— 1a
au ao ham cap n (v6i n 1a s6 nguyén ng) ctia ham so y =T 2016 a

@, @i @ihns © ik
(x +2016)n+1" (z +2016)" (x +2016)" (z +2016)"+1"
Cau 110. Cho chuyén dong xac dinh béi phuong trinh S = t3 — 3t — 9¢, trong d6 t dugc tinh

bang gidy va S dudc tinh bang mét. Tinh van tdc clia chuyén dong tai thoi diém gia toc triét tiéu.

@ 12 m/s. —3 m/s. @ 3 m/s. @ —12 m/s.

Cau 111. Cho ham s6 y = f(z) c¢6 dao ham trén tap sb thuc R, m # 0. Khing dinh nao sau day

ding?
®1(2)-r ®x(2)-1r(2)
@5 (2)-nr(2) ® 5 (2) s

Cau 112. Cho ham s6 y = f(z) = cos (x — g) x4c dinh trén R. Tinh dao ham cap 81 clia ham

s6 y = f(x) tai diém z = .
V3 V3
oF ® -, ©% ®© -5

. 1 < ,
Céu 113. Cho ham so y = gx?’ — (2m + 1)2% + mx — 4 (v6i m 1a tham s6). Tim m dé y’ > 0 véi

moi .

@mE(O;—i—oo). mE[R. @me(—oo;()). @mé@.

Cau 114. Cho ham s6 f(z) = cos? 3z. Tim f'(z).

O bravee9.github.io/bravemath | Trang 330 /434


https://bravee9.github.io/bravemath/

Chuang 15. BAI TAP DAO HAM

@ f'(x) = —3sin 6. f/(z) = —sin 6z.
@ f(z) = 3sin6z. @ f'(z) = sin 6.

Cau 115. C6 bao nhiéu tiép tuyén ctia dd thi ham sb y = —z® + 222 song song véi dudng thing

@)1 ®) 2. © 3. ) 4.

Céau 116. Phuong trinh nao sau day la phuong trinh tiép tuyén ctia do thi ham s6 y = T F +1
biét ring tiép tuyén dé di qua diém M(2; —1)?

@Z/Z-Ql‘—i-?). y:x—B. @ysz—?. @yz—L

Cau 117. Cho [(2z —1)?- (2—32)] = ax® + bxr +c. Tinh S =a + b+ c.

@) s = —sr. ®) s=17. ©s=-. D) s = 1.

N 2 1 . 2z
Cau 118. Cho d6 thi ham s (C): y = —; diém M ¢6 hoanh d6 z,, = 2—+/3 thudc (C). Biét tiép
x
tuyén ctia (C) tai M lan lugt cit Oz, Oy tai A, B. Tinh dién tich tam gidc OAB.

@ Spoap = 1. Sroap = 4.
@SAOABZQ- @SAOAB:\/§+2.

Cau 119. Phuong trinh tiép tuyén ciia d6 thi ham s6 y = 222 — 3z + 2 tai diém M (2;12) 1

@y=212-30. @ y=212+30. (C)y=21r—-42. ([D)y=21c+12

Cau 120. Trong mit phing Ozy, c6 bao nhiéu diém ma tir d6 ké duge hai tiép tuyén dén do thi
3 2
35 + z + 1 sao cho hai tiép tuyén nay vuong géc véi nhau?
@) vo sb. 2. ©o. O
Cau 121. Viét phuong trinh tiép tuyén ciia d6 thi ham sé f(z) = 2% — 222 4+ 32 + 1 tai diém c6

hoanh d¢ z, = 2.

@yz?az—lll. y:—av—?. @y:—x+9_ @y:7xf7_

1 N ; P N 2 2
Céu 122, Cho ham y = —= ¢6 do thi (C). Goi M la diém bat ky thudc do thi (C'). Tiep tuyen
x
tai M v6i dd thi (C) lan lugt cit truc Oz, Oy tai A, B. Tinh dién tich tam gidc AOB.

ham so6 y =
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@) 4. 2. ©) av2. ) 2v2.

Cau 123. Phuong trinh tiép tuyén ctia do thi ham s6 y = 22 — z — 2 tai diém c6 hoanh do = = 1

la

@2aw-y-4=0. Bz-y-3=0. (©az-y-1=0. D) 2-y=0.

Cau 124. Cho ham s6 y = f(x) = sin2z + 2% — 2018 x4c dinh trén R. Tim s6 nghiém thudc
khoéang (0; 27) ciia phuong trinh 19 (z) + 1024 = 0.

@) 3. 5. © 2. ®) 10.

Cau 125. Cho ham s6 f(z) = (2018 + x)(2017 + 22)(2016 + 3z) --- (1 + 2018z). Tinh f/(1).

(@A) 2019 - 201810, 2018 -2019°°.  (C) 201810092, (D) 1009 - 2019205,

2 1 1
Cau 126. Dao ham clia ham s0 y = — — — la
3

2z + 1

Cau 127. Cho duong cong (C) c¢6 phuong trinh y = 1 Tim phuong trinh tiép tuyén cia
x

dudng cong (C) biét tiép tuyén vudng géc véi dudng thang d: y = —4x + 3.

@ T A B)y=a 7
Y=gty Y=t y=3" 7
LR I 15 1.5

= —X — va = = — = - e
Yy=g* Ty ="y Yy=471

Cau 128. Tim trén dudng thing z = 3 diém M c6 tung do 14 sé nguyén nhd nhit ma qua dé ta

c6 thé ké téi d6 thi (O) ciia ham s6 y = 2® — 322 + 2 diing 3 tiép tuyén phan biét.

@) M(3;1). M(3;—5). (©) M(3;-6). D) M(3;2).

3

Cau 129. Tinh gi6i han lim -

201 —sinx’
@) 6. 1. ©s. ) 4.
Cau 130. Dao ham bac 21 ctia ham sb f(x) = cos(z + a) 1a
@ f2Y(x) = cos (x +a+ g) @Y (x) = —cos (w +a+ g)

@ f(Ql)(x) = —sin (:U+a+ g) @ f(21)(x) = sin <x+a+ g)
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Cau 131. Cho ham s6 y = cos(z + 2) x4c dinh véi moi z € R. Tinh dao ham cap 52 ctia ham s
da cho.

@ y(52> = COS(.T + 2) y(52) = 252 . COS(.T + 2)
@ y®2) = —cos(z + 2). @ y®?) = =252 . cos(z + 2).

axr +b

Cau 132. D6 thi ham sb y = cat truc tung tai diém A(0; —1), tiép tuyén ctia do thi tai

diém A c6 hé so gbc k= —3. Gid tri ctia a va b 1a

@az?;sz. azl;b:2. @az?;bzl. @azl;bzl.

Cau 133. Cho ham s6 y = 2% — 222 + 3z — 6. Viét phuong trinh tiép tuyén ctia do thi ham sb tai

giao diém cta do thi ham so véi truc hoanh.

@y:7$+14. y:7$—14. ©y27$+2. @yz?x.

m:r:3

Cau 134. Cho ham s6 f(z) = 5 322 +max — 5. Xéc dinh cic gia tri cia m dé f/(z) > 0, V.

@ m>s. B 0<m<s. © 3<m<3 (@D m>o.

1 N ; P N 2 2
Céu 135. Cho ham y = —— ¢6 do thi (C). Goi M la diém bat ky thudc do thi (C'). Tiep tuyen
x
tai M v6i dd thi (C) lan lugt cit truc Oz, Oy tai A, B. Tinh dién tich tam gidc AOB.

@) ave. 2. © 4 ) 2v2.

n A X . N X x + 3 . 7, 2 N N « X S 7, X . N X
Cau 136. Trén do thi ham so y = 212 tai cdc diem nao ma tiép tuyen véi do thi ham so tao
x

v6i 2 truc toa do mét tam gidc vudng can?
@A) (-3;0) va (~1;2). (1; -1).
4 . 4
@ <1; §> @ (—1;2) va (1; g)

@ 2017 - 22017, 2018 - 22018 @ 2017 - 22018 @ 92018 - 22017,

) -3 L L s . .
Cau 138. Cho ham so y = L—i—Z Biet tiep tuyen do thi ham so vuong goc véi dudng thang
x

1 < L ez
y= —g:c + 2017. Tim tat c& cadc hoanh do tiep diem z,.

@xoz—l;%:Q. m0:3.
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@xoz—l. @xoz—l;xoz—?).

Cau 139. Cho ham s6 y = f(x) = 23 + 622 + 9z + 3 c6 do thi (C). Ton tai hai tiép tuyén phan
biét ctia (C) ¢6 ciing hé sb goc k, ddng thoi dudng thang di qua cac tiép diém ctia hai tiép tuyén
dé cit cac truc Oz, Oy tuong tGng tai A va B sao cho OA = 2017 - OB. Hdi ¢6 bao nhiéu gig tri

ctua k théa man?

@) 3. ®) 1 ©o. ) 2.

. 1
Cau 140. Mot vat chuyen dong theo quy luét s(t) = —§t3 +12t2, trong dé t (gidy) 1a khodng thoi
gian tinh tir Iic vat bit dau chuyén dong, s (mét) 1a quang dudng vt chuyén doéng dude trong t

gidy. Tinh van tdc titc thoi clia vat tai thoi diém ¢ = 10 giay.

(@A) 80 m/s. 70 m/s. (©) 100 mys. D) 90 m/s.

. 1
Cau 141. Mot vat chuyén ddng theo quy luat S = —§t3 + 6t% v6i t (gidy) 1a khodng thoi gian
tinh tir khi vat bat dau chuyén dong va S (m) la quang dudng vat di chuyén duge trong khoang
thoi gian d6. Hoi trong khoang 9 gidy ké tit khi bat dau chuyén dong, van toc 16n nhat ciia vat

dat dugc bang bao nhiéu?

(@A) 243 (m/s). 144 (m/s). (©) 27 (w/s). D) 36 (m/s).

Cau 142. Pao ham cia ham s6 gy = tan’z — cot’z 6  dang
1 s
y’:a(tanx—i— >+b<tan3x+ = ).Khidéa—bbéng
tan tan” x
oy ®: @o ® -
1 3 4 .
Cau 143. Cho (C,,): y = —a* — mt 2 +3m + 3. Goi A € (C,,,) ¢6 hoanh d6 1. Tim m de

4
tiép tuyén tai A song song v6i dudng thing d: y = 6z + 20177

@m:—?). m:5. @m:O. @sz.

N —1 . . P
Cau 144, Trén do thi (C): y = z 5 c6 bao nhiéu diem M ma tiep tuyen véi (C) tai M song
x —

song voi dudng théng d: z +y = 17

@) o. ®) 4. © 2 ® 1

Cau 145. Cho chuyén dong xac dinh béi phuong trinh S = t3 — 3t2 — 9¢, trong d6 t dugc tinh

bang gidy va S dugc tinh bang mét. Tinh vin téc clia chuyén dong tai thoi diém gia toc triét tiéu.

@ 3 m/s. —12 m/s. @ —3 m/s. @ 12 m/s.
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. . 2
Cau 146. Tinh dao ham cap n cia ham so y = mi T
x
n! (—1)"™n! (—1)"n!
1 —_— —_ —
@ + SC + 1 (r L 1\n+1" (IL‘ + 1)n+1 @ <x + 1)n+1 @ ((17 + 1)11
.2
) ST hiz<1l
Cau 147. Cho ham so f(z) = 1 2 . Khang dinh nao duéi day la sai?
— khiz>1
x

@ Ham s6 f(x) lién tuc tai 2 = 1 va ham sb f(z) ciing ¢6 dao ham tai z = 1.
Ham s6 f(x) lién tuc tai z = 1.

(C) Ham s6 f(x) c6 dao him tai = 1.

(D) Ham s6 f(z) khong c6 dao him tai @ = 1.

Cau 148. Cho ham s y = 2® — 3(m + 1)2? + 92 —m (v6i m 1 tham s6). Tim m dé y’ = 0 c6 hai

nghiém phéan biét x, 2, théa 2?2 + 23 = 10.

@mzl. mzl;m:—B. @mzl;m:?). @m:—?).
Cau 149. Cho ham s6 y = sin® . Hé thitc lién hé gitta y va y” khong phu thudc vao z 1a

@ wr+a-2?=1. (v')? + 4> =4

© 202 + 42 =1. @ 4(y)? +y? =4

2 ax , . . 2 1
Cau 150. Néu do thi ham sb y = 23 —3x c6 tiép tuyén vuong géc véi dudng thang y = 5:5—1—\/ 2017
thi s6 tiép tuyén do 1a

®: ®: ©: ®o
’ 7v4$+1_1 khiz >0 . .
Cau 151. Cho ham s6 y = f(x) = x . Khang dinh nao la ding vé dao
z+1 khi z <0

ham ctia ham s6 f(x) tai x = 0?

@ f(0) =1. Khéng ton tai.. @ f/(0) =0. @ f/(0) = —1.

Cau 152. Dao ham ctia ham s6 y = /2 + cos? 2z bang

—sin4dx , cos 2x
@y \/2—1—008221‘ y _\/2—|—C08225E'
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—sin? 2z —sin4x
@ 4 \/2+0082 2z @ 4 \/2—|—cos2 27
r(3)
/ ™ ’
v (7)
® 5 : ©3 Ok

2 1 N 2 . N
Cau 154. Cho ham so y = 5:53 — 322 4+ 31 + 1 ¢6 do thi (C). Tiép tuyén véi do thi (C) ctia ham

Cau 153. Cho ham s6 f(z) = cos 2z, g(x) = tan 3z. Tinh

s6 song song dudng thang y = —2x — 1. Phuong trinh tiép tuyén véi do thi (C) 1a

@y:—2x+13—0;y:—2x—%. y:—2x+?;y:—2x—22.

10 22 22
=2r— —;y=-2 - =—2r—-10;y = 22 — —.
@ Y T Y T+ @ Y x Y T 3

Cau 155. Cho ham s6 y = —22 + 3z — 2 ¢6 do thi (C). Viét phuong trinh tiép tuyén ctia (C) tai
diém M, biét M 1a giao diém ctia (C) v6i dudng thang cé phuong trinh y = —z — 2 va x,, > 0.

@y=-9z-14. B y=-9r+12. (©y=-92-12. (D) y=—92+14

Cau 156. Cho P(z) = (1 + 3z — 22%)2°. Khai triéen P(z) thanh da thic ta duge
P(z) = ag + a1 + ayx?® + - + ayyr®®. Tinh S = a; + 2ay + -+ + 40a,,.

@s=-5-20  (B)S=5-22 ©s=-5-22. (D) S=522.

. 1
Cau 157. Cho ham so6 f(z) = g(m — 12— (m—2)22+ (m—3)z+ (m? +m+1) v6i m 1a tham

s6. Tim m dé phuong trinh f’(z) = 0 c6 hai nghiém z,, 2, sao cho 2, + 2, + 2,2, < 1.

@1<m<2. m>2. ©m>3. @1<m<3.

Cau 158. Tiép tuyén c6 hé sb géc nhoé nhat ctia do thi ham sé y = 22 — 322 4+ 92 — 5 ¢6 phuong
trinh la

@y=2 B) y=6o-14 ©y=92-71. @ y=—20+4

Cau 159. Tim tat ci cac gid tri thuc ctia tham sé m dé bat phuong trinh f/(z) < 0 ¢6 tap nghiém

m:c3 mmz

@me[?;—i-oo). m€[0;152]. ©m€[0;+oo). @me(o +00)

Cau 160. Cho ham s6 y = v/1 + 3z — 22. Khéng dinh nao dudi day ding?
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@(y')2+y'y”=—1. y-y”—(y’)Qzl.
@ )2 +y-y =1 @ ()2 +2y-y" =1.

3sinx

Cau 161. Cho ham s6 y = xac dinh v6i moi x #+ —% + km, k € Z. Chon khing dinh

] sinx 4 cos
ding trong cac khang dinh sau.

@ y? =y sin’ z. y? = 3y’ sin” . @ y? = —3y sin’ z. @ y? = —y sin’ z.

2 +1, z>1

Cau 162. Cho ham s6 f(x) = . Ménh dé sai 1a

2x, z <1

@) 7@ =4 F)=2.

@ f khong c¢6 dao ham tai z, = 1. @ f(0) =2.

3

Cau 163. Sb tiép tuyén clia do thi ham s6 y = 5~ 27 song song v6i truc hoanh la

@) 2. ®) o. © D) 3.

. . . 7
Cau 164. Phuong trinh tiep tuyén cua dudng cong y = tan (% — 3:1:) tai diém c6 hoanh d6 % la
7
@y:2aj+§+1. y:—6x—77r+1.
©y=—6r+7r—1 @ y=20—"T—1
y= ! y= 5 L

2
) 1
Cau 165. Cho ham sb f(z) = % Tim tap nghiém S ctia phuong trinh f/(z) = 0.
X

@) s = {o}. ®) 5 = {0;1}. ©s=u. D) 5 ={-1:1}.

2 1 N .
Cau 166. Cho ham so6 y = gmmS +(m—1)z% + (4 —3m)x + 1 ¢6 d6 thi (C). Tim tat ca cic gid
tri cia tham s6 m dé trén (C) c6 duy nhat mot diém cé hoanh d6 4m ma tiép tuyén ciia (C) tai

diém d6 vuong géc véi dudng thing c6 phuong trinh z + 2y = 0.

@m>§. mﬁOhoécm>§.
©m<0hoz§cm>§. @mSOhoécng.
Cau 167.

©) bravee9.github.io/bravemath | Trang 337 /434


https://bravee9.github.io/bravemath/

Chuang 15. BAI TAP DAO HAM

Ngudi ta khio sit gia téc a(t) ctia mot vat thé chuyén Yy
dong (t 1a khoang thsi gian tinh bang gidy tir lic vat thé
chuyén dong) tit gidy thit nhat dén giay thit 3 va ghi nhan
duge a(t) 1a mot ham s6 lién tuc ¢6 do thi nhu hinh bén

dudi. Héi trong thoi gian tit gidy thtt nhit dén gidy tht

3 dugc khao sat dé, thoi diém nao vat thé cé van tbc 16n

nhat?

(@A) gity thi 2. gidy thit 3.

(©) sity thit 1,5. (D) gidy thit nhét.

Cau 168. Cho db thi (C): y = 2° — 622 + 92 — 1. Tt mot diém bat ky trén dudng thing = = 2

ké duge bao nhiéu tiép tuyén dén (C)?

@1 ®) 2. © 3. ®) o.

Cau 169. Biét dudng thing y = x 1a tiép tuyén ctia do thi ham sb6 y = 22 + bz + ¢ tai diém
M (1;1). Tim céc s6 thuc b, c.

@bv=-1e=1. @b=le=-1 (Cb=lec=1 @b=-1e=-1

Cau 170. Cho ham s6 y = —2°® + ma? + ma + 1 c6 d6 thi (C). C6 bao nhiéu gia tri m dé tiép

tuyén ctia (C) c6 hé sb gbéc 16n nhat di qua gbc toa do O.

@) 3. ®B) Vo sb. ©1 D)

Cau 171. Cho (O): y = 3z — 42. C6 bao nhiéu tiép tuyén ctia (C) di qua diém M (1;3)?

@) 3. ®) o. © 2 O 1

Cau 172. Cho ham s6 y = V22 — 2x. Tap nghiém bat phuong trinh f'(x) < f(x) 1a

z <0 x>0
\f
@ 34+V5° 345" ©$Z3+2 5. @:c<0.

Cau 173. Phuong trinh tiép tuyén ctia d6 thi ham s6 y = —22* + 22 + 3 tai diém M(1;2) 1a

A y=—6c—6. (@B y=—6s+6. (C)y=—62-8  (D)y=—62+8.

Cau 174. Dudng thing nao sau day 1a tiép tuyén ctia dd thi ham sb y = z° + = + 1.
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@y:—2x+1. y:—x—l—l. @y:2x+1. @y:x+1.

Cau 175. Trong cic tiép tuyén tai cdc diém trén do6 thi ham sb y = 23 — 322 + 2, tiép tuyén c6

hé s6 géc nhé nhat bang

@) o. ®) 3. © 3. ©) -4

. 1 . .
Cau 176. Cho ham so y = §x3 — (2m + 1)2% + mx — 4 (v6i m 1a tham s6). Tim m dé y’ > 0 vdi

moi x.

@mE(O;—i—oo). mE(—oo;O). @mE@. @mEIR.

< z—3 £ L.z . R £ :
Cau 177. Cho ham s6 y = 12 Biet tiep tuyen do thi ham so vudng géc v6i duong thang
x

1 £ z 2
Y= —g:c +2017. Tim tat ca cac hoanh do tiep diem z.

@xoz—l;xoz—& x0:3.
@xoz—l. @xoz—l;xozl

T —

Cau 178. Cho ham s6 y =

2 N . P N
7 c6 do thi (C). Phuong trinh tiep tuyen véi do thi (C) tai giao

diém ctia (C) véi truc tung 1a

@y:—aj+2. y::l?42. @y:—m—Q. @y:$+2.

Cau 179. Cho ham s6 y = 2% — 3ma? + (m + 1)z — m. Goi A 1a giao diém ctia dd thi ham sb véi

truc Oy. Tim gid tri ctia m dé tiép tuyén clia do6 thi tai A vudng géc v6i duong thang y = 2z — 3.

@m:—g. m:%. @m:—B. @mzl.

Cau 180. Cho ham s6 y = 2% — 222 + 32 + 1 ¢6 do thi (C). C6 tit ci bao nhiéu tiép tuyén ciia
dd thi (C) song song v6i dudng thing y = 3z + 20187

@) 2. ®) 3. ©« D

Cau 181. Biét rang d 1a tiép tuyén ctia do thi ham s6 y = song song vGi truc hoanh.

o ) ) . z2 4+ 2x—5
Hoanh d6 tiep diém ctia tiép tuyen d bang

@) -1. 2. ©o. ) 1

Cau 182. Cho ham s y = 3z — 42 c6 do thi (C). Tit diém M (1;3) c6 thé ké duge bao nhiéu
tiép tuyén véi (C)?
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@) 1 ®) o. © 2 D) 3.

Cau 183. Biét do thi ham s6 f(r) = ax® + bax? + cx + d cat truc hoanh tai ba diém phan biét c6

1 n 1 n 1
fr(zy) () f’(x?,)'

@r-=1 T:é. ©r=o. ®7T=3

Cau 184. Cho ham s y = 2x2
$ —

Oz, Oy 1an lugt tai A va B sao cho AB = v20A > 0.

@y:—m—i—él. y:—x. @y:—:r—{-& @y:—x—&

Cau 185. Cho (O): y = 3z — 422, C6 bao nhiéu tiép tuyén ctia (C) di qua diém M (1;3)?

@) 3. ®) 1. ©o. ® 2.

Cau 186. Tu diém A(0;2) ké duge bao nhiéu tiép tuyén véi do thi ham s6 y = |z|® — 3|z| + 27

@) o. ®) 2. © 3. O 1

Cau 187. Viét phuong trinh tiép tuyén ctia do thi ham s6 f(r) = 23 — 2% + 2, biét tiép tuyén

hoanh d6 z,,r,, z5. Tinh gia tri ctia bicu thic T =

(C). Viét phuong trinh tiép tuyén ciia d6 thi (C) cit céc truc

song song voi dudng thing y = 5z + 5.

121 121
@y:5x—2—7,y:5x+5. @y:5x+?.

Cau 188. Cho ham s6 y = 23 — 622 + 2 + 1 ¢6 do thi (C). Trong tat ca cac tiép tuyén cia (C),

tiép tuyén c6 hé sb géc nho nhat c¢é phuong trinh 14

@92—11w+9- y=16x—19. @y:37x+87. @y:_8x+5,

sin 3x
1a

Cau 189. Gid tri cua lim
z—0 2
@32 Z © ; ®) 3.

Cau 190. Cho [(22 —1)?-(2—32)] =ax? + bx +c. Tinh S =a + b+ c.

@) s=-. ®) 5 = 1. © s=1r. D) s = —sr.
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) av/z khi0<z<zy _, | )
Céu 191. Cho ham so f(z) = . Biét rang ta ludn tim dugc mdt so

2+ 12 khi x > =,
duong x, va mot s6 thuc a dé ham s6 f(x) c6 dao ham lién tuc trén khoang (0; +00). Tinh gi4 tri

S =uzy+a.

@) 23 - 4v2). 2(3 + 2v/2). ©) 22 + 4v2). @) 23 - 2v2).
Cau 192. Tinh dao ham ctia ham s6 y = (2% — 322)2°17,

@ y' = 2017(z3 — 322)?°16(22 — 3). @ y' = 6051(z3 — 322)2916(22 — 2).

(©) v = 2017(a® — 322)2015, D) v = 2017(2® — 322)2016 (322 — 62,
Cau 193. Tim m dé phuong trinh f’(z) = 0 c6 nghiém. Biét f(x) = mcosx + 2sinz — 3z + 1.

@m<0. m>0. @]m\zx/g @—\/5<m<\/5.

i ar’ +br+1 néux>0 )
Céu 194. Cho ham so f(z) = . Khi ham s6 f(z) c6 dao ham tai z, = 0.

ar—b—1 néu z < 0
Hay tinh T' = a + 2b.

@)1= ® 7= ©r=4 ®T=0

Cau 195. Goi M (x,;;y,,) 12 mot diém thuoe (C): y = 2% — 322 + 2, biét tiép tuyén ctia (O) tai
M cat (C) tai diém N(xy;yy) (khdc M) sao cho P = 522, + 22, dat gid tri nhé nhit. Tinh OM.

@OM—lof. OM—7\2/71»0. @OM—\Q;O. @OM:@.

. 1 3 R 7 27 15 . .
Cau 196. Cho ham s6 y = 5::;4 — 322+ 3 c6 do thila (C) va diem A <_T6; _Z>' Biét ¢6 3 diem
My (z1;91), My(55y5), M3(25;95) thude (C) sao cho tiép tuyén ciia (C) tai mdi diem d6 déu di

qua A. Tinh S =2, + x5 + z5.

@) s=-s. S:E @S:% @sz—g

A , N > N 2 . .2
Cau 197. Tinh dao ham ciia ham sb y = sin® z + cos® z + 3sin® z cos? z.

@) 2. ®) o. © ®) 3.

Cau 198. Cho ham s6 y = 2% — 222 + (m — 1) + 2m ¢6 dd thi (C,,,). Tim m dé tiép tuyén c6 he

s6 géc nho nhat ciia do thi (C),) vudng géc véi dudng thang A: y = 3z + 2018,

m
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@mzl. m:—%. @m:g @m:2.

Cau 199. Cho him 6y — >
ar — 2

ctia d6 thi ham sb tai diém A(1;—2) song song véi dudng thang d: 3z +y — 4 = 0. Khi d6 gid tri

(ab # —2). Biét ring a va b 1a céc gid tri thod man tiép tuyén

clia a — 3b bang

@) 4. 5. © -1 ® 2.

Cau 200. Biét 14+2-2+3-2244-23 +... 42018 - 22017 = . 22918 1 b v6i a,b 1a cic sd nguyén
duong. Tinh S =a +b.

@) s = 2019. S = 2020. (©) s =2017. D) s = 2018.
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BAl TAP VE CHU DE MU VA LOGARIT

. . log, b+ log, c+log.a =3
Cau 1. Cho ba s0 thuc duong a,b, ¢ khéc 1 théa man dong thoi

a’b—c=0

Xét tinh ding sai cta cdc ménh de sau:

Ménh dé b S

Phuong trinh log, = + log, * = 2 ludén c6 nghiém thuyc duy nhat
x> 0.

Gid tri ctia biéu thic P = log,(bc) + log,(ca) 1a mot sé nguyén

duong.

Khong ton tai bo s6 (a, b, c) théa man diéu kién bai todn néu a, b, c

© O O

theo tht tu lap thanh mot cip sé nhan.

Cau 2. Cho hai s6 thuc a,b > 1. Biét rang céc sb log, 2;log, 8;log, 128 theo thit tur 1ap thanh mot

cap sb6 cong. Biét rang mbi quan hé gitta hai cd s6 14 @ = b¥. Tinh gi4 tri ctia biéu thic T = 3k.
KQ:

Céau 3. Cho a,b 1a céc sé thuc duong 16n hon 1 théa méan hé thic log, (a*b) + log, (ab®) = 10.

Tinh gid tri ctia biéu thic P = |loga b —log, a|.

@) var. 2V5. ©s. ) vao.

Cau 4. Trong mdt nghién citu ky thuat, do suy giam tin hiéu L ctia mot soi cap quang dude biéu

dién dudi dang L = log,  40. Biét rang log, 5 = a va log, 3 = 0. Hay biéu dién L theo a va b.

_a+3 _ bla+3) _ bla+3) _ab+3
@L_ab+1' L_ ab+1 " ©L_ a+b @L_ b+1°
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Cau 5. Téc d6 tang trudng ciia mot quan thé vi khuan sau  gio véi = € [2;3] dude md ta béi
ham s6 f(x) = e — mInx. Biét rang trong sudt khoang thoi gian tit gid thtt 2 dén gic thit 3 thi
tdc do nay ludn tang. Hoi ¢6 bao nhiéu gia tri nguyén duong ciia tham sb m théa man diéu kién

trén? KQ:

Cau 6. Cho ham s6 f(z) = zInx —m(x — 1) v6i m 1a tham s6 thyc. Xét tinh ding sai ciia cdc

ménh deé sau:

Ménh d&

a | Dao ham ctia ham s6 da cho 1a f/(z) =lnz + 1 —m.

b | Him s6 f(x) dong bién trén khodng (1;e) khi va chi khi m < 2.

V6i m = 1 thi gid tri nhé nhat ctia ham s6 f(z) trén doan [1; ¢] bang

1.

o |0 0O
O |10 |0 E

Cau 7. Trong mit phing toa d6 Oxy, cho hai dd thi ham s lan lugt 1a (C)) :y = V3nz va
(Cy) : y = —V3Inz. Goi A va B 14 hai diém lan lugt ndm trén (C) va (Cy) sao cho A va B déi
xiing v4i nhau qua truc hoanh va tam gidc OAB 1a tam gidc déu. Biét hoanh do z, clia A thoéa
man phuong trinh z, = 3Inz,. Dién tich clia tam gidc OAB bang
V3 V3 3
. 1 PN
Cau 8. Cho ham 86 f(x) = In (1 — —2> v6i moi & > 1. Goi § = e/PHfB)1++f(2026) Bt ring
45
s=L1 phan s6 ti gidn (véi p, ¢ 1a cdc sb nguyén duong). Tinh gid tri ctia biéu thic T = p + q.
q

KQ:

Cau 9. Cho ham s0 f(z) = ———. Thiet 14p day ham s0 f,(x) = f(z) va f, (z) = 4 (x

v6i moi n > 2. Tinh gid tri clia fypq4(1).

1 1 1 1
2026 V2027 2027 @ V2026

Cau 10. Cho ham s6 f(x) = 22 — 2z + 3 va ham s6 hop g(z) = \/f (22 + 2z) — m, v6i m 1a tham

80. Xét tinh dung sai clia cic ménh dé sau:

Ménh dé b S

a Dit t = 22 + 22 thi tap gia tri clia t khi 2 chay trén R 1a [—1; +00).

b | Ham s6 g(x) c6 tap x4c dinh 13 R khi va chi khi m < 3.
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c | V6i m = —2 thi ham s6 g(x) xéac dinh trén toan bo truc s6 R. O O

Cau 11. Trong mit phéng toa do Ozy, cho hai d6 thi ham s lan lugt 1a (C)) : y = log, z va
(Cy) :y = 3%. Goi B € (C,) va C € (Cy) 1a hai diém déi ximg v6i nhau qua dudng phan gidc
y = . Biét trung diém M ciia doan thang BC cé toa d6 1a (2;2). Tich hoanh d6 cfia hai diém B
va C bang

@) 3. ®) 4. © 2 O

Cau 12. Cho ham s6 lién tuc f(x) = sinz+1. Tim tat ci cc gid tri clia tham s6 m dé bat phuong

trinh [f?(z) — 2mf(x) + m* — 1] [f(z) — 3] < 0 nghiém ding véi moi = € R.

@me [—1; 3]. me (—o0; —1] U [3; +00).
@me(—oo;O]U[2;—l-oo). @mE[O;Q].

Cau 13. Tim téng tAt cd cac gid tri nguyén ctia tham s6 m dé bit phuong trinh

(log,  —2) ( —m) < 0 c6 ding 3 nghiém nguyén x. KQ:

Cau 14. Cho ba s6 thuc duong a, b, ¢ khac 1 théa man a-b - c = e3. Khi d6 gi4 tri 16n nhat cia

biéu thitc P =Ina-Inb+1Inb-lnc+Inc-Ilna bang

@) 3. ®) 9. © ®) 6.

Cau 15. Tim tat ci céc gid tri clia tham s6 m dé bat phuong trinh sau nghiém ding véi moi
x € (2;4]
(log,  —m) (logyz —m —3) <0

@mG[l;Z]. mE[—l;l]. @mG[O;B]. @me[—?);O].

Cau 16. C6 bao nhiéu sé6 nguyén a sao cho tmg v6i mdi a, ton tai it nhat bén sd6 nguyén

b e (—12;12) thoéa man 4%°+0 < 3b-e 4 657

@) 4. ®) 6. ©s. ® 7.
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. 5
Cau 1. S6 nghiém ctia phuong trinh 2sinz = v/3 trén doan [O; g] la

@1 ®) 3. ©:2 ®) 4

sin 2x

Cau 2. Tim s6 nghiém thudc doan [27; 47| ctia phuong trinh 0.

cosz+1
@) 5. ®) 3. © . ) 4.

Cau 3. S6 nghiém ctia phuong trinh 2sin® 2z + cos2z + 1 = 0 trong [0;20187] 1a

@) 2017. 2018. (©) 1009. D) 1008.

Cau 4. Tim s6 nghiém ctia phuong trinh cos 2 — cosz — 2 = 0 trong [0; 27].

@) ®) 3. © 2 ® o.

cosx + sin 2z

Cau 5. Cho phuong trinh +1 = 0. Khéng dinh nao dusi day la ding?

cos 3x

(A) Diéu kién xéc dinh ciia phuong trinh 1 cosz(3 + 4 cos? ) # 0.
Phuong trinh da cho v nghiém.
@ Nghiém am 16n nhat ctia phuong trinh 1a x = —g.

@ Phuong trinh tuong dwong véi phuong trinh (sinz — 1)(2sinz — 1) = 0.

. 2
Cau 6. SO nghiém thudc doan [—E; z] cta phuong trinh cosx + sinz = u
22 1 —sin2z

@) 4 ®) 3. ©:. ® 1
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Cau 7. Trong khoang (0; g) phuong trinh sin? 4z + 3sinda - cos 4z — 4 cos? 4z = 0 ¢6 bao nhiéu

nghiém?
@) 4. ®) 3. © ) 2.

z 2 2 ~ ]-
Cau 8. So diém biéu dién nghiém cta phuong trinh 8 cot 2x(sin6 r+cosb 1) = 5 sin 4x trén dudng

tron lugng giac 1a
@) o. 4, © 6. ® 2.

P 3 2
Cau 9. Goi T la tép gia tri cia ham s6 y = 3 sin?x — 71508 2z 4+ 3. Tim tong cac gia tri nguyén

cua T.

@) 6. ®) 4. ©r. ®) 3.

Cau 10. S6 nghiém ctia phuong trinh tan (a: + %) = /3 thuoc doan [g, 27T:| la

@) 2. ®) 1 ©) 4. D) 3.

Cau 11. S6 nghiém chung ctia hai phuong trinh 4cos?z — 3 = 0 va 2sinz + 1 = 0 trén khodng
( . 37r> ba
55 ang

@) 4. ®) 3. © ) 2

Cau 12. Cho phuong trinh 3v/tanz + 1(sin 42 cos z) = m(sin x+3 cos z). C6 tit ca bao nhiéu gia
tri nguyén ctia m thuoc doan [—2018;2018] dé phuong trinh trén c6 nghiém duy nhat = € (O; g)’?

@) 2016. 4036. (©) 2015. (D) 2018.

Cau 13. Tim nghiém ctia phuong trinh cos?  — cosz = 0 théa man diéu kién 0 < z < 7.

@:c:g. a:zO. @x:2. @IL’:T['.

2020

Cau 14. Cho phuong trinh sin®**® z + cos2018 z = 2 (sin x + cos2020 x) Tinh tong cdc nghiém

ctia phuong trinh trong khoang (0;2018).
1285\ 1285\
2 2
@) (643)2r. () = ©er ® () =
A R £ o s oz . . 3
Cau 15. Gid tri 16n nhét cia ham sb y = 4sinz + v/2 cos 2z trén doan [0; Z]

@)4-ve. ®) 2v2. © v ) 4v2.
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Cau 16. Tim tit cd cic gid tri thuc ctia tham s6 m dé phuong trinh

(cosz + 1)(cos 2z — mcosz) = msin® z ¢6 ding hai nghiém = € [0; %]

@—1<m§—%. —%§m<1. @—1<m§—\é§. @o<m<1.

; -3 3
Cau 17. Tim s0 nghiém thudc [Tﬂ, 77) ctia phuong trinh v/3sinz = cos (g — 25[3).
®: ®: @0 ®>
A PR . ol N .
Cau 18. S0 nghiém thudc doan [0; 2] cta phuong trinh 2sinz —1 = 0.

@) (-2-1). (1;2). ©) ;1) ®) (-1;0).

Cau 19. Gi4 tri 16n nhét ctia m dé phuong trinh cosz + sin?'®

@) -1. 0. © 1 ® ;
Céu 20. Phuong trinh sinz = cosz ¢6 bao nhiéu nghiém thudc doan [—m;7]?
@) 3. 0. ©: O

Cau 21. Tim diéu kién ctia tham s6 m dé phuong trinh msinaz — 3cosz = 5 ¢ nghiém.

@m§—4hoécm24. mZ\/3>4.

© m=>4 A<m<A

52 4+ m = 0 ¢6 nghiém 1a

Cau 22. Tim m dé phuong trinh sinz + (m — 1) cosx = 2m — 1 c6 nghiém.

m > 1

@—éﬁmél. ®m> @m L @ 5 <ms

3

Wl

Cau 23. Ham sb y = sin* 2 + cos? z ¢6 tap gid tri 1a T = [a; b]. Gi4 tri cia b—a la
1 1
op op @ ®

Cau 24. Biéu dién tdp nghiém ciia phuong trinh cos x 4 cos 2z + cos 3z = 0 trén dudng tron lugng

gidc ta dugc s6 diém 1a

@) 4. ®) 2 ©s. D) 6.

Cau 25. Giai phuong trinh cos 3z - tan 4z = sin 5.
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T k3w km T k3w

= k2 = — 4+ — = —,r=—+——

@ v =k2mz 678 ® - 2" T 1678
k27 T km T km

Cau 26. C6 tit cd bao nhitu gid tri nguyén cta tham s6 m dé phuong trinh

cos3 2z — cos? 2z = msin® x ¢6 nghiém thuéc khodng <0; %) ?

@3. 1. @2, @0.

Cau 27. Hang ngay, muc nudc ctia mot con kénh 1én xudng theo thity tridu. Do sau k (m) ciia con
i)
+3

kénh tinh theo thai gian ¢ (gio) trong mot ngay duge cho béi cong thic: h = 5 cos (§ + 1
Thoi diém muc nude ciia kénh cao nhat 1a
@)t = 16. ®) ¢ =15 ©¢t=1. ®) =13
Cau 28. Tim m dé phuong trinh sin4z = m - tanx c¢6 nghiém z # k7.
@—%§m<4. —%<m<4. © -1<m<4. @—%gmgél.
Cau 29. Phuong trinh 2sin®z 4+ 3sinz + m = 0 ¢6 nghiém khi

@ng. m§—5. @mgl. @—5§m§§.

2 (1—3sin2:1:0052x) —sinzcosx 3
au 30. o phuong trin = 0 ¢6 4 1a nghiém duong 16n nhat
Cau 30. Cho ph inh 73— 2si 0 c6 x, la nghiém d 16n nha
— 2sinx
(a,b € 7). Tinh téng T = a + b.

trén khoéng (0; 1007) va c¢6 dang x, = am + %
@) 7 = 102. ®) T = 100. © 1 =10 ®) T =101
. )
Cau 31. Téng céc nghiém ctia phuong trinh 2 cos? z + v/3sin 2z = 3 trén (0; ;} la
T T T
@ 2r. o © 5 ® 3

Cau 32. Tim tap hop tt ci gid tri ctia tham sd thuc m dé phuong trinh sin®z + sinz cosz = m

c6 nghiém.
1-v2 1++2 11
@[ 2 7 2 ] [_1;1}
© [-v2 V2. ®) [2_2\@;22\/5]-
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Cau 33. Gi4 tri nhé nhat ctia ham sb y = cos 2z — 4cosz + 6 1a

@) 3. 6. ©) 1. ® 5.

sinx + cosx

Cau 34. Gi4 tri nhé nhat va gia tri 16n nhat ctia ham s6 y = lan Iugt 14

2sinz —cosx + 3
@ 1w ®) 12 @—1@%. @—%vﬁl.

Cau 35. Phuong trinh 4 sin 22 — 3sin 2z cos 2z — cos? 2z = 0 ¢6 bao nhiéu nghiém trong khoang

(0;m)?7

@) 2. ®) 3. © 1 ) 4.

, P ‘ P 2+ cosx
Cau 36. Tong gia tri l16n nhat va gid tri nhé nhat ctia ham so y = — N la
sinx +cosx + 2

@% ®) 5. © 3. @%

Cau 37. Tit céc s6 1;2;3;4 ta 1ap s6 gom 4 chit s6 khac nhau ting déi. Tong clia tat ci cic sb

lap dugc 1a

() 66660. 5660. (©) 3660. D) 6660.

Cau 38. Tim m dé phuong trinh (cosz + 1)(2cos?z — 1 —mcosz) — msin®z = 0 ¢6 ding hai

2
nghiém thudc [0; ;] .

@0<m§%. —%<m§1. @—1<m§—%. @—1<m§1.

Cau 39. Phuong trinh sin 5z + sin 9z + 2sin” z — 1 = 0 ¢6 mot ho nghiém 13

@x:% kQTW xz%—l—kz%. @wz%—l—k?m @$:377r+k7r.

Cau 40. Cho phuong trinh (cosz + 1)(cos 2z — mcosz) = msin® z. Phuong trinh c¢6 ding hai
2
nghiém thuoe doan [0; g} khi

@—1<m§—%. ®) m>-1. ©-1<m<1. @ m>-1L

Cau 41. Xét phuong trinh sin 3x — 3 sin 2z — cos 2z + 3sinx 4+ 3 cos x = 2. Phuong trinh nao duéi

day tuwong duong v6i phuong trinh da cho?

@ (2sinz — 1)(2cos? x + 3cosz + 1) = 0. (2sinz —1)(cosz +1)(2cosz —1) = 0.

@ (2sinx —1)(2cosx — 1)(cosz — 1) = 0. @ (2sinz —1)(2cosz + 1)(cosz — 1) = 0.
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Cau 42. Phuong trinh

@) 2. ®) 4. © ©) 3.

Cau 43. S6 nghiém ciia phuong trinh cos? z — sin2z = V2 + cos? (g + .’E) trén khodng (0;3m)

4 )
5T _ tan 2z ¢6 s6 nghiém thude khoang (0; g) 14 bao nhidu?
CO

bing

@) ®) 4. © 2 ©) 3.

Cau 44. Tinh tong S cic nghiém clia phuong trinh (2 cos 2z + 5)(sin4 x —cos*z) + 3 = 0 trong
khoang (0;27).

@S:H%. S:%r. © s=sm. ®©) 5 =4r.

Cau 45. Phuong trinh cos? z + cosx — 2 = 0 ¢ bao nhiéu nghiém trong doan [0; 27].

@) 4. ®) © 2 ®) 3.

Cau 46. Cho phuong trinh (1 + sin2z)cosz — (1 + cos 2x)sinz = sin 2z. Tinh téng cic nghiém

ctia phuong trinh trén khoang (0; ).

@®o. ®= ©- ®%

Cau 47. Véi gia tri 16n nhat clia a bang bao nhiéu dé phuong trinh a sin? 2+2sin 224 3a cos® z = 2

¢6 nghiém?

@) 4. 2. © g. %

Cau 48. Phuong trinh (1 4 cos4x)sin 2z = 3 cos? 2z ¢ téng cic nghiém trong doan [0; 7] 1a.
@ ®* @: ®F
2 3 2 4"

Cau 49. C6 bao nhiéu gid tri thuc cua m dé phuong trinh
(sinz — 1) (2cos?’z — (2m+1)cosz+m) = 0 c6 ding bén nghiém thuc phan bigt thudc
doan [0; 27].

@) 1 ®) 3. ©« ®) 2.

Cau 50. Cho phuong trinh sinz — V3 cosz = 2sin3z. Goi x, Va 1, lan lugt 1a nghiém 16n nhat

va nhé nhat clia phuong trinh da cho trong doan [0;20187]. Tinh téng z; + 2.

@ 43y = 121;771'. 4Ty = 121;)3%.
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121097 12111m

. / 1
Cau 51. Tim m dé phuong trinh V1 —sinz 4 4/sinz + 5 =m c¢6 nghiém.

@;gmg?. ®o<m<t.  (©o<m< V3 @‘fgmgﬁ.

Cau 52. C6 bao nhiéu s6 nguyén m sao cho phuong trinh msina + 4cosz = 4 c¢6 nghiém trong

khoang (0; g) ?

@) 3. ®) 5. © 2 o

Cau 53. Nghiém ctia phuong trinh cos2z —5cosz +4 =0 la
@z‘:kﬂw,kzez. x:g—l—k%r,kez.
@x:kﬂ,k‘ez. @$:—g+k‘2ﬂ',k62.

Cau 54. Nghiém duong bé nhét ctia phuong trinh: 2 sin®z + 5sinz — 3 = 0 la:

Cau 55. C6 bao nhiéu gia tri nguyén ciia m dé phuong trinh cos 2z — 4 cosz —m = 0 ¢6 nghiém?

@) 6. ®) s. ©o. ® .

Cau 56. Tim tong tit ca cdc nghiém ctia phuong trinh cos(sinz) = 1 thuoc doan [0; 27].

@) 2r. 3. © ®) o.

msinx + cosx

Cau 57. Cho phuong trinh = 1. Tim tat c& gia tri tham s6 m dé phuong trinh

2+sinx + cosx
c¢6 nghiém.

@—1§m\/m>1. m<—1\/m>3.
@mg—l\/mz& @—lngB.

1
Cau 58. Phuong trinh cos(2x — 30°) = 3 c6 céc ho nghiém la

@) = = £15° + k180°, (k € Z). v = +30° + k180°, (k € Z).
© = 45° + k360° = 45° + k180"

@ (ke Z). @ (ke Z).
x = —15° + k360° v = —15" + k180°
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Cau 59. Cho géc tu = théa man 14 cos? & + sin 2z = 2. Khi d6 cos z bang

@COSZ’I—\/lliO. COS.%'::l:\;g. @COS.Z':—\}%. @COS%’Z—\}g.

Cau 60. Hing ngiy, muc nudc ciia con kénh lén xubng theo thiy tridu. Do sau h(m) ctia muc

t
nuGe trong kénh tinh theo thoi gian ¢(h) duge cho béi céng thicc h = 3 cos (% + g) + 12. Khi

nao muc nude cia kénh 14 cao nhit véi thoi gian ngdn nhat?

@) ¢ = 22(n). t = 14(h). ©) t = 15(n). ) ¢ = 10(h).

Cau 61. Phuong trinh cos2zsin5x + 1 = 0 ¢6 bao nhiéu nghiém thudc doan [—g; 27r] ?

@) 2. ®) 1 ©s. on

Cau 62. Phuong trinh 2cos? z = 1 ¢6 tap nghiém duge biéu dién béi bao nhiéu diém trén dudng

tron lugng giac.

@) 4. ®) . © 2 D) 3.

Cau 63. Tong cac nghiém ctia phuong trinh sin z — sin 2z + cos? z = 0 trén doan [0;20187] la

4075351 4071315 4067281 8142627

sin x . S
= 0. Tinh tong tat cd ciac nghiém trong doan

Céau 64. Cho phuong trinh
cos?x —3cosx + 2
[0;20187] ctia phuong trinh trén

(&) 10180817 10180187 (©) 10201007 (D) 1018080

Cau 65. Phuong trinh V4 — 22 - cos 3x = 0 ¢6 bao nhiéu nghiém?

@) 2. ®) 4. ©) 6. ® 7.

Cau 66. Tim tong tit ca cdc nghiém thuoc doan [0; 107] ciia phuong trinh

sin?2z + 3sin 2z + 2 = 0.

®% e 0% o

Cau 67. Goi S 1a tong tat ca cac nghiém thude [0; 307] ctia phuong trinh 2 cos? z 4+ sinz — 1 = 0.

Khi d6 gia tri ctia S bang

©) bravee9.github.io/bravemath | Trang 353 /434


https://bravee9.github.io/bravemath/

Chuang 17. BAI TAP LUONG GIAC

1335 1365 1215
= . = —r. = —T1. = —T.
@s-omr.  @s-r  @s-  @s-12%

Cau 68. Tim m dé phuong trinh cos 2z +2(m+1)sinxz —2m —1 = 0 ¢6 ding 3 nghiém = € (0; 7).

@o<m<1. ® -1<m<1 (©Qo<m<1. @o<m<1.

Cau 69. C6 bao nhiéu gia tri nguyén ciia m dé phuong trinh cos 2z — 4 cosz —m = 0 c6 nghiém?

@) o. ®) s. ©o. ® 7.

Cau 70. Tinh tong céc nghiém S ciia phuong trinh 8cosz - cos 2x(2cos?2z — 1) = 1 trén doan
[0; 7].

@S—@ﬂ' .S—@Tl‘ @S—@ﬂ' @S—%W

Cau 71. S6 nghiém ctia phuong trinh tan (:E + %) = /3 thuoc doan {g, 277} la

@) 3. ®) 2. ©) 4 ®

Cau 72. Tit phuong trinh (1 + v/3)(sinz — cosx) + sin 2z — 1 — v/3 = 0 ta tim dugc sin (ac — Z>

c6 gié tri bang
% % V3
®2  ®% 0L o

Cau 73. C6 bao nhiéu gia tri nguyén ctia tham s6 m dé ham sb y = \/5 —msinz — (m + 1) cosx

xac dinh trén R.

@8. 5. @7, @6.

. < A ) . sinx - sin 2 4+ 2sinx - cos® & + sinx + cos
Cau 74. SO nghiém cta phuong trinh - = V/3cos 2z
SIN T + COS T

trong khoang (—m; ) 1a

@) 2. ®) 5. © 3. ) 4.

Cau 75. Phuong trinh cos bz - cos 3z = sin bz - sin 3z ¢6 tdp nghiém trung v4i tdp nghiém cla

phuong trinh nao sau day?

@ sin8x = 0. sin2x = 0. @ cos 2z = 0. @ cos8x = 0.

Cau 76. Coi S 1a tap hop tét ci céc nghiém ciia phuong trinh sin (a: n %) — 1 trén doan [r; 57].
Tinh s6 phan ti ctia S.
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@) o. ®) 2. © 3. ) 1

Cau 77. Tim sb nghiém thuoc khodng (—m;7) clia phuong trinh cosx + sin 2z = 0

@) 3. ®) 2. ©« O

Cau 78. Tong cic nghiém ciia phuong trinh sinz cosx + |sinz + cosz| = 1 trén khoang (0;27)

bing bao nhiéu?

@) 4. ®) 3r. ©) 2. ®

msinx + 1

Cau 79. Cho ham s6 y = T C6 bao nhiéu gia tri nguyén ctia tham sé6 m thudc doan
cosx

[—5;5] dé gia tri nhé nhat clia y nho hon —17?
®s ®> @ ®:

Cau 80. Nghiém ciia phuong trinh v/3sin 2z + cos 2z = 1 13
@x:—g—i—kﬂ,x:k%r(k:eZ). x:%+k2n,x:/m(keZ).
@x:g—l—lm,x:kﬂ(kEZ). @x:—g+k‘2w,x:k2w(k62).

n T, . L (T , ™
Cau 8l. Cho0<a< 5 théa man sin o + v/2sin (5 — oa) = +/2. Tinh tan <a + Z>
—9+4V2 9+ 4v/2 9—4v2 —9—4v2
@ — —  ©—= ©—F-
Cau 82. Nghiém am 16n nhat ctia phuong trinh sin 2z - sin 4z 4 cos 6z = 0 1a
T 7r ™ T
®; ®1 o1 01

Cau 83. Tim gi4 tri 16n nhat ctia ham s6 y = 2 — 3sin 3z + 4 cos 3z trén R.

@mﬂgxy:& m[gxy:9. @mﬂgxyz?. @mﬂgxy:&

Cau 84. Phuong trinh sinz — v/3cosz = 0 ¢6 bao nhiéu nghiém thudc [—27; 27]?

@) 5. ®) 3. © 4 D).

< cotx
Cau 85. Tim tap xac dinh cia ham so y = ———
2sinx — 1

T 5 T 51
@R\{kw,6+k2w,6+k2ﬂ,k62}. [R\{6+k27r,6+k27r,kez}.

©) bravee9.github.io/bravemath | Trang 355 /434


https://bravee9.github.io/bravemath/

Chuang 17. BAI TAP LUONG GIAC

T 2T T T
@[R\{k:w,3+k27r,3+k;27r,k€l}. @R\{kw,g+k2w,—g+k2w,kez}.

Cau 86. Phuong trinh (sinx — cosx)(sinx + 2cosxz — 3) = 0 ¢ tat cd bao nhiéu nghiém thuec

3
thudc khodng (—Zﬂ; 7r>?

@) ®) o. © 2 ®) 3.

Cau 87. Cho phuong trinh 4 cos? 2z + 16sinzcosz —7=0. (1)

Xét céc gia tri: (I) % +kr(kez); (1) % +kn (ke z); (III) 112 +kr (ke Z)

Trong céc gia tri trén, gid tri nao 1a nghiém ctia phuong trinh (1)7

(&) cni (1). Chi (I11). (©) () va (). (D) cni ().

Cau 88. C6 bao nhiéu s6 nguyén m sao cho phuong trinh msinx + 5cosz = 5 c¢6 nghiém trong

khoang (0; %) ?

@5. ’3. @4, @2.

sinz 4+ 2cosxz + 1 |,

Cau 89. Tap gié tri ctia ham s6 y =
P8 ) y sinz + cosx + 2

@) T =R\ {1}. ® 7 =[-11l.
(©) T = (—o0;—2] U [L; +00). © 7T =[-21.

Cau 90. Sb gia tri nguyén ctia m dé phuong trinh (cosx + 1)(4cos2x — mcosz) = msin® z ¢6

2
ding hai nghiém thudc doan [O; ?W] la

@) o. @) 3. © ) 2.

Cau 91. Goi S la tdp hop cédc nghiém thuoc khodng (0;1007) cta phuong trinh
2
(sing + cos g) + V3 cosz = 3. Tinh tdng céc phin tit cia S.

7525 7400 7550 7375
@ == — © == DHES

Cau 92. Xét nam ménh deé sau, véi (u,,) 14 mot cap s6 cong vo s6 phan tit, u; 1a mot sé hang c6

gia tri xac dinh. Biét day (u,,) c6 mot s6 hang bang 0,u, # 0.
(1) Moi 86 hang ctia (u,,) déu bang 0.
(2) Moi s hang khéc clia (u,,) déu 1a s6 duong.

(3) Moi s6 hang khac ctia (u,,) déu la s6 am.
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(4) Chi c6 mot s6 hitu han s6 hang 1a s6 am.
(5) Chi c6 mot s6 hitu han sé hang 14 s6 duong.

Trong nam ménh deé trén, so ménh de sai la

@) 3. ®) 1 © 2 ) 4.

Cau 93.

Cho hai diém A, B thudc d6 thi ham sé y = sinz trén Y

doan [0;7], cdc diem C, D thudc truc Ox théa man A—DB
ABCD la hinh chtt nhat va CD = 2% Tinh do dai 0

doan BC. D ¢ 7\ “

@ ; ®1 ©%L ® 2
Cau 94. Tim s nghiém ctia phuong trinh sin(cosx) = 0 trén doan z € [0; 27].
@) 2. ®B) Vo s6. ©u ®) o.
Cau 95. S6 nghiém thudc khodng (0;37) ctia phuong trinh cos? z + g cosz+1=01a
@) 2. ®) 3. © 1 o
Cau 96. S6 nghiém clia phuong trinh 1+ sinx - cos? x + sinx + cos? z = 0 thudc doan [—m; 27] 14
@) 4, © 3. ) 2.

Cau 97. Phuong trinh 2sin” 2z — 5sin 2z 4+ 2 = 0 ¢6 hai ho nghiém dang z = a+ kw,x = 8+ k=
O<a,f<m). Tinh T =a-p.

52 52 52 52
@T:TZZ T:—ﬁ. @T:%. @T:—%.

cos2x + 3sinx — 2 -

Cau 98. Nghiém ctia phuong trinh =0
coS T
_ T - T
r=—4+k27 r=—=+4kmr
6 6

@ 5r (keZ). S (ke Z).
rT=—+knr rT=—+kn
L 6 L 6
_CL‘:%+I{727T _x:%—i—k%r

© & wen ® & wen
:r::€+k27r x:€+k27r
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.2
. 2 1
Cau 99. SO nghiém ciia phuong trinh sinz + costz = % trong doan [—g; g] la

@) 3. ®) 4. ©1 ®)2

Cau 100. Tim m dé phuong trinh 3sin(—x) + 4cosx + 1 = m c6 nghiém.

@me[—6;8]. m€[2;8]. @mE[O;G]. @me[—4;6].

2z . ] 2 1
Céu 101. Tim gid tri 160 nhat M cia ham s6 y = e =0T F

sinz 4+cosx+2
@) M= -3. ® M =2 © m=3. ® m=1

Cau 102. S6 cic gia tri nguyén ctia m dé phuong trinh (cosx 4 1)(4 cos 22 — mcosx) = msin® z

2
c¢6 ding 2 nghiém x € [0; ;] la

@) ®) o. © 2 ©) 3.

osx—\@sin:v

Cau 103. Tim nghiém ctia phuong trinh ¢ - =0
2sinx — 1
@xz%—l—ka;kEZ. xz%r—i-kQﬂ';kEZ.
@xz%—{—kﬂ';kez. @mz%—l—kw;kez.

Cau 104. C6 bao nhiéu s6 nguyén m dé phuong trinh 5sinz — 12 cos x = m c¢6 nghiém?

@) 2. 2. (©) Vo sé. ®) 13.

Cau 105. Véi ky hiéu k € Z, tat ca céc nghiém citia phuong trinh sinz — sin 4z + sin 5z = 0 1a

0 ™ ™ 77 ™ 77
@x=1+k7r,x:k27r,x:§+k§. x:Z—i—kg,x:kmx:g—i—kw.

T T ™ 7r 7r T ™
@x 4—1—162,:5 k2w, x 3+k7r @aj 4+k2,x k2w, x 2+k3

. . )
Cau 106. Tinh tong tat ca cidc nghiém thudc khodng (0; 27) ctia phuong trinh sin? g—i—cos4 T_2

2 8

Cau 107. Biéu dién nghiém ciia phuong trinh 4 (Sin4 x + cos? x)+sin 4z (\/§ — 1 —tan 2z tan a:) =3

trén duong tron lugng gidc. S6 diém biéu dién 1a

@) s. 10. © 6. ©) 12.
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Cau 108. Ham sb y = 3sin(z + 2018) — 4 cos(z 4 2018) + m dat gia tri nhé nhat bang 0. Tim gid

tri cia m.

@mz—?. m:—5. @m:5. @mz?.

Cau 109. Tim tép hgp tat cd cac gid tri ctia tham s6 thuc m dé phuong trinh

3
2 (m + 1 — sin® x) — (4m + 1) cosx = 0 ¢6 nghiém thudc khodng (g, g)

1
@ [—;;0). (05 +00). @ (—2;0]. @ (—oo;—%).
Cau 110. Phuong trinh sin 2z + 3 cosx = 0 ¢6 bao nhiéu nghiém trong khoang (0;7)?
@) 2. 0. © 3. ® 1

Cau 111. Phuong trinh cosx — cos 2z — cos 3z + 1 = 0 ¢6 may nghiém thudc nita khodng [—m;0)?

@) 3. ®) 2 ©) 4. ® 1

Cau112. Tim S la tong cdc nghiém thuéc doan [0;27] clia phuong trinh
. 97 157 .
sin (290 + ?> — 3cos (x — 7) =1+ 2sinz.

@52277. 5’2571'. @SZSTF. @5’2471'.

3
Cau 113. Phuong trinh: cos? 2z + cos 2z — 1= 0 ¢6 bao nhiéu nghiém x € (—27;77)?

@) 1. 20. ©) 1. D) 16.

Cau 114. Nghiém ctia phuong trinh sinz — costz =0 la

m  km T km
— - —_— Z. = — — Z.
OF s+ 5ke ® « e+ ke
m  km T kmw
(:) =— 4+ — Z. (:) =—+ — Z.
x 2+ 2,k€ x 4+ 2,k€
~ s s s - P 5 N % . 2 1.
Cau 115. Gié tri nhé nhat clia ham so6 y = sinx — cos ac+§la
1 3 3 3
@5- *Q- @*1- @1-

Cau 116. Tim gia tri nguyén 16n nhét ctia a dé phuong trinh asin® z + 2sin 2z + 3acos? z = 2 ¢6

nghiém.

@) a=3. B a=-1. ©a=1 D a=2
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. 3
Céu 117. Gid tri m dé phuong trinh cos 2z — (2m + 1) cosz +m + 1 = 0 ¢6 nghiém x € (g, g)

la

@ -1<m<0. (B -1<m<o0 (Qo<m<L. @o<m<1.

sinx + 2cosz + 1

Cau 118. Gia st M 13 gid tri 16n nhat va m 1 gid tri nhé nhat ctia ham s6 y = —
sinx +cosxz + 2
trén R. Tim M + m.

@) -1. ®) 1+v2. © D) o.

sinx 4+ cosx

Cau 119. Gi4 tri nhé nhat va 16n nhat ctia ham s6 y = lan luot 1a

2sinx —cosx + 3

@m:—%;M:L m:—l;M:%. ©m=1:Mm=2. @m=-LM=2

(1 —2cosz)(1+ cosz)
(1+2cosz)-sinx

(@) 3026. 3027. (©) 302s. D) 3025.

. 1 3
Céu 121. Tong cdc nghiém cla phuong trinh + — = — trén doan [0; 7] la
cosr sinwcosx  sin2x

@ 5 ® . ©r ®

Cau 122. (6 bao nhiéu gid tri nguyén ctia m dé phuong trinh 8sin® z+ (m—1)sin2z+2m—6 =0

Cau 120. Phuong trinh = 1 ¢6 bao nhiéu nghiém thudc khodng (0; 20187).

c¢6 nghiém?

@) 6. ®) 2 ©s. ®) 3.

cos?z —cosz —1

Cau 123. Tim nghiém ctia phuong trinh cos 2z — tan® z =

cos?x
@x:—ﬂ—l—kQﬂ';x:ig—i—kQﬂ'. x:g—l—k%’;x:i%—l—k%ﬁ
@mzk%r;xzig—i—k%r. @x:ig—i—kﬂﬂ.

(1 4 cos z)(cos 2z — cos x) — sin” x

Cau 124, Cho phuong trinh = 0. Tinh téng céc nghiém nim

cosz + 1
trong khoang (0;20187) clia phuong trinh da cho.

(@A) 10190907 10170727 (©) 2037171x. (D) 2035153

Cau 125. Tinh tong tit c& T cidc nghiém thuéc doan [0;2007] ctia phuong trinh

cos2x —3cosx —4 =0.
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@A) T = 10000r. T = 51007 (© r=10100r. (D) T =5151m.
, in 2z + 2
Cau 126. Tim tap xéc dinh cita him s6 f(z) = |/ Soor 2,
1—cosz

@) 2 = (k2r}. k ez ®) 2 =R\ {kn},k e Z.
©2=r @ 2 =R\ {k2r}. ke Z.

2 ;2 2
, a sin“x+a*—2 .
Cau 127. Dé phuong trinh 5— = + c¢6 nghiém, tham s6 a phéi thdéa man
1 —tan“z cos 2z

diéu kién

@A) a++vs. ®) lal > 1. © ol 21 ®) lal > 4.

o £ V3
Cau 128. Tap tit ca cic nghiém ciia phuong trinh sin 2z + 2sin®z — 6sinz — 2cosz + 4 = 0 1A
T s
@x:§+k27r,kel. a::i§+k27r,kEZ.

T T
@x:—§+k2ﬂ',k‘€Z. @m:§+kﬂ',k€Z.

Cau 129. Gi4 tri 16n nhat ctia ham s6 y = 2cos? x — sin 2z + 5 1a

@) 6+ v2. ®) 6 V2. © —v2 ®) va.

Cau 130. Tit c céc nghiém ctia phuong trinh v3tanz 4+ cotz —v3 —1 =0 1a

(o=—" 1k o=" 4k
= — T = — i
4 4
@ - ke - ,keZ.
r=—+km T =——+km
L 6 L 6
r 0 r T
r=—+km T = —+k2m
@ 4 keZ. @ 4 kel.
™ T
:L’:g-i-kﬂ' x:6+k27r

Cau 131. S6 cac gia tri nguyén ctia m dé phuong trinh (cosz + 1)(4 cos 2o — m cosx) = msin® z

2
c6 ding 2 nghiém x € [0; ;] la

@) o. ®) © 3. ) 2.
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Cau 1. Cho bdn s6 thuc a,b,c,d 13 bén s6 hang lién tiép clia mot cap sd cong. Biét tong cla

ching bang 4 va téng céc binh phuong clia ching bang 24. Tinh P = a® + b3 + ¢* + d°.

@) p=mo. ®) P =1s. © p=so. ® P =6

Cau 2. Diy s6 (u,,) xdc dinh bdi u,, = 3n — 2, v6i n > 1. Tinh téng S = u; + uy + - + uy,.

@) s = 145. ®) s = 320. (©) 5 = 160. D) s = 150.

. N 1 .
Cau 3. Cho day so0 (z,) thoa man dieu kién z;, =1, z,,; —x, = nn 1) n=123,...50

hang z54;5 béng

4035 4037 4034 4036
@ L2018 = 2018 L2018 = 2018 @ L2018 = 2018 @ L2018 = 2018

Cau 4. Mot ngudi thiét ké mot cai thap gom 11 tang. Dién tich bé mit trén ciia mdi tang bing
nta dién tich clia mit trén cla tang ngay bén dudi va dién tich ctia tang 1 bang nta dién tich

clia dé thap (c6 dién tich 1a 12288 m?). Tinh dién tich ctia mit trén ciing.

@) 12 m2. 10 m?2. (©) 6 m2. ©) 8 m2.

Cau 5. Cho day s6 (u,) xdc dinh béi u;, = 1 va u,,; = Vu2+2,Vn € N°. Tong

S =u?+u3 + -+ uly, bang

(&) 1002002. 1001002. (©) 1002001 (D) 1001001.

Cau 6. Trong cac diy s6 (u,,) sau, hiy chon day sb ting.

@ u, = % u, = —n. @ U, =n. @ u, = (—1)"n.
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U = 2 )
Cau 7. Cho day sb (u,) dugc xdc dinh nhu sau: ' (n > 1). Tinh tong
Upq +4u, =4—5n

S = ugp18 — 2Usn017-

(@A) 5 = 2015 — 3. 42017, S = 2015 + 3 - 42017,

(©) 5 = 201634205, (D) 5 = 2016 + 3 4205,
Cau 8. Cho cip s6 cong (u,) c6 u; = 1 va téng ctia 100 s6 hang dau tién la 24850. Tinh gid tri
. 1
cua biéu thic S = + -+ .
Uity UUg Uygllyg  Ugglsg
9 4 49
S=—. S=—. S=—. S =123.
@ 5= 55 % © =55 ©
) up =9 p .
Cau 9. Cho day s6 (u,,) dugc xac dinh boi . Tim s6 hang tong quat cua day

un+1 = Uy +n

@un:5+(n—2l)n' un:@.

n+1)n 5+ (n+1)(n+2
@un:5+(2). @un: ( 2>( )

Cau 10. Ba sb lap thanh mét cAp s6 nhan. Néu s6 hang thit hai cong thém 2 ta dugc mot cap s6
cong. Sau d6 cong thém 9 véi sé hang thit ba ta lai duge mot cAp sd nhan. Tinh téng ba sb dé.
4 16 64 52

%. @ %. ?5. %.

Cau 11. Mot da gidc 16i c6 10 canh va cac goc trong ciia né lap thanh mot cap s6 cong véi cong

sai d = 4°. Tim géc trong nhé nhat ctia da gidc doé.

@) 26 162°. (©) 6. D) 126°.

. . . ul == 12
Céu 12. Cho cap so nhan (u,,), biet { . Tim ug.
—3 =243
Ug

2 4 4
=, = —. = —. = 2.
@ u 2187 %= 6563 © u 2187 @ uy =873
Cau 13. Cho céc khing dinh sau, c6 bao nhiéu khéng dinh ding?

(I) Moi s6 hang ctia mot cAp sd cong véi cong sai duwong déu 1a s6 duong.
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(IT) Moi s6 hang ctia mot cap sé nhan vé6i cong bdi duong déu 1a sb duong.
. 1
(ITII) Day s6 dugce xac dinh béi a,, = 1+ — la mot day bi chan.
n

(IV) Day sb dugc xac dinh béi a,, = 1 —n? 1a mot day s6 giam va khong bi chan dudi.

@) 1 ®) 4. ©3s. ) 2.

u; =cosa (0 <a<m)

1
Upt1 = —;un7n21

@ in ( 52 5

Ugn17 = S1in (W) . Uog17 = COS (W) .

© in (52 ) 5
Ugp17 = SIN W . Ugp17 = COS W .

Cau 15. Cho hai cip s6 cong (u,,) va (v,,) c6 tong ctia n s6 hang dau tién lan lugt 1a S,,, T,,. Biét

Cau 14. Cho day s6 (u,,) x4c dinh béi - Tim uggy7-

& = dn+1 v6i moi n € N*, tinh E.
T, 6n+2 i U7
1 2 69 133
@ 2 3 103" 200°
Bn(n+3)

Cau 16. Cho diy s6 (x,,) théa man x, + zo + - +x,, = v6i moi n € N*. Khang dinh

2
nao dudi day 13 ding va day du nhat?

@ (x,,) 1a cAp s6 nhan véi cong boi duong. (x,,) 1a cAp s6 cong véi cong sai duong.
@ (7,,) 1a cap s6 nhan véi cong boi am. @ (x,,) 1a cap s6 cong v6i cong sai Am.

Cau 17. Cho mot cip sé cong (u,) c6 u; = 1, téng 100 sé hang dau bang 24850. Tinh

1 1 1
S = + +o e —.
Uy ~Uy  Ug-Usg Uygg " Usg

@) s = 123. 5:%. @S:%. @sz%.

u; =1
Cau 18. Cho day s6 (u,,) xac dinh béi ! . Tinh s6 hang tht 2018 ctia day sb

un+1 = 2un + 5
trén.

Cau 19. Cho cip s6 cong (u,,), thdéa man Sg = 92, S} = 376. Tinh S,y,.
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@) 756. 946. (©) 468. D) s52.

m2

2 2 u
Cau 20. Cho cap sb cong (u,,) théa man " = —. Tinh —=.
n n Uy7

35 1225 9 18
33" ® 1089° © 7 17
Cau 21. Cho day sb (u,,) xdc dinh béi u; = 1,uy = 2,u,,,; = 2u,, —u, 1 +1,Vn > 2. Tinh uyyg.

@) 2018. 2035154. (C) 4608289. ) 2017.

Cau 22. Cho cip sb cong c6 cong sai d = —2 va tong ciia 8 s6 hang dau tién Sy = 72. S6 hang

dau tién ctia cap s6 cong 1
@) u, = —16. ®) u, = 16. @ulz%. @ulz—%.

. P N 1 ., < N 4z
Cau 23. Tong ciia mot cap so0 nhan lui vo han bang T tong ba so0 hang dau tién cta cap so nhan

s 7 . . N P s
do6 bang 77 Tong ctia so hang dau va cong boi ctia cap so nhan d6 bang
@o ; ©; oOF
. 5 3 3

u
Cau 24. X4c dinh s6 hang uyq,5 clia diy s6 (u,,) xdc dinh bai ¢ ,Vn > 2.
U, =U, 1 +2n+1

(A) ugos = 4076359. (B) uzgys = 4067395, (C) uggys = 8152718, (D) tggys = 3541657,

Cau 25. Cho cap s6 nhan c6 7 s6 hang, s6 hang thit tu bang 6 va s6 hang thit bay gip 243 lan s6

hang th hai. Tim cdc so0 hang con lai cia cap so nhan dé.

2 2

@) u, = 5tz = ity = 2ug = 18;ug = 5dyup = 162
2 2

®) u = Zity = Sy = g = 18,1 = 54 ur = 162,
2 2

@Ul = gil2 = 33Uz = 2;uy = 21; ug = 54; u, = 162.
2 2

®) u = g7tz = 33ty = 2ug = 185ug = 5dyup = 162

Cau 26. Tinh tong tat ca cac gid tri thuc clia tham s6 m dé phuong trinh 2* —202% +(m—1)2 = 0

c6 bén nghiém phan biét 14p thanh mdt cAp sb cong.

@) 2. 7. © -2 (D) Pép 4n khéc.
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Cau 27. Cho day s6 (a,) xdc dinh bdi a; = 5,a,1 = q-a, +3 v6i moi n > 1, trong d6 ¢
13 hang s6, ¢ # 0,q # 1. Biét cong thicc s6 hang tong quat cta day sé viét duge dudi dang

_ qnfl
—— . Tinh o + 28.

1
an:a'qnil_‘_ﬁ 1_q

@) 11. 13. ©) 1. D) 9.

Cau 28. Cho hai cap s6 cong (r,,): 4,7,10,13,... va (y,): 1,6,11,16,... Hdi trong 2018 s6 hang

dau tién ctia moi cap so6 c¢6 bao nhiéu s6 hang chung?

(@) 404. ®) 673. ©) 672, (D) 403.

Cau 29. Cho cip sb cong (u,,) biét uy = 18 va 45, = S,,,. Tim s6 hang dau tién u,; va cong sai

d cta cap so cdng.

@u=3d=2 @ w=2d=3 ©Qu=2d=2 @Ou=2d=4

Cau 30. Cho mét day s c6 cic s6 hang dau tién 1a 1,8,22,43, ... Hiéu ctia hai s6 hang lién tiép
ctia day s6 d6 lap thanh mot cap sb cong 7,14, 21, ..., 7n. S6 35351 14 s6 hang thit bao nhiéu ciia

day s6 da cho?

@) 101. 57, (©) s0. D) 200.

) Uy =3 . )
Céu 31. Cho day so (u,,) véi ! . SO hang tong quat cua day 1a
Upy1 = 3un - 2(71 > 1)

@ u,=2-3"+1. ®) u,=2-3""+1.
©u,=2-3""1-1. @ u,=2-3"—1.
Cau 32. Trong cic day sb (u,,) sau day, day sé nao bi chan?
n 1
@un:2n—|—1. un:\/n2—{—1. ©u":n+l' @un:nJr—.
Cau 33. Cho cép s6 cong (u,,), biét u; = 1, S,, = 55, d = 1. Khi d6 gia tri ctia n 1a bao nhiéu?

@) n =10. ®) n=9 ©ne{i;-113. @ n=11

Cau 34. Trong cac day s6 sau day, véi gia thiét n € N,n > 1.

(u,) = (;)n, (u,) = <§>n, (u,,) =sinn + cosn

S6 day s6 bi chin 1a
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@) 1 ®) 2. ©o. D) 3.

Cau 35. Cho (u,,) la cip sb cong biét us + u;; = 80. Téng 15 s6 hang dau ctia cap s6 cong d6

bang

@) s70. 800. (©) 630. D) 600.

U, =2
Cau 36. Cho day sb (u,,) dudc x4c dinh nhu sau: '
Upiq +4u, =4—-5n (n>1)

Tinh téng S — U2018 - 2UQ017.

(@A) 5 = 2015 — 3. 42017, S = 2016 + 3 - 42018,

(©) 5 = 2016 3. 420%%, (D) 5 = 2015 + 34207,
Cau 37. Ménh dé nao sau day sai?

(A) Diy s6 ting 1a ddy s6 bi chin dudi.

Khong phéi moi day sb déu ting hodc gidm.

@ Day s6 giam 1a day s bi chin trén.

(D) Dy s6 bi chiin 1a dy s6 khong téng, ciing khong gidm.

Cau 38. X4c dinh a,b dé phuong trinh 2® + az + b = 0 ¢6 3 nghiém phéan biét 1ap thanh cip sb

cong.
@) b=0,a>0. ®b=0a=1 ©b=0,a<0. Db >0,a<0.

) ., | up —uz +us =10 . ) .
Céau 39. Cho cap so cong (u,,) biét . Tim tong cua 10 s6 hang dau tién cta
U4 + UG = 26

cap s6 (u,,).

@) 5,0 = 290. Sy = 45. (©) 5y = 145. D) 5y = 154.

Cau 40. Cho hai cap s6 cong (u,,): 1;6;11;... va (v,,): 4;7;10;... Mdi cAp s6 c¢6 2018 s6. Hoi b

bao nhiéu s6 ¢ mat trong cd hai day so trén?

@) 672. 403, (©) 402. D) 504.

Cau 41. Cho ddy s6 (u,,) théa man log(u? +u3+10) —log(2u, +6uy) = 0 va u,, .o +u, = 2u, 1 +1
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v6i moi n € N*. Gi4 tri nhé nhat ctia n dé u,, > 5050 1a

@) 9. 100. (©) 101. D) 102.

. 2 1 . 2
Céau 42. Cho cap so nhan (u,,) ¢b uy = —5i Uur = —32. Khi d6, céng boi ¢ ctia cap so6 nhén la

@) +4. t5. © +; ©) +2.

Cau 43. Trong céc day sb (u,,) sau day, diy s6 nao 1a day sé gidm?

@un:TH—%.

@un:|5—n|. @ "=

Upt1 = _Sun

Cau 44. Cho day s6 (u,,) x4c dinh béi u; =0 va u,,, | = u, +4n+ 3,Yn > 1. Biét

T iyl g _ a9 4 b
11m =
Uy T Ug, + /U2, + -+ /Ug2018,, c

véi a,b, c 1a cdc sb nguyén duong va b < 2019. Tinh gid tri S =a +b—c.

@) o. 1 (©) 2017. D) 2018.

Cau 45. Day sb (u,,) thdéa man S, = uy + uy + - + u,, = n?. Tinh u,.

@) uyy = 23. Uy, = 121. (©) uy, = 144. D) uy, = 20.

Cau 46. Cho day (u,) c6 téng clia n sb hang dau cho béi cong thic: S, = 3" — 1. Khing dinh

nao sau diy sai?

@) uy = 13122. Ugy + Uy = 157464,

U 1 ;2
@ 2018 _ — @ Day trén la mot cap so nhén.
Ugor7 3

Cau 47. Cho cap sb cong (u,,) cé s6 hang dau u; = 3 va cong sai d = 2. S6 hang thit 21 bang

@) 41. 45. ©) . D) 42.

Cau 48. X4c dinh (z,y) dé cic sb x + 6y; 5z + 2y; 8z + y theo tht tu 14p thanh cap s6 cong va
. 5) P
Cac 80 T — gy; y — 1; 22 — 3y theo thit tu 1dp thanh cap s6 nhan.
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@ @) e {30 (55) @) e {an: (1))
@ (z;3y) € {(3; 1); (1; ;)} @ (z;9) € {(—3;—1); (1; ;)}

P4+254+35+ .40 b
a

Cau 49. Biét lim
nt 41

Gi4 tri ctia 2a% + b? 13

@) 3. 51. (©) 9. ® 3.

R b .
(a,b € N,a # 0), dong thoi — 1a phan so6 toi gidn.
a

3
.3 2
. iz T+ xcosx —sin” x b , ey / b\
Cau 50. Biet I = / de = = — 2, Trong d6 a,b,c la cic sO nguyén duong,
c
0

1+ cosx a

b
phan s6 — tbi gian. Tinh T = a® + b + 2.
c

@) 1= 1. ®) T = 50. © 1 = 69. ®) T = 5.

. . 1 1 1
Cau 51. Xét tinh tang, gidm va bi chan cia day so (u,,), biet u,, =1+ 2 + 32 + et 2
@ Day sb tang, bi chin. Day s giam, bi chin trén.
@ Ba phuong 4n déu sai. @ Day sb tang, bi chian dudi.

Cau 52. Véi gid tri nao ctia tham sb m thi phuong trinh 23 — ma? — 6z — 8 = 0 c¢6 ba nghiém

thuc 14p thanh mot cap s6 nhan?

@m=1 ®) m=-3. © m=3 ® m= 4
Cau 53. Xét tinh ting gidm ctia day sb u, =n —Vn2 — 1.

@ Ba phuong 4n déu sai. @ Day s6 tang.

@ Day s6 khong tang khong giam. @ Day s giam.

Cau 54. Cho mét tit gidc 161, biét rang 4 géc cla ti gidc dé lap thanh mot cip sb cong va goc

by . 1 . p P
nhé nhat bang £ gbc 16n nhat. Tim s6 do gbéc nhd nhat cua ti giac da cho.
@) 20. 30°, ©) 5. D) 0.

. . u5+3U3_UQ:_21 - L N
Cau 55. Cho cap s0 cong (u,,) théoa man . Tinh tong 15 s0 hang dau

tién ctia cap so cong (u,,).
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@) —274. —985. (©) —253. ©) —244.

Cau 56. Cho mot tir gidc 161, biét rang 4 géc ciia tit gidc d6 1ap thanh mot cap sb cong va goc

s 1 . . .
nhoé nhat bang 5 goc 16n nhat. Tim so do gdc nhd nhat cua tit gidac da cho.

@) 0. 30°. (©) 5. ®) 20

. Up = —2 . . .
Céau 57. Cho day so (u,,) v6i 1 - Cong thitc so0 hang tong quat ctia day so nay

Upyp = —2— —

Unp,

@u=""" @u="" @u=""l @ue=-

Cau 58. Gid tri clia tong 4 + 44 + 444 + -~ + 44 ... 4 (téng c6 2018 sd hang) bang

40 4 (102019 —10

@ 5 (107015 — 1) + 2018, 5 <# + 2018).
4 (10%019 —10 4

© 5 (9 - 2018). ® 5102015 — 1),

la

17— )
Cau 59. Cho day sb (u,,) xac dinh béi ! v6i n > 1. Khang dinh nao sau day
Upt1 = 2un —1

la ding?

@un:nQ_;Wl. un:3”+1—1.
@un:n+1. @unzl—i—Qn_l.

Cau 60. Trong cic day sb (u,,) sau day, day s6 nao 1a day sb gidm?

@un:|5—n|. m=-t

@ u1:21 . @un:n—F%.

Upt1 = Zun

Cau 61. Cho tam gidc ABC cén tai dinh A. Biét do dai canh day BC, dudng cao AH va canh

bén AB theo thit tu l4p thanh cidp s6 nhan v6i cong boi ¢. Gid tri ciia ¢ bang

@\@;1. \/52—1_ ©2+2\/§‘ @2—2\@.
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) up =1 )
Cau 62. Cho day so (u,,) xac dinh béi ! . Tim 0 nguyén duong n nhé
Upt41 = Uy + n37 Vn e N*

nhat sao cho /u,, — 1 > 2039190.

@) n = 2018. n = 2017. (©) n = 2020. ®) n = 2019.

Cau 63. Ngudi ta thiét ké mot cai thap gom 10 tang. Dién tich bé mét trén clia mdi tang bang
N N N N 2
ntta dién tich mat trén cua tang ngay bén dudi va dién tich be méat ctia tang 1 bang 3 dién tich

dé thap. Biét dién tich mat dé thap la 6144 m?. Tinh dién tich mé#t trén cing.

@sz. 4m2. @12 m?2. @61112.

Cau 64. Xét cac sd thue duong a, b sao cho —25,2a, 3b 14 cAp sb cong va 2,a + 2,b — 3 1a cap sb
nhan. Khi d6 a2 + b? — 3ab bang

@) so. 59. (©) 76. ®) 31.

Cau 65. Cho ba sb a, b, ¢ theo thtt tu tao thanh cip s6 nhan véi cong boi khac 1. Biét ciing theo
thit tu d6 chiing lan lugt 14 s6 hang tht nhat, thit tu va tht tdm clia mot cap sb6 cong cong sai 1a
a
s # 0. Tinh —.
S

@g. ®) 3. @% D 9.

Cau 66. V6in >0

Déy s6 Fibonacci dugec Leonardo Fibonacci, mét nha todn hoc ngudi Y, cong bd vao nim
1202 trong cudn sach “Liber Abacci”™- Sach vé toan db qua hai bai toan: “Bdi todn con thé” va bai
toan “so cdc cu to ciia mot ong duc”. Day sb nay hau nhu bién héa vo6 tan. Chinh diéu d6 lam cho
nhiéu nha Toan hoc (chuyén nghiép 1an nghiép dut) va ca nhitng ngudi binh thudng nghién ctu,

khém pha vé n6. Ngusi ta chimg minh dugc rang cong thiic téng quét cho day Fibonacci 1a:

o[ (1=
™= /5 2 B 2

S6 Lucas 1a mot day sé duge dat tén nham vinh danh nha Toan hoc Francois Edouard Anatole

Lucas, ngudi da nghién citu day s6 Fibonacci, day s6 Lucas va cdc ddy tuong tu. Day sb gom

1+45
2

thuong gifta hai s6 Lucas lién nhau sé hoi tu dén giéi han bang ti 16 vang (cp = . Cong

thiic tong quat ciia s6 Lucas:
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S6 Lucas lién hé v6i s6 Fibonacci bsi hing déng thirc sau:

L, = n—2+Fn

n

Hay tim tc‘;ng S(n) = Fn—2 + Fn—l + Fn + Fn+1a blét Ln = 18.

@) s. 2. (©) 4. ®) 1.

Cau 67. Cho biét a,b, c 1a ba canh ctia mot tam gidc va theo thit tu 14p thanh mot cAp sb cong

va cAp s6 nhan. Khing dinh ndo sau day sai?
@) ac =2 ®) (1—a)c—1) = (b—1)
1 1 2 )
©E+5*5' @) (a+1)(c+1)=(b+1)>2

U =2 )
) xéc dinh béi ! véi n > 1. Khang dinh nao sau day

un+1:2un_1

Cau 68. Cho day sb (u

n

14 diing?

@un:n2_2n+4. un:n—i—l.
u, = 3" —1. u, =142""1
@ n @ n

Cau 69. Cho day sb (u,,) dugc xdc dinh béi uy = 0 va u, ., = n + u,,Vn > 1. Tinh gia tri cla

U218-

(@A) 23436. 2381. (©) 23653. (D) 46872.

Cau 70. Tim 2z biét 1, 22,6 — 22 theo thit tu lap thanh cip s6 nhan.

@x:j:\/i. a::j:\/g. @x:il. @xzj:Q.

Cau 71. Tim tat ca cac sd tu nhién k sao cho C’ﬂ, ijl, Cﬁ” theo tht tu lap thanh mot cap sb

cong.

@ k=4k=5. @®k=7k=8  (©k=3k=9 [Dr=4k=38

Cau 72. Cho day s6 (u,,) x4c dinh bdi: u; = —2,u,, = 3u,,_, — 1,V¥n > 2. X4c dinh s6 hang tong

quét ctia day s6 da cho.

@un:—g-3”+g. un:—g-3”+%.
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@un:g-?)"—i—%. @un:g%“—i—z

Cau 73. Mot hinh vuéng ABCD cé canh AB = a, dién tich S;. Néi 4 trung diém A, B;,C;, D,
theo tht tu cia 4 canh AB, BC,CD, DA ta dugc hinh vuéng thit hai la A, B;C; D, c¢6 dién tich
S,. Tiép tuc nhu thé, ta duge hinh vudng thit ba 14 A, B,CyD, 6 dién tich Sy va cit tiép tuc nhu
thé, ta dugc dién tich Sy, S .... Tinh S = 5] + Sy + -+ + Sy0-

@S_&‘ ‘S_M‘
100 99
@ §= 2299a2 : @ §= 271)

Céu 74. Cho tam gidc ABC can (AB = AC), c¢6 canh ddy BC, dudng cao AH, canh bén AB

theo thit tu d6 14p thanh mdt cAp s6 nhan. Hay tinh céng bdi ¢ ctia cAp s6 nhan dé.
1 1
2(vV2+1). 2+ 1. = 2+ 1. —1/2(vV2+1).
® i @il @LVEr. @ Mavaro

Uz + uy +us = —3

Cau 75. Cho cap s6 cong (u,,) théa man . Tim usg.
3ug — 2uy, =5
@US:_Q. U3:5. ©U3:1. @U3:3.
~ £ £ Ug + Uy + Uy = -3 N
Cau 76. Cho cap so cong (u,,) théa man . Tim ug.

@u3:—2. u3:1. ©u3:5. @u3:3.

Cau 77. Trong mot gidi ¢ vua gom nam va nit van dong vién. Mdi van dong vién phai choi hai
van v6i moi dong vién con lai. Cho biét ¢6 2 van dong vién nit va s6 van cdc van dong vién nam
chaoi v4i nhau hon s6 van ho choi véi hai van dong vién nit 1a 84. Hoéi s6 van tat ca cdc van dong

vién da choi?

@) 182. 168. (©) 156. ) 132

Cau 78.

Ban An chai tro chai xép céc que diém thanh

hinh thap theo qui tac thé hién nhu hinh vé. 1 tAng l ! l )
Dé xép dugc thap c6 10 tang thi ban An can 2 tang l | 1
dung dung bao nhiéu que diém? 3 tang

@) 3. 210. (©) 2. (D) 100.
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Cau 79. Cho diy s6 (u,,) 1a mot cap s6 cong c6 u; = 3 va cong sai d = 4. Biét tong n s6 hang

dau ctia day s6 (u,) 1a S,, = 253. Tim n.

@) n =12 ®) n=11. © n=10. @ n=9

Cau 80. Cho n 1a s6 nguyén duong va n tam gidc A, B,C;, AyByCy, ..., A, B, C,,, trong d6 cic
diém A;. 1, B;i1,Ciyq 140 lugt nam trén cdc canh B;C;, A,C;, A;B; (i = 1,2,...,n — 1) sao cho
A;1C; =34,,B;,B; ;1 A, = 3B,;,,C,;,C;, B, = 3C; 1 A;. Goi S 1a tong tat cd cac dién tich ciia
tam gidc A, B,C,, AyByC,, ..., A, B, C, biét rang tam gidc A, B,C; c6 di¢n tich bang 136 Tim s6

1629 _ 729
1629

@) n = 30. ®B) n = 2018. © n=2. ®) n = 2.

Cau 81. Cho céap sb cong (u,,) c6 céc sd hang déu duong, sé hang dau u, = 1 va téng ciia 100 sb

nguyén duong n sao cho S =

hang dau tién bang 14950. Tinh gia tri clia tong

1 1 1
S = + 4+
Ugy/Up + Up/Ug U3y Uy + Ug\/Us3 Ugp18+/U2017 T U017/ U2018

1 1 1
@) 2018. 3(1—m).@1—m. ®

Cau 82. Cho nam s6 a,b,c,d,e khic 0, theo tht tu tao thanh mot cidp s6 nhan. Biét

1 1 1 1 1 ; s
-+ 3 + -+ p + — =10 va tong cla ching bang 40. Tinh gié tri cta |S| v6i S = abede.
a c e

@) |5 = 32. 15| = 62. ©) |5 = 52. ©) |5 = 42.

Cau 83. Cho bdn s6 a, b, ¢, d theo thit tit d6 tao thanh cAp sé nhan véi cong boi khac 1. Biét tong
2 N s 148 N 2 .
cua ba s6 hang dau bang o dong thoi theo thit tu d6 ching lan lugt 1a s6 hang thit nhat, tha

tu va thit tdm ctia mot cap sb6 cong. Tinh gid tri biéu thttc T =a — b+ ¢ —d.

@T:%. T:%. @T:—%. @T:—l%l.

Cau 84. Cho hai cip sb cong (a,,) : a; = 4;a5 = T;...,a199 VA (b,) : by = 150y = 6; ..., by HOi

c6 bao nhiéu s6 c6 mat dong thoi trong hai day trén.

@) 3. 53. ©) 2. ®) 32

Cau 85. Cho cip s6 nhan (u,) c6 hang dau u; = 2 va tong ciia 8 s6 hang dau tién Sy = 6560.

Tim coéng bdi g ctia cap so nhan da cho.
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@) q¢=-3. ®) =13 © =3 @q:%,

Cau 86. Xd4c dinh s6 hang uyg;g clia ddy s6 (u,,) xac dinh béi

(@) uapis = (=5) - 3217 + 13, Ugors = 5+ 32017 —17.

2 ) 1
@ U018 = —3 32017, @ U018 = 75 32017 4 5
Cau 87. Phuong trinh 2 +az +b = 0 ¢6 ba nghiém phéan biét 14p thanh cAp sb cong. Chon khing
dinh ding.

@) b=0,a<0. ®b=-2a=1 (C)b=0a=1 @ b=1a=-2

. . U2 — U3 + U5 == ].0 L L N
Céau 88. Cho cap so0 cong (u,,) thoa . Cong sai cuia cap so d6 bang
uy +ug = 26

@) d=2. ®) d=4. ©d=s. D d=3

Cau 89. Vao dau modi thang chi Lién giii tiét kiém 3 triéu dong vao ngan hang theo hinh thitc lai
kép v6i 1ai suat khong déi 0,6% /thang. Hoi sau it nhat bao nhic¢u thang (k& tir thang dau tién)

thi chi Lién nhin dugc sb tién ca gdc 1an 1ai vugt qua 100 triéu dong?

(A) 29 théng.. 32 thang.. (©) 31 théng.. (D) 30 théng..

Cau 90. Cho hinh lap phuong A,B,C,D,.A|B;C;D, tdm O c¢6 canh bang
1. Goi A;1,B;11,Ciy1. D13 AL, By, Cly, Dl lan lugt  1a trung  diém  cla
OA,;,0B,;,0C;,0D,; OA,,0B;,0C;,0D} v&i i € N*. Goi V;,S; lan lugt 1a thé tich va dién

. ) S
tich toan phan ctia khi lap phuong A, B,C;D;. A/ B.C/D}. Tim —221%.
2018

@) 622015, 22% © 6. D) 3220,

U,

V1+uZ

Cau 91. Cho day sb (u,,) thoa man u; = 2018 va u,,, = v6i moi n > 1. Gia tri nho

. ? 1 s
hat ct ¢ —— ba
nhat cua n dé u,, < 5018 bang

(&) 4072326. 4072325. () 4072324. (D) 4072327.

©) bravee9.github.io/bravemath | Trang 375 /434


https://bravee9.github.io/bravemath/

Chuang 18. BAI TAP CAP SO CONG VA CAP SO NHAN

Cau 92. Trong cdc nhén dinh sau, c¢6 bao nhiéu nhan dinh sai?

(n+1)

() 14+2+3++n=-— o (Yn e ).
2 P

(2) u, = \2/; la mot day so tang.

(3) u,, = —sinn 14 mot diy s6 ting.

@) 4. ®) 1. © 3. ) 2.

U, =
Cau 93. Cho diy s6 (u,,) xac dinh bai ! . Tinh s6 hang thit 2018 ctia day.
un+l = 2un + 5

(A) ugos = 3-220%% 4 5, Uggrs = 3 - 22017 4 1.
@ U2018 - 3 . 22018 - 5 @ U2018 = 3 > 22017 — 5

Cau 94. Cho mdt day s c6 cac s6 hang dau tién 1a 1,8,22,43, ... Hiéu clia hai s6 hang lién tiép
ctia ddy s6 dé 1ap thanh mot cap sb cong: 7,14, 21, ..., 7n. Hoi sb 35351 14 s6 hang thit bao nhiéu

ciia day s6 da cho.

@) 100. 102. (©) 103. ) 1o01.

Cau 95. Tim ba s6 hang lién tiép ctia mot cap s6 cong biét téng ciia chiing bang —9 va téng cac

binh phuong ctia chiing bang 29.

@) —4-3;-2. ~3. 92,1, © 123 ®) -2 -10.

n—1

. 1
Cau 96. Cho day so xac dinh béi u, = 1,u, ., = 3 <2un + o
n n

) ;n € N*. Khi d6 g5
bang

22017 1 22018 1 22017 1 22016 1

On+zms O@rtay Omtzs © @ tam

Cau 97. Cho cép s6 cong (u,,), biét u; = 1,S, = 55,d = 1. Khi dé gia tri ctia n 1a bao nhiéu?

@ n=o9. ®) n = 10. ©n=11 ) n e {10;11}.

Cau 98. Cho cip sb cong (u,,) c6 u; = —2 va cong sai d = 3. S6 hang u, 1

@u2:4. u2:—6. ©u2:—5. @u2:1.

Cau 99. C6 bao nhiéu cap s6 nhan c6 5 s6 hang? Biét rang téng 5 s6 hang d6 1a 31 va tich cia
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ching 1a 10247

@) ®) 2. ©) 4. ®) 3.

Cau 100.
Cho hinh vuéng A,B,C;D, c6 canh bang 1. Goi D

P C
Ay, By, 01, Dy tht tu la trung diém  cdc  canh !
vuong Agp15Ba18Ca018Dap1s 1a <>
V2 V2 V2 V2
@ 91007 92017 " @ 92018 " @ 91006 °
By

Aq

Cau 101. Cho day sb (z,,) xic dinh béi z; = V2, z,,; = \/2+x,,, n € N*. Ménh d& ndo duéi

day 13 ménh dé ding?

@ (x,,) 1a cAp s6 nhan.. limz, = 2.
@ limz, = 4o00. @ (x,) 1a day sb gidm..

Cau 102. Day sb (u,,) xéc dinh béi u,, = 3n — 2, v6i n > 1. Tinh téng S = u; + uy + - + uy,.

@) 5 = 145. ®) 5 = 320. (©) 5 = 160. D) 5 = 150.

Cau 103. Cho cic s6 5z —y, 22 + 3y, = + 2y theo thit tut 1ap thanh cap sb cong; cac s6 (y + 1)2,
xy + 1, (x —1)? theo thit tu 14p thanh cap s6 nhan. Tim (z;y).

@ @) = 00, (55) - (3-15): @y =00, (33) (-5 )
@ (z39) = (0;0), (1??; ;l) , (—f;—ig) @ (z3y) = (0;0), (131 3) 7 <_i;_130>‘

Cau 104. Cho cip sb cong (u,,) c6 cong sai d = —3 va ui + u3 + u? dat gid tri nhé nhat. Tinh

tong S, ciia 100 s6 hang dau tién clia cap sé cong dé.

(A) S0 = —14400. Syoo = —14250. () Sy = —15450. (D) Sy = —14650.

Cau 105. Tinh tdng S =1+ 11+ -+ 111 ... 11.

nsd 1

1 n 10 n
— (10" — 1) — —. — (10" — 1) — —.
@ & -3 ®) ;10" -1 -3
10 n 10 n
— (10"t —1) — —. — (10" —1) + —.
© o' =1n—= ©) G0 -1+
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Cau 106. Cho day s6 (u,,) dugc xac dinh béi u; = a va u,,; = 4u, (1 —u,) v6i moin =1,2,....

C6 bao nhiéu gid tri ctia a dé uygg3 = 07

@ 92017 4 1. 3. @ 92018 | 1. @ 92016 | 1.

Cau 107. Day s6 (u,,) théa man S, = uy + uy + -+ + u,, = n?. Tinh uy,.

@) uy, = 121. upy = 20. (©) uyy = 144. @) uy = 23.

Cau 108. Ba s6 lap thanh mot cAp sé6 nhan. Néu s6 hang thit hai cong thém 2 ta duge mot cap

s6 cong. Sau dé cong thém 9 véi sb hang thit ba ta lai duge mot cAp sb nhan. Tinh tong ba s d6.

64 52 16 4
%. @ %- _%- %-

Cau 109. Cho mot diy sb c6 cac sd hang dau tién 1 1,8, 22,43, ... Hiéu clia hai s6 hang lién tiép
ctia ddy s6 do 1ap thanh mot cap sb cong: 7,14, 21, ..., 7n. Hoi sb 35351 14 s6 hang thit bao nhiéu

ciia day s6 da cho.

@) 101. 100. (©) 103. D) 102.

ul - 2
Cau 110. Cho diy s6 (u,,) théa man u +v2—1 . Tinh uygg-
Up g = —2 Vn € N*

1—(V2—1)u,
@ 2018 = [ 5\6 Ug018 = 7+ 5\[2 @ Ug018 = 2. @ Ugp18 = 7+ \/§

Cau 111. Trong cic day sb sau, day s6 nao 1a day s tiang?

@un:Zii’ un: @un:?% @un:n2+2n.

Cau 112. Cho tam gidc ABC c6 do dai cdc canh 13 a, b, ¢ theo thit tit 1ap thanh mot cAp sb cong.

. A C L2
Biét tan 3 tan BV B z (z,y € N, phén so toi gian), tinh gid tri x + y.
Y

®: ®: ©: ®>
Cau 113. Cho téng S, = 12 4 22 4 - + n?. Khi d6, cong thiic ctia S, 1a
nn+1)2n+1) n—l—l
@ S, = ; . . S,

2n+1)(3n—|—1) _n(n—1)(n+1)
© s, = . ® s, = : .

Cau 114. Trong cic day sb (u,,) sau day, day sd nao bi chin?
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1
@Un:?)Qn ’U,n:n—i-ﬁ @un:vnQ—l—l @u 2n+1
Cau 115. Cho cip sb cong (u,,) c6 cong sai d. Tim diéu kién ctia d dé (u,,) 1& day sb tang.

@|d|21. d>1. ©d<0. @d>0.

Cau 116. Cho cip s6 nhan c6 7 s6 hang, s6 hang thit tu bang 6 va sd hang thit bay gip 243 lan

80 hang th hai. Tim céic s0 hang con lai ciia cap so nhén dé.

l\D

5
I

“:'

N

= —juz = 2;u5 = 21, ug = 54;uy, = 162.

0.')

= —;u3 = 2;uy = 18; ug = 54; u, = 162.

“:'
)
[\D

= -y u3 = 2;uy = 18; ug = 56; u, = 162.

OJ

g
[\
[\

= —ju3 = 2;u5 = 18;ug = 54;u;, = 162.

£
I
NN O Ol ©f N
<
[\e}
Wl o

w

Cau 117. Cho day sb (u,,) dugc xac dinh béi u; = 2, u,, = 2u,, ; +3n —1 ¥n > 2. Biét rang
cong thitc tong quat ciia diy sé da cho c6 dang u,, = a-2" +bn+c Vn > 2, trong dé a, b, ¢ 1a cac

s6 nguyén. Khi dé, téng a + b + ¢ ¢ gia tri bang

@) -3. 4, © 3. o

Cau 118. Ban Nam la sinh vién ctia mot trusng Pai hoc, mudn vay tién ngan hang véi 1ai suat
uu dai trang trai hoc phi hoc tdp hang nam. Pau mdi nim hoc, ban iy vay ngan hang véi s6 tién
10 triéu dong véi 1ai suat 4% moét nim. Tinh sé tien ma Nam ng ngan hang sau 4 nim hoc, biét

rang trong 4 nam dé, ngan hang khong thay déi 1ai sut (két qua lam tron dén nghin dong).

(&) 41600000 déng.. 44163000 déng.. (C) 42465000 déng.. (D) 46794000 démg..

), L U5 + 3US - u2 - _21
Cau 119. Cho cap so cong (u,,) théa man . Tinh S = uy + ug + - + usp.

@) —1222. —1242. (©) —1276. D) —1286.

Cau 120. Cho day hinh vuoéng Hy, H,, ..., H,, ... V6i mdi s6 nguyén duong n, goi u,,, P,, S,, 1an
lugt 1a do dai canh, chu vi va dién tich ctia hinh vuoéng H,,. Trong cac khéng dinh sau, khing dinh

nao sai?

@ Néu (u,,) 1& cAp sd cong véi cong sai khac 0 thi (P,) ciing 1a cap s6 cong..
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@ Néu (u,,) 1& cAp s6 cong véi cong sai khac 0 thi (S,,) cling 1a cAp s6 cong..
(©) Néu (u,,) 14 ¢Ap s6 nhan véi cong boi duong thi (P,) ciing 1a ¢Ap s6 nhan..
@ Néu (u,,) 1a cAp s6 nhan véi cong boi duong thi (S,,) cling 1a cAp sb nhan..

Cau 121. Cho mét cap s6 cong (u,,) ¢6 u; = 1 va biét tong 100 s6 hang dau bang 24850. Tinh

1 1 1
S = + o .
UyUg  UpUg Ug9Usg

@) 5= 123. S:%. @52%6. @S:%.

Cau 122. Ba s6 phan biét c6 téng bang 217 c6 thé coi 14 cic sb hang lién tiép ctia mot cap sb

nhén, ciing cé thé coi 14 s6 hang thit 2, thit 9, thtt 44 ctia mo6t cap s6 cong. Hoi phai lay bao nhiéu

s6 hang dau ctia cap sb6 cong nay dé téng ctia chiing bang 8207

@) 21. 20. (©) 4. ®) 1.

Cau 123. Cho tam gidc ABC vudng tai A c¢6 ba canh CA, AB, BC lan lugt tao thanh mot cap

80 nhan cé céng bdi 1a ¢g. Tim q.

@q:\/m/g—z q:1+\/5 @q:\/2+2\/5 @q:\/ﬁ—l
et . " .

2 2

Cau 124. Trong céc day sb (u,,) sau diy, day s6 nao bi chin?

@un:\/nQ—i—l. un—z(;:_)i. @un:n—i—%. @un:3.2”.

Cau 125. Cho cap s6 nhan (u,) c6 us = —5;ug = 135. Goi S, 1a tong ctia n s6 hang dau tién.

Khi d6, gid tri ctia Sy, 1a
49205 49205 —147620 73810
9 © 18 @ 9 @ 9

Cau 126. Cho cap s6 cong (u,,) c6 cong sai d = —3 va u2 + u2 + u? dat gid tri nhé nhat. Tinh

tong S0 ctia 100 s6 hang dau tién ctia cap sb cong dé.

@A) S0 = —14250. S0 = —15480.  (C) Sy = —14650. (D) Sy = —14400.

Cau 127. Chuyén ké rang: Ngay xua, c6 6ng vua hita sé thudng cho mot vi quan mén qua ma vi
quan duge chon. Vi quan tau: “Ha than chi xin Bé Ha thuéng cho mot sé hat thoc théi a! Cu thé
nhu sau: Ban ¢ vua c6 64 6 thi véi 6 thit nhat xin nhan 1 hat, 6 thit 2 thi gdp doi 6 dau, 6 tht 3
thi lai gdp d6i 6 thit 2,..6 sau nhan s6 hat théc gip doi phan thuéng danh cho 6 lién trude”. Gia

tri nho nhat ctia n dé tong sb hat théc ma vi quan nhan duge tit n & dau tién (tit 6 thit nhat dén
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6 tht n) 16n hon 1 triéu la

@) n =21 ®) n = 19. (©) n=2. ® n-=1s
Cau 128. Trong cic phat bic¢u sau, phat bi¢u nao la sai?

@ Day sb c6 tit ci cic sb hang bing nhau 1 mét cAp sb cong..

Mbt cap s6 cong c6 cong sai duong 1a mot day s6 duong..

@ Day sb c6 tat ci cic sd hang bang nhau 14 mot cAp s6 nhén..

@ Mot cap sb cong cé cong sai duong 1a mot day sd tang..

an —1
n

@a>2. a>—%. ©a<—%. @a<—2.

Cau 130. Cho hinh vuéng A;B;C;D; cé canh bang 1. Goi Ay 1, Byiq1,Cpiqs Dyyq thit tu 13
trung diém cdc canh A, By, B,C,,C,. D, DA, (v6i k = 1,2,...). Tinh chu vi ctia hinh vuéng

Cau 129. Véi gia tri ndo ctia a thi day s (u,,) véi u,, = ,Vn > 11a day s6 tang?

n

A2018‘B201802018D2018

@ 22018 . 21006 @ 22017 @ 2%%7

Cau 131. C6 tat ca bao nhidu bo sé nguyén duong (n, k) biét n < 20 va cac s6 Ck—1 CF Ck+l

theo thit tu d6 1a s6 hang tht nhat, thtt ba, thit nam ctia mot cap sd cong.

@) 2. ®) . ©o. ® 1

Cau 132. Cho ba s6 a, b, ¢, d theo thit tu d6 tao thanh cAp s6 nhan véi cong boi khac 1. Biét tong
. N o 148 . N P .
ba so hang dau bang 9 dong thai theo thit tu d6 ching lan lugt 1a s6 hang thi nhat, thi tu va

thit tAm ctia mét cap s6 cong. Tinh gid tri biéu thic T =a —b + ¢ — d.

@T_lol .T—@ @T:—%. @T— 101'

,Ju=1 .
Cau 133. Cho day sb (u,,) biét ! . Tinh s0 hang ug.
Uy = U, +2n—1,Vn € N

(@A) 4024. 2402. (©) 2240. (D) 2024.
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B B B R u1+u2++un:2017
Céu 134. Cho cap s0 nhan (u,) c¢6 cdc so hang deu duong va < 4 1

1
— 4 — 4 — =2018

Uy Uy Uy,

Tinh tich u; - uy ... u,,.
2018\" 2018\" 2017\" 2017\"
@ <2017> ’ <2017) ’ @ (2018) ’ @ (2018) '
Cau 135. Cho tam gidc ABC can tai A. Biét do dai canh BC, trung tuyén AM va d6 dai canh

AB theo thtt tu 1ap thanh mot cip sb cong cé cong bdi ¢g. Tim cong boi ¢ clia cap s6 nhan doé.

@ \/—2+2 q:ﬂ‘

2

@ 1+ V2 @ V2+2v2 —|— 2v/2
q= 9
Cau 136. Mot tam gidc vudng c6 chu vi bang 3 va do dai céc canh 1ap thanh mot cip sb cong.

D06 dai cic canh cia tam giac do 1a

@%;1;; é;lsg- @%;1;; @%;1;

L . s S 2
Cau 137. Cho cap so cong (u,,). Goi S,, = uy +uy+---+u,,. Biet rang S—p = p—2 véip # q,p,q € N*.
q

q

IS

Tinh gia tri ctia biéu thtec L2017,
Ugors
4034 . 4033 4031 4031
4035 4035 4033 4035°

Cau 138. Cho tam gidc déu ABC c6 canh bang a. Trén canh BC, ta lay diém A, sao cho CA, = .
Goi B, 1a hinh chiéu ctia A; 1én C'A, C; 1a hinh chiéu ctia By 1én AB, A, 1a hinh chiéu cta C
lén BC, B, 1a hinh chiéu ctia A, 1én CA, ... va cit tiép tuc nhu thé. Hay tim gid tri ctia = theo a

sao cho Ayp5 = A;.

orm ®-=t ©:-2 OIEES

Cau 139. Ngudi ta trong 3003 ciy theo dang mdt hinh tam gidc nhu sau: hang thit nhat trong 1
cdy, hang thtt hai trong 2 cdy, hang thit ba trong 3 cay, ..., cit tiép tuc trong nhu thé cho dén khi

hét s6 cay. S6 hang cay dudc trong 1a

@) 7e. 78. © . ®) .

Cau 140. Trong cic day sb (u,,) sau, hay chon diy s6 bi chan.

@ u=vErl @ u.-
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Cau 141. Cho cip s6 cong (u,,),n € N* cé s6 hang tong quat u,, = 1 — 3n. Tong ctia 10 sb hang

dau tién ctia cap so cong bang

(@A) —59049. —155. (©) —310. D) —59048.

Cau 142. Thay D gt tong cong 320 triéu dong & hai ngan hang X va Y theo phuong thtc 1ai
kép. S6 tien thit nhat giti ¢ ngan hang X véi 1ai suat 2,1% mot quy (1 quy: 3 thang) trong thdoi
gian 15 thang. S6 tién con lai gti ¢ ngan hang Y véi 1ai suat 0,73% mot thang trong thoi gian 9
thang. Tong tién 1ai dat dugc ¢ hai ngan hang 1a 27 507 768 dong. Hoi s6 tien Thay D gii lan lugt

& ngan hang X va Y 13 bao nhiéu (lam tron két qua dén hang don vi)?
(A) 140 triéu va 180 tri¢u.. 120 tridu va 200 trieu..
(C) 180 tri¢u va 140 trigu.. (D) 200 tricu va 120 trigu..
Cau 143. Cho day sb (u,,). Khing dinh nao sau day ding?
@ Néu ton tai s6 M > 0 sao cho |u,| < M,V¥n € N* thi (u,) 1& day s6 bi chén..

Néu ton tai cip s6 m, M va ton tai gid tri n sao cho m < u,, < M thi (u,) 1a day sb

bi chin..

@ Néu ton tai mot sé6 m sao cho u,, > m,¥n € N* thi (u,,) 1a day s6 bi chin..
@ Néu ton tai mot s6 M sao cho u,, < M,Vn € N* thi (u,,) 1a diy s6 bi chin..
Cau 144. Téng clia n s6 hang dau tién ctia mot day s6 (a,,),n > 11a S, = 2n? 4 3n. Khi d6
@ (a,,) 1a mot cip sb cong véi cong sai bang 1.
(a,) 1a mot cdp s6 nhan véi cong boi bang 1.
@ (a,,) 1& mot cip sb cong vai cong sai bang 4.
@ (a,,) 1a mot cAp s6 nhan véi cong boi bang 4.

Cau 145. Tim tat ca cic gid tri ciia tham sb m dé phuong trinh 2% — 322 + mx +2m —1 =0 cé

3 nghiém phan biét 14p thanh mdt cap s6 cong.

@mzl,mzZ m:—l. @m:Q. @mzl.

Cau 146. Cho day sb (u,,) c6 s6 hang tong quét u,, = sin n—; véin € N*. Dat S, = u; +uy+--+u,,.
Tim khing dinh ding trong céc khing dinh sau.
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@ Sa017 < 0. S020 = 0. @ Sa019 > 0. @ Sz018 = 0.

Cau 147. Cho cip s6 cong (u,,) thda man uyy — uyg = 9, uly — ulg = 153. Tim uyg.

@u29:29. u29:H. ©u29:§. @u29:17.
2 2

Cau 148. Bén sb tao thanh mot cip sb cong c6 tong bang 32 va tong cac binh phuong ciia ching

bing 336. Tich ctia bén s6 dé 1a

(@) 5760. 15120. (©) 1920. (D) 1680.

Cau 149. Tim tat ca céc gid tri cia = dé ba sé 1 —xz, 22, 1+ z theo tht tu lap thanh cip sb cong.

@x:—l. .I‘Zl. @x:j:z @:1:———;&1.

Cau 150. Phuong trinh 22 4+ az + b = 0 c6 ba nghiém phan biét 1ap thanh cip sb cong. Chon
khing dinh ddng.

@bv=0,a<o. ®bv=1a=-2 (C)b=0a=1 @b=-2.a=1

Cau 151. Mot ngudi gt tiét kiém ngan hang theo hinh thtc gt gép hang thang. Lai suat tiét
kiém gtii gép cb dinh 0,55% /thang. Lan dau tién ngusi dé giti 2.000.000 dong. Cit sau mdi thang
ngudi d6 gii nhidu hon s6 tién da giii thang trude dé 1a 200.000 dong. Hoi sau 5 nam (ké tit 1an

gilii dau tién) ngusi dé nhan dugce tong s6 tien cd von 1an 1ai 1a bao nhiéu?

(&) 618.051.620 déng.. 539.447.312 dong..

(C) 597.618.514 déng.. (D) 484.692.514 déng..
up =1 P . .

Céau 152. Cho day (u,,) dugc xéc dinh béi . 50 hang tong quét ciia day so la
un+1 = Up + n2
(n—1)n(2n + 2) n(2n+1)(n+1)
@) u, =1+ - . u, =1+ - .
) , X ~n(2n—1
(C) Tit cé cdc khilng dinh A, B, C déu sai.. (D) u, = 1+ (n >”6( n—1).
3n(n+ 3)

Cau 153. Cho day sb (z,,) théa man x; + x5y + -+, = v6i moi n € N*. Khang dinh

2
nao dudi day 1a ding va day dt nhat?

@ (z,,) la cap so cong véi cong sai am..
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(x,,) 1a cap s6 cong véi cong sai duong..
@ (7,,) 1a cAp s6 nhan véi cong boi am..
@ (z,,) 1& cAp s6 nhan véi cong boi duong..

Cau 154. X4c dinh s6 hang wuyyg cta diay (u,) dugc x4c  dinh  bdi

u1:2
,Vn > 2.

U, =2u, ;+3n—1

@ Uggrg = 5 - 22017 — 6059. Ungyg = 5 - 22018,
@ Ugoyg = 22017, @ Uggrs = D - 22918 — 6059.

Cau 155. Giai phuong trinh 1 + 8 + 15 + 22 + -+ + 2 = 7944.

@) = = 351. ®) « = 220. (©) & = 407. D) « = 330.

Cau 156. Cho cip s6 nhan (u,) c6 hang dau u; = 2 va tong cia 8 s6 hang dau tién Sg = 6560.

Tim c6ng bdi g cia cap s6 nhan da cho.

@q:_3' q:%. @q:3. @q:i&

Cau 157.
Cho hinh vuéng ABCD c6 céc canh bang a, va cé dién tich A D, D
S,. N6i bén trung diém A;, B;,C;, D, theo tht tu ciia boén
canh AB, BC',CD, DA ta dugc hinh vuéng thit hai ¢6 dién tich

S,. Tiép tuc lam qué trinh trén ta duge hinh vuéng tht ba la A C
1 1
Ay,ByCy Dy c6 dién tich Ss, ... va cit tiép tuc lam nhu thé ta duge

cdc hinh vuéng lan lugt c¢6 dién tich Sy, Ss, ..., S1go (tham khdo A, B,

hinh v& bén). Tinh téng S = S; + Sy + - + S0 B 5 o
1

- @5
@S_ﬂ. @sz;zo.

Cau 158. Tinh S=1+2-2+43-22 + ... 4+ 2018 - 22017,

@ 92018 4 1. 2017 - 22018 __ 1 @ 2017 - 22018 4 1. @ 2017 - 22018 _ 1
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SAT VA VE DO THI CUA HAM SO

Tinh don diéu ciia ham sb

Cau 1. Ham sb nao dudi day dong bién trén tap R?

@y:xz+2w+l. y:a:—sina:. @yzgjjf. @y:x3—3x.

3

5 .
= 51‘2 + 62 nghich bién trén khodng nao?

@) 2:3). (1;6). ©) (-6;-1). ®) (-3:-2).

3z —1
v - la diing?

2 1
Cau 2. Ham so y = 3%

Cau 3. Két ludn nao sau day ve tinh don diéu ctia ham s6 y =
@ Ham s6 nghich bién trén céc khodng (—o00;2) va (2; +0o0).
Ham s6 dong bién trén R\ {2}.
@ Ham s6 dong bién trén cic khodng (—o0;2) va (2;+00).
@ Ham s6 nghich bién trén R\ {2}.

Cau 4. Cho ham s6 y = 2% — 322 + 2. Ménh dé ndo duéi day 1 ding?

@ Ham s6 dong bién trén khodng (0;2).
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Ham s6 nghich bién trén khoang (—oo;0).
@ Ham s6 nghich bién trén khoang (0;2).
@ Ham s6 nghich bién trén khoang (2; +00).
Cau 5. Ham sb nao sau day dong bién trén (—oo;2) va (2; +00)?
Tz —2 2¢ —5 r+1 z—1
@y_a:—? y_x—Q' ©y_a7—2' @y_:z:—Q'

Cau 6. Cho ham s6 y = 2% — 622 4+ 92 + 1. Ménh dé nao dudi day 1a ding?

@ Ham s6 nghich bién trén khoang (1;3).
Ham s6 nghich bién trén khoang (3; +00).
@ Ham s6 dong bién trén khodng (1; +00).
@ Ham s6 dong bién trén khodng (—oo; 3).

> x?

Cau 7. Cho ham s6 y = I 6 + % Ménh dé nao duéi day 1a dung?
@ Ham s6 nghich bién trén khoang (—2;3).
Ham s6 nghich bién trén khoang (—oo; —2).
@ Ham s6 dong bién trén khodng (—2;3).
@ Ham s6 dong bién trén khodng (—2;+00).
Cau 8. Cho ham s6 y = V22 — 1. Ménh dé nao dudi day la ding?
@ Ham s6 dong bién trén khodng (1; +00).
Ham s6 nghich bién trén khoang (—oo;0).
@ Ham s6 dong bién trén khodng (0; 4+00).

@ Ham s6 dong bién trén khodng (—oo; 4+00).

Cau 9. Ham s6 y = 223 + 3 dong bién trén khodng nao?

@ <—<>0;—;>. (—OO; ;) @ (0; +00). @ (—0030).
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Cau 10. Trong cdc ham sb sau diy, ham sb nao khong nghich bién trén R?

@yzl_:xr y=x3—3x.
©y=—$3+2x2—7x. @yz—éla:—i—cosa:.

Cau 11. Cho ham s6 y = f(z) ¢6 dao ham f/(z) = 2% + 1,Vx € R. Ménh dé nao dudi day ding?

@ Ham s6 nghich bién trén khoang (—1;1).
Ham s6 nghich bién trén khoang (—oo;0).
@ Ham s6 dong bién trén khodng (—oo; 4+00).
@ Ham s6 nghich bién trén khoang (1;+00).
Cau 12. Trong cac ham s sau, ham sb nao vira c¢6 khoang dong bién, vira c6 khodng nghich bién

2z + 1
:%;<II)‘y:_x4+$2—2vé (IT1) iy = 2% + 3z — 4.
T

@) (1); (111). (I); (I1). (© un; ). ®©) ).

3

Cau 13. Cho ham s6 y = —% + 22 — x + 1. Ménh dé nao duéi day la ding?

trén tap xac dinh ctua né. (I) : y

@ Ham sb nghich bién trén R.

Ham s6 dong bién trén R.

@ Ham s6 dong bién trén khoang (1; +0c) va nghich bién trén khodng (—oo;1).

@ Ham s6 nghich bién trén khoang (1; +o00) va dong bién trén khodng (—oo;1).
Cau 14. Cho ham s6 y = % Khing dinh nao sau day 1a khang dinh ding?

@ Ham s6 dong bién trén cic khodng (—oo;1) va (1;400).

Ham s6 nghich bién trén céc khoang (—oo;1) va (1; +o0).

@ Ham s6 dong bién trén cac khodng (—oo;1) U (15 +00).

@ Ham s6 nghich bién trén cac khoang (—oo;1) U (1; +00).

r+1
r—2

Cau 15. Cho céc ham sb y = sy =tanz; y = 23 + 22 + 4o — 2022. S6 ham s6 dong bién

trén R 1a
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@) o. ®)s. ©1 D) 2.

Cau 16. Tim tat ca céc gia tri thuc clia tham s6 m dé ham s6 y = ma? — (m + 6)x nghich bién

trén khoang (—1; +00).

@ 2<m<o0. (B -2<m<0.  (©m<-2 ©) m> -2

20+ 1

Cau 17. Cho ham s6 y = T Ménh dé nao dudi day ding?

@ Ham s6 dong bién trén R\ {1}.

Ham s6 nghich bién trén R\ {1}.

@ Ham s6 dong bién trén cac khodng (—oo;1) va (1;+00).
@ Ham s6 nghich bién trén céc khodng (—oo;1) va (1; +o0).

Cau 18. Cho ham s6 y = f(x) c6 dao ham f'(x) = 22 — 22, Vx € R. Ham s6 y = —2f(x) dong

bién trén khodng

@) (-2:0). (0;2). ©) (2 +o0). D) (—o0;—2).
Cau 19. Cho ham s6 y = %ac‘1 — 222 — 1. Chon khing dinh ding.

@ Ham s6 nghich bién trén céc khodng (—2;0) va (2; +00).

Ham s6 dong bién trén céc khoang (—oo; —2) va (0;2).

@ Ham s6 dong bién trén cic khodng (—2;0) va (2; +o0).

@ Ham s6 nghich bién trén céc khodng (—oo; —2) va (2; +00).

Cau 20. Ham s6 nao sau day dong bién trén R?

@y:x4—2x2—1. y:éx3—%m2+3m+1.

_r—1 _ .3 2
©y_a:+2' @y—az +4x° 4+ 3z + 1.

Cau 21. Trong cdc ham sb sau, hAm s6 nao dong bién trén (1;+00)?

@y:x?’-}-?ﬂv. y::j;_—|—12‘ @y:—x3_x‘+1.@y:i:2.

Cau 22. Ham s6 y = —z* + 422 4 1 nghich bién trén méi khoang nao sau day?
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@) (V2 +o0). (—V3;0); (V2 +00).
© (-v2:0); (V2; +00). ®) (-3 v2).

Cau 23. Ham s6 y = 2® — 322 nghich bién trén khodng nao dudi day?

@ (-11). (—o0i1). © ©:2. ©) (2 +o0).

Cau 24. Ham s6 nao sau day dong bién trén khoang (0;2)?

@y:—m3+3w2. y:\/l?' @yzzj__ll' @y:xil'

Cau 25. Ham s6 nao sau day nghich bién trén khoang (1;3)?

@yZ%x3—2x2+3x+1- y:zi;
2 _

. 20+ 5 .
Cau 26. Cho ham so y = v +1 . Khang dinh nao sau day la ding?
x

@ Ham s6 ludn nghich bién trén R\ {—1}.

Ham s6 dong bién trén cic khodng (—oo; —1) va (—1;+00).
@ Ham s6 luén dong bién trén R\ {—1}.

@ Ham s6 nghich bién trén céc khodng (—oo; —1) va (—1; +00).

Cau 27. Ham s6 y = 2* — 222 + 1 dong bién trén khodng nao?
@ R. (—1;0) va (1;400).
@ (=1;0). @ (1;+00).

Cau 28. Ham s6 nao sau diy dong bién trén R?

@y:iii y::lt—l—l. @y:az4+1. @y:$2+1.

Cau 29. Ham s6 y = % — 2 nghich bién trén khodng nao?

®(~1) @o  Ofw) v

P 3 1 N N
Céau 30. Cho ham so f(z) = x_:_l . Trong cidc ménh de sau ménh dé nao ding?
x
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@ f(x) nghich bién trén R.
Ham s6 dong bién trén timg khodng (—oo; —1) va (—1;400).
@ f(z) nghich bién trén (—oo; —1) U (1; +00).
@ f(x) dong bién trén R.
Cau 31. Cho ham s6 y = 2% — 222 4+ x + 1. Ménh dé nao sau day ding?

. . 1
@ Ham s6 nghich bién trén cdc khodng (—oo; §> U (1; +00).

L 1
Ham s déng bién trén (—oo; §> U (1; +00).

@ Ham s6 dong bién trén khoang (;, —l—oo).
@ Ham s6 nghich bién trén khoang (;, 1).
Cau 32. Cho ham y = v/22 — 6z + 5. Ménh d& nao sau ddy la ding?
@ Ham s6 dong bién trén khodng (5; +00).
Ham s6 dong bién trén khodng (3; +00).
@ Ham s6 dong bién trén khoang (—oo; 1).
@ Ham s6 nghich bién trén khoang (—oo; 3).
Cau 33. Ham s6 y = —a* + 222 + 2 nghich bién trén?

@) (=1;0); (1i+00). (B) (~1:1). ©Or (D) (—o0; ~1)5 (051).

Cau 34. Ham s6 nao sau day dong bién trén R?

@y:x3+3x+l. y:x3—3m+1. @y:x2+1. @y:—w\@—i-l.

Cau 35. Ham sy = ~
x_

@ (—1; +00). (1; +00).
@ (—o0;1); (15 +00). @ (3; +00).

3 . )
L_'_?). Khang dinh nao sau day la khang dinh dang?
1’ p—

1 .
1 nghich bién trén cac khodng

Cau 36. Cho ham s6 y =
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@ Ham s6 nghich bién trén R\ {3}.
Ham s6 dong bién trén R\ {3}.
@ Ham s6 dong bién trén cic khodng (—o0;3) va (3;400).
@ Ham s6 nghich bién trén céc khodng (—o0;3) va (3; +0o0).
Cau 37. Tim tat cd cidc khodng dong bién ctia ham sb y = V9 — 22,
@) (0; +o0). (—00;0). ©) (-3:0). @) (0:3).
Cau 38. Trong céc ham sb sau, ham s6 nao nghich bién trén tip xéc dinh ciia n6?
@y:x4+2:1:2+5. y:—2x3—3x+5.
@y:—$4—x2. @y:ii—;
Cau 39. Trong cic ham sb sau, ham s6 nao dong bién trén R?

@y:x3—3x2+3x—2. y:ili

3

@y:x4—|—2x2+1. @yz—%—i—i&x—i—z

Cau 40. Cho ham s6 y = f(z) c6 dao ham f’(z) = 2?(x — 9)(x — 4)%. Khi d6 ham s6 y = f(z?)

nghich bién trén khodng nao duéi day?

@) (3: +o0). (—3;0). (©) (—o0;-3). ) (-2:2).

Cau 41.

Cho f(x) c6 do thi ham s6 y = f’(z) nhu hinh y
bén. Ham 86 y = f(x — 1) + 22 — 2z dong bién trén

khoang

Cau 42. Cho ham s6 y = f(z) c¢6 dao ham f'(z) = 22 — 2z v6i moi * € R. Ham sb

glz) = f (2 — Va2 + 1) — /22 +1 — 3 déng bién trén cdc khoang nao dudi day?

@) (-2 -1). (—1;1). © (1:2). @) 23).
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Cau 43. Cho ham s6 y = f(z) lién tuc trén R va c6 dao ham f'(z) = 2%(z — 2)(2? — 62 + m) v6i
moi z € R. C6 bao nhiéu s6 nguyén m thudc doan [—2019;2019] dé ham s6 g(z) = f(1 —x) nghich

bién trén khodng (—oo;—1)?

@) 2012. 2011. (©) 2009. ®) 2010.

Cau 44. Cho ham s6 y = f(x) ¢6 dao ham f'(x) = x(x — 1)?(x — 2) v6i moi x € R. Ham sb

) R .
glx)=f (%4_4) dong bien trén khodng nao trong cédc khodng sau?
x

@A) (—o0;-2). (—2:1). ©) (0:2). ®) (2;4).

Cau 45. Cho ham s6 f(x) c6 bang xét dau clia dao ham nhu sau

@) N

f'(x) + 0 - 0 -

£ 33 .
Xét ham so g(z) = f (a; — §x2 — 2z + 3). Khang dinh nao sau day sai?

@ Ham s6 g(x) nghich bién trong khodng (—1;0).
Ham s6 g(x) dong bién trong khoang (0;2).

@ Ham s6 g(x) nghich bién trong khodng (—4;—1).
@ Ham s6 g(z) dong bién trong khodng (2;3).

Cau 46. Tim tdp hop S tat cid cac gid tri thuc cia tham s6 m dé ham sb

1 .
Y= §m3 — (m+ 1)z 4+ (m? 4+ 2m)x — 3 nghich bién trén khodng (—1;1).

@) s = [-1;0). ®) s=0. © s={-1}. ®) s = {1}.

h p . p 1 1
Cau 47. Tong tat ci cic gia tri thuc cia m dé ham so y = gm2m5—gmm3+10x2—(m2—m—20)x+1

ddng bién trén R bang

o o, ©L ®°

Cau 48. Cho ham s6 y = f(z) ¢6 f'(z) = (x —2)(z+5)(z+1). Ham 86 y = f(2?) dong bién trén
khoang nao duéi day?

@) (0:1). (—1;0). ©) (-2 -1). ®) (-2:0).
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Cau 49.
Cho ham s6 y = f(x). Do thi ctia ham sb y = f/(x) Y
nhu hinh bén. Dt g(x) = f(z) — z. Ménh dé nao
duéi day dung?

@) g(1) < g(—1) < g(2).
g(—1) < g(1) < g(2).
@ 9(2) < g(1) < g(-1).

D) 9(2) < g(~1) < g(1).

Cau 50.

Cho d6 thi ham s6 y = f(2 — x) nhu hinh vé bén. Y 2
. , y=f(2-x
Ham s6 y = f(2%? — 3) nghich bién trén khodng nao

du6i day?
@) (0:1). (1;3).
(©) (—o0;—1). ®) (-1:0).

f(x) - 0 + 0 + 0 -

Ham s6 y = f (2% + 2) nghich bién trén khodng nao dudi day?

@) (-2:1). (—4;—3). ©) ;1) ®) (-2 -1).

Cau 52. Cho ham s6 y = f(z) c6 dao ham cip 3 lién tuc trén R va thdéa man
f(z) - f'(x) = 2(x — 1)*(z + 4), Vo € R v g(x) = [/ (2)]" — 2f(2) - f" ().

Ham s6 h(z) = g (#? — 2x) dong bién trén khodng nao dudi day?

@) (—o0; 1). (2; +00). ©) (1) ®) (1;2).

Cau 53. Cho ham 86 y = f(z) x4c dinh trén R. Ham s6 y = g(x) = f'(2z + 3) + 2 ¢6 do thi 1a
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mot parabol véi toa do dinh I(2;—1) va di qua diém A(1;2). Héi ham sé y = f(x) nghich bién

trén khoang nao dudi day?

@ (5;9). (1;2). @ (—0039). @ (1;3).

Cau 54. Cho ham s6 y = f(z) x4c dinh trén R va c6 bang xét dau ctia f/(z) nhu sau

x —00 —1 1 4 +0oo

f(x) - 0 + 0 - 0 +

Biét f(z) > 2, Vo € R. Xét ham s6 g(z) = f(3 — 2f(x)) — 2% + 322 — 2020. Khing dinh nao sau
day dung?

@ Ham s6 g(x) dong bién trén khodng (—2;—1).
@ Ham s6 g(x) nghich bién trén khoang (0;1).
@ Ham s6 g(x) dong bién trén khodng (3;4).
@ Ham s6 g(z) nghich bién trén khodng (2;3).

Cau 55. Cho ham s6 f(z) lién tuc trén R va c6 dao ham f’(z) = 2?(x —2) (2? — 62 + m) v6i moi
z € R. C6 bao nhiéu sé nguyén m thudc doan [—2020;2020] dé ham sé g(z) = f(1 — x) nghich

bién trén khodng (—oo;—1)?

@) 2016. 2014. (©) 2012. ®) 2010.

Cau 56. Cho ham s6 y = f(z) ¢6 dao ham f’(z) = z(z + 1)? (2? + 2mz + 1) v6i moi = € R. C6
bao nhiéu s6 nguyén Am m dé ham s g(x) = f(2z + 1) dong bién trén khoang (3;5)?

@) 3. ®) 2. ©) 4. ®) 6.

Cau 57. Cho céc ham sé f(z) = 2° + 4z + m va g(z) = (22 + 2018) (22 + 2019)” (22 + 2020)°.
C6 bao nhiéu gi4 tri nguyén ctia tham s m € [—2020;2020] dé ham s6 g(f(z)) dong bién trén
(2; 400)?

@) 2005. 2037. (©) 4016. (D) 4041.

Cau 58. Cho ham s6 f(r) c6 dao ham trén R 14 f/(z) = (z—1)(x+3). C6 bao nhiéu gia tri nguyén
ctia tham s6 m thudc doan [—10;20] dé ham s6 y = f (2? + 32 — m) dong bién trén khoang (0;2)?

@) . 17. ©) 1. ®) 20.
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Cau 59. Cho ham s6 y = f(x) c6 dao ham f’(z) = (22 —z) (2% — 4z + 3), Yo € R. Tinh tong

cic gia tri nguyén ctia tham s6 m dé ham s6 g(x) = f (2% +m) c¢6 3 cuc tri.

@) o. ®) 6. © 3. ) 2.

Cau 60. Hoéi c6 tat cd bao nhiéu gid tri nguyén ctia tham sé m € [—2021;2021] dé ham sb

g(z) = |x3 —3mz? —3(m+2)r —m+ 1| dong bién trén khoang (0;3)?

@) 4041. 4042. (©) 2021. (D) 4039.

Cau 61. Cho ham s6 y = f(z) ¢6 dao ham f/(x) = z%(z + 4) (z? + 2mz + 9) v6i moi z € R. S6

gid tri nguyén am ctia m dé ham s6 g(z) = f (2% + 3z — 4) dong bién trén khoang (1;+o0) 14

@) ®) 3. © 2 ) 4.

Cau 62. Cho ham s6 y = f(z) lién tuc va xéc dinh trén R, biét rang f'(z +2) = 22 — 32+ 2. Ham
$6 y = f(2® + 4z + 7) dong bién trén khodng nao dudi day?

@) (~2-1). (—3;—1). ©) (1; +o0). ®) (—2:0).

Cau 63. Cho ham s6 y = f(x) c6 dao ham lién tuc trén R va c6 bang xét dau dao ham f’(x) nhu

hinh v€ bén dudi

f(z) + 0 - 0 +

Ham s6 g(z) = f (—1 + 7+ 6z — :U2> nghich bién trén khodng

@) (5:6). (—1;2). © @3 ®) 3:5).

Cau 64. Cho ham s6 y = f(x) c6 dao ham lién tuc va xéc dinh trén R c¢6 bicu thitc dao ham
duge cho béi f/(x) = x(z —2)(x +1). Hoi tham s6 thuc m thudc khodng nao dudi day thi ham sb

g(x) = f (2® +m) dong bién trén khodng (1;+00)?

@ (0;3). (1;4). © (;1> ®) (0;1).

Cau 65. Cho ham s6 y = f(z) = (m — )23 =3 (m?* +m—1)2? + 3(m — L)z —m — 1 véi m 1a
tham s6. Biét rang v6i moi tham s6 m thi ham sé luén nghich bién trén khodng (a;b). Gia tri 16n

nhat ctia biéu thitc (b — a) bang

@) 4v7. 2V/3. ©) 4. D) 4v6.
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Cau 66. Cho ham s6 f(z) = 3m%z* — 8ma® + 622 + 12(2m — 1)x + 1 v6i m 14 tham s6. Biét rang
v6i moi tham s6 m thi ham sb luén dong bién trén doan [a;b]; véi a, b 1a nhitng s6 thue. Gia tri

16n nhat ciia biéu thitc (2b — a) bang

@) 2. 22, ©) vs. ®) V.

Cau 67. Hoi c6 tat cd bao nhiéu gid tri nguyén citia tham s6 m € [—40;40] dé ham s

g(z) = |2 — 4mz + m — 3| nghich bién trén khodng (—2;—1)?

@) 9. 39. (©) so. ®) 40.

Cau 68. Cho ham s6 f(r) c6 bang xét dau clia dao ham nhu sau:

f(z) + 0 - 0 + 1N §

C6é bao nhiéu gid tri nguyén ctia tham s6 m théa man —10 < m < 10 va ham s6

y = f (2* 4+ 22 + m) dong bién trén khodng (0;1)?

@) 5. ®) « © 6. O

Cau 69. Cho ham s6 y = f(z) 1a ham da thttc va ham s6 y = f (22 — 1) ¢6 bang bién thién

T —00 -2 0 V2 +00

Y N 0 + 0 - 0 +
+00 3
—1 —1

Ham s6 g(z) = f (223 — x) dong bién trén khoang nio sau day?

Ok @) O) O

Cau 70. Cho ham s6 y = f (2% — 2) 13 ham s6 bic 4 ¢ bang bién thién nhu sau

+o0
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(_

f(=1) f
Y / \f )/ \
g 2

(_

Ham s6 g(z) = f (23 — 3z + 3) dong bién trong khodng nao sau day?

@) (—o0;-2). (—2:1). ©) (1;2). ®) (1; +o0).

. P ; . 1 N
Cau 71. Tim tat cd céc gid tri ctia tham s6 m dé ham so y = g(m2 —2m)z® + ma? + 3z dong

bién trén R.

@ m<o. m < O © m =l D 1<m<3.

m >3 m >3 .
Cau 72. S6 gi4 tri nguyén ciia tham s thie m dé ham sé y = ”;9071 nghich bién trén khoang
— LT m

<i;+oo> la
@ 4. 3. @ 5. @ 9.

Cau 73. Tap tat ca céc gid tri cia tham s6 m dé ham s6 y = 2® — 3ma? + 3z + 1 dong bién trén

R la:

@me [—1;1]. me (—o0; —1] U [1; +00).

@me (—o0; —1) U (1; +00). @me (—1;1).
A N £ mx — 4 o N 2 /1.2 <X PN fee FA
Cau 74. Cho ham so y = | (v6i m la tham so0 thuc) c6 bang bién thién duéi day
x

T —0o0 —1 +00

Yy’ + +
+00 —2

—2 —00

Ménh dé nao dudi day ding?
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(A) V6i m = —2 ham s6 déng bién trén timg khodng xéc dinh.
V6i m = 9 ham s6 dong bién trén ting khodng xac dinh.
@ V&6i m = 3 ham s6 dong bién trén timg khodng xac dinh.
@ V6i m = 6 ham s6 dong bién trén ting khoang xac dinh.

Cau 75. Tim tat ci cic gia tri ciia tham s6 m dé ham s6 f(x) = (m + 1) sinz + (m + 1)z nghich

bién trén R.

@ m < —1. m = —1.
@ m < —1. @ Khoéng ton tai m.

Cau 76. Tim tat ca cac gia tri thuc ctia tham sé m dé ham s6 y = 223 + 22 —ma + 2m — 1 nghich

bién trén doan [—1;1].

@mg—%. mz—é. @mg& @m28.

. z 2 1 9
Cau 77. Tim m dé ham s6 y = — Tt nghich bien trén khodng (1;400).
x—m
1 1 1
@ m<—3. ®—5<m<t. ©-z<m<i @m<t.
. ma® . .
Cau 78. Cho ham so y = — 5~ 22 + 22 + 1 —m. Tap hop cac gid tri clia m dé ham sb nghich

bién trén R 1a

@ B;—i—oo). (®){0}. (©) (—o030). ®o.

3

Cau 79. Cho ham s6 y = —% — (m+ Dz? + (m? +2m) x + 1 v6i m 14 tham s6. C6 tat ca bao

nhiéu gid tri nguyén ciia m dé ham sb da cho nghich bién trén khodng (2;3)?

@) 2. 1. © 3. ®) Vo sb.

Cau 80. C6 bao nhiéu gia tri nguyén ctia tham s6 thic m thudc khoang (—1000; 1000) dé ham sb
y =223 —3(2m + 1)2% + 6m(m + 1)x + 1 dong bién trén khodng (2; +00)?

(@) 999. 1001. (©) 1998. D) 998.

Cau 81. Cho ham s6 y = —
r—m
(0; 3].

. Tim céc gid tri thuc ctia tham s6 m dé ham so dong bien trén
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@) m> 3. B o0<m<2. ©2<m<s. D m<o.

Cau 82. Tim tap hop tat ci cac gid tri thuc ctia tham s m dé ham s6 y = —a® — 622 + ma + 1

ddng bién trén khodng (0; +00).

@) [3; +00). [48; +00). (©) 136; +c0). D) [12; +00).

Cau 83. Cho ham s6 y = —23 + (1 — 2m)2? + (2 — m)x + m + 2. Gi4 tri ctia tham s6 m dé ham

£ s 2 b b ;2 X
s0 dong bien trén (0; +o00) 1& (—oo; ] v6i — 1a phén 0 t0i gidn. Khi d6 T' = 2a + b bang
a a

@) 1. 14. ©) . ® 17

Cau 84. C6 bao nhiéu gi4 tri nguyén ciia m dé ham s6 y = —(z +m)® — 8(z +m)? + 16 nghich
bién trén khodng (—1;2)?

@) 2. ®) 5. ©) 4. ©) 3.

Cau 85. C6 bao nhiéu s6 nguyén m € (—20;20) dé ham s6 y = 2° —3maz +1 don diéu trén khoang
(1;2)7

@) 3. 16. ©) 3s. @) 2.

Cau 86. Tap hop tat ca cac gia tri thuc clia tham sb m dé ham s6 y = —2% — 3ma? + 3z — 6m?

dong bién trén khoang (0; +00) la:

@ (—o0; 1]. (—o0; —2]. @ (—00;0]. @ [2; 400).

Cau 87. Tat cd gid tri cia tham sb thutc m sao cho ham s6 y = —23 —2ma? — (m+ 1)z + 1 nghich

bién trén khoang (0;2) 1a

@mzz mg%. ng. @mSQ.

Cau 88. Tim tat ca cic gia tri clia tham s6 m sao cho ham 86 y = % —2(m —1)z2 + 3m — 2 dong

bién trén khodng (2;5).

@m<t. ®) m <5 © m<s. @ m<1

Cau 89. Cho ham s6 f(x) c6 dao ham trén R 1a f'(z) = —(z — 1)(z + 3). C6 bao nhiéu gia tri
nguyén ciia tham s6 m thuoc doan [—10;20] dé ham s6 y = f (z? 4+ 3z —m) dong bién trén khodng

(0;2)7

@) 1. 17. ©) 1. ®) 20.
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Cau 90. S6 cic gid tri nguyén ctia tham s6 m € [-2019;2019] dé ham s6
(m+1)z? —2ma +6m R )
y= : dong bien trén khoéng (4; +00)?
:L‘ p—

@) 2034. 2018. (©) 2025. D) 2021.

Cau 91. C6 bao nhiéu gid tri nguyén ctia tham sé m dé ham sé y = —z + my/22 + 2 ddng bién

trén R?

@) ®) 2. ©) 4. ©) 3.

2r+m

Va2 +1

@mSO. m<0. @mgz @m<2.

2cosz—1 ., ..
ZO8T 7 © 43ng bién trén khodng (o; f) 1A
cosT —m 2

@m>1. m>%. @mzé @mzl.

Cau 94. C6 bao nhiéu gia tri nguyén ciia tham s6 m thudc khodng (—2019;2019) dé ham sb

Cau 92. Ham s6 y = — dong bién trén khodng (0; +0c) khi va chi khi?

Cau 93. Tat cé cdc gia tri ctia m dé ham s6 y = —

Yy =— sin® z — 3cos?z — msinz — 1 dong bién trén doan [O; g] .

@) 202s. 2018. (©) 2020. D) 2019.

Cau 95. Goi S 1a tap hgp céc s6 thuc m théa man ham s6 y = —ma* + 22 — (m+1)2? + 92 +5

dong bién trén R. S6 phan tit ciia S 1a

@) 3. ®) 2. © 1 D) o.

Cau 96. Cho ham s6 y = —(2m — 1)z — (3m +2) cos x. Goi X 1a tap hgp tat ca cac gid tri nguyén
ctia tham s6 thuc m sao cho ham s6 da cho nghich bién trén R. Téng gid tri hai phan t& nhé nhat

va 16n nhét cta X bing

@) -4 5, © -s. ®) o.

2 +r+1
r—m

Cau 97. Tap hop tat ci cac gid tri thuc ciia tham s m dé ham sé y = — dong bién

trén khoang (—oo; —3) la

®(=3) ©[+l ©(i=) O

Cau 98. C6 bao nhiéu gid tri nguyén ctia tham s m thudc khoang (—19;19) dé ham sb
t -3 3 .. .
y= _tanw = om S dong bien trén khoang (0; E).
tanxz —m 4
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@) 1. 10. ©) 1. D) o.

Cau 99. Cho ham s6 y = —2sin® z + 3sin® z + 6(2m — 1) sinx +2019. C6 tat cd bao nhiéu gid tri

) . ) ) 3
ctia tham s m thuoc khoang (—2016; 2019) dé ham sb nghich bién trén khodng (g 7”) ?

@) 2019. 2017. (©) 2021. ) 2018.

Cau 100. C6 bao nhiéu gid tri nguyén am cta tham s6 thuc m dé ham sb

y=—2%+322 4+ (m — 1)z + 2m — 3 dong bién trén doan c6 do dai lén hon 1?

@) o. ®) 3. © ) 2.

Cau 101. C6 bao nhiéu gid tri nguyén ctia m € (—10;10) dé ham s6 y = —m?z* —2(4m—1)2% +1
dong bién trén khoang (1; +00).

@ . 16. ©) 1. ®) 6.

Cau 102. Cho ham s6 y = f(x) lién tuc trén R va c6 bang xét ddu dao ham nhu sau

z —00 —1 1 3 =00

f'(x) - 0 + 0 + 0 -

C6 bao nhiéu gia tri nguyén ciia tham s6 m dé ham sé g(z) = f(x + m) dong bién trén khoing

(0;2).
@) 3. 4. ©: ® 1

‘ 1
Céu 103. Cho ham so6 f(z) = —gx?’ + ax? + bx + ¢ (a,b,c € R) thoa man f(0) = f(1) = f(2).
Téng gid tri 16n nhit va gia tri nho nhét ctia ¢ dé ham s6 g(z) = —f (f (2% + 2)) nghich bién trén
khoang (0;1) la

@1 ®) 13 © va. ©)1+3

113‘4 mx?’ 1‘2

Cau 104. Cho ham s6 y = T 3 + -5 —me +2019 (m 1a tham s6). Goi S 1a tap hgp tat
ca céc gid tri nguyén ctia tham s6 m dé ham sb6 da cho dong bién trén khodng (6;4-00). Tinh s6

phan ti ctia S biét ring |m| < 2020.

(@) 4041. 2027. (©) 2026. ®) 2015.

Cau 105. Goi S 1a tap hgp tit cd cdc gid tri ctia tham s6 m dé ham sb
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1 1 N P s .
flx) = —5m2m5 — gmxg + 1022 — (m? —m — 20) z dong bién trén R. Tong gia tri clia tat ca

cac phan tit thuoée S bang

®; ©3 ®;

Cau 106. Cho ham s6 f(z) = 23 —3ma?+3(2m— 1)z +1. Véi gia tri ndo ctia m thi f/(z) —6x > 0

v6i moi x > 27

@m>%. m<—%. ©m>1. @mgo.

Cau 107. Cho ham s6 f(z) = 2® — (2m — 1)2% + (2 — m)x + 2. Véi gia tri nao ctia tham sd m thi

f/(x) >0 v6i moi z > —17

@ (Law) @ e (<3
©me (—2;2). @ me (—7;—1} U [—1;2).

Cau 108. Tim tat ci céc gié tri clia tham s6 m dé ham s6 y = —(2m —2019)x — (2018 —m) cos? =

nghich bién trén R?

@mgl. mgg. @le. @mZ—l.

Cau 109. C6 bao nhiéu s6 nguyén m thudc khodng (—10;10) dé ham s6 y = —|22° — 2ma + 3
dong bién trén (1;+00)?

@) 12. 8. ©) 1. ® 7.

Cau 110. Cho ham s6 y = f(z) lién tuc trén R va ¢6 dao ham f'(z) = —z%(z —2) (2% — 62 + m)
v6i moi z € R. Cé bao nhiéu sé nguyén m thuodc doan [—2019;2019] dé ham s6 g(x) = —f(1 — x)
nghich bién trén khodng (—oo; —1)?

@) 2012. 2009. (©) 2011. ®) 2010.

Cau 111. Cho ham s6 y = f(z) ¢6 dao ham f/(z) = —2?*(z+2) (2* + mz +5) véi Vo € R. S6 gid

tri nguyén Am ctia m dé ham s6 g(z) = —f (22 + x — 2) dong bién trén khoang (1;+o0) 1

@) 3. ®) 4. ©s. ® 7.

Cau 112. Cho ham s6 y = f(z) lién tuc trén R va ¢6 dao ham f/(z) = —z(z —1)3 (2% — 4z + m)
v6i moi z € R. Cé bao nhiéu sé nguyén m thuoc doan [—2019;2019] dé ham s6 g(x) = —f(1 — z)
nghich bién trén khodng (—o0;0)?
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@) 2020. 2014. (©) 2019. D) 2016.

Cau 113. Cho ham s6 f(z) c6 bang bién thién ctia ham sb y = f/(x) nhu hinh vé bén. Cé bao
nhiéu gia tri nguyén ctia tham s6 m € (—10;10) dé ham s6 y = —f(3z — 1) + 2° — 3ma dong bién

trén khodng (—2;1)?

@) s. ®) 6. ©r. ) 5.

Cau 114. Gid tri y = f(x) ¢6 dao ham f'(z) = —z(z — 1)* (2% + mz + 9) v6i moi z € R. C6 bao

nhiéu s6 nguyén duong m dé ham sé g(z) = —f(3 — =) dong bién trén khoang (3; +00)?

@) 6. ®) 5. ©n. D) s.

Cau 115. Cho ham s6 y = f(z) c6 dao ham trén R va bang xét diu ctia dao ham nhu hinh vé

C6 bao nhiéu s6 nguyén m dé ham sé y = —f (22 + 4z + m) nghich bién trén khodng (—1;1)?

®s op @ ®:
Cau 116. Tap cic gia tri thuc ctia tham s6 m dé ham s6 y = In(3z — 1) — L) dong bién trén
x

1
khoéng (5; +oo).

Ol ®Li=) ©li=) ®fw)

Cau 117. C6 tat ca bao nhiéu cip sd nguyén (a;b) dé ham s6 f(z) = —x + asinz + bcosz dong

bién trén R.

@) 5. ®) 6. ©) 4. ©) 3.
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Cuc tri cha ham s6

Cau 1. Cho ham 86 y = f(z) c6 dao ham trén R 1a f/(z) = (z —2018)(z —2019)(x — 2020)%. Ham

s0 da cho c¢6 bao nhiéu diém cuc tri?

@) 2. ® 1 © 4 ) 3.

. 1 . .
Cau 2. Ham so y = §x3 + 22 — 3z + 1 dat cuc tiéu tai diém

@x:—l. le. @w:—?). @x:&

Cau 3. Cho ham s6 f(z) c6 dao ham f'(z) = (z — 1)*(z — 3)3(2x + 3),Va € R. S6 cuc tri clia

ham sb da cho 1a

@1 ®): ©o. ®)s.

Cau 4. Cho ham s6 f(z) c6 f/(x) = 2%(z — 1)(z + 2)°. S6 diém cyc tri ciia ham s6 di cho 1a

@1 ®) 2. ©3s. ) 4.

Cau 5. Ham s6 y = 22 — 22 + 5 ¢6 diém cuc dai 1a

@x:é. ®) =0 (©) M(0;5). ®y=>s

Cau 6. Cho ham s6 f(z) c¢6 f/(x) = z(z — 1)(z + 2)%. S6 diém cyc tri ciia ham s6 da cho 1a

@) 2. ®)s. © s D

@) 3. ®) o. © 2 O

Cau 8. D6 thi ham s6 y = 2% — 322 — 92 + 1 ¢6 hai diém cuc tri A va B. Diém nao dudi day thudc

duong thing AB?

@) M(0;1). Q(—1;10). ©) P(1;0). D) N(1;-10).

Cau 9. S6 nao sau day 1a diém cuc dai ctia ham sb y = 2* — 223 + 22 + 2.

@% ® ©o. ) 2.

Cau 7. Ham s6 y = ¢6 bao nhiéu diém cuc tri?
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Cau 10. Cho y = f(x) ¢6 dao ham f/(z) = (x — 2)(x — 3)2. Khi dé sd cuyc tri clia ham s6
y=f(2z+1)la

@) o. ®) 2. ©1 ®) 3.

Cau 11. Ham s6 f(x) = C%19 + Canio® + C2y19x? + -+ + C291922019 ¢4 bao nhiéu diém cyc tri?

@) 2018. 1024. ©1 ) 2019.

Cau 12. Cho ham sb6 y = 23 — 3z + 2. Toa d6 diém cuc ticu ctia do thi ham sb 1a

@) -1 0). ®) (-2 0). ©) (©; 1). ®) (1; 0).

Cau 13. Cho ham s6 f(z) = 1 + Clyz + C¥z? + -+ + C19210. S6 diém cyc tri clia ham s di cho

bang

@) o. 9. ©1 ®) 10.

Cau 14. Cho ham s6 y = f(x) c6 dao ham f'(z) = 2%(x —1)(z —2)(3x — 1), Vo € R. S diém cuc

tri ciia ham so da cho bang

@) 2. ® © 3. ) 4.

Cau 15. Cho ham sb f(x) c6 dao ham f/(z) = (22 — 9)(2% — 32)%,Vx € R. Goi T 1a gid tri cuc
dai ctia ham s6 da cho. Chon khing dinh duing.

@) 1 = f(0). ®) 1 = £(9). © 1= 1(-3). D) 1= £3).

Cau 16. Cho A, B, C la cac diém cuc tri cta do thi ham s6 y = 2* — 222 + 4. Ban kinh duong
tron noi tiép tam gidc ABC bang

@) ve. ® v2-1 © va-2 D) 1.

Cau 17. Cho ham s6 y = 2* — 222 + 1 ¢6 dd thi (C). Biét rang do thi (C) ¢ ba diém cuc tri tao
thanh ba dinh cia mét tam giac, goi la AABC. Tinh dién tich AABC.

@) ve. ®) 1 @% ) 4.

Cau 18. Cho ham s6 y = 2% — (3m + 1)z? + (3m + 7)x — 3. Goi S 1a tap hop tat ci cic gid tri

nguyén ctia tham sé m dé ham sé khéng c6 cuc tri. Tich cdc phan ti ctia S 1a

@) ®) 6. ©o. ®) v s6.
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Cau 19. Cho ham s6 y = f(z) ¢6 dao ham trén R 1a f'(z) = (x —1)(z—2)*(z —3)? va f(3) = —2.
Khi d6 gi4 tri 16n nhat ctia ham s6 y = f(z) trén doan [0; 3] 1a

@) . £(3). © 1. ® 1(0).

Cau 20. Cho ham s6 y = f(x) c6 ding ba diém cuc tri 13 —2;1;0 va c¢6 dao ham lién tuc trén R.

Khi d6 ham s6 y = f (2 — 2) ¢6 bao nhiéu diém cuyc tri?

@) 6. 4. ©s. ©) 3.
Cau 21. S6 diém cuc tri clia ham sb y = ‘sinx - Z‘ voi moi z € (—m;7) 1

@) 2. 4, © 3. ®) 5.

Cau 22. Biét phuong trinh az® + bz? + cx +d = 0 (a # 0) c6 ding hai nghiém thie. Héi do thi

ham s6 y = |a:c3 + bz +cx+d | ¢6 bao nhiéu diém cuc tri?

@) 4. ®) 5. © 2 D) 3.

Cau 23.
Cho ham s6 f(z) = ax®+bz?+cx+d c6 d6 thi nhu hinh Y

/\

@) 3. ®) « ©:2 ®s.

¢ N P 1 1 .
Cau 24. Biet rang do thi ham so y = 53:2 — 3z — — ¢6 ba diem cuc tri thuéc mot duong tron (C).
x

v&. S diém cye tri clia ham s6 y = f (—222 + 42) 1a

Bén kinh ctia (C) gan ding véi gid tri nao dudi day?

@) 12.4. 6,4. ©) 14 ®) 2.

Cau 25. Cho ham s6 y = f(z) ¢6 dao ham f'(z) = (3 — z) (2® — 1) + 2z, Vo € R. Hoéi ham sb

y = f(x) — 2% — 1 c6 bao nhiéu diém cuc tiéu?

@) 2. ®) 3. © 4. ) 1

Cau 26. Cho ham sb f(z) = ax* + bx? +c v6ia >0, ¢ > 2018 vi a + b + ¢ < 2018. S6 diém cuc
tri ctia ham s6 y = | f(z) — 2018] 1a
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@) 1 ®) 3. ©s. ® .

x
241

@) 2. ®) 3. ©s. ) 4.

Cau 28. Cho ham s6 y = f(x) ¢6 dao ham f'(z) = (2* —1)(x —4) v6i moi x € R. Ham s6

Cau 27. Ham s6 f(z) = c6 nhiéu nhat bao nhiéu diém cuc tri?

m

g(x) = f(3 —x) c6 bao nhiéu diém cyc dai?

@) o. ®) 1. © 2 ©) 3.

Cau 29. Cho ham s6 y = f(z) c6 dao ham lién tuc trén R va bang xét ddu dao ham

T —00 —2 2 +00

f'(x) - 0 + 0 N

Ham s6 y = 3f (—a* + 422 — 6) + 22° — 32* — 1222 ¢6 tit cd bao nhiéu diém cyc ticu?

@) 3. ®) o. © D 2.

Cau 30. Cho ham s6 y = f(z) lién tuc trén R va c¢6 bang xét dau dao ham f’(x) nhu sau

x —o0 —1 0 1 +o0

f(x) N 0 + 0 — 0 +

Ham s6 g(x) = f (2% — 22 + 1 — |z — 1]) ¢ bao nhiéu diém cyc tri?

@) s. 7. ©o. ®) 10.

Cau 31.
Cho ham s6 y = f(z) lién tuc trén R biét f(1) > 1 Y
va ¢6 do thi nhu hinh bén. Cé bao nhiéu gid tri
nguyén ctia tham s6 m € (—2020;2021) dé ham s
Fa) + 5 72 +m

g(x) = cb tat cd 9 diém cuc tri.
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Cau 32.
Cho ham bac ba y = f(z) ¢6 do thi nhu hinh vé bén. S6

diém cuc tri ctia ham s6 y = [2f(z — 1)]2 1a

l —:1 ov x
@) o. ®) . © 6. ®) 5.

Cau 33. Cho bang bién thién ciia ham sb f(3 — 2z) nhu hinh vé& bén duéi.

z —00 —1 1 3 400

+00 3 +00
—1 —2
Hoéi ham s6 f (2 — 2x) dong bién trén khoang nao dusi day?

@) (-2;0). (1;2). ©) (2 +o0). ®) (—o0;-2).

Cau 34. Cho bang bién thién ctia ham s6 f(z) nhu hinh vé.

T —00 —2 0 4 00

J@) 00/2\1/0\00

2

S6 diém cuc tri ctia ham s6 g(z) = z* - [f(2)]” 1a

@) o. ®) 6. ©s. ® 7.

Cau 35.
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Cho d6 thi ham da thitc y = f(x) nhu hinh v&. Héi ham Y o
y=f(x
6 g(z) = f(z) - f(2x + 1) c6 tat ca bao nhiéu diém cuc
o /\
/ -3 o 1~ __73 x

@) 5. ®) 6. ©r. D) 9.

Cau 36. Cho bang bién thién ciia ham s6 f(z) nhu hinh vé.

z —0o0 —2 0 2 +00
2 2
f(x) N / \ y / \ N

S6 diém cuc tri ctia ham s6 g(z) = 22 - [f(z + 2)]6 1a

@) 5. 12. ©r. D 9.

Cau 37. Cho ham s6 y = f() c6 bang bién thién nhu hinh vé dudi day. Hoi c6 tat cd bao nhiéu

gia tri nguyén ciia tham s6 m dé ham s6 g(z) = f3(x) — 3mf(x) + 11 — 2m c6 ding 9 diém cuc

tri?
z —00 -3 0 1 400
) 1
. / \ / \
—0 -3 —0
@) 3. (B) 5. ©s. D 9.
Cau 38.
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Cho ham béc ba y = f(x) c6 do thi nhu hinh vé bén y Y= ()

duéi. Tat ca cac gid tri thue cia tham so m dé ham so /

y = |f(z) +m| c6 ba diém cuc tri. 5 p
—3|------ :

@mg—lhoécmz& m§—3hoécm21.
@m:—lhoécm:& @—1§m§3.

Cau 39. C6 tit ca bao nhiéu s6 nguyén m thudc doan [—2017;2017] dé ham s6 y = |23 — 32% + m

c6 ba diém cuc tri?

@) 4032. 4034. (©) 4030. (D) 4028.

Cau 40. Tim tat ca cic gia tri thuc ctia tham sé m dé ham s6 y = |l‘4 — ma? + m| c6 7 diém cuc

tri.

@) (4: +o0). (0:1). ©) (0:4). D) (1: +o0).

Cau 41. Cho ham s6 f(z) = az®+bx?+cx+d thda man a > 0, d > 2018, a+b+c+d—2018 < 0.

Tim s diém cuc tri ctia ham s6 y = | f(z) — 2018.

@3. 5. @2' @1.

Cau 42. C6 bao nhiéu gia tri nguyén ciia tham sb m dé ham s6 y = |3x4 — 423 — 1222 + m| c6 7

diém cuc tri?

@) 3. ®) 5. ©) 6. ) 4.

Cau 43. Cho ham sb da thitc bac bén y = f(z) c6 ba diém cuc tri 2 = —1; x = 0; x = 2. Tim tat

ca cac gia tri thuc ctia tham s6 m dé ham s6 y = f(|z +m|) ¢6 7 diém cuc tri?

@m<—1. m<0. @—1<m<2. @m<2.

Cau 44. Cho ham s6 y = |2 —mx +5. Goi a 1a s6 diém cyc tri ctia ham s6 da cho. Ménh dé nao

dusi day ding?

@ a=o. B ac<t. ©1<a<s. @ a>s.

Cau 45. Cho ham s f(z) = 2® — (2m — 1)2® + (2 — m)z + 2. Tim tap hop cdc gia tri thuc cla
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tham s6 m dé ham sé y = f(|z|) c6 5 diém cyc tri.

@—Z<m<2. §<m<2. ©Z§m<2. @—2<m<g.

Cau 46. Tim tat ca cic gia tri thuc ciia tham s6 m dé ham s6 y = |z|? — (2m + 1)2% + 3m|z| — 5

c6 3 diém cuec tri.

@ (—00;0). (1; +00). @ (—00;0]. @ [0; 4+00).

Cau 47. Cho ham s6 y = f(z) c6 bang bién thién nhu hinh vé bén

T —00 —1 3 +00
Y + 0 - 0 +
) +o0
Yy /
—00 1

S6 diém cuc tri ctia ham s f(|z|) bang

@) 5. ®) 2. © 3. o

‘ 1 3 .
Cau 48. Cho ham s6 f(z) = 1324 — max3 + ) (m? —1)2? 4+ (1 —m?) z + 2019 v6i m 13 tham sb

thue. Biét rang ham sé y = f(|z|) ¢6 sb diém cuc tri 16n hon 5 khi a < m? < b+ 2v/c (a,b,c € R).
Gié tri T = a + b+ ¢ bang

@) 6. ®) s. ©~. ® 5.

Cau 49. C6 bao nhiéu s6 nguyén m € [—10;10] dé ham s6 y = |ma® — 3ma? + (3m —2)z +2—m

¢6 5 diém cuec tri.

@ . 10. ©o. ©) 11.

Cau 50. Cho ham s f(x) = az® + bx® + c2? + dz + e c6 bang bién thién nhu hinh vé
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NSNS

C6 bao nhiéu s6 nguyén duong m dé ham s6 y = |f(x) + m| c6 7 diém cuc tri?

@) o. 21. ©) . ®) 1.

Cau 51. Cho ham s6 y = f(x) c6 dao ham lién tuc va xdc dinh trén R va c6 biéu thic dao

ham y = f/(z) = x(x —2). Hdi cé tat cd bao nhiéu gid tri nguyén ciia tham s6 m dé ham sb

y = f(|22 +m| — m) c6 ding 3 diém cuec tri?

@) 3. ®) © 2 ® o.

Cau 52. Cho ham s6 y = f(z) c6 dao ham lién tuc va x4c dinh trén R va c6 biéu thiic dao ham
y = f'(z) = x(x—m)(z—6+m). Héi cb tit cd bao nhiéu gid tri nguyén ctia tham sé m € [—30; 30]

dé ham s6 y = f(|3z — 2| + 1) c¢6 ding 5 diém cuc tri?

@) ®) 3. ©) 4. ® 2.

Cau 53. Cho ham sé f(z) c6 dao ham lién tuc trén R va c6 biéu thitc dao ham
f(x) = x(2? —2mx + 12+ m), véi m 1a tham s6. Hdi c6 tat ca bao nhiéu gid tri nguyén ctia tham

s6 m € [—30;30] dé ham s6 f(|2x — m?| +m) c6 ding 5 diém cyc tri?

@) 2. 2. ©) 2. ®) 2.

Cau 54.

Cho ham s6 y = f(x) nhu hinh v&. Hdi c6 tat ci Y
bao nhiéu gid tri nguyén citia tham s6 m dé ham s y=f(

g(x) = f(|f(x) —m]|) cé ding 11 diém cuc tri?
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. x2—2(m—4)x—1 néu z < 1 hosc = > 3
Cau 55. Cho ham so y = f(z) = , v6i a va b 1a
422 —=2(m—a)z+b néul<z<3
nhitng s6 thuc xdc dinh va ham sb lién tuc trén toan R. Héi c¢6 tat ci bao nhiéu gid tri nguyén

ctia tham s6 m dé ham s6 c6 ding 3 diém cuc tri?
@) 2. 1. © 3. ) 4.

) mx +n néu x < —1 )
Cau 56. Cho ham s6 f(z) = , vOi hai tham so thuc m va n. Hbi

24+nr+m—9 néuzx>-—1
c6 tat ca bao nhiéu gid tri nguyén ctia tham s m € [—30;30] dé ham sé f(x) c6 ding 2 diém cuc

tri?

@) 6. 36. ©) 1. ) 5.

Cau 57. Cho ham s6 f(x) c6 biéu thitc dao ham f/(z) = 222 — 3z + 1. Hdi c6 tat ca bao nhiéu

gi4 tri nguyén ctia tham sé m € [—30;30] dé ham s6 f(|22 — 4z + 3| + mx) c6 9 diém cyc tri?

@) 3. 1. © 2 ®) 3.

Cau 58. Cho ham sb y = |z — 1|+ |z + 1| + |z — 2| — 2z + 1. Ham s6 dat cuc tiéu tai

@x:Z :czl. @x:—l. @sz.

Cau 59. Cho ham s6 y = |z — 1| + | — 2| + |2 — 3| + |z — 4] + |v — 5| — m?z + 1. Héi cb tat ca

A <7 . A ES R N A 3 .
bao nhiéu gia tri nguyén ctia tham so m dé ham so ¢ cuc tri?

@) 4. ®) 1. © 3. ®) 5.

Cau 60. Cho ham s6 f(x) = |z + 1| + 3|z — 2| + 5|z — 3| +mz, v6i m 1a tham s6. Hoi ¢6 bao nhiéu

.7 . A 2 £ 2 N A z .
gid tri nguyén ctia tham s6 m dé ham so cé cuc tri?

@) 1. 15. ©) 1. D) Vo sb.

Cau 61. Cho ham s6 f(z) = |[r — 1| + |z — 2| + |z — 3| + -+ + |z — n| v6i n 1a sb nguyén duong

khong 16n hon 2021. Héi ¢é tat ca bao nhiéu gié tri ctia tham sé n dé ham s6 ¢6 cuc tri?

@) 1010. 1011. (©) 1009. D) 2020.

Cau 62. S6 diém cuc tri ctia ham s6 f(z) = |2? — 4z + 3|+ |z + 1| 1A

@) o. ®) 3. © 2 O 1
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Gia tri 16n nhat va gia tri nhé nhat cia ham sb

Cau 1. Gi4 tri nhé nhat ctia ham s6 f(z) = (v + 1)(z + 2)(z + 3)(z + 4) + 2019 1a

@) 2017. 2020. (©) 2018, D) 2019.

. P 4
Cau 2. Goi m la gid tri nh6 nhat cia ham s6 y = z + — trén khoéng (0; +00). Tim m.

@m:4. m:2. @mzl. @m=3.

Cau 3. Cho ham sb c6 bang bién thién nhu hinh duéi ddy. Khing dinh nio sau day 13 diang?

T —00 0 1 +00
Y + 0 - 0 +
0 +00
—00 6

@ Gia tri nhé nhat ciia ham sb trén tap sb thuc bang —%.
Gi4 tri cuc dai ctia ham sb bang 0.

@ Gia tri 16n nhat ctia ham sb trén tap sé thuc bang 0.
@ Gi4 tri cuc tiéu ciia ham s bang 0.

Cau 4. Cho ham s6 y = f(x) lién tuc trén R sao cho [max] flz) = 3. Xét g(z) = f(Bx — 1) +m.
—1;2

Tim tat ci céc gid tri clia tham s6 m dé r[na:j(g(a:) = —10.
0;1

@) 13. 7. © 1. ® -1

Cau 5. Gi4 tri 16n nhat ctia ham sb y = 3sinz — 4sin® z trén khodng (—g; g) bang

@) 1 ®) 3. © -1 ® 7.

sinx + 1

Cau 6. Cho ham s6 y = . Goi M la gia tri 16n nhat va m la gi tri nhé nhat cta

.2 .
sin“z +sinx + 1

O bravee9.github.io/bravemath | Trang 415 /434


https://bravee9.github.io/bravemath/

Chuong 19. BAI TAP (’NG DUNG DAO HAM DE KHAO SAT VA VE PO THI CUA HAM SO

ham s6 da cho. Chon ménh dé duing.

@) M = 5m. M:m—i—g. @M:m+§. ® M=m+1.

2

Lo
2 2x—2

Cau 7. Tim gia tri nhd nhat ctia ham s6 f(x) = trén khoéng (0;1).

@ min f(z) = M @ min f(z) = M

(051) 20 051) 4
10+ 5v/5 . 56 +25/5
RS == © i s = 55—
R . . . x2 —
Cau 8. Goi M va m lan lugt 1a gid tri 16n nhat va nhdé nhat cta ham so6 y = . trén tap

3
P = (—o0; —1]U [1; 5] Tinh gid tri cia m - M.

@T:g. ® =0 @T:—;. @T:%.

2 3 2 2
Cau 9. Chohamsoy = x3—§af2+1. Goi M la gié tri I6n nhat ctia ham so trén khodng (—
Tim M.

@ m=1 M:%. © M=o @M:%.

Cau 10. Gid tri 16n nhat ctia ham s6 y = —2% + 3z + 1 trén khoang (0; +-00) bang

@) 3. 1. © -1 D) 5.

Cau 11. Cho ham sb f(z) = 22°°™ — 2% 4+ 2, v6i m 14 tham s6 nguyén duong. Hdi ¢6 bao nhiéu

5 1)
10°10/°

gid tri nguyén ctia tham sd m dé ham s6 c6 gia tri nhé nhét trén R?

@) 6. 25. ©r. ®) 10.

Cau 12. Cho ham s6 f(z) = 239™ — 25 + 1, véi m 14 tham s6 nguyén duong. Hdi c6 bao nhiéu

gid tri nguyén ctia tham sé m dé ham s6 c6 gia tri 16n nhat trén R?

@) 6. ®) s. ©r. ©) 3.

Cau 13. Cho ham s6 f(z) = (m? — 3m)a* — ma® + 22 — 3, v6i m 1a tham s6. Hoi c¢6 bao nhiéu

gid tri thue ctia tham sé m dé ham sb c6 gia tri 16n nhat trén R?

@) o. 2. (©) Vo sé. ® 1

Cau 14. Cho ham s6 f(z) = (m3 — m)z'® — ma® + 2* + 1, v6i m 14 tham s6. Héi c6 bao nhiéu
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gi4 tri thuc ctia tham s m dé ham s6 f(z) c¢6 gid tri nho nhat trén R?

@) ®) o. © 2 ®) 3.

Cau 15. Cho ham 6 f(z) = 2* + 23 — (m —1)z? + 2max + 1. Dé ham s6 f(x) dat gia tri nhd nhat

tai ¥, = 0 thi gid tri clia tham s6 m nam trong khoang nao dusi day?

@) (-3;-1). (1;3). (©) 34). ®) (-1;1).

Cau 16. Goi S 1a tap chita tit ca cdc gid tri nguyén clia tham s m € [—21;21] dé gid tri nho
nhat ctia ham s6 f(z) = 2% — 2ma?® + 4ma? — (2m + 2)z — 2021 dat tai z, = 2. S6 phan t clia
tap S la

@) 0. © 2 ®) 12.

Cau 17. Goi S 1a tap chtta tdt cd cdc gid tri nguyén ctia tham s6 m dé ham sb
f(x) = —2* — 2ma® + 3ma? — 2ma — 2021 dat gid tri 16n nhat tai x, = 1. S6 phan ti clia

tap S 1a

@) 3. ®) 2. © 1 ®) o.

Cau 18. Cho y = f(z) =

sao cho gi4 tri nhé nhat ctia ham s6 f(z) 16n hon 1. Tinh s6 céc phan tit clia tap hop S.

@) s. ®) . © 6. ® 5.

Cau 19. Cho ba sb duong a, b, ¢ theo thit tu lap thanh cap sb cong. Gia tri 16n nhat ciia biéu thic
B Va? + 8bc + 3
Va2 + 2ac + 4bc + 2¢2 + 1

@) 1. 10. (©) 13. D) 20.

Cau 20. Goi S 1a tap hop tat ci cic gid tri nguyén duong ctia tham sb m dé bat phuong trinh

2% — 5z + 4| + ma. Goi S 1a tap hgp tat cd cac gia tri nguyén ctia m

c6 dang x+/y, v6i z,y € N. Tinh = +y.

28 4+ 32 — m32® + 422 — ma + 2 > 0 ding v6i moi x € [1;3]. Tong ciia tat ci cic phan tit thudc

S bang

@) 2. ®) © 4 ®) 3.

Cau 21.
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M6t ngudi néng dan cé 3 tam lusi thép B40, mdi tam

dai 16 m va muén rao mdt manh vuon doc bs séng cb
dang hinh thang cin ABC'D nhu hinh vé (trong dé bo
song 14 dudng thing DC khong phai rao va mdi tAm 1

mot canh clia hinh thang). Hoi éng &y cé thé rao duge

méanh vuon c6 dién tich 16n nhat 13 bao nhiéu m?? D C

@) 192v3 m2. 194v/3 m?2. (©) 190v3 m2. (D) 1963 m?.

Cau 22.
Cho mot tam gd hinh vudng canh 200 cm. Ngudi ta cit mot tAm 200

gd c6 hinh mét tam gidc vuong ABC tit mdt tam gd hinh vudng
da cho nhu hinh vé bén. Biét AB = x cm 1a mot canh gbc vudng
AB véi canh huyén BC bang (120 — z) cm. Tim z dé tam gidc
ABC c¢6 dién tich 16n nhat. Bl

@ 40 cm. 30 cm. @ 50 cm. @ 20 cm.

Cau 23. Cho cac s6 thuc z,y thoéa man z? + 2zy + 3y? = 4. Gia tri 16n nhat ciia biéu thiic
P=(x—y)?la

@maxleG. maxPzS. @maxP:12. @maXP:4.

Cau 24. Gi4 tri nhé nhét cia ham s6 y = f(x) = |z — 1| + |z — 2| + - + |z — 2018| bang

(&) 1008 - 1009. 10092. (©) 1009-2019. (D) 20182

Cau 25. (6 tat ca bao nhiéu gid tri nguyén ctia tham s6 m thudc khoang (—5;5) sao cho ham s

f(x) = mV/3 —sin 2z + 4sin z khéng c6 cyc tri trén [—m; 7]?

@) 2. ®) 5. © 4 ®) s

Cau 26. Tim g4 tri nhé nhdt cta tham s6 m dé bat phuong trinh

x3+\/3x2+1+1< m
— 2
Vo —vr—1 (Vz++Vz—1)

@ m=1. ® m=4 © m=13. ®) m=s.

Cau 27. Goi S 1a tap hop tat cd cadc gid tri thuc ciia tham sb m dé bat phuong trinh

c6 nghiém.
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2t +1— 22+ 2v/2mat + 2m > 0 ding v6i moi = € R. Biét ring S = [a;b]. Gi tri clia av/8 + 12b
bing

@) 3. ®) 5. © 2 ®) 6.

Cau 28. Cho phuong trinh (1 —m) (22 +1) +2(z + 1)V 22 + 1 + 2z = 0. Biét (a;b] 1a tap tat ca

cac gid tri ctia m dé phuong trinh cé nghiém. Khi dé b — a c6 gia tri 1a

@) 2+2v2. ®) 3+2v2. © v2-1 ® v2+1.

2+ —m

trén [0;2] bang 5. Tham sb m nhan gia
z+1

Cau 29. Gi4 tri 16n nhat ctia ham sb y =

tri 1a

@) 1 ®) -3. © -s. ®) -s.

Cau 30. Cho ham s6 y = f(z) c6 dao ham trén [1; +oc) thdéa man f(1) = 1 va f'(z) > 322422 —5

trén [1; +00). Tim s6 nguyén duong 16n nhat m sao cho rr[lin ]f(:z:) > m v6i moi ham s6 y = f(x)
x€|3;10

thoa man diéu kién dé bai.

@) m = 25. ®) m = 15. (©) m = 2. D) m = 30.

Cau 31. Cho a,b,c la cac s6 thuc duong khi d6 gid tri 16n nhat céia biéu thiic
» 8a + 3b + 4 (Vab + v/be + Vabc)

1+ (a+b+c)?

@) 4.64. 467 (©) 4.66. D) 4.65.

Cau 32. Goi T 1a tap céc gia tri nguyén ctia m dé phuong trinh v/16x + m — 4 = 422 —18x+4—m

gan véi gia tri nao nhat trong cic dap an sau.

c6 dtng moét nghiém. Tinh tdng cac phan tit cia T

@) 20. —90. ©o. ®) 10.

Cau 33. Cho ham s6 y = f(z) c6 bang bién thién nhu sau

f(x) + 0 - 0 + 0 g

o /\/\

Bét phuong trinh (22 + 1) f(x) > m c6 nghiém trén khodng (—1;2) khi va chi khi
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@A) m <2r. ®B) m < 10. © m<1s. ®) m < 15.

Cau 34. Cho z,y 1a hai s6 thuc bat ky thuoc doan [1;3]. Goi M, m 1an lugt 1 gid tri 16n nhit va
gi4 tri nho nhit cia bidu thicc S = £ + L. Tinh M + m.
y T

@M—i—mzl?)—o. M+m:?. ©M+m:3. @M+m:5.

Cau 35. Cho z,y la hai s6 khong am théa man z + y = 2. Tinh gia tri nho nhat ctia biéu thiic
1
P = §m3+$2y2—$+1.

@minP:%?. minP:g. @mianS. @minP:%.

Cau 36. Cho z,y la nhitng s6 thuc théa man 22 — 2y + 32 = 1. Goi M, m lan lugt 1a gia tri 16n

4, 4
1

w. Gid tri cia A = M + 15m la

2 +y? +1

@a=17+v6. B A=17-v6. (©Aa=17-26. (D)A=17+2V6.

nhat va gia tri nhé nhat ctia P =

) p 22 —2y+3=0 .
Cau 37. Cho z,y la cac so thuc duong thdéa man dieu kién . Tinh tong gid

20 +3y—14 <0
tri 16n nhat va gid tri nho nhat cta biéu thitc P = 322y — xy? — 22° + 2z.

@) 4. 12. ©o. D) s.

Cau 38. C6 bao nhiéu gia tri nguyén ctia m dé phuong trinh {/m +5vVm+5cosx = cosz cb

nghiém.

@) 1. 9. ©s. ®) 10.

Cau 39. Cho ham s6 f(z) = 823 — 3622 + 53z — 25 —m — v/3z — 5 + m v6i m 1a tham s6. C6 bao
nhiéu s6 nguyén m thudc doan [—2019;2019] sao cho f(x) > 0Vx € [2;4]?

(@) 4038. 2020. (©) 2022. D) 2021.

Cau 40. Cho ham sd f(z) = (1 —m?®)2® 4+ 322 + (4 — m)x + 2 v6i m 1a tham s6. C6 bao nhiéu sd
nguyén m € [—2018;2018] sao cho f(x) > 0 v6i moi gid tri x € [2;4]?

@) 2019. 2021. (©) 4037. D) 2020.

Cau 41. Cho hai s6 thuc x,y théa man 2y° + 7y +22v1 — 2 = 3V1 — x4+ 3(2y> +1). Tim gié tri

16n nhét ctia biéu thic P = = + 2y.
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@ P-4 ® r=s. ©r=s ®) r=10.

Cau 42. Mot nguoi ban buén Thanh Long D6 & Lap Thach - Vinh Phitc nhan thiy rang: Néu
ban véi gia 20000 dong/kg thi mdi tuan c6 90 khach dén mua va mdi khach mua trung binh 60
kg. Ctt tang gia 2000 dong/kg thi s6 khach mua hang tuan gidm di 1 va khi d6 mdi khéch lai mua
it hon mtc trung binh 5 kg, va nhu vy ctt gidm gid 2000 dong/kg thi sb khdch mua hang tuan
tang thém 1 va khi d6 moi khach lai mua nhiéu hon mitc trung binh 5 kg. Héi ngudi dé phai ban
v6i gid mbi kg 14 bao nhiéu dé loi nhuan thu duge hang tuan 13 16n nhét, biét rang nguoi d6 phai

ndp téng cac loai thué 1a 2200 dong/kg. (Két qua lam tron dén hang nghin)

(@) 16000 a. 12000 d. (©) 22000 a. (D) 24000 d.

Cau 43. Cho ba sb duong a, b, ¢ theo thit tu lap thanh cap sb cong. Gia tri 16n nhat ciia biéu thiic

Va2 + 8bc + 3 .
P = c¢6 dang = x,y € N). Héi z 4+ y bang bao nhiéu?
oy dens VY (2,9 €N) y bang

@r. ®) 9. ©) 1. ©) 1.

Cau 44.
Trén sa mac c¢6 mot khu dat hinh ch@t nhat ABCD c6 chiéu dai AB = 70 km, chiéu rong

AD = 10 km. Van tbc trung binh clia xe mdy trén khu dat nay 1a 20 km/h, riéng di trén canh
CD thi van téc 13 40 km/h. Mot ngudi di xe may xuat phat tit A mudn dén B thi can it nhit

bao nhiéu gis?
20 10 7 2V/3+7
® % 7 © 3 ®

N ; 1 .
Cau 45. Cho do thi ham s6 y = 1334 — 222 +1 ¢6 ba diém cuc tri A, B,C (véi A € Oy). Goi M, N
lan lugt 1a cic diém thude cdc canh AB, AC sao cho doan thing MN chia tam gidc ABC thanh

hai phan cé dién tich bang nhau. Tim gia tri nhé nhat ciia MN.

@) 12 2V/3. © V. ®) .

Cau 46. C6 tdt cid bao nhiéu gid tri nguyén ctia tham s6 m dé phuong trinh

Vasinz +m +sinz = \/sin® z + 4sinz +m — 8+ 2 ¢ nghiém thuc?

@) 20. 22. ©) . ®) 2.

Cau 47. Cho bat phuong trinh mv1 —z + 12v1 — 22 > 162 + 3mV1 + = + 2m + 15. C6 tat ca

bao nhiéu gia tri nguyén ctia tham s6 m € [—9;9] dé bat phuong trinh nghiém ding v6i moi

x € [—1;1]7
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@) 4. 10. ©s. ®) 5.

trén [0; 3] bang 20. Ménh dé sau

4 s . . 36
Cau 48. Biet rang gia tri nho nhat cia ham s6 y = max + 1
x

day dang?

@o<m<2. B 4<m<s. ©2<m<u. ®) m>s.

Cau 49. Cho ham s6 f(z) = (1 —m3)a® + 322 + (4 —m)z + 2 v6i m 1a tham s6. C6 bao nhiéu gia
tri nguyén m € [—2018;2018] sao cho f(z) > 0 v6i moi gia tri x € [2;4]7

@) 2019. 4037. (©) 2020 (D) 2021.

Cau 50. Tim tat ca cdc gid tri thuc ctia tham sd m dé hé phuong trinh sau c6 nghiém

P> +dr+y=m

(22 4+ 22)(2r +y) =9

@A) m < —10. ®B) m > 6.

(© -10<m<s. (D) m < 10 hodc m > 6.

3
Cau 51. Cho hai s6 thitc duong a, b théa man QZ ++1a = /3b + 2. Gi4 tri 16n nhat ctia biéu thic
S =6a—0>la
11 17 89 82
E- @ E' ﬁ' ?-

Cau 52. Cho z,y la céc sb thuc thod man (z —3)% 4 (y —1)? = 5. Gi4 tri nhé nhét ctia biéu thitc
3y? +dxy+ 7o +4y —1 1
a

r+2y+1

@) 2v3. (B) 11—114. © va. D) s.

Cau 53. Cho ham s6 f(x) = (1 —m?)a® + 322 + (4 — m)x + 2 v6i m 14 tham s6. C6 bao nhiéu s6

P =

nguyén m € [—2018;2018] sao cho f(x) > 0 v6i moi gia tri x € [2;4]7

@) 2020. 4037. (©) 2010. (D) 2021.

Cau 54. Xét hai s6 thuc thay ddi x,y théa man z3(x —2)3 + 22 + ¢ 4+ 2 = 2x. Gi4 tri 16n nhét
ctia biéu thitc P = 3z — 4y + 1 1a

@) 3+ v2. ®) 2+5v2. ©o. ® 7v2-1.
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Cau 55. Cho ham s6 y = (2® — 3z + m)?, tong tat ci cac gid tri ciia tham sb m sao cho gia tri

nhé nhat cfia ham sb trén doan [—1;1] bang 1 1a

@) 4. 1. © - ®) o.

Cau 56. Goi S 1a tap hop cic gia tri nguyén ctia tham s6 m thuoc [0;2019] dé bat phuong trinh
2?2 —m+ /(1 —22)3 <0 ding v6i moi x € [—1;1]. S6 phan tit clia tap S bang

@) 2019. 1. © 2 D) 2020.

Cau 57. C6 bao nhiéu gi4 tri nguyén ciia tham sb m thudc khoang (—2019;2019) dé ham sb

R 2 ™
Yy = sin® z — 3cos? z —msinz — 1 dong bien trén doan [0; 5] .

(@) 2020. 2019. (©) 202s. D) 2018.

Cau 58. Goi S 1a tdp hop tit cid cac gid tri cia tham s6 m dé bat phuong trinh

m2(x* — 23) —m(23 — 2?) — 2z + e* 1 > 0 ding v6i moi € R. S6 tap con ciia S 1a

@) 1 ®) 2. © 4 D) 3.

Cau 59. Trong tat ci cdc hinh thang cdn cé canh bén bang 2 va canh ddy nhé bing 4, tinh chu

vi P ctia hinh thang cé dién tich 16n nhéat.

@pr=10+2v3 (B)P=12 ©pPr=5+v3. (D P=s

. 1 1
Cau 60. C6 bao nhiéu gia tri nguyén ctia m dé phuong trinh ———= 1|/ m+ ;5 cos 20 =3
V14sin®x 2

¢6 nghiém thuc?

@) 6. ®) . © 4 D 5.

Cau 61. Cho ham s6 y = f(z) = 2% — 3z + 1. C6 bao nhiéu gia tri nguyén ciia m dé phuong trinh
3
f(sinz + 1) = m c6 ding 5 nghiém phan biét thudc [—;T; ;] ?

®: ®s @ ®
Cau 62. Cho céic s6 thic duong a, b thoéa man 2(a? + b?) + ab = (a + b)(ab + 2). Gia tri nho nhat

N 3 b3 2 b2 .
clia bidu thiic P = 4 (Zg + a:,,) —9 <Z2 + a2> béng

23 21 23
- —10. — =

Cau 63. Goi S 1a tap tat ca céc gia tri nguyén clia m sao cho ton tai cac s6 thuc khong am z, y
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thoa man dong thdi 22 + 32 = 1 + zy va 22 + y? + 2y = m. Tim s6 phan tit clia S.

@) 5. ®) 3. ©) 4. O

A AL e , p PN msinx +cosx+1 .
Cau 64. Tim tat ca cic gid tri thuc cia tham s6 m dé ham so6 y = 9 c6 gid tri
coS &

nhoé nhét y,;. sao cho ¥, < 1.

@m#o. me[—l;l].
@mé[—\f;\f]. @me[R.

Cau 65. Cho ham s6 f(z) = az® + cx +d (a # 0) c6 1(%1111 )f(a;) = f(2). Tim gi4 tri 16n nhat
z€(0;+00

clia ham s6 trén doan [—3;1].

@A) 8a—d. ®B) 24a +d. (©) d - 16a. ) d+ 16a.

. . B O<z+y<l1
Cau 66. Biet m la gia tri dé hé bat phuong trinh ¢6 nghiém thuc duy

r+y+2zy+m>1

nhat. Ménh dé nao sau day ding?

@mé(—i;O). mE(—Q;—l). @mé(—é;—é). @mE(é;l).

Cau 67. Tap tat cd cdc gia tri thuc cta tham s6 m sao cho bat phuong trinh
V3+z 4+ V6—z — 1843z —22 < m?> — m + 1 nghiém ding v6i moi z € [—3;6] la
(—o0;a] U [b; +00), khi d6 két qua ctia a + b 1a

@) -1 10. © 3. ® 1

Cau 68. Cho hAm s6 y = az® +cr+d,a#0cd min y=y(—2). Gia tri 16n nhat clia ham s6

z€(—00;0)

da cho trén doan [1;3] bang

@) d + 8a. ®) d+ 2. (©) d - 16a. ®) d-11a.

Cau 69. Lic 10 gio sang trén sa mac, mot nha dia chat dang & tai vi tri A, anh ta mudn dén vi
tri B (bang 6 t6) trudc 12 gid trua, véi AB = 70 km. Nhung trong sa mac thi xe chi c6 thé di
chuyén véi van téc 1a 30 km/h. Céch vi tri A 10 km c6 mét con dudng nhua chay song song véi
duong thing nbi tit A dén B. Trén duong nhua thi xe ¢6 thé di chuyén véi van téc 50 km/h. Tim
thoi gian it nhat dé nha dia chat dén vi tri B.

() 1 gio 58 phiit. 1 gi 56 phit.  (C) 1gio 52 phit. (D) 1 i 54 phiit.
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Cau 70. Mot con ca hoi boi ngude dong dé vugt mot khoang cach 14 300 km. Van téc ciia dong
nuée 13 6 km/h. Néu van toc bai ctia ca khi nude diing yén 1a v km/h thi ning lugng tiéu hao ciia
ca trong t gi¢ dugc cho bdi cong thitc E(v) = cv’t. Trong d6 ¢ 1a mot hang s6, E dude tinh bang

jun. Tim vén téc bai cia ca khi nuée ding yén dé nang lugng tiéu hao 14 it nhat.

(@A) 6 km/n. 12 km/h. (©) 9 km/n. ) 15 km/h.

1
4sinx + 3cosw —I-%
tat ca cac gia tri ctia m dé phuong trinh cé nghiém thudc (0; 5)

@mG(f,?) mE(—l;l). ©m€(1;3). @mE(l;%).

Cau 72. C6 tit ca bao nhiéu gia tri nguyén ctia tham sé m (biét m > —2019) dé hé phuong trinh

= m v6i m 13 tham sb thye. Tim

Cau 71. Cho phuong trinh 4sin x+ 3 cosx +

sau c6 nghiém thuc?

P?4+r—Yy=1-—2m

20 — 22 — Yy -2+ xy=m

@) 2020. 2018. (©) 2019. ) 2021.

Cau 73. Cho phuong trinh (1 —m) (22 +1) +2(z +1)V22 + 1 + 2z = 0. Biét (a;b] 1a tap tat ca

céc gid tri ctia m dé phuong trinh c¢6 nghiém. Khi d6 b — a c6 gia tri 1a

@) 2+2v2. ®) 3+2v2. © v2-1 ® v2+1.

3+ 22 —m

trén [0;2] bang 5. Tham sb m nhén gid
x+1

Cau 74. Gi4 tri 16n nhat ctia ham s6 y =

tri 1a

@) 1 ®) -3. © -s. ®) .

Cau 75. Cho ham s6 y = f(z) c6 dao ham trén [1; +00) thdéa man f(1) = 1 va f'(z) > 322 4+2x—5

trén [1; +00). Tim s6 nguyén duong 16n nhat m sao cho rr[gino] f(x) > m v6i moi ham s6 y = f(x)
x€(3;51

thoa man diéu kién dé bai.

@) m = 25. ®) m = 15. (©) m = 2. ®) m = 30.
Cau 76. Cho a,b, ¢ 1a cac s6 thuc duong khi d6 gié tri 16n nhat ciia biéu thiic

P 8a+3b+4(\/(%+\/5+ \3/abc)
N 1+ (a+b+c)?
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gan véi gid tri nao nhat trong cic dap an sau.

@) 4.64. 467 (©) 4.66. D) 4.65.

Cau 77. Goi T 1a tap céc gia tri nguyén ctia m dé phuong trinh v/16x + m — 4 = 422 —18x+4—m

c6 dtng moét nghiém. Tinh tdng cc phan ti cia T.

@) 20. —90. ©o. ®) 10.

Cau 78. Cho ham s6 y = f(z) c6 bang bién thién nhu sau

4 3
f(x) / \ / \
—0o0 2 —00
Bat phuong trinh (22 + 1) f(x) > m c6 nghiém trén khodng (—1;2) khi va chi khi

@) m <. ®B) m < 10. © m<1s. ®) m < 15.

Cau 79. Cho z,y 1a hai s6 thuc bat ky thuoc doan [1;3]. Goi M, m 1an lugt 1 gid tri 16n nhat va

gi tri nhé nhat clia bicu thicc S = z + Y Tmh M + m.
y

@M—I—m:lg—o. M+m:?. ©M+m:3. @M+m:5.

Cau 80. Cho z,y la hai s6 khong am théa man z + y = 2. Tinh gid tri nhé nhat ctia bicu thiic
1
P = §x3+x2y2—x+1.

@minP:%?. minP:g @minP:5. @minP:%.

Cau 81. Cho x,y 1a nhitng s6 thuc théa man 22 — 2y +y? = 1. Goi M, m lan lugt 1a gia tri 16n

4, 4
) . 1
nhat va gid tri nho nhat cia P = w Gia tri chia A = M + 15m la
2 +y? +1
@Wa=17+v6. (B A=17-v6. (©A=17-26. (D)A=17+2V6.
. R 2 —z2y+3=0 .
Cau 82. Cho x,y la cac so thuc duong thdéa man dieu kién . Tinh tong gia

204+ 3y —14 <0
tri 16n nhat va gid tri nhé nhat ctia bicu thitc P = 322y — xy? — 223 + 22,
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@) 4. 12. ©o. D) s.

Cau 83. C6 bao nhiéu gia tri nguyén ctia m dé phuong trinh {/m +5vVm+5cosx = cosz cb

nghiém.

@) 1. 9. ©s. ®) 1.

Cau 84. Cho ham s6 f(z) = 823 — 3622 + 53z — 25 —m — v/3z — 5 + m v6i m 1a tham s6. C6 bao
nhiéu s6 nguyén m thudc doan [—2019;2019] sao cho f(x) > 0Vx € [2;4]?

(@A) 4038. 2020. (©) 2022. ) 2021.

Cau 85. Goi S 1a tap hop cdc s6 nguyén duong m dé bat phuong trinh f(z) > ma? (22 —2) +2m

c6 nghiém thudc doan [0;3]. S6 phan tit ctia tap S 1a

@) o. Vo6 sb. ©o. ®) 10.

Cau 86. Cho phuong trinh 5(5cosz +5+m) = [(cosz + 1)° — m]5. Cé6 bao nhiéu gié tri nguyén

am ctia tham s6 m dé phuong trinh trén cé nghiém thuc?

@) o. 4. © 2. ®) 22

Cau 87. C6 bao nhiéu gia tri nguyén ctia tham sé m thuoc khoang (—1;7) dé phuong trinh

(m—1)z+ (m+2)y/z(2?2 + 1) = 2% + 1 ¢6 nghiém?
@) 5. 7. © 6. O

Cau 88. S6 gia tri nguyén ciia m € (—2017;2017) dé ham s6 y = 23 — 3ma? + 2 dat gia tri nho
nhat trén [0; 3] bang 2 1a

(@A) 4033. 1. (©) 2018. D) 2017.

Cau 89. Bic An du dinh xdy dung mét bé chita nude sach cho gia dinh sit dung dang hinh hop
chit nhat cé téng dién tich cdc mit bing 36 m? va do dai duong chéo bang 6 m. Bé nude dé cb

thé chita duge téi da V m?. Gid tri cia V' & trong khodng nao trong cic khoang dudi day?

@) (12:13). (11;12). (©) (910). D) (10;11).

Cau 90. C6 bao nhiéu gia tri nguyén ciia tham s6 m dé phuong trinh \/ m + 3vm + 3cosx = cosx

¢6 nghiém?

@5. 6. @3, @4_

O bravee9.github.io/bravemath | Trang 427 /434


https://bravee9.github.io/bravemath/

Chuong 19. BAI TAP (’NG DUNG DAO HAM DE KHAO SAT VA VE PO THI CUA HAM SO

Cau 91. Gi4 tri 16n nhit ciia ham s6 f(z) = "o trén doan [% g] la
X

@3 ® - © - OF

Cau 92. Tap hop tat cd cdc gid tri cta tham s6 thuc m dé phuong trinh

m (\/1 +sinz +v1—sinz + 3) + 2cosz — 5 = 0 ¢6 diung hai nghiém thyc phan biét thudc
[—g; 5] 13 nita khodng (a;b]. Tinh 5a + 7b.

2
@) 12 +5v2. ®) 6-5v2. © 18+5v2. D) 18- 5v2.
n e X N A axr + b ’ .z . /. X N3 N .7 . 2 S S 3
Cau 93. Biet ham so y = 21 cé gid tri l6n nhat bang 4 va gia tri nhé nhat bang —1. Tinh
x

|af 4 [b].

®: ®- @ op

. 2 . .
Céu 94. Cho ham so f(z) = \/\FT v6i m 1a tham so thuc, m > 1. Goi S 1a tap hop tat cd
T

cac gia tri nguyén duong ciia m dé ham s cé gid tri 16n nhét trén doan [0;4] nhé hon 3. S6 phan

t cua tap S la

@0. 1. @2, @3.

Cau 95. Cho bat phuong trinh V22 + 2 +m — /222 + 1 + 22(2? — 1) > 1 — m. Tim tat c cic

gid tri thuc ctia tham s6 m dé bat phuong trinh trén nghiém ding véi moi = > 1.

@mzé. m>1. ©m>% @le.

Cau 96. Cho ham s6 f(x) c6 tap xdc dinh R\ {—2} va ¢6 dao ham trén ting khodng xac dinh.

Biét rang ham s6 f(z) c6 bang bién thién nhu sau

T —00 -5 -3 —2 00

f(x) - 0 + 0 - 0 +
+00 7 -
AN 6 PN . e

C6 tat ca bao nhiéu gié tri nguyén clia tham s6 m, (m € (—12;12)) dé bat phuong trinh sau cé

wghient? (o)) < £ (2 ).

@) 1. 16. ©) 1. ) 14.
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Cau 97. S6 cac gid tri nguyén cta tham s6 m € [0;2018] dé phuong trinh
(m — 1)V a3 + 4z — (2% + 22) = mx + 4 c6 nghiém 13

@) 2012. 2010. (©) 2016. ) 2014.

Cau 98.

Cho ham s6 y = f(x) lién tuc trén [1;3] va c6 . ) 5 5
bang bién thién nhu hinh duéi. Héi phuong trinh

flz—1)=— s c¢6 bao nhiéu nghiém trén [2;4]? | ¥’ + 0 N

2 —6x + 12

y 5/ \2
@) o. ®) 2. © 1 ®) 3.

Cau 99. C6 bao mnhitu gid tri nguyén duong ctia tham s6 k dé ham sb

1 N .
y= ga:?’ — (k—1)2% — (k — 3)x + 8k* dong bién trén khoang (0;3)?

@) 3. ®) ©o. D 2.

Cau 100. Cho ham s6 f(z) = 2% +ax? +bx +c. Gia st dd thi clia ham s c6 2 diém cuc tri la A, B

va dudng thing AB di qua gbc toa do. Tim gid tri nhd nhat ctia biéu thic P = abe+2ab+18¢+12.

@) 2. —94. (©) 3. ) —12.

Cau 101. Cho ham s6 f théa man f(cotz) = sin2x + cos2x, Vo € (0;m). Gia tri 16n nhat clia
ham s6 g(z) = f (sin2 :U) - f (cos®z) trén R 1a

19 1 (§ 1
500" ®) 5 o5 50

Cau 102. TAp hop tdt cd cidc gid tri thuc cta tham s6 m dé phuong trinh
V2 —z++V1+z=+m+z— 22 c6 bbn nghiém phan biét 1a khoang (a;b). Tinh S = a + b.

@S:% S:%?’. @S:% D) s =11

DPudng tiém can
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Ban doc hay doi nhé! Minh s& cap nhat nhiing ciu hdi hay va chat hon nifa!

Tuong giao do thi

Tiép tuyén

Bién ddi db thj va trj tuyét dbi
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Tai Liéu Tham Khao

uy tin tai Viét Nam. Ban doc c6 thé nhan vao tén sach dé truy cap truc tiép.

Tai liéu nay duoc bién soan dua trén nén tang kién thiic tir chuong trinh Todn phd théng cia Viét Nam,
bao gébm ca chuong trinh co ban I3n ning cao theo hé cii (truéc cai cach GDPT 2018). Toan bo dé

bai, bai tdp dugc tham khao va Iy tai website toanmath.com — mét ngudn tai liéu todn hoc mién phi,

Tén tai ligu

Nha xuat ban

1 Dai s6 10 (Chuong trinh chuin, 175 tr.)

Tran Vin Hao; Vii

Tuin; Do3n Minh

Cusng; D6 Manh

Hung; Nguyén Tién
Tai

NXB Gido duc
Viét Nam

2 | Daisbé 10 Nang cao (238 tr.)

Doan Quynh; Nguyén
Huy Doan; Nguyén
Xuén Liém; Dang
Hung Théng; Tran

Van Vuoéng

NXB Gido duc
Viét Nam

3 | Dai sb va Giai tich 11 (Chuong trinh chuan, 184 tr.)

Tran Vian Hao;
Nguyén Méng Hy;
Tran Dic Huyén;

Dinh Ngoc Hung

NXB Gido duc
Viét Nam

4 | Dai sb va Giai tich 11 Nang cao (240 tr.)

Doan Quynh; Nguyén
Huy Doan; Nguyén
Tién Tai; Ding Hing
Théng; Tran Phuong
Dung

NXB Gido duc
Viét Nam
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Tén tai ligu

Giai tich 12

Ch. I: Ung dung dao ham; Ch. Il: Ham s6 liiy thira, md, logarit;

Ch. Ill: Nguyén ham, tich phan; Ch. IV: Sé phiic.
(164 tr.)

Tran Vin Hao; Vii
Tuén; Lé Thi Thién
Huong; Nguyén Tién
Tai: Can Vin Tubt

Tai liéu tham khao

Nha xuat ban

NXB Gido duc
Viét Nam

Giai tich 12 Nang cao
N6i dung mé réng vé kh3o sit ham sb, ham mii—logarit, tich
phan va sé phiic.

(236 tr.)

Doan Quynh; Nguyén
Huy Doan; Tran
Phuang Dung;

Nguyén Xuan Liém:;

Ding Hung Thing

NXB Gido duc
Viét Nam

N3m tron chuyén dé Van dung — Van dung cao Ham s6

Nhidu tac gia

Cac tai liéu, chuyén dé luyén thi THPT Quéc gia mén

Toan

D3 Vin Dirc, Ai
TDM, Ngoc Huyén
LB

Luu hanh ndi
b / Internet

Tuyén tap dé thi chinh thirc, d& tham khao va dé thi thir
THPT Quéc gia (2017 — 2026)

B6 Gido duc va Dao
tao, Cac S6 GD&DT,
Cac truong THPT

B6 Gido duc

va Dao tao
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Thong tin li€én hé

ﬁ https:/ /www.facebook.com /buiquangchienhus

* nhdn vao dé truy cap link!

@ https://www.threads.com/@brave._.9

G https:/ /www.tiktok.com/@brave._.9

quangchienb2005@gmail.com

https:/ /bravee9.github.io /bravemath /

Cuon sach khé tranh khoéi nhiing thiéu sét vé ky thuat hay
dinh nghia. Rat mong ban doc thong cdm va phan hoi lai qua
cdc kénh lién hé trén dé tai lieu duoc hoan thién hon.

Ong h@ TECHCOMBANK €9 & Vao server cua
minh qua . minh dé hoi bai
ma QR & L
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888 2209 2005 ‘
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