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Qstudy.vn Hoc Toan Khong Tién B, Hoc Thay Quang Pé Thay Doi

§1: CAC BAT PANG THUC PHU
CHUNG MINH BAT PANG THUC
A. BAT PANG THUC POI XUNG

Bai 1: Cho 2 s6 thuc X,y thay doi thoa x? +y? =2. Tim gia tri 16n nhat va gia tri nho nhat cia biéu
thirc P =2(x*+y*)-3xy

Bai gidi
P=2(x"+y*)=3xy =2(x+y)(x* —xy+y*)=3xy =2(x+y)(2—xy) - 3xy
t? -2

bat t=x+y. BK: [t{<2 xy=
P:—t3—gt2+6t+3 , VO [t|<2

t
Xét f(t)=-t’ —gtz +6t+3 trén [-2,2]= f'(t)=-3t*-3t+6; f'(t)=0 < L

Taco f(l):%;f(Z):l;f(—z)z(—Y)

x+y=1 = X=
maxf(t)=E Khit=1nén maxP == o , g , 2 2
2 X' +y =2 1-V3 | 1+8

[-2.2]

) ) R . X+Yy=-2
mlr}f(t)=—7 khi t=-2 nénminP=-7 oS x=y=-1

X +y*=2

Bai 2: Cho x>0 va y>0 thoa diéu kién x+ y =2.Tim gia tri 16n nhat ctua biéu thuc P = xy +

Xy+1"

Bai gidi
2
Tacé os><ys(XL2yj ~1. Dt t=xy, didu kién 0 <t <1 khi do

1 ' 1 t(t+2)
PetO)=try= (t)zl_(m)z T (te1)

Bang bién thién




Vay GTLN P=% Khi x=1: y =1

Bai 3: Cho a,b>0 thoa man 2(a’ +b”)=a’b®. Tim gié trj nho nhat cua biéu thic
a b 1

P= + +
b+1 a+l1 a2ip?+1

Bai gidi
Taco a®’ =2(a*+b*)>(a+b)’ = ab>a+b

a’+b? +1:(a+b)2 —2ab+1£(a+b)2 —2(a+b)+1:(a+b—1)2

=+a’+b*+1<|a+b-1

P—(i+1]+(L+1]—2+;
b+1 a+1 ,/az +b% +1

=(a+b+1)( t .1 j+ L -2
a+l b+1) Ja21p?+1
4 1

>(a+b+1)

+ -2
a+b+2 |a+b-1
biat t=a+b, taco

4
(a+b)2 §2(a2+b2):(ab)2 s((?l1+—6b):>a+b24

4_(t+1) +i—2;t >4 ta duoc

X ="

MinP =M inf(x):gkhi X=y=2

Bai 4: Cho x, y la céc s6 thuc duong théa man xy + x+ y =3. Tim gié tri I6n nhat caa biéu thic:

p_3X 3y . Xy (x4 y?)
y+1 Xx+1 Xx+y

Bai gidi
Dat t=x+y=xy=3-t; xX*+y? =(x+y)2—2xy=t2—2(3—t)=t2+2t—6

2
Taco Xyg[x;yj :>3—ts%t2<:>t22



=t +t+——=
Xy+x+y+1 X+Yy t 2

2 2
Suy ra P=3(X -y )+3(x+y)+ al —(x*+y?) 125

Xét ham s6 f(t):—t2+t+%—g Véi t>2
Taco f‘(t)=—2t+1—%<0, vt>2. Suy rahamsd f (t) nghich bién véi t>2
t

=>P<f(t)<f(2)=

N W

Vay gié tri 16n nhat ciia P bang g Khi x=y=1.

Bai 5: Cho x, y 1a hai s6 thuc théa man diéu kién (x+ y)® + 4xy > 2. Tim gia tri nho nhat cua biéu thic
P=3(x*+y?)* —2(x+Y)* —xy(3xy —4) + 2015.

Bai gidi
Véi moi s6 thuc x,y ta ludn cd (x+y)? = 4xy, nén tir diéu kién suy ra

(X+ V)P +(X+Y)* 2 (X+Y) +4xy 22 = (X+Y)* +(X+y)? —2> 0= X+ y >1Ta bién d6i P nhu sau

P= g(x2 +y?)? +g(x2 +y2)? = 2(x® + y? + 2xy) — xy(3xy — 4) + 2015

= g(xz +y?%)? +%(x“ +yH—2(x* +y¥)+2015  (3)

2 2\2
Do x* +y* 2% nén tir (3) suy ra Pz%(x2 +y?)? —2(x* +y®)+2015.
bat x> +y? =t thi tz% (do x+y=>1).

Xét ham sb f(t)=%t2 —2t+2015 vai tz% , CO f'(t):%t—2>0, Vi tz% nén ham sé f(t) ddng bién

A~ |1 . 1
trén | =; .Suyra min f(t)="f|=
[2 ). Suyra min 10 ( 2

j_ 32233
> .

te{f;-f-oo
2

Do dé GTNN ctia P bing %2633 dat duoc khi va chi khi x = y :%

Bai 6: Cho céc sé duong x, y. Tim gid tri 16n nhit caa biéu thuc:
1 1 2

P= + — =
JE+3y2 3 +y? 3(x+Y)
Bai gidi
Xetbiéuthoe p=——+ 4 L+ 2 -
JXE+3y? 3 +y? 3(x+Y)
1 2

Truéc hét ta ching minh + <
\/xz +3y° \/3x2 +y?  X+Yy




2 2 2
Thatvéy,{ 1 1 Jsz( 1 1 j:( 8(x +y?)

S +3y2 +\/3x2+y2 X +3y 3+ Y X* +3y%)(3x* + y*)
8(x* +y*) 4 4[2(X2+yz)(x+y)2—(x2+3y2)(3x2+y2ﬂ
et (x*+3y*)(3* +y*)  (x+y)’ - (x*+3y?)(3x* +y* ) (x+ y)
~4(x-y)' 1 1 2

:(X2+32 32 2 ZSO: 2 2+ 2 2SX+
y )( X2 +y )(x+y) \/x +3y \/3x +y y
Dau “="xay rakhix =y

Nhu vay, P < 2 - 2

X+y 3(x+ y)3

bat, t:i,t>0.
X+Yy

3
Xét ham s f(t)=2t—%:> flt)=2-2t*f't)=0=t=+1

Bang bién thién

) |- 0 T 0 _

© /' \

Tu BBT ta thdy GTLN cua f(t) 1a % khit=1.

Vay, GTLN cua P 1a g khi x = y:%

Bai 7: Vi moi s6 thyc x,y thoa man diéu kién 2(x* +y*)=xy +1

. . . x*+y!
Tim gié tri I6n nhat va nho nhat cua biéu thiac P =
2xy +1
Bai gidi
bat t=xy.Taco: xy+1= 2[(x+ y)2 —2xy] > —4Xy = Xy > —%
Va xy+1=2[(x—y)2+2xy]24xy:>xys% nén —%Stsé




2
(X2 + yz) —2Xy* 724 ot41

Suyra: P=

2xy +1 o 4(2t+1)
, 712 7(-t* -t =0
Xéthamsé f(t)= - T2HL o f'(t)=(—2);f'(t):0<:>
a(2t+1) 2(2t+1) t=-1(1)

((-5)=1(5) %10

Vay gi tri I6n nhit bang % . gi tri nhé nhit bing %

Bai 8: Gia str X,y la cac sb thuc dwong thoa man 3(x+y)" =4(x* +y* +1) . Tim gid tri nho nhét cua

bidu thic p = < +2Y_, 2X+Y
X“+2y° 2X°+Yy
Bai gidi
Ta o X+2y 1 Xy 3 <N 3 X 3

x2+2y2_x+y_(x2+y2)+y2'x+y_2xy+y2'x+y:2x+y'x+y

2x+y 1 <Y 3
2X2+y2 X+Y  X+2y X+Y
y

o ’ ~ , X 2 N A, a2 , . ;.
Mait khac, ta cung co + <—, vi bat dang thuc nay twong duong voi
2X+y x+2y 3

Tuong ty, ta cling co

2 2
X°+ Yy +4xy <g

<Z hay (x—y) >0
2x° +2y* +5xy 3 y (x=y)

Tudotaco P- 2 <X Y 3 SE. 3 __2 .Suyra P< 4 (1)
X+Yy \2X+y X+2y ) X+y 3 X+y X+Vy X+Yy

Tir gia thiét ta lai co 3(x+y) =4(x*+y*)+422(x+y) +4

Suy ra (x+y)224,hay X+Yy>2 (2)

Tir (1) va (2) tacod P <2. Diu dang thic xay ra khi va chi khi x=y =1
Vay gia trj 16n nhat cua P bang 2, dat dugc khi x=y =1

Bai 9: Cho hai s6 duong x,y thoa man x?+y? =1 .Tim gi tri nho nhit cua biéu thirc

P=(x+1)(1+%}+(y+1)(1+§j.

Bai gidi
2.1 ., .. 2 4 y2 2(t+1
bat x+y:t:>xy=t Bién doi P:x+y+X Y XY oty t(2 1)+2:t+%+2
Xy - -

2
t 1:>t2§2

Co (x+ y)2 >4xy =>t*>4




Laico 0<x, y<l=x>x2,y>y’ = x+y>1 viy 1<t<2
Xét ham sd f(t)=t+til+2 trén nira khoang (1;«/5]
Cé f(ﬁ):4+3J§

Két luan: minP = min f (t)=4+372

(2]

Bai 10: Cho x va y Ia hai s6 thuc duwong thay doi thugc nira khoang (0;1] va x+y=4xy. Tim gia tri I6n

nhat va nho nhét cua biéu thic: P= x2y + xy? —%(%Jrin

y

Bai gidi

Ta co: 4xy:x+y22\/W:>xy2%.

x;ye(O;l]:>(1—x)(1—y)20:>1—(x+y)+xy20:>1—4xy+xy20:>xys%
(1 1 1] (x+y)*—2xy 1 8
P=xXy+xy’—=| S += |=xy(x+y)—=| — =" | =4(xy)* + ———.
y+Xy 6[x2 yzj y(X+Y) 6{ (xy)’ (xy) 3y 3
Détt:xyth‘lP:t2+i—§=f(t)véiteF;E]
3t 3 43
, 1 24t°-1 11 A 1.1
f(t)=8t—3t—2= e <0,Vte{z,§}suyraf(t)ngh;chblentrendoan {Z;g]

Do d6 f(ljg F(t) < f(EJ,Vte{l;ﬂ.
3 4 4'3
13 o 1
maxP =15 dat duoc khi va chi khi x = y:E.

minP = —19—1dat duoc khi va chi khi x=1;y=%hoécx=%;y=l.

Bai 11: Cho hai sb thyc thoa mén x>1;y >1 va 3 (X + y) = 4xy

Tim gia tri 16n nhat va nho nhat cua biéu thic: P = x*+y° +3[i3+i3j
X

y
Bai gidi
2
Dit t=xy Vi x>1nén 3(X+Yy) =4x.y < 3x* +3xy =4x’y < Xy = 3
X_
. 3y N LA A 3y N .
CO 3(x+y)=4xy < X= (Vi y>1). Xéthamso f(y)= trén [1;+0) co
4y -3 4y -3

J ><0,Vye[L+o)= f(y)< f()=3=1<x<3

f ()= ——~
(y) ay_3)




2

Xét ham sb g(x) = 43X _ trén [1;3]:>%g g(x) <3. Vay te[%;(%]

Khido P = (X3 n y3) [14_ X3y3j: |:(X+ y)3 —3Xy(X+ y):|(+ (Xf/)gj

3 3 3
- (4&) Sy Y g 3| B e (1+§3j=64t g 12,04
3 3 (xy) 27 t 27 t 9

3
Xét ham so P(t)=64t —4t2—2+% voi te[g;B]
27 t 9 4

2
Taco P'(t):64t —8t2—¥ =8t §t—l +%>O,Vte[g;3]
9 t 9 t 4

. xy=3 x=3 [ x=1
Vay MaxP:P(B):%talt:%:{ Y <:>{ {

X+y=4 y=1|y=3
9 304 9 X 29 3
MinP=P| = |=| = |tai t="< =3 SxX=y==
4 36 2
X+y=3

Bai 12: Cho cac sb thyc duong x,y thoa man x+y <1. Tim gia tri nho nhét cua biéu thirc

A:xy+i2+i2
X

Bai gidi

Ta co P:xy+i2+i22xy+£
X Xy

2
bat t=xy taco 0<t:xys(X;yJ s%

Khi d6: P =t+%=32t+%—31t2 24/32. ﬁ%:m-%:?

Déu déng thirc xay ra khi va chi khi x=y =z = %

Vay min A:3Tf

Bai 13: Cho c4c sé thuc x,y théa man (x—4)° +(y—4)° +2xy <32. Tim gia tri nhé nhét ciia biéu thic
A=x°+y +3(xy-1)(x+y-2).

Bai gidi
Taco (x—4)2+(y—4)2+2xy£32<:>(x+ y)2—8(x+ y)<0<=0<x+y<8
A=(x+ y)3—3(x+ y)—6xy+6>(x+ y)s—g(x+ y)2—3(x+ y)+6.

Xét ham sb: f (t)=t° —gtz —3t+6 trén doan [0;8].




1+\/_

Taco f (t)=3t"-3t-3 f (t)= hoc t ==Y (10ai)
Tacod f(0)=6, f (“2\6):17_5\/—, f(8)=398. Suy ra Azl7_45\/g

4
1+ J_ 17-55
4

15
2

Khi x=y=="""thi dau bang xay ra. Vay gia tri nho nhit cua Ala

Bai 14: Cho cac sb thuc duong a,b théa man a°b+ab® +2 < (ab+1)2 . Tim gia tri 16n nhat cua
1 1 8ab +1

P= >+ >+
1+a® 1+b° 2+4ab
Bai gidi
Taco (ab+1)22a5b+b5a+222+ab(a4+b4)22+2a3b3:>12ab2%
4z , R 1 1 2
Khi d6 ta c6 BDT quen thudc >+ - <
1+a° 1+b° 1+ab
=P< 2 +8ab+1 Xét ham sd f(t)—i S+l VGl t=abt e l;1
l1+ab 2+4ab +t 4t+2 2
:>f(t)maxzf(l):>Pmax:3—1<:>a:b:i
2 12 2
< < oz . o a (CHYD(X+Y) N £
Bai 15: Cho X, y la cac so thuc thugc (0;1) thoa man Xy =(1-x)@-y). Tim gia tri l6n nhat
ctia biéu thie P = —1 4 +4xy — x> —y?
14X 1+
Bai gidi

3 3
Taco: 1-x)A-vy)= O+ y)x+y) <:>1+xy—x—y24xy<:>123xy+x+y23xy+2\/ﬁ

Xy
Xétpo—t 4 1 +4xy— x> —y* < t 2 +2xy < V2. ! +2Xy Vi
1+ X \/1+y2 1+ X \/1+y \/1+x \/1+y2
X,y e (01 = 1,1 2 *)

1+ x> 1+y® 1l+xy

That vay (*) < 2+ x* + y*)A+xy) < 2(L+ x*)(1+ y?) < (x—y)*(@—-xy) > 0. Ludn dang vi x,y € (0;1)

Suyra P< + 2XY, Xy € (O;ﬂ

1+ xy

Xét hamsé f(t) =

+2t,te(0;é:|.C(') f = +2>0,Vte[0;%:|

2 -1
1+t (L+t)V1+t

1 56 . 56 1

Vidy P<f| = |=—=nénmaxP= —— o x=y==

g (9j 9V10 9V10 3



Bai 15b: Cho cac sb thuc duong a,b,c thoa min diéu ki¢n a’h+ab®+2 <(ab+1)". Tim gid trj 16n nhat
1 . 1 8ab+1

cua biéu thic P = —— -
1+a® 1+b° 2+4ab

N\ =

Bai gidi
Taco (ab+1)° > a’b+b’a+2>2+ab(a* +b*) > 2+ 2a%° =1 abz%
1 2
+ <
1+a* 1+b* 1+ab

Lpe 2 Bl i hamsd ()= =+ Ot
l+ab 2+4ab 1+t 4t+2

1 31 1
()max (2) max 12

2
B. BAT PANG THUC KHONG POI XUNG

Khi d6 ta c6 BDT quen thugc :

Voi t=abte E;l}

Bai 16: cho X, y a s6 khdng am thoa man x* + y? = 2. Tim GTLN va nhé nhat cia:
P =5(x° +y°) + X*y? (5¢/2xy + 2 — 4xy +12)

Bai gidi
K (x-+2)<0 =X +y? <203 +y?) =242
Yy (y—+2)<0
=P +1)(X*+y) =2 (X+y) =2=2x+Yy
=20 +y*) = (x+ y)(X° +y3)2(\/;.\/x_3+\/§.\/y73)2 =4=x+y >2
Pat t=x3+y®. Taco :t €|:2;2\/§]
Tacod 2=(x*+y*)’ = x>+ y® +3x°y*(x* + y*) = x* + y® +6x°y? = (X* + y°)* —2x*y® + 6x°y°
= 2x’y® —6x°y* =t* -8

Tacé OSX,ys\/E:{

20+ y) = +y )P +y) =X+ Y+ XY+ Xy =X+ YT+ XY (X + Y)
=X+ Y+ Xy (x+y)=2t

P =50 +y°) + X2y (5\2xy + 2 — 4xy +12)

=4y +12x°y* +5(X° + ¥°) + 5x°y* /2 + 2xy

=-2(2x°y? —6x°y*) +5(X° + y°) +5X°y* X + Y + 2xy

- (t? -8)+5[1/x2 Y7+ 2xy + X2 YA (x4 y)} — 2t +10t+16 = f(t)

/ . £/ 5 .
f/(t) = -4t +10; f (t)=0©t=Ee[2,2\/§]

Taco: f(2)=28, f(%):% va f(24/2) =202

R . . R 5, 57
Vay MinP = mln[z;zﬁ] f(t) = f(2) =28 va MaxP = f(E) =




2 2
BAi 17: Cho 2<x<3<y.Tim gid tri nho nhat cia B = =X *Y_*2X+Y

Xy
Bai gidi
2 2
Xét ham s6 g(y): 2X +y Hox+y  20x+l) + y+1 Vol 2<x<3<y (0.25d)
Xy y X
—2(x+1
o' (y)= 2% )0y = y2x(x 2 D) (0.254)

y2
Thay min g(y) = g(w/Zx(x+1)) =22 %+1+%

Xéthamsé f(x) =242 |2 +1+1,2<x<3¢o f'(x)=
X X

Lz

G |
X

—X—12 <0 nén f(x) nghich bién trén [2;3]

do d6 min f(x) = f(3) = ”i*l (0.25d)

46 +1
3

46 +1

3

Do d6B > , dau “=" xay rakhix=3va y=26

Vay min B =

Bai 18: Cho x, y 12 hai s6 thuc dwong thoa man 2x+3y < 7. Tim gid tri nho nhat caa biéu thuc:
P =2xy+ y+\/5(x2 +v?) —24%/8(x+ Y)— (x> +y* +3)

N

Bai gidi
. 2x+2+3y+3Y
Taco: 6(x+1)(y+1) =(2x+2)(3y+3) < — <36=x+y+xy<5
Tacd 5(x* +y*) > (2x+y)* = /5(X* +y*) > 2x+y va’

(X+y-3)°=x>+y*+9+2xy—6x—-6y>0
S 2(X+Y+xy+3) >8(x+Yy)—(X* +y* +3)

Suy ra P >2(xy + X+ y) — 2432(x + y + xy +3)
Dat t=x+y+xy,te(0;5],P> f(t)=2t-2432t +6

L e 24.2 3’/(2t+6)2 -8
Tacod f'(t)=2- =2 <0,vt e(0;5]
33/(2t +6)° (2t +6)°
Vay ham sé f(t) nghich bién trén nira khoang (0;5]
Suy ra min f(t) = f (5) =10— 4832
X=2

y=1

Vay min P =10-48%2 , khi {




Bai 19:Cho céc s thuc X, y thoa mén diéu kign 4x> +y* <8 Tim GTLN, GTNN cua :

_(2x+6)* +(y+6)° +4xy —32
2X+Yy+6

P

N

Bai gidi

S (2x+Y) <16 4<2x+y<4 < 2<2x+y+6<10

2
Taco 824x2+y22@

Taco: P:2x+y+6+L.Bat t=2x+y+6,t €[2;10]
2X+Yy+6

t=2
t =—2(loai)

Xéthémsé:f(t):t+%;te[2;10]:> f’(t):l—tiz; f’(t):o@{
Taco: f(2):4,f(10):%

x=1
y=2
Xx=-1
y=-2

Vay GTLN ciia P bing % o {

Vay GTNN cua P bang 4 <:>{

X2

2y > . B g el e e TP :
| . Tim gid tri nho nhat cta biéu thac P = x* +y* +

Bai 20: Cho x,y e R théa man =
y <—2x* +3x (x+Y)

N

Bai gidi
2

Tur gia thiéttaco y>0 va %S—2x2+3x:>0£xgg vax® +y? £x2+(—2x2+3x)2 :2x2(2x2—6x+5)

Xét ham s6 f(x)=2x2(2x2—6x+5);x.e{0;§} ta dugc Max f(x) = 2= x*+y*<2
o
X2 4+ v2 2
P:(x2+y2)2—2x2y2+ 2 22(x2+y2)2—( ) + 22 .
(x+y) 2 X°+y
y 2 2 t* 2
batt=x"+y :>P25+? ,0<t<2

, N e t2 2 . ' 2 t3_2_ ' 3
Xét ham sb g(t):3+?,te(0,2]:>g(t):t—t—zzt—z,g(t):0<:>t:\/§
I4 - A , - 3 - 6
Lap bang bién thién ta co MlnP:?’\éZ khix=y= ;6
Bai 21: Cho cac sb thuc duong a, b théa man a®+2b=12. Tim gia tri nho nhat caa biéu thic:
4 4 5
P=—+

a” ' b* " 8(a-b)

Bai gidi
Tt gia thiét va bat dang thac COSi ta co:




a’+2b=12<a*+4+2b=16 < 4a+20<16 < 2\/4a.2b <16 < 0<ab<8

. a’h’(4 4 ab 5 1(a® b*) 5 1
DO dO P> —4+—4 +—.—2:— —2+—2 N
64 (a* b 8 8(a—b)” 16(b° a 64 §+Q_2
b a
bit t=E+ (t>2) taco P>—p?y> L 1
b 16 64 t-2 8
Xét ham sb f(‘[)—it2 > 11 trén (2;+o0)
16 64't-2 8
Taco f(t)_lt—i L f(t)= o@tzﬁ
8 64( 2) 2
Bang bién thién
t 2 > +o0
2
f'(t) — 0 +
64

Tur bing bién thién ta cé min f(t)= [ 2 |= 27
(2+0) 2) 64

Suy ra Pzg,déu bang xay ra khi a=2,b=4.

Viy P dat gié tri nhé nhat bing g khi a=2,b=4.

Bai 22: Cho X,y la cac s6 thuc thoa: x + y = 264/x —3 +3,/y — 2013 + 2016 Tim gi4 tri nhé nhat va gia
tri lon nhat cua bieu thac w = (x—1)2 1 (y 1)’ + 2016+ 2xy\X+y+1

Jx+y+1
Bai gidi
2016 2 2016
M=xX+y24+2xy—2X -2y + 24+ ——o-=(X+Y+1) —4(X+Yy+1)+5+ ———— Dit t = x+y+1 thi
y y y NeEes (x+y+1) —4(x+y+1) NeEs JX+Y

ta dugc M :t4—4t2+5+@

Diéu kién cua t. Pat a=~/x—3;b=./y —2013 ta dwoc x=a’+3;y =b?+2013 va
a’+3+b*+2013=26a+3b+2016
o a?+b? :26a+3b§\/(262+32)(a2+b2)

Hay 0<a’+b* </685
Tur d6 ta duge x+y+1=a’+b®+2017 €[2017;2072] nén teD = [‘/2017;‘/2072]




Xét ham sb f(t):t4—4t2+5+¥;te D

5 4 4(r ) _
(1) =4 8t_2(t316 4t° —8t* —2016 _4t*(t-2) 2016>0Vte[ 5017 ,—2074

t? t?

Suyra f(t) dong biéntrén D

2 2
a“+b* =685 {a:26
hay

maxM = f (2072) :4284901+2—S i t=2072taduec {4 b e
2% 3 -

X=679;y=2022

minM = f (\/201 ) 4060226+% khi t =+/2017 hay x =3;y = 2013

Bai 23: Cho céc sb thyc x, y thoa man x+y-1=+/2x—-4 + \/y +1. Tim gié tri 16n nhat va gia tri nho

nhit cua biéu thre: S = (X+y)? 8- x—y +— .
Jx+y

‘ Bai gidgi
bicu kién: x>2;y>-1,0<x+y<9;
Taco
0<x+y-1=V2/x—2+1Jy+1< B(x+y-1) = (x+y-1)? <3(x+y-1)
=0<x+y-1<3<1<x+y<4.

Dit t=x+vy,te[L;4],taco S:tz—\/9—t+%
S'(t)=2t+ — >0,Vt e[L;4]. Vay S(t) dong bién trén [1;4
= Zﬁg_ N e[L4]. Vay S(t) dong [1:4].
1 33-245
S =S(4 =42— 9-4+—= =S X=4; =0;
max = 9(4) N n 5 y

S, =S =2-22 = x=2y=-1.

Bai 24: Cho a, b 1a cac sb thuc thoa man a+b = 2+a+2 +3vb—2014 + 2012 . Tim gi4 tri 16n nhat va

nhé nhat caa biéu thic T = (a-1)" +(b—1)" + 2015+2abva+b+1
Ja+b+1
Bai gidi
2015
T=(a+b+1)’ —4(a+b+1)+5+ ——
(Erbrt) b S

2015
Max = T =4096577 +

\/2026

2015

Min = T =4044122 +




Bai 25: Cho hai sb thuc duong X, y thoa man 4(x® +8y°®) =1. Tim gia tri 16n nhat cua biéu thic
N (Xx+2y° +2)°
5(x* +y*) =5(x+y) +3

Bai gidi
va,b>0 tacod: 4@ +b*) > (a+hb)® (1)
That vay 4(a® +b%*) >a® +b® +3ab(a +b) < 3(@a*+b? >3ab(a +b) < (a +b)(a *~ab +b ) >ab(a +b)
o (a+b)(@?—2ab+b?) >0« (a+b)a=b)? >0 (2)
Vi a,b>0 nén (2) ludn dang. Dau “=" xay ra khi a=b
Suy ra (1) dugc chirng minh.
Ap dung BDT (1) véi a=xb=2y’, taco:
1=4(x*+8y°%) = 4[x3 + (2y2)3] > (x+2y?)°’ =>x+2y*<1

Lai cO: 5(x* + y?) =5(X+ y) +3=5%*—5x +5y* -5y +3
2 2
:5[x2—x+lj+5(y2—y+l)—9+3:(x_% +(y_1j +lzl
4 4 4 2 2 2 2

(x+2y*+2)° _@+2y
5(x* +y?)-5(x+y)+3 1 L

4(x*+8y°) =1
=54. Ta c6: P=54 khi { x =2y? S X=Yy=

Do do: P=

Vay gié tri 16n nhat ciia biéu thic 13 P, =54, dat duoc khi x =y :%

Bai 26: Cho hai sé thuc x,y thoaman x?+y? =1 . Tim gia tri 16n nhat va gia tri nho nhit cua biéu
x“(xy+1)2

thic: P=————.
2y°+2xy+1

Bai gidi
Tir gia thiétx? +y? = 1, P duoc viét lai nhu sau:

o v +(xy+1)° Y2 (X +y? )+ 2xy +X° + y? C2yP2xy + X
2y° +2xy +1 2y2 +2xy + X* + y? 3y% +2xy + X°

2t + 2t +1

Voi y=0,y#1thi y=—; voi x#0, dat y=tx . Khido: P=
y y y 3 Yy 32 +2t+1

2 2
Xét ham sb f(t)=2t2+—2t+1 taco TXD:, f'(t):_Zt—_Zt2
StU+2t+l (32 +2t+1)

f'(t)=0©—2t2—2t=0[t201; £(0)=L.F (<1)==; lim f (t)= lim f (t)=

t=—- X—>—0 X—>+00

w|N

Bang bién thién




T bang bién thién ta suy ra:

N I N
=3 dat duoc khi t= -1 hay {x +yx & \/—22 v 2«/5
y= o y= Y
. =1 dat duoc khi t=0 hay {y 0 <:>{);/ 61
Bai 27: Cho x va y la cac s thuc duong thay ddi sao cho log, (x+y) =3+log, x+log, y. Tim gia tri nho
, ) ’ 2X -2y
nhat cia biéu thirc: P—g’l—g.
3X+ 3 y
Bai gidi

Tir gia thiét log,(x+y) =3+log, x+log, y suy ra x+y =8xy < 2(x+y)> :x+y2%

\/32x+3—2y \/32x+2y+1
3137 3341

Vit +1 —f(t).

Lac @6 P=
3t+1

Taco: P= Patt=3". Vi x+y=> %néntz\@

Xét ham s6 f () = v :1 trén [\/5;—1—00).

Taco f'(t)_(3t+1)2\/t2_ f't)=0=1t=3.

Bang bién thién
t \/§ 3 +00
f'(t) - 0 +
f(t) 2 1

3/3+1 \ / 3

1
J10




Xty=1 L _2t2 2-+2
Vay P>—L_ . Diu“=" xdy ra khi va chi khi | x+y =8xy <
J10
X,y>0 y=

N

Vay gié tri nho nhét caa bidu thic P 12 ——.

J10

Bai 28: Cho x, y 1 cac s thuc khéng &m thoa man x +y = 1.
Tim gia tri nho nht cua bidu thirc: P = 3y1+2x? +2,/40+9y? .

N

Bai gidi
2

X 2 2 ) ) ab R
Ta dé dang CM dugc BDT sau i+a—zzw;v %:3,,,b, € :
b, b, b, +b, b,+b,>0

( tuyét pham Svac-xo )

. 3 43 \/(3+ 2x)° 3
Taco 3W1+2x* =3,[—+ >3 = 3+2x). (1
\/9 2 11 \/11( )- ()

40> 36Yy° (40+6y)> 11
2,/40+9 2:2‘/—+—22 = 40+6 2
y 40 4 44 11 ( N @

3V J11 J

T (1), (2)= PZTH(L%+2X)+H(4O+6y):%(49+6x+6y):5\/1_1

Dau dang thirc xay ra khi x = %; y = %

Bai 29 : Cho hai sé thue duong x, y théa man x? —y? =—1. Tim gia tri nho nhat caa biéu thuc:
2 2

Xy
P=—2+—2+2xy

y X

Bai gidi

2 2 2 2 ,2)2
Ta co: P=X—2+y—2+2xy=(§—lj +2+2xy:(x —Y j +242xy = +2Xy +2
y- X y X Xy

Ap dung bat dang thirc Cauchy ta co:

X2 y2

+2Xy+2=

2y X2y2+xy+xy+223+5:5
2 _ 2 _ _

Ping thirc xay ra khi 1 7 1<:>x=\/1+\/§;y:\/ 1++5
xy =1 2 2

Bai 30: Cho cac sb thuc x, y voi x?+ y? =1. Tim gia tri nho nhét cua biéu thic
P=x°+4y°

Bai gidi




Taco: X+y? =1=y?=1-x* P=x°+4y® =x° +4(1—x2)3
Dit t=x* véi 0<t<1.Xéthamsd f(t)=t>+4(1-t). f'(t)=3>-12(1-t)°
Bang bién thién

O lw|mN

+

—

(1) -

f(t) * \

Vay GTNN P:g Khi x=i\E

o~

Bai 31: Cho c4c s6 thuc khong am x, y théa man x* +y* +(3x—2)(y—1)=0. Tim gia trj I6n nhat cua
biéu thac P=x*+y? + x+y+84—x—y

Bai gidi
Ta c6 gia thiét x* +y* +(3x—2)(y-1) =0 (x+ y)2—3(x+ y)+2=—xy—-y
Vix, y khéng 4m nén —xy -y <0. Suy ra (x+y)2—3(x+y)+230<:>1s X+y<2

bit t=x+y, khi d6 t[1;2]

Taco P=x*+y*+X+y+8/4—x—y <(x+ y)2+(x+ y)+8y4—(x+y) =t* +t+8J4-t

Xétham sd f(t)=t* +t+8J4—t véi te[L2]

Taco f'(t)=2t+1—i, véi moi te(12). Chi y rang f'(t)>3—i>0 voi moi te(1;2)

it 7z

Suy ra f(t) dong bién trén [1;2]. Do d6 max f(t)=f(2)=6+8v2.Suyra P<6+82, diu ding thirc

, : =0 o . X .
xay ra khi {xy < x=2,y=0.Vay gia tri 16n nhit cua P 1a 6+8y2, datkhi x=2;y=0

Bai 32: Cho hai sb thuc X, y théa man x? + y> —6x—2y+5=0. Tim gid tri I6n nhat caa biéu thuc:
3y +Axy+7x+4y -1
X+2y+1

P

Bai gidi
T gia thiét ta c6: 6x+2y=x>+y*+5 (1) va (x-3) +(y-1)° =5 (2)
X2 +4Axy +4y* +X+2y+4
X+2y+1 X+2y+1

Do (1) nén: P=

Piatt=x+2y=P =t+ﬁ. Theo bat dang thiec B.C.S ta c6:
_l’_




[(x=3)+2(y-1)] <5| (x=3)" +(y-1)" | =25 (4) = -5<(x-3)+2(y-1)<5=0<t<10 (1)

Do (1) nén theo bdt Cauchy ta co6: t+l+ﬁ2 4= P2>3
+

bang thuc chi xay ra khi t+1=ﬁ<:>(t+1)2 —4ot=1
J’_

X+2y=1 {x+2y=1 {x+2y:1

Khi do:.
o {(x—3)2+(y—1)2:5<:> (2y—2) +(y-1F =5 |5y2+6y=0

in 5

x=Ly=0
<:{ 17 6. Vay P, =3 dat dugc khi x=1;y =0hodac x:—g,y:E
X=—;y=—=

5 Y 5

Bai 33: Cho cac sb thuc x, y, z duong va thoa man 4(x2 = x+1) <16Vx*z —3x(y+ z)z. Tim gia tri nho
y+3x(x+1)+ 16

nhat cta biéu thirc T = -
Xz ( y +1)

y
—-104/3,|——
3 B3 X3 +2

Bai gidi
Cach 1:
T gia thiét ta co:

4(x2—x+1)316x yz—3x(y+z)2:>4[x+£—1)316 yz—3(y+z)2 <16./yz —3.4yz
X
= 4]y —3y22x+£—121,t:1/yz >0=3t° —4t+1<0=>t<1= yzsl:lzy
X z

3 1 2
Tyt x(x+)+ 163_10\/5 y _Y +3xy+§+L_10\/§ 3y

X’z (y+1) X3 +2 X’yz 1 (y+1)3 X3 +2

2 2 2
y +3xy Y +3xy:(l] L3y

B 2 X X

Taco yz<l=-—;
x°yz X

3 16 16 16
—+ >3y + =(y+1)+(y+1)+(y+1)+

y y y y
-10+/3 >-10+/3 >-10+/3,|= =-10, |+
\/_\/x3+2 \/_\/x3+1+1 \/—\IBX \}x

2
T do: T Z[Xj +3X—10\/z£)ét t:\/g>0:>T > f(X)=t*+3t> ~10t +5
X X X X

Taco f'(t)=4t>+6t-10=2(t-1)(2t*+2t+5); f'(t)=0=t=1
Bang bién thién

-3>42-3=5

3




SuyraT>2-1=min_,T=-lot=1lox=y=2=1
Cach 2:

; y y y 1
Ta co = < | L ==
\/x3+2 \/x3+1+1 3 3
y

. y y 1
Suyra: T>2--1+3-+5-10/3.—.
y " " fﬁ

> MinT=-1<x=y=z2=1

X =T>-1

2
Céch 3_Chi thong qua BDT bunhiacopxki danh gia xt li 2 dai lwong can dau tién .
Taco xy.1+1.1+1.1< \/(xzyz +1? +12)(12 +1° +12) = \/3(x2y2 + 2) = Xy2 42> X{/tz

3
2
Tuong tu vz*+2 > z 42

N

Bai 34: Cho x,y la cac sb thuc duong thoa man x+y > 2 . Tim gia tri nho nhat cua biéu thic
_ 27 +10 N 3y’ +4
9y 8x

P

N

Bai gidi
Dy doan diu bang xay ra khi (xy)= (%g] . Ap dung bat dang thirc AM-CM ta co:

3x° 2) (3y* 3x (9x 1 j 5y 10) 21 9 2
P=| — 4+ 24> |4 4+ = |+ =+ — [+ =+ — |- =X——y—=
y 3)lsx 2) 8 2x) |8 9y) 8 8’ 3

y
2
3 2
ngz_z_zﬂJﬂz” %1 By 21 9 2
2 3 8x 2 8 2x 8 9y 8 8" 3

—3x+—y+§——x——y————(x+ y)+§>§+§—E
3 2 4 2 4

Vay minP =?




§2: BAT PANG THUC BA BIEN POl XUNG
PIEM ROI PEP

Bai 1: Xét cac sb thuc duong x, v, z thoa man didu kien x +y + x =1

2 2 2
Tim gi4 tri nho nhét caa biéu thuc : P =2 (y+2)  y @+x) , 2 (x+y)

yz X Xy
Bai gidi

2 2 2 2 2 2

p X X Z Z

Taco:P=2 X Y X 2 2 (%
y z 'z X X Yy

2 2
Nhan thay: x2 +y? —xy > xy¥vx,y € R. Do d6: x° + y* > xy(x + y)vx, y >0 hay X—+y—2x+va,y>0
y X
y2 Z2 2 X2
Tuong tu,taco:~—+—>y+2zvy,z>0 , —+—>7z+xVxz>0
z y X Z

Cong tirng vé ba bt dang thac vira nhan duoc & trén, két hop véi (*), ta duogc:
P>2(x+y+2)=2Vx,y,z>0vax+y+z=1

Hon nita, ta lai ¢6 P = 2 khi x+y+z=%.Vi vay minP = 2

Bai 2: Chingminh —~ 4+, 1 .3
@+x)° @A+y) (@+2)° 4
BAi gidi

Taco x,y,z va xyz =1 nén ludn ton tai hai s6 cung 16n hon hoic bing 1 hoic hai s6 cuing nho hon
hoac bang 1. Khéng mat tinh tong quét ta gia sir hai s6 46 1a x, y
>xX-)(y-D=20=x+y<xy+1

1 o1 2 2 2 1z
L+x)* A+y) (@A+x)A+y) L1+x+y+xy 2+2xy 1+xy z+1
1 1 1 z 1
= =+ =+ = > + -
@+x)¥ @+y)> @A@+z2)° z+1 (@Q+2)
Taco -1 —§:(Z_1)2>0:>—Z st 3
z+1 (1+2)?° 4 (z+1° z+1 (1+2)? 4
1 1 1 >§

= + + >
1+x)* @A+y)* (@A+z2)* 4
Dau “="xay rakhix=y=z=1

Bai 3: Cho céc s6 duong a, b, ¢ théa mén a(a— 1) + b(b — 1) + ¢(c — 1)3%

1 1 1
o 4
a+l b+1 c+1

Tim gié tri nho nhat cia P =




N\ =

Bai gidi

2
! j <P.(a+b+c+3)=P2>

! + b+1i+ c+1
Ja+1 Jo+1 c+1

Gia thiét < a? +b? +¢? —(a+b+c)£%(1)

9
a+b+c+3

Tacégz(Ja+1

Mit khac a® +b? + ¢ z%(a+b+c)2nén néuditt=a+b +cthi %tz—tégc>0<ts4

9
(t+3)?

Xét hamsé f(t) = %trén (0;4] taco: f/(t) = <0
+

— Ham sb f(t) nghich bién trén (0;4] => min oa T =1(4) :g

GTNNciaP1a 2khi 127P7C=4 L, poc?
7 a+l=b+1l=c+1 3
2 2 2
Bai4: cho 1*”°>0 cmR: p- a t b n ¢ 1
abc=1 (ab+2)(2ab+1) (bc+2)(2bc+1) (ac+2)(2ac+1) 3
Loi gidi
2 N 2
Taviétli p=y ——2 e ( 2 j
(ab+2)(2ab+1) 9 ab+1
X z 4 * 4 xz |
Déta=—;b=l;c=—:»Pz—Z( a ):_Z
y z X 9 ab+1 9 y(y+2)
2 2
., XZ Cauchy—Schwarz 1 XZ
Lai co > =
Z{y(yﬂ)} S{Zy(yﬂ)}
, Cauchy—Schwarz 2
Tié Z Xz VZ (Xy + yz + x2) 2§
y(y +2) 2xyz(x+y+z) 2

Truy héi ta dugc P > %

Bai 5: Cho a,b,cC 1a @6 dai 3 canh tam giac théa man (a+b—c)(b+c—a)(c+a—b)=1

s 2 2 2
Chung minh BDT : (a+g+cj >4 +Z C

Bai qidi
a+b-c=x

X+2Z.

poXtY. 2ty
2

bat {b+c-a=y=a= > ,c=—E—vaxw:4

c+a-b=y

5 2 2 2 2
BDT tro thanh : (X“’”j SX Y +12 EW+YZ+XZ:(X+Y+Z) 6(>Q/+yZ+XZ)



(Xx+y+2)"—(xy+yz+xz) _(x+y+2)"—3
6 6
(X+y+12)*-3

6

Taco: Xy+yz+xz2>3=

5
Vay ta can ching minh : (XJF;/JFZ) >

2_
t-3 Voi t=X+y+z223=f(t)>f(3)=0

Xétham sé f (t) = (%)5 -

Viy BDT ban dau duoc chirng minh.

Bai 6: Cho cac sb thuc duong X, Y,z thoa man x+y+z Sg . Tim gi4 tri nho nhat caa biéu thic

z(xy+1)2 x(yz+1)2 y(xz+1)2
= + +
y?(yz+1) z*(xz+1) x*(xy+1)

Bai gidi
Taco: p>3s z(xy +1)% x(yz+1)* y(xz +1)? _3, (xy +D(yz+1D)(zx +1)
y2(yz +1) z%(xz +1) x (xy+1) Xyz
1 63 3,1 1 1
P>3 — — )= (=42
= i/(XyH64)()/2)+64XyZ (x+ )+(Y+ )+(Z+4Z)+ (=+ ; )
> 33— L A 1+1+1+—( J
4 64(x+y+z) 4°X+y+12
Lo [L, 28 BT 05, 15,1
3[4 27 4 3 2 2 2
64.—
8
Bai 7: Cho cac s6 thuc duong a,b,c thoa man a®+b? +c? =4 . Tim gié tri nho nhat cua biéu thuc
o_afi bfE o
b® +c? c +a’ a ? +b?
Bai gidi
Taco: ?\/§2: a\/§2 . Ta s& chitng minh bét dang thac phu sau a\@zzga (1)
b°+c® 4-a a~ 16

That vay (1) < (av/3-2)%(3a% +4a+/3) >0 (Ludn dungVa>0 )

= Pzg(a2 +b? Jrcz):g
16 4

Vay P, :%@a:b:c:

=S




Bai 8: Cho a,b,c 1a d¢ dai 3 canh cua tam gi4c. Tim gié tri I6n nhat caa biéu thic
3a-b 3b-c 3c-a j

P=(a+b+c)( -

+
a’+b b?*+bc c?+ca

Bai gidi
Tac (a—b) >0 L5 2P
b a(a+b)
= (a+b+0)> 3a-b 3a-b c(3a b) §+c
a+ab  a a(a+b) b a

:>P£9—(E+—+—)+(§+9+—)=9
b c a b c a

Bai 9: Cho céc s6 thue duong X, Y,z thay doi thoa man x+ y+1=2z . Tim gié tri nho nhét cua biéu

3 3 3
thic P=—+- 4+ 2 4 14
X+YZ Y+IX Z+Xy (z+1)./1+xy+x+y
Bai gidi
Taco \/l+xy+x+y:\/(x+1)(y+1)£X+;+2:Z;1
Z+Xy=X+y+1+xy= (x+1)(y+1)<(zzl)
3 3 4 4 2 2\2 2 2\2
Laico —~ 4+ X ¥ C+y?) o (X +YY)

X+YZ Y+X2 X+xyz y4+xyz xXP+y+2xyz X +y + (X +y?)z

3 3

X y' oo (x+y) (-1
X+YyZ Y+Xz 2(1+ ) 2(z +1)
3
P>f(z)_(z 1)? N 47 N 28 :
2z+1) (z+1? (z+))
bao ham va lap BBT = f(z) > f (< )—§ =P :gax y—l _°
8 8 3 3
Bai 10: Cho céc sb thuc duong a,b,c thoa man a+b+c =23 . Tim gié tri nho nhét cua biéu thirc
2 2 c’(3+a
o_ 254 N 25b L E(3+a)
J2a2 +7b2 +16ab  ~/2b° +7c? +16bc a
Bai gidi
4a+6b

=2a+3b

Tac6 2a® +7b” +16ab <+/3a’ +8b” +14ab = \[(a+4b)(3a+ 2b) <

. 25a° S 25a°
J2a> +7b? +16ab 2a+3b




2 2
25b S 25a

Tuong tu ta co >
J2b? +7¢? +16bc  2b+3cC
2 2 2
Laico: C(3+a) 3¢ +c2+20—20=c2(3+i)+02—2c2 25 +c°-2c
a a 3a 2c 2c+3a
a’ (a+b+c)?
—~P> 252( )+¢? —2¢ > 25, +(c-1)2-1>14

+3b 5(a+b+c)
Viy P, =l4<a=b=c=1

Bai 11: Cho cac sb thuc duong X, y,z théa man x* +y? +z? =3 . Tim gia tri nhé nhat cua biéu thic

Pzﬂ\/xzy2+2+£«/z4+2+ X+y+22
Xy z 2Xy +12

Bai gidi

Xy +1+1 7’ +1+1

Nz 42 =4zt +1+1>

Taco \/xzyz +2 :\/xzy2 +14 >

X+Y+12 X+Y+12 \/x+y+z X+y xy+1+1 1 22 +1+1  [Xx+y+z
> = = P2 . +
2xy+2° N\ X +y?+7° 3 xy /3 "7 J3 3

>x+y+z 2 1 1 1) x+y+z>x+y+z 18 X+Yy+2
N \/5 3 3 \/_(x+y+z) \ 3

X+y+z 9 \/x+y+z+\/x+y+z+ 3 1 9 3

f J_(x+y+z) 12 12 2(x+y+z)+x+y+z(ﬁ_§)
> 343 ) 1+33

23[2

Vay P, =1+38< x=y=z=1

Khido P 2>

Bai 12: Cho cac sb thuc duong a,b,c thoa méan : 9(a* +b* +c*)—25(a® +b® +¢?) +48=0

2 a2 b2 CZ
Tim GTNN cua biéu thac : P = + =
b+2c c+2a a+2b
Bai gidi
2 bt 4ot s B+
> . ,
Taco ( E7 )2:02(a+b3+c) _(@tbto) +48=16>(a+b+c)* 29
a+b+c

a?+b>+c?>

(a+b+c)* a+b+c S

=a+b+c>3.Khido P> =
3(a+b+c) 3

Vay P,, =1 a=b=c=1




Cau 13: Cho a,b,c la céc s6 thuc duong théa mén a+b+c=1
a’ . 16b* —27(a + bc)?

Tim GTNN cua biéu thuc : P = - .
(1—a)° +5bc 36(a+c)

Bai gidi

Tach Pe a’ , 160 —27(a+be)’ _ a’ +;&f—2ﬂa@+b+@+bq2

(1-a)* +5bc 36(a+c)’ (1—a)* +5bc 36(a+c)’

2 2 2 2 2 2
_ a2 N 16b° —27(a+hb) 2(a+ C) _ a2 N 4b : —E(a+ b)?
(b+c)° +5bc 36(a+c) (b+c)*+5bc 9(a+c)” 4
2 2 2

Mat khac —2 > 2 __4a

(b+c)* +5bc 9(b+c)’

(mmf+im+q2

2 2 2
:>Pzgﬂlinwllj _3a+by 2 @+b) _3(a+by
9{b+c a+c 4 9\ ab+ac+ba-+bc 4

2

R
2ab+ (a+Db)c 4 9 M+(a+b)c
2

9

2

2 (1—c)? 3 . 8(, 2 Y 3.
== ——a—@_.(1 ) ,1-0)

_ 2
d-c) F-o)c 4 9" 1+c

2

, 8 2V 3 . 1. -1
Xéthamso f(c)=—|1-— | —=(@1-c)* vsice(@l) = f(c)>f(5)=—
5 £(0) 9( H) 200 wi ce @D = 10> ()=

Vay P }

min

9

Cau 14: Cho cac sb thuc duong a,b,c thoa mdn abc >1.
a 3

\/a+\/EZ$

Ching minh bat dang thic P ="

Loi gidi
2

bit x=+a,y=+vb,z=Jc=>P= X
' y Z,/x2+yz

(x+y+z)? S (X+y+z)?

P> >
\/xz +Yyz +\/y2+xz +\/z2 + Xy \/3(x2+y2+22+xy+ YZ +X2)




(x+y+2)° S (X+y+2)°
\/3[(x+y+z) —(xy +yz+x2) | J3(x+y+2)* -9

2
Pit (x+y+2)? =t = P? t 3t+15+'[_3 3 39+15+2\/E:9:>P2i
3(t 3 12 12 t-3 12 12 2 J2

(Do xy+yz+xz>3)

Bai 15: Cho ba sb thuc duong X,y,z sao cho x?+ y? +z2 =1. Chimg minh rang

X42+ y42+ Z42281\/§
@-xH @a-y) @z 64

(Trich dé thi thiz trwong chuyén Ha Ngi Amsterdam)

Loi giéi
2 A L 2 2 a C A1y 22 (W2, A2
bé cho tién tinh “nham” ta chuyén (x,y,z) -» (—=, —,—) the th1 a®+b“+c“ =3
BBB
Ta can ching minh a =+ b =+ ¢ - 2> 3
(9-a*)" (9-b*)" (9-c*) 64
a b c 3

= > + > + 7 z— Ap
(b*+¢%) (2a° +b*+¢?)* (c*+a’) (2b*+c®+a%)® (a®+b?) (2¢°+a’+b%)* 64

dung BDT am-gm:

a L@ +c?) a’(b’+c’)  2a’(2a’+b”+c”) | 5’
(b2+c2)2 (2a% +b* +¢?)? 128 128 256 ~ 64
2 (W2 2 2 2 2 2 2 2 2\2
Danh gia twong ty rdi cong lai chiiy > a(+c )+2a (2a”+b"+c”) ) _(a"+b"+c")" 9
ab,.c 128 256 64 64
3 (2 2 3/.2 2 3/.2 2
Ta dugc a 4 b —+ c 22i_ﬁl(b +c?)+b3(c* +a®) +c3(a’ +b?)
(9-a')" (9-b*)" (9-c!) 32 128

Chuy > a’(b*+c?) =) a’(3-a’)= Z[—az(a—l)z(a+2)+2a2]szz a’=6

a,b,c a,b,c a,b,c a,b,c

1
B

Tur 6 Ta c6 PPCM déu bang xdyra <>a=b=c=l<x=y=z=

Bai 16: Cho cac s6 thuc duong a,b,c thoa man : a+b+c=3 tim gia tri nho nhét cua :
25a° N 25b* . c’(a+3)

P—
J2a? +7b% +16ab  +/2b? +7c? +16bc a

Loi giai
Ta co
2a% +7b° +16ab < 2a2 + 7b° + 2(a’ +b®) +12ab = 4a2+ 902 +12b = (2a+ 3b)* = /28’ + 7b? +16ab < 2a+3b




Tuong tu: /2b? +7c2 +16bc < 2b+3c tir d6 suy ra :
25a° 250> c*(a+3) N ek . .

P> + + . Bay gi0 dung phuong phap ‘ti€p tuyén’ ta se thiét lap duoc:

2a+30  2b+3c a yg gp g phap p tuy AP duQ

2 2 2 2
250 . ga—3p va 220 sgp_3cnan 222, 2P
2a+3b 2b+3c 2a+3b 2b+3c
2 2 RY:
C@+3) 15 ger3arc+ S o (co1)2+ 3= L1y
a a a

Vay minP =14 khi a=b=c=1

>8a+5b—3c do do

P>8a+5b—-3c+ >14

Bai 17: Cho cac sb thuc duong X,y,z théa man diéu kién xy + yz +zx = xyz . Chang minh rang

SxHyz +Jy+xz + 7+ xy > fxyz +x +Jy +z

N e

Loi giai

,bzl,c:1 =a,b,c>0va a+b+c=1
y z

bat a:l
X

BAt ding thirc cAn chitng minh twong dwong v/a+bc ++/b+ac ++/c+ab >+/ab ++/bc ++/ac +1
That vay va+bc = fa(a+b+c)+bc = Ja?+a(b+c)+bc = a2 +2avbe +bc
—Ja+bc >a++/bc . Tuong tu b+ac >b++/ac va Jc+ab >c++/ab

Cong theo vé cac bat dang thirc trén ta duoc:
Ja+bc ++/b+ac++/c+ab >+/ab++/bc++ac+a+b+c

< Ja+bc ++/b+ac+/c+ab >+/ab++/be ++/ac +1 = dpem

Déu ding thirc xay ra khi a=b:c:%<:>x=y:z:3

Bai 18: Cho a,b,c 1a d6 dai ba canh cua mot tam gi4c théa man 2c+b =abc Tim gi4 tri nho nhit cua
3 4 5
+ +

biéu thic S = :
b+c—-a a+c-b a+b-c

N

Bai gidi

Ap dung bat dang thirc 1.1, ,x>0,y>0.

X Yy X+y
S ! + 1 +2( ! + 1 )+3( 1 + 1 )3323+f+§

:b+c—a a+c—b b+c—a a+b-c a+c—-b a+b-c c b a
Tir gia thiét ta co 1+3=a,nén g+f+§:2(1+2+§j:2(a+§)24\/§.
c b c b a c b a a

Vay gié tri nho nhit cua S bing 4+/3. Dau bang xay rakhia=b=c=+/3.

Bai 19: Cho X, y, z la cé4c s thuc duong thoa mén diéu kién zyz = 8 .Tim gia tri nho nhét cua biéu
48

Jx+y+z+3

thac : P=(x+y)(y+2)(z+Xx)+

Bai gidi




Taco (x+y)(y+z)(z+x)=(x+y+2z)(xy+yz+2x)—8

Mt khéc ()Q/erz+zx)2 >3xyz(X+Y+2)=24(X+Y+2)=> Xy +yz+2x> 2,/6(X+ Y +2)
48

Do dé P> 2(x+Yy+2),6(x+ y+z)+\/x+yT+3_8

3,/6t(t+3)’ - 24
Détt=x+y+z:>t233xyz:6:>Pzf(t)=2t\/§+ 48 -8= f'(t)= (t+3) >0
3+t (t+3)°

= f (t) dong bién= f (t)= f (6)=80
Vay gi4 tri nho nhat cua P 1280, ddu "=" xayrakhi x=y=z=

2
Bai 20: Cho céc so thuc duong a,b,c théa mén ab >1Lc(a+b+c)>3 . Tim gia tri nhé nhét cia bicu
_b+2c a+2c

thac P = o +6In(a+b+2c:)
l+a 1+b
Bai gidi
Taco P+2:(a+b+20+1)(i+i)+6ln(a+b+2c)
l1+a 1+b
, 1 1 2 2 4 4 4 16
Mat khac + > > = > = >
' 1+a 1+b 1+.ab 1+61b+1 3+ab ab+bc+ca+c® (a+c)(b+c) (a+b+20)2
2
16(t+1 ) t—4)(6t+8
Pitt=a+b+2c=>P>f(t)= (t2+)+6lnt Vélt20:>f'(t)=$
=P>f(t)>f(4)=5+6In4
Vay, GTNNcuaPla3 +6Ind khia=b=c=1.
Bai 31: Cho a,b,c > 0.Chéng minh rang — 3 +— 31 +— 3 <1
a+b°+abc b°+c’+abc c’+a’+abc abc

Bai gidi
Taco:x’ +y’ 2xy(x+y)=a’+b*+abc>ab(a+b)+abc=ab(a+b+c)= L < !

a’+b’+abc ab(a+b+c)

. 1 1 1
Tuong tu ta cO ——— < = <
b*+c’+abc bc(a+b+c) c+a’+abc ca(a+b+c)
1 1 1 < a+b+c 1

3, 13 T3 MPCIPE = =
a’+b’+abc b*+c’+abc c’+a’+abc abc(a+b+c) abc

Bai 32: Cho cac sb thuc duong a,b,c thay doi luon thoa man: a+b+c=1
a+b’> b+c® c+a’
+ + >

>2
b+c c+a a+b

Ching minh rang:

Bai gidi




2 2 2
Tacé:VTz( a + b + ¢ j+ b + ¢ + a =A+B
b+c c+a a+b b+c c+a a+b

1 1 1 9

}2%33/(a+b)(b+c)(c+a)3§/ 9

1 N 1 B
a+bb+cc+a 2

a+b b+c c+a

A+3:%[(a+b)+(b+c)+(c+a)]{

2 2 2
12=(a+b+c)2§[ L J(a+b+b+c+c+a)

a+b b+c c+a

Tu do ta co VT Zg+%:2:VP

Déu dang thirc xay ra khi a=b=c= %

Bai 33: Cho x, v, z la ba sb thuc duong thoa man: x+y+z=3y3. Tim gi4 tri nho nhét cia biéu thirc:

1 1 1 1
Pttt —+—
X*+y* +2° Xy yz
Bai gidi
l 1 Cauchy 3
Taco: (xy+yz+2zx)| —+—+— > 33Xy’ —==9
(xy+y )(xy yz zx] y W
1 1 1 9 o e
- —+—+—>——— Dau“="xayrakhivachikhi x=y=z
Xy Yz X XY+ YZ+2ZX
Do do: P> —; 12 =+ J =— 12 o+ ! + 1 + /
X2+Y 427 Xy+YZ+ZX X4y +Z° Xy+YyZ4+IX XY+YZ+ZX XY+ YZ+2X
> 3 + !

g/(x2+y2 +zz)(xy+ yz+2x) XYY+

Cauchy - X2+y2+22+zxy+2yZ+ZZX _ (X+y+z)2
X+ y 422 2 Xy + Y2+ 72X X2+ y? + 2%+ 2Xy + 2yZ + 22X > 3xy + 3yz + 32X

=9

Mt khac: g/(x2 +y?+2°)(xy + Yz + 2X)

<:>(x+y+z)2 >3Xy +3yz2+32X <= Xy +yz+2x <9

Suy ra: Pzg+g=%.VQy mian%.Déu“z”xéyrakhi x=y=z=+3

Bai 34: Cho 3 s6 thuc duong x,y,z thay doi. Tim gia tri nhé nhat caa biéu thic:

x> 2 y> 2 2 2
P=x|—+— |+Yy|—+—|+Z| —+—
3 yz 3 3 Xy

Bai gidi

3 3 3 2 2 2
Ta c6: P:(X +y +1Z ]+2X +y +2Z

3 Xyz
Ap dung bt dang thirc: a? +b? > 2ab,va,b = X + y2 + 22 > Xy + yz + 2X




Pang thic xay ra khi x=y =z

3 3 3 3 3 3
Spy X IV FZ  ZHIVIRX by X—+E + y—+g + Z—+E
3 Xyz 3 X 3y 3 z

. N A t3 2 1 ! 2 2 t4_2 1 4
Xét ham so f(t):€+?Vor| t>0= f'(t) =t —T= = =i

Vay P> 448 dang thic xay rakhi x=y=z=4%2. Hay P, =448

Bai 35: Cho ba s6 thuc duong a, b, ¢ théa man abc = 1. Chang minh rang:

1 1 1 3
>
a'(b+1)(c+1) b'(c+1)(a+l) c'(a+l)(b+1) 4
BAi qidi
1 3 y3 Z3

Pit x—% y=b;z=% khi d6 vé phai tro thanh

(y+1)(z+1)  (2+0)(x+1)  (x+1)(y+1)
Ap dung bat dang thirc Cauchuy ta c6

3 3

X y+1 z+1_3x . y x+1 z+1_3y . z° x+1 y+1_3z

+ + > + + > - + + >

(y+1)(z+1) 8 8 4 (z+1)(x+1) 8 8 4 (x+1)(y+1) 8 8 4
X3 y® z° X+y+z 3_3

T (2D @)D (xe)(y+D). 2 4 4

Bai 36: Cho cac sb duong x, v, z théa man x + y + z = 2. Tim gi4 tri 16n nhét cua biéu thuc
S=\X+y+yy+z+Vz+X.

Bai gidi
Ap dung bat dang thirc Cauchy cho hai s6 duong
4
f 4 33 B ( 4)

TaCé X+Vy=— X+ —< = X+V+—
y (X+y). 5 3 1 y 3

Tuong tu: \Jy+z S?'(WHEJ; NZ+X s\ﬁr_ (z+x+3j
3

Suyra: S ST(2x+2y+22+4)=2\/§.

Dau “="xayrakhix=y=1z=

w| N

Vay MaxS = 24/3 khix=y=z=

oo||\3

Bai_37: Cho cac s thuc x,y,z >0 thoa man diéu kién xyz =1. Tim gia tri 16n nhat cua biéu thuc
111
X*+2 y*+2 7°+2

Bai gidi




Khong mét tong quat, gia st x 1a s6 10n nhét trong 3 sd X, v, z, suy ra yz <1<x
1

V+2 2742 yz+2

z— 2(y-1

21+21£2<:>21—1+21—1£0<:>2y(y)+2(y)S

V242 22427 yz+2  yP42 yz+2 7842 yz+2 (v +2)(yz+2) (2°+2)(yz+2)

@z—y( y 2 jSOQ( (z-y) (y2-2)

Ta chirng minh vOi moi y,z duong thoa man yz <2. That vy

yz+2\ y?+2 2242 yz+2)(y2+2)(22+2)_
BDT nay dung, do y, z dwong va yz<1<2. Dau bang xay ra khi va chi khiy =z
Suyra P< 2 1 2X

= +
X*+2 yz+2 X*+2 1+2x
Mit khac, theo BDT Cauchy, ta ¢co x*+2= (x2 +1)+12 2x+1, ddu bang xay ra khi x = 1

Suyrap<—t 4 2% o 12X _
X2+2 1+42x  2x+1 1+2x

Vay, GTLN cua P bang 1, dat dugc khi va chikhi x=y=z=1

Bai 38: Cho cac sb thuc duong x,y thoa man x+y+z < % . Tim gia tri nho nhét cua biéu thirc

2 2 2
P:X_+y_+z_+1+£+l
y z X X Yy 2
Bai qidi
2 2 2
Ta co A:—+y—+z—+—+£+1233xyz+ 3
y z X X Yy 1z 3xyz

Dit t=3/xyz tacd 0<t=23/xyz <¥s%

Khi dé: P23t+§:12t+§—9t22\/3_—g:§

Déu ding thirc xdy ra khi v chi khi x=y =z = %

Vay min A:%

Bai 40: Cho cac sb thuc duong a,b,c théa man a+b+c=1. Tim gia tri nho nhat cua biéu thirc
7 121

A= +
a’+b”+c? 14(ab+bc+ca)

Bai gidi
1—(a2 +b? +c2)
2

Tacod 1=(a+b+c)’ =a? +b*+c*+2(ab+bc+ca) =ab+bc+ca=

7 121

Do dox A= a’+b®+c’ _7(1—(a2+b2+c2))




bat t=a*+b*+c*Vi a,b,c>0 va a+b+c=1nén 0<a<1,0<b<10<c<1

Suyrat=a’+b*+c’<a+b+c=1

Mat khac 1=(a+b+c)’ =a2+b2+c2+2(ab+bc+ca)B'§'83(a2+b2+c2)

Su rat=a2+b2+c225.vayte 1;1
y 3 3

Xéthamsd 1 (t)=" 22 ;te{};l) ()=t ) =0et=L

7(1-t)" |3 t* 7(1-t) 18
Suyra f(t )>3—§4 Vte % 1) Vay A> 334 i moi a,b,c thoa dicu kién de bai

Hon nita, V61 a=

Vay min A:%

2
a+b+0] < 4abc. Tim gid trj 16 nhat cua biéu thic

Bai 41: Cho a,b,c la c4c s6 thuc duong thoa man (

A
~aroc  biea cab

Bai gidi

Theo bat dang thirc Co-si, ta co:
va_ Wb e 1( 11 1j
2Javbc  2ybJca 2ycab 2 i‘/% b \/_

Véi cac sb thuc x,y,z ta c6 (x—y)2+(y—z)2+(z ) >0 XY+ YZ+IX< X +y?+17°

P<

1 1 13).1(1 1 1) Jab+vbc+ea _a+bc _a+b+c
Podos (r b JEJ (F%Tj‘ e adae P e

Tir gia thiét, ta c6 a+b+c<4032/abc. Do d6 P <2016

Véi a=b=c= L =
1344

Bai 42: Cho ba s6 thuc X, y, z thda man diéu kién: x+y+z=xyz. Tim gia tri 16n nhat cua biéu thuc:

P=(x-1)(y-1)(z-1)

Bai gidi
Tir gia thiét ta co x < xyz = yz >1 tuong tr ciing co: zx >1,xy >1. Do d6 c6 ti da 1 trong 3 s6 X,y,z bé
hon 1.
THI: C6 dung 1 s6 bé hon 1, chang han: x<1;y>1;z>1 khi d6 P<0
TH2: x>Ly>1z>1
bat x-1=a,y-1=b,z-1=c. Véi a,b,c>0




Gia thiét béi toan tr thanha+b+c+3=(a+1)(b+1)(c+1) < ab+bc+ca+abc =2 (*)
Dit t =3/abc , ta cé: ab+bc +ca >33 (abc)2 = 3t? (**)

Tu (%), (**) suy ra; t*+3t2 <2 <:>(t+1)(t+1+J§)(t+1—J§)sOc>t <3-1

Do d6 3fabe <31 abe<(V3-1) hay: (x-1)(y-1)(z-1)<(v3-1)

D4u bang xay ra khi: x=y=z=+3Vay maxP :(J§—1)3

Bai 43: Cho ba sé thuc a,b,c thoa man: log, a+log, b° +log., ¢ =0

Tim gia tri I6n nhat cua biéu thic P = t 1t ¢
J1+a? V1+b? J1+¢?
Bai gidi
Tur gi4 thiét suy ra a,b,c >0 va abc=1, khong mét tinh tong quat ta gia sir a=max{a,b,c} =0<bc<1
Ta ching minh ! + ! < 2 (1) va L + 2 < 32 (2)
J1+4b*  W1+c¢®  Nl+be Jl+a? l+bc 2

3 L1 1 1 )Y 1 1 1+ 41+

véi (1) taco: = + S——+——-= > >
2\ 1402 J1+¢? 1+b* 1+c*  (@+b*)(L+c?)

_ 2 _ 2 2

12(bc) 231+1 (bc)zz 2 o 1 .1 y_ 4 1 12

@+b%)(A+c%) (I+bc)” 1+bc J1+b?  y1+c? 1+bc  J1+b2 1+¢®  ~1l+hbec
1 V2 -1 2 V2, 2 32

Ji+a? 1+a  1+a? +1+bc 1l+a l+bc 2

1 2 3 3 1 2 1+3a [2a 1+3a-2J2a.1+a

véi (2) ta co:

S L S . >0 - =
T lva Jiibc 2 2 1+a Jiibe  20+a) \1+a 2(1+a)
' 2
= (J2a-i+a) >0 dungSuy ra 1 2 Sgﬁ
2(1+a) Ji+a? l+bc 2
Cong (1) va (2) theo tirng vé ta co : ! L ! . 32 diu bang khi a=b=c=1

+ +
Vi+a? J1+b?2  J1+¢?

W2

Vay gié tri 16n nhat caa P 1a =

Bai 44: Cho a,b,c la céc s thuc duong thoa man a+b+c=3. Tim GTNN cua biéu thirc

o 25a° . 25b? . c’(3+a)
J2a2+7b? +16ab  +/2b? +7c? +16bc a
Bai gidi
Ta co: (a—b)” >0« 2ab<a®+b?. Nén ta s& co:
J2a% +7b? +16ab =+/2a2 + 7Tb? + 2ab +14ab < /3a% +8b® +14ab = \/(a+4b)(3a+2b) < 4a+6b _ 2a+3b




25a° 25a° . 25h? 25b?
> (1) Tuong tu ta ciing c6: >
J2a’ +7b° +16ab  2a+3b J2b? +7¢? +16bc  2b+3c

2 2
Mt khac theo Cauchy — shwarz Ta co: X L ac=c? (§ +EJ > 26 (3)

Vay ta sé co:

a a c) 3a+2c
Tur (1),(2),(3) ta s co:
2 2 2 b 2
poos[ 2 O ) 5005 BB L o gatbec)rci—2c
2a+3b 2b+3c 2c+3a 5(a+b+c)

+ Ma a+b+c=3 theo gia thiét nén ta s& c6: P>c?—2c+15=(c-1)’ +14>14
Vay GTNN cua P =14. Dau "=" xay ra khi va chi khi a=b=c=1

Bai 45: Cho cac sb thuc duong a, b, ¢ théa man diéu kién a+b+c=1. Tim gié tri nho nhat cua biéu
werf3 o5

ab bc ca
Bai gidi

Pit A=P*Taco A:(i— j[i—1j(i—1j=(1_ab)(1_bc)(1‘°a)

ab bc ca (abc)2
Ap dung bét dang thire trung binh cong va trung binh nhan ¢4 :
(a+b)’ (2+a+b)(2-a-b) [(1+a)+(1+b)](1+c) _(1+c),/(1+a)(1+b)

l-ab>1- = = >
4 4 4 2
1 1+c)(1+b 1+b),/(1+c)(1
Tuong ty co: 1—bcz( +3) (;C)( i );l—caz( +b) (;C)( +a)
2 3
Do do AZl (1+1j(1+l)(1+lJ . Ma (1+1j(1+1j(1+1j2 1+ 1 > 43
8 a b c a b C 3fabe
1

Do d6 min P = 8 dat dugc khi a:b:c:5

Bai 46: Cho x,y,z>0;x?+ Yy +2z2 =3. Tinh gié tri nho nhat caa biéu thic

P:u\/x2y2+2+1\/z4+2+ x+y+§
Xy z 2Xy +2
Bai gidi
Céach 1:
X+y+z

P=(£+1)\/x2y2+2+1«/z4+2+ -
Xy z 2Xy +12

\/ , 2 \/ , 2 \/2 2 \/x+y+z
= X +—2+ y +—2+ VA +—2+ —2
y X z 2Xy + 2

2\/(x+ y+z)2+2(1+£+l)2 +\/x+y+z
X y z

J(2xy+ 22 <xX*+y*+12°=3)




162 X+y+12
> [(x 2)?
J(+y+ )+(x+y+nz+J 3

9

(x+y+z+ J +
X+y+Z X+y+zZ fx+y+z
2+, |——
3 3
x+y+z+ 6J§ +/x+y+z
3 X+Yy+12 3

X+Yy+2

v

[\

t=

(t<1)

P>\/_t2 2\/_

D&ﬂiﬂmLx=y=z=l
Cach 2:

Taco \/xzyz +2 =\/x2y2 +1+1>

2
Xy+1+1'-Jz4+2::Jz4+1+122 +1+1

N V3
X+y+z_ [ X+y+z :Jx+y+z
2xy+2° X +y +7° 3
x+y xy+1+1 1 22+1+1 [x+y+z
+—. +
Xy J3 2 3 3
X+y+z 2,1 1 1 X+Yy+12

B TESTYTT

>x+y+z 18 X+Yy+1Z
V£ J1x+y+z) V 3

Khidé: pyX+y+z 9 \/x+y+z+\/x+y+z+ 3 L1 9_§)
12 2(X+y+2) X+y+z 3 2

=p2

BBy V12
3 1.9
> 23+ "3 5 2) =1+33

Vay P_ _l+3\/_<:>x y=z=1

min

Bai 47: Cho cac sb thuc x,y,z thoa man x2 + y? +z2 =3. Tim gi& tri 6n nhat caa biéu thic:

F =3 +7y +.By+5z +/72+3%’

Bai gidi
Ap dung bat dang thirc Bu-nhi-a-cop-xKki ta co:

F2 <3[6x2 +12(y + 2)] 318[x2 N zZ)J :18[x2 +22(3- xz)}
Xét ham s6 f (x) = x? +2,/2(3—x?) trén mién xac dinh —/3<x<+/3



f'(X)=2x—L2(VXe(—\/§;\/§)) f'(x)=0 trén (—Jﬁ;ﬁ)@{izo ; f(i\/g):S,f(O):Z\/g,f(il):S
—X

J2(3—-x%) =+1

= max f(x)=5=> F?<185=90= F <3410. Dau bing khi x=y=z=1

[-/3:\3)

maxF:3\/1_Oc>x:y:z:1

Bai 48: Cho cac sb thuc duong a, b, ¢ thoa mdna+b+c=1
7 121

Tim gié tri nho nhét cua biéu thirc A= n
glath a’+b*+c® 14(ab+bc+ca)

Bai gidi
1—(a2 +b2+c2)

Tacd 1=(a+b+c) =a®+b?+c* +2(ab+bc+ca)= ab+bc+ca=

2
Dodo A=— " 121
a”+b"+c 7[1—(a2+b2+c2)]
Détt:a2+b2+02:>teF;1j:>P=f(t):z— 121
3 t 7(1-t)
Sttt ) c0et=TL
r 7(1-t) 18
Suyra f(t)z% : VteE;lj . Vay Az% Vi moi a;b;c thoa diéu Kién dé bai. Hon nita, véi
1 1 1 a2+b2+cz=l 324
a==b==:c=—thi 18 va A=—
2 3 3 7
a+b+c=1
Vay minA:%

Bai 49: Cho a, b, ¢ & cac s6 thuc duwong thoa mén a + b + ¢ = 3. Tim gié tri 16n nhét caa biéu thirc
2 . abc

= 3 .

3+ab+bc+ca | (1+a)(l+b)(1+c)

Bai gidi
Ap dung Bit ding thitc (x+y+2)" >3(xy+yz+2x),¥x,y,ze R taco:
(ab+bc+ca)2 >3abc(a+b+c)=9abc>0 = ab+hbc+ca>3Vabc
Taco: (1+a)(1+b)(1+c)> (l+ 3/abc )3 ,Va,b,c > 0. That vay:

(1+a)(1+b)(1+c)=1+(a+b+c)+(ab+bc+ca)+abc> 1+3%abc +37/(abc)” +abc = (1+ \3/abc)3

2 N Ifabc
3(1+\/abc) 1+ 3/abc

Khido P <

3
_Q.Dit Yabc =t. Vi ab,c>0 nén 0<abcs(a+b+cj ~1



5 2 2t (t-1)(t° 1)

Xétham s6 Q = +——, te(01]=Q'(t)= >0, Vte(0;1
3(1+t3) 1+t () (1+t3)2(1+t2)2 (0:1]
Do ham s6 dong bién trén(0;1] nén Q =Q(t)<Q(1) :g (2)Tir (1) va (2) suyra P S%

Viy max P =%, dat duoc khi va chi khi: a=b=c=1.

Bai 50: Cho x, Y, z la cac sb thuc duong thoa madn x>y >z va x+y+z=3. Tim gia tri nho nhat cua

biu thac: P =2 +2%43y.

zZy
Bai gidi
Taco 5+x222x;5+ yz>27= P:§+5+3y22x—xz+22—yz+3y
z y Zy

=2(X+2)+Y(X+y+2)—x2—yz=2(X+2)+ y* + x(y - 2)

Do x>0 va y>z nén x(y-z)>0. Tir day két hop vdi trén ta duoc

P=24Z13y>2(x+2)+y?=2(3-y)+y? =(y—1)?+5>5.
zy

Vay gié tri nho nhat cia P bang 5 dat khi x=y=z=1

Bai 51: Cho cac sb thue duong a, b, cthéa man diéu kién a+b-+c=1. Tim gié tri nho nhat cua biéu

1 1 1
e P=3| —1|| —-1| —-1
thiic i/(ab j(bc j(ca )
Bai gidi

Dit A=P°Tach A:(i— j(i—lj(i_lj:(1‘ab)(1‘bc)(l‘°a)

ab bc ca (abc)2
Ap dung bt dang thic trung binh cong va trung binh nhan c6 :
(a+b)’ (2+a+b)(2-a-b) [(1+a)+(1+b)](1+c)

(1+c)(1+a)(1+hb)

l-ab>1- = - >
4 4 4 2
1 1 1+b 1+b)./(1 1
TlfO'l'lgtl_ICé: 1—bCZ( +a) (2+C)( + )’ 1—CaZ( + ) ( ;C)( +a)
2 3
(AT A T ATV 1
Do dé Azg((lJrgj(lJrBJ(HED . Ma (“5}(“5)[“5)2(“ 3'_abcj > 43

Do d6 min P = 8 dat dugc khi a:b:c:%

Bai 52: Cho x,y,z la c4c s6 thuc duong. Tim gia tri 16n nhat cua biéu thuc:
4 9

P— _
JE+y +22+4  (x+Yy)y(x+22)(y+22)




Bai gidi
Ap dung bat dang thac C6-si, ta co
x2+y2+22+42%(x+y)2+%(z+2)2 2%(x+ y+2+2)°

(x+ y)\/(x+22)(y+22) S%(x+y)(x+ y+4z)=%(3x+3y)(x+y+4z)s§(x+ y+12)°

Suyraps— 9 21 patt=x+y+z, t0 Khido P<— 2L
X+y+2+2 2(X+y+2) t+2 2t
Xéthamsd f(t) = —>— — 27 vei t>0
t+2 2t
Taco f't)=—>+2 05 12T _get=p f(6)=2
t+2)° t t+2)° t 8

Dua vao bang bién thién ta thiy P < f (t) sg . D4u bang xay ra khi x=y=z=2

Vay gié tri 16n nhat caa P bang g . Khi x=y=z=2

Bai 53: Véi a,b,c 1a cac sb thuc duong thoa man ab+bc+ca=1 . Chirng minh ring
avb+c+bVc+a+cva+h <, 2(a+b+c)

Bai gidi
Theo bat dang thirc Cauchy — Schwarz ta c6

(a\/b+c +bJc+a+ c\/aer)2 = (\/gxlabJrca ++/b+/bc +ab ++/cJca+ bc)2

<(a+b+c)2(ab+bc+ca)=2(a+b+c)= bat dang thirc cin ching minh

DAu bang clia bat dang thirc xay ra <> a=b=c= %

Bai 54: Cho cac sb duong x,y,z théa man x+y+z =3 . Tim gia tri nho nhat caa biéu thic
2 2 2

p=—2 4+ ¥, Z

X+y* y+17° z+%°

2 2 2 2 2 2
p_ X _+ y _+ z 2:(X_L2J+(y_ yz 2]"—(2_ ZX 2]
X+Yy° y+2° Z+X X+Yy y+z2 Z+X
2 2 2
:>P:x+y+z—[ Xy >+ yz >+ X Zj
X+Yy° y+2° 74X
2 2 2 2 2 2
Taco x+y222y\/§:> Xy =< Xy :y\/;; yz > < yz =Z\/y; X > < X =Xﬁ
x+y? T 2ydx 2 Ty+7' T 2zfy 2 Tz+x T 2z 2

:>P2(x+y+z)—(y\2/;+z\£y+xﬁj

2




Mat khac y\/;g y%”‘:%;z\/ygzy?*‘l:yZ;Z;XﬁSXZ-Zkl:xz;x

3P2X+y+z_x+y+z+xy+yz+xz :>P2§(X+y+z)—1(xy+yz+zx):g—l(xy+yz+zx)
4 4 4 4 4
(x+y+2) =X+ Y + 22 +2(Xy+yz+2X) 2 3(Xy + yz+ 2X) = Xy + yZ+ 2X < 3= Pz%—%S:g

Dau = xay rakhi x=y=z=1

Vy gia tri nhé nhat cia P 12 g xay ra khi x=y =z =1

Bai 55: Cho cac s6 duong a,b,c thoa man a+b+c=3.
2 2 2 2 2 2
@+a)°(1+b) +(1+b) (@d+c) +(1+c) @+a) S 24
1+c? 1+a’ 1+b?

Chang minh rang:

Bai gidi
Ta str dung bat dang thic co ban véi 2 s6 bat Ky x,y ta co (x+y)? > 4xy dau bang khi x=y
Taco: (1+a)’(L+b)’> =[(L+a)(L+b)]* =[(L+ab)+ (a+Db)]* > 4(1+ab)(a+b)

(1+a)*(1+b)? _4Q+ab)(a+b) 4a(l+ b®) +4b(l+a’) 1t b? Caplt a’

Suy ra: 4 4b
y 1+ c? 1+ c? 1+ c? 1+ c? 1+ c?
) , (1 21 2 1+ c? 1+b* (1 21 2 1+a® 1+c¢c?
Chung minh tuong ty ta co (d+5) (2+C) >4b +C2+4c +b2;( +c)(2+a) >4c +a2+4a +CZ
l1+a 1+a l+a 1+b 1+b 1+b

Cong vé vai vé ba bat ding thuc trén ta co:

2 2 2 2 2 2
Vé trai: >4a 1+b2+1+—c2 +4b 1+612+1+C2 +4c 1+b2+1+;a2
1+c° 1+b 1+c® 1+a 1+a° 1+b

2 2 2 2 2 2
, 1+b2 1+c2 S ;1+a2 +1+c2 22;1+b2 +l+a2 >2 ab,c dwong
1+c® 1+b 1+c° 1+a 1+a° 1+b
Suy ra: vé trai >8(a+b+c)>24 diéu phai chizng minh
Dau bang khi a=b=c=1

Bai 56: cho cac s6 thuc duong a,b sao cho 2(a®+b?)+a+b=6
a’+1 b’+1 a+b

+ +
a’+a b’+b \/(a+b)2+5

Tim gi tri nho nhit cua ;P = 6(

Loi giai:
Chuyla:6=2(@*+b’)+a+b>(a+b)*+(a+b)=(a+b-2)(a+b+3)<0«<>a+b<2. quay lai bai
toan : ap dung bdt am-gm:

2 2 2 2
5 a2 +1+b2 +1 512 @ +)(b°+1) 512 2a.2b _ 24 S 48
a+a b°+b ab(a+1)(b+1) ab(a+)(b+1) J(@+D(b+1) a+b+2

48 ath 48 L vit—a+b<2

P> + = +
a+b+2 J(a+b)’+5 t+2 |t*+5




Qstudy.vn Hoc Toan Khong Tién B, Hoc Thay Quang Pé Thay Doi

Xét ft)=—2 4+ ' taco f)=——n-_ B o > B,
t+2 45 (t2+5)° (t+2)° 125 16

Do d6 f(t) nghich bién => f (t) > f(2) = % vy min P = 3—38.khi ‘a=b=1

Bai 57: Cho x,y,z la ba sé duong c6 tong bang 1. Tim gia tri 16n nhat cua biéu thirc sau:
P=vl-X+1-y++1-z.

Bai gidi

1-x+—

Ap dung BDT AM-GM, ta c6 (1—x).§s . 3=5‘63X

Tuong tu, ta thu dugc \/(1— x)z +\/(1— y)% +\/(1— z)% < 5_63)( + 5_63y + 5_632 =2=>P<6

DAu bang xay rakhi x=y=z=

Wl W




§3: CAC BAT PANG THUC PHU QUEN THUOQOC

Bai 1: Cho céc s6 duong a, b, ¢ théa man diéu kién ab + bc + ca = 3
1 1 1 1
+ + <
1+a’(b+c) 1+b’(c+a) 1+c’(a+b) abc

Chang minh rang:

Bai gidi
Ap dung BDT Cauchy cho 3 s duong ta co: 3=ab+bc +ca > 33(abc)? = abc <1

1 < i @

1+a’(b+c)>abc+a’*(b+c)=a(ab+bc+ca)=3a=—F——<
l1+a°(b+c) 3a

1 1 1 1
s <2 <=3
1+b*(c+a) 3b( )1+c2(a+b) 3c()

cong (1), (2), (3) theo vé véi Vé ta co:
1 1 1 <1(1 1 1j_ab+bc+ca_ 1

Tuong tu ta co:

+ + <z[=+=4=
1+a*(b+c) 1+b*(c+a) 1+c’(a+b) 3lc b 3abc abc

Dau “=" xay ra khi va chi khiabc=1,ab+bc+ac=3=>a=b=c=1,(a b, c>0)

3(b+c) . 4a+3c +12(b—c)
2a 3b 2a+3c

Bai 2: Cho a, b, ¢ la cac s6 thyc duong . tim GTNN cua biéu thac P =

N

Bai gidi

Tacod P+11= 3b+30+2 + 4a+30+1 + M+8 = (4a+3b+3c) i+i+ 4
2a 3b 2a+3c 2a 3b 2a+3c

Va&i moi X,y >0, ta co l+£2 . Pang thic xay rakhix =y >0

X Yy X+4+Yy

Ap dung bétdéngthﬁ:ctréntadu*qc:iJriz 4 4 4 , 16
2a 3b 2a+3b 2a+3b 2a+3c 4a+3b+3c

.Dodo P+11>16 < P>5

1 1 4 16
= —+—+ >

22 3b 2a+3b 4a+3b+3c
Vay min P = 5, dat dugc khi 2a =3b = 3c

Y

Bai 3: Cho X, v, z la céc s6 thuc duong va thoa méan didu kién: xy + yz + zx = 2012xyz
1 1 1
+ o

Tim gi4 tri 16n nhat cua biéu thic: A=
2X+Y+2Z X+2yYy+7 X+Yy+2z

Bai gidi
, . A 3N, 1 1 . 1 1 1 1 * AL w9 s : —
Chang minh bo dé: (x+y)| =+= |>4Vx,y>0< < Z+=| (*)Dau“="cokhix=y.
X Yy X+y 4{(x vy




Gia thiét xy + yz + zx = 2012xyz < 110 oo

X y zZ
*) *)
Tach 1 1 11+1 1211(1)
2X+Yy+12 (x+y)+(x+z) 4\ X+y X+z 16 y
*)
Hoéntoéntucngtutacé:; ! 1+2 1 (2) va ;<il 1 2 (3)
X+2y+12 16 y X+y+2z 16 y
cong vé vai vé (1); (2) va (3) ta nhan dugc:
Ao 1 N 1 N 1 11 1+1 2012:503
2X+Y+Z X+2y+7 X+y+2z 4 X y z 4
A 16n nhat = 503 dat dugc khi x=y=z=——
2012
Xx>0>y
Bai 4: Cho 2 s x, y thay ddi théa man { x2 2 :
- o 3/ MR T X——3x+6y—4i—4££
2y X Xy
Tim GTNN cua biéu thic: P = 2x* +32y* + 4x2y? — 2x% —8y? 412 -5
y

Bai gidi
Do (1) nén (2) = x> —6x°y +12xy* —8y°> —8xy 212 < (x—2y)* —8xy >12(3)
bat 2y = -u, u>0, (3) trothanh 12 < (x+u)® +4xu < (x+Uu)® + (X +u)* =2<x+U

Taco P=2(x" +u*)+xu® - 2(x* +u?) +(i2+i2j—5 (0.25d)
X u

Taco: +—=52

x2 u?  x*+u

1 1 4 v qAy 6 2 — \
— ~(4); dau “="xay ra < x =u. Tu (4) suy ra

-5

P=2(x2+u2)2—2(x2+u2)—3x2u2+[%+%j—522(x2+u2)2—2(x2+u2)—§(x2+u2)2+ ——
X° U 4 X“+Uu

-5

:E(xz +u?)? —2(x* +u?) + 7 4

+u?

Ditt=x*+u*=P> f(t)= Zt —2t+——5t>2(Dox+u>2)

57 —4t7 -8  AtP(t-1)+t° —
2t 2t?

F(t) lién tuc trén [2;+w), f/(t) = > 0,Vt>2nén

Bai 5: Cho 3 s6 thuc duong a, b, ¢ thda man abc = 1. Chang minh rang:
a’ b? c? 21

(@b+2)(2ab+1) | (bc+2)(2bc+1) ' (ac+2)2ac+1) 3

Bai gidi




Taco P= L + L -

o d) ) e

Y
X'

Via, b, c duong va abc = 1 nén dat a =

1 1 1

+ +
(y+22j(z+2yj [agj{nyj (szj(hzxj
X X X X y y y y z z z z

2 2 2

_ X N y N z
(Y+22)(z+2y) (z+2X)(x+2z2) (X+2y)(y+2x)

Khi 6 VT =

Taco: (y+22)(z+2y)=yz+2y* +22° +4yz =2(y+2)* +5yz < %(y2 +17%)

NG 2 X

Suy ra > = 1
y (y+22)(z+2y) 9y2+zz()
2 2 2
Tuong tu co: y Z y =(2) ; Z Zg 22 > (3)
(z+2X)(x+22) 9% +1 (X+2y)(y+2x) 9y +x

. ; 2 X2 yz 72
Cong (1), (2), (3) vetheo vé ta duoC VT 2 —| ——+—5—— +—5——
Oly"+z2° X" +2° Yy +xX

2 2 2

. X y z 9 2 2 1 1 1
Lai co + + =(X"+Yy +z + + -3
' (y2+z2 x? + 22 y2+x2J ( y )£y2+zz X% + 72 y2+x2J
3
2

=%((x2+y2)+(yz+ZZ)+(22+X2))(z1 T AaT j_32%'9_3=

v+ X477 Yy +x

Bai 6: Cho 3 s6 thuc duong x, y, z théaman : x+y+z>3
2 2 2

+ +
yZ+N8+ X 2x+48+y° xy+8+7°

Tim gia tri nho nhat caa biéu thic: P =

Bai qidi
6— X+ x>

Lai co 8+ x® = \/(2+ X)(4-2x+Xx%) < . Dau “="xay ra khi {X

— 2 7 =
By =@+ y)d-2y+y?) < GVT“’ Déu “=" xay ra khi {y

6—2+17°
2
(X+y+12)° B (X+y+12)°
T2y +yz X)) —(X+ Y+ )+ X2 +y 422 +18 (X+Y+2)® —(X+Yy+2)+18

J8+7° :\/(2+z)(4—22+22) < . Dau “=" xay ra khi {

72=2

2
batt=x +y+zdieu kién t>3. Taco Pztzzt;18 Vol t>3
-t+




2

L s 1 2t "
Xéthamso f(t)=————— trén [3;+
® t* —t+18 [3:72)

X—>+00

t=0
Tacod f/(t)=0 Clim f() =2
(t) QL_% (t)

Bai 7: Cho a, b, ¢ 1a d6 dai ba canh caa mot tam giac thoa man 2c+b = abc. Tim gié tri nho nhat cua
3 4 5
+ + .
b+c—-a a+c-b a+b-c

biéu thie S =

Bai gidi

Ap dung bt dang thirc §+%2 ,Xx>0,y>0.

X+Yy
! + 1 +2( 1 + ! )+3( 1 + 1 j:>822+ﬂ+§.

:b+c—a a+c—b b+c—a a+b-c a+c—-b a+b-c c b a

Tt gia thiét ta co 1.2 _anen g+f+§:2(1+3+§j:2(a+§)24\/§.
c b c b a c b a a

Vay gia tri nho nhit cua S bang4+/3. DAu bang xay ra khia=b=c =+/3.

Bai 8: Cho a,b,c 1a cac sb thuc khéng &m thoa mén a’b® +c’b® +1<3b. Tim gié tri nho nhat cua biéu

2

thae P= 1 = £t R : o

(a+1)" (1+2b)" (c+3)

Bai gidi
. 1 4b® 8 1 1 8

Taco: P= >+ =+ > = -+ S+ ~

(a+1)" (1+2b)" (c+3)" (a+1) (1+1j (c+3)

2b

Dat d :%, khi do ta c6: a’b®+c¢’b® +1<3b tré thanh a*+c*+d* <3d

Mitkhacp__ L , 1 . 8 . 8 8 64 _ 256

2 2 2 — 2 2 — 2 2
(a+1) (gﬂ) (c+3) (a+c21+2j (c+3) (a+2+c+5j (2a+d +2c+10)

Ma: 2a+4d+2c<a’+1+d’+4+c’+1=a’+d’+c*+6<3d+6Suyra: 2a+d+2c<6

Do d6: P >1nén GTNN caa P bing 1 khi azl,c:l,b:%

Bai 9: Cho a, b, ¢ 1a c4c sb thuc dwong. Tim gia tri nho nhat cua biéu thuc:
_a+3c . b 8
a+2b+c a+b+2c a+b+3c

Bai gidi




x=a+2b+c a=-Xx+5y-3z
bat sy=a+b+2c < {b=x-2y+z
Z=a+b+3c C=-y+2
Do d6 ta can tim gi4 tri nho nhat cua
p_ —x+2y+4x—8y+4z _ 8y+8z :[ngﬂ}{S_erﬂJ_l?

X y Z y X z y

Pzz\/ﬁ.ﬂ+2\/8—y.£—17=12\/§—17;
y X zy

Dang thirc xay ra khi b =(1+J§)a,c =(4+3J§)a
Vay GTNN cua P 1a 124/2-17.

Bai 10: Cho a,b,c 1a 3 canh cta 1 tam giac c6 chu vi bang 3. Tim gi tri nho nhat cua
o (a+b—c)3 +(b+c—a)3 +(c+a—b)3

3c 3a 3b
Bai gidi
Ap dung BPT CAUCHY ta c6
3 3 3
Mﬁﬁzgdwﬁ_l:am_c:(a”"c) caep e 1
3c 3 3 3c 3'3 3c 3 3
b+c— —p)’
Tu’o’ng tu: (H:—a')zb+c_ﬁ_l; MZC_{_a_‘l—b_l
3a 3 3 3b 3 3

Suy ra Pz%(a+b+c)—1=1

P=1 khi a=b=c=1
Vay minP =1 khi a=b=c=1

Bai 11: Cho a,b,c la cac sé duong. Tim gia tri nho nhat cta biéu thirc:

a’ b® c?
M= 3 s T3 sty 3 3
a’+(b+c) b°+(c+a) c’+(a+b)

Bai gidi
Theo bét dang thirc Co-si, vdi x>0 , ta co:

\/1+_X3:\/(1+x)(1—X+X2)S (1+X)+(1—X+x2) :1+X?2

2
Ap dung két qua trén voi a>0, b>0 va c>o, ta dugc:

a’ _ 1 S 1 S S §
a®+(b+c)’ \/1 (b+cj3_l+1(b+cj2_l+b2+c2 a’ +b*+c?
N bl
2

a a a’




b* b? c? c?
Tuwong tu, ta co: > e
b*+(c+a)” a +b+c c’+(a+b)” a“+b+c

Cong vé theo vé cac bat ding thirc trén ta dugc:

a3 b3 CS a2 b2
3 RN RN e 52 T o T o e 2
a’+(a+b)” \b’+(c+a) \c*+(a+b) a‘+b"+c” a’+b +c
Vay gia tri nho nhit cua biéu thirc bang 1 khi a=b=c.

Bai 12: Gia str a, b, ¢ 1a cac sb thyc duong thoa man a + b + ¢ = 1.Tim gia tri nho nhat caa biéu thuc:
2 2
=3 b 3y
(b+c) +5bc (c+a) +5ca 4

Bai gidi
a’ S a’ 40

Ap dung bt dang thic cosin, ta co

b? 40°

Tuong tu, ta co - > -
(c+a) +5ca 9(c+a)

Suyra

a’ b? 4( a’ b? 2[ a b T
+ > — + >= | — 4 —
(b+c)®+5bc  (c+a)*+5ca 9\ (b+c)* (c+a)*) 9\b+c c+a

2

(a+b)?
_2(a2+b2+c(a+b)j2>2 T, tc(a+h) _2( 2(a+b)’ +4c(a+b) ]2
0 2 | Tq 2 9 2 2 |
9| ab+c(a+b)+c 9| (a+hb) ro(a+h)+c? 9\ (a+b)*+4c(a+b)+4c

Viat+b+c=1<a+b=1-cnén

2 2 2
2 2(12—c) +4c(l-c) 2 _§(1-c)2=§[1—ij B @)
9( (1-c)"+4c(l-c)+4c 4 9 c+1 4
2
Xét ham s f(c):g[l—ij —E(l—c)zv(yi ce(0;1).
9 c+1 4

5 ey =812 ]2 3 1) fro)= _1)(64— 3 = _1
Taco f(c)—g(l c+lj'(c+1)2 2(c 1D; f'(c)=0<(c-1)(64—-(3c+3)°")=0<=cC 3

Dua vao bang bién thiéntacd f(c) z—% véi moi ce(0;1). (2)

Tu (1) va(2) suyra P> —%, dau dang thirc xay ra khia=b=c :%

Bai 13: Cho c4c s6 thuc duong a,b,c théa man ab>1c(a+b+c)>3
b+2c a+2c

Tim gi4 tri nho nhat cua biéu thac P =
l1+a 1+b

+6In(a+b+2c)




N

Bai gidi
P+2= aer+20+1+a+b+2C+1+6In(a+b+2c) :(a+b+20+l)(i+ij+6ln(a+b+20)

l+a 1+b l1+a 1+Db
Ta chirng minh dugc cac BPT quen thudc sau:
1 1 2 ab+1
+ > 1); Jab < 2
1+a 1+b 1+\/£()\/_ 2 (2)
1 N 1 S 2
1+a 1+b 1++ab
@(ﬁ—%)z(@—l)zO ludn ding vi ab>1. DAu “=" khia=bhodcab=1

Jab < abz” & (ab-1)' 20. Déu“= khi ab=1.

That vay, +)

c>(2+a+b)(1+\/£)2 2(1+a)(1+b)

D0d61+1>2>2=4> 4 = 4 > 16
>1+a 1+b_1+@_1+ab+1 3+ab ab-+bc+ca+c? (a+c)(b+c)_(a+b+20)2'
2
16(t+1)

bat t=a+b+2c,t>0 tacOP+2> f(t)= +6Int,t>0

t2

o 6 16(t+2) 6t°-16t—32 (t—4)(6t+8)
f (t)z?_ i = 2 = I
Vay, GTNN cua P 3+6In4 khi a=b=c=1

Bai 14: Cho cac sb thuc a, b, ¢ khdng &m thoa man a* +b* +c? =1.Chiing minh rang

11 1 9

+ + <=,
l1-ab 1-bc 1l-ca 2

Bai gidi
1 1 1 9 ab bc ca 3
+ + - + + <—
l1-ab 1-bc 1-ca 2 l-ab 1-bc 1l-ca 2
, 2 2
Taco ab =— Zab 5 <— ‘?b 5.
l-ab 2a“+2b°+2c°—2ab a“+b“+2c
, . . al b2 (a+b)2 4ab
Theo bat dang thirc Bunhiacopxki + > > .
J P a’+c® b*+c® a’+b’>+2c®  a’+b?+2c?

ab _1( a? b?
Vi <= - :
Y1 2[a2+c2 b2+c2J

Tuong tu be <E b* + ¢ ac <E a’ + ¢
EM 1 The 2\ bira Fral)l-ac 2\ at+b?  c2ib? )’

B3

Cong lai ta c6 diéu phai chitng minh. Du bang khi a=b=c =3




§4: BAT DPANG THUC BA BIEN KHONG DOI XUNG

Bai 1: Cho céc sb thuc x,y,z théamdn x>2,y>1,z>0. Tim gia tri Ién nhét cua biéu thic:
1 1

P= _
2x2+y?+27—2(2x+y-3) Y(x-D(z+)

Bai gidi
1 B 1
2Ja? +b? +¢? +1  (@+D(b+D(c+D)

2 2
(a+2b) +(CJ;1) 2%(a+b+c+1)2 . Déu “=”

3
Mit khac (a+1)(b+1)(c+1) < (a+b2+7c+3)

. Dau “="xay rakhi a=b=c=1

bata=x-2b=y-1c=z=abc>0=>P=

Tacd a®>+b*+c*+1> xay rakhi a=b=c=1

127
a+b+c+1 (a+b+c+3)°
batt=a+b+c+1>1.Khi do Psl— 27 ot

t (t+2)

2 _ 4

f(t):]_-_ig,t>l;f'(t):—£2+ 81 4:81t2 (t+42)
t (t+2) £ (t+2° t(t+2)

X6t f(t)=0=8l’ —(t+2)' =0 t*~5t+4=0=t=4(do t>1)

lim f(t)=0

X—>+00

Bang bién thién

Khido P<

>1

t 1 4 400
(1) + 0 -
f(0) 1

8

o/ \‘0

Tir BBT Ta c6 maxf(x):f(4):%

a=b=c=1
Vay ma xP =f(4) =lc>{

8 <a=b=c=1=>x=3y=21z=1

a+b+c+1=4

Bai 2: Cho a,b,c 1a cc sb thuc dwong. Tim gia tri nho nhat cua biéu thic:




_a+3c N b 8
a+2b+c a+b+2c a+b+3c’

Bai gidi

x=a+2b+c a=-Xx+5y-3z
biat{y=a+b+2c<<b=x-2y+z

z=a+b+3c C=-y+2
Do d6 ta can tim gi4 tri nho nhat cua
P:—x+2y+4x—8y+4z_—8y+8z:(ﬂ+ﬂj+(8_y+£j_17

X y z y X z Yy
Pzz\/ﬂ.ﬂ+2\/8—y.£—17=12ﬁ—17;

y X z Yy
Pang thirc xay ra khi b=(1+\/§)a,c:(4+3\/§)a

Vay GTNN cua P 1a 124/2-17.

Bai 3: Cho x, y, z la ba s6 duong thoa méan: 2 + 2 =(X+Y)(X+2).
X+2y+z+1 3X+2z+y+1

2(x+3)* +y* +2°-16

Tim gia tri I6n nhat cua biéu thicc: P=

2X° +y* +7°

Bai gidi
2 2

Ta co: (x+y)(x+z)s(x+y+x+2) =(2x+y+z) - 1 N 1 S 8
4 4 3X+2y+z+1 3X+2z+y+1) 3(2X+y+2z)+2
2
T gia thiét suy ra: 8 2x+y+2)
3(2x+y+2)+2 4

2

<t—<:>(t—2)(3t2+8t+16)20 St>22=2X+y+2>2

bat 2x+y+z=t (t>0) > <
' y ( ) t+2 4

Ma: 4<(2x+y+2)° < (22 +1P+1)(X°+y* + ) o X +y* +7° 2%

.. 2X° +y? +2° +12X+2 12X +2 12X+ 2 36X +6
Taco: P= PRI =l+——F——— <1+ > =1+—;
y +z X" +X +y +2z 242 3X°+2
3
x=-1 (loai)

36X+6 . —-36(3x° +x-2)
vol x>0. f'(x)= , f'X)=0< 2 2
3x°+2 &) (3x* +2)° ) X== :f[—jzlo

3 3

Xét ham sb: f(x) =1+

Suyra: f(x)<10= P<10.

Vay gia tri I6n nhat cua P 1a 10. Dau “=" xay ra khi: x =§,y = z=%-



o . ; : s 2 3b c 6(a+b+c)
Bai 4: Cho céc so thuc duong a,b,c. Ching minh rang: + + <
+2 b+3 c+1 a+b+c+6

Bai gidi
Bat dang thuc twong duong voi
(a+2 QQJ (b+3 BbJ {c+1 c} a+b+c+6 6(a+b+c)
— + - - - > —

4 a+2 4 b+3 4 c+1 4 a+b+c+6

(a—2)2 . (b—3)2 . (0—1)2 S (a+b+c—6)2 <:>(a—2)2 +(b—3)2 +(c—1)2 >(a+b+c—6)2

©4(a+2) 4(b+3) 4(c+1)_4(a+b+c+6) a+2 b+3 c+1  a+b+c+6

Ap dung bt dang thirc Cauchy — Schwarz ta c6
2
VT(Q) > [(a—?)+(b—3)+(c—1)} _ (a+b+c—6)2 =VP(2)
(a+2)+(b+3)+(c+1) a+b+c+6
Dau bang xay ra khi va chi khi a = 2;b = 3;c =1.

Vay bat dang thuc (2) dung. Do d6 bat dang thire (1) dugc ching minh.

Bai 5: Cho a,b,c >0 théaman a+2b>c va a? +b?> +c?—2=ab+bc+ca . Tim gia tri I6n nhat caa
bidu thie P = a+c+2 N a+b+1
a(b+c)+a+b+1 (a+c)(a+2b—c)

Bai gidi
24ab+bc+ca=a*+b"+c>a* +2c=2ab+ac+1 >a*+ab+bc+ca

a+b a+c
=2ab+ac+1 > a+b a+c :>ab—|—ac+12f:>a b+c +a+b+1

a+b a+tc a+b a+c+2
>— t+ a+b =>ab+c +a+b+1> = atc+? < 2
2 ab+c +a+b+1 a+bd

a+b+1 >a—|-b—|—1: 1 " 1

at+c a+2b—c Sl a+c+a+2b—czza+b2:> >
4 a+c a+2b—c a+b2 a+b a+bQ

Khig¢6 p<—2 -+ L 1 1 ,_ 1
a+b a+bd L4 at+d 47 a+b
Xéthamséft:t-t?;t>o,f't:1—2t,f't:o@t:%
t 0 +00

S| IN| =

f'(t) +




f(t) o/i \_w

2+2 22
9

b=c=
2

Két luan: MaxP = i,k:hz' a=

Bai 6 : Cho a, b, ¢ 1a cac s6 thuc khdng &m thoa man 8(a? + b? + ¢?) = 3(a + b + ¢)2
Tim gid tri 16n nhat caa biéu thac P = a(1 — a3) + b(1 - b3) + c.

N

Bai gidi

Tt gia thiét ta co: 5¢2 — 6 (atb)c + (a+h)2 <0 < %(a+b) <c<a+b.

Tacé a4+b42%(a+b)4Va,b => P s2(a+b)—%(a+b)4

4 3
Xét f(t):zt—tE (t>0), f'(t)=2—%; Ft)=0ct=32
BBT:...
t 0 Ja +00
£(t) + 0 i
R4
f(t) 5
3
3 Y4
+) MaxPz#a a=b= 2 .
c=¥4

Bai 7 : Xét cac s6 thuc a,b,c thoaman a+b+c=3 va a’+b?+c?=27.

Tim gia tri I6n nhat cua biéu thic P =a* -b* -c* +ab(a2 —b2)+ac(a2 —cz)—bc(b2 +c2).

Bai gidi
P:a“—b“—c“+a3b—ab3+a3c—ac3—b3c—bc3:a3(a+b+c)—b3(b+a+c)—c3(c+a+b)=3(a3—b3—c3)
(a®~b°-c*)=a’~(b+c)(b*+c* ~hc)

_ A A _1 2_22_1_2_ a2\ | a2 _aa_
b+c=3-a; bc_z[(b+c) (b*+c )]_2[(3 a) —(27 a)}_a 3a-9
Do d6 a® —b® —¢® :a3—(3—a)(27—a2—a2+3a+9):—a3+9a2+27a—108

Taco b+c=3 bc=a*-3a-9



Ta ludn ¢ (b+c)* >4bc, vb,c . Do d6 (3-a)’ > 4(a’-3a-9) < ac[-3;5]
Ta c6 P=-3a°+27a° +81a—324

Xétham s f(a)=-3a° +27a% +81a—324 xac dinh va lién tyc trén [-3;5]
f'(a) =—9a® +54a +81; f(=3) =243

a=3+3v2¢[-35]; f(5)=381

a=3-3J2e[-35] f(3-3v2)=81-32412

Vay GTLN cua f(a) bang 381 khi a=5

Do d6 GTLN cua P bang 381 khi a=5;b=c=-1

f(a)=0

Bai 8: Xét cac sb thuc dwong a, b, ¢ théa mén ab + be + ca = 7abc. Tim gié tri nho nhat cua biéu thic
8a* +1+108b5 +1+16c6 +1

P= a’ b? c’

Bai gidi
I P ITy S 1 1.1
Viet lai gia thiet vé dang—+-+==7.
a b c

Ap dung bat dang thirc AM — GM, ta céA=8a2+%24,"="<:>a:%

B =54b° +54b°% + 22+ 22+ 22210,":"<:>b:£; C:16c4+i2+i223,":"<:>c:l
9b° 9b° 9b 3 4¢c°  4c 2
Tur @0, véi D = %+%+% , theo bat dang thizc Cauchy — Bunhiacopsky- Schwarz, thi
2
P=A+B+C+D>4+10+3+ 1 (1+l+1j :24,":"<:>a:c:1,b=1.
2+3+2\a b ¢ 2 3
Bai 9: Cho céc s6 duong a, b, c. Chang minh ring —— + b % s
b+c c+a a+b
Bai gidi
Pitt=btc;y=c+a; Z:a+b:a:—x+2y+z;bzx—;/+z;C:x+)2/—z
Doa, b,c>0nénx,y, z>0. Khi do:
a N 4b N 9c :—x+y+z+4(x—y+z)+9(x+y—z)
b+c a+b a+b 2X 2y 2z
:(—1—2—9j+ l+§ +(i+%)+ E+9—y >-7+2+3+6=4.
2 2 2xX Yy 2X 22 y 2z
y =2X
2 ., c+a=2(b+c) a=2b )
Dang thuc xdyra << z=3x < = (loai)
3y =22 a+b=3(+c) c=0

Vay ding thirc khong xay ra, tdo d6 ta c6 dpem.




, T o JX+y+z=0 e SR S
Bai 10: Chobaséthucx,y,zthaydélthéaman{ , y2 , .- Timgiatrilén nhat cua bicu thuc
X“+y +2°=
P=x’+y*+2°
Bai gidi

CO x+y+z2=0=>z=—(x+y)=>P=x+y —(x+y) =3xz
Tu x2+y2+22:2:(x+y)2—2xy+zz:2:>222—2xy:2:>xy:22—1
Vay P=3z(z*-1)

Do 2=x*+Yy*+z >;(x+y) 2=—z:> \/:<z<\/7
bat P=f(z)=37° —3ZV0’|Z€|:—\/7\/7:|

Z:——eK
Co f'(2)=92-3,f'(z)=0< 1\/5
z=—7=€eK
\/§€

e (B 3
1

Do vay maxPzi khi Z:i;X=y:_

N 7
Bai 11: Cho cac sb thuc x,y,z théa man x>2,y >1,z >0. Tim gid tri Ién nhét cua biéu thirc
1 1
P= =
2\/x2+y2+22—2(2x+y—3) y(x-1)(z+1)
Bai gidi
bat a=x-2,b=y-1c=z
Tacé a,b,c>0 va P= L - !
2*’&2+b2+C2+1 (a+1)(b+1)(c+1)
. b)’ 1)*
Taco a2+b2+cz+12(a+2 ) +(C;) 2%(a+b+c+1)2
DAu "=" xay ra khi va chi khi a=b=c=1
(a+b+c+3f
Mitkhdc (a+1)(b+1)(c+1) s 2
Khido: Ps—+ 27 Diu“="ca=b=c=1
a+b+c+l (a+b+c+3)

1 27

batt=a+b+c+1=t>1. Khido P<-- -, t>1
t (t+2)




1 27

Xétham f (t)=>— 1, 8

A>1 f(t)=—=

+ :
(t+2)3 t? (t+2)4
f'(t)=0(t+2)" =81t =t -5t+4=0<t=4(do t >1)
lim f(t)=0

Tir bang bién thién ta c6

max f (t)= 1 (4) =5 <> t=4

1 a=b=c=1
maxP=f(4)=-< sa=b=c=1ox=3y=2z=1
8 a+b+c+1=4

Vay gia tri 16n nhat caa P 1a %, dat dugc khi (x;y;2)=(3;2;1)

Bai 12: Cho a,b,c la cac sb thuc dwong. Tim gi tri nho nhat caa biéu thrc:
_a+3c . .
a+2b+c a+b+2c a+b+3c

Bai gidi
x=a+2b+c a=-Xx+5y-3z
bat y=a+b+2c < {b=x-2y+z
z=a+b+3c C=-y+2
Do d6 ta can tim gi4 tri nho nhat cua
P:—x+2y 4x—8y+4z —8y+82:[ﬂ+ﬂj+[8_y+£j_l7

z y X z y
P>2\/4X 2y, \/Sy A 47_12y2-17

Pang thic xay ra khi b =(1++2)a,c=(4+3v2)a
Vay GTNN cua P 1a 124/2-17

Bai 13: Cho cac sb thuc khdng &m a,b,c thoa mén diéu kién ab-+bc +c =1. Ching minh bit dang

2_
thirc: 22a + 22b +C2 1s§
a+1 b°+1 c°+1 2

Bai gidi

Tir gia thiét ab+bc+ca=1taco a®?+1=a?+ab+bc+ca=a(@a+b)+c(b+a)=(a+b)@a+c).

Tuong tu b®+1=(b+c)(b+a) va c*+1=(c+a)(c+bh).

Tur do suy ra: b__ a b = 1+ab

1+ab 1 1
= . <
J@+ab)?+(a-b)? e +1 +c?+1

+ = + =
a’+1 b’+1 (a+b)a+c) (b+c)b+a) f(a+1)(b?+1)(c?+1)



2a 2b 02—1< 2 c’-1 2 2

Ha + + < + =1+ -
ya2+1 b>+1 c*+1 Je241 c°+1 Jei+1 C+1

Xét ham sé f(t):1+3-%trén [L:4+00) CO f'(t):—t%+ti3;f'(t)=0@t=2

Tt bang bién thién ta co: maxf(t)—f(2)_—hay1 22 sg.
[L;-+0) Je2 +1 ct+1 2

Ta c6 bat dang thirc can chang minh.

Bai 14: Cho cac s duong a, b, c. Chimg minh rang: a_, 4b + S >4

b+c c+a a+b
Bai gidi
Dafltx:b+c;y:c+a;z:a+b:>a:_X+y+z;b:X_;“rz;c:X+;_Z

Do a,b,c>0nén x,y,z>0.Khi do:
a_ 4b L% _Xx4y+z (x—y+z)+9(x+y—z)
b+c c+a a+b  2x 2y 27

:(—l—2—9j+ l+ﬁ +[i+%j+ 2 9y —7+2+3+6=4
2 2 2X Yy 2xX 2z y 22

. o y=2x c+a=2(b+c) a=2b
Pang thuc xayra < {z=3x < =
a+b=3(b+c) [c=0

3y=2z
Vay dang thirc khong xay ra, do d6 ta co diéu phai chimg minh

(loai)

Bai 15 : Xét x,y,z la cac s6 thuc duong théa man xy +xz +1=x. Tim gia tri I6n nhat cia biéu thirc

P=(xy+xz+2)(1+%j(1—3iz)

Bai qidi
Céach1l

X 3z

Tugia thiét ta co : y+z+1—1:>z<1:>1—i<0 va:l- z>2\/7 \/: 12
y z

Lai co: (xy+xz+2)(1+ ;) =(x+1)@1+ y) > (1+ \/%)2 > (1+ E)Z =P< (1+E)2(1—%)

Xét ham sd : f () :(1+i)2(1_i) vsi Z€(0;1)
1-z 3z

(2) = (14 2 4 A A 2
= (Z)_(lJrl—z)((l—z)z @ 3z)+3z2 (1+1—z)j




= f'(2)=0<

-125 1
Vay P =—— & (X Y: 2 —
Y P = e (6yi2) =4 )
Cach 2
Xy +Xz+1= x:>y+z+l_1 bat a= xb—i :1:>£+1+1:1.Nén a,b,c>1
X y z a b c
1 4 1) 4
—3P=—(xy+yz+2)[1+—](3——j=(x+1)(1+—)(——3j=(a+1)(b+1)(4c—3)
y z y/)\Z
Tacé:c—_lz1 1>i:> ab2£=2 2 .Laidat: t=c-1>0. Taco:
c a b Jab c-1 c-1

(a+1)(b+1)(4c-3) > (4c3)(1+Vab) > (de - 3(3+_j2 (4t+1)[3+fj2—f()
f '(t)=4(3+%)t(3t+2)_4t_1=4(3+%j—(t_1)(3”1)

t? t?
f'(t)=0<t=1 (do: t > 1) bang bang bién thién suy ra: f(t)>f(1)=125

_3P2125:>Ps_1325. Max :%kh. (a.b,c)=(4.4,2) = (x y.2) = (4% %j

Cach 3

Ta co: xy+xz+1=x<:>(x+1]+£=§ —>—+2/x——z—+2\/7 Batt—\/:>0
Yy, y 'y

>t >zt +2=>t(1-2)22(*)=1-2>0=0<z<1

Khi do: p:_(xy+xz+2)(1+£j(i_1):_(x+1)(y+1)_1+3(1—z) :_[X N x+1] 1+3(1-2)
y 3z y 3z y y 3z

s—(5+2\/g+1}w:—(t2+2t+1)—1+3(1_z)
y y 3z 3z
g_( 44 +1J_1+3(1—z)

4 =P
(1-2)° (1-2)" 1-2 3z

( 4 4 +1J(1+3(1—Z)]:(i+ﬂ+1j.ﬂ:f(t).Vé’it=1—z:>0<t<1

(1-z)° 1-z 3(1-2)-3) (t* 't )3t-3

Theo (*) ta co: tzli:n2 >
—Z

125

1

Xét su bién thién cua ham sé dé dang suy ra duoc ham s6 da cho c6 GTLN la 3 khi t= 5

11
VAV m p___ kh 4:= =
ay max i (xy;2)= ( j



Bai 16 : Cho céc sd thyc duong x, y, z thudc thoa man 1,101 1% i gia tri 16n nhat caa biéu
- X Y Z X+y+z
thirc: Pz(x—y)(y—z)(z—x)
Xyz
Bai gidi
Céach 1
. [1 1 1) 16x X X 16
Taco: x| =+=+=|= Sl+—+—=
X 'y 1z X+y+12 y 1 1+X+E
X X
<:>16=(1+X+—j( y j1+y+z+x+l+z+x+y+1
y 12 X X XYy Y 7 1Z
:3+E+X+(y j [ j>3+ +— +2\/y : 2\/X Y_3,2 + +2\/7+2\/7
X Z X z Xy y Z

’x e ,
bat t=,/~ >0. Khi do ta co: 1623+t12+t2+%+2t<:>t4+2t3—13t2+2t+130
z

3ISS ++5

2 2

Taco p= y)();;zz)(z_x) =(1—¥j(1—§j(1—§) _ [1—5—%3[1—;)
e e S S AR
=2(t—%j—(t2—t£2j= f(t)

—2(t-1) (2 +t+1
Xétf’(t)=2+t%—2t—t%= (-3 )=0<:>t=1

<:>t2(t+%—3)(t+%+5)£0@t+%£3:

Ta c6 bang bién thién:

t

f'(t) 0

f(t) \ 0

Dua vao bang bién thién ta c6 Max P = Max f (t) =
: 2 ) 7-3 36

I (58) e



Dau dang thtic xay ra khi: y? =Xz (=)
1 1 16 y= |—2 _x
4= = - '
X Yy 7 X+y+z -3
Cach 2
Gia str b nam gitra a va c. bat: A=E+9+£;B=E+E+E—> A+B=13. Taco:
b ¢ a c b a
a.2 b2 Cz 8.2 b2 Cz 2 2 2 \
(F+c_2+¥j+(c_2+¥+b_2j:(A ~2B)+(B”~2A)=(A+B) -2(A+B)-2AB=143-2ABVa
16=(a+b+c)(£+1+1): [a2+b2+c2+2(ab+bc+ca)] %+%+%+2(i+i+ij
a b c a b® ¢ ab bc ca
> (a2+b2+c2)(i2+i2+i2j+2 (ab+bc+ca)(i+i+ij
a b® ¢ ab bc ca
2 2 2 2 2 2 1 l
= [(a%+0° +¢?)| S+ S+ |+8=(a’ +b* +¢?) Stz <64
2 2 2 2 2 2
<:>{a—2+%+%j+ i—2+%+%}£61<:> AB >41. Ta co:

b
2
P2 :{(a_b)(b_c)(c’_a)} =(A-B) =(A+B)" ~4AB<13 -441=5=P<.5
DAu "=" xay ra khi:

Je=a+b _a(1+B)

Jbe =Va (e ++b) 4

c=a+b

a’v’ +b’c’ +c’a’* =2abc(a+b+c)=
(a—b)(b—c)(c—a)>0
1

(—+1+1j(a+b+c) =16. Suy ra dau "=".
a b c

a’+b*+c?=2(ab+bc+ca) {

GT<:>[£+XJ+(E+XJ+§+E:13
y y X)) z X

@2( 5+ E]+5+5£13
Z X

<t

IA

3-.5 3+45
2

=+ X _ 2 2
Dat \/;—t(t>0):>(t +5t+1)(t 5t+1)<0:>

Xét |p|:§<x—v><vx;zz><z—x>§




Rt b SR BT SHE B

1

~(t-1y (1‘?2): 0

(3+\/§)2 :1:(3+\/§)

2 4 2

f(t)< f(3+\/§J:\/§: f . =Bexiyiz=

Cach 4
Gia sir a=max{a,b,c}, rd rang ta chi can xét dicu kién a>c>b

Dit %: x,%: y. Tur gia thiét ra suy ra

X Xy

13:xy+1+1+x+ y+i2xy+i+2 \/WJrL
y o Jo

(S

Xy

Pat \/@:te[l;%\/g},ta co:

2

2(t-1)* (2 +t+1
P:f(t):t2—2t+%—t12;f'(t): ( )t(3 )zo
2
, 3+\/§
Vay Pgf(3+2\/§J:\/§.Déngthﬁcdatduqc khi a:b:c:( 2 ) :1:3+2J§
Cach 5:

x

T gia thiét, ta c6 X ¥, 2, X, 2. Y 13

Z X 7 y X

<

N

2 2 2 x> +yz)(y+z 2,42
X+yz X +yz y +z =13<:>( y)(y )=13_y +2

Xy X2 YV XyZ yz
. x> +yz—x(y+z X24+VZ V47
Ma p X VEXY )(2—y)=( ! —y—]-(Z—Y)
Xyz Xyz yz

+

[, S HEHES

Cly+z oyz(y+z) vz Y. y(hlj

z Z\ Z z

Bai 17: Cho cac sb thuc a, b, c théamanab.c=1va 1<c<4.




1 1 1

Tim gi4 tri 16n nhét caa biéu thic Q = —— + —— + ——
l+a° 1+b° 1+c

Bai gidi
< , 2 1 2C 1
Ap dung (*)tacd Q = + = +
p dung (*) Q l1+ab 1+c¢®> c+1 1+c?
Xét ham f(c)=£+ 1 ~ trén [1;4]
c+1 1+c
4 3 _\2(n2
Tacof/(c)=—20 26 _p c-Coctl , et gin[1:4]
(c+D)° (c°+) (c+D°(c”+) (c+D(c”+)
A X 8 1 141
f dA bAtA 1;4;fC:f4:—+—=_
= f(c) dong bién trén [1;4]; f(c) = f(4) c 17 g8
i 1
a= =§
c=4 c_4

Dau bang xay ra khi va chi khi {abc =1 < .
{a b 5

Bai 18 : Cho céc sé thuc duong a, b, ¢ théa man a2 +b? =3c? + 4. Tim gia tri Ién nhat cua biéu thic:
_(b+c)’(a—c) N (a+c)’(b-c)
a+c b+c

3

P

c

Bai gidi
batx=a+c, y=b+c, x,y>0taco:

2(y _ 20y _ 2 2
p_X(x=20) ¥y 2C)—cszx2+y2—20[y—+x—)—c3 (0.5)
X y Xy
7 9 y2 X2
Theo bat dang thitc AM -GMtacO ——+—>x+y
Xy

Dau bang xay rakhivachikhix=y < a=b,nén: P<x*+y>—2c(x+y)-c® (0.5)
Nhung x* +y* —2c(x+y)=a’ +b* -2¢° = (a’ +b* -3c?) +c* =4+’
nén P>-c®+4+c¢*> (0.5)

0
Xétham sd U = f(t) =—t° +1t% +4,t € (0;+o0); f/(t) = -3t + 2t; f'(t) =0 <= 2
3

Tur d6 ta co: Ps%,déu bang xay ra khi va chi khi a=b=2\/§ va Cz%

a,b,c>0 1 1 8
CMR! ———+———<— >
2(a® +1) = b* +c¢® +4bc a’+b*+1 a’+c°+1 4a’+(b+c)° +4

Bai 19: Cho {

\ =

Bai gidi




BDT <[ 4(a” +1)+(b+c)® || 2(a® +1) + (b +c)* —2bc | <8[ (a® +1)* + (a® +1)(b* +¢°) + b |

e[4@ +1)+(b+c) |[2(a° +1)+ (b +c)’ —2bc | <8[ (8 +1)° +(a° +1)(b* +¢°) — 2bc(a” +1) +b’c” |
x=a’+1

Pit {y=(b+c)’  =2x>2y+21=2x-y>2z>0

z=hc

2

BDT < [4x+ y][2x+ y—22]£8[x2 +xy—2xz+zz]<:>8x2 +6Xy —8zx + y* — 2yz <8x* +8xy —16Xxz + 82
&> 2xy —8zx— y* +2yz +872° 20@2(xy—4xz—3yz +1222)+8yz—1622 -y*>0

& 2(x—-32)(y-42)-(y-42)’ 20 (y-42)(2x+2-y) >0

& y>47 < (b+c)’ 24bc < (b-c)* >0

Dau “=" <& b=c

Bai 20: Cho céc so thuc khong 4m a,b,c théa man (a+1)(b+1)(c+1)=5 . Tim gia tri I6n nhét ciia

biéu thuc P = (\/5+\/5+\/E)2 —min{a,b,c}

Bai gidi
Gia str ¢ =min(a,b,c)

Khi d6 P=(a+vb++c)?—c=a+b+2ab+2Jc(va+/b)

Lai c6 (a+1)(b+1)(c+1) =5= a+b+ab+1:ci1
+

Mit khac 5> (c+1)(va +vb)’ = JVa++b < /Ci

+1

Tud0:>P<a+b+ab+1+2\/_(\/_+\/_)< +2,/ > =)

Xethamsof(c)_ +2/ :>f(c)max—f( ) 6

Vay P =6 tai (a,b,c)=(1 Z) va cac hoan vi .

Bai 21: Cho cac sb thuc duong a,b,c thoa mdnab+bc+ca=1 . Tim gia tri 16n nhat cua biéu thuc

:\/ a +\/ b _9\/(a+c)(b+c)
a+c b+c 8c
Bai giai

,2
Tacé:\/ a 2\/ a 1 a +1:>Ps%+ a + b e +1

a+02 a+c 4

a+c b+c 8c

a+c

Mitkhac: & 4+ 2 _o ot 1

2cC 2cC
<2- =2—-—
a+c b+c a+c b+c) J@+c)(b+c) Jeo2 +1




1 2C 9\/0 +1 -1

=>P<=+2—-( +2-3=—

Nl _|_]_ 8c 2 2

VéYPmax—zc(abc) ( 1 3

NN

Cau 22: Cho a,b,c >0 théaman a+2b>c va a>+b®>+c? —2=ab+bc+ca . Tim gia tri 16n nhat
a+c+2 a+b+1

ia biéu thirc P = -
cua biéu thuc a(b+c)+a+b+1 (a+c)(a+2b—c)

Bai gidi
Tac6é: 2+ab+bc+ca=a’+b*+c’ >a’ +2bc=2(ab+ac+1)>a’ +ab+hc+ca
(a+b)(a+c)

= 2(ab+ac+1)>(a+b)(a+c)=>ab+ac+1> 5

(a+b)(a+c)
2

a(b+c)+a+b+1> +(a+b)

(a+b)(a+c+2): a+c+2  _ 2
2 a(b+c)+a+b+1 a+b

a(b+c)+a+b+1>

Laico: (a+c)(a+2b—c)g%(a+c+a+2b—c)2 (a+b)2

a+b+1 >a+b+1_ 1 N 1 p< 2 1 1 1 1

= > = = - - = -
(a+c)(a+2b—c) (a+b)2 a+b (a+b)2 a+b (a+b) (a+b)2 a+b (a+b)2
Pat t=—(t>0)Xétham f(t)=t—t*(t>0)= f'(t)=1-2t f'(t)=0 =t :%

a+b
1 2+\/_ \/2_
2

Vay MaxP:%khitzzea bc—

Cau 23: Cho a, b, ¢ la céc s thuc khong am théa man a’b” +c’b® +1<3b. Tim gia tri nho nhit cua
1,4 8

biéu thirc P= : : :
(a+1)" (1+2b)" (c+3)
Bai gidi
. 1 4 8 1 1 8
Taco P= >+ >+ - = =+ =+ -
(a+1)” (1+2b)" (c+3)" (a+l) (1+1j (c+3)
2b

bit d =% ma a’b® +c’b®* +1<3b=a’+c*+d* <3d

Laic6 p__ 1 1 . 8 8 L8 64 ~ 256

(a+1)’ (d+j2 (c+3)’ (a+c21+2J2 (c+3)’ (a+g+c+5j2 (2a+d+2c+10)°

2




Do 2a+4d+2c<a’®+1+d*+4+c*+1=a’+c*+d*>+6<3d+6=2a+d+2c<6=P>1

Dau "= xéyrakh|a=1,C=1,b=§

Bai 24: cho céc s6 thuc duong a,b,cva ¢ =a’+ab+b? tim gia tri 10n nhét cua:

1,1 _ 3(ab+2)v2c* +36

Tal+2 b'+2  dab(2c+3)

Bai gidi
Bai nay kha hack nao thi phai. Trudc tién luu y
(O T 4-a’p? _ (2—ab)(2+ab)
a’+2 b*+2 2 (@*+2)(0*+2) 2(@*+2)(b*+2)
(2—ab)(2+ab) 3(ab+2)v2c* +36 <0 2ab(2-ab) _ 3v2c? +36
2(a® +2)(b*+2) 4ab(2c+3)* (@®+2)(b°+2)  (2c+3)?
(@%+2)(b*+2)=a’b*+4+2(a° +b*)>2(a*+ab+b*)+3=2c+3
Ngoai ra ab(2—ab) =1—(ab—1)? <1 nén ta chi can chimg minh
2 3,/2(c? +18)
2c+3°  (2c+3)°

{ ab=1 @(a,b)z(\/l_z+3;\/1_3—3]{\/1_3—3;\/1_2+3

a’+ab+b?=12 2 2

ta s€ chirng minh :

chu y la:

& (c-12)° > 0:dang tu do P S% du bing xay ra

1
J vay max P:E

Bai 25: Cho x,y,z 1a cac s6 thuc duong thoa man x2 + y? +z% =26 tim gia tri 16n nhat cua :
_ 2(x+Y) N 3
8x* +y?+2x+29 (x+z+1)°

+104/(X+ z)(y+2) —xz -2y

Bai gidai
(*)Taco 2(xz+2y)+30=2x2+4y+ x> +y* +2° +4=(x+2)" +(y+2)* 2 2(x + 2)(y +2)
= X2+2y > (x+2)(y+2)-15. mit khac (x+2)(y+2)+25>10/(x+2)(y+2)
Tu do0 10/(x+2z)(y+2) —xz -2y <10/(x+2)(y +2) —(x+ z)(y +2) +15<40

2(x+Yy)
8X° +y*+2x+29 x+z+1

S 2(XP XY+ YZH+2X) +2(X+ Y) <8XP + Y2+ 2x+ (X* + y* +2°)+3

S 2(Xy+Yyz+2X)+2y < 7x* +2y? +2° +3.ap dung BDT am-gm :
22(X+Y) <22+ (X+Y)? = 2(xy + yz + 2x) < 22 + x> + 4xy + y? ta chi can co:
224X HAXY+ Y 2y <TXP 42y +2° +3 < 6X° +y* —4xy -2y +2>0

< 2(x-1)° +(y—x—2)*>0:dung. T day suy ra :

2x+y) 3 _ 1 3 _i_g( 1 _3j2<i
8X°+ Yy’ +2x+29 (z+x+1)? " z+x+1 (z+x+1)> 12 12

(*)Tiép theo ta sé chirng minh

& 2(x+ Y)(2+x+1) <8x* + y* +2x+29

Z+X+1 6




o cr o a , 1 £ 2 A
Tu cac danh gia trén ta co: P < E+ 40 dau ‘=" xayra < (x,¥,2)=(1,3,4) .viy max P = l—+ 40

Bai 26: Cho cac s6 duong a,b,c sao cho a+b+c<6 tim gia tri 16n nhat cua :
_ abc(5ab+8ca+9bc)
(4a+3b)(5b +4c)(3c +5a)

Bai gidgi

abc(5ab+8ca+9bc) c b a
(4a+3b)(5b +4c)(3c + 5a) _(4+3J(5+4)(3+5j

Trudc hét ta viét lai P dudi dang : P =
b a/lc bj)la ¢

y:ﬂ va 2=2 giéthiét<=>§+i+§£6vé cAn tim max P =X +2Y+z
e Xy oz (Y + 22+ %)

3.4, §j 9 16 25 24 30 40

bat x—§
a

Tac036>(— =—+—+— +—+—+— ap dung bdt am-gm:
X y z X yT z° Xy xz yz

o[ Lot uine L2 )a3 en 8,10, 5,88, 2

x> 7°) X 7y ) yz x> y* P oyz

36{3 4 5] L2448 T2 24(3X+2y+2) _ 3X+2y+2
X vy Zz Xy Xz yz Xyz Xyz
3X+2y+12 3X+2y+12 3x+2y+z<3

T (XYY +D(2+X) 2J_ 2fyz2\zx - 8xyz 16
X=y=12
5
z

< g mat khac

& X= y:z:2<:>(a,b,c)=(§;2;gj vay max P=%

Diu= xiy ra < 3
4 —+ =6
X

4
—+
y

. . \ . 5 -0
Bai 27: Cho ba so thuc x, y, z thay doi théa mén Xry+z
X +y +Z =2

P=x*+y*+7.

Bai gidi
Cé x+y+z:0:>z:—(x+y) :>P=x3+y3—(x+y)3=3xyz
T X +y + 2 =22 (x+y) ~2y+Z =222 -2xy=2=>xy=7-1
Vay P=37(7 -1)

Do 2=x*+y +22>2(x+y) +7 _—z =X \/:<z<\/7
bit P=f(z)=32 -3z véi z{—\ﬁ\f}

.Tim gi4 tri 16n nhat cua biéu thic




C6 1'(2)=97-3, f'(2)=0e ::—i%:j
3
o B (6

2 . 2 1
Do vay max P=— khi z=—;x=y=——+
BB

Bai 28: Cho a, b, ¢ thudc doan [1,2]. Tim gia tri nho nhat caa biéu thic:
_a +(b+c)2+2bc
db+4c  c?+4be

Bai gidi
2 2 2
Taco: P=—2 4 zb b= & 2b
db+4c c”+4bc 4ab+4ac c”+4bc
2 2 2
p>__ (D) s> (@b P PR S D )
c” +4ab+4c(a+b) c“+(a+b) +4c(a+b) t“+4t+1 2
t? : 2
it f(t)=———— Khido fit)=—2t2
t“+4t+1 (t°+4t+1)

P> f(1)=%. Déu bing xay ra khi a=b=%.

Bai 29: Cho x,y,z & cac sb thuc duong x+y+ 22 =xy +5. Tim gia tri 16n nhat cua biéu thuc

2X N y _4(x+y).
X*+Yy*+18 x+y+4z 252

P=

Bai gidi
Ap dung bat dang thirc AM-GM ta co:
X+ y 22xy =2(x+y+2° -5 & X  + y* +10> 2(x + y + z°)

S X+ Y +1822(x+Y)+2(2° +4) = 2(X + Y) + 82 = 2(x + y + 42)

N 2X X
Tt do suy ra —— < =
X“+y +18 2(x+y+4z) X+y+4z
Khido ps— X ¥ _4x+Y)
X+y+4z X+y+4z 25z
X+Yy
_ x4y _4(x+y): 7 _4(x+y):f(t): t 4
X+Yy+4z 252 XtY . a 252 t+4 25
z
Véi t=2Y S oxét ham sé f(t)=L—ﬂ cod

7 t+4 25°



Qstudy.vn Hoc Toan Khong Tién B9, Hoc Thay Quang Pé Thay Doi

4 4 t>0
f't)=—©g5-—T)=0 , St=
(t+4)° 25 (t+4)* =25

1 1
Dodosuyra f) < f)=—=P_ =—
uy M=<f@® oe = Foax = ¢

X+y=2,X=Y <:>{x=y=1

DA4u dang thic xay ra khi va chi khi { .
X+y+2°=Xxy+5

Vay gié tri 16n nhét caa biéu thic P 1a %



§5: BAT PANG THUC DON VE TONG A+B+C

Bai 1: Cho céc s6 thuce duong a, b, ¢. Tim gié tri nho nhat caa biéu thuc:
3

2
P= - .
a++ab+3abc a+b+c
Bai gidi
Ap dung bat dang thirc C6-si cho hai s6, ba sb ta duoc:
2 B 2 N 2
a+\/£+€/abc a4+ E\/%_'_sg%% a+1(a+2bj+l(a+b+cj
2 4 2\ 2 3\ 4
3 o, 3 3
2(a+b+c) ~ 2(a+b+c) Ja+b+c
1 . : 3t
batt=————>0thi P> f(t), vl f(t)=—-3t.
' Ja+b+c (t) (1) 2

Taco f(t)=g(t—1)2—§2—g.ﬂéng thuc xay ra < t=1= Pz-%.

2
a a—E
=2 2
3 2 4
MinP= -=<<{b=4c <ib=—
2 21
a+b+c=1
1
c=—
21

Bai 2: Cho céc s6 thuc duong a, b, ¢ thoa: 4(a3 +b3)+03 =2(a+b+c)(ac+bc-2).

: , » 2 a+Db) +c?
Tim gia tri I6n nhat cua biéu thuc: P = — 22a SR D)
3a’+b +2a(c+2) a+b+c+2 16
Bai gidi

2
Ap dung BPT: x*+V* 2%(x+y)3;xys[)(; yj X,y >0, két hop véi gia thiét suy ra:
%(a+b+c)3 <(a+b)’ +¢c? S4(a3+b3)+c3 =2(a+b+c)(c(a+b)-2)
2
SZ(a+b+c)[@—2}:a+b+cz4

diu “=" xay ra khi atb=c>0
Khi d6 st dung BDT AM-GM ta co:




2a’ a

3a’+b’+2a(c+2) b> a
a+c+2+| —+—
2a 2

< 2 = 2 dau “=” xdy ra khi a=b>0
b? a a+b+c+2
a+c+2+2,|—.—
2a 2

2
Va (a+b)2+c221(a+b+c)2:> P< a+h+c _(a+b+c)
2 a+b+c+2 32

2
Pit t=a+btc>4=P<f(t)=

t+2 32
()= —2 ot 32-t(t+2)
(t+2)° 16 16(t+2)

= hamso f (t) nghich bién trén [4;+).

<0, Vvt>4

Dodo P<f(t)< f(4)=%.V@yGTLN cia P bing %

I a=b,a+b=c
Dau “="xay ra < <a=hb=1c¢=2
a+b+c=4
Bai 3 : Cho a, b, ¢ la ba s6 duong. Tim gia tri Ién nhat cua biéu thic:

o 1 -~ 2
\/a2+b2+cz+1 (a+1)(b+1)(c+1)

Bai gidi
2 2
a2+b2+cz+12(a+b) +(CJ;1) :%[(a+ )2+(c+1)2}2%(a+b+c+1)2

3 3
(a+1)(b+1)(c+1)S(a+1+b+1+c+1) :(a+b+c+3J

3 3
Vay P< 2 - > 3
a+b+c+l (a+b+c+3)
=2 % _t@) véit=atbicsl (t>1)
t (t+2)

/ __g 162 . _ t=4
fi(t)= t2+(t+2)4’ f (t)_oc{t=l(loai)



t 1 4 +00
f(t + 0 -
1/4

f(t) / \
0 0
a+b+c=3

Vay gié tri 16n nhat cua Pzikhi a=b=c <a=b=c=1

c=1

Bai 4 : Cho céc s6 thuc duong a, b, ¢. Tim gié tri nho nhat caa biéu thic sau:
3

2
P= _ .
a++ab+3abc  Ja+b+c

Bai gidi
Ap dung bat dang thirc Cosi ta co
a+ ab+%sa+l.a+4b+l.a+4b+l&:ﬂ(a+b+c).
2 4 3 3
Pang thire xay ra khi va chi khi a=4b=16c.
3 3
2(a+b+c) Ja+b+c

Suyra P>

batt=a+b+c,t>0 . Khi doé ta co: Pz%—i

&

fe s ; 3 3 . . 3 3 3 3
Xéthamso f(t)=—-— vgi t>0tacd f'(t)=—=-—; f'(t)=0= —-—=0=1t=1
(1) 2t Wt (®) 2ttt 2t? (®) 2ttt 2t7
Do d6 ta c6 min f (t)=—> khi va chi khi t = 1
t>0 2
. . . . |la+b+c=1
Vay ta co Pz—g,déngth&cxéyrakhlvachikhl TR <:>a:E, :i,c:i
2 a=4b=16¢c 21 21 21
Vdy gid trj nho nhit cia P 13 > Khi v chi khi (a,b,c){ﬁi,i)
2 21 21 21
.. - . : i 3a* +3b* +25¢° + 2
Bai 5 : Cho cac so thyc duong a, b, ¢. Tim gié tri nho nhat cua bicu thac M = ( = )3
a+b+c

Bai gigi
Ap dung BDT C6 - Si ta c6: 2a* +(a4 +1)22a* +2a° > 4a° hay 3a’ +1> 48’




3 3 3
Tuong tu 3b* +1>40b°> = M > 4a’+4b +235C
(a+b+c)

Ma (a— b)z(a+ b)20:>4(a3+b3)2(a+ b)3
:>Mz<a+b)3+25c3= a+b 3+25 c V(¢ 3+25 c
(a+b+c)3 a+b+c a+b+c a+b+c a+b+c

Pit t =

O<t<l1
a+b+c(<<)

1
t==
Xéthamsé f(t)=(1-t)’+25t (0<t<1)co: f’(t):—B[(l—t)z—(St)z] f'(t)=0< 61
t=-=

4

Vay Minf(t)zf 1.2 khi t=l hay Min M _B a=b=1,c=g.
6) 36 6 36 5

Bai 6 : Cho a, b, ¢ 1a cac s6 thuc duong thoa man a? +b? +c? =5(a+b+c) — 2ab

NE] 1 J

+
Ja+10 3¥b+c

Tim gia tri nho nhat caa biéu thic P=a+b+c+ 48(

Bai gidi
Tacd: a®+b’+c*=5(a+b+c)-2ab < (a+b)>+c*=5(a+b+c)
Ap dung bat dang thirc BunhiacopxKki ta co:
(a+b)2+c22%(a+b+c)2:>%(a+b+c)2£5(a+b+c):>0<a+b+c£10

Ap dung bat dang thirc Cauchy ta lai ¢6

31 _/a+10_1fa+104<l(a+10+4j_a+22
Ja+10 \/a+10’ 3 2V 3 "4 3 12

3
= \/5 2 12
Ja+10 a+22

3/b+c=1§/(b+c).8.8sl.b+c+8+8:b+c+16:> 1 S 12
4 4 3 12 o+rc b+c+16
=P>a=b+c+48.12 ! + L
a+22 b+c+16

Ap dung bat dang thiric Cauchy-Schwarz ta dugc




! ! > 4 =P>a+b+c+ 2304

+ P —
a+22 b+c+16 a+b+c+38 a+b+c+38

bitt=a+b+c=te(0;10]=> P>t + 2304 . Xétham f@t)=t+ 2304
t+38 t+38

trén (0;10]

2304  (t—10).(t +86)
(t+38)2  (t+38)°
— f(t) nghich bién trén (0;10] = f (t) > f (10), vt € (0;10]; f (10) =58 = P > 58
a+b+c=10
o a+b=c a=2
Dau bang xay ra khi va chi khi { 3 +10 <<b=3

3 =4 c=5
b+c=8

a=2

Vay Min P =58, dat duoc khi <b=3
c=5

Taco f'(t)=1- — f'(t) < OVt e (0;10]

Bai 7: Cho cac sb thuc khong 4m a, b, ¢ thoa man a+b+c=3. Tim gia trj 16n nhét cua biéu thirc

P=+va’+a+4+yb?+b+4++c?+c+4

Bai gidi
Ta ching minh bét dang thirc v/x* + X +4 < 2%+ 0y e [0;3]

Binh phuong rdi bién doi trong duong ta duge 5x(Xx—3)<0 ding Vx €[0;3]

Lan Iuot cho x = a;b;croi cong cac vé caa bat dang thire ta dugc
2(a+b+c)+18
; -

P<

Bai 8 : Cho a, b, ¢ 1a ba s6 duong thoa man: 5a+5b+5¢=3. Tim gia trj nho nhét cua biéu
1 1 1

thire: P = + +
Y2a+30 Y2b+3c 3IY2c+3a
Bai gidi
Cauchy

Taco Y2a13p - 2a+3b11 p 2a+3b+1+1 2a+2b+2
= ! > 3 Déu“z”xéyrakhivachikhk 2a+3b=1

J2a+3p 2a+3b+2

, 1 3 . )

Tuong tu ta co: > DAu “=" xay ra khi va chi khi: 2b+3c=1

g% obr3c 2b+3c+2 y

t 3 Dau “=" xay ra khi va chi khi: 2c+3a=1

2c+3a 2c+3a+2




Voi x>0,y>0,z2>0, ta co:

cauchy
(x+y+z)[1+£+lj > 33xyz. 3 :9:>E+1+£2 J
X X y z

y ¢ 3xyz X+y+z
Do d6: P>3 1 + L + !
2a+3b+2 2b+3c+2 2c+3a+2
27 27

> = =3
2a+3b+2+2b+3c+2+2c+3a+2 5a+5b+5c+6
Vay minP =3. Dau “=" xay ra khi va chi khi a=b=c=1/5

Bai 9: Cho x,y,z la cac s6 thuc duong. Chimg minh bit déng thirc
2 2 2
2X° + Xy . 2y°+yz N 27° +1IX

(y+\/§+22) (z+\/ﬁ+x2) (x+ yz+y)

_>1

Bai gidi
Tacé(y+\/§+z)z:(\/y.\/y+\/§.\/;+\/z\/;)2s(y+x+z)(y+z+z)
1 1 2X% + xy 2X7 + xy
= > 2 = > 2
(y+\/§+z) (x+y+2z)(y+22) (y+\/§+z) (x+y+2)(y+22)
1 2X% + Xy 1 2X% + 2Xy + 2xz 2X X
= +X—X|= -X|= -
(x+y+z)\ y+2z (x+y+2) y+22 Yy+2Z X+Yy+1z

Tuong tu, cong lai ta duoc:

2 2 2 2 2
VT ()2—2X &Y 22 g o X | ¥V T g, (xty+z)
Yy+2Z Z+2X X+2y Xy +2XZ yz+2yX X+ 22y 3(xy+yz+zx)

Chimg minh duoc (x+y+ z)2 >3(xy+yz+2zx) .Suyra VT (1)>2-1=1

Ping thirc xay ra x=y =z

Bai 10: Cho a,b,c la cac duong thoa man: Z(a2 +b% + cz) —ab+bc+ca+3 . Tim gia trj 16n nhét cia

1

S=a’+b*+¢*———
a+b+c+3

Bai gidi

a+b+c) a+b+c)
( ) ( )

Véi a,b,c la cac duong ta co: (a2 +b? +cz) > va'ab+bc+ca<

2(a+b+c)2
3

(a+b+cf

Boi vay: < +3<:>(a+b+c)2S9 ,trdo:0<a+b+c<3

' a+b+c)
Taco: 2(a2+b2+cz)=ab+bc+ca§ab+bc+ca£—( +b+c) +3

2
Nén (a2+b2+cz)sw+§
6 2




,. a+b+c)’
Boi vay:S =a’+b*+c’ — 1 g( thre) 1 3.1 1.3
a+b+c+3 6 a+b+c+3 2 6 t+3 2
Xétham sb: £ (t)=2t2— 1 1+ 3 voio<t<3va f'(t)=1t+ = >0,vte(03)
6 t+3 2 3 (t+3)

B&i vay: f (1)< f (3), vt e (0;3]hay f (t)s%

Suy ra: S<% dau bang xay ra khi a=b=c=1. VaymaxS_Ekhla b=c=1

Bai 11: Giasir X, v, z la cac sb thuc khong am thoa man 0< (x+y)? +(y+2)? + (z+x)?) <18. Tim gia tri
(x+y+2)*

I6n nhét cua biéu thac P=x*+y? +2° -2~ .
(X +y +12%)

Bai gidi
Tir gid thuyét ta c60<x,y,z<3 vax+y+z>0
Suy ra x> <3x,y*<3y,z°<3z.Dodo X’ + y* +z° <3(X+ y+1).
Khi d6P <3(x+y+2)- M_ (X+y+Z)——(X+y+z)3 (1)
9(X+y+2)
batt=x+y+z,t>0.

Xét ham sé f(t):3t—ét3 VoI t> 0,

Taco f '(t)=3—%t2; f't)>0<=0<t<3.

Dua vao bang bién thiénsuy ra f ()< f(3)=6 véimoit>0.  (2)
Tur (1) va (2) tacod P <6, dau dang thuc xay ra khi x = 3, y = z = 0 hoic c4c hoan vi.
Vay gid tri 16n nhat cua P 1 6, dat duoc khi x = 3, y =z =0hoac cac hoan vi.

Bai 12: Cho cac sb thuc duong a,b,c thoa man: 4(a3 +b%)+¢®=2(a+b+c)(ac+bc-2)

. 2 2
Tim gi tri 16n nhat cua biéu thirc: P = —; 22a n b+c  (a+b) +c
3a’+b’+2a(c+2) a+b+c+2 16
Bai gidi
3
Tact: 2+ =(a+b)| 2(asb) + 3(a-b) =22 pju—hia -
3
:>4(a3+b3)+c32(a+b)3+c32—(a+2+c)

2(a+b+c)(ca+ch-2)=2(a+b+c)[c(a+b)-2]< 2(a+b+c){@—2}




3 2
:WSZ(a+b+c){W—2}:a+b+cz4
2a’ _ 2a’ _ a - a
3a’ +b?+2a(c+2) 2a’+2ac+(b’+a’)+4a [bz a]_a+b+c+2
da+c+| —+—
2a 2
2,2
. pe a . b+c _ a+b+c _(a+b) +c
a+b+c+2 a+b+c+2 a+b+c+2 16
a+b+c _(a+b+c)2:f(t):L_ﬁ
“a+b+c+2 32 t+2 32
2
f'(t)= 2 z—i=m<0 Vt>4
(t+2)° 16 16(t+2)
:>f(t)<f(4):%

:MinP:% khi a=b=lc=2

Bai 13: Cho céc sb thuc dwong a, b, ¢ thoa mana+b+c=1

Tim gid trj nho nhét ca biéu thae A=— 4 121
a’+b*+c® 14(ab+bc+ca)
Bai gidi

. 1— 2 b2 2
TacO 1=(a+b+c) =a”+b*+c +2(ab+bc+ca)=>ab+bc+ca= (o +0" +¢)

2

Dodo A=— " Ll

> +0*+c 71— (a® +b7 + 7))
bitt=a’> +0> +32. Viabe>0Vaa+b+c=1nn0<a<1l0<b<1l0<c<1

Suyrat=a*+b*+c* <a+b+c=1
B.C.S

Mitkhac 1= (a +b+c)* =a® +b* +c* +2(ab+bc+ca) < 3(a® +b* +¢*)

Suyra ¢t =a® + b +(;22%.vayteE;1J

e s ; 7 121 1 7 121 7
Xéthamso f (t)=— ot =1 f'(t)=—+—— ;f(t)=0t=—

Suy ra f(t)z% ; vt EE;lj .Vay A> % Vi moi a;b:c thoa diéu kién dé bai. Hon nita, Vi
1 1 1 a2+b2+c2=1 324

a=—;b==:;c==thi 18 va A=—
2 3 3 7

a+b+c=1




324

Bai 14: Cho a, b, ¢ & cic s6 thuc dwong. Tim gia tri nho nhat caa biéu thirc
5 1 _ 4 L1
da+2b+4+2bc 8+a+2b+3c 4+b+2c
Bai qgidi
, 1 1 . —4 -1 -1
Taco 242bc <b+2c=> > va > +
4a+2b+4+2bc 4da+4b+4c 8+a+2b+3c 4+a+b+c 4+b+2c
Suyra P> + -1 , batt=a+b+c, t>0
4(a+b+c) 4+(a+c+h)
xét f(t)=l+_—1,t>o:>f'(t)=—i2+ ! —ft)=0t=4
4 4+t 4t (4+1)
b=2c
-y . Y X B N 1 - a:C:].
Suy ra gia tri nho nhatCuanang-E Khi a+b+c=b+2c<:>{ ~ :
a+b+c=4 -

Bai 15: Cho cac sb thuc duong a,b,c thoa 9ab+17bc+14ac+12c—18>0va a’ +b? +c? =14 . Tim gié tri

8(7+ab)+/5 36

nhé nhat caa biéu thicc P = n
3v9ab+17bc+14ac+12c-18 +a+b+c+3

Bai giai

b 2
a® +b? +c? :14<:>14+2ab:(a+b)2 +c? zw

Ta lai c6: (a+b—c)’ +(30-2c)’ +(3a—c)’ +4(c-3)" >0 5(a+b+c)’ >9ab+17bc +14ac +12c -18

TR I
2 Ja+b+c+3
2 36
batt=a+b+c,te|0;v42 = P> f(t)==t+ =f(t
- (0a2]= P21 ()=Ft+=5= T (1)

2 18
f't :———:OQtZG
(t) 3 (t+3)Vt+3

V& bang bién thién thiy MinP = f (6)=16

Cau 16 : Cho cac s6 thyc duong a,b,¢ .Tim GTNN cua
1 1 4
P= +F -
3a+2b+63abc 7+b+5c 1l4+a+2b+6¢

a+b+20
, 9 1 1
Tacd : 63/abc = 63/2b(2c) 62— =a+2h+4c = >
2 3 3a+2b+6%abc  4(a+b+c)




Qstudy.vn Hoc Toan Khong Tién B9, Hoc Thay Quang Pé Thay Doi

1 4 4 9 4
P> + — > —
4(@a+b+c) 4(7+b+5c) ld4+a+2b+6c 4(7+a+2b+6¢c) 14+a+2b+6¢C

a+2b+6c=14

— f(a+2b+6c)

1 1
>f(l4)=—=P =—&
A4) =25 = Fn =25 %:szC



§6: BAT DPANG THUC XU LY CUM X2Y+Y2Z+272X

Bai 1: Cho cac s6 thuc khéng &m a,b,c thoa a® +b? +c? + abc = 4. Chirng minh bat ding thuc :
P =(a’+b*+c?)? +%(a2b+b2c+c2a) <17

N

Bai gidi

Taco : a®+b*+c?<a’+b’*+c?+abc=a’+b?+c? ++/a’h’c? Sa2+b2+c2+\/

(a® +b* +c?)°
27

=4>a*+b*+c* >3
Giastr: a<c<b= a(c-a)(c-b)<0«< ac’+a’bh<abc+a’c= a’b+b’*c+c’a<abc+a’c+b’c

i 2(n2 | p2\2
Matkh&c : 4= a? +b2 + 2 + abe> S (b +a%) + ~ (b +a%) + ¢? 233 @ 0)  ca2 b7y < 16
2 2 1 33
33 33

F(abc +c(a? +b?)) < (a® +b? +c?)? +E[4—(a2 +b?+c?)]+1

Xét ham s6 f(t):tz_%t_,_%_,_l Voi t=a+b’ +c%42t>3= f (1), = f(4)=17
16 4

=P<(@ +b”+c?)’ +

Bai 2: Cho a, b, ¢ la c4c sé thuc khong am thoa man a+b+c=5.Tim gia trj 16n nhét cua biéu thirc
S=a'b+b'c+c'a

Bai gidi
Trong 3 sb a, b, ¢ c6 1 s6 nam gitra 2 s6 ching han 1a b nén ta c6 c(b—a)(b3 —(:3) <0 (1)
(1) = b'c+ctasc’b+ab’c < S =a'b+b'c+c'a<h(a’ +c' +bac)< b(a4 +ct+(a+c) ac)s b(a+c)’

:%.4b(a+b)£%{4b+(a+c)+(a+<;)+(a+c)+(a+c)} ~ 256 (2)

Déu bang xayra 0 (2) < a=4b=1c=0
Vay GTLN cua F(a;b;c)=256 dat dugc khi a=4;b=1c=0

> X . 2
Bai 3 : Cho x,y,z>0 vathoaman <, , - 1Im Gia tri I6n nhat cua bicu thuc:
2°(4-y)+4y(z-2)2y

2y® +x2° + xyz — yz° ( Xyz jz
P= =
y+1 42

Bai gidi
22 (4-y)+4y(z-2)2y° :4z(y+z)2y(y2+22+8)24y(y+z)322y




zy® + xz2° + xyz — yz°

Tiur ddy ta co: 0< x<y<z VSidk nay ta co bd dé sau: <xyz , That vay ta co:

y+1
z(y—x)(y2—22)£O<:>zy3+23x—yz3£xyzz<:>zy3+23x—yz3+xyz§(y+1)xyz
2
i X aA .. Xyz 1 2
Ap dung bo détaco: P>xyz—| — | =8—-——(xyz—-16) <8

Xx=4

Dau bang xay ra khi va chi khi {y s

Bai 4: Cho x,y,z la cac sé thyc thudc doan [0;1] . Tim gid tri Ién nhat cua biéu thac

P :2(x3 +y° +z3)—(x2y+ y22+zzx)

Bai gidi
bat f(X)=2x>-yx* -z°x+2(y* +2%)-y*z.Taco:
f'(X)=6x*-2yx-1z% f'(X):0<:>szizé(y—\/y2+6zz);X:X2=%(y+\/y2+6zz)Nhén Xét:
x 2 (0;1), 1ap bang bién thién ta thiy khi x, € (0;1)hay x, ¢ (0;1)thi M[‘S‘.ﬁ f (x) =Max{f (0); f (1)} .
Ma f(0)=2(y*+2°) -y’ z<2(y*+2°) -y z+(2-y-2*) =1 (1)
= (X< TQ=2y"-zy*y+22°-22+2 (1)
Lai dat g(y)=2y®-zy*-y+22°-7*+2,

. . 1 1
g(y)=6y"-22y-1 g(y) =0 Y=y, =2 (22" +6);y = ¥, = (22" +6)
Nhan xét twong tu suy ra I\/ﬁ% g(y) =Max{g(0); 9} .

ye U,

Lai c6 g(0)=22°+2-2*<22°+2-72*+(1-2)=Q(1). Suyra

g(y)<gW=22+2-72>+(1-2)=22-72*-12+3 (2)
Cubi cung dat h(z) =22° - 22~z +3 véi z€[0;1], h'(z) =62> -2z -1.
h(z2)=0< 2 :ﬂ; z, :¥. Lap bang bién thién suy ra: I\/Eg)l(}h(z) =h@®=3 (3)
24/ 0;

Vay gid tri 16n nhat cua P 1a 3 dat duoc khi x=y=2z=1

Bai 4: Cho x,y,z la cac sb thuc thudc doan [0;1] . Tim gid tri Ién nhat ctia biéu thirc

P :2(x3 +y° +z3)—(x2y+ y22+22x)

Bai gidi




bat f(X)=2x>-yx* -z°x+2(y* +2%)-y*z.Ta cé:
f'(X)=6x"-2yx-2* T (X)=0= x=X, =%(y—\/y2 +62°); X=X, =%(y+\/y2 +62z°) Nhan xét:
x 2 (0;1), 1ap bang bién thién ta thay khi x, € (0;1)hay x, ¢ (0;1)thi M[‘S‘.ﬁ f (x) = Max{f (0); f (1)} .

Ma f(0)=2(y}+2})-yz<2(y*+2}) -y z+(2-y-2°)= (1)
= (X< TQ=2y’-zy*y+22°-22+2 (1)
Lai dat g(y)=2y®-zy*-y+22°-7*+2,

g(y)=6y’-2zy-1L g(y)=0=y=y, =%(Z—Jzz+6);y= Y, =%(Z+Jzz+6)
Nhan xét tuong tr suy ra. Max g(y) =Max {g(0); g0}

Lai c6 g(0)=22°+2-2*<22°+2-72*+(1-2)=Q(1). Suyra

9(Y)<gW=22°+2-2"+(1-2)=22"-7"-z+3 (2)
Cubi cung dat h(z) =22° - 22~z +3 Véi z€[0;1], h'(z) =62> -2z -1.
: 1—\/7_ 17 . A a . _
h(2) =0 z,=——;2, == Lap bang bién thién suy ra: I\/Eg)l(}h(z) =h@®)=3 3
24 0;

Vay gid tri 16n nhat cia P 1a 3 dat duoc khi x=y=2z=1

Bai 6: Cho cac s6 x,y,z thoaman 0< x <y < z. Tim gid tri Ién nhét cua biéu thirc
(x2 +yi+ 22)2

P =xy? +yz° + 2x° — xyz — 5

Bai gidi
Vi 0<x<y<znén
X(X=Y)y—2) 20 (X* =xy)(y—2) 20 Xy = X°Z = Xy? + Xyz > 0 < X*Y + XyzZ > X’Z + Xy’
Xy® +yz° + x> —xyz :(x22+xy2)+yz2 —xyzs(x2y+xyz)+ yz° — Xyz :y(x2 +22)
Theo bat dang thirc C6 si ta co:

Y(xz+22)=%\/2y2(xz+22)(xz+22)S%\/(Zy *(x +23)+(X L )j =2\/(—X ﬂé L j

(x2+y2+22)2 Xryiez?) 3(xayiezt)
Do d6 P = xy’ + yz* + zx* — xyz - 5 <2 (—] __(—J

3 2 3

2 2 2
Pit t:\/[%j (t>0).Taco P< f(t)= 2t3—gt4. f(t) = 6t2 — 6t° = 62 (1—t) =0 >t =1.

Lap bang bién thién ciia ham f (t) suy ra duoc f (t) < f (1) = 2-% :%: p< %



Ta thiy P:% khi x =y =z =1. VAy gia tri 16n nhat can tim 1a MaxP=% khi x=y=2z=1.

Bai 7: Cho a,b,c >0 thoa mdn a+b-+c=3 . Tim gié tri nho nhat cua biéu thic
1
a’b+b’c+c’a-2

P=2In(a® +b* +c* )+ —2(ab+bc+ca)

Bai gidi
3(a’b+b’c+c’a)<(a+b+c)(a’ +b* +¢’) < 3a’h+3b’c+3c’a
<a’+ab® +ac® +ba* + b’ +bc® +ca® +cb? +¢c?
& (a’+ab® —2a’h)+(b® +bc? — 2b%c)+(ac? +¢° —2¢’a) > 0 < a(a—b) +b(b—c)’ +c(c-a) =0
= (a’b+b’c+c’a)<a’+b’ +c” du bang khi: a=b=c

a+b+c=3=a’+b’+c*+2(ab+ac+bc)=9=-2(ab+ac+bc)=a’*+b’+c*-9

P>2In(a?+b?+c?)+ 1 +a’+b*+c*-9
2 2 2
a‘+b +c -2

t=a?+b?+c? 2%(a+b+c)2:3

Xet f (t):ZInt+tL2+t—9

2 2
:>f'(t)=3+1— 1 2:2(t—2) +t(t2—2) 1.,
t (t—2) t(t—2)
= f(t) dong bién = f(t) =f(3)=2In3-5

Déu bang xay ra khi: a=b=c=1

. o .~ jazb=xc= o a
Bai 8 : Cho cac so0 thuyc a,b,c thoa man 5 tim gia tri nho nhat cua :
a’+b*+c’ =3

5 5¢?
P=2(@+b+c-abc)+ —————
( ) alb+bc+c’a 6

ol -

Bai gidi
Taco a’b+b’c+c’a<a’®+b’a+c?ab=ab(a®+b*+c?)=3ab tir do

2
P >2(a+b+c—ab)+ %—5% _ f(a,b) bay gi ta s& thuc hién phép ddn bién:
a

2 2 2 2 ’ 2
f(a,b)—fL\/a b ;\/a +b ]zZ(a+b— 2@ +b7) |+ > 10, c@ +b2 2ab)

2 2 3ab 3(a’+b?)

5(a-b)*  c(a—h)? 2(a—b)? 5(a—-b)*> (a-b)* .., . ..
_ + _ > - chu v la:
3ab(?+b7) 2 asbiy2@ ib?) 3ab@ +b?) a+b 7




Qstudy.vn Hoc Toan Khong Tién B, Hoc Thay Quang Pé Thay Doi

2 233
3ab(a2+b2)33(a;b),/(a ;b) va czzéja2+b2:3—c2£% do d6

5@-b)? (a-b)’ 20(@a-b)>  (a-b)’  20(a-b)?  (a-b)’
3ab(a’+b?) a+b 3a+b)f2(a®+b?)® a+b 14 a+b
3(a+h) 2(5)

>0

a’+b? \/az +b? 10 5¢?
Ta duoc P> f ; =2«/2 a?+b?)+———+2c—c(a®+b?)-=—
' [\/ 2 2 ] ( ) 3(a” + b?) ( )"

2

=242(3-¢?%) +L+C(CZ —1)—5%: g(c). trong do iScSl

3(3-¢?) J5
2 20c 5¢c S 20c 5¢c 20c 5¢c
'(c)=3c®*-1-2 + -~ chuyriang :—————— =< -===0
9'c) \3-c? 3@-c)y 3 Y iaaTov T3 33 ) 3

8 _ (c®*-1)(13-c?) <0

V36?12, |~ =362 ~1-———_<3c*-1-—°_ d
3-cC /2(3_02) 5-c 5-¢C

:g'(c)sOag(c)Zg(l):%.V@y mian%.khi:a:b:c:l




§7: BAT DPANG THUC XU LY CUM XYZ

Bai 1: Cho a,b,c 1a d6 dai 3 canh cua 1 tam giac théa man a+b+c=1. Tim Gi4 tri nhé nhat cua biéu
8labc +2

thiuc P = +b+c+3(2a3+b3+cs)

Bai gidi
Ta c6 bd dé sau: (x+y—2z)(y+z-x)(z+x-Yy)<xyz

X+Yy—2+2Z+X-Y
2
Ap dung két hop : a+b+c=1Ta ¢é:(1-2a)(1-2b)(1-2c) < abc <> 9abc +1> 2-2(a” +b? +¢*)(*)

Chang minh \/(x+ y—z)(z+x-y)< =X tuong tu Vs 2 biéu thirc con lai, ta c6 dpcm

Mat khac theo AM —GM ta co: 3(a3+2—17+2—17j2a (**)

8labc+2

Tur (*) va (**) ta co: +b+c+3a’ 2 9abc+a+b+c=9abc+1>2-2(a’ +b* +c?)

Theo Bunhiacopski ta lai c6: 3(a3+b3+c3):3(a+b+c)(a3+b3+c3)23(a2+b2+c2)2
\an X AL 2 k2, A2 2 p2 . 2\2_ 0 2 2, 2 1 ’ 5
Tirday tasé c0: P22-2(a’ +b*+¢*)+3(a*+b* +¢*) ==+3[ a’+b*+c’ -2 | 2=
3 3 3

D4u bang khi va chi khi a=b=c=%

. X,¥,2>0 . . - .
Bai 2: Cho{ Y Tim Gia tri nho nhat caa biéu thuec:
- X+y+z=
1 X z .
P=| —+—+—|(3—Yy)+23xyz+ Taco
(xz 6yz 6xyj( y) o
Bai gidi
1 x z 1(x+y+z x 1 1(y+z) +(y+x)
—+—+—|(8-y)== +—+ (z+x)== (x+2)
Xz 6yz 6xy 3 Xz 2yz  2xy 3 2Xyz
> x+y)(y+z)(z+x)=l 1+5 (1+Xj(1+£j21 2+2.Xer+z =E+ 2
3xyz 3 y z x) 3 3/xyz 3 3xyz
2 2 14
Suyra P>=+ 23xyz > —
y 3 3xyz d 3

DAu bang xay ra khi va chi khi x=y=z=1




X z 3
Bai 2: Cho x,y,z >0 vathoa méan {y , - 1Im Gia tri I6n nhat cua bicu thuc:

>
22 (4-y)+4y(z-2)2y

3 3 3 2
Zy° + XZ° + Xyz — yz Xyz
P= =
y+1 (4#2)

Bai gidi
22 (4-y)+4y(z2-2)2y’ = 4z(y+2)2 y(y2 + 22 +8)24y(y+z):> 7>y
zy® + xz° + xyz — yz°
y+1

Tir day ta co: 0< x<y<z v6idk nay ta co bd dé sau < Xyz

That vay ta co: z(y—x)(y2 —22)£O<:> 2y’ +°x—yz’ <xy’z << 7y’ + °x—y2° + xyz < (y +1) xyz

2
Ap dung b6 dé taco: P> xyz—(ﬁj :8—i(xyz—16)2 <8

a2 32
x=4

Dau bang xay ra khi va chi khi {y s

Bai 4 : Cho cac sb thuc khong &m X,y,z thoaman X+Yy+z=3
2.,252

Tim GTNN cua biéu thuc P =X+ y° + 2° + X’y’z
Bai gidi

Gia st x =min{x,y,zZ} = x €[0;1]

Tacd xX>+y*+2° —3xyz = (X+y+2)(X° +y* +2° — Xy — yZ — X2)

S+ +2 =(x+y+ z)[(x+ y+2)% =3(xy + yz+xz)]+3xyz =27 -9(xy + yz + xz) + 3xyz

P=x*+y®+2°=27-9(xy + yz +xz) + 3xyz + X’ y*z°

= (Xyz —1)? =1+ 27 +5xyz —9(Xy + Yz + Xz) > 26 +5Xyz — 9(Xy + Yz + Xz) = 26 — 9(Xy + Xz) — yz(9 —5x)

2 2
Do X€[0;1]2>9—5X>0:>—y2(9—5X)Z—(%j (9_5)():_(3;2)() (9-5x)

5x° —3x? —9x + 23
4

P> 26—9x(3—x)—(3;2xj (9-5x) =

3_ 2_
X6t ham sb f (x) = 2% — X —9x+23

Voi x €[0;1] = f(X),, = F(1) =4

min

4
Vay P, =4 tai x=y=2z=1

a+b+c

2
Bai5: Cho a,b,c la cac sé thuc dwong thoa man ( j <4abc . Tim gia tri I6n nhat caa biéu

Va_, b\
a+4/bc b+\/ac+\/£

thac P =

Bai gidi




Ap dung bat dang thirc AM-GM, ta co
Ja Jb Jc Ja Jb N 1{ 1 1 1 j
P= + + < + + = — + +
a+vbc b+Jea c+vab  2favbe 24bJca 2ycdab  2\¥ab  Ybc  {ea

Ap dung bat dang thuc x? + y? + 22 > Xy + yz + zx

P<1(i+i+ij_@+ﬁ+\/a<a+b+c
“2Ja b 2+Jabc ~ 24/abc
2
Lai co: a+b+c < 4abc < a+b+c<4032yabc
2016
a=b=c
4032 . .
P< =2016. Dau “=" xay ra khi 2 < a=b=c=
- we CRLRL 13442
2016
Viy MaxP =2016 khi a=b=c=—>
1344

Bai 5 : cho cac thuc duong X,y,z sa0 cho xy+ yz+zx =2 tim gia tri 16n nhat cua:

5 X* +y* +82x+4yz+2x+4z _ yz(1-5xyz) +34/1+5x%y*2?
72(xX* +y* +2X) Xyz

Bii gidi
K&t cau bai toan kha cong kénh va dé lam ta roi loan . nhung hay dé y hé so ‘dac biét’ :

3\/1+5x2y222 :\/(4+5)(1+ 5x2y?z%) > 2+5xyz cac hé sb co gi d6 goi ma bai toan

Pé bai 1a xy+yz+zx=2 .6 P lai co x*+y? ta sé thir danh gia vé 2xy xem..va diéu bat ngo sé toi :

7(X* +y* +2x) z 2(X*+y*+2x) 7 2zx(y+D) 2 y+l x

x2+y2+82x+4yz+2x+4z_Lr82X+4)/Z+4Z L1 8Bx+dyz+dz 1 4 2

Ngoai ra chu y o trén thi : 3\/1+5x2y222 :\/(4+5) (1+5x*y*z%) > 2+5xyz nén
yz(1—5xyz) + 31+ 5x°y?z? _ yz(L-5xyz) +2+5xyz _yz+2 _2yz+X(y+2) _2,1.1
XyZ N Xyz XyZ Xyz X Yy z
_1\2
4 2.1 1_ 4 1, (D,

Tu do P£E+l+— _____ - - <
X z y+1 x z y y+1 vy y(y+1)

Max P=1 khi (x,y,z) =(1;1;%j

Bai 6 : Cho céc s thuc a, b, ¢ thoa man: a+b+c=0; a® +b?+c? =6. Tim gia tri 16n nhit cua biéu
thac F =a’b®c?.

Bai gidi

. |b+c=-a , . )
Tirgttace:y . Hécnghiem khi a’ > 4(a® -3) > a® <4=a’ e[0;4]
c=a —




F=a?h?c’ =a(a® -3 =t>—6t° +9t, t=a’ <[0;4]; F, =3t ~12t+9; F, =0<:{t =1e[o4]
=3¢(0;4]
F(0)=F(3)=0; F(1)=F(4)-4

Suy ra max F =4 khi (a;b;c)=(2,-1-1) hodc cac hoan vi hoic (a;b;c)=(-2;1;1) hoic cac hoan vi.

Bai 7: Chocacsd x,y,z théaman 0<x<y<z. Tim gié tri [on nhat cua biéu thirc

(x2 +y? +22)2
5 .

P=xy® +yz° +2x* — xyz —

Bai gidi
Vi 0<x<y<znén
X(X=Y)y—2) 20 (X* =xy)(y—2) 20 Xy = X°Z = Xy? + Xyz > 0 <= X*Y + XyzZ > X’Z + xy°
xy2+y22+zx2—xyz:(xzz+xy2)+yzz—xyzs(x2y+xyz)+y22—xyz:y(x2+zz)
Theo bat dang thirc C6 si ta co:

y(x2+22):—\/2y T < \/1_\/(2)/ +(X +23)+(x +17 )] 2\/(%}

X2+ 2+22 2 2 2 2 3 2 2 2 2
Do d6 P:Xy2+yZZ+ZX2_XyZ_( y6 ) <2\/(X +y3+2j _g[x +y3+2)

2 2 2
Batt:\/{%j (t>0).Taco P< f(t)=2t3—§t4; f'(t) =6t —6t> =6t°(1—t) =0 <>t =1.

Lap bang bién thién cua ham f (t) suy ra dugc f(t)< f(1) = 2—§ :l =P< 1

2 2 2
Ta thay P:% khi x=y=z=1. Vay gia tri I6n nhat can tim la MaxP=% khi x=y=z=1.

Bai8: Cho céc s6 thue duong X, Y,Z . Tim gia tri nho nhat caa biéu thic

x+y+z) +2.

7x+y+4J_H48J_? 2
Bai gidi

Ta co: 4\fxy =2\/x4y <x+4y; 183/xyz =33/x4y.9z <x+4y+9z
Dau “=" xay ra khi x = 4y = 9z

Suyra P>

1 2
— 2
X+y+z+2(x+y+z) +

Dit t=x+y+z,(t>0), xét ham s f(t)=%t2+%+2 (t>0)

Lap bang bién thién tim dugc min f (t) = % ot=1




Vay mlnP_Zcx_ﬁ y_i z:i
2 49 49 49

Bai 9 : Cho cac sb duong x, y, z théa man xy + yz + zx =3. Ching minh rang

. . >
xyz (x+y)(y+z)(z+x) 2
Bai gidi
Ap duyng bdt Cosi cho 3 sé duong L : L , 4 ta duoc:
2xyz 2xyz (x+Yy)(y+2z)(z+x)
L 4 R T 4 3
xyz (x+y)(y+z)(z+x) 2xyz 2xyz (x+y)(y+z)(z+x) \/XZ 222 (x+y)(y+2)(z+x)

2,,252

Ta co: X*y?z2° (x+Y)(y+2)(z+X)=xyz(zx+yz)(xy + 2x)(yz + xy)
Ap dung bdt Cosi cho 3 sé duong xy, yz, zx: Xy.yz.zx < (Wj =1= x’y?z* <1=xyz <1 (1)

Ap dung bdt Cosi cho 3 s6 duong zx+ yz, Xy +zX, yZ+ Xy :

X+ yz)+(Xy;ZX)+(yz+Xy)} =8 (2)

)(z+x)<8

(2x+ yz)(xy+zx)(yz+xy)s{(

2,,252

Tu (1) va (2) suy ra: x°y*z*(x+y)(y+

(
Vay: i+ 4 >3
W xyz  (x+y)(y+z)(z+x) 38 2

lw N

Bai 10 : Cho x ; y ; z la c4c s6 thuc duong thay d6i sao cho x + y + z = 2. Tim gia tri nho nhat caa biéu
thirc: F = x* +y* + 2%+ 2xyz .

Bai gidi
Khéng mat tinh tong quat, gia sir z 12 s6 nho nhat. Lic d6 0 <z <1 (viz >1thix+y+z> 2).
TacOF= (x+y)Y’+2°+2xy(z-1) =(2-2)* +2° - 2xy(1-2)

2
Mat khac xys[xzyj :(Z;Z) nén —2xy(l— z)>—2( j 1-2).

T do F 2%(23—22+4) (1). Xét f(z):%(23—22+4)v6i 0<z<l.

Taco f'(z):%(Szz—Zz):Ocz:ge(o;l)
Tir bang bién thién suy ra f(z)25—§ D)

Tur (1) va (2) taco F>2— Vay F

min _

datduo’ckhix=y=z=§.




Bai 11: Cho cac sb thue duong x,y,z thoa man x* + y? + 2> =3. Tim gi4 tri 16n nhat cua biéu thuc
3 3 3
X +Yy 41z N 3

P=(X+y+2)*- ,
Oxyz Xy + Yz + zX

Bai gidi
TacO(X+y+2)° =X+ Yy + 22+ 2(Xy + Y2+ 2X) = (X + Y + 2)* =3+ 2(Xy + Yz + 2X)
Lai cO X*+y> +2° = (x+ y+ 2)[X* + y* + 2% — (Xy + yz + zX)] + 3xyz

3 3 3
= (X+ Y+ 2)[B=(xy + yz + zX)] + 3xyz nén u:1+l i+i+i [3—(xy+yz+2x)]
Oxyz 3 9lyz zx xy
Xy + yz + 2x > 33x%.y%.2° L1 1 9
Ap dung BDT Cauchytacd < 1 1 1 1 >—+—+—2

Xy YyZ XZ Xy+YyZ+2zX

—t—+—233 5
Xy yz X X“.y“.z

3 3 3
Suy ra u2%+(;j[3—(xy+ yz + 2x)]

Oxyz Xy + Yz + zX
Tur do ta co:
P§3+2(xy+yz+zx)—}—(—1 j[S—(xy+yz+zx)]+—3 =1—1+2(xy+yz+zx)
3 \Xy+yz+2zx Xy+yz+zx 3
2 2 2 2 2 2
Do O<xy+yz+zx£x Ty ry ;Z 2 X _3nen P£%+6:2—39

29 X +y?+2*=3
Tfrd(’)suyraGTLNcﬁaPIél?datkhi Xy=yz=xz2 <<x=y=z=1
Xy+yz+zx=3

3x3
y2 + ZZ

Bai 12: Cho x,y,z>0,x?+y?+ 2% = xy + x2 +10yz . Tim gié tri nho nhat cia P =8xyz —

Bai gidi
Céach 1
8(X* +y® +12°) =8xy +8xz +80yz < X* +16y* + x> +162° + 40y* + 402* = x* <8y* +82°

12yz = x> +(y+2)* = x(y +2)

1 3 X * 3,.3

12y7 ==X =X(y+2)+(y+2)* +=x*=| Z—y—z | +=xX*2=x* = x* <16yz

y4(y)(y)4(2yj44 y
3

:Pz%—24x:f(x):>f'(x):0c>x2:16

M in f(x) = f (4) =64

Khix =4,y=z=1

Céch 2




X+ Y2+ 2 =xy+x2+10yz = (Y+2)* + x> = xy + xz +16yz
=X(Y+2)+16yz < x(y+2)+3(y+2)* = x> =x(y+2)-2(y+2)* <0

=

e[-12],x,y,2>0
y+12
2

= X<2(Y+2)<2y2(y? +7%) = X* <8(y* + 7)) = y* + 7° 2%

12yz = x> = x(y+2)+(y+ 2)° = x2<16yz
3

:Pz%—mx: f(x)= f'(x) =0 x? =16
M in f (x) = f (4) = 64

Bai 13 : Cho x, y, z la ba s6 thyc dwong thoa man: x?+ y? + 22 S%' Tim gié tri nho nhat cua biéu thuc:

P=8xyz+i+i+i.
Xy yz X
Bai gidi
1 1 1 1 X*+y*+z° 1 1
Tacd —+—+—>33/——— ,datt= Yxyz >0. Ma IJx°y’z2? <—2 — <==0<t<=
Xy Yz oz x*y?z? "’ ¢ Y y 3 4 2

3 R . 3
— P >8t°+— . Xéthamsb f(t)=8t+—.
t t

Taco vt=0, f(t) :24t2_t%’ f"(t):oatzi/%_

N[

Tur bang ta cé f(t) > 13 voi moi gid tri t thoaman 0<t<

Suy ra P> 13. D4u bang xay ra khi t = % hay x = y:z:% KI: MinP = 13.




§7: BAT PANG THUC SU DUNG TIEP TUYEN

Bai 1: Cho a, b, ¢ la c4c s thuc duong thoa man diéu kién a® +b® + ¢ = 3. Chirng minh rang:

g 2b® 3c? 3
2 3 2 T2 4 2 2 =5
b*-2b+3 c¢°+a°-2a-3c+7 a"+b*+a°—-2b°-6a+11 2
Bai gidi
3, A3 2 3 3 3
Gt tce +1_1:3c 1;a4+122a2:> : a b 2b P— 230 :
2 2 2 b*-2b+3 c¢°+a“°-2a-3c+7 a*+b*+a°-2b°-6a+11
a 2b? 3c? a®+b*+c® 3
< + + < ==
(b-1)%+2 (a—1)2+§(c—1)2+4 3(a-1)°+(b*-1)*+6 2 2
2
- £ \ e ax r.n la+b+c=1
Bai 2: Cho ba so6 thuc duong a, b, ¢ thoa man diéu kién
- a>h>c
N o =R ;o a b3 7 2
Tim GTNN cua biéu thac: M = = = — =< =aifil=p
(a+b)@a®+b) a“+ab+b~ 8
Bai gidi

4
Ta co: a2 ; >2a-3p va dau “=" xay rakhia=b
(a+b)(@a +b°) 8 8

CM:8a* > (5a—3b)(a+b)(a’* +b?*) < 3a* +3b* > 2ab® + 2a’h + 2ab® = ding

3
Ta co: %zzb—la va dau “=" xay rakhia=b
a“+ab+b° 3 3

CM:3b® > (2b-a)(a® +ab+b*) < b* +a° > a’h +ab’dung va,b >0
:>M>§a—§b+gb—1a+1\/1+c2<:>M>la+lb+1\/1+c2
"8 8 3 3 8 24 24 8

Doa+b+c:1<i>a+b:1—c:>M2%(1_7(:+\/1+c2j

. a>b>c>0
Dat f(c)=1—9+ 1+¢® vai 0<cgE do :>c<csE
3 3 3 a+b+c=1 3

‘(vi cs%:>3cﬁl va 1+c? >1

3 9 9 9 3

jf@zf@j:z_a 1+1=z+@:mg.(g+@]




KL: GTNN cia M I3 : g(%@} khi c=%=a=b

Bai 3: Cho 3 s6 thuc dwong a, b, ¢ thoa mén a? +b? +¢2 =3

Tim GTNN ciia biéu thic : S =8(a+b+c)+5(1+%+1j
a C
Bai gidi

5 3a +23 L, . x N . n n
Nhan xét: 8a+ = (1) v6i moi 0<a <+/3 du bang khi a = 1, that vay

a
8a + 2 32" +23 . 30 _16a% + 23210 <0 < (a—1)*(3a—10) <O0luon diing
V6i 0 < a <+/3d4u bing khi a=1

2

Twong tur 80+ Z 3" +23 ) ddu bing khib = 1
g+ 25> 28 oy 44 bang khic = 1

2 2 2
Tir (1),(2),(3) suy ra S = 8(a+b+c)+5(1 1 %) 3@ +b2+c)+69=39
Dau bang xay rakhia=b=c=1
Vay GTNN cua S = 39 dat duwoc khivachikhia=b=c=1

Chu y: dé tim ra vé phai cia (1) ta sir dung phuong phép tiép tuyén.

Bai 4 : Véi a, b, ¢ la céc s thuc duong, nho hon % va théa man a + b + ¢ = 3, chitng minh rang:

1 . 1 N 1 S>3
a’(3+3c-5) b*(Bc+3a-5) c’(3a+3b-5)

Bai gidi
1

Bat dang thirc da cho tuong duong voi > 1 +— +— L >a+b+c
a’(3(3—a)-5) b*(3(3-b)-5) c*(3(3-c)-5)

Bat dang thize da cho dugc ching minh khi ta co: ﬁ
—3a

That vay, do a < % nén bat dang thirc trén trong duong véi 1> a®(4—3a) < 3a‘ +1> 4a°
Tt a > 0 nén theo bat dang thirc AM-GM ta nhan dugc 3a* +1=a* +a* +a* +1>4%a*a*a* = 4a°

Dau bang xay ra <> a=1
Dau bang cua bat dang thuc xay ra <> a=b=c = 1.

Bai 5 : Cho céc s thuc duong a, b, ¢ . Chitng minh rang:




Ja+b+c +\/5+\/a+b+c +\/B+\/a+b+c +c . 9+3V3

b+c c+a a+b ~2Ja+b+c
Bai gidi
- a+b+c+~/a(a+b+c) +a+b+c+«/b(a+b+c) +a+b+c+«/c(a+b+c) S 9+343
b+c c+a a+b 2
a b c
1+ 1+ 1+, ——
Va+b+c Vat+btc Va+b+c 9+343
= + T =
b Cc Cc a a b 2
+ + +
a+b+c a+b+c a+b+c a+b+c a+b+c a+b+c
bat x = a b ,facoxy,z>0vax+y+z=1

a+b+c a+b+c a+b+c

1+J§+1+\/§+1+ﬁz9+3\/§®1+\/§+1+\/§+1+\/§29+3\/§
y+12 Z+X  X+Yy 2 1-x l1-y 1-z 2

Tacm: ! + ! ! + ! + ! > J =g
1-x 1-y 1-z (@Q-x)+@Q-y)+@1-2) 2

Khi d6 dpcm <

+ 29(1) tacé=
l1-x 1-y 1-z 2

Tir d6 suy ra (1) déing, déu diing thirc xay ra khi x =y =z = %

R R Y

Tacm: > (2)
1-x 1-y 1-z 2
That vay, xét ham s6 f(x)=x(1—x) voi 0 < x < 1Taco f'(x) =12_\/32( 0o x:%
X
Suy ra O<f(x)<i De‘1u“=”><é1yra<:>x—l
33 3
Vay ta co: Jx = X 2§=—3\/§Xtu0ngtu \/? 23\/§y’ Jz 23\/52
1I-x  @-xWx 2 2 -y 2 '"1-z 2
Suyra \/;Jr \/§+ V2 23\/§(x+y+z):ﬁ
1-x 1-y 1-z 2 2

Tir d6 suy ra (2) ding, ddu dang thic xayrakhx =y =z =

Wk

Tir d6 suy ra dpem dau dang thic xay ra khia=b =c.

Bai 6: Cho cac so thuc duong a, b, ¢ thoa man : 9(a* +b* +c*) - 25(a? +b? +c?) +48=0

2 2 2
Tim gi4 tri nho nhit caa biéu thuc: P= -2+ gy
b+2c c+2a a+2b
Bai gidi

gt < 25(a® +b? +c?)+48=9(a* +b* +c*) két hop véi dang thirc

a’ +b* +c¢* Zé(a2 +b% +c?), tr do6 suy ra:




25(a”* +b® +c*)+48>3(a* +b* +c?)* & 3<a’ +b* +¢’ s%

Tacod 14x+2225x*-9x*(*),vx>0,"="< x=1 that vay
(*) = 9x* = 25x* +14x+ 220 < (x—1)*(9%x* +18x+2) > 0 ludn ding. Vay

14a+2 >25a° —9a*
14b + 2 > 25b* —9b* :>14(a+b+c)+6225(a2+b2+cz)—9(a4+b4+c4):48
14¢ + 2 > 25¢° —9c*
—a+b+c>3,diubing <a=b=c=1
Ap dung bat dang thicc Cauchy-Schawrz ta duoc:
2 2 2 2
__a N b N c 2(a+b+c) =a+b+c21
b+2c c+2a a+2b 3(a+b+c) 3
Dau bang <>a=b=c=1. Vay gia tri nho nhat cia P bang 1 <>a=b=c=1

11°-a®> 11c-b® 11a°-¢°

Bai 7: Cho 3 s6 duong a,b,c thoa man a+b+c=3.Tim GTLN cua p = + +
ab+4b®> bc+4c® ca+4a’

Ta s& chitng minh bat dang thirc sau : 1Jb—§2 <3b-a

3 3 3 3
Thatvay : 222 3y aca®+b*2ab(ath) > 2 8 <3 q
ab+4b ab+4b
3 .3 3 R3 3 A3
lelb a2+1lc b2+11a CZ§3b—a+30—b+3a—c:2(a+b+c):6
ab+4b° bc+4c® ca+4a

Bai 8: Cho ba sb thuc duong a,b,c va thoa man diéu kién a? +b? +¢? = 3.Tim gié tri nho nhit cua
a’+b® b®+c® c*+ad

biéu thirc S = + + :
a+2b b+2c c+2a

Bai gidi
3
X +121x2+£(x>0) (*)
Xx+2 18 18

(*) =18(x* +1) = (x + 2)(7x2 +5) < (X —1)2 (11x+8) > 0 dung véi moi x>0, dau “=" say ra khi x=1

Trudc tién ta ching minh BDT :

3 3 2 2 3 3 2 2 3 3 2 2

Apdung(*)choxIémlu’c_)rtle‘aE;E;£:>a +b 27a +5b ;b e 27b +SC ;C ra 27C +5a ;

bca a+2b 18 18 b+2c 18 18 c¢+2a 18 18

12(a2+b2+02)
18

Tur cac dang thac trénsuy ra S > =2

Vay MinS =2 khi a=b=c=1

Bai 9 : Cho a, b, ¢ 1a d6 dai ba canh cua mét tam giac. Chizng minh rang:




1 1 1 9 ( 1 1 1 j
S > + +
a b ¢ a+b+c a+b b+c c+a

Bai giai q
Khéng giam tinh tong quét, giasir a+b+c=1

Vi a, b, ¢ 1a ba canh cua mot tam giac nén a,b,c (0;%) :

Bat ddng thirc can chirng minh twong duong véi
A LA DA D fa) s f(b)+ f(c) <9
l-a a 1-b b l1-c ¢

Vi f(X):li—EZSX_:ZL,XE(O;%j
—X X X=X

Ta danh gia o~
X— X

= f(a)+ f(b)+ f(c)<18(a+b+c)-9=9

<18x 3<(3x- 1) (ZX—].)SO,VXE(O;%)

Bai 10: Cho ba sé thuc duong a,b,c thoa man a° +b® +¢® =4. Tim gia tri nhé nhat cua biéu thuc

Va VB

P= >+ :

b? +c? c+a a’+b?

Bai qidi

. @ +b?+ct=4 .

Tirgléthlét{ =a,b,ce(0;2) va a’+b*+c’ =4 b’ +c’=4-a’...
a,b,c>0
Do dé J3a J_b J3c J§a J_b 3 /3a? J_bz «/_c
odo P= 2 st 2 2 >t 2 st
b%+c? c+a a’+b?> 4-a? 4b 4-c®> 4d4a-at 4bb 4c-¢?

Xéthamso f(x)=4x-x> véi xe(0;2).CO f'(x)=4-3x*= f'(x) =0 x= —2*/_ ,f(0)=0, f(2)=0.

Ta c6 bang bién thién ciia ham so f (x) trén (0;2) la

3
{2\3@]:42\@—(2\3{? =16f . Tr bang bién thién ta c6 0< f(x)sl6;/§,we(0;2).

3

Tuc 0<4x—x3<

2 2
16\@: ! =2 9 = \/§X329\/§X ,VXe(O;Z).Déu“Z”khix:ﬁ.
9 Ax—x* 1643 4x—X* 1643 3

V3a¥ _9y3a® _9a’ 3b® _9y3b® _9b® 3P 93’ 9o’ (@bce(02)

4a-a’ 16J_ 16’4b—b3‘16f 16 "4c—c® 16\/_ 16

Ap dung ta c6

2
Cong theo vé 3 bat dang thire trén ta dugc P>9i+£+9i: J (a +b%+c? )
16 16 16 16

4>|©




243

Vadiu "= xiyra sa=b=c===.

2f

Vay min P_— dat dugc, khi va chikhi a=b=c=—=

Bai 11: Cho a, b, ¢ 1a d6 dai ba canh ciia mot tam giac. Tim gid tri Ién nhét cua biéu thic
b_ (a+b+c)( 3a-b 3b-c 30—a)

= o ;
2+ab b?+bc c’+ca

Bai gidi
Giastr a+b+c=k>0,dat a=kx,b=ky,c=kz=x,y,z>0 va x+y+z=1.
k(3x—Yy) k(3y—12) k(Bz—x) | 3x-— y . 3y z 3z—X
272 + 2 2 + 27,2 + 2
K (x“+xy) k°(y"+yz) k°(z°+2zx) X +xy yi+yz 7% +1IX
_Ax—(x+y) 4y (y+2) 4z—(z+x) 4 1 4 1 4 1
X(X+Y) y(y+2) 2(z+x) X+y X y+z Yy Z+4+X Z
4 1 4 1 4 1 5x-1 by-1 5z-1
= + + = + + :
1-z x 1-x y 1-y z x-x* y-y* z-7°
Do a, b, ¢ la ba canh cia mottam giacnén b+c>a=y+z>x=1-x>X

Khi d6 P:k{

= x<%, tuc la XE(O;%j . Tuong tu ta cling c6 v,z e(o;%j.

-1
2

<18t —3(*) dung vai moi t e(O;%).

3_ 2 _ _ _ 2
5t 1 1802 2+8t 1_ g (2-D@-
t—t t(1-t)

<0 (**)

(**) hién nhién ding véi moi t e (o; %j Do d6 (*) diing véi moi t E(O; %j
Ap dung (¥) ta dugc P <18x—3+18y—-3+182-3=18(x+y+2)—9=9
Dau “=" xay ra khi x = y=z:%<:>a=b:c.

Vay P dat gid tri I6n nhat bang 9 khi a=b=c.

Bai 12: Cho cac sb thuc duong a, b, ¢ thoa mén: a® +b? +¢? =3 . Tim gid tri nho nhit cua biéu

thuec: P:S(a+b+c)+2(£+1+lj

a b c
Bai gidi
2
Ta chung minh 3a+32a—+g
a 2 2
Voi 0<a<\/§:a3—6a2+9a—4£0<:>(a—1)2(a_4)go (ding)

2
Tuong tu 3b+§2b_+9;3c+g 9
b 2 2 c 2

<,
2




Véy3(a+b+c)+2£1+1+£)2£(a2+b2+cz)+£:15
a b c) 2 2

Déau "=" xay rakhi a=b=c=1.

Bai 13 : Cho ba s thyc duong a,b,c va théa man diéu kién a2 +b? + ¢ =3. Tim gia tri nho nhét cua
a®+b® pP+c® *+ad

biéu thuc: S = + i
a+2b b+2c c+2a

Bai gidi
i N ¥+l 7 , 5
Trudc tién ta phai chimg minh BDT >—Xx"+—(x>0)(*)
X+2 18 18

(*)<:>18(x3+1)2(x+2)(7x2+5)<:>(x—1)2(11x+8)20
A " A . ab.c
Ap dung (*) cho x lan luot la —;—;=
bca
a*+b®_7a®> 5b® bP+c®_ 7b® 5¢* c*+a’_ 7¢? 5a’
> 2 = > 47 >
a+2b 18 18 b+2c 18 18 c+2a 18 18
12(a® +b*+c?) _
18

2

Tir cac dang thuc trénsuy ra S >

Vay MinS =2khi a=b=c=1

Bai 14: Vdi a, b, ¢ 1a cac s thuc duong, nho hon va thoa man a+b+c=3, chimg minh rang
1 1 1
5 +— += >3
a®(3b+3c-5) b*(3c+3a-5) c*(3a+3b-5)

Bai gidi
1 1
a’(3(3-a)-5) b2 (3(3-b)-5) ' c(3(3-c)-5)

Bat dang thirc da cho twong duong voi >a+b+c

Bét déng thirc da cho dugc chimg minh khi ta co 2; >a
a’(4-3a)
That vy, do a< %nén bit dang thic trén twong duong véi 1> a°(4-3a) < 3a* +1> 4a°
Tir a > 0 nén theo bat dang thirc AM-GM ta nhan duoc 3a* +1=2a‘+a*+a*+1>4%a* xa* xa* =4a°

Déu bang xay ra <>a=1
Dau bang cua bat dang thirc xay ra <>a=b=c=1



§8: BAT DANG THU'C SU DUNG PAT AN PHU

Bai 1: Cho cac sb thuc duong a, b, ¢ théa mén 1+1—£= 4 . Tim GTNN cua
a b c¢c a+b-c
1 1 1
P=(a’+b°+C°)| =+ +—
( )(a b° c5j
Bai gidi

Tt gia thiét ta co
1 1 1 a b (a+b ¢ ¢ a b 1 1
b—¢c) =4+=—Z|=24c=4=3+"4+ 2| 2“4 212 |<3+=4+2-2 (a+b
(a+ c)( + j o +b ( + +bj +b+a \/(+)( b)

a b c a c a
<:>E 9—2f1+1+2 1>0< :§+b>7
b a a b b a
Biéu thirc
a’+b’° 1 1 a> b 1 1 a> b a® b a b
P=3+ < +CS(§+b_5J+b_5+¥23+2\/(a5+b5)(¥+b_5]+b_5+a_5:3+2 2b_5+c_5+b_5+¥

5 5

Dat t:%+927 thi ta co Z—5+b—=t5—3t3+5t215127‘v’t27:> P >15376
a a

5

7£3V5, _ 735
2

Dau “=" xay ra khi a=

2
Bai 2 : Cho céc s thuc duong a,b,c théa man @’ +b?+c¢®> =3 . Tim GTLN cua biéu thic :
ab bc a’b’® +bc?
=] =+ —
c’+3 a*+3 24a%c?
Bai qidi
, ab bc ab bc
TaCO 2 + 2 = 2 2 2 2 + 2 2 2 2
c"+3 a"+3 (c+a’)+(c+b”) (a"+b")+(a”+c°)
ab bc 1, a? b? b? c?
< + <— 2 st st 2 st 3 2)
2J(c? +a’)(c? +b%)  2(a®+b*)(@*+c?) 4 ¢’ +a’ c+b® a’+b® a’+c
1 b? b? 1 b? b? 1 1 1b b
-~ <= =Z(l+—+—)="4=(—+—
4( +c2+b2+a2+b2) 4( +2bc 2ab) 4( 2c 2a) 4 8(c )

4 3
Lai 0 (¢ +y")(x-+y) > (¢ + ) > & Zy)— — e ryt s J;y)

a’b® +b°c _ (ab+bc)® 1(b b)Y’ 1 1(b b b, bY
> =—|—+—| «P<—+-| —+—
a’c® 4c%a’ 4\c a 4 8lc a) 9% a




14 3 -
Xeét ham so f(t)=1+£_t_ Vol t>0= f(t),, = f(2)=i
4 8 96

12
. 5
Vay P =—<a=b=c=1
12

Bai 3: Gia st X, Y, z 1a c4c s6 thuc duong thoa man x? +y? +z? =1. Tim gia tri 16n nhat caa biéu thic

Xy yZ X3y3 + y323
= + — .
1+2% 1+x° 24x373

Bai gidi
Ap dung bt dang thirc Cosi ta c6
Xy vz o_ Xy N yz
1+2° 14X (Z2+x)+(22+y?) (C+y*)+(x*+27)
- Xy N yz <£(X2+yz+yz+zzJ
_2\/(zz+x2)(zz+y2) 2\/(x2+y2)(x2+zz)_4 224X Pyt Xayt X7

2 2 2 2
Y PO S S P Y A ZE(HLLJZLE(LXJ
4 Z°+y" X“+y 4 2yz 2xy) 4 2z 2x) 4 8\z X
Tiép tuc ap dung bat ding thirc C6 si, ta cd x°y® + y*z° > %(xy +yz)’ nén

Cy v’ (y+yz) 1 Y,y y,y y yY
——2 = ( j Suyra P< += ( j (—+—j
Z°X 47°X 4 4 8 96

z X z X X
Dat t=X+X,khi dot>0va Ps—it3+lt+l.Xéthém sb f(t)z—it3+1t+l Voi t>0
X X 96 8 4 96 8 4

Ta co f'(t)=—ét2+%;f'(t)=0<:>t=2,vi t>0

Dua vao bang bién thién ta co P < % , ddu ddng thirc xay ra khi va chi khit=2hay x=y=z= % Vay gia
. /4 A ? \ 5 - l
tri lon nhat cua P la —, dat duoc khi x=y=z=—"+
12 NE
Bai_4: Gia st X, Y, z la cac s6 thuc duong thoa man x+z <2yva x?+y?+z? =1. Tim gia trj 16n nhat
.2 1 1
cia biéu thire p=—Y_+ Y2 _ s(_+_j.
1+ 1+x° | x> 7

Bai gidi
Tir gia thuyét ta co /xz <
2 2 2
Cha ¥ ring, véi moi x, y > 0 va moi a, btaco B2 <& b
X+Yy X y

That vay, (1) twong duong véi (ay —bx)> >0.

2 2
Khidé P=-21 Xy +L_y3£i+%j£(x+y) + (y+2) _y3£i+i3]
Z

1+2% 1+%° x* A4(1+72%)  4(1+x%)




(x+y)? N (y+2)° _ s[iJrij

TAXPH Y+ A+ YR X+

1 1 °
LAy vy (v, ), [z z) _( J ___[ij +_(1+1)+_
Z X Z X X)) 4 4z x 8lz X
2
patt=Y+Y t>2[Y 2 Khido P<-tt+it2ol,
7 X XZ 4 8 4

Xét ham sb f(t)=—1t3+1t2+lvéi t>2.Tacé f'(t)=—§t2+lt<0 véimoi t>2.
4 8 4 4 8
Suy ra [ry_a>§f(t)=f(2)=—§.

Suy ra Ps—%,déudéngthfrcxéyrakhi x=y=z=i.

Na

Vay gié tri 16n nhat caa P 1a —g dat duoc khi x=y=z= L

N

Bai 5 : cho cac s6 thyc duong a,b,c sao cho (a+b+ c)( L i 1) 10 .Tim gia tri 16n nhat cta
a c

_ 3 5 4
ab+bc+ca a*+b*+c?

(Trich dé thay Tran Quéc Ludt)

Loi giai:
Chu y tir gia thiét ta co:
7(a+b+c)(ab+bc+ca)
10

(a+b+c)(ab+bc+ca)=10abc = ab(a+b)+bc(b+c)+ca(c+a)=7abc =
Khong mét tinh tdng quat gia st a>b>c ta co :

10:(a+b+c)(1+l+l)z(a+b+c)(£+i)
a b c a b+c
=10a(b+c)>(a+b+c)(4a+b+c) < (a—b-c)(da-b-c)<0< a<b+c tu day suy ra:

(@+b-c)(b+c—a)(c+a—b)>0 < ab(a+b)+bc(b+c)+ca(c+a) >a’ +b® +c* + 2abc (*)




<> 4[ab(a+b)+bc(b+c) +ca(c+a) +abc] = (a+b+c)’

2
= 16(a+b+c)éab+bc+ca) >(a+b+c)® < ab+bc+ca> w
3
Mit khéc ta c6 (*) < a® +b?® +¢® < 5abc = (a+b+ C)(E;b +bc +ca) < 5(a +3b2+ c)
Tu cac danh gia trénta co P < 48 128 l( d& dang chimg minh) Max

- <
5(a+b+c)* 5(a+b+c)® 5

p- %.khi (a,b,C) = (2L1) va hoan vi

Bai 6: Cho cac sb thuc duong x,y,z sao cho 1,11 16

Tim gi4 tri 1on nhat cla
X Yy Z X+y+z

o _ (X=Y(y-2)(E-%)
Xyz

(Trich dé thi thir sé Ha Tinh)

Bai gidai
Bai nay tinh ca cach ciia minh thi c6 khoang 7 10i giai nhung c6 4 15i giai ¢6 vé na na giéng nhau vi thé
xin chi néu cac cach dién hinh :
chu y cac dang thirc sau:

16 = (X + y+z)(1+1+lj=[§+X+E]+(5+X+Ej+3 va :

X y z y z X zZ Xy
2 2 2 2 2 2
I:)Z(x—y)(y—z)(z—x)z(x Z+YX+Z2Y)-(X"y+yz+2 x)=(§+z+zj_(§+1+£j
Xyz Xyz y z X zZ Xy

Bay gio dat A= (5+X+Ej; B(§+X+Ej thi A+B=13 va can tim max cua P=A-B
y 7 X Z Xy

Ap dung BDT am-gm :16? :[x2+y2 +2°+2(xy + yz+zx)}[%+iz+i+2(i+i+iﬂ

y>  7? Xy yz X

> 4\/2(xy+ yz+zX)(X* + y* + 22).2(i+i+ij(%+%+%j

Xy yz )\ x* y* 2

& A -2B+B*-2A<61< (A+B)?—2AB-2(A+B)<61<> AB>41 tacod:
P? =(A-B)? =(A+B)?—4AB<169—4.41=5= P </5 dang thic c6 thé x4y ra khi :




Qstudy.vn Hoc Toan Khong Tién B9, Hoc Thay Quang Pé Thay Doi

X2+ Yy +2% =2(Xy + Yz + 2X) Jz=\x+y
X*y® +y°2° +2°X* = 2xyz(x + y +z) chang han nhu 1/yz = Vx(\[y +/2)
(X=y)y-2z)(z-=x)>0 Z>y>X



§8: BAT DPANG THUC CO BIEN BANG 0

Bai 1: Cho céc s6 thuc x ; y ; z khdng &m sao cho khong c6 hai sé nao dong thoi bang 0. Tim gia tri
o fes o LA . 1 1
nho nhat cua biéu thic P = (xy + yz+zx)( — - — 2]
X*+y° oy +z° 7°+X
Bai gidi
Gia sir z = min(x;y;z). Khi @6 ta co: x+y>2z < Xy +yz +2x> (x+%)(y+%)
. . 1 1 1 1
Mat khéc ta co: > ; >
‘ yZ +ZZ ( Z)Z X2 +22 [ Z)Z
Y+ X+~
2 2
1

Z Z 1
P> x+—-|ly+— +
( 2)( 2) 2\ 2\ 7\ 7\
X+—| +|y+—= +—| +| X+—=
( 2) (y 2j (y 2) [ zj
Déta:x+§;b:y+§ (a>0, b>0 theo gt cho)

a
b

, 1 1 1
Taco:P>ab +—+=|=
(a2+b2 a’ sz

Pit t = % (t > 0) ta khao sat ham sé:

t 1 .
+t+= (v6it>0
t? +1 t ( )
t? +1-2t° 1 —(t*-1) (t*-1
—2+1__2: 2 2 T 2
(t*+1) (" +]) t

f(t) =

f'(t) =

1 1
=({t°-1)| - =0t=1(t>0
( )LZ (t2+1)} St=1>0)
Bai 2: Cho a; b; ¢ 1a cac s6 thuc khong 4m d6i mot khac nhau. Tim Min
7

2 2 2 1 1
P=[(a+b) +(b+c) +(c+a) }{(a—b)z +(b—c)2 +(c—a)2
Bai gidi




Gia st c =min(a;b;c) >a-c<ab-c<b = Pz[(a+b)2+a2+b2]{ﬁ+a—lz+b%}

2(a +b2+ab) 2(a’ +ab+b) 2(a® +ab+b?)

T @ _2ab+b a’ b?
a+b+1 2
T 2
=2 b—a+(§+9j +(E+E) =f(t)= Z{EH +tj Véi P=Mt=3+9>2
a b , (b a b a t—2 yz b a
b a
£/(t) = ‘32+2t+1=o:>t=5+@
(t-2) 4
Lap bang bién thién ta c6 ngay min f(t):M
=P> 59+11\/_ . D4u dang thuc xay ra < ¢ = 0% 9=5+F va cac hoan vi cua ching.
a

Bai 3: Cho a,b,c 1a céc s6 khdng &m. Tim gia tri nho nhat caa biéu thic

2a’ +b? +c? a+b+c
P= + +24Ja+b+c
(a®+b*)(a* +c*) (a+b)c

Bai idi
2 2 2
Taco p= 23 ¢ a+b+c+2\/a+b+c_ > L =+ 1 +l+2\/a+b+c
(a2+b2)(a2+c) (a+b)c a+b @i atb o

2
Vi 0<a<b<c nén a?+b? <ab+b? s(%m) . D4u bang xay rakhia =0

2
Tuong ty: a®+c? < (%Jrcj . Dau bang xay rakhia=0

Nén: P> ! + ! + ! +1+2\/a+b+c dau bang xay ra khia =0

(a jz (a T a+b ¢
—+Db —+C
2 2

Ap dung céc bat dang thirc : véi x >0, y > 0 ta co:
l 1

— ~ dau bang xdy ra khi x = y. ( phdi ching minh)

5 =

y°o  (x+y)

X2
l 1 L3 \ .
—+=> dau bang xdy ra khi x =y.
x y X+Y

Taco: P> 8 + 4 +2Ja+b+c

(a+b+c)*> a+b+c

bitt=2Ja+b+c vsit>0




8
t

5 2
Ta co: f/(t)=—‘:’—52—§+2—w

7 t°

Xét ham s f () = +ti2+2t véit>0

f't)=0=2t° -8t -32=02(t-2)(t" + 2t +4t+8) =0 >t =2

Bai 4: Cho céac sé thuc khong am a, b, ¢ théa man 1+2a” +~/1+2b% +41+2¢? =5
Chang minh rang: 4+2a° +b° +¢® <64

) Bai gidi

Ap dung (1) ta co

5=+1+28% +41+20% +1+2c2 >1++/1+2a% +2b% +/1+2¢% > 2 + 1+ 2a% + 2b? + 22
Suyra a* +b*+c? <4 hay b* +c* <4-a* (2)

Khi d6 44/2a° +b°® +¢° < 442a% + (b? +¢?)°

Tu (2) vadoa, b, ckhdongdmtacdé 0<a<2

Xét ham sé f(a) = 4v2a% + (4 —a?)® trén [0;2]. Ta co:

f/(a) =12+/2a% —6a(4—a?)? = 6a(a—2)[a(6—a?) +v2(8 —a?)]

Véi ae[0;2], f'(a)=0<=a=0a=+2

COf(0) =64 ; f(N2)=24;f(2) =322 = f(a) <64;Vdi Vae[0;2]

Vay 442a° +b°® +c® <64. Dau dang thuc xay rakhia=b=0,c=2hoica=c=0,b=2.

Bai 5 : Véi cac sd thuc: 0<a,b,c<2 théamana+b +c=3.
Tim gi4 tri nho nhat cua biéu thuc P=v1+a++1+b++1+c

Bai gidi
Tachtng minh : 1+a++1+b >1++1+a+b(*). That vay:

(*)<:>1+a+l+b+2\/m21+1+a+b+2m

< (@+a)d+b)>1+a+b< ab>0 (ludn dung)

Vi vai tro cua a,b,c nhu nhau nén khong mat tinh tong quét gia st a<b<c
Suyra:1<c<2.Theo (*)taco: P>1++l+a+b++1+c=1+V4—c+~1+c
Xétham: f(c) =1+~4—c+1+cil<c<2

, 1 1
Taco f'(c)=- +
© 2J4—c 21+c

Taco: f(1) = f(2):1+ﬁ+ﬁ;f[§j:1+¢1_o.vay: P>1+2++3

;f’(c):0<:>c:g

Vay GTNN cua P 1a: 1++/2 ++/3

Bai 6 : Cho x, Y, z la c4c s6 khdng &m thoa man xy + yz+zx =1 . Tim min cta

1 1 1 5
P= + + +—-—(xX+D)(y+D(z+1
Yy Y+ X 2( )(y +1)(z +1)




N

Bai gidi
Giasir z=min{x,y,z}. Dt x+§=u20,y+§=v20 khi d6 ta co:

2 2
x2+22£(x+£J :uz,y2+zzs(y+5j =v?
2 2 1 1 .1 1 11
. ( ij ( ij . X +y> Y 4+zP P4+ xE ut+VvE o
X+y < Xx+=| +|y+=| =u’+v
2 2
1 1.1 1 +l(i+ij+§(i+ij
uz+v: our vdour+v 4l vi ) alu® Vv
1 1 6 S 4 6 10

+ > + =
u>+v:  2uv  (U+Vv)?  (U+v)? U+v)? (x+y+2)°
(X+D)(Yy+D)(z+) =xyz+(Xy+YZ+ 2X)+ (X+ Y+ 2)+1=XyZ+ X+ Y+ Z+2=>2X+y+2+2

10 5
=>P>2——+—-(X+y+2)+5
(X+y+2)° 2( y+2)
11 1 1 1 1 8 1 1 4

CacBPTphydading = =+ = |>— | = +=> 11,4
o phw e CHhe 4(u2+v2] 2uv a®> b> (a+b)’ a b a+b
Bai 7 : Cho céc sé thuc khong am a, y, z biét x = min{x,y,z}. tim GTLN cua biéu thuc:

32(x++/yz)? 2
P= 2( Jv) —(Vx+y +z)

x(\/;+ y+\/z) +4[(y+\/§)(z+\/ﬁ)+1]

Bai gidi
Ta c6 cac danh gia sau:
(Y +2X)(Z +xy) = (x+4[yz2)? & yz + 2o+ yxy + xiJyz > X2+ 2xfyz +yz
& X(zNz + yiJy —/xyz = xd[x) > 0 (dang véi x = min{x;y;z})
(WX +Jy +42)? 2 4(x+Jyz) @ x+y+z+2\xy +2.Jyz + 2d2x > &(x + [yz)
o (Jy —V2)? +Vx@y +2vz -3Jx) >0 (ding véi x = min{x;y;z})

x(Vx +.[y +4z)? >0
Nén: P< 32(x+\/y_z)2 —4(x+\/y_2)=M—4(x+x/y_Z)

_4(x+\/ﬁ)2+4 (x+\/y_z)2+1
bat x+./yz =t(t>0). Ta co:
8t 16t
f(t) = At f ) =————-4=0 (-t -t*+3t-1) =0
(t) 71 (t) € 11 (t—1)( )

Phuong trinh ¢6 nghiém t = 1 va nghiém luong giac a
Vi t>1thi f/(t) > 0. Haim dong bién nén ta chi xét P trong khoang [0;1]
Tatinh f(0).f(1).f(a) vaco f(0)= f()=0> f(a)




Nén MaxP = Maxf (t) = f (0) = f (1) =0.. ddu “=" xay ra khi {
x=0y=z=1

Bai 8: Cho cac s6 thuc khong &m x,y,z théa man x+y+z =4 . Tim gié tri I6n nhat cua biéu thic

P:x3+y3+z3+8(xy2 +yz? +zx2)

(Trich dé thi thiz trwong chuyén Vinh ldn 2)

‘ Bai gidi
Giastr y namgita X va z
S X(X=Y)NY—=2) =0 XY +XyZ 2 Xy? + X°Z <> XY +2XyZ + 22y = Xy +X°Z+ 22y + XyZ = Xy* +yz° +2X°
=P<xX*+y +2° +8y(x+2)* . Laicd X’ +2° <(x+2)°=(4-y)’ (do z>0)
=P<(4-y)P+y +8y(4-y)’=f(y)< f(2) =100

= P, =100 tai (x,y,2)=(3,10)

Bai 9 : Cho cac s6 thuc X,y thoa man (x* + y* +1)% +3x’y? —4x* —5y? +1=0

2 2 ny2,,2
Tim GTNN,GTLN cia p =X F2Y —3Xy

X +y*+1
Bai gidi
Tu didu kien = y* —3x°y* —1=(xX*+y*-1)’>0=>P>1
X +y*=1 x=0
Vay P =1 S
y> —3x’y*-1=0 y’ =1
P X2 +2y? —3x°y? :ﬂ+£2y2—x2—4—9x2y2
x> +y?+1 3 3 X +y*+1
2 y2 4 0y2y2
Taco 2y —X 34 MY =(x2+y2+1)2—§(x2+y2)—%

Voi Y2 >2=x+y° >2:>(x2+y2+1)2—§(x2+y2)—%>0:P>% (Volivei P, =1)

2 2 2,2 2 2 2,2 2
X +2y° -3X°y _f+£2y - X" —4-9x%y <f+1 2y —4<

=y <2=P= = < : <
y X +y+1 3 3 X +y*+1 3 3 y*+1

wlpH

4 x=0
Viy P =—-< )
3 y-=2

Bai 10 : Cho céc sé thuc khdng &m x,y,z thoaman x+y+z=3
Tim GTLN cua biéu thuc : P =(x* —xy + y2)(y? — yz + 2)(z> — xz + X*)

Bai gidi
Giast 3>2x>y>z2>0



2(z-x)<0 7° — X+ X' <X
= (2=%) & = P <xPy* (X2 —xy + Y?) = xX°y (X + y)? = 3x°y°® <9x*y® —3x%y°
2(z-y)<0 P —zy+y <y’
Xéthamsé f(t) =9t* —3t° véi te [O;%} = f(t). . =f(2)=12
Véy B, =12 tai (x;y;2) =(2,10)
Bai 11 : Cho céc s thuc X,y thoa man (x2 +y? +1)% +3x2y2 —4x? —5y? +1=0
2 2 2,2
Tim GTNN,GTLN cia P =X T2Y —3Xy
X“+y +1
Bai gidi
T dicu kign = y> —3x’y* —1=(xX*+y* -1)*>0=>P>1
X +y*=1 x=0
Viay P, =1l =9,
y? —3x’y*-1=0 y =1
I:>_x2+2y2—3x2y ﬂ 1 2y? —x* —4-9x%y?
X +y*+1 3 3 X +y°+1
2 g2 N
Taco 2y —X 34 9x’y" =(x2+y2+1)2——(x2+y2)—%
13 1 4
Véi Y2 >2= X +y2 > 2= (X +y2 +1)° ——(x +y )—§>O:>P>§ (Volivei P, =1)

X2 +2y? —3x°y? f 12y—x —4-9x°y?
X +y*+1 3 3 x> +y*+1

x=0
=
y' =2

=Sy’ <2=P=

Vay Pmax =

wl s

4,124 4
"33y

Bai 12 : Cho cac s thuc khéng @m x,y,z thbaman x+y+z=3

Tim GTLN cua biéu thuc : P =(x* —xy + y2)(y? — yz + 2)(z> — xz + X*)

Bai gidi
Giast 32x>y>z2>0
{z(z—x)go {zz—zx+x2 < X2

=
2(z-y)<0 |22 -zy+y*<y?

= f(2)=12

max

Xéthamsd f(t) =9t —3t° vdi te {O;ﬂ = f(t)

Vay B, =12 tai (X;y;2) =(2,10)

= P <x?y* (X2 = xy + Y¥°) = Xy (x+ y)*

—-3x°y® <9x*y?

-3x°y°




Cau 13: Cho cac sb thuc khdng &m x,y,z xthéa man x+ y+z =1. Tim gia tri nho nhat cua biéu thic

P=3(X’y* +y°2* + 22X 4 Xy +yz + 2X) + 2{X* + y* + 2°

Bai gidi
Ap dung bit dang thicc a® +b? +¢ 2> ab+bc+ca:>3(x2 +y? +22)2(x+ y+2)

PZS(xy+ YZ + ZX

2
) +3(xy+yz+ zx)+2\/1—2(xy+ yZ + ZX)

:>P2(>Q/+yz+zx)2+3(xy+yz+zx)+2\/1—2(xy+yz+zx)
Dat t=xy + yz + 2x(t20). Do X* + y* + 2 *> Xy + yz + xz

Nén 1=(x+y+2)*23(xy+ yz+xz):3t:>te{0;ﬂ

2 1
Xétham f(t)=t> +3t+2J1-2t = f'(t)=2t +3 - >0,‘v’te[0;—:|

= f(t) =2-P, =2 <(xY,2)=(10,0),(010),(0,0,1)

Cau 14 : Cho hai s6 thuc duong x, y thoa man 4(x° +8y®)=1 . Tim gia tri I6n nhét cua biéu thirc
(x+2y* + 2)3

P=
5(x2 +y2)—5(x+y)+3

Bai gidi
Ap dung bét ding thic phu a° +b° > ab(a+b) ta duoc

x> +8y° 22xy2(x+2y2):>(x3 +8y6)2(x+2y2)3 <:>12(x+2y2)3 1> x+2y?
Do dé: (x+2y%+2) <(1+2)° =27 (1)

Lai co: 5(x2 + yz)—5(x+ y)+32§(x+ y)2 —5(x+Yy)+3 :g[(x+ y)2 —2(x+ y)+1]+% (2)

27 x=2y"
T (1), (2) > PgT:54 Déau “=" xay rakhi {x+y=1 @X:y:%
2 4(x* +8y°)=1

Vay Max P = 54 khi x:y:%

a\/5+ C

Bai 15: Cho cac s6 khong am a,b,c va b>0 ;v/a*+b++/b+2c =4Jb .tim max P =
Bar I5: b+c avb+2b

N e

Loi giai




bat y—C :%tacé GT < VX2 +1+./1+2y =4 va can tim max P:L1+L2
y+1 X+

chll y 4:\/m+\/1+_2y>\/x2 +1+1—> x<24/2 va tuong ty y <41lac nay ta co
X Y o X2 y@2-y-142V2) o o o

+
y+1 x+2 y+1 (x+2)(y+1)

max P = 24/2 khi (x,y) = (2+/2;0)

o |

Bai 16 : Cho cac s6 khong am x,y,z sao cho (x+y)? +(y+2)? + (z+x)? = 6 tim max cua
p= (x+y+2)*  (xy+yz+2x)°
6+2 24 '

Bai gidi

3(x+y)? 22> (3x+3y+22)°

Giai: ta co 6=(X+y)* +2z(X+y+2)+ X +y*> > +22(X+y) + 5

= 3X+3y+22<6 < 3(X+y+2)<z+6 tu do suyra

<(x+y+z)_(xy+yz+zx)2<(x+y+z)2+1_(xy+yz+zx) 15 (xy+yz+2x— 1)
B 3 24 B 12 3 24 24 24
khi(x,y,z)=(1,1,0)

maxP 15/24
24

Bai 17: Cho cac s6 thuc khong am a,b,c sao cho a+b+c=2. Tim gia tri 16n nhat cta
P =(a’+ab+b?)(b?* +bc+c?)(c’* +ca+a?)

Bai gidi
Khong mat tinh tong gia sit a>b>c. thé thi :
a2+ac+c2§a2+ac+@=(a+c)(a+%j va b2+bc+02sb2+bc+@=(b+c)(b+g]

:H(a +ab+b®) < (a+c)(b+c)a® +ab+b’ )(a+—)(b+—)<(a+c)(b+c)(a +ab+Db?)

a,b,c
3(a+b+c)’ +30 —(a—b)?
2 2

43(@+c)(b+c).(a> +ab+b?) =[3a+c)(b+c)+(a +ab+b?) | ~[3c(@+b)+3c* ~(a-b)|

:{6+w} ~[3c?~(a-b)* +3c(a+b) |

Luuy 3(a+c)(b+c)+(a’+ab+b?*) = ta co:

3[3¢*~(a-b)* |
4
<36+18c2(1—c)? —9c?(2—c)? =36—9c¢2(2—c?) < 36.tir 40 P <3d4u= khi(a,b,c)=(1,1,0) va hoan vi

=36+6(1-c)’ (3¢’ —(a—h)*)-9c*(a+b)* -

Bai 18: Cho cic sb X, Y,z €[0;2] khong dong thoi bang 0. Tim GTNN cua :
96

P=x"+Yy*+2*+6(Xy + Yz +2X) + ——ou—
Y’ +y* +2z




Bai gidi
Chuy 33x®+y® +22 <3(x+Yy)+2z <3(x+y+2z) tudiy ta co

P>(X+Yy+2)2+4(Xy+yz+2X)+

+y+2

> 20

Néu x+y+2<2 décd P> (x+y+z)*+
X+Y+17

Néu Xx+y+z>2 tr xyz+(2-x)(2-y)(2-2)>0= Xy +yz+2X>2(X+y+2)—4 tr d6 :

—16>4+32-16 = 20 minP=20 ching han x=2;y=z=0

P>(X+y+2)*+8(X+y+2)+
X+Y+2

Bai 19: cho cac s6 thuc khong 4m X, y,z € [0, 2] va X+Yy+2z=3 tim gia tri nho nhét cla

P= L + 1 += 12 + XY + yZ + 2X

XC+y2 42 Y4742 P4xP 42

Bai gidi
Khong mat tong quat gia st x>y>z suyra 2>x>1va y+z>1-xy >0 tacd
1 1 1 1
> ; >

XC+y2P+2 XP4+(y+2)°+2 Yy 47242 (y+2)*+2
yz z° z A

Xy + Y2+ 2X —X(Y +2) = > > nén
o+ V(y+2) Sy ryz+zx+x(y+z) 243 (X +2)(¢+2°+2)

mat khac

2

1 1 z° 1
XY+ YZH X+ ———— 2> X(Y +2 =Jx(y+2)+
yry X +2°+2 (yrz)+ +2+2 (x* +2)(x +7°+2) (y+2) X*+2
thay y+z=3-x va két hop cac danh gia trén ta quy vé

1 1 1 . BN
P>f(x)= + + +X(B-x) voi xe[1;2] chu y ran
) X2 +2 2x*—6x+11 x*—6x+11 (3-X) v6i x[L:2] chi y rang

1 L l mat khac ta cing co danh gia
2x° —6x+11 2(x-D(x-2)+7 7

( 1 1}{ 1 _}Jz (x=D(2-x)(x*~3x-2) _ (Xx=D)(x=2)(x+1) s, (Xx=D(x=2)

+2 6) (X—6x+11 3) 202+2)(x°—6x+11) 9 3
o (x-DE2-x) (x-DE2-x)  (Xx=D(2-X) .\ <4 ,
Jx(3—x)—\/__m+\/_ § 3 - 3 tu day ta co
22

21,1, 6202) | p, (XD@ox) N_*l —khi (x,Y.2) = (2.1,0) v& hodn vi
6 3 3 3
Bai 20 : Cho cac s thuc a>c>b>0thoa man a+c=2b+1 tim gia tri 16n nhat cua :

\/ a’b (E—Ejh/m

(a+b+1)?+4(2ab—ac)\ b a
(Trich dé thday Pinh Cong Diéu)

Bai gidi




Thay a+c—2b=1taco cac danh gia:
(a+b+1)*+4(2ab—ac) = (2a+c—b)* + 4(2ab—ac) = (b —c)* + 4a(a+b) > 4a(a+b)

b a(a® —b?) . /4a+5c—9b< a(az—b2)+ /4a+5c—9b

(a+b+1)*+4(2ab - ac) a+c-2b '\ 4a(a+b) a+c—2b
=l\/a——b+\/5_a——bg (1+1j( ab 5 _a-b j=§(Cauchy-schwart)
2\Va+c-2b a+c—2b 4 a+c—2b a+c-2b) 2

Vay max P:g khi (a,b,c)=(2,1,1)

Bai 21: Cho cac sb thuc x,y,z e [0; 2] va 0<Xx+y+z<4 tim gia tri nho nhét cua:

_12(x+y)—4xyz . 72
© (B3-X)(3-y) x‘+2y°+472+8

Bai gidi
72 72 3(x*+vy%)
4 3 2 2 3, .3 =973, 3
X*+2y°+4z°+8 2(x*+y’)+24 X" +y°+12
12(x+y) —4xyz _ 12(x+y) -2(x+Yy)* _ 4(x+Y)
B-x)(3-y) 3(3-X) - 3(3-X)

Ngoai ra .t do suy ra:

3 3
P>3- 3;()( ty) +4(X+y)=G.trongGthixvéydéix&ngtagiésfr x>y thé thi
X*+y'+12 3(3-X)

_3xX°(x+y) . A(X+Y)
12 3(3-x)

P>3

2
3X (x+y)+4(x+y) 23+4(x+y)_x+y >3
12 3(3—x) 33-x) 3-x

X*(3-xX)=4—(x-2)*(x+1)<4=3-

— P >3.min =3.khi(x,y,2)=(0,0,2)

Bai 22: Cho cac s khong am x,y,z va xy + yz + zx > 0 . Chitng minh rang

\/xz—xy+y2 +\/y2—yz+z2 +VZ2 —2x+ X 3x+y+z+\/x2+y2+22—xy—yz—zx

Bai gidai
Khong mét tong quat gid sit x = y =z thé thi: \/yz ~2(y-2) +\/x2 —z(X—2) <X+Yy

Ma d& thay: y/x* - xy +y? Z% va \/X2+y2+22—xy—y2—zx2—)(”2_2Z

Z(x+y-12)
\/xz—xy+ y? +\/x2+y2+22—xy—yz—zx

Tu dé:\/xz—xy+ y? —\/x2+y2+22—xy—yz—zx =

< 2(x+y-2) =7z tir d6 ta cd PPCM dau = khi x =y =2z hoic | trong 3 bién bang 0
x+y+x+y—22

2 2

Bai 23: Cho cac s thuc a,b,c théa man (a—1)° +(b-2)" +(c—3)° =9 . Tim gia tri nho nhit cua biéu




thicc P =/(a—3)° +(b—6)° +(c—7)° +2{(a+3)" +(b—6) +(c+5)

Bai gidi
Cold4=(a-1)"+1+(b-2)"+(c—3)* +4>2|a-1+(b-2)* +4c-3[>(b—2)* +2(1-a) +4(3—c)
—8(a-1)+16(c-3)>4(b-2)" -56
Mit khac ta c6 \/(a—3)? +(b—6)? +(c—7)? ++/(a+3)? +(b—6)? +(c+5)’
> J(3—a+a+3)? +4(b—6)? +(7—c+C+5)° =/4(b—6) +180
Va /(a+3)? +(b—6)? +(c+5)* =+/(a—1)? +8(a—1)+16 + (b —6)? +(c —3)* +16(c —3) + 64
>/(b—6)* +9—(b—2)° +4(b—2)° +80—56 =+/4b* —24b+81
= P> /4(b—6)? +180 ++/4b* — 24b +81
Xétham so f (b) = /4(b—6)? +180 ++/4b? —24b+81 = f (b) > f(4) =21
Vay P.. =21< (a;b;c) =(0;4;1)

Bai 24 : Cho a,b,c 1a cac s6 thuc thoa man 0<a<b<1<c va 2b*+c?+a?+4(2a+b+c)=18
13

2a—5b+6(«/5+3/ﬁ)

Tim gia tri 16n nhat cta biéu thirc: P =a’c+c?b+b?a—

Bai gidi
Ta co a’c+c’b+b*a—-b(a+c)’ =a(b—c)(b—a)—abc<0—a’c+c’b+b*a<b(a+c)?

3
Mit khac b(a+c)? < W (am-gm) cung theo BDT am-gm:

2a—5b+6+/b +63/4bc <2a-5b+3(b+1)+2(2+2b+c)=2(a+b+c)+7 tu gia thiét ta co :
24 =a%+2(b* +1)+(02+4)+4(2a+b+c)24b+4c+4(2a+b+c) —a+b+c<3taco

oo Aarbref 13 427 13
B 27 2(@+b+c)+7 27 2.3+7

=3.Vay Max P=3 khi (a,b,c)=(0,1,2)

xe[0;1];y,2€(0;1]

Bai 25: Cho cac sb thuc _
- X =min(Xx, Y, z)

Tim gia tri nho nht cua biéu thirc:

X+2Z+3xz X+ Yy +3Xxy 2X+4y 1 1
P= > + + +
y \/X2+Z\/XZ+ZZ \ X+y+z CHYx+2y° 2y +xPz+ 222y

Bai gidi
Hinh thirc cong kénh nhung bai nay xur 1i kha nhan:chu y la:
1 1 4

+ >
\/x3 +y2x+2y° \/2x2y+ X’z +22%y \/2(x3 +YX+ 2y +2X°y + x22+222y)




4 4 4
= > >
\/2(x+2y)(x2+y2+22)+xz(x—z) \/2(x+2y)(x2+y2+zz) \/2(x+2y)(x+y+z)
Mit khac x* +zxz + 2% <(x+12)° & 2(2x+2) > z/xz + 2% < 3xz > 0:ddng nén
2
x+z+3xz+x+y+3xy+ 4 S XHZ Xy+yz 4 :(x+y—2) a4

y? Z+X X+y+z 1 I+X  X+y+z 4 B

Min P=4 khi x=0 va y=z=1

P>

Bai 26: Gia sir X, V, z 1a cac s6 thuc khdng &m théa man 0< (x+y)2 +(y+2)2 +(z+x)? < 2.

Tim gid tri 16n nhat cua biéu thac P =4*+4Y +4* +In(x*+ y* + z“)—%(x+ y+12)*.

Bai gidi

Chtng minh bat dang phu sau 4 <3t+1,vt e[0;1]. Xét ham sb f (t) =4' —3t—1, vt e[0;1].
Taco: f'(t)=4"In4-3, f'(t)=0©t=Iog4(%)e(0;l).

n
Taco: O<(X+y)’ +(y+2)°+@2+%X)° <2 <0< x>+ Yy +2°+2xy +2yz+7x <1
Suy ra: x, v,z €[0;1]. Dau “=" xay ra khi (x;y:z) = (1:0;0) hoic cac hoan vi.
Va 2(x*+y* +2°) <2+ Y +22) + 2(xy + Yz + 2X) <2 & X2 + Yy + 27 <1
Do 4'<3t+Lvte[0;l] =>4 +4% +4* <3(Xx+y+2)+3
Mat khac: x* +y* +2* <x®+y* +2° = In(x* + y* +z*) <In(x* + y* +2°) <0
Tudoétaco: P<3(Xx+y+ z)+3—% (x+y+2)* S%l

Dau “=" xay ra khi (x;y;z) = (1;0;0) hoic cac hoén vi.

Vay MaxP:%.
Bai 27: Cho cac sb thyc khong &m x,y,z thoaman 0< x? +y2 + 22 + Xy + yz+2x <9 . Tim gia tri I6n
6

. > X+Y+2

nhat cua biéu thirc P =x* +y* +z* - ( - y2 )2
5(X° +y* +2%)
Bai gidi
Cach1
(X+y+2)° >(x2+y2+22+xy+xz+yz)3_(x2+y2+zz+xy+xz+yz)2
5(x* +y* +2°)  5(X*+Yy’+2°+ Xy +YyzZ+X2) 5

X4y 2 (Y2 + 22 S+ y 2 Xy Xz yz)
A +y +2° +xy+yz+xz)” 481 324
5 ~ 5 5

=P<

Vay P = % tai (X;y;2)=(3;0;0) va cac hoan vi .

max

Cach 2




Taco: X" <9—(y* + 22 +xy+yz+xz) <9= x€[0;3]
Tuong ty = Y,z €[0;3]

x(x*-27)<0
Khido {y(y'—27)<0= X' +y*' +2* <27(x+ y +2)
2(2°-27)<0
X(x-3)<0
Vay(y-3)<0=x"+y* +2°<3(Xx+y+12)
z2(z-3)<0
Suyra P<27(x+ y+z)—M
15(X+y +2)

5

Xétham so F(1) =27t~ i t=x+ Y+ 2,0<1<9 = F(0),, = f(3)=3—§4

Vay P = % tai (X;y;2)=(3;0;0) va cac hoan vi .

max

Bai 28: Gia sir x,y,z la cac s6 thyc khong 4m thoa man xy + yz +zx =1. Tim gia tri nho nhat cua biéu
thirc
1 1 1

5
P= 1y 1 v i+ - +§(x+1)(y+1)(z+1)

Bai gidi

Gia sa z=min{x,y,z}. Dt x+§=u>0;y+§=v>0.Khidétacé

2 2
iz <|x+Z| =uty?+2%< +Ej =v: X’ + <(x+ j [ Ej
G R (O TR ;

4
Chil y rang voi hai s6 thuc duong u, v ta ludn c6 1+ 1 >—— va —2 iz >
u v u+v u (u+v)

1 1 1 1 1

< 1
Tu (1) va ap dung (2) ta duoc + + > +—+—
(1) p dung (2) XAyt yRP4zP 2P 4xE UtV ovE ol

1 11 1 3(1 1 1 1 6
== ottty et 2 e et ot 2
u:+v: 4\u° v 4\u° v us+v- 2uv (u+v)
4 6 10 10
- - 3)

- (u +v)2 +(u +v)2 (u +v)2 (x+ y+z)2

()

Mit khac ta cd (x+1)(y+1)(z+1)=xyz+(Xy+yz+2X)+(X+y+2)+1=Xyz+ X+ Y+ Z+22X+y+2+2
10

Tur(3)va(4)suyra P>
(X+y+2)

2Jrg(x+y+z)+5 (5)




Dit x+y+z=t>0.Xét ham sb f(t)=1—8+gt,t>0

Ta c6 f'(t)=_§+g,t>o

Suyra f'(t)=0=t=2f'(t)>0=t>2f'(t)<0<0<t<2.Suyra f(t)> f(2):§véim(_)it>0(6)
Tur (5) va (6) ta duoc Pz%,déu dang thuc xay ra khi x =y =1,z =0 hoac c4c hoan vi.

Vay gia tri nho nhat caa P 1a 2—25

Bai 29: Cho céc s6 thuc khong am x,y,z théa man v1+x* +4/1+2y ++1+2z =5 . Tim gia tri I6n
nhét caa biéu thac P =2x° +y* +72°

Bai gidi
Vi hai s6 khong dm a,b ta co 1+a++/1+b>1+\1+a+b
Tacod (1)< 2+a+b+2(1+a)(l+b)22+a+b+2Vl+a+b < l+a+b+ab>+1+a+b, luon ding
Déu bang xay ra khi va chi khi a = 0 hodc b =0.

Ap dung (1) ta cd 5=v1+x* + 1+ 2y + /1422 2142+ x* + 2y + 1+ 27

2 2 3
Suyra x*+2y+2z<8, hay y+z£4—%.8uyra Ps2x3+(y+z)3s2x3+(4—%j 0<x<2J2

2 3
Xét ham sb f(x):2x3+(4—x?J 0<x<242

Ta co f'(x):6x2—3x(4—%2J =%X(X—2)|:X(12—X2)+2(16—X2):|. {XE(O;Z\/E)QXZ

Taco f(0)=64;f(2)=24 f(22)=322. Suyra f(x)<64,vxe| 0,242 .
Suy ra P <64, ddu bang xay rakhi x=y=0,z=4hoic x=z=0,y=4.
Vay maxP =64khi x=y=0,z=4hoac x=2z=0,y=4

Bai 20: Xét cac sb thuc a,b,c thoa man a+b+c=0;a+1>0;b+1>0;2c+1>0 . Tim gié tri Ion

nhét ciia bidu thire P= 2+ 2, _C
a+l b+1 2c+1
Bai giai
TaCéP=a+b+C:1—1+1—1+£—1=§—l+1+1
a+l b+1 2c+1 l1+a 1+b 2 4c+2 2 \l1l+a 1+b 4c+2

5 ( 4 1 j 5 ( 4 1 j
=>P<—- + ==—|—"+
2 \a+b+2 4c+2 2 \2-c 4c+2




Qstudy.vn Hoc Toan Khong Tién B9, Hoc Thay Quang Pé Thay Doi

Xét ham sd f(c)=i+ ! voi —£<c<2
2—-Cc 4c+2 2
4 4 4(15¢” + 20c) 5
= f'(c)= ~— = - ~.f'(c)=0e=c=0= f(c)>f(0)==
(2-c)” (4c+2)" (c-2) (4c+2) 2

:PSE—Ezo
2 2

Viy gia tri nho nhat cua P 12 0, xay ra khi a=b=c=0



§8: BAT DANG THUC SU DUNG PHUONG PHAP THE

Bai 1: Cho ba s6 duong x,y,z théa man x+y+z=1 . Tim gié trji nhé nhat cua biéu thirc

p_ Xty  y+z . Z+X
XY HZ \Jyz+x (Jzx+y

Bai giai
Taco x+y+z=1<x+y=1-z
X+y 1-z B 1-z Ly+tz 1-x B 1-x
vz Sy+l-x—y J@-0A-y) Jyz+x Jyz+l-y-z Ja-y)l-2)
Z+X 1-y _ 1-y
JIxX+y CVx+l-x—z Ja-x)1-2)
B 1-z 1-x 1-y

+ + >3
Ja-0)1-y) JL-y)a-2) J1-x)(L-2)
Viy MinP =3 khi x:y:z:%
Bai 2: Cho cac sb thuc duong x,y,z théa man x> y;(x+2z)(y+2z)=1. Tim gia tri nho nhat cua
biéu thirc P = L =+ 4 = 4 .
(x—y) (x+z) (y+2)
Bai giai
1 1 a’ -1
a=x+z:>y+z=g,x>y:>x+z>y+z:>a>g:>a>1:>x—y=x+z—(y+z)=
2 2 2
Khi d6 P =—2 2+i2+4a2= a 2+3a2+i2+a22 ~+3a” +4
2 a 2 a 2
(a*-1) (a*-1) (a*-1)
Xét ham sé f (t)=—" S+3t+4(t=a’)= f'(t)= _t_13+3;f'(t):0<:>t:2

(t-1) (t-1)
=minP=f(2)=12

Bai 3 : Cho a,b,c la c4c s6 duong va a+b+c=3. Tim gia tri 16n nhat cua biéu thuc:
p_ bc L ab
\/3a+ bc \/3b+ca «/30+ab '

Bai gidi



Via+b+c=3tacod

be be bc bc( 1 1 j
= = <= +
J3a+bc fa(a+b+c)+bc J(a+b)(a+c) 2\a+b a+c
1 1 2
+ >
a+b a+c J/(a+b)(a+c)
ca caf 1 1 5 ab ab( 1 1
Tuong tu <—| —+——|Vva <= = 4+=
en J3b+ca 2(b+a b+c} J3c+ab 2( j

bc+ca N ab+hbc N ab+ca _ a+b+c _
2(a+b) 2(c+a) 2(b+c) 2

Vi theo BDT C6-Si: , dau dang thuc xay racsb =c¢

SuyraP< g

Ding thie xay ra khi va chi khia=b=c=1. Vay max P = g khia=b=c=1.

Bai 4 : Gia sir X, Y, z la céc s6 thuc duong théa man X >y va xy+ (x+y)z+z? =1. Tim gia tri nho nhat
1 1 1

cua biéu thic P = ~+ ~+ =
Ax—y)" (x+2)° (y+2)

Bai giai
Dit x + z = a. tir gia thuyét bai toan ta cé (x + z)(y +z) = 1, hay y+z =§.

Dox>ynénx+z>y+z.suyraa>1.

2_
Tacéx—y:x+z—(y+z):a—1=a 1.
a a
2 2 2 2 2 2
Khi do P=%+%+a2: ? 2+3a & iz > ? 2+3a +1 (1)
4(@°-1)° a 4(a°-1) 4 4 a 2(a°-1) 4
Pjta’ =t>1. xét ham s6 f (1) =~ + > 11 v6i t> 1.
At-1° 4
L., t-1 3 ., ,
Taco f'(t)= 4+ () =0 (t-2)(3t° -3t+2) =0 t=2
At-1)° 4

Duyavao BBT taco f(t)>3 vaimoit>1 (2)
Tur (1) va (2) suy raP >3, ddu ding thic xay ra khix+z=«/§,y+z=%

Vay gia tri nho nhat cua P 12 3

Bai 5 : Cho ba s duong a,b,c thay ddi va thoa man a+b+c=2. Tim GTLN cua biéu thic

\/ ab \/ bc \/ ca
Si= + +
ab + 2c bc + 2a ca+2b
Bai giai

\/ ab ab ab 1( a b j
Taco = = <= 4
ab+2c ab+(a+b+c)c (a+c)(b+c) 2\a+c b+c

Péng thirc xay ra khi va chi khi —2— = 2
a+c b+c




- , bc 1( b C ca 1( c a
Tuong tu ta cling co / <= + , f <= +
bc+2a 2\b+a c+a ca+2b 2\c+b a+b

Cong céc vé ta duoc Ssl(a+b+b+c+c+aj=§
2\a+b b+c c+a) 2
2

Ding thire xay ra khi va chi khi a=b=c= 3

3 2
Viy S =—oXx=y=z==
-y max 2 y 3

Bai 6: Cho cac s6 thuc duong x,y,z théa man x* + y? +z2 = 2x . Tim gia tri 16n nhat caa biéu thic
_ Xx+z 7z 4
X+2y+1 y+1 (x+y)2

Bai qidi
Ta s€ chirng minh X+z < X That vay
X+2y+1 X+y

OXLAHYIEX+AXY S X+XY -2 -7 20X *+y*+2°+ Xy — X2 — 32> 0= k+y -2 )= 0

TuongtutachfmgminhduqcLSL:PS 2X —4( X )ZS1
y+1 X4y X+Y X+Yy 4
1 1 3 4
Vay P . =—<XVY,2) =(—=,— —
&y Bro =5 <Ky =(5 23




§9: BAT DPANG THUC MINCOPXKY

Bai 1 : Cho ba sb thuc duong X;y;z thoéa mén: xyz = 3. Tim gia tri nho nhat cua biéu thic:
P :\/Iogg x+1+\/log§ y+1+\/log§ Z+1

Bai gidi
Trong mp(Oxy), goi & = (log, x;1), b = (log, y;1),¢ = (log, z;1) va n = d+b+c=n=(@13)
Ta co: |§|+‘b‘+|6| 2‘é+b +6‘:> \/Iogs x+1+ﬁ\/log3 y+1+\/log3 Z+1> 12+ 3

— P >./10, d4u = xay ra khi ba vecto &, b, ¢ cung hudng va két hop didu kién dé bai ta dugc
Vay min P =10 khi x:y:z:i/g

Bai 2 : Cho cac s thuc x,y, z thay doi. Tim gia tri nho nhat cua biéu thirc

Pz\/x2 +y? —2y+1+\/y2 +22 =27 +1+Z2° +X° —2x+1

Bai gidi
Tacod P :\/x2 +(1-y)? +\/y2 +(1-12)? +\/z2 +(1-x)?

Vi a? +b? > (a+b) nén P> \/_(|x+1 y|+|y+1-7|+|z+1-x])
va |a|+|b|+|c| >|a+b+c| nén PZT|X+1 y+y+l-z+z+1-x= 3\/_
32 1

Déu":"xéyra<:>x:y=z:E.V€1y minP:T khi x=y=z=

Bai 3 : Cho x, y la cac s6 thyc thay d6i. Tim gia tri nho nhét cta biéu thirc

P=\/x2+y2+2x+1+\/x2+y2—2x+1+|y—2|

Bai gidi
Xét cac diem M (x-L-y),N(x+1y)

Ta co OM +ON > MN <:>\/(x—1)2+y2 +\/(X+1)2+y2 > J4+4y® =21+’
Do d6 f(y)=2y1+y* +|y-2/<P

Vi y<2= f(y)=2Try? +(2-y) = F'(y)=—2L_1




o y>0 3
Khi do f(y)=0<2y=1+y* < =
Vo y22=f(y)=21+y2 +|y-2[2 21+ y? > 26 >2+43
Vay P>2++/3 véimoix, y. Khix=0va yzgthi P=2+43

B3

Do d6 P nho nhét bang 2++/3, khix =0 va y="

Bai 4: Cho X, y 1a cc s6 thuc khong 4m thoa man 2x2 +3xy +4y? +4/2y? +3xy +4x? —3(x+Y)? <0
Tim GTNN cta P: 20¢ + y?) +2(x% + y?) = xy + X% +1+4/y? +1

N

Bai gidi

Ta cé: \/2x2 +3xy +4y° +\/2y2 +3xy + 4%

- \/(\/E()H%T +£ ?yjz +\/(\/§(Y+§T J{\/gjz > 3[x+y|23(x+Y)

L s ) t>—t>0 t=0
Dau bang xayrakhi x=y>0.DPatx+y=t taco o *
4u biing xay y20.Datx+y {tzo [m()

Taco P =2t +2t2 - xy(6t +5) + x> +1+4[y? +1
2
P22t3+2t2—tz(6t+5)+\/x2+4©4P22t3+2t2+4 X +4 = f(t)

Xéthamsd f(t) = 2t> + 2t2 + 4x% +4 trén (*), f/(t) = 6t> +6t+ >0

t? +4
V6i moi t thoa mén (*). Suy ra f(t) > { f(0); f @)} = £ (0) =8

Bai 5: Cho cac sb thuc x,y,z thoa man \/5x2 + 2%y +2Y2 +/8X% +4x2 +52° =4X+ Y +2ZVA X € [0;5] . Tim
GTNN-GTLN : P =,/2z+21-xy —\/x+2z+10—xy

Bai gidi
Tacé \/5x2 + 2%y +2y2 +/8X? +4XZ +52° = 4X+ Y + 22 =\/(2x+ y)2+(x—y)? +\/(2x+22)2 +(2x-12)°
= AX+Y+22 2|2X+ Y|+ |2x+ 22| > 4x + y + 22
X=Yy
2X=1
2x+y=>0
2Xx+22>0

Dau dang thie xay ra khi :

= P =/4x+21-x? +/3x+10-x? V6i x<[0;5]

X6t ham s& f (x) = V4x+21— X2 +/3x+10— x> VGi x e [0;5] Ta tim dugc max-min




Bai 6: Cho céc s6 thuc duong x, y, z thoa mén x2 + y? + z2 =3. Tim gia tri nhé nhat cua biéu thic

P:(x+y)\/ +\/Zz+%+\/x+y+§.
z 2Xy+12

Taco P:\/(x+y) 2(§4;/y) +\/z +%+\/x+y+§

e e

Xét cac vecto u —{x+ y,£+§} —Lz; ﬁ]

Ap dung bat dang thirc ‘GM\?‘ > ‘G +\7‘ ,ta co

2 2 2
_\/(x+y)2+[£+£J +\/ZZJ{£J 2\/(x+y+z)2 (£+£ QJ \/(x+y+z) +2(1+1+1J
X oy z X 'y z X y z
2 2
2 9 1 11
2\/(x+y+z) +( j +[—+—+—]
X+Yy+1z X y z
9 2
2\/18+( ] .
X+Yy+1z
2 2
SuyraP >\/18+( J ] + X+y+z>\/18+( J j+ /X+y+z.
X+y+z2 2Xy + 2° X+y+z2
bat t=x+y+2z,0<t<3(x* +y*+2°) =3. Khi d6 P>,/18+8—1 f

/ 3
Xétham sb f(t) = 18+—+\fvor| 0<t<3.Tacod f'(t)= 2+t 54\/_, f'(t)<0, véi moi
\ 2/3t2/2t?

0<t<3.Suyra f(t)> f(3)=1+33.
Suy ra gié tri nho nhét caa P 1a1+343, dat khix =y = z =1.



§10: BAT PANG THUC CO GIA THIET PONG BAC

Bai 1 : Cho céc s6 thuc duong x,y,z thoa man 3(x2 + y? + z2) = 2(xy +19yz + xz) . Tim GTNN cua

3 3
P=17 2y 7t 2Z 2 | T > 2 2X 2
X 4z X“+y (X+y+2) 4y +2°)
Bai gidi

Taco 3(x* +y° +2%) =2(xy +19yz + x2) < 2(xy +16Yyz + xz) = 3x* + 3(y — 2)? > 3x*
= 33X <2xX(y+2)+32yz <2x(y +2) +8(y +2)° = x < 2(y +12)
9 X 1 1
= - > _
(Xx+y+2)° 4(y*+2%) (y+2)° y+z

(y+2)*

3 3 4 4 2 2\2
/R S S VRS ANUN S P | [ S D >17 4
y(x*+2z°) z(x"+y°) X (y+2)+yz(y+2)

X2 +2° xP4y?

3)
Ay +12)° + (y zz)

y® z° 1 1
2> 1(5——F5+—F——)2y+z=>P2y+z+ > =
X“+2° X +y (y+2)° y+z
:y+z+y+z+ 1 2+1 1 1 1 _3-1
2 2 2(y+2)° 2'y+z 2 2

Bai 2 : Cho x, Y, z la cac s6 thuc duong thoa man 5(x? + y? + z2) = 9(xy + 2yz + zX)
X 1

Tim gid tri 16n nhat cia biéu thuc: P = —"-— — _
y +z2° (X+y+2)

Bai gidi
bata=x,b=2y,c=23z (ab,clacac s duong thbamana+b+c=1)
Tim gid tri 16n nhat cua biéu thac P =5(a? +b? + ¢?) —6(a® + b® +¢*)

P =5[a’ + (b +c¢)* —2bc]-6[a’ + (b +¢)® —3bc(b +¢)]=2(4 —9a)bc —8a® +8a —1

2 RY:

Pit 0<t=bcg(b+4c) _¢ 4a) . Xét P(t) = 2(4—9a)t —8a’ +8a—1
4 79

+t)a=—=Pt)=— (1

Ja=t=p=2 ()

¥)ax g P(t) 12 ham sé bac nhit déi vai t.

_a(Ba-1)°

5 <1 (2)

Tacod P(0)=1-2(2a-1)* <1 ; P{%le




Trén (0, (- 2 2)° == % 1. Ham s luén dong bién hoac nghich bién.

Tur (1) va (2), suy ra GTLN cua P(t) trén (0, (d- ) ] nho hon hoic bang 1.

Suyra GTLN cia P(t) lalkhia=b=c = %
1 11
SuyraGTLNcuaPlalkhi x==;y==;z==
3’ 6 9
Bai 3: Cho céc s6 thuc duong x, y, z thoa man 5(4x +y* +2%) =18(xy + yz+2x).
X 2

Tim gia tri I6n nhét cia bieu thic P = ——— — —,
y'+2° (2x+y+2)

Bai gidi
Ta co 5(4x* +y* +2°)=18(xy + yz + X)
<5(2x+y+ z)2 =18(xy + yz+2x)+10(2xy + yz + 22X)
< 5(2x+ y+z)2 :38x(y+z)+28yz§38x(y+z)+7(y+z)2

<:>5(ﬂ+1j <&+7 L31<:>x£y+z (Do y+z>0).
y+1z y+z y+z

Mat khac ta co (y+z)2 32(y2+22)<:> y* +2° 2%(y+z)2

Pit t=y+z>0.Khido P<-YT2 _ 2 -2 2 2 2
1(y+z)2 (2(y+z)+y+z) Yy+z 27(y+z) t 27t
2

e ) : , 2 2

Xéthamsd f(t)=%— . . (t)=—24+2 .

etham so f(t) t 27t () t2+9t4

Véi t>0, f'(t)=0<:>9t2—1=0<:>t=%.
Bang bién thién

t |0
f'(t) +

JIZEN

=00 0

400

~ oO\Jll—‘

Ta cé x:%,y:z:% théa man didu kién bai toan va khi dé P =4.

Vay gi4 tri 16n nhat cua P bang 4.




Bai 4: Gia st X, Y, z 1 cac sb thuc khong am thoa man 5(x? + y? + z2) = 6(xy + yz + zx) . Tim gié tri 16n nhat

cua biéu thac P =./2(x+y+2) —(y*+12%) _

Bai gidi
Taco 5x2+g(y+z)2 <5x*+5(y* +2%) = 6(xy + yz+zx)$6x(y+z)+6.%(y+ z)°
) 2 y+z
Do d6 5x° —6x(y+2z)+(y+2)° <0, hay c <X<y+12

Suyrax+y+z<2(y+2z)
Khi CI(’)PS,/Z(ijy+z)—%(erz)2 s,/4(y+z)—%(y+z)2 =2 y+z—%(y+z)2

4
Pt y+z =t, khi d6t >0 va PsZt—% 1)

Xét ham s6 f(t):Zt—%t“V(’yi t>0.
Tacof't)=2-2t% f'(t)=0=t=1
Duwa vao bang bién thién ta cd f(t) < f (1) =§ véimoi t>0 (2)

X=Yy+12 x=1
T (1) va(2)taco P< g dau dang thac xay rakhi { y=z <
y+z=1

Vy gid tri 16n nhat ciia P 1a g dat duoc khix =1, y=2 =%

Bai 5: Cho x,y,z>0,x*+y?+2° =xy+xz+10yz .
3%
y2+22

Tim gia tri nho nhat cua P =8xyz —

Bai gidi
Cach 1
8(x* +y? +12°) =8xy +8xz +80yz < x* +16y” + x> +162° + 40y’ + 402° = x* <8y* +87°

12yz = x> +(y+2)* = x(y +2)

1 3 X *3,.3

12y7 ==X —X(y+2)+(y+2)* +=x*=| Z—y—-z | +=xX*2=x* = x* <16yz

y4(y)(y)4(2yj44 y
3

:>P2X?—24x=f(x):>f'(x):0<:>x2:16

M in f(x) = f (4) =64

Khix =4,y=z=1

Céch 2



Qstudy.vn Hoc Toan Khong Tién B9, Hoc Thay Quang Pé Thay Doi
X+ Y2+ 2 =xy+x2+10yz = (Y+2)* + x> = xy + xz +16yz
=X(Y+2)+16yz < x(y+2)+3(y+2)* = x> =x(y+2)-2(y+2)* <0

= e[-12],x,y,2>0

Yy+12

2

= Xx<2(y+2)<22(y* +2%) = X2 <8(y* + 2%) = y? + 2 2%

12yz = x> = x(y+2)+(y+ 2)° = x2<16yz
3
:Pz%—mx: f(x)= F'(X) =0 x2 =16

M in f(x) = f (4) = 64



§10: BAT DPANG THUC PONG BAC

a b C
4 4
a-b b-c c-a

Bai 1: Cho ab+bc =2c?,a<2c . Tim gia tri Ién nhat cua P =

Bai gidi
X y 1
P= + +
a b . a_y x—y y-1 1-y
__¢C C =+ JC _
P 5 b " a.Dat b =IXy+y=2
——— —=-1 1-— —=y 1
c ¢ ¢ C C xgE

— 2 —
_27Y _ p_ 3y +8y-4

=2 -
Xy+y=2= y 2y +2y-4

2 3 4

—=X+1<-—=y>—(

y 2 3
3y2+8y—4_£_—(3y—4)(13y+22)<O:P _z@ 2a=c
2y +2y—-4 5 5(y-D@2y+4) "5 3b=4c

Bai 2: Cho céc sé duong x, Y, z thoa mdi a >y va (X + z)(x + y) = 1. Tim GTNN cua biéu thic:

1 4 4
= + +
(x=y)* (x+2)° (y+2z)°

Bai gidi
Pitx+z=a Tugiathiéttaco (x +z)(y +z) =1suyra y+z=§

Dox>y=>x+z>y+z =>a>1

2_
Tacéx—y:x+z—(y+z):a—£:a !
a a
2 2
=%+iz+4a2:%+3a2+az+i2
@ -1)° a (@ -1 a
2
Khidé P>——— +3a° +4
a- -1

t

(1) +3t+4 voit>1

Pat t=a? >1. Xéthamsd f(t) =

Taco f’(t)=t_t—_l)13+3:> () =0 (t—2)3 —3t+2) =0 >t =2



Tir bang bién thién cd f(t) >12,vt>1. Tir (1) va (2) P >12. Bat dang thirc xay ra khi va chi khi

x+z:\/§ x=1;z:\/§—1

1 . Chang han khi 1 1
+71=—1 =— —J2+1=1-—
TR T2 N7

Bai 3: Cho céc s6 thuc x, y duong théa mdnx —y +1 <0
X+3y°  2x+y?

’XZ + y4 5X+5y2

Tim gia tri 16n nhat cua biéu thic T =

Bai gidi

2
Taco x<y- 1:>0<igl—i:1—(1—1j <
y>- y y 4

Détt:lz:»oqg%(o.zs(i)
y

12+3 12')(2+l t+3 1 2t+1 1
Taco: T =—2 = =>T=1f(t)= TS 22T sio<t<s
« V 5 X 4 241 5 t+1 4
y
1-3t 1 1

f'(t) =

(E+1) 5 (t+1)

Nhan xét: 0<t<—:>1 3t>— [ +1)° /1; 1-3t
\/(t +1)° 17\/7

1t Ipods t'ys—2—-1
5 (t+1) 5 Jﬁ 5
17. |
16
Tir d6 fi(t) ddng bién Vte(o;l}: F(t) < f[lj 13 6
4 4) 17 25
Pap s6: max T= 8.6 t=1<:>x:1;y=2

o] 17 25 4

Bai 4 : Cho a, b, ¢ 1a cic s6 thue khong dong thoi bang 0 va thoa méan:
a’+b®+c’

(a+b+c)? =2(a% +b%+c?). Tim GTLN, GTNN cua biéu thuc: P =
(a+b+c)(ab+bc +ca)

Bai gidi
Giasur x =0 dat x —% y =g. Tu gia thiéttacod (x+y+21)* =2(x* +y> +1) (0.25d)




=4xy =(x+y)" -2(x+y)+1.Datu=x+y; v=xythi 4v=u>-2u+1<u?

= uz1
2
3 3 3 2 2
_ X +y +1 _u + 6u —13’>u+4:1+3(u—1)3 (0.25d)
(X+y+D(xy+x+Yy) (u+1) (u+1)

2

xét hamsé £ (u) = =2 xac dinh trén [l;mj (0.25)
(u+1 2

Trén B;mj ta tim duwoc min f(u) = f(1) = 0 va max f (u) = f (%) _f(5) = 2—27

Vay min P = 1 chéng han khi a = 0,b = ¢ 0, max P :19_1 chéng han khi

2
Bai 5 : Cho cac s thuc duong x,y,z thoa man x% +y? < % . Tim gié tri nho nhat cua biéu thuc

x* oyt oz
Bai gidi
, 2 1 x2y? z* 255z*
Taco: P> (2x%y? + 2 +=)=5+2 + +
(2xy )(xzyz z“) ( z* 256x2y2) 128x%y?

4
5544 1 N 4.22552 : 225+l+4'255'4=297
\256 128X + y?) 4 128 8
A 297 z
Viyp =" o x=y=—
min 8 y 2

12a® +9b® + 6¢ —9b’c

Bai 6 : Cho céc s6 thuc dwong a,b,c.Tim GTNN cia P = -
4(a+b+c)

Bai gidi
Ta co 3b° +3b%+3c® > 9b’c = 12a° + 9b® + 6¢° —9b%c >12a° +3b* + 3¢°
Ta sé chitng minh 25(12a% +3b® +3c¢®) >12(a+b+c)® . That vay,BDT tuong duong :
9] (2a)° +b® —2ab(2a+b) | +9[ (2a)° +¢* — 2ac(2a+c) |

+3(8a° +b° +b® —6ab’) +3(8a” + ¢* +¢* —6ac”) +36 b +¢> —bc(b +c) |+12[ 8a’ +b° +¢* — 6abc |> 0

Sp>22 3 vaye -3 phoc-2a
254 25 25
Bai 7 : Cho cac s6 thuc duong @,b,C thoa mdn a+b+c=9 . Tim GTNN cua

+b*)(@* +b?)

J(@'
P =
> e

Bai gidi




2 2 4 4
Taco: > {a’bc gzi/abC(a erb ) +0 )

2
4 4 2 2 4 4\2 2 2\2
s J@ +b*)(@? +b?) =§/4(a +b*)?(a® +b?)
i/abc(a4 +b*)(@* +b%) abc
4

Lai co: Z(a4 +b4)2(a2 +b2)2 Zz((a—;b)“j (a-;rb)4 :Z(a;;;)lz

b Z(a+b) Z(a+b)2>(2(a+b+c))2:ﬁ
2¢/abc 2827 eY27 J3
Vay P, =ﬂ<:>a=b:c=3

NE

Bai 8 : Cho ba sb thuc duong a,b,c. Tim gié tri 16n nhat cua biéu thirc

abc(a+b+c+\/a2+b2+cz)

- (a2 +b? +cz)(ab+bc+ca)

Bai gidi
Véi cac s6 thuc a,b,c duong, ta ludn c6 bdt ding:
(a—b) +(b-c) +(c—a)*>0<a’+b*+c*>ab+bc+ca < 3(a® +b*+c?)
>(a—-b+c) =a+b+c<3(a?+b%+c?)(1)
Do (1) nén:

abc(a+b+c+va?+bh?+ c?) abc(1+\/_ 3 W a?+b?+ c?

C(a’+b*+z 2)(xy +yz + zx) (x*+y*+2*)(ab+bc+ ca)
abc(1++/3 ) (2)
(ab+bc+ ca Wa®+b®+ c®

Mat khac theo bdt Cauchy:

ab+bc+ca>3%a%c?(3)va va? +h? +c? > /33a’h?c? =+/33abc(4)

\ \ 1 1
Tu (3) va (4) dugc: < 5
(ab+bc+ ca)va® +b*+ c? 3J§abc( )

abc(1+J§) 3+43
3/3abc 9

Do(5)nén (2)suyraT<

Pang thirc chi xay ra khi a=b=c. vay T,__ dat dugc khi a=b=c

3+J—
9

Bai 9 : Gia st x, y la cac s thuc duong thoa man x+y < 2. Tim gia trj 16n nhét cua biéu thirc

P =7(x+2y)—4x* +2xy +8y’

Bai gidi




Vix, y la cac s0 thyc duong nén

—ax +2xy +8y? = -
P - (x+y) 7(x+2y)—4yX* +2xy +8y J:(X+y)£7+7y 4% + 2xy +8y* )

X+y X+y

— 2 2 B >
Dé,tt:i,t>0 khi d6 Ty —44X"+2xy +8y :7 4m

y X+Yy t+1

74t +2t+8

Xétham s f (t)="—""—

N +2t+8+28
(t+1) Jt? +2t+8

T bang bién thién ta suy ra f (t)<-3 voi moi t > 0.

(2)

voit>0

Taco f'(t)= f'(t)=0Vt?+2t+8=4t=2

Dau dang thirc xay ra khi va chi khi t=2
Tu (1), (2) va (3) tasuy ra P <(x+Y)(7-3) <8, d4u dang thirc xay ra khi va chi khi
X+y=2
y Y- 2
3

P
0
b

1

Wl

Y :% Vay gia tri 1on nhit cua P 1a 8, dat khi x =

ool-b

Bai 10 : Cho céc sé thuc duong x, y thoa man diéu kién: xy+1<y. Tim gia tri 16n nhét caa biéu thic:
X+Yy . 2y —X

P=
\/x"'—xy+3y2 6(x+Y)
Bai gidi
2
Do x>0,y>0,xy<y-1 nén 0<x<y21 E_iz=£_ 11 SE
y |y y y 4 \y 2 4

X 1 . t+1 t-2 t+1 1 1
bitt=—=0<t<=.Khido P= - = =4

y 4 Jt2—t+3 6t+6 Jt2_t+3 6 2(t+1)

Taco: P'(t)= 1

2\/(t2 —2+3) 2t +1)°

Vi 0<ts%:tz—t+3=t(t—1)+3<3;7—3t>6;t+1>1, do d6

7-3t 7-3t 1 -1 1 1

2, -t+3) ol ey 2 TR

Vay P(t) ddng bién trén [o;ﬂ, suy ra P(t)< PG):_5+1
V5 7 57

Khix=l;y:2th‘|tacé P_—+— MaxP=—+—<:>x=1;y=2
2 30 3 30 2




Bai 11: Cho ba s6 thuc duong a, b, ¢ théa man didu kién 4—;[“%}9@3} =6.
a
Tim gid tri nho nhat caa biéu thuc: P = 0, d &
a(b+2c) b(c+a) c(2a+hb)
Bai gidi

I—)cﬁtx:z,y:iz:l x,y,z>0).
a b c
s . x3+y3 Xy
bicu kién da cho tr¢ thanh: +2| =+= =6 (*)
Xyz y X
3
Ta co: x3+y32¥ Va (Xx+Y)? = 4xy
Do do: X3 +y S (x+y)® S Axy(x+y) _x+y
Xyz 4xyz 4xyz z
3,3
Mat khac X Ysonene=X"Y +2(§+Xj2x+y+4 —0< XY o,
y X Xyz y X z z
2 2
Tach p=_ X . Y 4 __ X ¥y 4
Y+2Z 2Z+X X+Y Xy+2ZX 2YZ+Xy X+Y
(x+y)? N 4z (x +y)? N 4z 2(x+Yy) N 4z
T 2Xy+22(X+Y) X+Y  (x+Y)? X+Y X+Yy+4z X+y
T+22(x+y)
o Xty .
Suy ra: P2X+Z oy
7y+4 7y
z z
pat t=XY 0<t<2.Taco Pzt 4+ 4,
z t+4 t
e Lx £ 2t 4
Xéthamso f(t)=——+— (0<t<2).
t+4 t
4(t? -8t —16)

f(t)= <0, Vt e (0;2] = f(t) nghich bién trén (0 ; 2].

t2(t+4)?
Suy ra: sz(t)zf(Z):%.

X=Yy

P:§C> X+Yy 2C>X:y=Z<:>2a:b:4C
YA

Viy gié tri nho nhét cua P 1a %  khi 2a=b = 4c.

Bai 12: Cho a,b,c 1a cac s6 thuc duong. Tim gi tri nhé nhat caa biéu thic:




Qstudy.vn Hoc Toan Khong Tién B, Hoc Thay Quang Pé Thay Doi

_a+3c . b 8
a+2b+c a+b+2c a+b+3c’

Bai gidi

x=a+2b+c a=-Xx+5y-3z
biat{y=a+b+2c<<b=x-2y+z

z=a+b+3c C=-y+2
Do d6 ta can tim gi4 tri nho nhat cua
P:—x+2y+4x—8y+4z_—8y+82:[ﬁ+ﬂj+(8_y+£j_l7

X y z y X z oy
Pzz\/ﬂ.ﬂu\/S—y.ﬂ—ﬂ:mﬁ—ﬂ;

y X z Yy
Pang thic xay ra khi b=(1+\/§)a,c:(4+3\/§)a

Vay GTNN cua P 13 122 -17.




§11: PHUONG PHAP CO PINH BIEN SO

Bail:Cho a, b, ¢ la3 s thuc duong va théa 21ab+ 2bc +8ca <12. Tim gié tri nho nhat cua biéu

thuac: S=1+E+§.
a b c
Bai gidi
bat le, y:%, z:1 = X, Vy,2>0, 2x+8y+21z<12xyz va S=x+2y+3z.
a C
2X+8y
2X+8 7> —
> SXTEY 12xy —21

z>
2X+8y+212 <12xyz = z(12xy —21) >2x+8y = 12xy - 21 =

7
12xy —-21>0 X>—
4y

2X+8y
4xy -7 °

Tacd: S>x+2y+

Xét ham s6 f(x):x+2y+2X+8y trén (4l;+ooj
y

4xy -7
2 2
f’(x):1_14+—32y2:0<:>x:l+—\/32y+14e[l;+ooj
(4xy-7) 4y 4y 4y

Lap bang bién thién cho ham sé y = f (x) ta co:

2 2
Szf(x)zf{%_W]:zwL_W
y

4y 4y 4y
’ 2
Xét ham s6 g(y):2y+i+M trén (0;+o)
4y 4y
, 8y* —9)y/32y® +14 — 28 5
g(y)=( 2) - =0 y="e(0;+x)
4y*\[32y? +14 4
A 2 X ea 5 £ .. 5) 15
Lap bang bién thién cho ham so z=g(y) tacd: S>g(y)=> g(ﬂ:E
Vay minS:E khi azl, b:f, C=§.
2 3 5 2

Bai 2 : Xét c4c s6 duong x, y, z thoa man diéu kién 2(x + y) + 7z =xyz.
Tim gi4 tri nho nhat cua biéu thuc S = 2x + y + 2z

Bai gidi
Ta co: 2(x+Yy) = z(xy — 7). Do X, Y, z la c4c s6 duong nén xy — 7 > 0.




Khi dé , tir gia thiét ta duoc 7 = 2(X—+;’) (0.25d)
Xy —

Suyra: S= f(x;y)=2x+y+4)((§+;/) véi didu kien x>0,y >0, xy>7 (*)

Véi mdi x ¢b dinh, xét dao ham cua ham sb f(x;y) theo an y ta duoc:
A(xy —7) —4xX(x+Y) _, 18+ 4x°

(xy=7)° (xy=7)°
fo(y) =0 x?y? —14xy +21-4x* =0 <y, _ L2 /1+X7—2

X

t(xy) =1+

Suyra: f(x;y0)=2x+1—xl+4 1+12 (0.254d)
X

Xét ham sb: g(x):2x+1—1+4 /1+12 Vi X > 0 vaoi g’(x)=2—1—3—i; g (x)=0<x=3
X X X

Khi d6 g(x)>g(3) < g(x) =215 (0.254)
Véi didu kién (*), tacd S > f(x;y,) =g(x) =15 (0.25d)
Vay minS=15khix=3,y=5,z2=2

Bai 3: Cho x,y,z>0;x* +y* +2* =2,
X° +yz L y+z 14y

TimGTNN P =
XX +yz+x+1 Xx+y+z+1 9

\ =

Bai gidi

2, 2 2
PatP=f(y)= f/(y) =t Lo paf[ Yt | 22X
(xX*+yz+x+1)° 9 2

, 2-X° 1+2—x2
2 Ly Ytz 2
, 2—X el X+y+z+1 9

2, 52 2
bit g(y+2) = y+z =g'(y+2)= x+1 >0:>g(y+z)§g(y 2 +1]:g(2 2X +1]

X+y+z+1 (X+Yy+z+1)° 2

X2 +2 N 4-x* 4-x"

X +2x+4 2x+6-x> 18

17 X2 +2 4% 4-x* 17 —x(x* +9x° —20x* +30x + 204)

Xethigu: Q——=— + = — = > ——= <0 véi moi
18 x“+2x+4 2x+6-X 18 18 18(x° +2x+4)(2x+6—X°)

X€|:O;\/§:| nén PSQS%

Tom lai: P <

Vay MaxPzg khix=0;y=z=1




123

Bai 4: Cho cac s6 thuc duong a,b.c thoa (3a+2b+c)(a PR

b+2c—7+/72a% +¢?
a

j 30 . Tim gia tri 16n nhét cta biéu

thucP =

Bai gidi

Dit b=xa,c=ya= x,y>0 . Gia thiét bai toan tro thanh (3+2x+ y)(1+g+§j =30
Xy

< 20=2x+ 6+y+ S +%+2y =§+§+(§+§xj+[y+g] (—X+ 2yj

X y y x 2 2y {(x 2 y 2y X
2§+3—X+6+6+6:>x+3—xg4:>xsﬂ
2 2y y y+3

Tacd P=x+2y—772+Y? 34—y3+2y—7\/72+ y>=f(y)
y+

Xét ham s6 f(y) voi y>0, ta co:
12 7y . 24 504

f'y)=——=+2-——=—==va f"(y)=- -

(y+3) T2+ y? (y+3) J(72+y?)
Suyra f'(y) la ham dong bién trén (0;+w) va f'(3)=0= f'(y)=0<y=3
Lap bang bién thién ta suy ra f(y)< f(3)=-55hayP <-55
Ping thirc xay ra khi y=3,x=2<b=2a,c=3a .Viy max P=-55

<0,vy>0



§12: BAT PANG THUC CO HIEU A-B

Bai 1: Cho céc s6 thuc a, b, ¢ thoaman a>b>c va a? +b? +c2 =5. Ching minh rang:
(a—-b)(b-c)(c—a)(@b+bc+ca)>-4

Bai gidi
Ta c6: (a-b)(b—c)(c—a)(ab+bc+ca) > -4 < (a—b)(b-c)(c—a)(ab+bc+ca) < 4(*)
Dit vé trai cua (*) 14 0
Néu ab + bc + ca < 0 thi P <0 suy ra BDT di dugc chimg minh  (0.25d)
Néu ab + bc +ca > 0, diat ab+bc+ca=x>0 (0.25d)
a-b+c-a

(a—b)(b—c)s( >

Tacéd 4(a® +b* +¢c®> —ab—bc—ca) =2(a—c)* +2(a—b)* +2(b —c)?
>2(a—c)* +[(a-b)+(b-c)]=2(a—-c)* +(a—c)* =3(a—c)*

Suy ra 45— x) > 3(a—c)’, tir ddy ta cb X <5VA a—c < /%(5—x) 2)  (0.25d)

Tir (1), (2) suy ra P < %x. /[%(5— T = %x,/ 5-x7° (3)
Theo caai atacd f(X)=x(5—x)* <63 Vi x thuoc doan [0;5]
J3

Nén suy ra Ps%.Gﬁ:Ps4

j :(a‘4c)2 :(a—b)(b—c)(c—a)S@(l) (0.25d)

Bai 2: Cho ba s6 thuc a, b, ¢ d61 mot phan biét va thoa man cac diéu kiéna+b +c=1vaab + bc + ca

N .2 2 2 1 5)
> 0. Tim GTNN cua biéu thac P =2 + + i+
(\/(a—b)2 (b—c)’ |c—a|j Jab +bc +ca

Bai gidi
1 > 4 > 22 (vx,y > 0).Dau “="xay rakhi x =y
y X+y x*+y°

P> 2 + 2 + 2 + >

la-b| |b-c| |c-a +ab+bc+ca
10 10 g 202
a-c 2Jab+bc+ca /(1-b)(L+3b)

Taco: 1-b)1L+3b) = %(3—3b)(1+ 3b) < g — P >10/6

Giasta>b>c: P>




Bai 3: Cho céc sb thuc a, b, ¢ thoa man a>b>c va a?+b? +¢? =5. Chitng minh rang:
(a—b)(b—c)(c—a)(ab+bc+bc)>—4

Bai qgidi
Taco (a—b)(b—c)(c—a)(ab+bc+ca)>-4 < (a—b)(b—c)(a—c)(ab+bc+ac)<4(*).
Dit vé trai cua (*) 1a P
Néu ab+bc+ca<0 thi P<0suy ra BDT d duoc chang minh
Néu ab+bc+ca>0, dit ab+bc+ca=x>0

(a—b)(b—c)s(a_b;b_cjz=(a_40) = (a-b)(b—c)(a-c)< A=) 1

Taco 4(a’+b°+c’—ab-bc—ac)=2(a—c) +2(a-b) +2(b—c)’
>2(a-c)’+[(a~b)+(b—c)] =2(a—c)’ +(a—c)’ =3(a—c)’

Suy ra 4(5-x)>3(a—c)’, tirday tacod x<5va a-c< /%(S—X) (2)

Tur (1), (2) suy ra Ps%x. /E(S—x)} :¥1/(5—x)3 @3)
Theo cau ata cé: f (x)=+/(5-x)’ <63 voi xe[0;5].

2.3

Nénsuyra P< 73.6\/§:> P <4. Vay (*) duoc chirng minh

Dau bang xay rakhi a=2;b=1;c=0




§13: PHUONG PHAP LUONG GIAC HOA VA VECTO

Bai 1: Cho ba s thuc duong x,y,z théa man xy + yz + zx+ xyz = 4. Chtzng minh rang

3{%+%+%) > (X+2)(y+2)(z+2).
Bai gidi

Tur gia thiét suy ra 0< xy, yz,zx < 4
bat \/E = 2c0sA,«/xz = 2¢osB, \/@ =2cosC, trong do6 A, B, C la cac goc nhon.
T gia thiét suy ra

cos”® A+cos® B +cos’ C +2cos Acos BcosC =1 < (cosC + cos(A—B))(cosC +cos(A+B)) =0
< cosC +cos(A+B)=0

Suy ra A, B, C la ba géc nhon cua mot tam giac. Ta co
_2cosAcosB_ 2cos AcosC_X_ 2cosCcos B
cosC cosB COSA

3(cos A+cos B +cosC)? S 8sin®Asin® Bsin’C
2cos AcosBcosC ~ cos AcosBcosC

YCBT <

= \/§(1+ 4sin gsin gsin %) > 4sin Asin BsinC

1 1
== - — + -
sinAsinBsinC  , . A B . .C J§
2 2 2
1 1 1 1 8 4 4

+ > + > + =—.
sinAsinBsinC A B _C ' ' inc\? 33 33 3
2c0s cos 2 cos = (smA+ SI;B+ sij cos'; . cosz +cosc2: V3 33 3

2

3

Bai 2 : Tim gid trj I6n nhat va gia tri nho nhat ciia ham sé y = 2Jx—A1-x+4
X +1-x+2

Bai gidi
N/ ) t
_2x—VL-x+4 Tap xac dinh cua ham so la D=[0;1]. \/_ o8 (t {o;fD
NEN ) «/ =sint 2

2cost sint+4
cost+sint+2

Khi do

= f () voi te{o;%}




&t ham sé f(t) 2cost—sint+4 Véi te 0_2
cost+sint+2
-3-6c¢c0st
vay

fI(t):(sintdrcost+2 OVt{ }
f(0)=

ham s f ) lién tuc va nghich bién trén doan [0;%}

Dodof(z) f(t)< Vte[

Gia tri 10n nhat ciia y =max f (t)=

<2Vte[0 7[}
2
St=0<x=0

Gia tri nho nhét coa y =min f (t)="f (Ej:kjt:E@X:l

Bai 3 : Cho cac s6 thuc x,y,z thudc khoang (1;4) . Tim gid tri Ion nhat cua biéu thic

2(y+z—x)2 +\/§(z+x—y)2 _2\/§(x+y—z)2

yz X Xy

P=

Bai gidi
Pit a=+/x,b=./y,c=+/z,khid6 a,b,ce(L2)
> Tdn tai ~ABC ¢6 do dai bacanhlaa, b, c
2(b* +¢” —az)2 J3(c? +a’ —bz)2 24/3(a’ + b’ —cz)2
b*c? " c’a’ - a’b’
=2(2c0s A)* ++/3(2cosB)’ —24/3(2c0sC)’ =8cos? A+ 4+/3cos” B —8+/3cos’ C
1+c052A+4\/§'1+00528_8\/§.1+c032C

Khi do: P =

=8.
=4 —2/3+4.c052 A+ 2/3.052B — 4+/3.052C (1)

Gia sit AABC ¢6 tam va ban kinh dudng tron ngoai tiép 14 O va R

Khido: (v3OA+208B —ﬁ)z >0

& 30A? +40B? + OC? + 44/30A0B — 40B.OC — 24/30C.0A>0

& 8R? + R? [4\/5003(@, @) - 4cos(@, OT) = Zﬁcos(ﬁ, (TA” >0
& 4.0052A + 2/3.c082B — 4+/3.c0s2C <8 (2)

Tir (1), (2) > P<4-2/3+8=12-23

J2++/6

2

Déu déng thuc xay ra khi A=30°,B =45°,C =105" hay b=a~/2,c =

y:2x,z:(2+\/§)x Véi X€(1;4(2—\/§))

Vay gid tri lon nhét caa P 12 12— 2/3

a<&




Bai 4 : Xét s6 thuc x . Tim gi4 tri nho nhat cua biéu thirc sau

3(2x* +2x+1
P= \/ ( ) +F L -+ L

3 \/2x2+(3—\/§)x+3 \/2x2+(3+\/§)x+3

Bai gidi
Trong mit phing véi hé toa do Oxy, xét cac diém A(x;x+1), B(?;—%J, C[—?;—%]
Khidotaco P =%+@+%,trong do6 a=BC,b=CA,c=AB
a c
. R n , OAGA OBGB O0OCGC 3({0OAGA OBGB O0OCGC
Goi G latrong tam AABC, ta c6: P = + + =— + +
aGA DbGB cGC  2( am, b.m, c.m,

Trong d6 ma, My, Mc twong tmg 14 d6 dai duong trung tuyén xuat phat tir A, B, C caa AABC.
Theo bat dang thirc C6 si cho hai sb thuc khdng am, ta c6
3a° +(2b° +2¢° —a’ 2 1%+ c2
a.mazi\/3a2(2b2+2c2—a2)s L ( )=a b re
23 23 2 23

2 2 2 2 2 2
. , . , a‘+b“+c° a“+b°+c
Bang cach tuong ty, ta cling c6: bm, < ———— vacm < —F—
243 23

Suyra P> 3\/25
a“+b“+c

Tacd OAGA+OB.GB+0C.GC >0AGA+OBGB+0CGC (2)
OAGA+OB.GB +0C.GC = (@+@).@+((ﬁ+@).@+((ﬁ+@).€f

_(OAGA + OBGB +OC.GC) (1)

2

2 2 2
-05 (34468 +0C)rox'+00* -0 F{nt enf o) S (g
Tir (1), (2), ) suyra P>+/3
Hon nita, bang kiém tra truc tiép ta thiy P =+/3 khi x = 0.

Vay minP =3




§13: PHUONG PHAP EP BIEN

Bai mdu: Cho a,b,c la cac sb thuc thoa man a,c>1;b>2 . Tim gia tri nhonhat cua biéu thuc
o_ a(b+c)+c(a+b)+3(a+c)2 +2b% +8
~ b+2c  b+2a 4(3+ac)

(Trich dé thi thé lan 11 thdy Quang Baby)

Bai gidi
. 1 1 c(a+b) _c(a+b)
Taco (1-a)(2-b)>0<2-2a-b+ab>0<2a+b<ab+2 = > >

> = >
b+2a ab+2 b+ 2a ab+2

a(b+c) S a(b+c)
b+2c bc+2
Lai co 3(a+c)2 + 2b? +8:2[(a+c)2 +b2}+(a+c)2 +8>4(a+c)b+4ac+8=4(ab+ac+bc+2)

Tuong tu ta cé

c(a+b) a(b+c) 4(ab+bc+ca+2) (ac+bc ab +ac ab+bc+ca+2
=P2> + + = +1 |+ +1 [+ -2
ab+2 bc+2 4(ac+3) ab+2 bc+2 ac+3
9(ab+bc+ca+2
:(ab+bc+ca+2)( + 1 ! )—22 ( )—
ab+2 bc+2 ac+3 ab+bc+ca+7
, 9(t+2
Xéthamsb f (t)= (1+2) , ;45
t+7 t+7
45 13

Mat=ab+bc+ca25=>P>7-—="
5+7 4

Vay gié tri nho nhat cua biéu thuc P 1a % ,dau "=" xayrakhi a=1b=2,c=1

Bai 1: Cho 3 s6 thuc a, b, ¢ thay d6i thudc doan [1;2] va thoa mdn a+b+c <4. Chimg minh ding
a’ b? @ 2

thuc: i i >=
bc+2 ac+2 ab+2 3

(Trich d@é thi thir trwong chuyén PHSP Ha Nji)
Bai gidi

o ((-1)(c-2)<0 [bc+2<2b
Ttrgléthléttaco{( )(€-2) @{“ O abe+2) <3(b+c)<3(4-a)

(b-2)(c-1)<0 bc+2<b+2c
, a’ 2 a’ 2 , a — N h —~ —
Do do: >— ; dang thac xayra < a=0;b=c=2.
bc+2 34-a
2 2 2 2
Tuong tu: b 23 b va — 22 ¢
ac+2 34-b ab+2 34-c




Suy ra:

a’ b? c? 2[ a’ b? c?

>— + +
4-a 4-b 4-c

> *) ( Khong ton tai a,b,c dé ding thuc xay ra
bc+2 act2 ab+2 3 j()( gtontal ab.c e dang thirc xiy ra)

2

Xét ham sb: f(t)=4t telt2)

t8-t)
(4-1)°

Taco: f/(t) =

>0;Vt e[1;2] nénham s6 f (t) dong bién trén [1;2].

Suyra f(t)> f(%):%Vte[l;Z]

Thay t boi a, b, ¢ vao vé trai cua (*) ta duoc:
a’ b? c? 2(1 1 1} 2

= -+ -+ > =+=+=|=
bc+2 ac+2 ab+2 3\3 3 3

3

2
Vay P > —
ay 3

Bai 2: Véi cac sb thuc: 0<a,b,c <2 théa min a+b+c=3.Tim gia tri nhd nhét cua biéu thirc
P=vl+a+l+b++1+cC

(Trich dé thi thiz trwomg THPT chuyén Bdc Ninh)

Bai gidi
Tachang minh : V1+a++1+b >1++1+a+b(*). That vay:
(*)<:>1+a+1+b+2\/m21+1+a+b+2m
< (Q+a)dl+b)>1+a+b<ab>0 (ludn dung)
Vi vai trd cia a,b,c nhu nhau nén khéng mat tinh tong quat gia sir a<b<c
Suyra:1<c<2.Theo (*)tacéd: P>1+l+a+b+Vl+c=1+V4—-c+1+c
Xétham: f(c) =1++4—c++1+cl<c<2

, 1 1
Tacd f'(c)=- +
© 2J4—-c 2J1+c

Taco: f(1) = f(2):1+ﬁ+ﬁ;f[§j:1+¢1_o.vay: P>1++2++3

;f’(c)=O©c:§

Vay GTNN cua P 1a: 1++/2 ++/3

Bai 3: Cho ba sb thuc a, b, ¢ théaman: a<[0;1],b €[0;2],c [0;3]

e, ‘e 2(2ab + ac + bc) 8-Db b
Tim gia tri I6n nhat caa P = + +
1+2a+b+3c b+c+b(a+c)+8 /12a%+3b? +27¢2 +8
Bai gidi

Tacd ae[0;1],b €[0;2],c €[0;3]

(1-a)b+c)>0 (b+c>ab+ac bt 305 285 4 b
(2-b)@a+c)>0" |2a+2czab+be oo oA




2(2ab+ac+bc)<2(2ab+ac+bc)
1+2a+b+3c 1+2ab+ac+hbc
Mat khac b+c>a(b+c) (Vvi a[0;1] )
8-D < 8-b _ 8-D
b+c+b(a+c)+8 a(b+c)+b(a+c)+8 2ab+bc+ac+8
Vé6i moi sb thuc x, v, z, ta co:
(X=y)P +(y=2)* +(y=X)* 20 2(x* +y* +2°) > 2xy + 2yz + 2Xz

S3X+y +2°) > (x+y+12)°

— \12a2 +3b% + 27¢% = \/3[(2a)2 +b* +(3c)* | > J(2a+b+3c)? =2a+b+3c>2ab+bc+ac

= b < b
J12a% +302 +27c? +8 2ab+bc+ac+8
Suyra
I:)S2(2ab+bc+ac)Jr 8-Db N b
1+2ab+bc+ac 2ab+bc+ac+8 2ab+bc+ac+8
2(2ab +bc + ac) 8
=P< +

1+2ab+bc+ac 2ab+bc+ac+8
bat t =2ab+bc+ac =t €[0;13]

2 8
(t+1)° (t+8)*
47

16 16
—; f(13)=—= f(t)<—=Vte[0;13
- 13) 1 (t) - €[0;13]
2

Do dé: Ps?. Khi a=1:b = 2:c = thi P:?.V@yGTLN cﬁaPIé?

f/(t) = f't)=0t=6

f(0)=1 f(6) =

Bai 4: Cho cac sb thuc x, y,zthéamén x,y,z>-1vax+y+z=3.

2 2_
Tim gia tri I6n nhat cua biéu thuc: P = — 2X + zy 1
X“+y +4(xy+1) z°-4z+5
Bai gidi

Tur gia thiét ta co: (x+1)(y+1) > 0< xy>—(Xx+Yy)—1 VA X+ y=3—-12
Do dd x* +y* +4(xy +1) = (X+ y)* +2xy + 4> (X+y)* =2(x+ y) +2=(x+y-1)° +1=2"-4z+5

X2 N y? -1 . X . y:-1 xt+y*-1
X +y? +4(xy+1) z°—-4z+5 2°—-4z+5 7*°-4z2+5 17°-41+5

2

Khi do, suyra P =

Mit khac: x* +y? = (X+y)* =2xy < (X+Y)* +2(X+ y) + 2= (X + y+1)* +1=2* -8z +17
2 _ 2 _

z2 8Z+17.Da_“1tt=22 8z +17
z2°—4z7+5 z°—4z+5
Phuong trinh nay c6 nghiém khi 2'>0 < (4-2t)* - (t-1)(5t-16) >0 < 5t -t* >0 <0<t <5

Vivay P < (*). Khi d6 (*) < (t-1)z> + (8- 4t)z +5t -16 =0




Suy ra P <5. Dau xay ra khi va chi khi (x;y;z)= (—1;g;gjh02flc (xy;2) = (g;—l;

Vay gi4 tri 16n nhat cua biéu thuc P 1a 5.

3

2

)

Bai 5: Cho a<[1;2]. Chitng minh rang (2% +3* +4%)(6® +8* +12%) < 24°*

Bai gidi
Bat dang thirc twong duong < (2° +3° + 46‘)(%a + 3% + 4%} <24
Do ac[L2] =2<2° <43<3" <9,4<4° <16
—2<2°<16:2<3 <16:4<4* <16 (0.25d)
Véi x e[2;16]ta co:
(x—2)(x—16)$0<:>x2—18x+32$0<:>x—18+¥318—x

X

Tu do6 suy ra: 32(2%+3ia+4iaj <54 —(2* +3% +4%)

42 32

(l 1 1] 54— (2% +3* +4%)
S| =+= <
23 3a 4a

Khi dé: <:>(2a+3a+4a)(i+i+ij<(2 +3+4°)[54-(2° +3" +47)]
20 3 4 32

Bai 6: Cho 3 s6 thyc a,b,c théa man: 0<(2a,b)<1<c Tim gia trji nho nhat

_2a(b+c)+bc+ab  4a(b+c) 4db(a+c)

P - 2 2 2
72 2(a+b+2c)+1 28a°+7b°+2c“+2

(Trich dé thay Mdn Ngec Quang)

Bai gidi
Taco: 2(2a+b—c)® +5(2a—b)* >0 <> 28a° + 7b* + 2¢* >12ab + 8ac + 4bc
2a(b+c)+b(a+c)<a+b+2cdo 0<(2a,b)<1<c

I:,>3ab+2ac+bc_ 4da(b+c) B 4b(a+c)
B 72 3ab+2ac+bc+1 12ab+8ac+2bc+2
_3ab+2ac+bc 4(ab+ac) ~ 4b(a+c)

72 2[3ab+2ac+bc+ﬂ 4{3ab+2ac+bc+ﬂ
:E—L,t=3ab+2ac+bc>0
72 t 1

"2

Xét ham s6 ta c6 duoc két qua ddu bang xay rakhi:t=11/2 ,a=%,b=1,c=2

Cau 7: Cho céc sé thuc x,y,z thudc [0;1] va z=min{x,y,z} .Tim GTNN cta biéu thuc:




oo 1 yHiayez 8(x+1)(y+1)(z+1)

X*+12° (y+z) X+Yy+2+2

Bai gidi
2
Do z=min{xy,z} néntacod x*+z* s(x+%j
Talaico z<y=(y+ z)4 =y +4y°2+6y°2° +4yz2® + 2* <y* +14yz.y® + y?7? = y? (y2 +14yz + 22)

(y+z)4 :«/y2+14yz+22 1 g 1

=y +14yz+7° >

y? (y+z)3 _y(y+z)_(y+z)z
2
8 1 1 1
Dodétaco P2— > 1 4 (x+1)(y+1)(z+1)
z Z X+y+z2+2
) 3
1 2

Taco

IV

] o] e T

Va (x+1)(y+1)(z+1) =1+ (X+y+2)+(Xy + Yz + 2X) + Xyz 21+ (X+ Yy + 2) +(Xy + yz + 2X)
Lai c6 (1-x)(1-y)(1-z)=1—(X+y+2z)+(Xy+yz+2x)—xyz >0
8 +16(x+y+z)

(X+y+z)2 X+y+z2+2

S XY +YZ+ZIXZX+Y+Z-1+Xyz=X+y+z-1 => P>

Xét ham sb f(t)=t§2+% véi t=a+b+c va te[0;3]
+
Tacs f'(t)=—24 2 . f(t)=0=t=2= f(t)>f(2)=10
r (t+2)

Vay gié tri nho nhat cua biéu thic P 1210 , dau "=" xay rakhi x=y=1,z=0

CAu 8: Cho céc sé thuc x,y,z>1 thda man 2xyz+1>x+y+z Tim GTLN cua biéu thuc
\/2x —2x+1+\/2y —2y+1+\/22 —22+1+ 2
(x+y+z) 2xyz +1
(Trich dé thi thir lan 9 thay Quang Baby)

Bai gidi
Taco: 2x(x—=1)>0=>4x* —4x+1>2x* -2Xx+1=> J2X% —2x+1 <JAx?2 —4x+1=2x—-1
Tuong tu ta cO: \[2y? —2y+1<2y-1,+/22* -2z+1<2z-1
2x—1+2y-1+2z-1 2 <2(x+y+z)—3+ 2 4 3
(X+y+2)° 2xyz+1 (X+y+2)®  X+Y+Z X+y+z (X+y+2z)°

Do d6:P<




X&t ham s f(t)=%—t§ VoI t=x+y+z23

Hams6 f (t) nghich biénnén P = f (t)< f(3)=1
Vay gié tri 16n nhat caa biéu thic P 121, dau "=" xay rakhi x=y=z=1

Cau9:Cho 0<a,b,c<1, a(4—a-b)=c(a+b)Tim GTNN :
P=(1+a+b)(1+b+c)(1+c+a)+16a” +16bc —64a
(Trich dé thi thi lan 16 thay Quang Baby)

Bai gidi

O<a,b,c<1
a(4—a-b)=c(a+b)=>4a=a’+ac+bc+ab=(a+b)@a+c)
16a” +16bc — 64a = —16(ab + ac)
(l+a+b)l+c+a)l+b+c)=(1+6a+b+c)l+b+c)=1+6a+2b+2c+6a(b+c)+(b+c)?
= P =1+6a+2b+2c+6a(b+c)+ (b +c)* —16(ab + ac)
>1+(2a+4a’)+(b+c)’ +2b+2c-10a(b +c) =1+[2a] +[ 4a° + (b +c) | +[2b + 2¢]-10a(b +C)
Vi:0<ab,c<l=[2a]>a(b+c)[4a’ +(b+c)’ |>4a(b+c)[2b+2c]> 2a(b+c)
= P>1+a(b+c)+4ab+c)+2a(b+c)-10a(b+c)=1-6=-5

a b c
1+bc+1+ac+1+ab
(Trich @é thi thit trwong THPT Dao Duy Tir nim 2012)

Cau 10: Cho a,b,c €[0;1] . Chitng minh rang yabc<

Bai gidi
Khong lam mat tinh tong quat cua bai toén, ta co thé gia st 1>a>b>c>0
TaC(5:A=a+b+C abs1+b+c+bcgbc+1+bJrC
l+bc 1+ac 1+ab l1+bc 1+bc 1+bc l+bc 1+bc
+c

Taco: (1-b)(1-c)>0<1-bc>b+c>0< b <1Vay nén: A<bc+1+
1+bc 1+bc

bat t=1+ab (1<t<2)khi do: f(t)=t+%:> f '(t):l—tlzzo(v:lstsz): f (t) dong bién trén [1;2]

= f(t) < f(2):g<:>a:b:c:1

max

A < . 96
Cau 11: Cho x,y,z€[0;2];xy+yz+2zx>0.Tim minP = x* + y* + z2° +10( Xy + yZ + 2X) + ——o—
[0:2] ( ) 23x%+y® +2

(Trich dé thi thi¢ trwong THPT DPé Luwong 1)

Bai gidi
96

23 +y* +2

Ta cé: P:5(x+y+z)2—4(x2+y2+zz)+



X +y? 427 =[x(x=2)+y(y=2)+2(2-2) [+ 2(x+y+2)<2(x+y+2); X +Y’ <(x+y),z<2z
96
2(x+y+2)

bat t=x+y+z(t>0)= P25t —8t+4T8:>P =28 x=2,y=2=0.

Khi do: P>5(x+ y+z)2—8(x+y+z)+

a* +b* +5¢° + 6abc +1
ab+bc+ca
(Trich dé thi thiz trwong THPT Dang Thic Hira)
Bai gidi

Tadanh gia: (a-1)(a—2)(a+1)(a+2)+(b—2)(b—1)(b+2)(b+1) <0< a’ +b* <5a* +5b* -8
5(a’ +b* +¢*)+6abc—7

Cau 12: Cho a,b,0e[1,3],a+b+c:6.T‘|m Max P = —abc

=>P< —abc
ab+bc +ca
b-1)(c-1)>0

Ta lai c6 {( D(b-1)(c-1) < abc+8<2(ab+hc+ca)<2(abc+3)

(2-a)(2-b)(2-c)=0

2(6abc +73)

>P<=——" " _ahc-10<5=P, =5<a=b=1c=2

abc +8

Vay P, =5<a=b=1c=2

Cau 13: Cho 3 s6 thuc a,b,c théa man: a<[0,1],b<[0,2],c<[0,3]

2(2ab+bc+ac) . 8-Db . b
1+2a+b+3c b+c+b(@+c)+8 12a2+3b%+27c2 +8
(Trich dé thi thiz trwong THPT Anh Son 2)

Tim Max P=

Bai gidi

., [(1-a)(b+c)=0
Taco & 2a+b+3c>2ab+ca+be

(2-b)(a+c)=0

b+c>a(b+c)

PTa co: _
J12a? +3b% + 27¢2 > (2a+b+3c)
2(2ab+bc+ca) 8—b b
< + +
1+2ab+bc+ca 2ab+bc+ca+8 2ab+bc+ca+8
Dit t=2ab+bc+ca(t>0)

2t+ 8 16:>Pmax E<:>a=1,b=2,‘3=g
1+t t+8 7 3




CAu 14: Cho x,y,z (0,1]. Chting minh ring P =(1+i)(x+ Y+ z)z3+£+£+1
= Xyz X

Yy 2
(Trich dé thi thé trwong THPT Ngo S7 Lién)

N

Bai gidi

Taco: (x-1)(y-1)>0< xy+1> x+y<::>1+i21+l :>i+i+i22(l+l+lj—3
XY Xy Xy yz X y z

Ta cé: P=(i+1j(x+y+z)=i+i+i+x+y+z22(£+1+1j+x+y+z—3
Xyz Xy yz X X y 2z

:>P2£+1+£+1+£+1+x+y+z—322\/(1+£+l)(x+y+z)+x+y+z—3:>P2x+y+z+3(dpcm)
Xy 7 X Yy z X y z

Dau bang xayra < x=y=z=1

2 2
Z X +y -1
o y

Cau 15: Cho x,y,z€[L4],x+y+z=6.Timmin: P=————
8(x“+Yy°) Xyz

Bai gidi
2 2 2 2
p_ z LXy —1: z Xy —iz z +3_i
8(x"+y?) Xyz 8(x*+y?)  xyz  xyz 8(X+y’) z xyz

(x-1)(y-1)=0< xy > x+y-1=5-z2
Ta co:

(x2+y2): 7° 10z + 26

S P2 : +E_ L

8(z*-10z+26) z z(5-2)

1
>
2

(z-4)"(42° - 452+117)

] 1
Ta chung minh: P>= < >
g 82(5—2)(22—1Oz+26)

MaXP=%©X2y21,Z=4

a b c
+ +
bc+1 ac+1 ab+1
(Trich dé thi thi# lan 6 thay Pang Thanh Nam)

Cau 16: Cho a,b,c[0,1]. Tim GTLN ctia biéu thic: P = +2(1-a)(l-b)(1-c)

Bai gidi
Giasir c>b>a. Taco: (1-a)(1-b)>0<ab+1>a+b
Ta sé ching minh:
a < 2a < 2bc+1>a+b; b < 25 < 2ca+l>a+b; ¢ < 2 < 2ab+1>a+b
bc+1 a+b+1 ca+l a+b+1 ab+1 a+b+1
2(a+b+c)+2(1—a)(1—b)(1—c)(1+a+b)<2(a+b+c)+2(1—c):
a+b+1 l+a+b a+b+1 l1+a+b

=P<




Dau bang xay ra <>a=b=c=0 hoic a=b=1,¢=0(hoan vi)

a b c
+ -
b+c+l1 a+c+1 a+b+1

(Trich @é thi thé# lan 11 thdy Pdng Thanh Nam)

Cau 17: Cho a,b,CE|:O,%:| Tim min P = +(@-a)d-b)(1-c)

Bai gidi
ApdungAM-GMtacé: (1+a+b)(§—aj(g—bj£(l+a+b;7a_b+5)3:8
N
Ta co P<b+i+l+c(gag(gbLbGagccj+(1a)(1b)(1c)
Pit: 1 (a)- +C@_aj@_blb[g_aﬁ_Cj+<1—a><1—b><1—c>

b+c+l 8 8

Taco: f(a), > {f (0). (%)}

. 3 7 3 7 7
Taco +)f (O)_1+§bc—§(b+c)_1+b(§c——j——c_ g(b)

[1) 1 b+c 1_7
Hf|=|= + +=>—
2) 2+2(b+c) 8 2 8

1

Vay P, :an:b:c:—
8 2

in

Cau 18: Cho a,b,ce[L3],a+b+c=6. Tim max P =abc(a’+b°+c’)’

Bai gidi
Tacod: a®+b*+c®= (a+b+c)3 —3(a+b)(b+c)(c+a)=216-18(ab+bc+ca)+3abc

Taco: (a—3)(b-3)(c—3)<0«<3(ab+bc+ca)>9(a+b+c)—27+abc=27+abc
P< [3(ab+bc+ca)—27]{216—18(ab+bc+ca)+3[3(ab+bc+ca)—27]}2

=P S3(ab+bc+ca—9)[135—9(ab+bc+ca)]2

=P <7776
Vay P, =7776 < a=1b=2,c=3 vacac hoan vi




Cau 19: Cho a,b,ce[L2],a+b+c=—. Tim GTLN cia: P=a +c°+ 21b% + 1

2 J12(a +b®) + 2807 + 25
Bai gidi
a® <213’ -20 < (a2 —1)(a2 —4)(a2 +5)§0
6 2
Taco: JC 21" -20 = P <21(a’ +b” +¢7)- 40— 14
3a’<7a*-4 \/28(a2+b2+c2)—7
33 <7c¢?-4
a-1)(b-1)(c-1)=0
Dat: t=a’+b*+c?. Vi (a-2)(b-1)(c-1) <:>ab+bc+ca2E:>t£§
a-2)(b-2)(c-2)<0 2 4

c>b>a>0
Cau 20: Cho {a?+b*+2c* =ab+bc+ca+5 . Tim Gia tri lon nhét cta biéu thuc:
a+2b+4c>9

2
P:\/b rabrbordac | ey (b+horca)y2
2 4
BAi gidi

Tur gid thiét ta s& co: (b—a)(b-c)<0<b* +ca<b(a+c)

2
= b? +ab+bc+3ac£2(ab+bc+ca):>\/b +ab+2bc+3ac <\Jab+bc+ca

Mit khac ta lai c6:(a—1)° +(b—2)" +2(c—2)" >0 2a+4b+8c-18<a” +b* +2c? ~5=ab +bc +ca
Suy ra: 2a+4b+8c—18 <+/ab+hc+ca

. 2(ab+b
Tur day ta s€ c6: P <2ab+bc+c _J_(a J;C+Ca)=2x/_—g(\/ab+bc+ca—2\/§)232\/§

a=1

Dau bang xay ra khi va chi khi: {
b=c=2

Cau 21: Cho cac sb thucx, y,z €[0;1]vaz =min{x,y,z}.
(y+z)2 (yz+1) 2
+ +
Jx+z \/y(y+z) Xy +XZ - Yz
(Trich dé thi thiz lan 6 thay Quang Baby)

Tim gi4 tri nho nhat cua biéu thuc: P =

Lot qidi
Véi nhitng bai toan ¢6 diéu kién bién X, y,z €[0;1]chiing ta s& tim cach khai thac n6 , dg doan diém roi
séla: x=y=12z=0.




. 2 , , N X A~ \ 5 7 A -, , A = A
Hon nira véi m c6 chura xy+xz—yz 6 mau , day la hang tir co thé goi y cho ching ta don bien

Ve Xy+XZ—YZ .
Taco: x,€[0;1]. Suy ra /x> x* (y+2) :x/;(y+z)2 X (y+2)°

' Ix+z \/x(x+z) 2\/x(x+z)

Ap dung BPT phy C6-Si nguogc ta ¢o : \/i._BZ AiB . D4u bang khi A =B > 0 . Do du doan diém roi
X=y=1,z=0nénkhaningx=x+zvay=y +z 13 hoan toan co thé xay ra.
x2(y+z2)° 7+1)°
Ta co: MZXZ(WZ)Z.— uz(yzﬂ)z.
JX(x+12) 2X+12 y(y+2) 2y +7
2 2 2 2
Do d6 Pzzx (y+2) +2(yz+1) N 2 2(xy+yz+xz+1) . 2
2X+2 2y +1 Xy + X2 —yz X+Yy+1z Xy + Xz —yz

A2 B’ _(A+B)

_t > 7

X Yy  X+y

Vi diéu kign: x,y,z€[0;1], ta ludn ¢6: (1-x)(1-x)(1-x) >0
S XY+ YZAXZ+IZXYZ+ X+ Y+ 22X+ Y +7

Suyra P>x+y+z+—"——
Xy + X2 — yz

Ap dung bit dang thirc AM-GM, ta c6: X2 r(y+z) 22x(y+2)=> X2 +y2+22 2 2(xy +x2 - yz)
Ma x,y,ze[0;1], = x+y+z2X*+y*+2° 2 2(xy+ X2 - yz)
2 AM -GM
Suyra P>2(xy+xz—yz)+ ——— >
Xy + X2 — yz
x=y=1
z=0

Vay gia tri nho nhat ciia P 1a MinP =4 dat dugc khi (x;y;z)=(110)

Dau “=" xay ra @{

Cau 22: Cho hai s6 thuc x,y thoa man didu kién 1<x<2; 1<y<2.
X+2y y+2X 1
+ +
X*+3y+5 y*+3x+5 4(x+y-1)
(Trich dé thi dai hoc khéi D nim 2014)

Tim gia tri nho nhit caa biéu thuc P =

Bai gidi
Do 1<x<2 nén (x—1)(x-2)<0, nghia la x*+2<3x. Tuong ty y*+2<3y.
Suyra P> X+2y N y+2X N 1 _X+y 1

= + :
3x+3y+3 3x+3y+3 4(x+y-1) x+y+1 4(x+y-1)

bt t=x+y, suyra 2<t<4. Xét f(t):tt_1+ﬁ’ Vol 2<t <4,
+ —




. 1 1 '
Taco fl(t):(t+l)2_4(t—l)2. Suyra f'(t)=0=t=3.

Ma f(2)=%;f(3)=g;f(4)=§ nén f(t)> f(3)=%. Do d6 ng.

: X =1
Khi x=1,y=2 thi p=r. Vay Pmin:Z<:> X
8 8 y=2

Cau 23: Cho cac s6 thuc a,b,c thude doan [1,3] va théa min diéu kién a+b+c=6.

a’b? +b%c® +c%a®+12abc+72 1

Tim gia tri I6n nhat cua biéu thic P = —Zabc.
ab+bc+ca 2
(Trich dé thi thpt quéc gia ndm 2015)
Bai gidi

Pit t=ab+bc+ca.. Ta co: 36=(a+b+c)2=%[(a— )2+(b—c)2+(c—a)2}+3t23t. Suyra t<12.

Mat khac (a—1)(b—1)(c—1)>0 nén abc>ab+bc+ca-5=t-5;
va (3—-a)(3-b)(3—-c)>0nén 3t=3(ab+bc+ca)>abc+27>t+22. Suyra t>11.

a’b® +b%c® +c?a’*+12abc+72 1

Khi do P= ——abc
ab+bc+ca 2
_(ab+bc+ca)2+72_abc<t2+72_t—5_t2+5t+144
ab+bc+ca 2t 2 2t
2 2_
X&t ham s f(t):# véi te[11:12]. Taco f'(t)=" 2t1244.
Do d6 f'(t)<0,vte[1L12], nén f'(t) nghich bién trén [11;12].
Suyra f(t)< f(11):%. Do d6 Ps%: P ox Z%Qa:1,b:2,023 va cac hoan vi cua chung.

Cau 24: Cho x,y,ze[L3] . Tim Gié tri nho nhat cta biéu thic:

2
10 4608
P=|,|—(x*+2y*+32°)-y+z | +
(\/3( Y ) Y j X2+ Y+ Xy +92

Bai gidi
. a,b,CE[l;Z] . ., . , L, a R z
Céau 25: Cho .Tim Gia tri nho nhat cta biu thurc:
a+b+c>5
3(c+1 J4c?
P= (c+1) +\/(a+b+1)2+E+M
2abc+10c+3(a+b+c” +1) 4 2

(Trich dé thi thir lan 19 thdy Quang Baby)

Bai gidi




Cau 26: Cho a,b,c la cac sb thuc thudc doan [1;,4] thoa médn a+b+2c=8 .
Tim GTLN cua P =a’+b®+5c¢®

Bai gidi
Taco: (a-)(b-1)>0=ab>(a+b)-1=7-2c
Khi d6 : P=a’+b®+5¢* = (a+b)* —3ab(a+b)+5c® < (8—2¢)* —3(7 — 2¢)(8 — 2¢) + 5¢°
Laicé: a+b+2c=8=2c=8-(a+bh)<8-(1+1)=6=c<3
Xeét: f(c)=(8-2c)*-3(7-2c)(8-2c)+5¢° Voi ce[L3]
= f'(c) =-9¢” +168c — 294
BBT = f(C), = max{ f(1); f(3)! = f(3):137<:>{2:b:l

Cau 27: cho cac s6 khong am a,b,c sao cho a,c €[0;1] va ab+bc+ca>5 tim gia tri nho nhat cua:
_a(b+c) . c(a+b) . 3(a+c)*+2b*+8

b+2c Db+2a 4(ac+3)
(Trich d& thady Man Ngoc Quang)
Bai gidi
Luuyla: a(b+c)+c(a+b):a+c_ 2ac(a+b-+¢) mat khac:
b+2c b+2a (b+2a)(b+2c)
+2a)(b+2c)=b*+2b(a+c)+4ac=(b—2)°+4b—4+2(ab+bc+ca)+2ac>4b+6+2ac
(b+2a)(b+2c) =b®+2b(a+c)+4ac=(b—2)*+4b—4+2(ab+b )+2ac>4b+6+2
Va a+b+c=b+ac+1-(a-1)(c-1)<ac+b+1 do do a(b+c) C(Eﬁb)za+c—M
b+2c b+2a 2b+ac+3
M a+c_ac(b+ac+l):ac+2_(a_1)(c_1)+ ac(l—ac)
2b+ac+3 2 2(2b+ac+3)
_ac+2 (a-1)(c-1)- acl-ac)2b—ac—3)  acl-ac) tiép theo ta c6 danh gia:
2 4(2b+ac+3)(ac+3) 4(ac+3)
2
b—a—czS_ac—a—czi—a—c=2(2—a—c)+mz2(2—b—c) do @6
a+c a+c a+c
PSR- A )2 PSRy o,
(—a)i-c)< == ((b=a=) (b=3=C) . hic d3 théy ac>a+c—1 nén:
4 16 4(ac+3)

,ac(l-ac)(2b—ac-3) _ (b—a-c)’
4(2b+ac+3)(ac+3) 4(ac+3)
Lai co: 3(a+c)” +2b*+8=4(ab+bc+ca+2)+(b-a—c)’+(a-c)*>28+2(b—a—c)
Tu nhitng danh gia trén ta co :
P> (ac+2) . ac(l-ac) (b-a-c)’ +14+(b—a—c)2 _(ac+2) . ac(l-ac) LT
2 4(ac+3) 2(ac+3) 2(ac+3) 2 4(ac+3) ac+3

(1—ac)(2b—ac-3)<2(2—-a-c)(b—a-c)<(b—a-c)°=




_ (ac-1)° 13,18

.min P——3 khi a=c=1 va b=2
4(ac+3) 4 4 4

X N y b
X*+y*+18z  (x+y)(3z+3) 9z

Cau 28: Cho cac sb thuc x,y,z [1,3] tim max P =

Bai gidi
X +y2+182-3(x+y)(z+1) =(Bz-x)(3=X)+(Bz-y)(B3-Y) =0 — x* + y* +182 > 3(x+ y)(z +1)
X y 1 1 1 [i_l)z

< +
3(x+y)z+]) 3(x+y)z+l) 9z 3(z+1) 9z |3 3
1 1Y J3+1
max P = (ﬁ_gj khi:x=y=3;z= 5

Cau 29: Cho x,y,z 1a cic sb thuc duong théa man x,y,z €[1;2] . Tim Gi4 tri nhé nhat cta biéu thic:
6xyz(x—y+3)  x*+6

—~ +x+2°
Xy’ +2x  7(X +xz)

P=

Bai gidi
Tu gid thiét ta co: (x—1)(x—2)(x+3)<0= x> +6<7x (1)
Tur gia thiét ta lai co: (y-1)(y—2)(x+3) <0< 6+xy* +2x <3x(x—y+3) (2)

Tu (1) va (2) ta co: P>L Lo +x’+7 :(x+z)2—L
X

+z X+2Z
2SX+ZS4:>|\/|inP:%. "="o (XY 2)=(311);(L21)
X,y,2>0
Cau 30: Cho {xy>1 . Tim Gia tri nhé nhat cua biéu thic:
47° (x+y-1)-x*—y* +2>4xy
P=L+z(xy+2) 2y z°
1+ 24/xyz 24xyJxy
Bai gidi

Tt gia thiét ta s& co:
472 (x+y—1)— x> —y* 2 2xy +2(xy —1) 2 2xy = 42° (X + y) = (X + y)2 +4z2° 2 4z(x+y)=> 221
Tur day tasuy ra: (xy—1)(z-1)>0< xyz+1>xy +2

Tir diy ta sé €O: z(xy+2)-z> 2xyz+12xy+z2xy+1 (*)
X

Xy >1=> z,/Xyz. (> 2(y)2.ﬁ21:> + 23
1+ 2Xyz 7+ Xy\/Xy
Ap dung (*) tasg co P> V2 + 2z +Xy > 2z + Xy +1> 2 +xy+1
1+/xyz z+xy\/ﬁ 1+ xy\z + Xy




Qstudy.vn Hoc Toan Khong Tién B, Hoc Thay Quang Dé Thay Doi
Xét ham trén xy>=1 la=MinP=3, dau bang khi x=y=z=1

Bai qidgi

Tir gia thiét ta sé& co:
(x-1)(y-1)(z-1) <0< xyz+x+ y+z£2—xyz£2—%:>4—xy222(x+ y+12)

Ky 2 (xty+z) —(x+y+z)

4—xyz 4—xyz 2
Mat khac ta co:

(x+ y+z)3 . 2—3(X2 + +ZZ) (x+ y+z)3 +8—3(x+ y+z)2

2 X+Yy+1z 2 X+Yy+12

_(x+y+z)3 8

= + —3(X+y+2)24(x+y+2)-3(X+y+2)=X+Yy+2
2 X+y+12

X+Yy+1z
2

Xét ham trén \/3(xy+ yZ + 2X) SX+Y+2<2-Xyz=>3<X+y+2<2

Tir day ta sé co: Pz%ln(x+ y+2)-

. o L x=y=1_
Suy ra min P:%InZ—l dau bang khi {X y (va cac hoan vi)

Bai gidi
2
Ap dung Bdt am_gm va cauchy schwart ta c616by/c < (2b+c+1)*> va 9(ab)® < (a+b+1)?
2 2
Do dé P < 2(a+b+1) (2b+c+1) 6a+6b—8

+ i
a?+3v”>+c?+1 2a’+4b*+c?+1 18ab-9a-9b+4

; . oa 2 a+b+1)
Mt khac ta co Za _ 2b _+ 21 S 2( : )2
a“+b® b°+c® b°+1 a"+3p°+c°+1




(2b+c+1)? - b? . c? +b2+ 1
2a° +4b*+c®+1 a’+b® b*+c® 2b* a*+1l

Dodé P<>+ 21 + 21 __baxob-8 mat khac voi moi a,b duong va ab = 1ta co:
a“+1 b°+1 18ab-9a-9b+4
2
1 1 2 & (ab-1)(a-b) 0dung . ngoai ra luu y rang :

211 b+l ab+l (ab +1)(a® +1)(b2+1)
18ab-9a-9b+4=2(3a-2)(3b—2)+(3a—2)+(3b—-2) do do:
2 2 4
6a+6b-8 _ 33 2 32 . Ba-2)(30-2) _ 2
18ab-9a-9%+4 1 1 . ° 2 Lo JBa-2)3-2)+1
3a-2 3b-2 J(Ba-2)(3b-2)

tu cac danh gia trén

suyra P< 5 tlép theo tr (a—1)(a—2)>0=>a*>3a-2 tuong ty b>>3b-2

2 ab+1 - JBa—2)@-2) +1

nhan vé vé suyra ab> \/(Sa ~2)(3b-2) tirday kétluan P < g dau=khi a=b=c=1

Cau 33: Cho x,y,z €[0;2] théa man x +y +z = 3. Tim gia tri nho nhit cua biéu thic

1 1
P=—a—+—— +\/_ yz+

X“+y +2 y+z+2 z+x+2

Bai gidi
Xy +1

Tacé x2+y2+2=(x2+1)+(y2+1)22(x+y),....;\/Ws 5

Nén Psl{ ! + ! + ! +xy+yz+zx+3]
2| X+y Yy+zZ Z+X

Taco (x+y+z)(xy+yz+zx)>9xyz

= (x+y)(y+z)(z+x)=(x+y+2z)(xy+ yz+zx)—xyzzg(x+y+z)(xy+yz+zx)

1,1, 1 C(x+y)y+z)+(y+2)(z+x)+(x+y)(z+X)
X+y y+z Z+X (x+y)(y+2)(z+x)
_(x+y+z)2+xy+yz+zx<(x+y+z)2+xy+yz+zx_ 27 3

X+ +z)(z+x) 8 8(xy + Yz + 2X +§
(x+y)(y+2)( ) §(x+y+z)(xy+yz+zx) (xy+y )

1 27
Suyra P<=
2| 8(xy+yz+12x)

27
+xy+yz+zx+?

TS0 t>2

bat t =xy+yz+2zx. Do x,y,ze[0;2]:>(2—x)(2—y)(2—z)20<:>xy+yz+zx24

Mait khéc: xy+yz+zxs%(x+y+z)2 =3=t<3.Vay te[23]




Taco P<1[27 +t+ 27} f(t)
2[ 8t 8

Xéthamsé f (t) véi t[0;2] taco f'(t):z b2 | e

1[ 27} u >0 Vte[2;3] nénhamsé f(t) dong

bién trén [2:3]. = f(t) < f(3)=§.

Do pgf(t):Ps?c;é Pz%khi x=y=z=1.

Viy gid tri nho nhat caa P 12 % dat duoc khi x=y=z=1.

Cau 34: Cho a, b, ¢ 1a ba s6 thuoc doan [0; 1]. Ching minh:

a b c
1-a)1-b)1-c)<1
b+c+1+a+c+1+a+b+1+( X ) )

Bai gidi
Do vai tro a, b, ¢ nhu nhau nén gia stra < b < ¢, khi d6:
bat S=a+b+c+l1=b+c+1=S-a>S-cja+c+1>S—-c;a+b+1>S-c
Taco (1-a)(1-b)(1+a+b)<le(1-a-b+ab)(l+a+b)<l<b(a+b)(a—1)—a® <0 (ding)
1-c

Ma (1-a)(1-b)(S ~¢) <1 (L-a)(1-b) < < fc & (1-a)(1-b)(1-c)<

S-c
Dods 2+ P 4 C a)-b)ic)s i Lo S0 50
b+c+1 a+c+1 a+b+1 S-¢c S-¢ S-c S—c S—¢

Cau 35: Cho cac sb thuca, b, ¢ thudc [4; 6] va thoa man diéu kién a + b + ¢ = 15. Tim gia tri 16n nhat
cua bicu thuec:
a’b® +bc® +c’a®+30abc+180 1
P = ——abc
ab+bc+ca 20

Bai qidi
Taco6(ab+bc+ ca)2 =a’h? +b*c® +c”a’ + 2abc(a+b+c)=a’h® +bc® +c*a’® +30abc
(ab+bc+ca)2 +180 1

Do d6 P = ——abc . Pat t=ab+bc+ca
ab+bc+ca 20

Tacod (a—4)(b—-4)(c-4)>0< abc+16(a+b+c)—4(ab+bc+ca)—64>0 <> abc>4t-176

t'+180 1, 44_4, 180 44

45 5 t 5
Tacd (a—6)(b—6)(c—6)<0<«> abc+36(a+b+c)—6(ab+bc+ca)—216 <0« abc < 6t —324

2 abc >4t —176
Két hop = 4-176<6t-324 =t >74
abc <6t —324

=P<

Taco 15° :(a+b+c)2 =a’+b?+c? +2(ab+bc+ca)=%[(a—b)2+(b—c)2+(c—a)2}+3(ab+bc+ca)




=15 >3t <t <75=te[74,75]

xétham s 1 (1) = 2t+280+ 4 vsi te[74,75] = £ (1) = 2180 _ 47900,
5 t 5 5 t Bt

f'(t)=0=t=+15

= f(t)> f(15)=35 khi a=4,b=5,c=6

Cau 36: Cho x,y,ze[0;2] théa man x+y+z=3. Tim gia tri nhé nhat cta biéu thic

1 1
Pt +\/_ \/y_z+\/_

X“+y +2 y+z+2 z+x+2

Bai gidi

Ta cé: xz+y2+2=(x2+1)+(y2+1)22(x+ V)i XY < X

Nén Pgl{ ! + ! + ! +xy+yz+zx+3}
2| X+y Yy+zZ Z+X

Taco (x+y+z)(xy+yz+zx)>9xyz

= (x+y)(y+z)(z+x)= (x+y+z)(xy+yz+zx)—xyz2§(x+y+z)(xy+yz+zx)

(
1,01 1 C(x+y)(y+2)+(y+2)(2+X)+H(x+Y)(z+X)

X+y Y+Z Z4X (x+y)(y+2z)(z+x)
_(x+y+z)2+xy+yz+zx<(x+y+z)2+xy+yz+zx _ 27 +§
(x+y)(y+2z)(z+x) _g(x+y+z)(xy+yz+zx) 8(xy+yz+zx) 8
Suyra P<= 27 exy+yze sl
2| 8(xy+yz+12x) 8

bat t=xy+yz+2zx

Do x,y,z€[0;2]=(2-x)(2-Yy)(2-2)>0<= xy+ yz+zx24+2Xyz >2=>t>2

Mat khac: xy + yz+zx£%(x+ y+z)3:3:>t£3.Véy te[23]

Taco Psl{z +t+ z}_f()
2| 8t 8
c oo A 277 8t -27 N N
Xét ham so f(t) véi te[0;2] taco f (t):E t-52 :167>OVte[2,3] nén ham so f(t) dong bién
A 15
trén [2;3].= f(t)< f(3)=Z

Do psf(t):ps?co P=§khi x=y=z=1

Vy gia tri nhé nhét caa P 1a % dat duoc khi x=y=z=1



Cau 36: Cho 3 sb thuc x, v, z thudc doan [1;4] va thoa man x+y+z=6. Tim gia tri nho nhat cua biéu
2,2
z . X“+y -1

thuc T =
8(x*+y°) Xyz
Bai gidi
2,2 2,2
Taco T=— " X+y -1 2 X+y 1

8(x2+y2)Jr Xyz 8(X+y*)  xyz Xz

2 2

Vi X, Y, z thude doan [1;4]vz}lthc°>am<'§1nx+y+z:6tacc’>X):Ly >2
(x—l)(y—l):xy—x—y+120:>xy2x+y—1:5—z:>_—1_ -1
xyz (5-12)z
x2+y2:(x+y)2—2xy=(6—z)2—2xys(6—z)2—2(5—z)=22—1Oz+36
=T2 : +2_ !
- 8(z°-10z+26) z z(5-2)
z—4) (422 - 452 +117
Xét hiéu - : +E_ ! —1:( )( )ZOVZ€[1;4]
8(z°-10z+26) z 2(5-2)| 2 8z(5-z)(z*-10z+26)

DodéTZ%.Vc’yi x:y:1,2:4:>T:%

Vay gid tri nho nhat caa T 1a MinT =%
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